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A SECOND ORDER ACCURATE, OPERATOR SPLITTING SCHEME
FOR REACTION-DIFFUSION SYSTEMS IN AN ENERGETIC
VARIATIONAL FORMULATION

CHUN LIU*, CHENG WANG', AND YIWEI WANGH

Abstract. A second-order accurate in time, positivity-preserving, and unconditionally energy
stable operator splitting numerical scheme is proposed and analyzed for the system of reaction-
diffusion equations with detailed balance. The scheme is designed based on an energetic variational
formulation, in which the reaction part is reformulated in terms of the reaction trajectory, and both
the reaction and diffusion parts dissipate the same free energy. At the reaction stage, the reaction
trajectory equation is approximated by a second-order Crank-Nicolson type method. The unique
solvability, positivity-preserving and energy-stability are established based on a convexity analysis.
In the diffusion stage, an exact integrator is applied if the diffusion coefficients are constant, and a
Crank-Nicolson type scheme is applied if the diffusion process becomes nonlinear. In either case, both
the positivity-preserving property and energy stability could be theoretical established. Moreover,
a combination of the numerical algorithms at both stages by the Strang splitting approach leads
to a second-order accurate, structure preserving scheme for the original reaction-diffusion system.
Numerical experiments are presented, which demonstrate the accuracy of the proposed scheme.

1. Introduction. In this work, we consider the following type of reaction diffu-
sion systems

(1.1) Btci:V- (Di(ci,w)vci)-f—Ti(C), i=1,...N,

where ¢; > 0 is the concentration of i-th species, D;(c¢;, x) are diffusion coefficients,
and r;(c) are nonlinear reaction terms for the chemical reaction

(1.2) o/ Xy +abXo+...d\ Xy = X1 + B Xo +... BN Xy, 1=1,...,M.

Such a type of reaction-diffusion systems can be found in many mathematical models
in chemical engineering, biology, soft matter physics and combustion theory, see [10,
29, 30, 33, 37, 46, 51, 52, 53, 58, 60] for examples.

Numerical simulation for the reaction-diffusion system (1.1) turns out to be very
challenging, due to the stiffness brought by the reaction term. Moreover, a naive
discretization to (1.1) may fail to preserve the positivity and the conservation property
in the original system [23]. To overcome these difficulties, many numerical methods
have been developed to solve reaction kinetics and reaction-diffusion systems [5, 23,
32, 62], including some operator splitting approaches [8, 15, 25, 26, 62].

It has been discovered that for certain form of reaction-diffusion systems, in which
the reaction part describes the reversible chemical reaction satisfying the law of mass
action with detailed balance condition, the whole system admits an energy-dissipation
law, which opens a door of developing structure-preserving numerical schemes. In
more details, under certain conditions, which will be specified in the next section, the
reaction-diffusion system (1.1) can be reformulated as a combination of two general-
ized gradient flows (with different patterns) for a single free energy [39, 59]. Since the
reaction and diffusion parts of the original system dissipate the same free energy, it

*Department of Applied Mathematics, Illinois Institute of Technology, Chicago, IL 60616, USA
(Corresponding author: cliul24@iit.edu)

TDepartment of Mathematics, University of Massachusetts, North Dartmouth, MA 02747
(cwangl@umassd.edu)

fDepartment of Applied Mathematics, Illinois Institute of Technology, Chicago, IL 60616, USA
(ywang487@iit.edu)


http://arxiv.org/abs/2109.02792v1
mailto:cliu124@iit.edu
mailto:cwang1@umassd.edu
mailto:ywang487@iit.edu

is natural to use an operator splitting approach to develop an energy stable scheme
for the whole system. Based on this variational structure, a first order accurate oper-
ator splitting scheme has been constructed in a recent work [41], with the variational
structure theoretically preserved for the numerical solution. In this approach, since
the physical free energy is in the form of logarithmic functions of the concentration c,
a linear function of reaction trajectories R, the positivity-preserving analysis of the
numerical scheme at both stages has been established. Similar to the analysis in a
recent article [9] for the Flory-Huggins Cahn-Hilliard flow, an implicit treatment of
the nonlinear singular logarithmic term is crucial to theoretically justify its positivity-
preserving property. A more careful analysis reveals that, the convex and the singular
natures of the implicit nonlinear parts prevent the numerical solutions approach the
singular limiting values, so that the positivity-preserving property is available for the
density variables of all the species. A detailed convergence analysis and error esti-
mate have also been reported in a recent work [42]. However, it is a not trivial task
to develop a second order accurate operator splitting scheme based on this idea. In
fact, most existing works of second order energy stable scheme for gradient flows are
multi-step algorithms, based on either modified Crank-Nicolson or BDF2 temporal
discretization, and a multi-step approximation to the concave terms is usually needed
to ensure both the unique solvability and energy stability. On the other hand, a single
step, second order approximation has to be accomplished at each stage in the operator
splitting approach, while a theoretical justification of positivity-preserving and energy
stability turns out to be very challenging.

In this article, we propose and analyze a second order accurate operator splitting
scheme for the reaction-diffusion system with the detailed balance condition. Fol-
lowing the energetic variational formulation, the splitting scheme solves the reaction
trajectory equation of R at the reaction stage, and solves the diffusion equation for
c in the diffusion stage. To overcome the above-mentioned difficulties, we make use
of a numerical profile created by the first order convex splitting algorithm, which is
proved to be a second order accurate approximation to the physical quantity at time
step t"t1, to construct a second order approximation to the mobility part. Then an
application of modified Crank-Nicolson formula leads to a second order approxima-
tion to the mobility function at the intermediate time instant t"*+'/2, Meanwhile, the
physical energy does not contain any concave part in the reaction-diffusion system, so
that a single step, modified Crank-Nicolson method leads to a second order accurate
algorithm. In addition, an artificial second order Douglas-Dupont-type regularization
term [9], in the form of At Zi\il oi(pi (R — R™))), is added in the chemical poten-
tial, to ensure the positivity-preserving property. The energy stability is derived by
a careful energy estimate, because of the choice in the modified Crank-Nicolson ap-
proximation. These techniques lead to a second order accurate, positivity preserving
and energy stable algorithm in the reaction stage.

