CONVERGENCE OF LARGE POPULATION GAMES TO MEAN FIELD GAMES WITH
INTERACTION THROUGH THE CONTROLS

MATHIEU LAURIERE & LUDOVIC TANGPI

ABSTRACT. This work considers stochastic differential games with a large number of players, whose costs and
dynamics interact through the empirical distribution of both their states and their controls. We develop a new
framework to prove convergence of finite-player games to the asymptotic mean field game. Our approach is
based on the concept of propagation of chaos for forward and backward weakly interacting particles which we
investigate by stochastic analysis methods, and which appear to be of independent interest. These propagation of
chaos arguments allow to derive moment and concentration bounds for the convergence of Nash equilibria.
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1. INTRODUCTION

The motivation behind this paper is to present a systematic method to investigate the asymptotic behavior
of a class of symmetric N-player stochastic differential games in continuous time as the number of players N
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becomes large. To be more precise, let us briefly describe such a game in the non-cooperative case. We consider
a game in which each player (or agent) i € {1,..., N} controls a diffusion process X*¥ whose evolution is given
by

dXz,,N :b(t,XZ7N, lN Z(SX]N j, )dt+Uth

for some independent Brownian motions W1,..., W Where a»V is a control process chosen by player i and §,
is the Dirac delta mass at x. The measurability of a*” will be precised below. Agent i tries to minimize an
individual cost

T
(1) J(o/;g*i);:E[/o f(t,XZ’N, : Z%«ug )dt+gX“V Zaxw]

where we denote o~ := (a,...,a"" !, a1 ... o). In this context, it is natural to investigate the concept of

Nash equilibrium (aVN,... &NN). See § 2] for definitions and a more precise description of the model. Unfor-
tunately, as the number of players becomes large, the N-Nash equilibrium becomes analytically and (especially)
numerically intractable. The groundbreaking idea of Lasry & Lions [38] and Huang et al. [32] is to argue that,
heuristically, for such a symmetric game, when N goes to infinity, 4" should converge to a so-called mean field
equilibrium &', which is defined as follows. For a fixed (measurable) measure flow (£;);>0 with second marginals

(11¢)¢>0 let (65);>0 be a solution of the stochastic control problem

T
it B[ [ (6.7 01,60 de + (X5 )|
0

dXta = b(t, Xta, Qi é.t) dt + O'thi.
A flow of measures ¢ is an equilibrium flow if it satlsﬁes the following consistency condition: the law of (X} a &f)
equals §t for every ¢ € [0,T]; the associated control &* is an equilibrium control. The question at the heart of
the present paper is to know how far &' is from &5. In other terms, we are interested in an estimation of the
“error” |a4N — a|.

It is only after more than a decade of intensive research on mean field games that the intriguing heuristics
mentioned above have been put into rigorous mathematical ground and in satisfactory generality. Notably, the
works of Lacker [35] and Fischer [22] proved convergence results on the N-Nash equilibria to the mean field
equilibrium as N goes to infinity for open-loop controls. Using a PDE on the Wasserstein space called the master
equation, Cardaliaguet et al. |[12] proved convergence for closed-loop controls, even in the presence of common
noise. We also refer to works by Lacker [36], Delarue et al. [19, [18], Cardaliaguet [10] for more recent progress on
this convergence question. Anticipating our brief discussion of these papers in the soon-to-come literature review
(see §[L2), let us mention at this point that with the exception of [19], none of the above cited papers investigates
non-asymptotic results, nor do their settings cover games with interactions through the distribution of controls
(or “control interactions” for short).

Games with control interactions, sometimes called “extended”, occur when the dynamics or the cost function
of player ¢ may explicitly depend on the empirical distribution of the controls of the other players, and not just
on their respective states. Such games were first introduced by Gomes et. al. |27] and their investigation quickly
picked-up momentum due to their relevance in various problems e.g. in economics and finance. References are
provided below (see § [[L2]). One important aspect of our analysis will be to include the treatment of such games.

1.1. Main results: informal statements and method. The main result of this paper is to show that (even)
for games with interactions through the controls, under sufficient regularity and convexity assumptions on the
coefficients of the game one obtains a non-asymptotic estimate of the “error” term E[|a"" —&i|2] and consequently
convergence of &*Y to @&'. This moment estimate is bolstered by concentration inequalities (some of which
dimension-free) notably bounding the probability that the Wasserstein distance between the empirical measure of
the N-Nash equilibrium and the law of the mean-field equilibrium exceeds a given threshold. The price to pay for
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these non-asymptotic bounds is to require either small enough time horizon or additional monotonicity conditions
on the coefficients. The contribution of this article is also methodological. In fact, we design a three-step approach
to bound the error:

(i) Characterize the solution of the N-player game by a system of forward-backward stochastic differential
equations (FBSDE).
(ii) Investigate asymptotic properties of the system of equations, showing in particular that it converges to a
McKean-Vlasov FBSDE (see definition below).
(iii) Show that the limiting McKean-Vlasov FBSDE characterizes the mean field equilibrium.

To achieve step (ii), we further develop the theory of backward propagation of chaos initiated by the authors in
[39]. The idea here is that, roughly speaking, the FBSDEs characterizing the N-player game can be interpreted
(themselves) as a system of weakly interacting particles evolving forward and backward in time. A substantial
part of the article is devoted to the investigation of non-asymptotic, strong propagation of chaos type results
for such particle systems. At the purely probabilistic level, these results extend the original ideas of Sznitman
[45] introduced for interacting (forward) particles to fully coupled systems of interacting forward and backward
particles. Due to the independent relevance of these convergence results, this part of the paper is presented in a
self-contained manner and so that it can be read separately. In fact, in this article, aside from the (non-cooperative)
large population games discussed so far, we illustrate applications of this “forward-backward propagation of chaos”
by proving convergence of a system of second order parabolic partial differential equations written on an Euclidean
space to a so-called master equation, a second order PDE written on the Wasserstein space. This allows for
convergence results to PDEs on infinite dimensional spaces similar to the ones derived by Cardaliaguet et al. [12],
with different types of nonlinearities.

1.2. Literature review. The investigation of the limit theory in large population games started with the works
of Lasry & Lions [37; 38] further extended by Feleqi [21], Bardi & Priuli [2] and Gomes et al. [24]. These papers
share the limitations of treating either problems with linear coefficients or assuming that agents have controls
which are not allowed to depend on other players’ states. In the breakthrough works of Lacker [35] and Fischer
[22], the authors prove rather general convergence results for the empirical measure of the states of the agents
at equilibrium using probabilistic techniques. We also refer to Lacker [36] for interesting further developments,
notably for the case of closed-loop controls. The analyses of these authors use the notion of relaxed controls and
study associated controlled martingale problems. This technique seems hard to extend to games with control
interactions considered here, and it provides compactness results rather than convergence rates. However, one
central advantage of this approach is that it does not assume uniqueness of the mean field equilibrium, which we
do (at least in our main theorem). This shortcoming is shared with the PDE-based approaches of Delarue et al.
[19, 18] and Cardaliaguet et al. [9] (but some of these works additionally need existence and bounds on the first
and second order derivatives of the solution of the associated master equation). In fact, our approach is related to
these methods in that they both rely on optimality conditions characterizing the equilibrium. However, instead
of using optimality conditions phrased in terms of PDEs, we use FBSDEs characterizations. As a result, the
technique developed here is a purely probabilistic one and we do not restrict ourselves to Markovian controls as
in the PDE approaches.

Beyond its methodological aspects, our paper contributes to the large population game and the mean field game
literature by its analysis of games with control interactions. Mean field games with such interactions are sometimes
referred to as “extended MFG” or “MFG of controls” and have been introduced by Gomes et al. [27]; Gomes and
Voskanyan [26]. Interaction through the controls’ distribution is particularly relevant in economics and finance,
see e.g. [16; 129; 11] and |25, Section 3.3.1] (see also |13, Sections 1.3.2 and 4.7.1]). Some aspects of the PDE
approach and the probabilistic approach to such games have been treated respectively in [6; [7; [33] and in [15].
Note also that this paper focuses on open-loop equilibria. The convergence problem for closed-loop equilibria
is considered by [36; [9] using very different methods. Furthermore, let us finally point out that the method
developed in this paper also apply to non-cooperative games and the results have natural PDE interpretation.
These connections are presented in details in the ArXiv version of the paper [40].
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1.3. Organization of the paper. In the next section we present the probabilistic setting and formally state
our main results pertaining to the convergence of the N-Nash equilibrium to the mean field equilibrium. The
emphasis is put on non-asymptotic results and concentration estimates. Section [3]is dedicated to the discussion
of versions of Pontryagin’s maximum principle for games with interaction through the controls. The investigation
of propagation of chaos for forward-backward interacting particles is carried out in Sectiondl These elements are
put together in Section [B] to prove the main results stated in Section

2. MAIN RESULTS: FORMAL STATEMENTS

Let T > 0 and d € N be fixed, and denote by (2, F, P) a probabilitty space carrying a sequence of independent
Re-valued Brownian motions (W?);en. For every positive integer N, let W', ..., W¥ be N independent copies of
W and Fy be an initial o-field independent of W1,..., W% . We equip § with the filtration FV := (ffv)te[oyT],
which is the completion of the filtration generated by W1,...,W¥ and Fy, and we further denote by F’ :=
(F#)tefo,r)» which is the completion of the filtration generated by W* and F,. Without further mention, we will
always use the identifications

W=w! and F=F.

Given a vector z := (z!,...,2") € (R")V, for any n € N, denote by

LN(z) := izNza :
L) Nj:1 xd

the empirical measures associated to z. It is clear that LY (z) belongs to P,(R™), the set of probability measures
on R™ with finite p-moments. Given a random variable X, we denote by

L(X) the law of X with respect to P.

Throughout the paper, C denotes a generic strictly positive constant. In the computations, the constant C' can
change from line to line, but this will not always be mentioned. However, C' will never depend on N.
Let us now formally state the main results of this work.

2.1. The N-player game. We consider an N-agent game where player i chooses an admissible strategy o’ to
control her state process, which has dynamics

(2) AX)® = b(t, XP2, ol LY (X, ,))dt + 0d W, Xg% ~ pl©),

for some function b, a matrix o and a distribution p(9) € P, (R?), where the state depends on an average of the
states and controls of all the players through the empirical measure LY (X%, ;). The initial states X< are
assumed to be i.i.d. Let m € N and let A C R™ be a closed convex set. The set of admissible strategies is defined
a

T
A= {a :[0,T] x @ — A FN-progressive such that E[/ v |2 dt} < —l—oo} .
0
Given two functions f and g, the cost that agent i seeks to minimize, when the strategy profile is a = (o, ..., o)
is J(a’;a~?) given in (). Note that under our assumptions (specified below) the cost J is well defined for all
admissible strategy profiles. As usual, one is interested in constructing a Nash equilibrium & := (&%, ..., &"), that
is, admissible strategies (&',...,a") such that for every i = 1,..., N and a € A it holds that

Ji @) < J(a';a7h).
When such a Nash equilibrium exists for every N, our aim is to investigate its asymptotic properties as N — oo.

