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EXISTENCE AND EMERGENT DYNAMICS OF QUADRATICALLY
SEPARABLE STATES TO THE LOHE TENSOR MODEL

SEUNG-YEAL HA, DOHYUN KIM, AND HANSOL PARK

ABSTRACT. A tensor is a multi-dimensional array of complex numbers, and the Lohe ten-
sor model is an aggregation model on the space of tensors with the same rank and size. It
incorporates previously well-studied aggregation models on the space of low-rank tensors
such as the Kuramoto model, Lohe sphere and matrix models as special cases. Due to its
structural complexities in cubic interactions for the Lohe tensor model, explicit construc-
tion of solutions with specific structures looks daunting. Recently, we obtained completely
separable states by associating rank-1 tensors. In this paper, we further investigate another
type of solutions, namely “quadratically separable states” consisting of tensor products of
matrices and their component rank-2 tensors are solutions to the double matrix model
whose emergent dynamics can be studied using the same methodology of the Lohe matrix
model.

1. INTRODUCTION

Collective behaviors often appear in large population systems for weakly coupled oscil-
lators or interacting units [3| [6, [7] in diverse scientific disciplines including biology, social
sciences, engineering with various space and time scales, for instance, colonies of bacteria
[25], school of fish [4 26], flock of starlings [29], pedestrian dynamics [I8], opinion dynam-
ics [IT], power grid networks [22], etc. For a brief introduction to collective dynamics, we
refer the reader to survey articles and book [II, Bl 10) 24]. Mathematical approach toward
the understanding of collective motions has been established in literature by Winfree [28]
and Kuramoto [19] in the 1970s, and by Vicsek [27] in the 1990s. After their remarkable
works, the aforementioned models have been extended in several directions, particularly
in high-dimensional extension to Riemannian manifolds including the hypersurfaces [2 [12]
and the matrix Lie group [11] which have attracted lots of interest thanks to its powerful
application, for instance, nonconvex optimization. In this work, among high-dimensional
models, we are concerned with the Lohe tensor model in [13].

Next, we briefly discuss tensors and an aggregation model on the space of tensors, namely
“the Lohe tensor model’. A rank-m complex valued tensor can be represented as a multi-
dimensional array of complex numbers with multi-indices. The rank of a tensor is the
number of indices, say a rank-m tensor with size d; X - - - X d,, is an element of C%****dm  For
example, scalars, vectors and matrices correspond to rank-0, 1 and 2 tensors, respectively.

Date: April 1, 2021.
2010 Mathematics Subject Classification. 82C10, 82C22, 35B37.
Key words and phrases. Aggregation, double sphere model, gradient flow, Kuramoto model, Lohe matrix
model, Lohe tensor model, synchronization.
Acknowledgment. The work of S.-Y. Ha is supported by National Research Foundation of Korea
(NRF-2020R1A2C3A01003881).
1


http://arxiv.org/abs/2103.17029v1

2 HA, KIM, AND PARK

Let T be a rank-m tensor with a size dy X --- X d,,. zhen, we denote (o, ,am)-
th component of the tensor T' by [T]a;.-a,,, and we set T by the rank-m tensor whose
components are the complex conjugate of the elements in 7"

[T]al‘“am = [T]al‘“am .

Let 7,,(C;dy x -+ x dy,) be the collection of all rank-m tensors with size dj X -+ X d,.
Then, it is a complex vector space. Several well-known first-order aggregation models, for
instance, the Kuramoto model [19], the swarm sphere model [23] and matrix models [} 20]
can be regarded as aggregation models on 7y(C;1),71(R;d) and T2(C;d x d), respectively.
Let A; be the skew-hermitian rank-2m tensor with size (di X -+ X dy,) X (di X -+ X dyp,).
For simplicity, we introduce handy notation as follows: for 7" € 7,,(C;d; x --- x d,,) and
A€ Tom(Cidy X+ X dpy X dy X -+ X dp,), we set

[T]a* = [T]alaT”am’ [T]a*o = [T]a10a20”'am07 [T]a*l = [T]C‘lllOQl”'aml’
Tlaw., = [T] 7] 7]

[A]OC*B* = [A]OélaT"Q’mBle“'Bm'

Qg Qliq A2ig " Omipy, s (1—ig) Q1(1—i1)¥2(1—ig) " ¥m(1—im)’

Then, the Lohe tensor model in a component form reads as follows:

[Tj]a*o = [Aj]a*oau I:TJ:IC!*l
+ Z H’L* ([Tc]oui* [Cz—jj]a*l [T’j]a*(lfu) - []}]a*l* [Tc]a*l [1}]“*(171*)>7 (1.1)
_ ix€{0,1}m
[Aj]oc*ooz*l - _[Aj]a*la*ov

where k;,’s are nonnegative coupling strengths.

Before we discuss our main issues, we introduce a concept of a “quadratically separable
state” for the Lohe tensor model (I.TJ).

Definition 1.1. Let {T;} be a quadratically separable state to (L)), if it is decomposed as
a tensor product of rank-2 tensors (or matrices):

T,=Ulo@U2® - @U™ UFeCi*s |UFp=1 1<i<N, 1<k<m,

2

where || - ||p is the Frobenius norm induced by Frobenius inner product: for matrices A and
B,

(A,B)p :=tr(ATB), | Allp == \/tr(ATA).

In this paper, we are interested in the following simple questions:
e (Q1): Are there quadratically separable states for the Lohe tensor model?
e (Q2): If so, do they exhibit collective behaviors under which circumstances?

Our main results deal with the raised two questions (Q1) and (Q2). More precisely, our
main results of this paper can be summarized as follows.
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First, we introduce the double matriz model induced from the Lohe tensor model whose
elements have rank-4 with a specific condition on natural frequencies B; and C; (see (3.9)):

N

. K1

Uj = BiUj + 5 > <<Vj7Vk>F UUNU; = (Vii, Vy)r UjUng)
k=1

N
K
o > <(Vj= Vi)r UsUTUL = (Vi,, Vi) UJ'UIZUJ') )
k=1 (1.2)
. K
Vi = GV + S S (W Ukl VeV Vi = (W, Uy ViV V;)

ol
—_

_|_

2|3
M=

<(Uj,Uk>F ViV Vi = (Ui, Up)r VJVJVJ) )

e
I

1

where B; € Chxd2xdixdx and ¢ € Cdsxdixdsxds gre skew-symmetric rank-4 tensors. For
a solution {(U;,V;)} to the double matrix model (L2), a special solution T; to (I.I]) can be
represented as follows:

Ti(t) = Ui(t) @ Vi(t), t>0.

Precisely, if T; is initially decomposed into the tensor product of two matrices U; and V;,
then its separability is propagated along the flow for all time. For details, we refer the
reader to Section Bl

Second, we study emergent dynamics of the double matrix model by investigating several
aggregation quantities:

DU(t)) == max |[|Us(t) = Uj(t)[[p, SU)) = max |n—(UsUj)r(t),

1<i,j<N 1<i,j<N
D(V(t)) := | Dnax |Vi(t) = V;(t)|lp, S(OV(t)) = | Dnax Im — (V;, Vj)r(t)].

For a homogeneous ensemble (i.e. B; = Bj and C; = C for all i and j.) we show that system
([L2]) exhibits complete aggregation in which all relative distances for {U;} and {V;} tend
to zero respectively (see Theorem A.I]). On the other hand, for a heterogeneous ensemble
(B; # Bj and C; # C; in general) complete aggregation (one-point collapse) would not be
expected. Instead, our concern is dedicated to emergence of locked states in which relative
distances converge to positive definite values (see Theorem [.2]). For our analytical results,
we need to assume that the size of unitary matrices satisfy min(n,m) > 4y/max(n,m) that
requires restriction on n,m. In fact, this technical assumption on the sizes is mainly due to
the fact that elements are complex-valued. Thus, when the unitary groups U(n) and U(m)
are replaced by the special orthogonal groups SO(n) and SO(m), such restriction on n,m
would be removed (see Theorem and Theorem [C.2).

The rest of the paper is organized as follows. In Section 2, we begin with previous results
on the relation between the Lohe tensor model and the swarm double sphere model presented
in [9). As a natural extension, we construct the double matrix model in Section Bland study
existence and uniqueness of quadratically separable states. In Section d, we study emergent
dynamics of the double matrix model for both homogeneous and heterogeneous ensembles.
Next, the double matrix model is further generalized to the multi matrix model in Section Bl
Finally, Section [@]is devoted to a brief summary of the paper and future work. In Appendix
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[Al and Appendix [Bl we provide proofs of Lemma EI] and Lemma 2] respectively. In
Appendix[C] emergent dynamics of the double matrix model on SO(n)x SO(m) is provided.

For simplicity of presentation, we use the following abbreviated jargons:
e LT model: Lohe tensor model, LM model: Lohe matrix model,

SDS model: swarm double sphere model, SMS model: swarm multi-sphere model,

DM model: double matrix model, DUM model: double unitary matrix model,

DSOM model: double special orthogonal matrix model, QSS: quadratically sep-
arable state,

MM model: multiple matrix model, MUM model: multiple unitary matrix model.

2. PRELIMINARIES

In this section, we review how the SDS model [9} 2I] can be related to the LT model
via completely separable states, and discuss extension of the SDS model to the SMS model
leading to the DM model.

2.1. From the LT model to the SDS model. In this subsection, we briefly recall the
relation between the LT model and the SDS model which was first observed in [9].

[21], Lohe introduced a first-order aggregation model on the product of two unit spheres
(ui,v,-) e Sh—1 x §d2—1,

N
. K
w; = Qu; + N Z v, i) (w5 — (ui, uj)ug), >0,

N

K (2.1)

v = Njv; + N Z(uivuj>(vj - <U2‘,Uj>UZ‘),

7j=1
(ui,v:)(0) = (uf,0?) € 1 x §2-1 1 <i <N,

where ; and A; are skew-symmetric matrices of sizes d; X dy and ds X do, respectively:
QZ-T:—QZ-, AZ-T:—AZ-, 1<i<N,

and k denotes the (uniform) coupling strength.

