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GLOBAL SOLUTIONS TO 3D INCOMPRESSIBLE MHD SYSTEM WITH
DISSIPATION IN ONLY ONE DIRECTION

HONGXIA LIN!, IAHONG WU? AND YI ZHU?

ABSTRACT. The small data global well-posedness of the 3D incompressible Navier-Stokes
equations in R?® with only one-directional dissipation remains an outstanding open prob-
lem. The dissipation in just one direction, say 812 w is simply insufficient in controlling the
nonlinearity in the whole space R®. The beautiful work of Paicu and Zhang solved
the case when the spatial domain is bounded in the z-direction by observing a crucial
Poincaré type inequality. Motivated by this Navier-Stokes open problem and by exper-
imental observations on the stabilizing effects of background magnetic fields, this paper
intends to understand the global well-posedness and stability of a special 3D magnetohy-
drodynamic (MHD) system near a background magnetic field. The spatial domain is R?
and the velocity in this MHD system obeys the 3D Navier-Stokes with only one-directional
dissipation. With no Poincaré type inequality, this problem appears to be impossible. By
discovering the mathematical mechanism of the experimentally observed stabilizing effect
and introducing several innovative techniques to deal with the derivative loss difficulties,
we are able to bound the Navier-Stokes nonlinearity and solve the desired global well-
posedness and stability problem.

1. INTRODUCTION

This paper focuses on a special 3D anisotropic magnetohydrodynamic (MHD) system.
The velocity field obeys the 3D Navier-Stokes equation with one-directional dissipation
while the magnetic field satisfies the induction equation with two-directional magnetic dif-
fusion. More precisely, the MHD system concerned here reads

ou+u-Vu—#u+VP=DB-VB, reRt>0,
OB +u-VB—09’B—0:B=2DB-Vu,

(1.1)
V-u=V-B=0,
u(x, 0) = uo(x), B(LL’, O) = BO(ZL‘),
where u = (u;,uy, us)” represents the velocity field, P the total pressure and B =

(B1, By, B3)" the magnetic field. The MHD equations reflect the basic physics laws gov-
erning the motion of electrically conducting fluids such as plasmas, liquid metals and elec-
trolytes. They are a combination of the Navier-Stokes equation of fluid dynamics and
Maxwell’s equation of electromagnetism (see, e.g., [6,[17,142]). The MHD system (LI)
focused here is relevant in the modeling of reconnecting plasmas (see, e.g., [13L14]). The
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Navier-Stokes equation with anisotropic viscous dissipation arise in several physical cir-
cumstances. It can model the turbulent diffusion of rotating fluids in Ekman layers. More
details on the physical backgrounds of anisotropic fluids can be found in [11}41]].

The goal here is to establish the global well-posedness and stability near a background
magnetic field. More precisely, the background magnetic field refers to the special steady-
state solution (1), B(")), where

u® =0, BO=(0,1,0) :=e,.
Any perturbation (u, b) near (u¥), B©) with
b=B-BY
is governed by
ou+u-Vu—Fu+VP=b-Vb+ b, xR t>0,
Ob+u-Vb—Apb=>b-Vu+ Oyu,
V-u=V-b=0,
u(m, O) IUQ(SL’), b<x70) = bg(l’),

(1.2)

where, for notational convenience, we have written A, = 8% + 822 and we shall also write
Vi = (01, 02). Our motivation for this study comes from two sources. The first is to gain
a better understanding on the well-posedness problem on the 3D Navier-Stokes equation
with dissipation in only one direction. The second is to reveal and rigorously establish
the stabilizing phenomenon exhibited by electrically conducting fluids. Extensive physical
experiments and numerical simulations have been performed to understand the influence of
the magnetic field on the bulk turbulence involving various electrically conducting fluids
such as liquid metals (see, e.g., [2H5L[7,15-17,20L21]]). These experiments and simulations
have observed a remarkable phenomenon that a background magnetic field can smooth and
stabilize turbulent electrically conducting fluids. We intend to establish these observations
as mathematically rigorous facts on the system (I.2)).