In particular, we give (regularity) conditions on the coefficients of the diffusions and the cost under which the Nash
equilibrium of the N-player game converges to the mean-field equilibrium which we define below. We denote by

)

Unless otherwise stated, we denote by | - | the Euclidean norm and by ab := a - b the inner product, regardless of the dimension
of the Euclidean space.
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Wy (£,€') the second order Wasserstein distance between two probability measures £, ¢ and by d¢h, 0,k and 0,k
the so-called L-derivatives of a function h in the variable of the probability measure ¢ € Po(R? x R™), 1 € Pa(RRY)
and v € Pa(R™), respectively. See e.g. [1; [41] or |13, Chapter 5] for definition and further details.

We will use the following assumptions, on which we comment after stating our main results, see Remark

(A1) The function b : [0,7] x Rf x R™ x Py(R* x R™) — R’ is continuously differentiable in its last three
arguments and satisfies the Lipschitz continuity and linear growth conditions

[b(t w,0,8) = b(t, 2',a, &) < Ly (Jo — 2’| + |a — a'| + Wa(€,€))
1/2
b.2.0,9)1 < € (14 Lol + ol + (o b e(00) )
for some C, Ly > 0 and all z,2’ € R, a,a’ € R™, ¢t € [0,T] and £, & € Pa(R® x R™).
The functions f : [0,7] x R x R™ x P(R x R™) — R and g : R x P(RY) — R are continuously
differentiable (f in its last three arguments) and of quadratic growth:
0, < C(1+ a2 + |l + forron [0 ()
9@, )] < C(1+ ol + fye lof? u(dv))
for some C' > 0 and all x € RY, a € R™, ¢t € [0,T] and & € Po(R" x R™).
(A2) The functions b and f can be decomposed as
(3) b(t7x7a7§) = bl(t,(E,a,/,L) +b2(t,.’[],§)
f(t,i[], aug) = fl(tu T, aau) + f2(t7 :’E,g)

for some functions b1, b2, fi and f2, where p is the first marginal of &.
(A3) Considering the function

(4> H(t7 $7y’a7 5) = f(t5:175a7 5) +b(t’x’a7 §)y5
there is v > 0 such that
(5) H(ta T,y a, 5) - H(ta LY, CL/, 5) - (CL - a/)aaH(tv Ty, a, 5) 2 ’Y|CL - a‘/|2

for all a,a’ € A, x € R, a € R™, ¢t € [0,T] and ¢ € P2(R? x R™); and the functions z + g(z, 1) and
(x,a) — H(t,x,y,a,§) are convex, where p is the first marginal of £. In addition, the functions

OH(t, ), OuH(t,-,-,-, ) and dzg(-,-) are L -Lipschitz—continuous
and of linear growth:
1/2
02 H (3,0, )] < C(1+ Jal + [y] + ( fae [0 u(d0) ?)
1/2
0uH (12,0, €)] < C(1+ o] +lal + o] + (s [oPE() )
Deg(. ) < C(1++ [al + (fye 0P (dv))2)

for some C > 0 and all x € RY, a € R™, t € [0, T] and & € Po(R* x R™) where y is the first marginal of ¢.
(A4) For every (t,z,a,£) € [0,T] x R® x A x Po(R>*™) and (u,v) € RY x R™ we have

|8ﬂb(t7 z,a, :U‘)(u)| S O
9/t 2.0, ) (w,0)| < C(1+ Jul + [l + ( fu [0 a(do))
Bua(e @] < (1 ful + fa] + ( Joo o)) )

for some C' > 0 and all x € R, a € R™, t € [0,T] and & € P2(R? x R™) where y is the first marginal of €.

1/2
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(A5) The matrix o is uniformly elliptic. That is, there is a constant ¢ > 0 such that (co’z,x) > c|z|? for every
z € RE.

2.2. The Mean field game. The mean field game that corresponds to the above N-player game is described as
follows: Given a flow of distributions (& )¢ejo,7) With & € P2(R” x R™) with first marginal p; € P2(R?), the cost
of an infinitesimal agent is

T
Jé(a) = E[ / f(faXfaat,ﬁt)dt+9(X%7MT)]

with the dynamics
AX{ = b(t, X, ap, &)dt + odWy,  Xg o~ pl©)
The admissibility set on which the cost function J¢ is minimized is

T
A= {a :[0,T] x Q — A F'—progressive such that E[/ v |? dt} < —I—oo}.
0

The goal for the agent is to find 4 € 2 minimizing J¢ and satisfying the fixed point (or consistency) condition
& = L(Xa5) forall t.

The first main result of this paper is the following link between the N-player game and the (asymptotic) MFG
in small time horizon:

Theorem 1. Let conditions[( A1){(A5 ) be satisfied and assume that there is k > 2 such that 4} admits moments
of order k. Assume that the N-player game admits a Nash equilibrium &~ € AN. Then, there is 6 > 0 such that
if T <8, for each i the sequence (&N )n converges to a mean field equilibrium &' € 2 in the sense that it holds

E[I&i’N —é 2} < C(rNm+e,k + TN k)

for allt € [0,T] and N € N and some constant C' > 0 where, for any M, N,k we put vy m g = TN Mk2 ond

N-12 4 N~(k=p)/k if p>M/2 and k # 2p
(6) PN Mkp = N7V log(L+ N) + N-E=P/% - if p = M /2 and k # 2p
N—2/M 4 N~(k=p)/k, if M >2p and k # M/(M — p).

In the case of linear quadratic games the convergence rate can be simplified to the optimal rate O(1/N). The
proof of this statement can be found in the ArXiv version of the paper, see [40, Theorem 11]. The small time
assumption of Theorem [ can be replaced by a monotonicity property on the drift.

(M) The Hamiltonian admits a minimizer
A(t,z,y, p) € argmin H(t, 2, a,y,§)
achA
where p is the first marginal of £&. The drift b satisfies the monotonicity condition
(7) (I - CC/) ' (b(ta €T, A(tv z,Y, :U’)v 5) - b(ta I/a A(tv ':C/a Y, IUJ)a 5)) < —Kb|il? - $/|2
for all x, 2’ € R, (¢,€) € [0,T] x P(R* x R™) — R’ and some constant K}, > 0. Moreover, it holds
(y - y/) . (b(tu xz, A(ta z,Y, ,u')a 5) - b(tu T, A(ta z, yl7 /'L)v 5)) S _Kly - y/|2
(8) (x — ') - (O H(t, o', A(t, 2"y, 1), &) — O H(t, x, A(t, z,y, ,u),f)) < —Klx —a'|?
(2 =)+ (O2g(@. 1) = Dagla', 1)) = Kl — /|2

for all t € [0,7], z,2,y,y" € R® and ¢ € P(R**™), and for some constant K > 0.

In the statement and proof of the next result it will be judicious to distinguish the Lipschitz constant of b in each
of its arguments, so that the Lipschitz—continuity condition in now reads
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(A1) The function b satisfies
[b(t, z,a,8) = b(t, 2", 0", )| < Ly |z — 2’| + Lyala — a'[ + Ly eWa(§, )
b(t, @, a,8)] < C(1+ 2] +al + [z |2[*€(dx))

for some constants C' > 0, Ly, Lpa, Lpe > 0 and all z,2" € RY, a,a’ € R™, ¢t € [0,7] and & €
Po(RY x R™) where p is the first marginal of ¢.

Recall that Ly is the Lipschitz—constant of 0, H and 0,¢ as stated in With these notation, put
K= 2(%Lb)aLf + Lb)g) (8T€7LfTLf + %) + Ly + Lbé;‘ff
2
Ko = 16TLH(Ly + 1) (Lug + 24e ) 2o (0400 4 [ 4 Lol

y
o Ly ¢+LysLy,
Ksp:=4(k—-1) - S b T
2Fy(Lr+Lg)exp(kTLr (2+ 5725 ))

Theorem 2. Let conditions [(AL’)J[(A2 H(A5) and|(M )| be satisfied and assume that there is k > 2 such that
1O admits moments of order k. Suppose that the N-player game admits a Nash equilibrium &~ € AN. If the
constant Ky satisfies

Kb > max(Kl, Kz, K37k),
then for each i the sequence (&) N converges to a mean field equilibrium &' € A in the sense that it holds
E[@i’N - diﬂ < C(rNm+ek + TN k)
for allt € [0,T] and N € N and some constant C > 0.

Remark 3. In Assumption the fact that A depends only upon the first marginal of € is due to . This
will be proved below. Moreover, The reader will observe in the proof that the essential condition needed to derive
the convergence is ([{). The conditions () are needed to guarantee existence (for T arbitrary) of the McKean—
Viasov FBSDE (B8) characterizing the game. The conditions @) can be dropped when this equation admits a
unique solution.

We now complement Theorems [I] and 2] with concentration estimates for the N-Nash equilibrium.
Theorem 4. Under the conditions of Theorem [, it holds thaf]
E[W2(LN(Q£V% L(éw))] < C(rnaer + TNk

for all (t,N) € [0,T] x N.
If in addition 1Y) is a Dirac mass then there is a constant c(Ly) depending only on the Lipschitz constants of
b, f,g and 0, H such that if T < c(Ly), then for every N > 1 and € > 0 it holds that

(9) P(h(al) — Eh(@)] > ¢) <~ 4 e K

for two given constants K,C which do not depend on N and for every 1-Lipschitz function h : R™N — R. In
particular, for N large enough it holds that

_ 2
te KNE.

(10) P(Wa(L¥ (@), £(@)) > =) <
If the functions b, f and g satisfy and are such that

|0aH (t, 2, 0,8)| + 0. H(t,z,a,8)| < C(1+ |a| + ([ [v]? v(dv)'/?)
1029 (x, )| < C

e2N?

(11)

2We recall that aN = (at,... ,&N), where &' is a mean field equilibrium of the mean field game with Brownian motion W*.
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where v is the second marginal of £, then for every T > 0 and for N large enough it holds

(12) P( /0 ' h(a;") — Elh(a;)] dt > e) < % e K

for two given constants K,C which do not depend on N and for every 1-Lipschitz function h : R™Y — R.
Before going any further, let us make a few remarks concerning our assumptions.

Remark 5. Let us now briefly comment on the assumptions made in Theorems [l and [§} In a nutshell, both
theorems tell us that under sufficient reqularity and integrability of the coefficients of the game, we have convergence
with explicit convergence rates. Condition [(Al), |[(A3) and [(A4) speak to these regularity and integrability
conditions. These conditions, along with the convexity property @) are typically assumed in the literature, even
to guarantee solvability see e.g. [30;14].

The conditions m are structural conditions on the coefficients. These conditions are probably not essential
from a mathematical standpoint. They are due to our method, which consists in finding an explicit representation
of the equilibrium in terms of processes whose convergence can be derived, see (B3). Thus, the conditions in
can be replaced by any other conditions ensuring such representations of the equilibria. Importantly @) is not
needed when we do not have mean-field interaction through the controls, but only through the states. The Lipschitz
assumptions on 0, H and 0, H in are not necessary when 0,g is bounded and O, f and O,b are bounded in
x. In fact, in this case, BSDE estimates show that the function OyH can be restricted to bounded y’s, so that
these Lipschitz continuity conditions are automatically satisfied if 0,b is Lipschitz.