On the other hand, if we choose the following parameters:
m =2, koo =r1 =0, Ko =Kio=~r,
system ([LT) reduces to the generalized Lohe matrix model in [I5]:
T, = ATy + k(LI T, — TT]T) + w(TT T, — T, t>0,
0 0 1 & : (2.2)
TO) =T, |Tle =1, Tei=5 Tk, i=1- N

Next, we present how models (1) and (Z2)) can be viewed as equivalent systems under
well-prepared natural frequency tensors and initial data in the following proposition.
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Proposition 2.1. [9] Systems (1)) and (22) are equivalent in the following sense.
(1) Suppose {(u;,v;)} is a solution to [2I).

Then, rank-2 real tensors T; defined by
T; := u; ® v; is a solution to 22) with initial data T = u) ® v{ and well-prepared
free flow tensors A;:

(2) Suppose T; is a solution to (2.2)-23) with completely factorized initial data:

0o_.,0 0
ﬂ —.u,l'@'l)i,

(2.3)

1<4,7 <N,

for rank-1 real tensors u) € Sh1 and S S%=1 Then, there exists a pair of unit
vectors (u;(t),v;(t)) such that

Ti(t) = wi(t) ® vi(t), t>0,

where (u;,v;) is a solution to ) with initial data (ui,v;)(0) = (u?,vY).

By applying the completely separability stated in Proposition 211 emergent behaviors
for (21I)) and those for (2.2) are exactly the same. Thus, it suffices to investigate the SDS
model (ZT)).

Proposition 2.2. [9] Suppose the initial data {(u),v?)} satisfy the following conditions:

min (v?,v]0-> >0,
1<i,j<N

and let {(U,V)} be a solution to system (21I). Then, we have

min (u?,u2> > 0,
1<ij<N

Jim | max ui(t) —u;(t)] =0 and tlglololgnil’%v\vi(t) —v;(t)] = 0.

Now, it is worthwhile mentioning that system (ZI]) can be represented as a coupled
gradient flow:

N
ui - _THPTuiSd171 (Vulg(U, V))’ )
(2.4
N
Oi - _T/{]P)Tvigd271 (vvlg(U? V)>7

where the projection operators Pp. ga,-1 and Py, 4,1 onto the tangent spaces of Sh—1 and

S%=1 at u; and v; are defined by the formulae, respectively: for w; € R4 and wy € R%,

{]P)Tuigdll(U)l) = wy — (W, u;)u;,

IP’TUZ_Sdzq(wg) = wy — (wa, v;)v;,

and the potential function £(U, V') is defined as

1 N
EUV) =1~ 15 Z;l<ui,uj><ui,vj>. (2.5)

Thanks to the gradient flow formulation (2.4]), any solution to system (2.II) converges to an
equilibrium as t — oo.
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2.2. From the SDS model to the SMS model. In this subsection, we extend the SDS
model ([Z)) on the product of two unit spheres to an aggregation model on the product of
multiple unit spheres, namely, the SMS model. Note that the SDS model can be represented
as a gradient flow with a potential function as can be seen in (Z4)—(23H). Thus, we first

generalize the potential function () as follows: for u¥ € S%~1 i =1... N, k=
1,---,m, we set
ko k k
UL U U™ =1 N2 ZH ug, ] UP = {uf, ub, - uk ). (2.6)
i,j=1k=1

Using the same spirit for a gradient flow with the potential function (2.6)), we propose the
SMS model as follows.

N
uf = il Z H(uﬁ,u§> (ué‘C - (uf,u§>uk> t >0,
N <4 (2.7)
j=1 \I#k
uk(0) =ufP e st ie{1,2,--- N}, ke{l,2--,m}

(2

As in Section 2Tl we set rank-m real tensor Tj:
Ty=ul® --@u", i=1,---,N.
Then, it is easy to check that 7T; satisfies

Tylan = NZZ( o Tl [Tl ) = Tl Moo Blas, ) (28)

k=1 =1

It should be noted that (2:8]) can be derivable from the Lohe tensor model (ILI) with the
following conditions:

. _{/@ when i, =%, 1<k <m,

' where Z”:;:(O,---,O,l,o,--',()).
0 otherwise,

only k' index is 1

Hence, systems (Z7]) and (28] can be related in view of a completely separable state, and
since the emergent dynamics of the LT model has been discussed in literature [13], 14l [15],
we conclude that system (Z7) exhibits complete aggregation under suitable circumstances.

Proposition 2.3. [9] Suppose that initial data T° = {T} are completely factorized as a
tensor product of rank-1 real tensors:

1 2 .
TQ:u~’0®u-’0®---®um’0, i=1,---,N,

7 K3 7 K3

k . k,0
AU 70) = 1§Hi}]1'I§1N<ui , J >>0 k=1,---,m,

and let T = {T;} be a solution to system Z8) and {U',--- ,U%} be a solution to system
@1). Then, the following assertions hold.

(1) T; = T;(t) is completely separable in the sense that
T(t) =uj(t) @uit) ® --- @u™(t), t>0, i=1,---,N.
(2) The solution exhibits the complete aggregation:
lim max ||T;(t) — T;(t)||[r = 0.

t—00 1<i,j<N

Proof. For a proof, we refer the reader to Theorem 6.2 and Proposition 7.1 in [9]. O
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3. EXISTENCE OF RANK-4 QUADRATICALLY SEPARABLE STATES

In this section, we present existence of the QSS for the LT model with rank-4 tensors
and introduce the DM model than can be induced from the LT model.

3.1. The DM model. In this subsection, we propose the DM model consisting of two
generalized Lohe matrix model on the rectangular matrices with possibly different sizes:

U; € Ch¥%2  and vV, e CB*d j=1,... N.
Below, we sketch our strategy how to derive the DM model from the LT model:

e Step A (A homogeneous ensemble): we present a DM model for a homogeneous

ensemble (Section BI.T)).

e Step B (A heterogeneous ensemble): by adding natural frequency tensors with suit-
able structure conditions, we derive the DM model from the LT model (Section

B.1.2).

3.1.1. A homogeneous ensemble. Let Tj € Ch>*d2xdsxd1 he 5 yank-4 tensor that is a solution
to (LI) with zero natural frequency tensors A; = O:

N
Taw = Y [%Z([Tk]a*i*[fj}aﬂ[ﬂ]amM—[Tj]a*i*[TkJaﬂ[TjJ%M)]. (3.1)

1.€{0,1}* k=1

For a given solution 7} to (B.1]), we assume that there exist two matrices U; € C4*% and
V; € C%>d1 guch that

T, =U; @V, [Tj(t)]agys = [Uj(t)]aplVj(t)]ys in a component form.

Next, we rewrite cubic interaction terms in ([B.I) in terms of U; and Vj. For this, we
decompose the index vectors i, and ay;, as

Uy 1= (i17i27i37i4)7 i, 1= (5*]‘*77*]6*)7 ]* = (i17i2)7 k* = (i37i4)7

where j, and k., correspond to the index vectors for U; and V}, respectively. We now observe

[Ti]a*i* [Tj]au [Tk]a*(l—i*)
= [Ti](ﬁ*j* sk [Tj](ﬁ*l,’}/*l)[Tk](ﬁ*(l—j*)v'\/*(lfk*))

= [Ui]ﬁ*j* [Vi]'y*k* [Uj]ﬁu [Vj]'yn [Uk]ﬁ*(l—j*) [Vk]%‘(l—k*)
= (025, Ol [0 ) (Vi Wi Vi) -

By interchanging the roles of j <> k, the term inside of the summation in the right-hand
side of (B becomes

[Televws, [Tlas [Tila oy = Tl Tela [Tilaw .
o (AN Lo/ PN P N (1 OV 17 7
~ (1031520, 0K 5.1 10311 ) (Vi [P Vi ) -
Since the left-hand side of (3.1]) has the form of
T, =U;@V;+U; @V, (3.2)
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one should impose either k. = (1,1) or j. = (1,1) to derive the restriction on r;,:
ki, =0 for all i, € {0,1}* with (iy,42) # (1,1) and (i3,44) # (1,1).

Then, the right-hand side of (B.II) further reduces to

N
Kg, — —
Z [ ’ Z ( Tk Oc*l* T Oé*l []}]a*(lfi*) - [Cz—jj]a*i* [Tk]a*l [Cz—jj]a*(li*)>]

i€{0,1}4 k=1

N
Z < B*J*'Y*l ]B*I'Y*l [n]ﬁ*(lfj*)'}/*o
k=1

- [Tj]ﬁ*]‘* V1 [Tk]ﬁ*l')’*l [Tj]ﬂ*uj*)%oﬂ

N
K(1,1,k) =
D D o S (Ca PP 5 R

I
(]
2

- [Tj]ﬁ*l’Y*k* [Tk]ﬁ*r\/u [Tj]ﬁ*o’y*uk*))}

N

R(j.,1,1 =

= [‘/j]'Y*O Z |: (]N ) Z <<V77Vk>F[Uk]ﬁ*]* [U]]ﬁ*l [Uj]ﬁ*(lfj*)
j»€{0,1}2 k=1

- <Vk, ‘/}>F[Uj]5*j* [Uk]ﬁn [Uj]ﬁ*(lj*))]

N
R(1,1,kx =
P X [FEE S (0, U0 T Wi

{00 UV b W) |

By comparing - ® V; and U; ® - in ([B.2), one has

N
: R(i,11 -
oo = 3 (TS (05 Vade 0, O Uil

j+€{0,1}2 k=1

— Vi, Vi)r(Ujls.,. Uk, [Uj]ﬁ*(lj*)>> ;

N
Vho = 3 (P05 (105, Ue b b Vi

k«€{0,1}2 k=1

—<Uk, Uj>F[‘/j]’\/*k* [Vk]’}/*l [Vj]'\/*uk*))) :

If we choose the coupling strengths as for remaining i,:

K(0,1,1,1) = K(1,1,0,1) = K1,  K(1,0,1,1) = K(1,1,1,0) — K2, K, = 0,

(3.3)
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we obtain the desired system for (Uj, V;):
(V3 Ve GUJU; = (W, Vi U010

%]
N ((V]vaF U;UIUx = (Vie, Vi)E UJ'UIZUJ') :
= (3.4)
K
Vi = 5 > (03, U ViV, = (U Upde VW1V
k=1

S CARRAAULARAAD]