Mathematically the problem we are attempting appears to be impossible. The velocity
satisfies the 3D incompressible forced Navier-Stokes equations with dissipation in only one
direction

outu-Vu—0Fu+VP=b-Vb+0db, xR t>0.
However, when the spatial domain is the whole space R®, the small data global well-
posedness of the 3D Navier-Stokes equations with only one-directional dissipation,
Ou+u-Vu=—-Vp+d&u, zcR> t>0,
V.u=0, (1.3)
u(x,0) = ug(x)
remains an outstanding open problem. The difficulty is immediate. The dissipation in one

direction is simply not sufficient in controlling the nonlinearity when the spatial domain is
the whole space R?.

In a beautiful work [39], Paicu and Zhang were able to deal with the case when the
spatial domain is bounded in the x;-direction with Dirichlet type boundary conditions.
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They successfully established the small data global well-posedness by observing a crucial
Poincaré type inequality. This inequality allows one to bound u in terms of 0;u and thus
leads to the control of the nonlinearity. However, such Poincaré type inequalities are not
valid for the whole space case.

If we increase the dissipation to be in two-directions, say

ou+u-Vu=—-Vp+ (7 +0)u, x€R> t>0,
V-u=0,

then any sufficiently small initial data in a suitable Sobolev or Besov space always leads
to a global (not necessarily stable) solution. There are substantial developments on the 3D
anisotropic Navier-Stokes equations with two-directional dissipation. Significant progress
has been made on the global existence of small solutions and on the regularity criteria on
general large solutions in various Sobolev and Besov settings (see, e.g., [11,28l36138/39]).

We return to the well-posedness and stability problem proposed here. Clearly, if the
coupling with the magnetic field does not generate extra smoothing and stabilizing effect,
then the problem focused here would be impossible. Fortunately, we discover in this paper
that the magnetic field does help stabilize the conducting fluids, as observed by physical
experiments and numerical simulations. To unearth the stabilization effect, we take advan-
tage of the coupling and intersection in the MHD system to convert (I.2)) into the following
wave equations

{afu — (0F + An)Ou + 8y Ayu — S5u = (0 — Ap) Ny + 9, N, (1.4)

O2b — (07 4+ AR)Ob + O ARb — 05b = (9, — OF) Ny + O N1,
where N; and N, are the nonlinear terms
Ny =P(—u-Vu+b-Vb), Ny=—-u-Vb+b-Vu

with P = I — VA™'V. being the Leray projection. (L.4) is derived by taking the time
derivative of (L2) and making several substitutions. In comparison with (L2), the wave
structure in (I.4)) exhibits much more regularity properties. In particular, the linearized
wave equation of u,

8fu — (8% -+ Ah)&gu -+ 8%Ahu — 822u =0

reveals the regularization of u in the x,-direction, although the original system (I.2)) in-
volves only the dissipation in the z-direction.

Unfortunately the extra regularization in the x,-direction is not sufficient to control
the Navier-Stokes nonlinearity. The regularity from the wave structure is in general one-
derivative-order lower than the standard dissipation. More precisely, when we seek so-
lutions in the Sobolev space H*(R?), the dissipation in the z;-direction yields the time
integrability term

t
/ l0vu(r) % dr, (1.5)
0
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but the extra regularity in the z-direction due to the background magnetic field and the
coupling can only allow us to bound

t
/ ||02u(7')||§{3 dr. (1.6)
0

But (I3) and (I.6) may not be sufficient to control some of the terms resulting from the
nonlinearity in the estimate of ||u||z4 such as

4 4
, 83U3 83u1 83u1 dx.
R

Naturally we use the divergence-free condition dsuz = —dyu; — Oyus to eliminate the bad
derivative 03, but this process generates a new difficult term

82U2 8§‘u1 8§‘u1 d!L’,
R3

which can not be bounded in terms of (L6&). If we integrate by parts, we would have the
fifth-order derivatives on the velocity, which can not be controlled. We call this phenome-
non the derivative loss problem. The above analysis reveals that the extra regularity gained
through the background magnetic field and the nonlinear coupling is not sufficient to deal
with the derivative loss problem.

This paper creates several new techniques to combat the derivative loss problem. As a
consequence, we are able to offer suitable upper bounds on the Navier-Stokes nonlinearity
and solve the desired global well-posedness and stability problem. We state our main result
and then describe these techniques.