In the diffusion stage, an exact integrator, so called exponential time differencing
(ETD) method is applied if the diffusion coefficients are constant. Such an ETD
method solves the diffusion stage equation exactly (by keeping the finite difference
spatial discretization), so that both the positivity-preserving and energy stability are
ensured. If the diffusion coefficients are nonlinear, we have to apply a similar idea as
in the reaction stage: a predictor-corrector approach in the mobility approximation
and a modified Crank-Nicolson algorithm for the chemical potential. In either case,
both the positivity-preserving and energy stability could be theoretically justified for
the numerical solution in the diffusion stage. Finally, a combination of the numerical
algorithms at both stages by the Strang splitting approach leads to a second-order
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accurate, structure preserving scheme for the original reaction-diffusion system.

The rest of this article is organized as follows. The energetic variational approach
is reviewed in Section 2, for the reaction-diffusion systems with the detailed balance
condition. Subsequently, the second-order operator splitting scheme is presented in
Section 3. The positivity-preserving and energy stability analyses will be provided
at each stage as well. Some numerical results will be presented in Section 4, to
demonstrate the performance of the second order operator splitting scheme.

2. Review of the energetic variational approach for reaction-diffusion
systems. In this section, we briefly review the energetic variational approach for
reaction-diffusion systems with detailed balance, which will be the foundation of the
second order operator splitting scheme developed in the next section. We refer inter-
ested readers to [41, 59] for more detailed descriptions.

The energetic variational approach (EnVarA) [22, 27, 40], which is inspired by
the seminal works of Rayleigh [55] and Onsager [48, 49], provides a systematic way
to derive the dynamics of the system from a prescribed energy-dissipation law. In
more details, an energy-dissipation law, which comes from the first and second law of
thermodynamics, can be written as

d
_Etotal — _A
dt ’

for an isothermal closed system, where E*t! is the total energy, including both the
kinetic energy K and the Helmholtz free energy F, and A > 0 is the energy dissipation
rate which is equal to the entropy production in the process. The energy-dissipation
law, along with the kinematics of employed variables, describe all the physics and
the assumptions in the system. Starting with an energy-dissipation law, the EnVarA
derives the dynamics of the systems through two variational principles, the Least
Action Principle (LAP) and the Maximum Dissipation Principle (MDP). The LAP,
which states the equation of motion for a Hamiltonian system can be derived from
the variation of the action functional A = fOT I — Fdt, with respect to the flow maps,
gives a unique procedure to derive the conservative force for the system. In the MDP,
variation of the dissipation potential D, which equals to %A in the linear response
regime, with respect to the rate (such as velocity), gives the dissipation force for the
system. In turn, the force balance condition leads to the evolution equation to the
system

0D GA

bz, oz

In this formulation, the energy-dissipation law, along with the kinematics of state vari-
ables,describes all the physics and the assumptions for a given system. The energetic
variational approach has been successfully applied to build up many mathematical
models [27], including systems with chemical reactions [59, 60]; it has also provided a
guideline of designing structure-preserving numerical schemes for systems with varia-
tional structures [41, 44, 45], etc.

2.1. Reaction kinetics. Consider a system with N species {X7, Xs,... Xy}
and M reversible chemical reactions given by

(21) X +abXo+ ... o\ Xy = B X, + 8L Xo 4+ ... B XN, 1=1,...,M.
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Denote ¢ = (cy1,ca,...,cn) T, the concentrations of all species. The variable vector ¢
satisfies the reaction kinetics

M
(2.2) Orci = Y _ouri(c),
=1

where 7;(c) is the reaction rate for [—the chemical reaction, and oy = 8! — ol is the
stoichiometric coefficients. From (2.2), it is noticed that

d
(2.3) E(e .¢c)=e-or(c(t),t) =0, for e Ker(a").
In turn, one can define N —rank(o) linearly independent conserved quantities for the
reaction network. In the classical chemical kinetics, r;(c) is determined by the law of
mass action (LMA), which states that the reaction rate is directly proportional to the
product of the reactant concentrations, i.e.,

N N
l l
(2.4) ri(ec) = kl"’co‘l - kl_cﬁl, ' = Hcf‘i, P = Hcﬁ

=1 i=1

in which k;r and k;” are the forward and backward reaction constants for the I-th
reaction.
The free energy of the system can be written as [47, 59]

N
(2.5) Flei] = /Z (ci(lne; — 1) + ¢;U;) da,

where the first part stands for the entropy, and U; is the internal energy associated
with each species. In general, U; depends on ¢ and x, and the choice of U; determines
the equilibrium of the system. We assume that U, is a constant throughout this
paper. Moreover, it has been shown that the reaction kinetics (2.2) along with the
law of mass action (2.4) admits a Lyapunov function if there exists a strictly positive
equilibrium point ¢4, € Rf , satisfying

(2.6) ke =k_cB, 1=1,...M.

The condition is known as the detailed balance condition. Within ¢, one can define
the Lyapunov function as

(2.7) Flel=> e (m <CCTO> - 1> .

i=1

It can be noticed that ¢ and U; are related through

N N
(2.8) D aline® +Ui) =) Bi(lne® +Ui), 1=1,...,M.
=1

=1

To transform the reaction kinetics into a variational frame, it is important to
introduce another state variable R € R, known as the reaction trajectory [50, 59],
or the extent of reaction [12, 36]. The I-th component of R(t) corresponds to the
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number of [-th reaction that has happened by time t in the forward direction. For
any initial condition ¢(0) € RY, the value of ¢(t) can be represented in terms of R as
the following formula

(2.9) c(t) = c(0) + oR(t), o cRY*M i5 the stoichiometric matrix.

This equation can be viewed as the kinematics of a reaction kinetics, which embodies
the conservation properties (2.3). In particular, the positivity of ¢ requires a constraint
on R:

oR(t) + c(0) > 0.