3.1.2. A heterogeneous ensemble. Similar to several aggregation models such as the Lohe
matrix model [20] and the Lohe tensor model [13], a natural candidate for heterogeneous (or
non-identical) extension of ([B.4]) would be the model ([B.4)) together with natural frequency
tensors B; and C; whose ranks are 4. Thus, the DM model for a heterogeneous ensemble
reads as

N
K
Uj=BiUj+ > <<Vj7Vk>F UUNU; = (Vii, Vy)r UJUIIUJ>
} N k=1
2
—|—N <<Vy,Vk>F UjU]]'LUk — (Vk, VJ>F UjUIIUJ) )

V=0 + Z (405, Uk iVV; = (U, U VYY)

N
Z ( Uj, Ur)r VVTVk (Uk, Uj)r VJVJVJ’) ;

| 3

N

where B; € Chxdzxdixdz gnd ¢ € Cdsxdixdsxdi are rank-4 tensors satisfying skew-
symmetric properties: for suitable indices,

[Bj]a151a252 - _[Bj]a252a1517 [Cj]’7151“fz52 - _[Cj]’72527151‘ (3’6)

Moreover, U;B; and C;V; can be understood as tensor contractions between rank-4 and
rank-2 tensors:

[BjUjlag = [BjlaprslUslys,  [C3Vilag = [Cjlapys[Vilns-
Next, we find a condition for A; in (1)) in terms of B; and C; in B.35]) so that models
(CI) and BXE) are equivalent. For this, it suffices to focus on the free flows by setting
K1 = ko =0, i.e.,
Uj=BU;, V;=C;V;, j=1,---,N.
If we use the relations above and
(U; @ V;) = (B;jU;) @ Vi + U; @ (C;V),

then we can find
A;(U; @ V) = (BjUj) ® V; + U; ® (C}V;). (3.7)
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In addition, if we rewrite ([B.7) as a component form, then it becomes
0= [Aj]a151716102627262 [Ujaz [V]'yth — [Bjlaipraz8:[Ujlaz s, [V]’nth
— [Ujlar 61 [Cily1617282 [V 26
= ([Aj]mﬁwﬁlazﬁﬂﬁz — [Bjla1pra2820717208180 — [Cj]vlélwéz‘salm‘sﬁlﬁz)
X Ujlazps [Vilyas,-

Since (B8] holds for arbitrary U; and Vj}, we can find an explicit relation between A; and
Bj, Cji

(3.8)

[Aj]alﬁ1’7151a252“/252 - [Bj]a151a2525717255152 + [Cj]“/151’725260610¢2651ﬁ2‘ (3’9)

So far, we have derived the DM model (85) with (8:9) from the LT model (II]). However, if
we use the same argument reversely and recall that system (3.5)) admits a unique solution,
then one can identify the LT model from the DM model. Thus, we can say that system (3.5])—
B9) and system (LI) are equivalent in some sense. Below, we summarize the argument
above in the following proposition.

Proposition 3.1. (1) Suppose {(U;,V;)} is a solution to B.A). Then, a rank-4 tensor
T; defined by T; := U; @ V; is a QSS to [ILI) with a well-prepared free flow tensor
A; satisfying ([39).
(2) Suppose a rank-4 tensor T; is a solution to (LI) with B.9) and quadratically sepa-
rable initial data:
P=U"2V? 1<i<N,
for rank-2 tensors UY € C1>*% and VO € C%>* with unit norms. Then, there exist
two matrices with unit norms U; = U;(t) and V = Vj(t) such that
Ti(t) = Ui(t) ® Vi(t), t>0,
where (U;, V;) is a solution to B8) with (U, Vi)(0) = (U?, V.0).
3.2. Gradient flow formulation of the DM model. In this subsection, we show that
system (B.0]) can be formulated as a gradient flow with a suitable analytical potential induced

from the Lohe tensor model. Recall from [I4] that the following functional can be associated
with the LT model:

N
1
VI =1-+3 > AT Ty (3.10)
ij=1
If we use the decomposition T; = U; ® V;, then we find the corresponding functional for

B3):

N N
1 1
EUV) =15 U@V, U@ Vip =1- wz > (UL UV Vidr. (3.11)
i,j=1 i,j=1
In the following lemma, we show that £(U, V') is non-increasing along the flow (B.5)).

Lemma 3.1. Let {(U;,V;)} be a solution to B.A) with (Bj,C;) = (0,0). Then, the func-
tional E(U, V') is non-increasing in time:

N 2
SEW.V) Z % 3 (W3 Vb — (v, Vi)
j=1 i=1 F
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N 1 N )
! % ; N ; <<Uj’Ui>FW‘/jT - <Ui7Uj>FVjViT> P
N N )
_ % 2:1 %Z <<VJ,Vz>FU;UZ — <Vi’Vj>FUiTUj)
s . F
Ko o N o VV B 2
N _Z< 5 Uilr (Ui, j>Fij>F
‘]:

Proof. Tt follows from Proposition 4.1 in [14] that V(7T') in BI0) for the LT model (1)
satisfies

d oy 1 &
E()__NZ Z Ky

Jj=14i,€{0,1}*

Here, we recall from [14, Definition 3.1] that for a rank-4 tensor 7', M (T) is defined as
a rank-2 tensor reshaped from 7' or it can be understood as a bijective linear map which
conserves the Frobenius norm. Since we only consider four types among i, € {0,1}* as in

B3), we set

K(0,,1,1) = K(1,1,0,1) = K1, K(1,0,1,1) = K(1,1,1,0) = K2, ki, = 0 for other i,. (3.13)
On the other hand, in (BIZ), we are concerned with the term M (T;) M (T;) for T; =
U; ® V; and i, in (BI3)), for instance, if i, = (0,1,1,1), then we have
[Mi* (TZ)M“ (Tj)T]azoam = [Ti]a11a20a31a41 [Tj]a11a21a31a41
= [Ui]a11020 [Vi]a31a41[Uj]a11a21[‘7j]a31a41 = <‘G’W>F[U;Ui]a21a20-

If we repeat similar calculations as above, we obtain the desired dissipative estimate. ]

3.3. The DM model. In this subsection, we further reduce the DM model (B3] to the
model defined on the product of two unitary matrices U(n) x U(m) which we call as the
DUM model. By the construction of model ([B.5]), we know that the Frobenius norms of U;
and V; are conserved. In addition to the conservation of the Frobenius norms, we show that
unitarity is also preserved, when rectangular matrices are replaced by square matrices.

M (T)M™(Ty)T = M™ (Ty) M (To) . (3.12)

Lemma 3.2. Suppose that the system parameters and initial data satisfy
dy =dy =n, d3=d4=m, UJQ € U(n), Vjo € U(m),
and let {(U;,V;)} be a solution to B0). Then, one has
Uj(t) e U(n), V;(t)eU(m), t>0, j=1,---,N.

Proof. Since U; and V; have the same structure, we focus only on U;. We rewrite the
dynamics of U; as a simpler form:

U; = ByU; + (P, — PHU; + U;(Q; — @),
where P; and (); are defined as

N N
K2
<Vy,Vk>FUkU]T, Qj = N ;—: Vi, Vi) FUTUk
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Then, one has

d
WU = BUUL - 03Ul B + (B, = PHUUT + U;(Q; - QDU
—U;U} (P = P)) = U3(Q; - Q))U;
= (Bj + P; = PUU] = U;U}(B; + F; = P)).
By straightforward calculation, we find
d

gl — U] lr =0. (3.14)
Since we assume U) € U(n), ie., I, — UjU}L = O, the relation (BI4]) yields the desired
result. O

Due to the unitarity, system (B.5)) can further be reduced to the model on U(n) x U(m)
by using the relations:

UjUjT = n:U]TUj, VjVjT: m:VjTVj, j=1,---,N.
Thus, the DM model reads as

Uj = B;U; +

2=

N
Z( Vi, Vior Up — (Vi, Vj)r UjUzZUj) ;
k=1

N
Vi = iV + 2 3 (U3 Uide Vi = (W Upe Vi3 ).

k=1

2=

where Kk = K1 + Ka.

Note that natural frequency tensors B; and C} have rank-4 satisfying skew-symmetric
properties as in ([3.6)). In order to give a meaning of Hamiltonian, we associate two Hermitian
matrices, namely, H; € C"*" and G; € C"™*™:

[Bj]mﬁuxzﬁz =: [_iHj]alazéﬁﬁzv [Oj]'y151’yz52 = [_iGj]“f1’7255152'
Then, system ([BI0) reduces to the model on U(n) x U(m):

Uj = —iH;U; + — Z ( Vi Vi)e Ux — (Vi, Vj) ¥ UjUng>’

(3.15)
. . R1
v, = -iGy; + ; (W5, U Vie = (U, U ViViV)

where H;U; and G;V; are now usual matrix products. Then as in Lemma BT, system (B.15])
also satisfies the dissipative energy estimate. Since the proof can be directly obtained from
Lemma Bl we omit it.

Corollary 3.1. Let {(U;,Vi)} be a solution to (BI5]) with H; = G; = O. Then the Lya-
punov functional (B.1)) satisfies

N
Cewvy=—=3 (1051 + IV31R). t>o0.

Jj=1
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4. EMERGENT DYNAMICS OF RANK-4 QUADRATICALLY SEPARABLE STATES

In this section, we study the emergent behavior of the QSS for the Lohe tensor model by
investigating the dynamics of the DUM model which reads as follows:
(

N
) ) K
Uj = —iH,U; + > <<Vj7Vk>F U = (Vi, Vi)w UJ'UI;[UJ') , >0,

k=1
. ) K N T (4'1)
Vi =GV + > <<Uj, Uk Vi — Uk, Uj)r V;Vy Vj) )

k=1
(U;,V;)(0) = (U}, V) € U(n) x U(m), 1<j<N,

where H; € C™" and G; € C"™ ™ are Hermitian matrices which play roles of natural
frequencies for each oscillator.

First, we recall several definitions of emergent behaviors for ([d.1]).

Definition 4.1. [I6] Let (U, V) = {U;, V]}évzl be a solution to (AI]).
(1) System (&I exhibits complete aggregation if the following estimate holds:

lim max ([|Ui(t) = U (8) v + [Vi(t) = V(DI ) = 0. (4.2)

t—00 1<i,j<
(2) The state (U,V) tends to a phase-locked state if the following relation holds:
3 tlig‘lo U;)U;)" and 3 tlig‘lo Vi)V ()t

In order to investigate emergent behaviors for (1], we denote the following quantities
for notational simplicity:

Xij = UZ'U]T, Sij = In — UZ'U]T, dij = <UZ‘, Uj>F, (4 3)
Yy =ViV), Ty=In—ViV] cj= (Vi Vi)r.