Theorem 1.1. Consider (L2) with the initial datum (ug,by) € H*(R®) and V - vy =
V - by = 0, Then there exists a constant € > 0 such that, if
[wol[ms + [[boll s < e,

system (L2)) has a unique global classical solution (u, b) satisfying, for any t > 0,
t

lu(@) 17 + [10(E) 17 +/ (IOrullzrs + [ Vabll3ga + 102ullfps) dr < e
0

We make two remarks. Theorem[L.T]does not solve the small data global well-posedness
problem on the 3D Navier-Stokes equations in (L3)). The MHD system in (L.2) with b = 0
does not reduce to (L3). It is hoped that the new idea and techniques discovered in this
paper will shed light on the open problem on (I.3)).

A previous work of Wu and Zhu successfully resolved the small data global well-
posedness and stability problem on the 3D MHD system with horizontal dissipation and
vertical magnetic diffusion near an equilibrium,

ou+u-Vu—ANu+VP=b-Vb+0b, xR t>0,
b +u-Vb—03b=b-Vu+ o, (1.7)
V-u=V-b=0.
Although the small data global well-posedness problem on (I.7) is highly nontrivial, it is
clear that the current problem on (I.2)) is different and can be even more difficult. One



THE 3D MHD EQUATIONS WITH MIXED DISSIPATION 5

simple reason is that the equation of u in (I7) contains dissipation in two directions and
all the nonlinear terms in the estimate of the Sobolev norms involve u as a component.
However, (I.2) has only one-direction velocity dissipation and the velocity nonlinear term
involves only u (no other more regularized components). The methods in are not
sufficient for the problem of this paper.

Since the pioneering work of F. Lin and P. Zhang and F. Lin, L. Xu and P. Zh-
nag [34]], many efforts have now devoted to the small data global well-posedness and sta-
bility problems on partially dissipated MHD systems. MHD systems with various levels of
dissipation and magnetic diffusion near several steady-states have been thoroughly investi-
gated and a rich array of results have been established (see, e.g., [1,58, 2512612930, 34,
(351/401/43H451[47.49/50,55-57])). In addition, global well-posedness on the MHD equations
with general large initial data has also been actively pursued and important progress has
been made (see, e.g., [10,12L[181[19,22-24127,31-33]/48,/52H54]). Needless to say, the ref-
erences listed here represent only a small portion of the very large literature on the global
well-posedness and related problems concerning the MHD equations.

We briefly outline the proof of Theorem [[LIl We have chosen the Sobolev space H* as
the functional setting for our solutions since H® does not appear to be regular enough to
accommodate our approach. Since the local well-posedness of (I2) in H* follows from
a standard procedure (see, e.g., [37]), the proof focuses on the global H “_bound. The
framework of the proof for the global H*-bound is the bootstrapping argument (see, e.g.,
[46] p.20]). The process starts with the setup of a suitable energy functional. Besides the
standard H*-energy, we also need to include the extra regularization term in (L.6)) resulting
from the background magnetic field and the coupling. More precisely, we set

E(t) = E1(t) + &(t), (1.8)

where
t
(1) = sup (lulf + ) + [ (10vul + Vbl o

0<
50 = [ ol
Our main efforts are devoted to showing that, for some constant C > 0 and for all ¢ > 0,
E(t) < Co&(0) + CoyE2(0) + Co E2(t) + Co EX(1). (1.9)

Then an application of the bootstrapping argument to (I.9) would yield the desired result,
namely, for a sufficiently small ¢ > 0,

[uoll s + llboll s <€ or &(0) <€
would imply, for a constant C' > 0 and for any ¢ > 0,
&) < Cé.