Subsequently, the reaction rate r can be defined as R, known as the reaction velocity
[36]. In the framework of the EnVarA, we can describe the reaction kinetics through
the energy-dissipation law in terms of R(t) and R:

(2.10) %]—"[C(R)] = —Depem|R, R),

where Dehem|[R, R] is the rate of energy dissipation in the chemical reaction process.
Unlike mechanical systems, the rate of energy dissipation for reaction kinetics may
not be quadratic in terms of R, since the system is often far from equilibrium [4, 14].
For a general nonlinear energy dissipation

(2.11) Dereml R, B] = (P(R. R), ) = ifl(R, R)R >0,
=1

since

(2.12) %]—‘: (%,R) :é%m’

one can specify

(2.13) I'(R,R) = —g—g

such that the energy-dissipation law (2.10) holds. Equation (2.13) is the reaction rate
equation obtained by an energetic variational approach. It is interesting to notice
that

N

6 F LG F bci
2.14 = =) == = i
(2.14) SR, %= b¢; OR) ;W !

which turns out to be the chemical affinity, and p; = % is the chemical potential

of i—th species. The chemical affinity is the driving force of the chemical reaction
[12, 13, 36], and the dissipation makes a connection between the reaction rate R and
the chemical affinity. A typical choice of mathcal Dopem[R, R) is given by

M
(215) Dcham [R, R] = Z Rl In (

i
2 ety 1)



One can derive the law of mass action by taking m;(c(R)) = k; c¢(R)P'. Since Ry ~ 0
near an equilibrium, we see that

(2.16) D [RR]—iRln iﬂ ~ZN:#R2 R <1
' chem BT LT ni(e(R)) T Lmle®) T T

In turn, the energy-dissipation law (2.10) becomes an L2-gradient flow in terms of R.

REMARK 2.1. In Onsager’s celebrated paper [}8], instead of writing Depem| R, R]
as a non-quadratic form, it was arqued that chemical affinity (2.14) can be linearized
near the equilibrium, i.e. ¢ is closed to ¢> and R(t) is close to zero.

The reaction kinetics can be viewed as a generalized gradient flow, with a non-
linear mobility in terms of the reaction trajectory. Hence, it is expected that the
numerical techniques for L?-gradient flows can be applied to reaction kinetics.

2.2. Reaction-diffusion systems. One can extend the energetic variational
formulation for reaction kinetics to reaction-diffusion system with detailed balance,
which is the foundation of the operator splitting scheme developed in the next section.
For a reaction-diffusion system with N species and M reactions, the concentration
c € RY satisfies the kinematics
(2.17) Brci + V - (cug) = (aR) . i=1,2,...N,

K3

where u; is the average velocity of each species by its own diffusion, R € RM rep-
resents various reaction trajectories involved in the system, with & € RV*M being
the stoichiometric matrix as defined in section 2.1. The quantities u; and R can be
obtained through an energy-dissipation law [6, 59]

d

(2.18) o

‘F[C(R)] = _(2Dmcch + Dchcm)7

which leads to a reaction-diffusion equation. Here Flc] is the free energy given by
(2.5), and Dech and Depem are dissipations for the mechanical and reaction parts,
respectively. One key point is that the reaction and diffusion parts of the system
dissipate the same free energy. To derive the reaction diffusion equation (1.1), Dmech
could be taken as

N
2Dmech = / Zni(ci)|ui|2d:n, 7; is the friction coefficient,
Q=1

and D.hem could be taken as

M . Rl
Dehemn = | »_ R ) dz.

Q5

The energetic variational approach could be applied to the reaction and diffusion
parts, respectively, so that the “force balance equation” is obtained for the chemical
and mechanical subsystems. Formally, a direct computation implies that

d N M /N .
(2.19) a]—"[c] = Z (e;Vp, ;) + Z <Z Ufui, Rl> ,
; 6 I1=1 \i=1

=1



which in turn gives

(2.20) ni(Ci)u_i =—cVy, 1=1,2,...N,
' ln(%):_zzj\ilaﬁuh lzlavM
In particular, a linear reaction-diffusion system can be obtained by choosing 7;(¢;) =
D%Ci:
(2.21) Owci = D;Ac; + (00t R);, (00 R); is the reaction term.

Other choices of 7;(c;) can result in some porous medium type nonlinear diffusion
equation [44]

(2.22) Oic; = V- (D(Ci)vci) + (UatR)i,

where D(¢;) = ﬁ is the concentration-dependent diffusion coefficient.
In this formulation, the reaction part is reformulated in terms of reaction trajec-
tories R, and the reaction and diffusion parts impose different dissipation mechanisms

for the same physical energy.

3. The second-order operator splitting scheme. In the section, we con-
struct a second-order operator splitting scheme to a reaction-diffusion system based
on the energetic variational formulation outlined in the last section, in which the nu-
merical discretization for the reaction part is applied to the reaction trajectory R in
the reaction space, while the numerical method for the diffusion part is designed to
the concentration ¢ in the species space. To illustrate the idea, we focus on a case
with one reversible detailed balance reaction, given by

k+
(3.1) a1 X1+ .o Xy = Brp1 Xpp1 + ... Bx X,

ky

where ki and k; are constants. Moreover, we assume that the reaction-diffusion
system satisfies the energy-dissipation law (2.18). Numerical schemes for systems
involving multiple reversible reactions can be constructed in the same manner.

To simplify the numerical description, the reaction-diffusion equation (2.22) can
be rewritten as

(3.2) c = Ac+ Bec,

where A is a reaction operator and B a diffusion operator. Throughout this section,
the computational domain is taken as Q = (0,1)? with a periodic boundary condition,
and Ax =Ay=Az=h= NLO with Ny being the spatial mesh resolution throughout
this section; a computational domain with other boundary condition or numerical
mesh could be analyzed in a similar fashion. In addition, the discrete free energy is
defined as follows, with the given spatial discretization:

N
(3.3) Fu(e) == (cillne; — 1)+ ¢;Us) , 1),

i=1

where (f,g) = h3 va;gio fi.j,k9ijk denotes the discrete L? inner product.
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Following the second-order Strang splitting formula ¢"+! = ¢28tAAB3ALAR
[57], the numerical solution ¢! can be obtained through three stages. Given ¢"
with ¢}'; . € Rf , we update ¢"*! via the following three stages.

Stage 1. First, we set ¢yg = ¢™ and solve the reaction trajectory equation, subject
to the initial condition R™ = 0, with a second-order, positivity-preserving, energy-
stable scheme, with the temporal step-size At/2. An intermediate numerical profile

is updated as
(34) c”l-‘rl,(l) — c'ﬂ + O.R’ﬂ"rl,(l)'

Stage 2.  Starting with the intermediate variable ¢" 1) we solve the diffusion
equation dic = Be by a second-order, positivity-preserving and energy-stable scheme
with the temporal step-size At to obtain ¢"1(2),

Stage 3. We set ¢y = ¢"t1(2) and repeat the stage 1, i.e., solving the reaction
trajectory equation, subject to the initial condition R™ = 0 with the temporal step-
size At/2 to obtain R"T1(2). The numerical solution at " is updated as

(35) el — nt1(2) + oR™1H(2)

More details of the numerical algorithms at each stage will be provided in the
following subsections.