It follows from simple observations that

1Ujlle =n, |Ville =m, |dj| <n, eyl <m,

155511% = IU: = Ujl[& = 2Re(n — dig), | Tijli% = Vi = Vjl[& = 2Re(m — cij).
Then, it is easy to see that

”UZ — U]”F — 0 <= ]n — dij‘ — O, HVZ — V]HF — 0 <~ \m — Cij‘ — 0.

Thus, the complete aggregation in ([2]) can be represented in terms of the quantities in
E3):
lim max <HS,j(t)HF + HTZ](t)HF) =0 or lim max (]n —dij ()| + |m — cij(t)]> =0.

t—001<4,j <N t—00 1<i,j <N
In this regard, we define aggregation quantities: for ¢ > 0,

DU(t)) = | ax |Ui(t) = Uj(t)le, SU(t)) == | Dnax In — di;(t)],

D(V(t)) = | ax [Vi(t) = Vi(D)llr, SOV(t)) = | nax lm — ci;(t)].
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Note that S(U) has a second-order with respect to the state U, whereas D(U/) has a first-
order.

In the following two subsections, we present emergent dynamics for homogeneous and
heterogeneous ensembles respectively.

4.1. Homogeneous ensemble. In this subsection, we deal with the emergent dynamics
of (A1) with a homogeneous ensemble:

H;j=H, G;j=G, j=1,---,N,
and by the solution splitting property, we may assume
H=0, G=0.
In this setting, system (B.5]) becomes

N
. K
Uj = > (Vi Vil Us = (Vi Ve UULU; ), >0,

k=1

N
. K (4.4)
Vi=w > <<Uj, U)v Vi = (U, Uj)p VszjVj) :

k=1
(U, V3)(0) = (U7, V}) € U(n) x U(m).

Without loss of generality, we may assume
n>m. (4.5)

Our goal of this subsection is to find a sufficient condition under which
T £(1) =0, £(t) = D) + DV() + SUH) + SV(1).

where £ = L(t) is called as a total aggregation functional.

In [I6], it suffices to study the temporal evolutions of D(U). However in our case, time
evolutions of S(U) as well as S(V) are needed to achieve complete aggregation estimates.
Below, we derive a differential inequality for L.

Lemma 4.1. Let {(U;,V;)} be a solution to @A) with [@D]). Then, the total aggregation
functional L satisfies

L < —2k(m —4vn)L + r(dn +9)L* + & <2n + g) £ t>0. (4.6)

Proof. Since a proof is lengthy, we provide it in Appendix [Al O

We are now ready to provide a sufficient condition leading to the complete aggregation

for (d4).
Theorem 4.1. Suppose that the system parameters and initial data satisfy
(i) n>m > 4y/n.

i) 0  —(12n+27) + /(120 + 27)2 + 48(m — 4y/n)(3n + 4) (4.7)
(ii) < Oy i= G 3 ’
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and let {(U;,V;)} be a solution to [@A). Then, we have
lim L£(t) = 0.
t—00

Moreover, the convergence rate is at least exponential. In other words, system ([&4]) exhibits
complete aggregation with an exponential convergence.

Proof. Consider an auxiliary quadratic polynomial:

f(s):= <2n - g) s2 4 (4n + 9)s — 2(m — 4y/n).

Since m > 4y/n, the algebraic relation f = 0 admits a unique positive root a, ,, defined in
D) (ii). Then, the relation (0] is rewritten in terms of f:

d
—L < kLf(L), t>0.
gL S RLAL), t>
Since initial data satisfy (A7) (ii), the desired result follows from dynamical systems theory.
U

Remark 4.1. (i) In [@7) (i), we have assumed that n > m > 4\/n which imposes a restric-
tion on the size of U; such as

n > 16.
It also should be mentioned that such restriction arises, for instance, when we estimate the

terms Ts in (A1) and Zoys in (AI0). We indeed show in Appendiz [A that this technical
assumption would be remowved.

(i) Since m < n, we have

—(12 2 12 27)2 +48(n — 4 4 1
limsup o < lim (12n+27) + \/( n +27)° + 48(n — 4y/n)(3n +4) =-.

4.2. Heterogeneous ensemble. In this subsection, we study the case of heterogeneous
Hamiltonians in which H; and G; in (&1) are given to be different in general. In order to
establish the emergence of the phase-locked state, we will follow a strategy developed in [16].
For any two solutions {U;, V;} and {U;,V;} to [@II), we define the diameters measuring the
dissimilarity of two configurations:

LCAIOE S M AGIACRAOLAGIES

- ; e (4.8)
AV.V)(E) i= | max VIOV (0) = V()T 1)
Then, we will show that the diameters above converge to zero:
Jim <d(U, U)(t) + d(V, V)(t)) —0. (4.9)

As a next step, since our system is autonomous, for any 7" > 0, we choose f]j and f/] as
Uj(t) = U;(t+T), Vj(t) =Vt +T).

By discretizing the time t € Ry as n € Z, and setting T' = m € Z4, we conclude that
{Ui(n)U]]-L(n)}nez+ and {Vi(n)VjT(n)}nez+ are indeed Cauchy sequences in the complete
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spaces U(n) and U(m), respectively. Hence, there exist two constant unitary matrices
U € U(n) and V;3° € U(m) such that

: ) T ool _ : . T ool _
lim [0}~ U lle =0, Jim ViV ()~ Vi lle 0.

Hence, we aim to find a sufficient condition under which (#3) holds. To show (@3), we
associate another diameters measuring the difference between two solution configurations
{U;,V;} and {U;, V;}:

SU,U)(t) == max (U, U;)(t) - (Ui, Uj) ()],

1<ij<N

SV, V)(t) =  max (Vi V3)(t) — (Vi Vi) (0)]-

(4.10)

Note that
S(U,U) < vnd(U,U), S(V,V) < Vmd(V,V).

To this end, our goal of this subsection is to find a sufficient framework leading to
lim F(t) =0, F(t):=dU,U)(t) +d(V.V)(t) + S(U,U)(t) + S(V.V)(B).  (4.11)
Below, we derive a differential inequality for F in (@IT]).

Lemma 4.2. Let {(U;, Vi)} and {(U;, V;)} be any two solutions to @I) with [@5), respec-
tively. Then, the aggregation functional F satisfies

dre <2m — 8V — max{p(;:), D(g)}> F+ k(dn + 22)LF + 206L2F,  (4.12)

dt
where D(H) and D(G) are defined as

D(H) = max |Hi—Hjle, D(G):= max [|G;—Gjlle.

Proof. We postpone its proof in Appendix [Bl O
In what follows, using the differential inequality ([@I2l), we provide a sufficient condition

leading to the phase-locked state. First, in order to make a leading coefficient of ({12
negative, we assume that a coupling strength s is sufficiently large:

max{D(H),D(G)}
2(m —4y/n)

For a handy notation, we denote
max{D(H), D(G)}

A:=2(m —4y/n) — p

Next, we show that we can make the total aggregation functional £ small as we wish by
controlling the coupling strength «.

Proposition 4.1. Suppose system parameters and initial data satisfy
(i) n>m, D(H)>D(G), (i) K& > ke, L0 < w0, (4.13)

where ke and vy are specified later in [AI8) and [@IT), respectively, and let {(U;,V;)} be
a solution to [AI]). Then, we have

lim limsup £(t) = 0.

K—=00 ¢t 00
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Proof. Since we assumed ([@I3))(i), it follows from (4.6]) that
L < —2k(m —4yn)L + w(dn +9)L% + & <2n + g) L3421+ 3vn)D(H). (4.14)
Now, we introduce an auxiliary cubic polynomial:

g(s) :=2(m — 4v/n)s — (4n + 9)s* — <2n + g) s°. (4.15)

Then, [@I4) can be rewritten as
£<n (2(1 +3v/n)D(H)

K

- 9(£)> :

By investigating roots of the polynomial g in ([{LI3]), we deduce that for a sufficient large
K, the polynomial ¢ admits one negative root, say, 1y < 0, and two positive roots, say,
0 < 11 < v with continuous dependence of k, i.e.,

lim (k) =0, lim (k) = s, a4 a unique positive root of g. (4.16)
K—00 K—00

Since we assume ([£I3])(ii), there exists a finite entrance time T, > 0 such that

L(t) <vy, t>T,. (4.17)
Finally, we combine ([@I6]) and ([I7]) to obtain the desired estimate:

lim limsup £(t) = 0.

K00 t—o0

O

Remark 4.2. For an explicit value for k. in [@I3) (i), by simple calculus, we know that
the polynomial g = g(s) in ([AIB) admits a global maximum in Ry at s = s,

_ —[@n+9)+/(@n+9)%+2(6n + 8)(m — 4y/n)
e 6n + 8 '

Thus, in order to guarantee the existence of a positive root for g, one should impose

s(s) > 20FBVMDEH) (1+ 3y/n)D(H)

2

, le, K> = Kc. 4.18
9(s+) ‘ (4.18)

For this ke, vo in ([EI3) (i1) can be explicitly determined as the largest positive root of

2(1 4 3yn)D(H

) = 203D

when Kk > k. (4.19)

It follows from Proposition 1] that under the assumption on the smallness of the initial
data £° and largeness of the coupling strength r, we have

lim limsup £(t) = 0.

R=00 {00
Hence, there exists a (large) coupling strength r,, larger than k. such that for ¢ > 1,

max{D(H),D(G)} ‘

K

(4n + 22)L(t) + 20L(1)2 < % A =2(m — 4v/n) —

Then, [@I2) becomes

d A A
F < —ARF + ndn + 22)LF + 20kLF < —AxF + 7’”7 - —{f.
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This yields a desired exponential decay for F. The argument above can be stated and
shown as follows.

Theorem 4.2. Suppose system parameters and initial data satisfy
(i) n>m, D(H)>D(G), (ii) & > kp > ke, max{L’ LY} < vy,

and let {(U;,V;)} and {(U;,V;)} be any two solutions to (@I, respectively. Then, the
following assertions hold.