It then yields the global uniform H*-bound on (u, b) and the stability.
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The proof of (1.9) is highly nontrivial. It is achieved by establishing the following two
inequalities for positive constants C; through Cy,
3 3
E(t) < CLE(0) 4+ Crbi(t) + C3 E2(t) + Cu 82 (1), (1.10)
&(t) < Cs &(0) + Ce £2(0) + Cr (1) + Cs E2(), (1.11)

which clearly lead to (I.9) by adding (I.IT)) to a suitable multiple of (II0). Due to the
equivalence of the norms

3
1 L~ 1 Flzz + 105 f N2,
i=1

the verification of (IL10Q) is naturally divided into the estimates of

t 3 t
/||82u||%2d7 and Z/ 1020yul|2, dr.
0 i—1 Y0

One key strategy is to take advanatge of the coupling and interaction of the MHD system
in (L2)) to shift the time integrability. More precisely, we replace dou by the evolution of b,

82u:8tb+u~Vb—Ahb—b-Vu

and convert the time integral of ||d,u||%. into time integrals of more regular terms,

¢ ¢
/ |Ouu|72 dT:/ / (Ob+u-Vb—Apb—b-Vu) - Oyu dz dr.
0 0 Jrs

We then further shift the time derivative from b to dyu and involve the equation of w. This
process generates many more terms, but it replaces those with less time-integrable terms
by more integrable nonlinear terms. More details can be found in Section 2l

It is much more difficult to verify (I.IT)). Undoubtedly the most difficult term is gener-
ated by the Navier-Stokes nonlinear term. We use the vorticity formulation to take advan-
tage of certain symmetries. Since ||w|| 2 = ||Vul|L2 for the vorticity w = V x u, it suffices
to control ||w|| 4s. One of the wildest terms is given by

/83U3 83&) : 8§W dx.

Naturally we eliminate the bad derivative 05 via the divergence-free condition Ozus =
—01u; — Osus, but this leads to another uncontrolled term

/82uz 03w - Odw du. (1.12)

As aforementioned, & contains only fourth-order derivatives and integrating by parts in
(IL.12) would generate uncontrollable fifth-order derivatives. Obtaining a suitable bound on
(I.12) appears to be an impossible mission. This leads to the derivative loss problem. This
paper introduces several new techniques to unearth the hidden structure in the nonlinearity.
We enhance the nonlinearity through the coupling in the system and induce cancellations
through the construction of artificial symmetries. More precisely, we are able to establish
the desired upper bounds stated in the following proposition. For notational convenience,
we use A < Btomean A < C B for a pure constant C' > 0.
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Proposition 1.1. Let (u,b) € H* be a solution of (L2). Let w = V x uand H = V x b
be the corresponding vorticity and current density, respectively. Let & (t) be defined as in
(L8). Let W(t) be the interaction type terms defined as follows,

WHE(t) / DBw;Oqu;05wy dx for i, j, k € {1,2,3}.
R3
Then the time integral of W"* admits the following bound,
t
/ WIE() dr < E2(0) + E3(t) + EX(1).
0

The proof of this proposition is not trivial. When we just have the 3D Navier-Stokes with
one-directional dissipation, this term can not be suitably bounded and the small-data global
well-posedness remains an open problem for the 3D Navier-Stokes. The advantage of
working with the MHD system in (I.2)) is the coupling and interaction. We take advantage
of this coupling to replace O,u; via the equation of b,

Wik (t) = /3 3w [@bj +u-Vbj — Apb; —b- VUJ} d5wy, d
-

8§wibj8§’wkdx—/ byat(ag’wﬁgwk)d:c
R3

R3

T dt
+/ 8§’wiu-Vbj0§’wkda?—/ DBw;b - Vu;Oswydx
R3 R3

8§wiAhbj8§’wkd:c.

R3

Immediately we encounter the new difficult term

/ b;0,(03w; 03wy ) de,

which is further converted into integrals of many more terms after invoking the evolution
of the vorticity,

= / b; 08w (u - Ve, — w - Vg — 82wy — b - VHy + H - Viy, — 0y Hy,)
R3

+ b O3wi0; (u - Vw; —w - Vu; — Ofw; — b- VH; + H - Vb; — 0,H;) dx

Some of the terms above can be paired together to form symmetries to deal with the deriv-
ative loss problem. This process also allows us to convert some of the cubic nonlinearity
into quartic nonlinearity, which helps improve the time integrability. However, there are
terms that can not be paired into symmetric structure, for example,

/ b;[ — O - VORH, — Puond - VO] do.
RS
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Our idea in dealing with such terms is to construct artificial symmetries by adding and sub-
tracting suitable terms. This strategy helps us alleviate the derivative loss problem eventu-
ally. The technical details are very complicated and are left to the proof of Proposition [L.1]
in Section [4