3.1. Second-order algorithm for reaction kinetics. We first develop a sec-
ond order algorithm for the reaction stage, which only needs to be constructed in a
point-wise sense. The discrete free energy can be reformulated in terms of R at each
mesh point, denoted by

(3.6) F(R) =) ci(R)(Inci(R) — 1) + ¢;(R)U;.
i=1

For simplicity of presentation, we omit the grid index throughout this subsection. Fol-
lowing the earlier discussions, for a given initial condition ¢, the reaction trajectory
equation is given by

(37) { In (5l +1) = —n(R),
p(R) =55 =31 oipa(ci(R)),

where 7(¢(R)) is the nonlinear mobility that takes the form n(c(R)) = ki Hi]\;r—i-l cfi,
c¢(R) = c® + oR with o = (—ay, —ag,...,—a, B1,B2,...,Bn)" is the stoichiometric
vector, and p;(c;) = Ine¢; + U; is the chemical potential associated with i-species.
Similar to an L?—gradient flow, a second-order algorithm for the reaction trajectory
equation (3.7) can be constructed through a Crank-Nicolson type discretization

n+1l _ n
(3.8) In (R 1t

:_n+1/2
n(C(R*))At+1> p

where p"+1/2 is a suitable approximation to the chemical affinity, F'(R), at t,, /25
R* is an approximation to R"1/2 which needs to be independent on R™**. The
primary difficulty is focused on the construction of R* and p"*'/2, to ensure the
unique solvability, as well as the positivity of R"™t — R™ + n(c(R*))At and c(R"1).
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First, we use a first-order scheme to obtain a rough “guess” to R"*!, denoted by
R™*! as a numerical solution to

En-{-l — R® N P—

(39) In (W + 1) = ;Uiﬂi(R ),

in the admissible set. This first-order scheme was proposed in [41], while the unique
solvability and the positivity preserving property have been proved. With R+l at
hand, we introduce R* = (R™ + R"*1)/2. Although (3.9) corresponds to a first order
truncation error, we see that R™+1 s a second order approximation to R™t!, locally
in time, due to the At term in the denominator. In turn, R* becomes a second order
approximation to R"*1/2. To approximate (g—ﬁ)nﬂﬂ, we apply the idea of discrete
variational derivative method [21, 24]. More specifically, the following function is
introduced

f‘“(p)—F(q)7 p#q,

(3.10) ¢><p,q>—{ mi

as a second-order approximation to F' /(p_-gq). In fact, it is also known as the discrete
variation of F(R) [24].
With the combined arguments, the second-order algorithm is constructed as

ROH1_pgn __ ntl/2 pn+1/2 _ lipn 4 pn+l
(3.11) { " (’f(g(ﬁ““”))m " 1) - MRN - R
% =GR R 4 AN 03 (i (R — pi(R™)).

The term At sz\il o(u;(R™Y) — p;(R™)) is added for the theoretical analysis the
positivity-preserving property. This O(AtQ) term is artificial, and it will not effect
the second order accuracy in the temporal discretization.

This algorithm can be reformulated as an optimization problem

R = argmingcy, Jn(R),
(3.12) Ju(R) = Wo(R, R™) + [ (s, R")ds + MN(AtF(R) — (", R)),
V, = {R | ci(R) >0, R—R"+n(c(R™/2)At > o} :

where 7" = At Ef\il oipi(ci(R")), and

ny __ _pn c pn+1/2 n R — R" _ _pn
(3.13) Un(R, R") = (R—R"+n(c(R"/2))At)] <—n(c(R”+1/2))At +1> (R—R")

is a function that measures the “distance” between R and R™. An explicit form of
Jn(R) is not available. On the other hand, we can prove that J,,(R) admits a unique
minimizer in the admissible set. More precisely, the following theorem is valid.

THEOREM 3.1. Given ¢" > 0 and R" = 0, there evists a unique solution R™+!
for the minimization problem (3.12), which turns out to be the unique solution for
the numerical scheme (3.11), with ¢(R™*') > 0 and R™* 4 n(c(R"/2))At > 0.
Therefore, the numerical scheme is well-defined.

9



To facilitate the proof of this result, the following smooth functions are introduced,
for fixed a > 0:
rzlnz —alna

Golw) = ——,

Tr—a

(3.14) GY(x) = /m Gl (s)ds,

x—a+a(lna—Inzx)
(x —a)?

Galz) = (Gy)"(2) = (Go)' =

By a direct calculation, it is straightforward to prove the following results, which will
be used in the proof of Theorem 3.1.

LEMMA 3.1. For any fized a > 0, we have: (1) G%(z) > 0 for any = > 0; (2)
GY(x) is convex in terms of x; (3) There exists & between a and x such that (GL) (x) =
%; (4) Since GL(z) increases in terms of x, we have GL(x) < GL(a) for any0 < z < a.

Now we can proceed into the proof of Theorem 3.1.

Proof. Recall the minimization problem (3.12), and it is clear that J,(R) is a
strictly convex function over V,,. We only need to prove that the minimizer of J, (R)
over V could not occur on the boundary of V, so that a minimizer corresponds to a
numerical solution of (3.11) in V,.

The following closed domain is considered in the analysis:

(3.15) Vs = {R | e(R) > 06, R—R"+n(c(R™Y2)At > 5} cv.

A careful calculation indicates that, for any R € Vs, the following bounds are satisfied

(3.16) max i(é — %) < R <min i(CO 8), R>R"—n(c(RY2)At + 6,

Bi a; "

ie., Vs = [max é(&—c?), min a%(c?—&)] or Vs = [R*—n(c(R™1/?)) At 46, min a% (9 —
d)]. Since Vs is a bounded, compact set, there exists a (may not unique) minimizer
of J,(R) over V5. Moreover, we have to prove that, such a minimizer could not occur
on the boundary points in Vj, if  is sufficiently small, by using the singular property
of logarithmic function approaches to 0.

Without loss of generality, the minimization point is assumed to be R* = R™ —

n(e(R"/2)At + 6. A direct calculation gives
(3.17) Jn(R) |r=p- =0+ ¢(R", R") + At(u(R") —7").