(1) The functional F converges to zero with an exponential rate.
(2) The normalized velocities inU; and iVjVjT synchronize:

B 5] 6501 =0t 657 <357 =0
(3) There exist unitary matrices Xoo € U(n) and Yo € U(m) such that
; YOV (1) = ; T4 — s —
Jlim UF(O7(6) = Xeo,  Jim |(6) = Ui(t) Xocl =
; YOV () = ; 7 (4) — U, —
Tim VI (OFi(0) = Yo, Jim [Vi(t) — Vi(t)Yoc lp = 0.
(4) Asymptotic phase-locking emerge: for any indices i and j,
; . T : . T
3 tliglo Ui(t)U;(t) and 3 tlgglo Ui()U; (2).

Moreover, there exist phase-locked state X*° := { X}, and Y = {V >} |, and
unitary matrices P € U(n) and Q € U(m) such that

Jim [[Us(6) — X7 Plle = 0= Jim [Vi(t) = Y7°Qllr =0, max{D(X™), DY)} < 1.

Proof. (i) It follows from (AI2) in Proposition 1] that F satisfies

%}' < —r <2m —8n - max{D(z), D(g)}> F + k(4n + 22)LF + 206L2F.  (4.20)

Since £ can be sufficiently small under {{I3)), i.e.,
,C(t) <v, t>T,

we choose kp, > k. sufficiently large such that

max{D(H),D(G)} ‘

K

(4n + 22)L +20L? < % A =2(m —4y/n) —

Thus, [E20) becomes

d Ak
Cr< 2fr s 4.21
T S (4.21)

and the relation (AL2]]) yields the desired exponential convergence of F toward zero.

(ii) For the second assertion, we claim:

iU Ut — iﬁjﬁjHF <2(m+n)F,  |iV;V] - 1173»17jT||F < 26(m +n)F. (4.22)
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Once the relations ([£.22)) hold, it follows from the first assertion to derive the second asser-
tion. Note that

N
. A~ K
55 UT =100} | = N Z( Vi, Vi) U U} — <Vk,Vj>FUjU]I)
=t (4.23)
iRy AR AN s 2al
—= > (V3. Ve 0T — (Vi V0,01 )
k=1 F

By algebraic manipulations, one has
V3, Vi) rURU = (V3, Vi) e Uy U |1
< [4V3 V)r(UsU] = TeU)lp + (V5. Vidhr — (V5 Vi) p) Ui U I < (m+ n) F.
Thus, the relation ([A23]) yields
iT,UT = i0;01 e < 26(m +n)F.

This shows the desired synchronization of the normalized velocities and the exactly same
argument is applied to iVjVjT.

(iii) Since system () is autonomous, we directly use Theorem 2(3) of [16]. Hence, we
briefly sketch a proof. We observe

= |GU - U0} ||p < 26(m +n)F.

Since F tends to zero exponentially,

lim (U] (00,(1)) = U0 + / (Ul (5)0i(s))ds. (4.24)

In addition, since d(U, U) converges to zero, one deduces that the right-hand side of (@24])
does not depend on the index 7. This establishes the desired assertion.

(iv) We first show the existence of the asymptotic limit of U;U JT and V,VJT For any T" > 0,
since system (&) is autonomous, we choose U; and V; as
Ui(t) =Ui(t+T), Vi(t) =Vi(t+T).

If we discretize the time t € Ry and n € Z and choose T =m € Z4, we use the convergence
of d(U,U) and d(V,V) to conclude that {U;(n)U ( n)tnez, and {Vi(n)V. T( n)}nez, become
Cauchy sequences in the complete spaces U(n) and U(m), respectively. Thus the limits of
U;U ]T and VZ-V]-T exist. In particular, if we denote

00 . 7 . i
X = thm Ui (1)U (¢),
then one has

tligloUZ(t)Uj(t) —tligloUzUl(t)(UJ(t)Ul(t)) =X X, Jg&(UuUﬁF— (X7, X5°)p.
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On the other hand, we recall (A.2))

d
Ui Ul = (U;U H; — HiU;UY)
N

(<v;-,vk>FUkU} — (Vi VOrUULUU] + (Vi Vi) UiUL = (Vi VidrUiU T URUT ).

+ K
N
k=1

(4.25)

In ([@237), if we let t — oo and apply Barbalat’s lemma, the left-hand side of (£.25]) vanishes
and consequently, the relation (€25]) becomes

O =i(XP X7 H; — Hix* X7
N
K
+ Nz <<3QOO,Y1§O>FX/?OX;O’T — (¥, Yo e X X T x e x oo (4.26)
+ (Y, Yj°°>FXZ-°°X,3°’T AR (b b (b o)}
By performing left-multiplication X;* " and right-multiplication X7 with (4.26]), we obtain

N
—XTH X+ (07, Yieo)e X5 X — (v, Yoy XX
k=1

N (4.27)
= XX 3 (0, V)X — (Ve Y XX ).
=1
Since the relation(.27)) does not depend on the index, we can set
N
10 1= XX S (0 Ve XX e v X X)),
k=1

This yields
K N
XFPOX = Hi+ 3 (e, v tase — (v, vieoye X)),
k=1

Similarly for {V;}, we can define a matrix I" independent of the index such that
N
K
YVRTYyol = G+ 0 (00 X RY oY — (X5, XP0)ey, o 1Y),
k=1

Then, {{X>},0} and {{Y;>*°},I'} indeed consist of the phase-locked state. Moreover, one
has

D(X*) = max [|XZ°X*" 1| = lim max | (t )U}(t)—[n\\F:tllm DU) < vy

1<i,j<N t—00 1<4,5<

Exactly the same estimate holds for D()*°) as well. O
Remark 4.3. In [20], the phase-locked state of (A1) are defined to be of the following form:
Uz(t) _ Uiooe_iFUt, ‘/z(t) _ ‘/iooe—irvt7
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where U € U(n) and V;° € U(m) are unitary matrices, and Ay and Ay satisfy

1K

URToUt = Hi+ = > (Ve Vi)eUpeust — (v, vie)eUeup),

(2

= 1[M]=

1K

N
k=1

VT vt = 6, + (e, vVt — o U e vV ).

(2

5. RANK-2m QUADRATICALLY SEPARABLE STATE

In this section, we study a quadratically separable state of the LT model for rank-2m
tensors by introducing the MM model whose solution configuration is given as follows.

o u?, U™y, ur = (U, U, p=1,---,m.

In the following two subsections, we introduce extended models for the DM model (3.3
and the DUM model (8.15]). Since the procedures are similar as those in Section [3 we omit
details.

5.1. The MM model. In this subsection, we introduce the MM model:

N m m
. K
or = Biuy + 5 3 | Ty uhetp (u))'oy - [Tk vhyevy () U7
=\ 7 (5.1)
K9 N i T - T
+5 2 | TI05- uowty (U7) '0F - [ (Wi, Up)e U7 (UF) 07 |
s 7

where B;’ is a rank-4m tensor satisfying the skew-symmetric property.

For a solution {U?}"; to (B.1]), we set a rank-2m tensor denoted by T;:

which can be written in a component form:
[Ti]OClBl(XQBZ'“amBm = [Uil]alﬁl [Uiz]a262 T [Ugn]a7rlﬁm‘

In order to relate the model (B.]) with the LT model (II]), we consider the index vector i,
in x;,. Then, we introduce two subsets of {0,1}%¢: for ¢ = 1,--- ,m,

Ay = {i, € {0,1}?? : 0 appears once at 2q — 1-th coordinate},
Ay = {i, € {0,1}*? : 0 appears once at 2¢-th coordinate}.
Note that |A1] = |A2| = m and for instance with m = 2,
(0,1,1,1),(1,1,0,1) € Ay, (1,0,1,1),(1,1,1,0) € As.
In this regard, we choose the index vector as

k1 if i, € Al,
Ki, = ko if i, € Ag, (53)
0  otherwise,
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which generalizes (83]) for the DM model.

Next, for the natural frequency tensors, we use {Bg-’ };”:1 to associate a rank-4m tensor
A; as
J

m d
k
[Aj]alazmoézmﬁlﬁz“ﬂm = Z [Bj]a2k710l2k62k7162k H (5052@,1525715(12562@) ) (5.4)
k=1 (=1
£k

which corresponds to (8] for the DM model. Then, it follows from straightforward cal-
culation that the Lohe tensor model with (53)) and (&.4]) reduces to (51I) whose solutions
can be related by (52). The argument above is summarized in the following proposition
analogous to Proposition 311

Proposition 5.1. The following assertions hold.

(1) Suppose {UP})L, is a solution to BI). Then, a rank-2m tensor defined by T; =
Ul@UZ@---@U™ is the QSS to (1)) with well-prepared initial data and free flow
tensors A; satisfying (5.4)).

(2) Suppose a rank-2m tensor T; is a solution to (LIl) with (54]) and quadratically
separable initial data:

=000’ - U 1<i<N,
for rank-2 tensors Ul-p’0 x CU>dz with unit norms. Then, there exist matrices {U?}
with unit norms such that
T;(t) = Ui () @ U (t) @ --- @ UL (t), >0,
where {UPY} is a solution to (B1) with UP = U?(0).
5.2. The MUM model. In this subsection, we further reduce to the MM model to the
model on the product of the unitary groups. Since the unitary group is concerned, we set
dl=db=:dy,, 1<p<m. (5.5)
For the modeling of natural frequencies, we also define Hermitian matrices with a size
dp x dp:
[_in]mazémﬁz = [B§]016105262'
In addition, {HY} satisfy

m m
_—
[Aj]alaz"'azmﬁlﬁz"'ﬁzm = Z [_lHj ]azkﬂﬁqué&zkﬁzk H (50227152571(%%52() : (5’6)
k=1 (=1
£k

By Lemma 2} one can verify that system (5.I]) with (53] conserves the unitarity of U7
Thus, system (5.I]) reduces to the following model on the unitary group:

N m m

o K 1 771 Lot t
k=1 | (=1 =1
D t#£p

UP(0) = UP € U(dy),
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where kK = k1 + ko and H f U]’-’ is a usual matrix product. As in Proposition (.1 existence
and uniqueness of the QSS for (B.7) can be stated as follows.