The rest of this paper is divided into four sections. Section 2l proves (IL10), one of the
two key energy inequalities while Section [3] establishes the second key energy inequality,
namely (I.IT). Section M provides the proof of Proposition[[.T]and deals some of the most
difficult terms in the Navier-Stokes nonlinearity in Lemmal4.1l The last section, Section[3]
finishes the proof of Theorem L1l

2. PROOF OF (.10}
This section proves (L.10), namely, for four positive constants C through Cj,
3 3
éag S Cl éa(()) + 02 éal(t) + 03 éalz (t) + 04 522 (t) for all ¢t > 0. (21)

The following lemma provides a powerful tool to control the triple products in terms of
anisotropic upper bounds.

Lemma 2.1. The following inequalities hold when the right-hand sides are all bounded,

1 1 1 1 1 1
[ gt e SISl 0 Ioshl
1 1 1 1 1 1
[ 1s9nl @z S 110001100, ol owsl ol
1 1 1 1
< 11107 Nl Nl
3
1 1 1 1 1 1
([ 1ot a)” <1110 A1 00ur 10, I ol oval

1 1 1 1
S Iz N 1 g1 2211 0kg ]l 22

[ fahol do S WFIE 00 1E 00,1 hos0s 11

1 1 1 1
Ngllz20i1 7219591 12 10:0ig1l 12
1 1 1 1
Al Z2llOkhl Zo 0l 72 | Okv]| e
1 1 1 1 1 1 1 1
S WA 0 | 2 Mgl sz (12| 22 19kl 2o [0 22 M| Okl 22,
where i, j and k belong to {1, 2,3} are different numbers.

The proof of Lemma [2.T] relies on the following one-dimensional interpolation inequal-
ity, for f € H'(R),

1 1
1@ < VU Zaqe 1122
A detailed proof of this lemma can be found in [51]]. We remark that similar anisotropic
inequalities are also available for two-dimensional functions (see [9]).

We are now ready to prove 2.).
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Proof of (2.1)). Due to the norm equivalence, namely for any integer k& > 0,
3
110 ~ 1172+ D118 F 1172, (2.2)
i=1
it suffices to bound

t 3 t
/||82u]|%2d7' and Z/ 10205u)|2. dr.

Recalling the equations in (1.2),
82u:8tb+u-Vb—Ahb—b~Vu,

2.3
o = —u-Vu+ 0fu— VP +b-Vb+ b, (&-3)
we have
H&QUH%2 :/ (8tb+qu—Ahb—qu)82u dx
R3
d
= — b-udr + Osb - Oyudx
dt R3 R3
+/(u~Vb—Ahb—b-Vu)-82udx
p R (2.4)
= E Rgb'&QU dx
+ Oob - (Oob+b-Vb—VP+0iu—u-Vu) dr
R3
+/(u~Vb—Ahb—b-Vu)-82udx.
R3
DuetoV -b =0,

Ohb-VPdxr =0.

R3
We bound the nonlinear terms. By Sobolev’s inequality and Lemma[2.1]

Db - (b Vb) da — / (82D - (by - Vb) + Db - (bs05h)) d
R3 R3

1 1 1 1 1 1
S IVRDIZa bl 2 + [102D11 7 [1050bl1 72 [103]17 19165122 195b1I 2 102051 72
S 1ol a2 | Vabllzn,

b (u-Vu) dr = / (8219 (up - Vyu) 4+ 0sb - (Ug,agu)) dx

R3 R3

1 1 1 1 1 1
S 1020]] 22|Vl g2l 2 + 110261 22 | O3 020]| Lo ua | 2 | O2us 22 (| Oull £ | 01 sl £

1 1
S 10:b]| 2 [V nul[ 2wl sz + 11020l e | Oyl 22 | Ol Nl e
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/ (u-Vb) - Ohu dx
R3
:/ ((uh . Vhb) : 02u + (Ugagb) : 82u) dx
R3