3. PONTRYAGIN’S MAXIMUM PRINCIPLE

As explained in the introduction, two elements of our three-step approach to derive the limit consist in applying
Pontryagin’s maximum principles for N-agent games and for mean field games. This section is dedicated to the
presentation of these results. In the case of N-agent games we give the “necessary part” of the maximum principle.
Since the case of mean field games is less involved, we present both the “necessary” and the “sufficient” parts.

3.1. Pontryagin’s maximum principle for N-agent games. The goal of this section is to discuss Pontryagin’s
maximum principle of the N-agent game and derive characterization properties for the Nash equilibria. Hereafter,
for each p > 1 and k € N we denote

SP(RF) := {Y € HO(R¥) ‘ E[ sup |Y}|p} < —l—oo}
0<t<T

HP(RY) := {Z e HO(RF) ] E[(/OT |zt|2dt)p/2] < —I—oo},

with H?(R¥) being the space of all R¥-valued progressively measurable processes.

Proposition 6. Let the conditions|( A1), [(A4) and|( A5) be satisfied. If & is a Nash equilibrium of the N -player
game, then for any admissible control B = (B, ...,B8N) it holds

(13) Do BN (1, X2,4,, Y1) (B} — 6}) 20 P@dt-a.s., for all i,
where HN'? is the i-player’s Hamiltonian given by
N
HYi(t, 2, 0,y) = f (ta', o', LN (z,0)) + ) b (27, 0f LN (z,0)) y*™
j=1

and putting g™ (z) := g(a', LN (z)) and Y = (Y51, .. YN (YT, Z83F), o solves the adjoint equation

N
(14) AV} = =0, HN (8, X5 60, Y )dt + Y Zp7Paw), Yl = 0,9 (XT).
k=1
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Note that (Y%7, Z%3k), ., implicitly depend upon & but we omit to write this dependence to alleviate the
notation.

Proof. If & is a Nash equilibrium, then player ¢ solves the stochastic control problem sup,¢ 4 J(a, Q_i). That is,
it holds

J(@', &™) = sup J(a, a7 ).
acA

Therefore, the result follows by application of the (standard) stochastic maximum principle, see e.g. [14, Theorem
2.15]. O

For later reference and for convenience of the reader, we spell-out the adjoint equations (Id]) in terms of the
functions f,b, g appearing in the game. From [14, Proposition 5.35], we have

, , 1 . ,
959" (2, @) = 8;,;0,9 (¢, LN (z)) + ~0h9 (2, LN (2)) (a7),

where 0; ; = 1 if and only if ¢ = j and 0 otherwise. Similar relations hold for f and b, and for the partial
derivatives with respect to the control variables. We deduce that

i iG & 1 ié é &
(15) Vi = 6,5009 (X% LV (X5) ) + 1-0ug (X%, LV (X)) (05%),
and

N
Y} = =0, HN (8, X3, 6, Y )t + Y 20 awh
k=1

LA A & A 1 &~ & A G A
= _(5i1jamf(t7Xt)77 atv LN(K?) Qt)) + Na,uf(ta Xt ) ata LN(K?v Qt)) (Xg i Of%))dt

— (ot 7% 6 LN (X 0) )Y, dt

N
(16) +E (0,0t %00, LY (XF6) ) (X7, 6]V de + 3 27 aw

k=1

S . o\ =N,
(X,a,Y)w(jt

where we used the notation Zi\“ =% Zjvzl 5(Xj,g a1 v, for the empirical distribution of the triple (X726, Y.
t 7ttt

3.2. Pontryagin’s maximum principle for mean field games of controls. Let us recall that the Hamil-
tonian H is defined by (@), i.e.

H(t’ I, Oé, y7 5) = f(t, I, Oé, 5) + b(t7 x? a? §)y'
Recall the following optimality conditions for mean field games:

Proposition 7. If & is a mean field equilibrium such that the mapping t — & = L(X{, ;) is bounded and
Borel measurable, then it holds that

(17) H(th?adh}/tdagfl) = lngH(t,Xf,CL,nd,g?) P®dt—a.s.
with (XX, Y2, Z&, &) solving the FBSDE system

(18) {dX? = b(t, Xﬁu dtvgf)dt + odWr, Xg ~ M(O)v

dY,S = =0, H(t, X2, &, Y&, E0)dt + ZEdWy, Y = 0,9(XS, L(XT)).

Reciprocally, let & be an admissible control with associated controlled process X& and adjoint processes (Y&, Z%)
as given by [@8). Assume t — & = L(X¥ &;) is Borel-measurable and bounded (i.e. the second moment is
bounded uniformly in t). Assume that for each ¢ € P(RY x R™) with first marginal ju the functions x — g(z, i)
and (z,a) — H(t,z,a,y,£) are dt-a.s. convex and that & satisfies (7). Then & is a mean field equilibrium.
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This result is standard, it follows for instance by application of [13, Theorems 2.15 and 2.16] to the (standard)
control problem parameterized by a given flow of measures, then use the consistency condition.

4. QUANTITATIVE PROPAGATION OF CHAOS FOR COUPLED FBSDE SYSTEMS

This section studies abstract propagation of chaos type results for forward-backward systems of SDEs. These
results will be central for the proofs of the main theorems, but seem to be of independent interest. Therefore, we
present the section so that it can be read independently.

The main idea is that we consider a system of “particles” evolving forward and backward in time and with
interactions through their empirical distributions. We show that under mild regularity conditions on the coef-
ficients of the equations describing the dynamics of the equations, the whole system converges to a system of
McKean-Vlasov FBSDEs. Moreover, we derive explicit convergence rates and concentration inequality results.
Propagation of chaos-type results for backward SDEs (not coupled to forward systems) have been previously
derived in [8;131; 139].

Let d,4,q € N, we fix three functions

B:[0,T] x R x R? x Py(R* x RY) — R,
F:[0,T] x R x R? x RT*? x Po(Rf x RY) — RY, G : R x Po(R?) — R?
and an £ X d matrix o for some ¢,d, g € N. Consider the coupled systems of FBSDEs

t
X;*N:g;gjL/ B (XN yEN IN(X,,Y)du+ o W
0

T
(19 YN = GRGN 1Y) + [ RN Y 25 VX)) du
t
N (T
== Sy 25N AW,
with i = 1,..., N, and for given i.i.d., Fo-measurable random variables z}, ...,z with values in R¥, and where

as above, we used the notation Y := (Y',...,YN) and X := (X',..., X"). We recall that W, ..., W¥ are
independent d-dimensional Brownian motions. We will use the following conditions:

(B1) The functions B, F and G are Lipschitz continuous, that is there are positive constants Lg, Lr, Lg > 0
such that

[Fi(z,y,2,8) — Fu(«' ', 2, &) < Lp (Jo — 2’| + [y —y/| + ]2 — 2| + Wa(§,€))
(20) [Bi(,y,€) = Bi(2',y/, &) < L (| — 2| + |y — /[ + Wa(&, )
|Gz, 1) = G2, 1) < Lo (Jo = 2'[ + Walp, 1))

for every t € [0,T], z,2' € R, 5,y € RY, 2,2/ € RI*? £ ¢ € Po(R” x RY) and p, 1’ € P2(RY) .
(B2) The functions B, F' and G satisfy the linear growth conditions
1/2
|Bu(w,y, &) < L (1+ Ja] + yl + (] lol> &(dv)) *)
1/2
IFelw,9,2,6)| < L (14 |o] + [yl + |21 + ([ [o]? d£(v)) %)
1/2
G, )| < Lo (14 Jo] + ([ ol dp(0)) '?).

(B2’) The functions B, F' and G satisfy the linear growth conditions

Bu(w,y, &) < L (14 Iyl + (] lof* dv(v))'*)

(Fe(@,y,2 )] < L (14 lyl + ([ [of? dv()?)
|G(£L‘,M)| S LG

where v is the second marginal of &.
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Remark 8. Under the conditions |(B1)H(B2) and|(A5), it can be checked (see e.g. [39, Remark 2.1]) that the
functions

(z,y) = (Bi(at,y", LY (2, y)), ..., Be(@™, 4N, LN (z,)))
(Z Y,z ) (Ft( aylazlLN(gaEDa"'aFt( NayN N LN(E)E)))
z = (G(z', LN (z)),...,G(zN, LN (z)))

are Lipschitz continuous and of linear growth (with Lipschitz constant independent of N). Thus, the unique
solvability of the system ([[9) when the time horizon T is small enough is guaranteed e.g. by [13, Theorem
4.2]. Existence of a unique solution on arbitrary large time intervals typically requires additional conditions, for
instance, if one additionally assumes see [42, Theorem 4.1] (when the coefficients are also smooth) or
under monotonicity-type conditions on the drift and the generator for instance as assumed in below, see
[L7, Theorem 2.6] or [44].

The first main result of this section is the following:

Theorem 9. Assume that the conditions |(BL(B2), [(Ab5) are satisfied and that there is k > 2 such that
E[|z}[¥] < co. Denote by (X,Y,Z) € SERY) x S2(RIY) x H2((RI*H)N*N) the solution of the FBSDE (IJ).
There is § > 0 such that if T < § and the McKean-Vliasov FBSDE

t
Xt:x3)+/ Bu(Xu, Yu, L(X,, Yy,)) du+ o W,
(21) 0 T T
n:G(XT,L(XT))+/ Fu(Xu,Yu,Zu,L(Xu,Yu))du—/ Zy dW,
t t

admits a unique solution (X,Y,Z) € S?2(RY) x S2(R?) x H2(RI*4), then it holds

(22) sup BWH(LN (X0, Vo), L0 Y0)| < € (rnnn + rvaa)

tefo,T
for all (¢, N) € [0,T] x N, where rn g+o,k := T'N,g+e,k,2 5 given by (@), and for some constants C depending on
Lp,Lp,Lg, k, o, E[|z}|¥] and T. In addition for all N € N we also have

T
B| swp X2 XUP| 4 B[ -] B [z -z as
s€[0,T] 0

(23) < C(TN,quZ,k + TN,e,k)-

4.1. Proof of Theorem [9l The arguments of the proof of Theorem [ are broken up into intermediate results
that we present in this subsection. Given a progressive d-dimensional process =y, we use the shorthand notation
Es,t(y - W) for the stochastic exponential of 7. That is, we put

t
Esily-W) = exp(/ Yu AW, — / vul® dU)

In this whole subsection, we assume that (2I]) admits a unique solution denoted by (X,Y, Z). We start by proving
useful moment bounds for solutions of McKean-Vlasov FBSDEs. For simplicity in this subsection, we will put
Lf = HlaX(LB, LF, Lg).