Proposition 5.2. The following assertions hold.
(1) Suppose {UP}), is a solution to [BT). Then, a rank-2m tensor defined by T; :=
Uil ® UZ-2 ® -+ @ U™ is a quadratically separable state to (1) with a well-prepared
free flow tensor A; satisfying (5.0]).

(2) Suppose a rank-2m tensor T; is a solution to (LIl with (6] and quadratically
separable initial data:

=000 e -0UM, 1<i<N\,

for rank-2 tensors U 0 5 CMI%13 with unit norms. Then, there exist matrices {U?}
with unit norms such that

Tit) =Ul () @ UA() @ - @ U (1), t>0,
where {U'Y} is a solution to (5.1) with UM = UP(0).

Remark 5.1. In Section[4), we provided the emergent dynamics of the double unitary matrix
model (&1)). However for its generalized model (5.7), emergent dynamics will not be studied,
since it can be straightforwardly obtained from the results in Section [4)

6. CONCLUSION

In this paper, we have studied the existence and emergent dynamics of quadratically
separable states for the Lohe tensor model which incorporates several well-known low-
rank aggregation models such as the Kuramoto model, the Lohe sphere model and the
Lohe matrix model, etc. In our previous work [9], we obtained completely separable states
as special solutions to the Lohe tensor model defined as tensor products of rank-1 real
tensors (or vectors). In analogy with the previous work, we consider the states in which a
solution can be decomposed as a tensor product of rank-2 tensors (or matrices), namely, a
quadratically separable state. Precisely, if initial data are quadratically separable, then such
separability is preserved along the Lohe tensor flow. Moreover, by introducing and analyzing
double matrix and unitary matrix models, we are able to study asymptotic behavior of the
quadratically separable states to the Lohe tensor model. Of course, there are several issues
that are not discussed in this work. For example, one can naturally consider the state
consisting of tensors with possibly different ranks and sizes. We explore this issue in a
future work.
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APPENDIX A. PROOF OF LEMMA [4.1]

In this appendix, we provide a proof of Lemma 1] in which a differential inequality for
the aggregation functional £ = D(U) + D(V) + S(U) + S(V) is derived. We divide a proof
into two steps:

e Step A: we derive differential inequalities for D(U) and D(V) (see Lemma [AT]).
e Step B: we derive differential inequalities for S(U) and S(V) (see Lemma [A.2).

Lemma A.1. Let {(U;,V;)} be a solution to [£4). Then, D(U) and D(V) satisfy

;tD(U) < —2mkDU) + mrDU)? + 65S(V)D(U) + 26S(V)D(U)? + 4kv/nS(V),

(A1)
%D(V) < _9mkD(V) + nkDVY + 6kSUD(V) + 26SUYD(V)? + Arn/mSU).
Proof. By straightforward calculations, one finds a differential equation for G;; = U;U j :

N

i =N > (einGrj — criGiwGij + crjGir — cjnGijGiy)- (A2)
k=1

By using the relation G;; = I,, — S;j, we see that S;; satisfies

Sij = Z [Czkskg — CkiSik — CkiSij + CiSkSij + CkjSik — CikSkj — CjkSij + CjkSijSkj
Ni=
+ (cki — cik + cjr — ij)fn} :
(A.3)

After algebraic manipulation, we rewrite (A.3]) in terms of S;; and ¢;; —m that are expected
to converge to zero:

=z

ds;; meK
2 = —2mnSij + S 3 (SiSig + SigSi )

k=1

+
=2l =

(cik —m)Skj — (cki — m)Sik — (ci —m)Sij + (ci — m)SikSij]
(A4)
(crg —m)Sik — (cjk —m)Sk; — (¢jr — m)Sij + (cjk — m)Sz'J'Skj]

(cki — cik + cj — ij)fn]-

2=

+
2=
= [1= I0)=

+

e
I
—_

On the other hand for an n x n matrix A, one has

1d 1 d 1 . . .
_— = Z T T = T
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We multiply (A4]) with S;rj to find

N
1d mk
155 1F = —2mnl| Sy + == D Retr(SiSis S} + SijSk;Sh)

2dt k=1
N
K
37 2 Rellcu = mtr(Siy L)) = Rel(es = m)ia(Six})] — Re(ee = m)Si
N
K
i N kzz:l Re[(ckj _ m)tr(SszL)] — Re[(cjk — m)tr(Sk]SJ])] - Re(Cjk - m)”Sz]”% (A5)
N
- % > Rel(cgs — m)tr(Si Sy ST)] + Rel(cji — m)tr(SiSk;ST)]
f=1
o
TN > Rel(crs — cin + g1 — ciy)tr (S]]

k=1
=: —2mHHSin12? + 2+ T+ Tis+ 1Ly + Iis.

Below, we present estimates for Zy, k= 1,--- ,5, respectively.

o (Estimate of Z11): We use (A.6) and

Sij + Sji = S,'iji, S;[j = Sji (A.G)
to derive
1 1
Retr(SikSiiji) = §tr(5ik5ij5ji + SiijiSki) = §tr(5ij5ji(5ki + Szk))
1 1
= 5tr(SiSjiSkiSik) = 511SkiSis -
Similarly, one has
1
Retr(Si; Sk S1;) = §H5z’j5jk\l%-
Hence, Z;;1 satisfies
e
Iy = kZ:lRetr SirSi;Sh + 5135k S)y) = 537 ; (I1SkiSis I + 15iSjkllE) < maDU)*.
o (Estimates of Zj2 and Z;3): By the maximality of D(U/) and S(V), we have
N
K
Tip = 5 D_ Re(car —m)tr(Si;S];)] — Rel(er — m)tr(SS};)] — Re(ean —m) S [7
k=1
< 3kS(V)DWU)?,
m) |85 1§

N
T3 = % > Rel(cx; — m)tr(SiS];)] — Re(cje — m)tr(Sk;SL)] — Re(cjp —
k=1
< 3S(V)D(U).
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o (Estimate of Z14): By straightforward calculation, one has
o
Tu= > " Ref(cxs — m)tr(SpSi; S| + Rel(cjr — m)tr(Si; S Sh)] < 268(V)DWU)?.
k=1

e (Estimate of Z15): Note that for an n X n matrix A,

tr(A) = tr(I,A) < || [[e[|Allr = vnl[Allr.

This yields

N
Ti5 = % Z Re[(cki — cik + ¢k — ij)tr(sjj)] < 4ky/nS(V)DU). (A7)

k=1

In ([A.5), we collect all the estimates for Zx, k= 1,--- ,5 to obtain

%% [1Si; 113 < —2ms||Si;[|E + maDU)* + 6kS(V)DU)? + 26S(V)D(U)? + 4k/nS(V)D(U).

Hence, D(U) satisfies

%D(u) < —2mrDU) + mEDUY + 6kSVDU) + 26SWVYDU)? + drn/nS(V).

Similarly, one can find a differential inequality for D(V) by exchanging the roles of & and
V:

%D(V) < kDY) + nkDVY + 6kSUD(YV) + 26SUIDV)? + 4rs/mSU).
O

In (A, note that S(U) and S(V) appear in the differential inequalities for D(U) and
D(V). Hence, we derive the differential inequalities for S(U) and S(V) below.

Lemma A.2. Let {(U;,V;)} be a solution to [E4). Then, S(U) and S(V) satisfy

%S(Z/{) < _omrSU) + 2mrDU) + 6kSUNS(V) + 26S (VDU + 4r/nS(V), s
A8
%S(V) < —2nkS(V) + 2nkD(V)? + 66S(U)S(V) + 2:SU)D(V)? + 46v/mS(U).



QUADRATICALLY SEPARABLE STATES TO THE LOHE TENSOR MODEL 27

Proof. In ([A4]), we take trace to obtain

N
d mk
E(n - dij) = —me(n - dij) + N Ztr(SikSij + SijSkj)
k=1
L
+5 > (e —m)(n = diz) — (cri — m)(n — dig) — (cix — m)(n — dij)
k=1
L
+ = (cgj —m)(n—diy) — (cjr —m)(n —dg;) — (cjr —m)(n —dij)
N kzﬂ J J J J J (AQ)
o
+ N Z(CI“ — m)tr(SikSij) + (Cjk — m)tr(SijSkj)
k=1
o
+ ;[(Cki —cir) + (cjk — cxj)]V/n
=: —2m/£(n — d,’j) + Tor + Too + Log + Loy + Los.
Below, we present estimates of Zox, k=1, -+ ,5, separately.

o (Estimate of Zs1): We use the definition of D(U) to find

N
mk
o1 = a Ztr(siksij + SijSkj) < 2m/1D(Z/{)2.
k=1
e (Estimates of Zog and Zy3): It is easy to see that

N

Tyy = % (cik —m)(n = dij) — (cki = m)(n — dir) — (cie —m)(n — diz) < 3cSU)S(V),
k=1
N

Ios = % D (erj —m)(n = di) = (cji — m)(n = dij) — (cje —m)(n — dig) < 3RSU)S(V).
k=1

o (Estimate of Zy4): Similar to Zy1, one has
Ko 9
Tos = N Z(Clﬂ — m)tr(SZkSZ]) + (Cjk — m)tr(SijSkj) < QRS(V)D(U) .
k=1

o (Estimate of Zy5): We find
N

Ios = % Z[(Ckz — cik) + (cjk — ij)]\/E < 4rVnS(V). (A.10)

k=1

In (AL9)), we combine all estimates to obtain

%S(Z/{) < —2meSU) + 2mkDU)* 4+ 6kSU)S(V) + 26S(V)D(U)? + 4r/nS(V).

By exchanging the roles of & and V, we derive a differential inequality for S(V):

%S(V) < —2nkS(V) + 2nD(V)? + 65SU)S(V) + 26S(U)D(V)? + 4ky/mS(U).
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Remark A.1. For homogeneous Hamiltonians, we add (A8), and (AS), to find
d
dt

Hence, in order to obtain the desired convergence, we assume

n>2vn, m>2ym, ie, n,m >4,

which requires the restriction on the size of U; and V;. This technical assumption arises
from the estimate of Zos in (AIQ).

(SU) +S(V)) < =26(m — 2v/m)SU) — 26(n — 2/n)S(V) + O((SU) + S(V))?).