1 1 1 1 1 1
S Vbl 2|0zl p2lull 2 + llusl 72| Ovusl| 21| 95b[| 72102051l 1. || O2ull 7. || G205l £

and
/ (b-Vu) - Oyu dx
R3
:/ (bh . th) . 82u -+ (bgagu) . 82ud:c
R3
1 1 1 1 1 1
S N0l IV nullZe + [10s]| 7211020517 95wl 72101050l 21| B2l 72 | 0205 ul 7.
Inserting these bounds in (2.4)), integrating in time and using the simple bound

bd
/ d—T/ b- Opu dax dr < [b(1)| 2 102u(t) || 2 + [|boll 22 ]| O2uoll L2 < &1(E) + £1(0),
0 R3

we obtain

(SIS

t 3
[ 10l i 5 500+ 600+ 4610 + 61050
0

+E DA + E (DS (1) (23)

S E(0)+ & () + & (1) + 7 (1),

Here we have used several Holder’s inequalities such as
t 3
sup 60l | I3l dr < 650,
0<7<t 0
t 1 3 3
sup IIU(T)Hm/ 1020]| 2| Opul| 2 dT < E1(£) &5 (£) < &7 (F) + 657 ().
<7<t 0
We now turn to the bound for the highest-order derivatives. By (2.3),
3 3
> l0foyul3. = Z/ o (8tb +u-Vb—Apb—b- vu) - B Oyudz
i=1 i=1 /R

3 3
d
=> = | b oudr + ) D20ob - DP0udr  (2.6)
i=1 dt Jgs =1 /R®

3
—i—;/waf’(u-Vb—Ahb—b.Vu) - B2 Oyuda.
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The estimates for the terms with s = 1, 2 (those containing 9 or 0 derivatives) are simple.
We focus on the terms with ¢ = 3 (those with the bad derivative J3), namely,

d OB - Bdyudr + [ 9300 - Oyuyd
dt R3 R3 (2 7)
+ / 85’ (u -Vb—Apb—0- Vu) . 03?,’02udx.
RS
The second part of (2.7) can be handled as follows. By Lemma[2.1]

B30, - B30 da
R3

= [ 9305b-03(0b+b-Vb— VP +0iu—u-Vu)dr
R3

< 1102011 s (1021 s + (1Ol e )
+ 1102011751193l 7s (11011 715 110261 215 1113741191011 71
+ [l 7s | Oz 2 el 3 1011 70

The last part in (2.7) can be bounded by
/ o (u Vb — Apb—b- vu) . BOpudz
R3

1 1 1 1 1 1
S N0l (IVabll s + llull s [ Oru] fral| Ol 1| 01 Dz s Bl 7o 102D
1 1 1 1 1 1
+ 1101 75 19201 75 195l 731102030 s [l Fya | Ol 7).

The terms with 7 = 1,2 in (2.6) are simpler and can be bounded similarly by applying
Lemmal[2.1l Inserting the bounds above in (2.6]) and integrating in time yields

2ot 3 3
i=1 Y0
Combining (2.3) and 2.8)) gives (2.1)). This finishes the proof for (T.10). d
3. PROOF OF (I.11))

This section proves the energy inequality in (LIT).
Proof of (LL1). Due to the norm equivalence (2.2)), it suffices to bound

t
sup (|lul22 + [ll172) + / (Ilovullz: + [ Vabl132 ) dr

0<r<

and

3 3 t
sup Y- (108l + 102 H1) + 3 [ (100wl + 1009,H )
=1 i=1

0<T<t T



12 HONGXIA LIN, JIAHONG WU AND YI ZHU

where w = V x wand H = V x b are the vorticity and the current density, respectively.
As aforementioned, ||w||z2 = ||Vul|z2 and ||H||z2 = ||Vb]| 2.

Taking the inner product of (u,b) with the first two equations of (L2), integrating by
parts and using V - ©w = V - b = 0, and then integrating in time, we find

t
ol + (1613 +2 / (Hvullz= + 930132 ) dr=lluol3= + lbollz=.  G.D)

Applying the operator V x to (L2)), we obtain the system governing (w, H),

{8tw+u-Vw—w~Vu—8fw:b~VH—H~Vb+82H, 52

OH 4V x (u-Vb) — AyH =V x (b- Vu) + Osw.