Lemma 10. Assume that the condition [(B2) is satisfied and that 1) admits a unique solution (X,Y,Z) €
S?(RY) x S?(R7) x H(RI*). Further assume that there is k > 2 such that E[|z}|¥] < co. If either T is small
enough or|(B3 ) is satisfied for Kpg therein such that

Lpye
(24) Kp > 4k = 1) >
2%(Lp + Lg) exp(kT L (2 + 12255))
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where Lp y ¢ is the Lipschitz constant of B in (y,§), then it holds that

(25) E{ sup |Xt|k} + sup E[|%3*] < oo.
te[0,T te[0,T

Proof. When T is small enough, the proof follows standard FBSDE estimations. It is therefore omitted.
Let us assume the the monotonicity condition [[B3)| is satisfied. Applying Ité’s formula to | X|*, using [(B3)]

and |(B2)| yields

t
X" < |z ’“+k/ —Kp| Xul" + Ly e Xul 7 (U4 [Yal + B[ Xu )2 + B[IV*]'/?) du

0

t
+k:/ Xklgdw,

0

t

L
< lag* + k/ (406 - 1) =22 Kp)|Xul" + eLpye {1+ Yal* + BIXu*2 + B[[Yal)*/2 } du
0

t
+ k/ Xklgdw,
0

where L, ¢ denotes the Lipschitz contant of B in y and £, and where we used the inequality zy < z?/pe +ey9/q
with p, ¢ Holder conjugates. Thus, taking expectation (up to localization) and applying Gronwall’s inequality

k LE=DEBye ey Tk
(26) E(| X" < ekLp el = Kp) EU Y, du} +C.
0
Similarly, applying It6’s formula to Y* and then Young’s inequality for some 7 > 0 yields

T
[Vi|* < E[|G(XT,£(XT))|k + ka/t Yo lF 2 (1 X | + Y| + | Za| + E[| X022 + E[|Ya]?]?)

k(k—1) [T

_g/ Yf2|Zu|2du|]-"t}

2 ¢

k-1 1. (T
gE[2kLG(|XT|k+E[|XT|2]k/2+1)+kLF(1+T —)/ Vo, |* du
n Je
’ k 21k/2 21k/2 k(k_ 1) ’ k—2 2
(27) +Lp [ |Xu|F + E[|X.2*? + E[|Y.]?] +k(nLF—T) |Yu|" 2| Zu|? du | Fi
t t

where the second inequality uses (26). Choosing 1 such that nL; — @

and applying Gronwall’s inequality yields

= 0, taking expectation of both sides

T
BV < clE[|XT|’“ + [ du] e
0

4(’671)1'31%5

T
< Cheel— = KB)TTE[/ |Yu|’“d“} +Cy
0
with Cy := 2F(Lp + Lg)exp(KTLp(2 + %)) First choosing ¢ > 0 small enough that ¢ < [2¥(Lp +
L¢) exp(kTLF(2+%))]—l and then K > 4(k—1)Lp 4 ¢/¢, and integrating on both sides yields EU"OT |V, |F du] <
oo. In view of (26]) and (7)) this yields the result. O

The proof of Theorem [ is based on the coupling technique used in [39]. To this end, we fix N i.i.d. copies
(X'l, Yl Zl), A (XN, YN, ZN) of (X,Y, Z) such that for each 1, ()N(l, Y, Zl) solves Equation (21]) with driving
Brownian motion W* and initial condition xf. This can be done when the McKean-Vlasov FBSDE (2I)) has a
unique solution, and thus the associated law £(X,,Y,,) is unique at each time u € [0, 7. By |13, Theorem 4.24],
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the FBSDE (21 is uniquely solvable for T" small. The following lemma is a central element of our argument.
Recall the notation X := (X!,..., XV)and Y := (Y!,..., YV).

Lemma 11. If|(B1) are satisfied, then there are positive constants C and c(Ly) depending only on Ly
such that if T < c¢(Ly), then for every 0 <t < T it holds that

BW3(£(Xe, Vo), LN (X,,Y,))]
(28) < CBWA(L(Xe, Vo), LY (X, X)) + WH(L(Xr), LY (X)) .
Proof. Applying It6’s formula to the process 66t|1~/f — Yti’N|2 for some 8 > 0 to be determined later, we have
I

N7
= MTNG(X ], L(X1)) = G, LN (X)) — 2Z/t Yy = YN ) (0ri 2y, — 23N )Wy
k=1

T
+2 / UV = VI [Fu (XL Vi, 20 (X0 Vo)) = Ful(X0N, YN, 25N LV (X, Y )] du
t

u u?
- Z/ AU ZbIN — 5,78 12 du — / BePU|YE — YN 2 du.
=17t t

By Lipschitz continuity of F' and G, then applying Young’s inequality with a strictly positive constant a to be
set below we get

PN = YN < 2P Lg| X — XpNP 4 2ePT LW (L(Xr), LN (X))

N T T
23 [T I OhaZh - ZEVVE [ L K XN P
k=171

t

T N T
+/ B (Lfa+4Lf—ﬁ)|YJ—YJ’N|2du—Z/ |Z0IN — 6,578 2 du
t j=17%

+ Ly /T W3 (LN (X, Y ), L(Xu, Ya)) du + % /T e’ 2% — ZEN P du.
t t
Letting a > Ly and 8 = Lya+4Ly, and taking conditional expectation on both sides above, we have the estimate
% = VPN < 267 L B| 1R - XN+ WY (Xr), £(X7))
(29) +f (1 = XY WAL (X V), LY, Ya) | 7).
t
On the other hand, for every 0 < s < t < T, by Lipschitz continuity of B, the forward equation yields the estimate
(30) X - x| < Ly / (1L = XN 1] - Y]+ WL (X, Y, £(Xs ) ) da
Adding up the squared power of the above with (29) yields

&1 = XPNP Y = VNP < O BWR(LY (X), £(X)

T
b [ (1= XV 17 - VP 4 WRLY (X, ), £ Ya) ) du | 7.
0
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E[|X} - XIN 1% = vV
T
< C, B [WRLN (), £00) + [ WHLY (X, X, £(X Vo)) d
0

for a constant Cr, 7,1 which depends only on Ly, T. Coming back to the forward equation, it follows by the
definition of the 2-Wasserstein distance, by (30) and by Gronwall’s inequality that

N
WE(IN (X ), L Z|XT

T N

1 . .

< e2LfT/O (N SV - VNP WS(LN@“,XU),L(XU,YU))) du.
=1

Therefore, we can continue the estimation of | X7 — X} |2 + |Y; — Y;"V |2 by
E“X; _ XZ7N|2 + DZ;Z o Y;i7N|2]

< CpyriE [WS@N(XT), (X)) + WY (), LY (X))

+ [ ' w§<LN<1u,xu>,c<Xu,Yu>>du}
0

=2l =
.MZ
-~
s,

[

o
=

T
< CLfvT,l \ 262LfTE [Wg(‘c(XT)v LN(XT)) + / (
0

i=1
(31) R = XU WY (K L) £ V)
Thus, further assuming 7' < L yields
CLf,T,lve f
1L . . ,
B WH(ILN (X, Y,), LY (X, Y)] < Bl DK = X0V + 9 = v 2]
i=1

< Cu, o B|WE(L(Xr), LY (X)) / WE(LN (X, X.,), £(X, Vo)) du.
By the triangle inequality we can therefore deduce that
BW3(IN(X,,Y,), £(X:, V)|
< B{WHILN (X, 1), £(X0, V)| + BWR(LY (X, ), IV (X, Y,)|

< BWH(LN (X, ¥,). £(X0, Yt»}
+CLf7T72E[W22(£( N(X1)) / W2(LN(X,,Y,). E(Xu,Yu))du}

from which we derive (28], assuming ' < 1/CL, 7. O
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Proof. (of Theorem [) The bound [22) follows by Lemmas [[1] and [0l In fact, from Lemma [1]if T is small
enough that T' < 1/Cf, 1,2, then for every t € [0,T] it holds that

E[WR(LY (X, Y,), £(X0,Y2))]
< CEWR(LY(X,,¥,), £(X., )| + CE (LY (1), £(X7)
< C(rnmstek +7rNeE)

where the second inequality follows by [23, Theorem 1] which can be applied thanks to Lemma[I0l To prove (23),
first observe that by assumption [(B1)|and Gronwall’s inequality we readily have

t
(32) XIY X < T / (VIN Y|+ WLV (X, Y, £(X,. V) du
0

for all 0 < ¢ < T. On the other hand, by It6’s formula applied to the process |Y;1’N — Y;}|? as in the proof of
Lemma [I] and then the inequality 2zy < ex? 4+ y? /e with the constant & := 1/2, we have

N T
R A Z/t | Zg PN — 61,25 ds
J
N T
< Ly (1X0Y = XE2 + WE(EN (Xp), £(X1))) =2 / (YN =YY 2R = 61 21 aw?
k=171

T T
1
+/ (§|ZSLN ~Z P XN - X;|2) ds +/ (BL} + Ly)[Y,'N = Y] [*ds
t t
T
63 [ LYY LY ds
t
Thus, it follows by Gronwall’s inequality that

T
VNP g | [ 120 - Zia] ftN]
t

< CpyrE [WS<LN<1T>,£<XT>> + o XY X
u€l[s, T

T T
b [N P [N ()£ o) du | fﬂ
t t
<Oy 1 [wﬂﬂ(zﬂ,z(m)

T T
(34) + / WE(LN (XY )s £(Xo, Vi) du + / |YJVN—YJ|2du|sz]
0 0

where the second inequality follows by ([B2) and Cp, 7 > 0 is a constant depending only on Ly and T. If T' is
small enough, then we have

sup E[Y,"" — V']
tels,T]

T
< OLf,TE[WSwN(zT),z(XT)) +f w§<LN<zu,zu>,.c<Xu,Yu>>du]
0

< C(rngrek +TN0k)
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where the last inequality follows from ([22)), and where we also used that
(35) Wi (LN (X)), £(X1)) < W3(LY (Xq, Yr), L(X7, Y1)
Thus, using ([B2) leads to

E[ sup | XN — Xt1|2} S C(rNgrek + TN LK)

te(s, T

Finally, coming back (34) yields the bound for [|Z%*" — Z1||;2geyra). This concludes the proof. O
4.2. Propagation of chaos under monotonicity conditions. The next result shows that under additional
monotonicity conditions Theorem [0 can be extended to arbitrary time duration 7" > 0. These monotonicity

conditions are classical in the analysis of FBSDE, they are for instance used in [44; [L7; |5]. Here, it is important
to distinguish the Lipschitz—constant of B in each of its arguments. Thus, in |[(B1), we write

|Bi(2,y,€) — Be(2',y, &) < Lpale — 2’| + Lpyly — y'| + LpeVa(€,€)
for some Lp z, Lp,y, Lpe >0 and all z,2' € RY, y,y’ € R? and &, &' € Po(R* x RY).