Now, we are ready to present a proof of Lemma 1] using Lemma [A.1] and Lemma [A.2]

Proof of Lemma[f-1} Recall the inequalities in (A1) and (A.8):

%D(u) < —2mrDU) + mEDUY + 6kSOV)DU) + 26SWVVDUY? + drn/nS(V),

%D(V) < —9rDOV) + DOV + 61SUD(V) + 26SUYD(V)? + /TS (U),

(A.11)
%S(Z/{) < —2mrSU) + 2mrD(U)? + 66SU)S(V) + 26S(V)DU)? + 4rv/nS(V),

%S(V) < —2nkS(V) + 2nD(V)? + 65SU)S(V) + 26S(U)D(V)? + 4/mSU).

Without loss of generality, we may assume n > m, and add all the inequalities in [A.IT]) to
find

%c < —2k(m — 4y/n) L + nk(DU)? + 2DU)* + D(V)? +2D(V)?)
+ 6k(DU)S(V) + DOV)SU) + 2SU)S(V)) + 46(D(U)?S(V) + D(V)2S(U))
=: —2/{(771, — 4\/ﬁ)£ + nkIs3 + 6KkZ30 + 4r133.

(A.12)
In the sequel, we provide estimates for Zz;, k = 1,2, 3, respectively.
o (Estimate of Z3;): We use a rough estimate to find
T3, = DU +2DU)? + D(V)? +2D(V)? < L3 + 2L£2.
o (Estimate of Z33): By straightforward calculation, one has
Z3o =DU)S(V) + D(V)SU) + 25(U)S(V)
1 1 3 3 3
< DU+ =DV + = 242 2<Zr2
<3 Uu)” + 5 V) + 2S(u) + 28(12) < 2£
e (Estimate of Z33): We use Young’s inequality that for a,b > 0,
2 1
2 2.3, 113
a“b < 30 + 3b
to find
2 2 2 3,1 3, 2 3,1 3_ 2.3
I33 =DU)*S(V)+DV)*SU) < §D(L{) + gS(V) + gD(V) + gS(Z/{) < §£ .
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n ([AI2)), we combine all the estimates to obtain the desired inequality for L:

%ﬁ < —26(m — 4v/n) L + 260 (L3 + 2L2) + 9L + 8§£3

= —2k(m — 4y/n)L + +k(4n +9)L? + K <2n + g) c3.

APPENDIX B. PROOF OF LEMMA

In this appendix, we present a proof of Lemma in which the differential inequality for
the aggregation functional F in ([@IT]) will be derived.

Lemma B.1. Let {(U;,V;)} be a solution to @IX)). Then, d(U,U) and d(V,V) satisfy

%d(U 0) < —2mrd(U,0) + 4mrLd(U, T) + 6£(d(U,T) + S(V, 7))
+2L%(4d(U,U) 4+ S(V,V)) + 4v/nS(V, V). B
%d(v V) < —2nmd(V, V) + AnkLd(V, V) + 6£(d(V, V) + S(U,T)) ’

+2L%(4d(V, V) + S(U,U)) + 4y/mS(U, U).
Proof. First, we recall (A.4):

d

N
ESU = —2m/£5ij + % Z SszZJ + SijSkj + i(HZ' — Hj) + i(Sinj - HZSU)

k=1

+
=] =

(cik —m)Skj — (cri — m)Sik — (cir, — m)Si; + (cri —m)SiSij

(ckj —m)Sik — (cjks — m)Skj — (cjk — m)Sij + (¢jx — m)Si;jSk;

+ (cki — cik + cji — cij)In.

=] =

+
2| =
= I0= [

k=
Thus, S;; — Sij satisfies

—_

N
d ~ ~ m - -~
3 O = Sig) = —2ma(Si; — Syj) + — > (SikSij + SijSk; — SixSij — 5ijSk;)
k=1 =1n
~ K N ~ K N
+i((Syy — Sij)Hj — Hi(Si +N kZ_l Ty3 —Ty43) + ~ ; (Zaa — Taa) (B.2)

=:Tyo

N
Z ((cri — cit + cjp — crj) — (Cri — Cik + Cjk — Cij)) Ins
k=1

=145

ZIR

where 743 and Zy4 are defined as
Ty3 = (cit — m)Skj — (cki — m)Si — (¢ — m)Sij + (cri — m)SikSij,
Tyy = (ij — m)Slk — (Cjk — m)Skj — (Cjk — m)Sij + (Cjk — m)SijSkj.
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Below, we provide the estimates for Zy;, k= 1,--- ,5, respectively.

e (Estimate of Z41): Note that
Ta1 = SikSij + SijSkj — SikSij — SijSk
= Sik(Sij — Sij) + (Sik — Sie) Sij + Sij(Suj — Skz) + (Sij — S5ij)Shj-
This yields ~
| Za1|lp < 4Ld(U,U). (B.3)
o (Estimate of Z42): Note that for a skew-Hermitian matrix {2 and a matrix A, one has
tr(QAAT) = 0.
This implies
Retr(Za(Si; — Sij)t) = Retr(iH;(Si; — Si)(Si; — Sij)t) = 0.
o (Estimate of Zy3): We observe
I(cit = m) Sy — (€ —m) Sl
= ||(cix —m)(Skj — Skj) + (cik — &) SkjlIF
< LA(U,U) + LS(V,V) = L(d(U,U) 4+ S(V,V)).
Moreover, we use (B.3)
[(cri —m)SinSij — (& — m) SinSij e
= [|(cri — m)(SikSij — SirSis) + (cir — ir) SinSij |l
< L-ALAU,U) +S(V, V) L2 = £24d(U,U) + S(V,V))

to obtain

|1 Zs3 — Zus|lp < 3L(d(U,U) + S(V,V)) + L2(4d(U,U) + S(V, V).
e (Estimate of Zy4): Similar to Zy3, one finds

| Zas — Zuallr < 3L(d(U,U) +S(V,V)) + L2(4d(U,U) + S(V,V)).
o (Estimate of Zy5): We directly find

|1 Zss|[e < 4v/nS(V, V).

In ([B.2)), we combine all the estimates to obtain
%d(U, 0) < —2mwd(U, T) + dmuLd(U, 0) + 6£(d(U, T) + S(V, 7))

+2L%(4d(U,U) 4 S(V,V)) + 4/nS(V, V).

By exchanging the roles of ¢ and V, we find the differential inequality for d(V,V):

id(v, V) < =2nkd(V,V) + 4ncLd(V, V) + 6L(d(V,V) + S(U,U))

dt
+2L%(4d(V, V) + S(U,U)) + 4/mS(U,U).
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Below, we derive differential inequalities for S(U,U) and S(V, V).
Lemma B.2. Let {(U;,V;)} be a solution to @I)). Then, S(U,U) and S(V,V) satisfy

LS, ) < —2mrS(U,T) + 4£d(U, T) + DAH)AWU,T) + 6£(SU, T) + S(V, 7))

dt
+8L%d(U,U) + 2L2S(V, V) + 4y/nS(V, V). B4)
gzs(v V) < =20kS(V, V) +4LdA(V, V) + D(H)d(V, V) +6L(S(V,V) + S(U,U))

dt
+8L2d(V,V) 4+ 2L2S(U,U) + 4v/mS(U,U).
Proof. We recall (A.9):

N
d mk
E(TL — dw) = —2m/{(n — dw) + W Ztr(SikSij + SZ]Sk])

k=1

+ itl“(Hi — Hj) + itr(Sinj — stzy)

N
5 (e = m)(n = dig) = (ks = m)(n — di) = (e = m)(n — dyy)

k=1
N
+ % S (ens —m)(n — dig) — (cjp —m)(n — diy) — (e — m)(n — diy)
k=1
N
+ % > (exi — m)tr(SixSi) + (cjk — m)tr(Si;Sij)
) k;l
ty > [leni — cir) + (cjr — ery)IVn.

e
I
—

We denote
pij =0 —dij,  qij =M — .
Then, p;; — p;; satisfies

N
d _ | e _ o
T —(pij — Pij) = —2mr(pij — Dij) W Ztr SikSij + SijSkj — SikSij — SijSkj)
k=1 -
) o ) P
+itr((Si; — i) (H; — H;)) t 2(153 —Is3) + N Z (Tsa — Isa)
e k=1 k=1
Ko - Ko
ty Z(Iss —Is5) + N Z Pik — Dik + Pkj — Drj) + (Pki — Pri) + (Djk — Pjk) V1
k=1 k=1
=756
(B.5)
Below, we present the estimates for Zsg, £k =1,--- , 6, separately.

o (Estimate of Z51): We recall (B.3) to find
Zs1| < 4Ld(U,U).
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o (Estimate of Z52): we set

D(H) := | nax 1 H; — Hjlloo,

Then, one has
Tso| < D(H)d(U,U).
e (Estimate of Z53): Note that
[(cir = m)(n — dij) — (&, —m)(n — di)]
< pix — Pikl|gix] + [Pirllak; — drj| < LSU,U) + S(V,V)).
Thus, we find
1Zss — Zssllw < 3L(S(U,U) +S(V,V)).
e (Estimate of Z54): We observe
1Z54 — Zsallr < 3L(S(U,U) + S(V, V).
e (Estimate of Z55): Note that
Qritr(SikSij — Gritr(SixSij)
= qijtr(SieSij — SieSij) + (a5 — @ij)tr(SiwSiy) < AL2d(U,U) + L2S(V, V).
Thus, we have
| Zss — Zss||r < 8L2d(U,U) + 2L2S(V, V).
o (Estimate of Zs5): We directly find
| Zs6| < 4v/nS(V, V).
In (BA), we collect all the estimates to find

gS(U, U) < —2meS(U,U) 4+ 4Ld(U,U) + D(H)d(U,U) + 6L(S(U,U) + S(V,V))

dt
+ 8L2d(U,U) + 2L2S(V, V) + 4y/nS(V, V).

By exchanging the roles of & and V, we can derive a differential inequality for S(V, ‘7):

gS(V, V) < =20kS(V, V) +4LdA(V, V) + D(H)d(V, V) + 6L(S(V,V) + S(U,U))

dt
+8L2d(V, V) 4+ 2L2S(U,U) + 4v/mS(U,U).