Applying 97 with i = 1,2, 3 to (3.2) and taking the inner product of (07w, 9} H) with the
resulting equations, we have, after integration by parts,

3

3
> 155l + 102 H 32| + 3 [0F0nolfe + 107 Va3
i=1 =1
/ Fl-—u-Vo+w-Vu+b-VH —H-Vb+ 0,H] - Fwdx
R3 (33)
3

+Z/ R[=Vx(u-Vb)+V x (b-Vu)+ dow)| - O} Hdx
R3

=L+ L+ I3+ 1+ 1+ 1+ [ + Is.

For the first term [y, it can be written into three parts,

O (—u - Vw) - Rwdz, O (—u - Vw) - dhwdz, 05 (—u - Vw) - diwdz.
R3 R3

RS

The first and second parts above behave good and can be bounded easily,

t t
/ 0} (—u - Vw) - Owdz dr + / 93(—u - Vw) - O3wdz dr
0 JR3 0

R3

t
< sup Jfu(r)] / IVl dr < E30).
0

0<r<t
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We then turn to the hard term / 03 (—u - Vw) - O3wdz in I;. Tt’s difficult to control since
R3

there is no dissipation in the x3 direction. We further decompose it into three parts,

& (—u - Vw) - Bwdx

R3

3
= Z/ —CEObu - VO w - Ddwda
k=1 R
3
=— { Z Cy | Obuy - V05 w - O3wdr +3 | Osuy, - V03w - 8§’wdx}
k=9 RS RS

3
- Z C:])f / 0§u38§"“w . 0§Wd$ -3 83u33§’w . 0§wd1’
k=2 R3 R3
= I + Lis + Li3.
By Lemma[2.1]

3
1 1 1 1 1 1
1l S D 105 unl| 22010205 unl| 221V 003 w122 105 V05~ w122 1031 2. 1101050 7
k=2

1 1 1 1 1 1
+ [|0unll 12110205l 21| 0305 | 21| 0205 05un | {21 V3w | 21| 05wl 7 (|01 05w 7.

Integrating in time and applying Holder’s inequality yields

t -
/ Inldr < &5(2).
0

Similarly,

3

112 :ZC§ 8§_1Vh . uhag_kw . 8§wd:c
=2 R3
- k-1 3 k-1 3
S OV | 210505 V- |2
k=2
a4—k % 8 84—k % 83 % 8 83 %

| 3 WHLzH 203 w“m“ 3WHL2H 1 3w||L2.

Therefore,

t
/ Ildr < €3 (1),
0

By the divergence free condition V - u = 0, we can further split /;5 into two parts,

Iz = — Olulﬁg’w . 8§’wdx — 62u2(9§;w . 0§wdx = Ii31 + [13.
R3 R3
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Using integration by parts and Lemma[2.1] we have

t t
/ I3 d7 = 2/ / u1 05w - O, 0swdx
0 0o Jrs

t 1 1 1 1
5/ ur]|f2[|02ur| }2]|O3ua |2 || O208us ]|} -
0

1 1
110501711 0105wl| 7 19105 2 d

However [,35 can not be similarly treated as /3,. Integration by parts would generate
828§w, which can not be bounded by either & or &. We call this trouble the derivative
loss problem. How to overcome the derivative loss problem is the main challenge of our
proof. By creating several new techniques, we are able to deal with this type of terms. This
is done in Proposition[L.1l Therefore, by Proposition[L.1l we have

t < -
/ L dr < E3(0) + £3(t) + £2(1).
0
Collecting all the upper bounds for various parts of /1, we obtain

/t|Il(T)\dT§@@3(0)+<§’Z(t)+@@2(t). (3.4)

We turn to the second term /5. Naturally we divide it into the following three parts,

0} (w - Vu) - Fwdx, 95 (w - Vu) - Owdzr  and 05 (w - Vu) - O3wdx.

R3 R3 R3

The first two parts above can be controlled easily like before,

t t
/ / Vi (w-Vu) - Viw dedt < / | g3 | V]| g3 || Viw|| 12 dr < @@%(t)
0 Jr? 0
The last part is further split into three terms as follows,

03w - Vu) - Owdr = | O3(wiO1u) - Bwdr + | 03(wydou) - Diwdx

R3 R3 R3
+ | 03(w30su) - Oswdx
R3
= I + Iog + Ios.