Theorem 12 (Monotonicity conditions). Assume that the conditions |(B1H(B2), |(A5) are satisfied and that
there is k > 2 such that E[|x}|¥] < co. Further assume that the McKean-Vlasov FBSDE ([Z)) admits a unique
solution (X,Y,Z) € S?(R¥) x S?(RY) x H2(R?*?) and:
(B3) there is a constant Kg > 0 such that the following monotonicity property holds
(2 =)+ (Bilw,y,€) = Bi(a',9,€)) < —Kpla — o]
for all z,2" € R® and (t,y,£) € [0,T] x RY x Po(R® x RY).
If the constant Kp satisfies 24)) and

Kp > 8T(L% + LiT)(Lie + Lp,y) exp {2Lr (6 4+ Lr ) } + 2L,

then it holds

up E [W% (LN (X, Y,), E(Xt,n))} < Crygitk
te(0,T

and

. . - . T .. .
sup (B[1x0 = X[ + B[N - v 2]) + E[/ \ZiN gz dt} < Crngion
te[0,T] 0

for allt € [0,T], N € N and for a constant C' > 0.

Proof. As in the proof of Theorem [ let (X%, Y? Z*)<i<nx be N iid. copies of the solution (X,Y,Z) of the
Mckean—Vlasov equation 2I). We will use the shorthand notation AX} := XZ’N — XZ, AY} = Y;’N — f’f and
AZ} =z 8¢i=jy Z{. Applying It6’s formula, we have
T
IAX]]? = 2/ AXL - (Bu(XEN, VIV LN (X, Y,) = Bu(RL, Vi £(X0, V) ) du
0

ur U’

t
=2 [ AX] (BN VY YY) - BuRL YV LY (X, Y))) da
0

t
+2/ AXY - (Bu(Xi, VN IV(X,,Y)) = Bu(X0, Vi £(X0, V) ) du
0

t - . , 1 & . N1/
<2 [ —KalAXIP + Loy AXLIAY]| + Lo AX3 (5 2o 1AXIP +]avZP)
0 =1

+ Lp e AXIWo (LN (X, Y o), £(Xo, Vo)) du
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where the latter inequality follows by the monotonicity property and Lipschitz—continuity of B and triangular
inequality applied on the Wasserstein distance. Now, applying Young’s inequality with some € > 0, we obtain

t N
. Ly +L35 . LBg 1 .
AXI? <2 (“7 Lpe—K )AX” ZBE - NTIAXIPd
axiP < [ (i pp )AL+ 236 D AXGF d
t . 1 Y 4 -
(36) + / eLp, |AY? + elpen Z |AYI )2 + L W3 (LN (X, Y.), £L(Xu, Y2)) du.
0 =1

Thus, taking the average on both sides gives

1 & : ' /Lpy+Lpg 1 &
Y jax]? < 2/ (M +2Lpe —KB)—ZngPdu
N ) 2 N &

Jj=1

t 1 N ) L
b [ et Liny) 5 SIAVIP + Lo WY (X, T, £, Vo)) du
0 =

Next, we apply Gronwall’s inequality to arrive at the bound

1 ,
NZ |AX]?
j=1

t 1 N . ~ ~
(37) < 625(5)T/0 e(Lpg+Lpy)y S IAYIP + L W5 (LN(X,, Y,), £(Xy, Ya)) du
j=1
where we introduced the constant
L L
6(8) = % +2Lp¢— Kp.

Let us now turn to the backward process. Here again, we apply It6’s formula to get
AV P = |G(XY, LY (Xg)) = G(Xr, £(X7))

T
+ 2/ AY - (FU(X};N, YN ZiiN IN(X Y ) — Fu(XE, Y ZE L(X, Yu)))) du
t

-3 / AZLI du - / QAY!AZLI AW
j=1"1 j=1"t

N T
. 1 . - . . . .
<213 (JAXGE + 5 S0 IAXP + WELN (), £06r) + 2L [ 1AVII{ X0 + 18V + |AZY]
t

Jj=1

N
1 ) N\1/2 -~
— J|2 J|2 N
+(N;|AXu| FIAYIE) T WLV (X, Y, £(X, Vo)) | du

N T o N T ) B )
- / AZL du = / 2AY AZLT AW
j=1"1 j=1"1

where we used Lipschitz—continuity of F' and G. Now, we apply Young’s inequality with some constant 7 > 0
and then take conditional expectation on both sides (the martingale property follows from integrability properties
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proved above) to arrive at
N T 1 N .
AP+ (= aLe)E Y [ 18209 du| FN] < 2 E(|AXEE + 5 o 1axE? | 7]
j=17% =1

T N N

1 ) 1 ) ) 1 )
2LpE ( —) AY? + = E AYIP? + |AX P2 + = § AXI?
+ F{A 5+n| “|+Nﬁﬂ|1A+| “|+N |AX|

Jj=1

(38) SWHLY (L0 L) £ Yo))du | 5| 4+ 288 BWHLY (), £06r)) | 77,

Averaging on both sides and choosing 7 small enough that 1 —nF > 0 yields

L |2 RS g .32 N 2 1« j |2 N
J > J
N;mm +(1—77LF)N]§_1E[/t |AZIT1? du | F } §4LGE[N]§_1j|AXT| | }

T N1 1
L E (6 —)— AYI2 42— S |AXT |2
vores| [ ISR DMINE

FWHLN (L 2. L0 V) du| 7| + 222 LN (), £0x000) | 77

We will subsequently apply Gronwall’s inequality, take expectation on both sides and then integrate in time.
Thus, due to Fubini’s theorem we have

N T N
1 712 2 5(mT 1 72 2 5(n)T 2.7 N /(v
E[ﬁg /O AY| dt] SALETEMTE N;mm + 2T LT B[ W (LN (Xr). £(Xr))|

T N
_ 1 ) ~ ~
+2LpTe®MTE M 2% SIAXIP+WE(ILN (X, Y,), £(Xu, Ya)) du}

=1
where we introduced the constant
- 1
5(77) = 2LF(6 + 5)

Using (37), we further bound the above as
Lo~ [T R )
E {N 2 /O |AY¥|2dt] = FsvTvchwFE[N > /O IAY#Ith} + 2T LEE[WH(LY (Xy), £(X1)|
i=1 =1

— T ~ ~
+4T(LELpe + LrT)(Lp e + 1)e5<">Te25<€>TE[ / WE(ILN(X,,Y.), L(Xu, Ya)) du}
0
with
T.rapr = 4eT(L% + LpT)e®MTeXEOT(Lp . + L ).
First choose € small enough that
4eT(L2 + LpT)e® T (Lp ¢ + L) < 1.

This € does not depend on Kp. With such an ¢ at hand, choose Kp large enough that 6(¢) < 0. Thus, we need

Kg>T(L% + LeT)e’ T (Lp e+ Lp,)* + Lp.c.
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This implies that I'. 7 ¢, ,r < 1. Hence, we have

N T 2 §(m)T T

1 . AT (L= L 2LFT) (L 1 n ~ o~

E[—E:/ |AY£|2dt] < MEghpe T 2LrT)(Lpc 1 1)e E[/ W3H(IN(X,,Y,), L( Xy, Ya)) du
N = Jo 1 =TercBrF 0

OT L2,
1-Tcr6,B,F

This also implies, due to (37, that

BN (X), £(X0))].

E[%XN:/OTngth} < CEUOTWS(LN(XU,L),L(Xu,yu)))du]
j=1

+CE [WS(LN(XT% L(X7))

for some constant C' > 0.
We will now use these inequalities to show the claimed convergence results. Going back to (B8] and (recalling
the choice of ¢), we have

t N
i12] < gL 312
E[AXI]] _E[2/0 D) 1:|AXU| du

Jj=

t , 1 & 4 -
+/ ELB,y|AYJ|2+5LB,5NZ|AY5|2—|—LBfWQ?(LN(&u,Xu),E(Xu,Yu))du}
0

j=1
(39) < CEUOT W%(LN(XU,XU),L(XU,YU))du} +CE [W%(LN(XT)L(XT))] +5LB,EE[/; |AYui|2du}

Plugging this bound in (38)), gives

N
i 5 i 1 j 5 o
E[IAY/[?) < 2L E[|AXEP + - 30 IAXE 2| + 208" E[WE(LY (X, £(X7))|
=1
T 1 N 1 N ~ ~
SOIAVP +AXLE + 5 T IAXE + WL (£ L) LK, Vi)
=1

+2LF65<">E[/t N2

Jj=1

< B[ [ WY (R0 T £0 Yol ] + CEIWE (), £

_ T }
(40) +2eLp TeDT(Lp + LG)E[ / |AY;|? du] .
0

We now integrate in time on both sides, we use Fubini’s theorem and further choose £ small enough that
2¢Lp ¢Te® T (Ly + Lg) < 1. This allows to obtain the bound

B [ avipan] < o] [ WM, L 20 ) ] + CBpMEN (K0, 2000
Thus, due to 39)), we have

B1axi] < CB] [ WY (0 E, 200 Vo) do] + OB (), 2050
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for all ¢ € [0, T]. Going back once again to ([B8) (after taking expectation and using Gronwall’s inequality) allows
to obtain the bound

T T
E[|AYJ|2+ / |Azz|du}s0E[ / w§<LN<Xu,zu>,L<XU,YU>>>du]
0 0

+ CEW(LN (Xy), £(X7)) -

Finally observe that by triangular inequality we have

B [WALY (X, ¥, £0%Y0)

N
1 . . ~ ~
<2 Y B[laxi + v + 28BN L T, % v
j=1
This concludes the proof since the bound
B WL (&0 T2, £ ¥0)| + BN (). £06)] < Crxgera

follows by [23, Theorem 1] and Lemma [TOl O

4.3. Concentration estimates. We conclude this section with some deviation and dimension-free concentration
estimates to strengthen the above convergence results.

Theorem 13. Assume that the conditions |(B1){(B2) and |(Ab) are satisfied and that the McKean-Viasov
FBSDE 1)) admits a unique solution (X,Y,Z) € S?(R¥) x §?(R?) x H2(R?*?). Then we have the following
concentration estimations:

(1) If there is k > 4 such that E[|z}|*] < oo, then for every e € (0,00), N > 1 it holds that

(41) sup P(Wg(LN(KhXt)aL(Xtv}/t)) 2 5)
t€[0,T]

2
< Clan,slqecoy +bnk,s + Z(rNgren + TNE))

or some constant C' > 0 which does not depend on N, e, with by e := N(Ne)~k=)/2 gpd
J P ' Joye

exp(—cNe?) ifq+0<4
an,e = { exp(—cN(g/log(2 + 1/¢))?) ifqg+l=4
exp(—cNelat0/2) ifqg+0>4

for two positive constants C' and ¢ depending only on Ly, T, o, k and E[|x}|*].

(2) There is a constant c(Ly) > 0 such that if T < c¢(Ly), then denoting by u™¥ the N-fold product of the law
L(X,Y) of (X,Y), it holds that

(42) uv (H — /HduN > 5) < e Ke?

for every 1-Lipschitz continuous function H € C([0,T],R )N for some constant K depending on L, T

and o, but not on (N, 4, q,d). If|(B2) is replaced by|(B2’), then @A) holds for all T > 0.