Next we show that ¢(R*, R™) + At(u(R*) —~™) is bounded, so that we can choose ¢
sufficiently small with

(3.18) JL(R) |p=r-< 0,

which leads to a contradiction since there will be R* = R™—n(c(R"/2))At+6+0' €
Vs such that

(3.19) Jn(R*) < Jn(R*).
To derive a bound for ¢(R*, R™) + At(u(R*) — ™), we notice that

N N
(3.20) G(R*, R") = 0iGln(c) + 0 R*) + > 0i(Ui — 1),
=1 10 =1



where ¢ = @+ 0;R" and Y.~ | 0;(U; — 1) is a constant. Since G1(z) is an increasing
function of x for any a > 0, the following inequality is valid:

(3.21)

GL (&) +0iR*) = Goo (&) + 0i(R™ — )™ At — §)) = Gn () + 0 R™ — o3 (A™* At — §))

>GL(2+ o R") =Inc +1, 0;<0,
in which 4 is sufficiently small such that 7"*At — § > 0. Similarly, we have
(3.22) GL()+oiR") <GL.(&) + i R") =Inc! +1, 0; >0,

with § sufficiently small such that 7n™*At — ¢ > 0. Hence,

N

N
o(R*, R") Z () + o R) + > 0i(Us —
(3.23) = =t

N
Zai Inc +Cy, Cp= ZaiUl
i=1

=1

IN
2

Following the same argument, the following inequality could be derived:

(3.24) Z oipi(c; + o R Z o; In( c +o;R*) + Z o;U;

<o; ln( ™) + C,
since Inz is an increasing function of . A combination of (3.23) and (3.24) gives
(325) J;(R) |R:R*§ 1n5+01,

where C; = (1 + At) Z _,0iIn(c) + (1 4+ At)Cp — Aty™ is a constant. So we can
choose 0 small enough such that J' " (R) |r=pr*< 0, which leads to the contradiction
inequality (3.19).

Using similar arguments, if R* = min (¢ — §) = - (c?
g K3 Qg

¢ — 9), we can prove that

(326) J:l(R) |R:R*2 CQ + At(—aq) In 4.

Then 0 can be chosen to be sufficiently small such that J),(R) |r=g~> 0, which leads
to a contradiction. Meanwhile, if R* = max %(5 — ), we will have J! (R) |gp=r+< 0.

As a result, the global minimum of J,,(R) over Vj could only possibly occur at
an interior point, if ¢ is sufficiently small. In turn, there is a minimizer R* € (Vy)°,
in the interior region of V;, of J,(R*), so that J/ (R) = 0. In other words, R* has to
be the numerical solution of (3.11), provided that ¢ is sufficiently small. Therefore,
the existence of a “positive” numerical solution is proved. In addition, since J(R) is
a strictly convex function over V, the uniqueness of this numerical solution follows
from a standard convexity analysis. The proof of Theorem 3.1 is finished. ad

The energy stability of the numerical scheme (3.11) is stated below.
THEOREM 3.2. For a given R"™, the numerical solution R™*! to (3.11) satisfies
the energy-dissipation estimate
(3.27) F(R™™) < F(R™), at a point-wise level.
11



Proof. Multiplying both side of (3.11) by R"™* — R"™ and rearranging terms yields

F(R™!) ~F(R") _ R - R" ( R R 1)
At At n(c(ﬁ?”“/?))At
N
(3.28) =Y ot = p) (R — R™)
=1
g—RnH_Rnln( anl_Rn +1>§0.
At n(C(R"+1/2))At

In the derivation of the above inequality, the following fact has been used:
(3.29)
oi (Uit — ) (R™ = R™) = oy(In(c) + o R™™) — In(c) + oy R™))(R™T! — R™) > 0,

which comes from the monotonic property of the logarithmic function. a

REMARK 3.1. Without the additional term At sz\il oi(pi (R — u;(R™)), the
discrete energy dissipation law (3.28) is an exact time discretization to the continuous
energy-dissipation law, which is the advantage of the discrete variational derivative
method. It is crucial to add this term to establish the positivity-preserving property of
the numerical solution in the admissible set. Also see the related numerical analysis
for the Cahn-Hilliard gradient flow with Flory-Huggins energy potential [9, 17, 18, 19],
the Poisson-Nernst-Planck (PNP) system [/3, 54], etc.

REMARK 3.2. There have been extensive works of second order accurate, energy
stable numerical schemes to various gradient flows, based on either modified Crank-
Nicolson [1, 2, 16, 28, 31, 56] or BDF2 [38, (1] approach. Meanwhile, most existing
works are multi-step methods, since a multi-step approximation to the concave terms
is usually needed to ensure both the unique solvability and energy stability. However,
for the operator splitting method, a single step, second order approximation has to be
accomplished at each stage, so that these standard approach is not directly available.
To overcome this difficulty, we construct a numerical profile R"t', a local-in-time
second order approzimation of R at time step t"11, so that a multi-step approxzimation
to the mobility function is avoided. In addition, the fact that the physical energy does
not contain any concave part enables one to derive a single step, modified Crank-
Nicolson method, while preserving the energy stability.

3.2. Second-order schemes in the diffusion stage. In this subsection, we
present two positivity-preserving and energy-stable numerical algorithms for linear
and nonlinear diffusion processes, respectively, which could be used in the diffusion
stage. In particular, the cross-diffusion is not considered, so that the N diffusion
equations of ¢; are fully decoupled. Therefore, we only need to construct numerical
algorithms for a diffusion equation

(3.30) pt =V - (D(p,x)Vp), D(p,x) is the diffusion coefficient.

In fact, this diffusion equation satisfies an energy-dissipation law
(3.31) /plnp + Cpdz = — /M(p, x)|Vu|*de,

where M(p,x) = D(p,x)p is known as the mobility, C' is an arbitrary constant,
Vi = V(In p) turns out to be the gradient of the chemical potential 4 = pln p+Cp+1.

12



With a careful spatial discretization, the discrete energy is defined as
(3.32) Fn(p) = (pInp+ Cp,1).

3.2.1. An ETD scheme for a linear diffusion. We first consider a linear
diffusion with a constant coefficient, given by

(3.33) pi=Lp, L =DA, D>0,

subject to the periodic boundary condition. Of course, the solution of linear diffusion
equation (3.33) satisfies the following maximum principle:

(3.34) mgxp(w, t) < mgxp(w, 0), n}%n plx,t) > n}%n p(x,0), Vt>0.