Now, we are ready to provide a proof of Lemma with the help of Lemma [B1] and
Lemma
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Proof of Lemma [[.2: recall the inequalities in (B.I)) and (B.4):
d

AU, U) < —2mrd(U,U) + 4mrLd(U,U) + 6L(d(U,U) + S(V,V))

4 2L2(4d(U,T) + S(V, V) + 4v/nS(V, V),
d

(V. V) £ =20nd(V, V) + dnnLd(V.V) + 6L(d(V, V) + S(U, 0)
+2L2(4d(V, V) + S(U,T)) + 4y/mS(U,T),

(B.6)
%S(U, U) < —2meS(U,U) 4 4L4A(U,U) + D(H)d(U,U) + 6L(S(U,U) + S(V,V))

+8L2d(U,U) + 2L2S(V, V) + 4y/nS(V, V),
d

SV, V) < =20kS(V, V) +4LdA(V,V) +D(G)d(V,V) + 6L(S(V,V) + S(U,U))
+8L2d(V,V) 4 2L£28(U,U) + 4v/mS(U, U).

We add all the inequalities in (B.6]) to obtain the desired inequality for F:
dF D - -
T < —K <2m —8y/n — %) F+4n+ 1D)RLAU,U)+d(V,V)) + 66LF

+ 126L(S(U,U) + S(V, V) 4+ 166L2(d(U,U) + d(V,V)) + 46L>(S(U,U) + S(V,V))

<k <2m —8n - max{D(z)’ D(g)}> F 4 w(4n + 22)LF + 20kL2F.

APPENDIX C. EMERGENT DYNAMICS OF THE DSOM MODEL

In this section, we replace the product of two unitary groups U(n) x U(m) by the product
of two special orthogonal groups SO(n) x SO(m). Since all elements of special orthogonal
matrices are real-valued, one has for any (real-valued) square matrices A and B,

(A,B)p = tr(AB") = tr(BA") = (B, A)y. (C.1)
Thus, model B3] reduces to

p
K

T — B.U;

NE

Vi, Viyr(Uy, — ;U] U;), >0,

B
Il

1

| ) (C2)
Vi=CiVi+ > (U5, Uk)e(Vi = ViV V),

k=1
(0. 7)0) = 051) € S0 x S0(m), 1<

where B; € R™™*"*"™ and C; € R™*MX™MX™ are given rank-4 tensors satisfying skew-
symmetric properties:

[Bj]oqﬁlazﬁz = _[Bj]oczﬁzalﬁp [Oj]’yl51'yz52 = _[Cj]’yz52'y151'

Remark C.1. Due to the symmetric property of the Frobenius inner product on real-valued
matrices, one has

dij = (Ui, Uj)r = (U, Ui)r = dji,  cij = (Vi, Vi)r = (V}, Vi)r = cji. (C.3)
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Due to the relation (C3), for example, the last term ci; — ci, + cji, — iy i (A3) vanishes.
Thus, it would be expected that the relation (C.3)) relazes the condition such as the dimension
condition n > m > 4y/n in [ED) (i) (see also Remark [A1]]).

The contents of this appendix are exactly the same as those of Section @] and we only
provide a sketch of the proof. In Section [C] we are concerned with the identical (or homo-
geneous) Hamiltonian, and in Section[C.2] the non-identical (or heterogeneous) Hamiltonian
is considered to exhibit the phase-locked state.

C.1. Homogeneous ensemble. In this subsection, thanks to the solution splitting prop-
erty, we assume that
B;j=0, C;=0, j=1,---,N. (C.4)
Below, we state the main theorem for an identical ensemble under which the complete
aggregation occurs. For this, we recall diameters and aggregation functional:
D — (1) — U — ..
UE) = max [U(E) = Uy(O)le, SQ() = max o di(t)],

=0J =

DV(®) = max, Vi) = V;Olle, SOV(t) =  max Im = e (t)]

L=DU)+DV)+SU)+SV).
Theorem C.1. Suppose initial data satisfy
—(12n 4 27) + /(12n + 27)2 + 24m(3n + 4)
4(4n + 3) ’
and let {(U;,V;)} be a solution to (C2) with (C4l). Then, we have
lim £(t) = 0.
t—00

L0 < amp = (C.5)

Proof. By recalling the inequalities in ([A.I]) with the relation (C.II), we see

ED(Z/{) < —2mkDU) + mrDU)> + 66S(V)D(U) + 2S(V)D(U)?,
(C.6)
%D(V) < —20kD(V) + nkDV)? + 6kSU)D(V) + 26SU)D(V)2.

Similarly, we use (A8) to find

%S(Z/l) < —2mrSU) + 2mrDU)* + 6kS(U)S(V) + 26S(V)D(U)?,
(C.7)
%S(V) < —2nkS(V) + 2nkD(V)? + 66SU)S(V) + 26S(U)D(V)?.

Now, we add (C.6]) and (C1) to obtain a differential inequality for £:

%E < —2kmL + k(4n +9)L* + kK <2n + %) L3 (C.8)

If we introduce an auxiliary polynomial:

f(s):= <2n + %) s 4 (4n + 9)s — 2m, (C.9)

then (C.8) can be written as

d
L S RLI(L).
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Furthermore, we notice that a,,, in (C.5]) becomes a unique positive root of the quadratic
polynomial f in (C9). Hence, the desired zero convergence of £ directly follows from the
dynamical systems theory. O

C.2. Heterogeneous ensemble. In this subsection, we are concerned with the heteroge-
neous Hamiltonians where the natural frequency tensors are different in general. Similar to
Section {2] there exist two skew-symmetric matrices ; € R"*™ and ¥; € R™*™ such that

BjUj:QjUj, CjVj:\I’jij 1§]§N

Thus, our model reads as
(

N
. K
U; = QjUj + N ;(‘G,Vkﬁ‘(Uk - Ule;rUj)’

: K . (C.10)
Vi=¥Vi+ > (U, Ue (Ve = ViV V),

k=1
(U;,Vj)(0) = (U}, V) € SO(n) x SO(m), 1<j<N,

A crucial estimate used for the emergence of the phase-locked state is (£.12)) stated in Lemma
where the aggregation functional F tends to zero. Here, F measures the inter-distance
between any two solution configurations {(U;, V;)} and {(U;, V;)}:

F(t) = d(U,U)(t) +d(V,V)(t) + SUU)(t) + SV, V) (1),

where the diameters are defined in ([A8) and ([@I0). We also denote the diameters for
natural frequencies:

D(Q) := | nax 19 = Qjllc, D(P) := | Dnax (Wi — ¥l o

Without loss of generality, we may assume
D(Q) > D(V).
In the following lemma, we provide a temporal evolution of F.

Lemma C.1. Let {(U;,Vi)} and {(U;,Vi)} be any two solutions to (C10). Then, the
aggregation functionals L and F satisfy

% < 2(1+3vn)D(Q) — 26mL + k(4n + 9)L? + & <2n + %) L3 >0,
(C.11)
%F <k <2m - maX{D(?’ D(\I')}> F + k(dn + 22)LF + 20kL2F.

Proof. For the inequality for £, it directly follows from (C.8) in Theorem [C.I]l Similarly, if
we closely follow a proof of Lemma presented in Appendix [Bl then we find the desired
inequality for F. U

By applying (C.I1)),, we establish the desired practical aggregation estimate for (C10]).

Proposition C.1. Suppose that the system parameters and initial data satisfy

D(Q) >D(V), k>re, LY<uy, (C.12)
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where ke and vy are specified in (C14) and (CIH), respectively, and let {(U;,V;)} be a
solution to (CIQ). Then, one has

lim limsup £(t) = 0.

K—=00 ¢t 00

Proof. We introduce an auxiliary polynomial:

g(s) :=2ms — (4n + 9)s* — <2n + g) 3. (C.13)

Then, we notice that g has three roots, say, ap < 0 < ay. Since (C.II]), is rewritten as
. 2(1+3 D(H
£§/~£< (L+3vn)D( )—g(£)> =: kp(s),
K

for a sufficiently large £ > 0, p admits one negative root, say, 1y < 0 and two positive roots,
say, 0 < v1 < vy with continuous dependence on «: for v; = vi(k) and vy = va(k),

lim (k) =0, lim va(k) = aq.
K—00 K—00
Since we assume (C.12))5, it follows from dynamical systems theory that there exists a finite
entrance time 7, > 0 such that
ﬁ(t) <wvy, t>T..
Hence, this yields the desired result. O

Remark C.2. For the explicit value of k., we see that the cubic polynomial g in (C.I3)
admits the local maximum at s = Sy:

(4n +9) + /(4n + 9)2 + 4m(3n + 4)

Sy = .

6n + 8
Hence, k. is chosen to be
2(143 D(Q 2(1+3
¢ = ( —|—g(\§ﬁ)) @) so that  g(s.) > % (C.14)

For this ke, v = 15(k) is completely determined as the largest positive root of

p(s) =0 for k > k. (C.15)

It follows from Proposition [5.1] that we can make £ sufficiently small by increasing the
value of  for ¢t > T. Thus, there exists x, > k. such that for x > kp,

B maX{D(Q),D(‘P)}> _. lA_
2

K

1
(4n + 22)L +20L% < 3 <2m

Hence, (C.II)), yields

dF 1

— < —-AF, t>T..

dt — 2777 *
Since we have established the zero convergence of F, we can obtain the same result in
Theorem Thanks to exactly the same proof, we only state the results.
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Theorem C.2. Suppose that the system parameters and initial data satisfy
n>m, D(Q)>DW), r>kp, max{L L0} <y,

and let {(U;,V;)} and {(U;,V;)} be any two solutions to (C10). Then, the following asser-
tions hold.

(1) The aggregation functional F converges to zero exponentially.
(2) The normalized velocities U;U;" and U;U;" synchronize:

|U:U;" — [}JN]ZTHF < 2k(m +n)F.
(3) There ezist special orthogonal matrices Xoo € SO(n) and Y, € SO(m) such that
. T 25 N . 77 T _
tlg& Uy (OUi(t) = X, tlglolo |Ui(t) = Ui(t) Xeo|lr = 0,
i TV (+) = i () — V- —
lim VT (Vi) = Yoo, Jim [Vi(t) = Vi(®)Yoell = 0.
(4) System (CIQ) exhibits asymptotic phase-locking: for any indices i and j,
; : T i : il
3 tliglo Ui(t)U; (t) and 3 tllglo Vi)V, (t).
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