Let us start by the following lemma which gives a Talagrand T» inequality for the law of the solution of a
foward-backward SDE. Note that this result is not covered by [3] since here, the system is fully coupled.

Lemma 14. Let mi,ma € N and let f : [0,T] x R™ x R™2 x R™2*d 5 R™2 b [0,T] x R™ x R™2 — R™ and
g :R™ — R™2 be such that f(t,-,-,),b(t,-,-) and g are three Ly—Lipschitz continuous function uniformly in t,
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and o € R™>*4 js q matriz satisfying[(A5)} Then there is a constant ¢(Ly) > 0 depending only on Ly such that
if T <c(Ly), then the FBSDE
t
Xi=x+ / bu( Xy, Yy) du + oWy
(43) 0o .
t t

admits a unique square integrable solution (X,Y, Z), such that X andY have almost surely continuous paths and
(44) the law L(X,Y) of (X,Y) satisfies To(Cyy)

for some constant Cy ,, (explicitly given in the proof) depending only on Ly, T and o, but which does not depend
on my,me and d. That is,

Wa(L(X,Y),Q) < \/Cz,yH(Q|L(X, Y)) for all Q € Py(C([0,T], R™1F™m2))

where H is the Kullback-Leibler divergence deﬁnecﬁ, for any two probability measures Q1 and Q2 as
Eq,[log(%22)]  if Q, < Q
H(Q2]Q1) ::{ Q. llog(Gg)]  if Q2 1

+00 else.

If one additionally assumes
(B27) lg(@)| < Ly, |filw,y, 2)| < L1+ [yl + |2]) and [bi(z,y)| < Li(1+ [y]) for all t,2,y, 2,
then (@) holds for every T > 0.

Proof. This lemma follows from a combination of results in [20]. First notice that the continuity of the paths
of (X,Y) is clear. In addition, there is a deterministic L,—Lipschitz continuous, v : [0,7] x R™* — R™2 such
that Y;>" = v(t, X;"") P-a.s., where (X% Y% Z5%) is the solution of [@3) with X% = z. We justify below
that v is L,~Lipschitz continuous and the constant L, does not depend on (mq,mz,d). But see already that as
a consequence, the process X satisfies the SDE

t
Xt =x+ / b(u, X;%) du + o(Wy — W)

where the drift b(t,z) := b(t, 2, v(t,z)) is L;(1 + L,) Lipschitz continuous with respect to the second variable.
Thus it follows by [43, Theorem 5] (which extends the original work [20]) that the law £(X) of X satisfies T»(Cy)
with constant C7 = 4|a|2Te4T(L?‘L3T+1). Therefore, by |20, Lemma 2.1}, we can now deduce that the law £(X,Y)
satisfies T5(Cy,,) with

(45) Coy = C1(1+ Ly)>.

In particular, C, , does not depend on m;, mg and d.

To conclude the proof, it remains to justify that L, does not depend on the dimension. If T' < ¢(Ly) is
sufficiently small, then this follows by [17, Corollary 1.4]. If T is arbitrary and the condition is satisfied,
then this follows from [13, Theorem 4.12] or (the proof of) [34, Theorem 2.5]. In the latter reference, it is actually

shown that L, = K5 := , /2L?» + LyTelsT, O

Proof. (of Theorem [[3)) By triangular inequality, we have
P (WH(L(X:, Y2), LY (X, X)) 2 €) < P (WH(L(X0, Y2), LY (X, 17)) = /2)

1

) iN ) i,N
(46) + (5 IR = XN+ YN 2 o).

=1

3We use the convention E[X] := +oco whenever E[XT] = +oo.
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The first term on the right hand side is estimated as
P (W(L(Xe, Y2) LY (X, ¥4)) 2 €/2) < Claw.g1(e<zy + ).

This follows by |23, Theorem 2] since, by Lemma [I0, the processes ¥ and X have moments of order k£ > 4. On
the other hand, by Markov’s inequality, we have

N
1 ~ . . - .
P(% D K= XU Y £/2)

21 & : : c
<S5 Z Xi = XN+ B - P < o (rN,q+z,k + rN,e,k),

where the second inequality follows by Theorem [0l Combine this with (@8] to get (@I).

Let us now turn to the proof of the concentration estimate ([@2]). Recall that the i.i.d. copies (Xl, 171, Zl), e
(XN, YN, ZN), of (X,Y, Z) solve the FBSDE (ZI)) with W replaced by W?. Thus, they satisfy the equation (@3]
with W replaced by W* with the Ls-Lipschitz-continuous functions by, f; and g being defined respectively as
g(x) = Gz, L(X71)), fi(z,y,2) = F(z,y, 2, L(X, Y:)) and b (z,y) := Bi(z,y, L(X¢,Y:)). Therefore, it follows
by Lemma [[4 that the law £(X% Y?) = £(X,Y) satisfies T5(C). Thus, by [28, Theorem 1.3] we obtain {@2). O

5. APPROXIMATION OF THE MEAN FIELD GAME

This section of the paper is dedicated to the proofs of Theorems [ and [ stated in Section 2l We start by the
proof of the convergence of Nash equilibria.

5.1. Proofs of Theorem [l and Theorem [2l In this section we provide the proof of the convergence of the
Nash-equilibrium of the N-player game with interaction through state and control to the extended mean-field
game. The proof relies on the Pontryagin maximum principles derived in Section [B] along with the propagation
of chaos type results of the previous section.

Recall notation of Sections Bland Bland the solution (Y7, Z#/:F), k=1, N of the adjoint equation of the game
given in Equation (I4). We will consider the off-diagonal processes Y7, i ;é j and then the diagonal terms Y.
The next two auxiliary results show that the off-diagonal elements of yw converge to zero.

Lemma 15. Assume that the conditions|( A1 }{( A5 ) are satisfied. If either T' is small enough for|( M ) holds with
Ky, large enough, then the solution (Y7, Z%9%), ;1 N of the adjoint equation ([Id)) along with the processes

X8 satisfy

N
1 i,& 1,0 1zk
E[N;p(tﬂgct and E{|Y |2+ s | X |2+Z/ |2dt]<o
for two constants Cy, C > 0 which do not depend on i,j, N.

Proof. This follows from the fact that the functions b, 0, f and O¢ f are of linear growth, and the functions 0,b
and 0,,b, are bounded (see conditions |(Al)| and [(A4)). In fact, recalling that the adjoint equation is given by

(I8)-([@@), these properties imply
- , T , - 1 X
E| sup |XZ’Q 2} <CE {|x6|2 +/ (1 + |Xai’é|2 + |Yum|2 + = Z |X1u€@|2 + |Yuk,k|2> du}
t€[0,7] 0 N &=

(47) +Elo]? sup W],
t€[0,T]
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notice that we also used the representation of &V as &N = A(t, X%, v, LN (X%, (i) given in (BF), and
the estimation ([62)) of ¢#V. Subsequently taking the average over i above the expectatlon and then applying
Gronwall’s inequality leads to

(48) { Z|X’W|2} <C(1+E[|x0| ]+E{ Z/ Y”|du]+|a|2 (Wi ])

k=1
Let us now turn to the bound of Y%7 and Z%/*. By Itd’s formula applied to |Y%|2, linear growth of 9, f and
Opf and boundedness of 0,b and 9,b we have

N

N T
(49) E[|Y;”|2+Z/ |Zf;i’k|2du] §c<1+E[|X;°”“ } Z [|X’““ D
t k:
+CE[/ | X5 + Z|X’W|2du]
t
+CEU 3V 2 4 iz |Yf’k|2du].
t N k=1

Averaging out and using (48], it follows that when T is small enough we have Zjvzl E| fOT Y772 dt] < oo.
Therefore, plugging this back in (@) and [@7) yields the result. We thus arrive at the claimed bound for Y*J and
Zidk,

The case where [(M)|is satisfied for K}, large enough follows exactly as in the proof of Lemma[I0l We omit the
proof to avoid repetitions. O

Lemma 16. If the conditions (A1 )H( A5 ) are satisfied, then for every i,j such that i # j, and every t € [0,T],
we have

E“Yt”ﬂ <CN™'  for every N > 1 and some C > 0.
Proof. Let i be fixed. For every j such that i # j, the process Y%/ satisfies the equation
i g 1 6 A & &
dY;fLJ - (Nauf (thtLvO‘;vLN(ltiv Qt)) (Xg7)) dt

- (azb(t, X%, 6], LY (X740 )

N
+ Z S0ub(t X1 LN (X 4,)) (Xi’%““) dt+ 3" Zirkawk
k=1
with

(50) Vil = Lo (Xm LY (X7 )) (X5).

N
We assume for simplicity that ¢ = 1, and in an effort to write the equations in a more compact form, we define
the vectors
Y= (YRR YY), A= (a f (t xhe dg,LN(g%,gt)) (Xg‘é)) :
j=2,...,.N

as well as

Bui= (0ub (1 X% 6} LY (XF,6))) (X79)

j=2,..,.N

and the matrices

= (0,0 (X726, LV (X2.8)) (X79))

m,j=2,....N
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and
D, = diag (azb (t, x7e 6l IV (x2 ,at)))
With this new set of notation, the vector Y ! satisfies the multidimensional BSDE

N
1 1 _
dy; ' = — (N(At + By, + thY;l —|—Dth1) dt+Y " zp =t awk
k=1

with terminal condition (B0) and with Zt—bF .= (ZL2k  ZLNF) Thus, by square integrability of Z1—1k it
follows that

Y, =E

T
1 1
vt +/ (N(As + B, YM) + NOSY;I + DsYsl) ds | ]—"tN] ,
¢
Denoting by | - |2 the Euclidean norm on (R*)N~! we obtain
T
- — 1
¥ <2 DB [ [ (A )
1 - —
+ = VTBICE + LYY, 1§ds|]-'tN}

where we used definition of D and the fact that 0,b is bounded by L. Therefore, it follows by Gronwall’s
inequality that

(51) Y, ' <CE

T
_ 1
IYT1|§+/t (|A|2+|B||Yll|)d5|]:tN‘|

for a constant C' depending only on T and the bound Ly of d,b and 9,b, but not on N. In fact, since 9,b is
bounded by Ly, it follows that [C;|5 < NL7. Moreover, since d,, f is of linear growth (see assumption [[A4)]), and
&' is bounded in H?(R™), it follows by Lemma [IH] that the process (4;) is bounded in H#?(R) uniformly in N.
That is, it satisfies supy E[fOT |A¢|? dt] < oo. Since 9,b is bounded by Ly and by Lemma v, is bounded

in L2, it follows by Fubini’s theorem that E[fOT |Bs|3]Y.1 12 ds] < NC for some constant C' > 0. In addition, it
follows again by Lemma [T5 that

B[Y7 3] <—E[Z|aug LY (X5)(X5:%) ]

N-1 a1 . C
<O E{|X}’|2+N;|X§’|2+1] +—E{Z|X§’ HES

where the last inequality follows by Lemma Combine this with (&1I), to obtain
BllY, 3] <c/N

for some constant C' depending only on T, the bounds of A, B and the second moment of Y,''! (which is bounded
uniformly in N). Therefore, we have

; 1
Bl < B[] < o5
for some constant C' > 0 and for all j =2,..., V. O

Let us give a representation of the minimizer of the Hamiltonian.
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Lemma 17. Assume that condition[(A2) holds. Let A : [0,T] x R® x R™ x Py(R¥) x R™ — R™ be such that

(52) aafl (tu z, A(t7x7y7 1y X)u /J') + aabl (tu z, A(t7x7y7 My X)7 /J‘)y =X

Then A minimizes the Hamiltonian H, is Lipschitz—continuous in (x,y, p, x) with Lipschitz constant Ly = Ls

2y
and satisfies the linear growth property

(53) A2,y 10,00] < C (14 Ja] + [yl + x| + (/W [0 () 7?).