An easy way to obtain a high-order scheme to a linear diffusion equation is to
apply the exponential time differencing (ETD) method [11, 35], which is indeed exact
in time. More precisely, we can introduce the spatial discretization to (3.33) by the
standard centered difference method, which leads to

(3.35) Owp = Lip.
Integrating the above equation over a single time step from t = ¢,, to t,41, we get
(336) pn-‘rl — e[,hAtpn

which is known as the ETD scheme [11].

Due to the discrete maximum principle [20], the following positivity-preserving
property is obvious.

THEOREM 3.3. Given p", with pije > 0,0 <,i,5,k < No — 1, there exists a
unique solution p"*t1 for the numerical scheme (3.36), with discrete period boundary
condition, with p}3 >0, 0 <d,j,k < No — 1.

With the positivity-preserving and unique solvability for the numerical scheme (3.36),
it is straightforward to prove an unconditional energy stability.

THEOREM 3.4. For the numerical solution (3.36), we have
(3.37) Fu(p"™) < Falp"),
so that Fp(p"™) < Fn(pY), an initial constant.

Proof. Taking a discrete inner product with (3.35) by In p gives

(3.38) (Gp:np) = —(Vip, Vi (lnp)).
By a direct calculation, we have
d
(3.39) Z7n(0) = {§p.np) = =(Vip, Va(lnp)) <0,
where the last inequality is due to the monotone property of the logarithmic function.
This completes the proof. ad

In fact, such a stability is available for not only Fp(p) given by (3.32), but also
for all the convex energies. The following estimate could be derived using similar
techniques.

COROLLARY 3.1. For the numerical solution (3.35), we have Fp(p" 1) < Frn(p™)
for any n >0, and Fr(p) taking a form of

F(p) = (F(u),1), in which F is a convex function of p, for p > 0.
13



3.2.2. Second-order scheme for a nonlinear diffusion equation. The ETD
scheme is not suitable for nonlinear diffusion equations. The construction of a second-
order accurate, positivity-preserving and energy stable scheme for a generalized non-
linear diffusion equation has always been very challenging. Here we present a general
approach to achieve this goal. For simplicity of presentation, it is assumed that the
diffusion coefficient D(p) depends only explicitly on p. The case of x-dependent co-
efficients could be handled in a similar manner.

The idea is quite similar to the scheme (3.11) in the reaction stage. First, we need
a rough guess p"*!, which has to be point-wise positive, as a second order temporal
approximation to p"*!. The simplest way to obtain such a rough guess p" 1! is to use
the classical semi-implicit scheme
an+l _ n

P P _ ) n snt1,(2)
— Vi (A D]V D)

where V), and V), stand for the discrete gradient and the discrete divergence respec-
tively, An[D(p™)] is a spatially averaging operator introduced to obtain the value of
D(p™) at staggered mesh points. As proved in a recent work, the semi-implicit scheme
(3.40) satisfies the following uniquely solvable and positivity-preserving properties.

PROPOSITION 3.1. [/1] Given p", with Piik>0,0<1i,5,k <Ny, there exists a
unique solution p" 1 for the numerical scheme (3.40), with discrete periodic boundary
condition, with p}t, > 0,0 <i,j,k < No.

It is observed that, although the truncation error for (3.40) is only O(At) in
the temporal discretization, a one-step computation would lead to an O(At?) ap-
proximation to the PDE solution of p; = Bp at time step t"*!, as long as p" re-
tains a second order temporal accuracy. Within the rough guess p"*!, we define
P2 = L(pn + pnt1), which is an O(At?) approximation to p at the time instant
t"+1/2 Thus, a second-order accurate scheme can be constructed through Crank-
Nicolson type discretization, along with the discrete variational derivative method
[21, 24]:

(3.40)

C = VMG ),
(3.41) 112 = ECZ R § At(ln o+~ In ),

MZH/? _ Ah(D(pAn+1/2)pAn+1/2),

where F'(p) = pln p+Cp is the free energy density. Similar to the derivation of (3.11),
the artificial regularization term At(In p"*! —1In p™), which does not affect the overall
accuracy, is needed in the theoretical justification of the positivity-preserving prop-
erty; see the following theorem.

THEOREM 3.5. Guwen p", with pi'; ) > 0, VO < 4,5,k < No — 1, there exists
a unique solution p™*1 for the numerical scheme (3.41), with the discrete periodic
boundary condition satisfying p:lj’,i > 0.
To simplify the notation, we introduce an average operator:
p3 Nl

= 1 > gk
1,j,k=0
and define a hyperplane in RNG , with dimension (Ng — 1):

(3.42) H = {Pi,j,k = Bo + Yijk Zf;;io%,j,k = 0} :
14



Meanwhile, we recall a preliminary estimate, which has been proved in a recent work
[9]. Let Cq be the space of grid function on 2. For any

(3.43) o €Cq={velqlp =0},
there exists a unique £ € éQ that solves
(3.44) L&) =¢, where Ly (&) ==V (MV).

In turn, the following discrete norm can be defined:

(3.45) leller = /(e £ (),

which is a discrete weighted H ~'-norm associated with a non-constant mobility.

LEMMA 3.2. [9] Suppose that @1, p2 € Cper, with (p1—p2,1) =0, i.e., o1 —p2 €

o

Cper, and assume that ||¢1||cc, [|92]lcc < My, and M > Mg at a point-wise level. Then
we have the following inequality:

(3.46) 15 (01 = @)l < Co o= Coltg h 2,
where Cy > 0 depends only upon My, and S2.

Now we proceed into the proof of Theorem 3.5.

Proof. The mass conservative property of the numerical solution (3.41) is obvious:

(3.47) 7T = 57 = By,

n+1
i3,k
of (3.41), p"*! is a minimization of the following discrete energy functional:

A direct calculation implies that, if p"*! with p > 0 is the numerical solution

1 T
(3.48) Tn(p) = 5z llP = P" 2. + (Gpn(p) + At(pIn p + Crp), 1),
over the admissible set
(3.49) Vil ={p=B0+v | ¥ =0,0<pijr<M,V(ijk)}.

Here C,, = C' — 1 — At(1 4+ 1Inp"), GY.(p) is defined in (3.14), and M = %
To this end, we consider the following closed domain:

(3.50) Vi ={y:9=0,0<pijr <My} V.

Since Vhli; is a bounded, compact set in the hyperplane H, there exists a (may not

unique) minimizer of Jp, (1)) over VhI{;. The key point of the positivity analysis is that,
such a minimizer could not occur on the boundary points (in H) if § is small enough.

For a given p" with p’;, > 0, we can assume that p" satisfies the following
bounds

(3.51) €0 <pijp < My —e, VO<i,jk<Ny—1.

Assume a minimizer of J,(p) occurs at a boundary point of V5. Without loss of
generality, we set the minimization point as p; ; ., with pj ., = 0. In addition, we

15



denote the grid point that p* reaches the maximum value as (i1, j1, k1). It is obvious
that pj, ; , > Bo, because of the fact that p* = fo.

To obtain a contradiction, we compute the direction derivative of J,,(p) along the
direction
(3.52) )

oY = 51'11'05%3'05]@7]@0 — 5i,i15j,j15k,k1 S Cpcr, 5]@11 is the Kronecker delta function,

and the following identity is valid:

F s <=0 = E (‘CMn (p -p ))i07j0,7€0 - ‘CMn (p -p ))ihjhkl)

+ (Gfl)" (p*))ioyjo,ko - (G;" (p*))ilqjlqkl + At(lnprg,jg,kg - 1npr1,j1,k1) + <Cn7 5¢>

*

In addition, by the fact that p} . = d and pj ; . > Bo, we get
(3.53) Inpf ooke — P75y < 1IN0 —1Info.

In the meantime, the following inequality could be derived, based on Lemma 3.2:

1 * 7 * n ~ — — _
Az | (07 = 2"))io oo = Lxan (P7 = 0"z r ja )| < 202 My T PAE

Since G1(z) is an increasing function in term of z > 0 for any fixed a > 0, and p"
satisfies the bound (3.51), it is straightforward to obtain

(G;lﬂl (p*))io,jo,ko - (Gfl)” (p*))ilxjhk?l + <C7l7 6’(/J>
<InM;, +1 -Gl (Bo) + At(ln M}, — Ineo).

As a consequence, a combination of the above estimates leads to

1 Ju(p* + 50¢) — Ju(p")
h3 s

(3.54)

< Do + At(Ind —1n 8%,
0

s=

where Dg = 26’2M61h_1/2At_1 +In M, +1— Gio(ﬁo) + At(In My, —Ineg), a constant
for fixed At and h. Hence, we can choose ¢ to sufficiently small such that

1 Ja(p* +56¢) — Ju(p*)
h3 s

(3.55) <0.

s=0

This inequality contradicts with the assumption that p* is a minimizer of J,(p).
Therefore, a minimizer of J,(p) cannot occur on the boundary of Vhf){; if ¢ is small

enough. In other words, the minimizer of J,(p) over VhH could only possibly occur
at its interior point, which gives a solution of the numerical scheme (3.41). The
uniqueness of this numerical solution comes from a direct application of the strict
convexity of J,,(p). The proof of Theorem 3.5 is complete. |

With the positivity-preserving property and the unique solvability established,
we can further prove the following unconditional energy stability.

THEOREM 3.6. For the numerical solution (3.41), we have

(3.56) Fu(p™th) < Fu(p™),  with Fu(p") = (p"Inp" + Cp™, 1).
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Proof. Taking a discrete inner products with (3.41) by p"1/? yields
1 n n n
(3.57) E<pn+1 _ pn”un+1/2> _ —<Mh+l/2VhH +1/27th +1/2> <0

Notice that

(p" 1t — ", T2y = F(p ) = Fu(p™) + At(p" T — p", Inp" T —In p")

(3.58) > Fn(p™th) = Fnlp™),

due to monotonic property of the logarithmic function. Then we arrive at
(359) ]_—h(anrl) _ ]_-h(pn) < —<MZ+1/QV]I,U”+1/2, thn+1/2> <0. 0

REMARK 3.3. It is worth emphasizing that, the discretization presented in (3.41)
is based on the H '-gradient flow structure of the diffusion equations. One can also
construct a variational structure preserving scheme for diffusion equations by using the
Lagrangian methods [7, 54, /4], which treat diffusion equations as an L*-gradient flow
in the space of diffeomorphism, or the numerical methods for Wasserstein gradient
flows in the space of probability measure [3].

3.3. The second order accurate operator splitting scheme. The second-
order operator splitting scheme could be formulated as follows, based on the previous
analyses.

Given ¢" with ¢}'; , € Rf , we update ¢"*! via the following three stages.
Stage 1. Setting cg = ¢™ and solving the reaction trajectory equation, subject to
the initial condition R"™ = 0, using scheme (3.11) with a temporal step-size At/2. An
intermediate numerical profile is updated as

1

(360) anrl,(l) — Cn _|_ O.R’nrf’l,(l).

Stage 2.  Starting with the intermediate variable ¢" ™) we solve the diffusion
equation d,c = Be by applying either scheme (3.36) (for constant diffusion coefficient)
or scheme (3.41) (for nonlinear diffusion coefficient), with a temporal step-size At, to
obtain ¢*t1(2),

Stage 3. We set ¢g = ¢"T(?) and repeat the numerical algorithm at stage 1, i.e.,
solving the reaction trajectory equation, subject to the initial condition R" = 0, by
scheme (3.11) with the temporal step-size At/2 to obtain R"*%(2). The numerical
solution at t"*! is updated as

(3.61) "=t @) L g RtL(3)
The following theoretical result for the second-order operator splitting scheme can be

established, based on Theorem 3.1 - 3.6.

THEOREM 3.7. Given "™ with clik € Rf,VO <i,5,k < Nog — 1 and a discrete

period boundary condition,, there exists a unique solution ¢! with c:lj,i € Rf,VO <
1,7,k < Ng — 1, for the second order accurate operator splitting numerical scheme. In
addition, we have the energy dissipation estimate:

Fu(e"™) < Fu(c™),

so that Fp(c") < Frn(c®), a constant independent of h.
17



4. The numerical results.

4.1. Reaction kinetics. In this subsection, we test the accuracy order for the
algorithm (3.11), by considering a simple reaction kinetics (with o > 0):

dCl

_t = C2 — acy,
(4'1) & =qacy —¢C

ar 1 2.

In fact, this equation corresponds to a simple reversible chemical reaction Xy %\ Xs.