Proof. This lemma is probably well known but since we could not find a suitable reference, we provide the
proof here for the sake of completeness. By convexity and differentiability of the Hamiltonian (see , a vector
a=A(t, z,y,u,x) € R™ satisfying (B2) minimizes the function H, (t,x,a,p,y) = f1(t,z,a, ) +b1(t, z,a, u)y—xa
in a.

Let us show that A is Lipschitz continuous. Let (x,y, 1, x), (', y', 1/, x’) be fixed put o := A(¢, 2, ¢, 1/, x')
and assume without loss of generality that o # o’. By the condition (letting p, ¢/ be the first marginals of
¢ and ¢’ respectively) we have

yla =o' 2 < H(t,x,y,0,&) — H(t, 2, y,0,€) — (o — o0 H(t, 2, y, , &)
= H\(t,x,y, 0 ) — Hy(t,z,y,0 , p) — (o — )0 Hy (L, z,y, v, pr)
and
o= P < Hi(t, 'y ol 1) — Hi(t, 2!y oo i) — (o — Q)0 Hy(t, 2!y o, 1)).

Summing up these two inequalities yields
1 ~
2yla — /| < / Do H1(t, x,y,ua + (1 —u)a/, pu) du(a — ')
0

1
—|—/ OuH1(t, ',y sua+ (1 —u)d, 1) du(a — )
0

- (OZ - 0/) (8ag1(ta T, Y, avlu) - aaf{l(tv'r/vy/v 0/5 :U‘/))
< Lyla = |(Jz = 2'[ + |y = y'| + Wa(p, 1))

for some constant C' > 0 where we used Lipschitz continuity of 8, H; = 9, H assumed in [[A3)} Therefore, we get
o —o/| < C(lz ="+ |y = /| + Ix = X[+ Walp, 1)),

which shows that A is Lipschitz continuous, therefore measurable.
It remains to show the growth property. Assume without loss of generality that o # 0. Using again |(A3)} we
have

Ylal® < H(t,2,y,0,€) = H(t,z,y,0,6) + adH(t, 2,y,0,€)
1/2
< Lylal + Clal (14 lal + o1+ ( [ 1oPu(ao)) ?)
2 1/2
< Clal(1+ fal + 1ol + ( [ 1oPuta))?)
for some constant C' where we used the linear growth condition on d,H. Therefore, we have (G3)). g

We now come to the proof of the main result of the paper:
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Proof. (of Theorem[I)) Let & be a Nash equilibrium for the N-player game. By Theorem[6 the process & satisfies
00t HN(t, X, &,,Y ") = 0 for every i = 1,..., N. Unpacking this condition gives

dofi (f Xpe,a, LN (X >) +0abi (1, X%, a1, LY (X9)Y,

N
1 ia & A \\/ad 1 6@ & A N\ Ak,
(54) NanQ(tv Xt)ia LN(va gt))(o‘t) + N Z al/b?(ta Xt s LN(K?a gt))(af)}/t g =0.
k=1

This is due to the decompositions b = b; 4+ be and f = f1 + f2 and the fact that the functions b2 and fs do not
depend on &°. By Lemma [I7] there is a Lipschitz continuous function A such that

(55) & = A6 XP2 Y LN (), )

whereby

"= ——3 Folt, X% LY (X, 4,))(67) — Za ba(t, Xy, LN (XT, 4,)) ()Y

and A not depending on N and 4,j but only depending on 9, f1 and 0,b;. This shows that when & is a Nash
equilibrium, then the optimal state X = X%@ along with the processes (Y7, Z%/'*) satisfy the fully coupled
system of FBSDEs (recall (I4]))

dXP2 = b(t, X2 a0, LY (X2, 4,)) dt + o dW}
Ayt = {01 (1, XP2 6, LY (X8, 40)) + 0.b(t X[, 6, LY (X)) + Y e
‘ + ZfﬂVZI AR
X p®, af = A6, X02 0 IV, ), Vi = 0,g(XS LY (X5)) + o
with

iN 1 & ~d & o~ i,&
&y = Na#f(t,Xt 77at;LN(Xtiagt))(Xt 7)
+ = Za (e, X7, 6, LN (X7, @) (X )Y,

and

i 1 i,G& i,&
Y N = N L9 (X7 LN(XT))(XTi)'

Unfortunately, we cannot directly apply the propagation of chaos results for FBSDE developed in the previous
section to the above equation. For this reason, we introduce the following auxiliary equation:
AXPN = b(t XN &N VX, at)) dt + o dW;
AN = —{a f(t N aN LN (X)) + oub (6 XN @ LN (X)) Vi Lt
7i,k,N
+ Zk L2y AW,
XN oy VN = 9, g(XEN LN (X)), &N A(t XN YZN,LN(L),O)

(56)

and further define the function ¢ : [0, T] x Pa(R® x Rf) — Py (R x R™) given by

p(t,€) = Eo (ide, Alt, -, -, 1,0))

—1
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where idy is the projection on R® and y is the first marginal of the probability measure &, so that (idg, A(t, -, -, i1, 0))
maps R’ x Rf to R x R™. Then, equation (56) can be re-written as

dXPN = B(t, XN yiN, LN(Xt,Zt)) dt + o dW
(57) Ay = —F(t, XNy, LN(Xtvzt)) dt+ >3, 25N awk
XN~ @, V= GG, V(X))
with
B(ta z,Y, 5) = b(ta z, A(tv T, Y, Wy 0)5 @(tv 5))

F(t,2,y,8) = 0o f (.2, A(t, 2y, 1,0), 0, €)) + 0ub(t, 2, Alt, 7y, 1, 0), 0(t, €))y
where p is the first marginal of £ and
Gz, 1) = Oug(, ).
Let us now justify that the functions B, F' and G satisfy the conditions of Theorem [0l By assumptions

((A3)| and Lipschitz—continuity of A, in order to prove Lipschitz—continuity of B, F,G it suffices to show that for
every &,& € Po(R? x RY) it holds

Wa((t, ), 0(t, ) < C(Wa(&,€) + Walu, 1))

where pu, p’ are the first marginals of & and &', respectively. In fact, using Kantorovich duality theorem, see |46,
Theorem 5.10] that

W3 (¢(t,€), 0(t,€"))
—swn ([ mewetOndn) = [ el el )i dy)

—sup ([ Ao dondy) — [ e Ay )€ dy)

£y RE
with the supremum over the set of bounded continuous functions hq, hs : Rf x R™ — R such that hi(z,y) —
ha(z',y') < |z —2'|2+|y—9/|? for every (z,v), (z',y') € R x R™, which, by Lipschitz—continuity of A implies that
we have the following bound: hy(x, A(t,x,y, 1)) —ha(2', At 2",y 1)) < |z—2' P+ |A(t, 2, y, u)—At, 2y, 1/)]? <
C(le — 2>+ |y — v'|> + W3(p, /). This shows that

WE(e(t, ), p(t.€)) <sup ([ haoeldody) = [ halal )¢ o' )

RExR? RExR?

with the supremum over functions k1, hg such that hy(z,y) — ho(z',y’) < Cllz =2+ ly — y'|> + W3 (u, 1t')).
Hence, applying Kantorovich duality once again yields

W; (p(t,€), ¢(t,€')) < Cinf // lv — /> + |y — y/|* + Walp, 1) dr

with the infimum over probability measures m with first and second marginals m; = £ and my = £¢’. This yields
the result by definition of W5 (€, &’). Therefore, B, F' and G are Lipschitz continuous.

That B, F and G are of linear growth follows by and Lemma [I[71 Therefore, the functions B, F' and
G satisty |(B1)] with a constant Ly which does not depend on N. As a consequence, it follows from [13,
Theorem 4.2] that the equation (57]) admits a unique solution if T is small enough.

Similarly, by [13, Theorem 4.24] the following McKean-Vlasov FBSDE admits a unique solution (X,Y,Z) €
S?(RY) x S2(R?) x H2(R**9) when T is small enough:

dXy = B(t, Xy, Yy, L(X1, Y,)) dt + o dW;
(58) dY, = —F(t, X, Yy, L(Xy, Yy)) dt + Z, AW
Xo ~ po, Yr =0.9(Xr, pxy)-
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Thus, it follows from Theorem [d] that there is a constant § > 0 such that if T' < 4, then for all N € N we have
E[ sup | X, — X}’ N|2] + E“Y;f Y} le} < C(rNmtek + TN k)
t€[0,T]

for some constant C' > 0 which does not depend on N, and where rx ¢ is defined in (@). On the other hand,
using Lipschitz continuity (and definitions) of B, F' and G, it can be checked using standard FBSDE estimates
that if 7" is small enough, we have

(59) B| swp X[ - XV | 4 B[ - 7] < oBlR
te[0,T)
with
(60) K i |y NP o [N P G P
0
for a constant C' that does not depend on N. Therefore, we obtain by triangular inequality that
(61) E[ sup | X[% — Xt|2] + B[V} = YiP| < C(BIKM + rvmten + i)
t€[0,T]

Let us check that KV converges to zero in expectation at the rate N~!. By definition of e, linear growth of
Ouf and boundedness of 9,,b, we have

T
E{/ |eiv|2dt]
0
T al 1 &
1,812 1,08 2 1,002 i 1,712
SCEUO 7 (11X + X052 + 57 Pxap) + 4 Sy du].
7j=1 Jj=1
Thus, by Lemma [I5] and Proposition I8 it holds that

T
C
E Ni2age| < =,
Uo Et'd]—N

Similarly, using linear growth of 0, f and boundedness of 0,b we also obtain

E[/OTWN'Z)dt]S%E[/o 1+ X% Z|X |2dt]
+ = ZE[/ |Y”|2dt]

(62) < C/N.
Since d,9 is of linear growth, see assumption we have
1
BlvVP] < 573 B|10u9(X52, L (X8)) (X7 >| ?|

c i, o &
< S BT+ 1R + e + o 3 xR < o/n,

where the last inequality follows from Lemma These estimates allow to conclude that
(63) E[K"N] < CN™!