For any given initial value ¢;(0) = ¢?, the exact solution turns out to be

A

(4.2) ci(t) = <1 + <C— - 1> exp(—(a + 1))t> c®, ea(t) =)+ —clt),

1

with ¢§° = (¢ 4+ ¢3)/(a + 1) being the equilibrium concentration of X;. Following
the earlier analysis, we introduce R as the reaction trajectory, so that the energy-
dissipation law becomes

2 .
. R

(4.3) E cilne; —1)4+ceilna+ceIn(l) | =—Rln | —+1].
=1 ¢z

To test the numerical accuracy order, we display the errors between the numerical
solution and exact solution at 7" = 1 in Table 4.1, with a sequence of step sizes At.
An almost perfect second order temporal accuracy is observed.

At Error Order
1/20 | 2.0882¢-3
1/40 | 5.3413e-4 | 1.9670
1/80 1.3577e-4 | 1.9760
1/160 | 3.4279e-5 | 1.9858
1/320 | 8.6159e-6 | 1.9923
1/640 | 2.1600e-06 | 1.9960

Table 4.1: Error table for the linear ODE system (4.1)

2. Reaction-diffusion systems. In this subsection, we consider the reaction-
diffusion system

(4.4) { Ou = Dy Au® — kfuv? + ko3

Ov = DyAv + k:i"uv2 — Ky v3,

where a > 1 is a constant, D, > 0 and D, > 0 are diffusion coefficients. The reaction
part of (4.4) describes the chemical reaction

U+2V;3V
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Fig. 4.1: Numerical solutions for the reaction-diffusion system (4.4) with « =1 (a - ¢) and oo = 2
(d-f)at¢t=0.2 (aand d), ¢t =0.5 (b and e) and ¢t = 0.7 (c and f).

with the law of mass action. The the whole system satisfies the energy-dissipation
law

i/ ulnuw—1+U,) +v(lnv—1+U,)de

- [ i ( L
Q kl v3
The internal energies can be taken as U, = Inkf and U, = Ink; so that R =
kfuv? — ko3,
For o = 1, we apply the ETD scheme (3.36) to solve the diffusion parts for both
u and v. Otherwise we use scheme (3.41) for v and use the ETD scheme for v. The
computational domain is taken as Q = (—1,1)2, and a periodic boundary condition
is imposed for both v and v. The initial value is set as

— tanh((v/22 + 42 — 0.4)/0.1) + 1)/2 + 1;
= (tanh((/22 4+ y2—0.4)/0.1)+1)/2+ 1.

Other parameters are taken as: D, = 0.2, D, = 0.1, k; =1 and k; = 0.1.

Fig. 4.1 shows the numerical solutions at t = 0.2,0.5 and 0.7 for & = 1 and
a = 2 respectively, which are obtained by taking h = At = 1/20. The discrete free
energy evolutions corresponding to these two numerical solutions are displayed in Fig.
4.2, which clearly demonstrate the energy stability of the operator splitting scheme
in both linear and nonlinear diffusion cases.

Next we test for numerical accuracy of the operator splitting scheme. As analyt-
ical forms of the exact solutions are not available, we perform a Cauchy convergence
test for numerical simulations for « = 1 and a = 2, respectively, at T" = 0.2, before
the systems reach their constant equilibria. We compute the £°° differences between
numerical solutions with consecutive spatial resolutions, hj;_i, h; and hj;y1, with
At; = h;. Since we expect the numerical scheme preserves a second order spatial
accuracy, the following quantity could be computed

o (. Menia nglle 1— h3
A* “uh]‘ —uhj+1||oo % h?71
AV = — 2 for hj_l > hj > hj+1,

1) + au® Dy |V iy |* + Dy| Ve |*de.

hj_l ? h2 ’
Rj—1 +1
555 1=

to check the convergence order [43]. As demonstrated in Tables 4.2 and 4.3, an almost
19
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Fig. 4.2: The discrete free energy evolutions corresponding to numerical solutions for the reaction-
diffusion system (4.4) with « =1 and o = 2 (h = At = 1/20).

perfect second order accuracy has been achieved for both the linear and nonlinear
diffusion cases.

— Yv=u Order Y= Order
l¥n, — Yn,lleo | 4.1625e-3 - 3.6818e-3 -

l¥h, — Ynglloo | 1.5357e-3 | 1.8700 | 1.3581e-3 | 1.8705
lons — Yn,lloo | 7-3080e-4 | 1.9036 | 6.4788e-4 | 1.8950
lons — ¥n,lloo | 4.0386e-4 | 1.9230 | 3.5830e-4 | 1.9197

Table 4.2: The ¢°° differences and convergence order for the numerical solutions of u, and v for
(4.4) With a=1. V.ari().us mesh resolutions are used: hy = %, ho = %, hz = %, ha = %, hs = %,
and the time step size is taken as At; = h;.

— Yv=u Order P = Order
[0n, — Unalloe | 4.4205¢-3 | - 2.6961e-3 | -

[9hy — s lloo | 1.4508¢-3 | 2.1586 | 9.4864e-4 | 1.9870
9hs — Unylloe | 6.1387e-4 | 2.3120 | 4.3720e-4 | 2.0150
[hs — Unylloo | 3.1575e-4 | 2.2446 | 2.4420e-4 | 1.8752

Table 4.3: The ¢°° differences and convergence order for the numerical solutions of u, and v for

(4.4) with o = 2 at T = 0.2. Various mesh resolutions are used: hi = %, hy = %, hs = %,

hy = %, hs = %, and the time step size is taken as At; = h;.

5. Concluding remarks. A second-order accurate, operator splitting numer-
ical scheme is developed for reaction-diffusion equations with the detailed balance
condition based on their variational structures. The key idea is to design an operator
splitting scheme such that each stage dissipates the same free energy, according to
the variational structure associated with the original system. In the reaction part,
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the reaction trajectory equation is solved by using the numerical techniques from
L2 —gradient flows, based on a modified Crank-Nicolson approach. In the diffusion
part, an ETD algorithm gives an exact time integration for a linear diffusion process,
while a semi-implicit algorithm is applied for a nonlinear diffusion. A combination
of the numerical algorithms at both stages by the Strang splitting approach leads to
the proposed operator splitting scheme. Moreover, the unique solvability, positivity-
preserving property, as well as an unconditionally energy stability can be proved for
each stage; as a result, the combined splitting scheme also satisfies these theoretical
properties. Similar ideas can be applied to other dissipative systems with multiple
dissipation mechanisms. A few numerical results have also been presented to demon-
strate the numerical performance.
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