Now, put & := A(t, Xy, Yy, £L(X:),0). For ease of notation, we will omit the zero in the last component and
simply write

(64) dt = A(t,Xt,Y;g,E(Xt)).
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By Lipschitz continuity of A, it follows that
6} — 6] = B[ A X% LY, 69 = A X, Yo £05))|
< CB[IX{% = X2 4 1Y - VP 4 Wa(L (X0, £(X0) +16T]
(65) < C(TN,m-i-Z,k +rNek T E[KN]).
Therefore, since E[KY] < CN~!, we have

E[la: — &i|*] < C(rnmaer +TN.0k)-

It remains to justify that & is indeed the mean field equilibrium. We apply again Proposition [1 to justify
that & is the mean field equilibrium, thus we first show that the mapping ¢ — L£(X¢, &) is bounded and Borel
measurable. The Borel measurability follows by Lipschitz continuity of A since by definition of the Wasserstein
distance it holds that

W3 (L(Xy, éu), L(Xs, é)) < B[| Xy — Xo|* + |6y — 6]
< CE[|X; — X, + Y = Y]
for all s,¢ € [0,T]. The boundedness of the second moment follows by Lemma [[7 and square integrability of
solutions of the McKean-Vlasov equation (recall Lemma [I0). In fact, we have

sup B[X,2+ |af?) < 0(1+ sup EIX[2+ i) <C,
te[0,T] te[0,T]

which proves the claim. Now, notice that, written in terms of b, f and g, the McKean-Vlasov system (B8] reads

dXy = b(t, Xy, &, L(Xy, &) + 0 dW]
(66) aY, = —{0,.f (b X0, da, £(X0, @) + 9b(t, X, da, £(X0,@))Y: | dt + 2, AW
Xo ~ po, Yr =0,9(Xr, L(XT)), &= A(t, Xe, s, L(X)).
This is the adjoint equation (I8]) associated to the mean field game. Since the functions = — g(x, ) and

(x,a) — H(t, Xe,a, L(Xt, 04),Y:) = f(t, 2,0, L(X,0)) + b(t, 2,0, L(Xe, )y are P ® dt-a.s. convex, and by
Lemma [T7 the process &; satisfies

H(t7Xt7 dta thu ﬁ(Xtu dt)) = ingH(taXtu a, van E(Xtu dt))
ac

Thus, it follows from Pontryagin’s stochastic maximum principle, see Proposition [7] that ¢ is a mean field equi-
librium. This concludes the proof. O

We conclude this subsection with the proof of the convergence to mean field equilibria in the case where
monotonicity properties are assumed.

Proof. (of Theorem [2) The proof of Theorem 2]is similar to that of Theorem [ except for two points.

First, to get well-posedness of the equations (B7) and (B8], we use [44] and [5], respectively. (This is where the
condition (8) in is needed.)

Next, in the present case we rely on the abstract propagation of chaos result Theorem [[2 rather than Theorem
Notice however that, in the arguments of the proof of Theorem [T}, in addition to the application of Theorem [
having a short enough time horizon T' was also needed to get the estimate (B9). Thus, if we prove an analogous
estimate, the rest of the proof remains the same, with Theorem [[2] applied instead of Theorem

Here, we will show that

T oA ~ .. ~ .
(67) E[/ X0 = XV Y =YY P at| < C/N.
0
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This is the analogue of (B9) in the previous proof. The proof of this inequality follows the strategy of the proof of
Theorem[I2l To avoid repetitions we give only the main steps of the argument. Recall the notation Ly 4, Ly q, L ¢
of the Lipschitz constant of b in its arguments z, a and &, respectively. Since A is Ly—Lipschitz with Ly = L/2~,
a quick inspection shows that

|b(t’ I, A(t7 x? y, ILL7 C), 5) - b(t7 xl? A(t, II? yl7 l’l/l, C/)’ 5/)| S LB1I|I - x/| + LB,EWQ(&, 5/)
+Lpy(ly =y +1¢ =)
with LB@ = Lb@ + Lb,aLA; LB)g = Lb7g + Lb,aLA and LB7y = 2Lb,aLA-
We will use the shorthand notation AX? := X»a — XN AY? .= Y&l — V&N and AZW = 7063 — Z66N
Applying Itd’s formula to |A X2, it follows by the monotonicity property (7)) and Lipschitz—continuity of b and
A that for every € > 0,

N

, /L L 2L L , 1 ,
|AX;|2§2/0 ( B*y;a ZE Bf; By —Kb)|AX5|2+LB,5NZ|AX5|2du
j=1
t , 1 & 4 , 1L
(68) +/ eLpy|AY,? telpey S IAYI P+ Ly ICN ) + Lewy D ICN | du.
0 = =
Thus, this implies
1 Y t 1 Y
1 J|2 < 90T 1 2 N2
(69) 7 Do AXII <20 | etto, Lo 7 DAY+ G

with
Lg,+L 2Lpe+ L
5(e) : B,y - B¢ B¢ . B,y

On the other hand, for the backward processes we have

+ L — K.

N T
AYiP 4 B| S [ 1Az ) 7|
j=17"
) 1 N . )
< B[223(1aX02 + T Y IAXER) + 13V | Y]
j=1
; LfE[ | SIAYIE 4 AR + GV 4 e
t
1 : ; : :
(70) % DOUAYP +JAXIE + GV + [N ?) du | aN]
j=1
This implies that

N N
1 ; 1 ; i
= SIAYY 2 < T B AL S IAXEE + [y | Y
i=1 =1
T X , 4 ,
2| [ S AXIP (GNP + P | 7Y,

j=1
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Therefore, integrating on both sides and using ([69) yields
1 N T ) 1 N T )
2 3|2
N;E[/O |AY/| dt] grE,TNZEUO |AY/ | dt}r

(rer+ T T0 4 21) B 5 ZW’“ / Zcﬂ” + [V P) du

with

Lep = 16T€e7LfTL?c65(E)T.
Choosing ¢ small enough and then K large enough, that is, such that
L37y + LB,E " 2L37§ + L37y

Kg>
B = 2% 2

+ Lpe
with e < (16Te"TL3)~". We thus have

1 & L 1
— E / AY/ dt] SCE{—

N
ZEKJN < C/N

N T 1 N
SR [ DI + N P
=1

Jj=1

for a constant C' > 0, and where the latter mequahty follows by ([63]). With this bound at hand, we proceed as in
the proof of Theorem [[2]to show (@1). In particular, we plug this back into (G8) and (70). O

5.2. Proof of Theorem [4. The proof is based on the representation (53] and the concentration inequalities
proved in Section A3l
To show the moment bound, we consider the solution of the auxiliary forward backward SDE (&1) introduced
in the proof of Theorem [Il and denote as usual (X, z, Z) = ()N(i’N, SN/i’N, Zi’i’N)i:17,,,7N. Put
aN = A XN YN IV(X)).
Then by the representation (64)) of the mean field equilibrium, we have L(ay) = ¢(t, £L(X¢,Y:)), where ¢ is the
function given by

T/J(t,ﬁ) = g © A(tv ) '751)_1
for all £ € Py(R x RY) with & the first marginal of £. Similarly, we have LY (&,) = (¢, LV (X,.Y,)). As argued
in the proof of Theorem [l the function ¢ is Lipschitz continuous for the 2-Wasserstein metric, as a consequence
of Lipschitz continuity of A. Therefore, we have

E{WQ(LN(Qt),E(dt))} < E[WQ (LN(Qt),LN@))} +E[W2(LN@)7E(0?0)}
<2 (x S X - RV N - TN i 9"
+ EWo((t. LY (£, ). 00, £(X1. 1) |

< CEIKN +|(Y P12 + CEWL (LY (X, Y,), £(X0, V)]

It was showed in the proof of Theorem [ that E[KYN + |¢/™|2] < CN~!, and since the coefficients B, F' and G
of the FBSDE (57) are Lipschitz—continuous, it follows from Theorem [ that E[W, (LN (X,,Y,), L(X:,Y;))] <
C(rnoek +rner) for all (¢, N) € [0,T] x N. Therefore, we get

(71) EWa (LN (), L(64))] < C(N™' +rn20k + TN, k)s
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which yields the claimed moment bound.
We now turn to the proof of the deviation inequality. Let h : R™Y — R be a 1-Lipschitz function and put

h(z,y) = h(A(iﬂia y“l LN (), O)izl,...,N)-

Consider again the solution (X,Y,Z) = (XN, Y&N Zi4N),_,  y of the auxiliary FBSDE (57) introduced in
the proof of Theorem [l Then, we have by (IBH), L1psch1tz cont1nu1ty of A and Chebyshev’s inequality that
P(h(a,) - Elh(@,)] > a) < ( )= WX, ¥) 2 a/3) + P(ER(X,.Y,) ~ h@) = o/3)

X, Y,) - EhX,Y,)]>a/3

MIQ

—

(4
N ~ .
Z |Xza_X1N|2+|Y11a }/tz,N|2_|_|<2,N|2:|
=1
(B EhX,.Y,) >a/3)
C : N
< SNE[EN + |G P] + P(h(X,. Yo - BI(X,. Y))] 2 a/8).

We showed in the proof of Theorem [l that E[KY +[¢N|?] < CN~L. It now remains to estimate the last term on
the right hand side above. This is done using arguments similar to those put forth in the proof of [39, Theorem
7]. In fact, on the probability space (Y, FV, PN), consider the following compact form of the FBSDE (57):

X—x—l—fo u)? }N/)du—l—Zwt
Y, =GXp)+ [ Fu,X,,Y,)du— [ Z, dW,

where we put
E(@LQ} = (B(tv'riayiaLN(gag)))izl »»»»» N

and similarly define F and G, and we put ¥ := diag(c) and Z := diag(Z"',...,Z""). Then, by Lemma [4] if
T is small enough, then the law £(X,Y) of (X,Y) satisfies Talagrand’s T»(C; ) inequality with constant C; ,
depending on Ly, T and |o| given in the proof of Lemma[I4] see Equation ([@H)). Note in passing that the Lipschitz
constant Ly of B, F, G does not depend on N. Therefore, it follows from |28, Theorem 1.3] that there is a constant
K depending on C, , and the Lipschitz constant of h such that

P(E(Xt,zt) — E[H(Xt,it)] > a/3) < o—Ka?

The bound P(|& APN | — EllaN ) > a) < 2¢=K* follows by taking h to be the absolute value of the projection on
the i-th component and N > %eK a?
To get (I0), first notice that the function z +— vV NWy(LN (2), £L(4¢)) is 1-Lipschitz for the norm ||z|l2.x :=
(Zf;l |z5]2)1/2. Thus, we have
P(Wa (LM (&), L(6r)))
< P(f Wa(LN(&,), £(én)) = VNE[W2 (LM (&), L(&))] = VNa/2)
P(E[Wa(LY (&), L(6w))] > a/2)

< e + e KN L P(EDM(LY (&), £(61))] > a/2).
By (), choosing N large enough the last term on the right hand side vanishes. This concludes the proof for T'
small enough.
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Under the additional condition (), the functions B, F and G satisfy thus the proof of the case T
arbitrary is the same, in view of the second part of Lemma [[4 and (67)). Note that one needs to observe that if
h is Lipschitz—continuous, then so is the function w — fOT h(w(t)) dt. O
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