(3.5)
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The estimate for /5; is not difficult. By integration by parts,
/ Iy (7) dr = ZC’“/ 0¥ 0,05 % - O3w dwdr

—i—/ / D3w10yu - Oyw drdr
0 JRr3
=~ [ ko3 ko3 3k, |3 3k 112
SZ/ |05 wi|72]|0205w1 |7 (10105 ul| 12 [| 030105 u 7.
k=0 "0
3113 3 113
NOswllZ:[10105w]| 72 dr
t 1 1 1 1 5
+/ [ll72l|O2ul| 72 || Ozl 2 || 0205l 12 101 05| 2
0
1 1
105wl 72101 05w| 72 dr

I, contains a difficult term that has to be dealt with by Proposition[I.1l By Lemma[2.Iland
Proposition 1]

A%ﬂﬂdr

2 t t
:ZC§ / 08 w9050 - D3w dadr + / D3wyOpu - Dsw dxdr
i 0o JRr3 o Jr3

</ ol Bl 0l |8 Non3l s dr + 63(0) + 6 0) + £2(0)
S EX0) + E3(t) + EX(1).
Now we come to deal with the last part in (3.3)), i.e.,
3
Ioz = Zl C§ /RS 8§Lu38§_ku . ng dxr + /RS w;;@?;u . 8§’w dr = Iy + 3.
Due to the divergence free condition of w, /37 is easy to control. By V - w = 0,

]231 = ch/ 8k ! 810&)1—'—82&]2)84 ku 8§’w dx

03 (D11 + Oows)Osu - Dsw dw

RS

< V0l 105V o el Bl B |05l 2 191 G5 2

1 1 1 1 1 1
103V nsoll 2 Bstal 2 | Do 21| D5l 52 | 025Dl |05 2 | D5 .
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I535 can not be bounded in the similar way. We write w3 = 0;us — Jouq in I3,
t t
/ Iozo(7) d7 = / / (Oruy — Oouy)d5u - Dswdrdr.
0 0o JRr3

t t
The estimate for / O uaOsu - Diwdxdr is just similar to / / 3w 01u - Oswdxdr
0 JR3 0o JR3 ,
in I,;. We can apply integration by parts and Lemma 2.1] to control it by & 2 (t). It remains

t
difficult to deal with / Oou O3u - Oswdzdr due to the derivative loss problem. We
o Jr3

split this term into three parts again.

t t
/ 02u10§u0§’wd93d7' :/ 82u18§‘u18§’w1dxd7'
0 R3 0 R3
t
+/ Doty O3 ugOswodadr (3.6)
0o JRrs

t
+ / Doy Oy uzOswydadr.
0 Jr3

t
The last part / / Do O3 usdswsdrdT can be controlled by & 2 (t) easily by making use
o Jrs

of the divergence free property of u. The process is simpler than that for /53;. Now, we
focus on the first two parts in (3.6). We write them as

t t
/ 02u10§u18§’w1dxd7' + / 02u10§uQ0§dexd7‘
0o Jrs 0

RS

t
:/ 02u10§’ (83u1 — 81U3 + 81U3) 8§w1d9:d7
0 JR3
t
+ / 82U18§ (83U2 — 82U3 + 82u3)8§’w2dxd7 (37)
0 JR3
t t
:/ 02u10§’w20§w1d9: - / 82u18§’w18§’w1d17d7‘
0 JR3 0o JRr3

t t
+ / 82u18§’81u38§’w1dx + / 82u18§’82u38§’w1d1’d7.
0 JR3 0

R3
The first two terms on the right hand side of (3.7) can be handled by Proposition [L. 1] while
the rest two terms by Sobolev’s inequality,

t t , t
/ Doy OswrOsw dw — / Doty Oawy Osw dwdr < é"%(()) + éa%(t) + &%(t),
0 R3 0 R3

t t
/ 82u18§’81u;),0§’w1d17 + / 82u18§’82u38§’w1dxd7‘ < éa%(t)
0o JR3 0

R3
Taking all the inequalities above into consideration we then obtain

/t |L(7)|dT < (5’%(0) +@@%(t) + &(t). (3.8)
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We shall combine the estimates of /5 and I; to take advantage of cancellations. Naturally
3
I3 = Z 9 (b- VH) - 9}wdzx is divided into the following three terms,
N R3
—

0¥ (b-VH) - Puwdr, 03(b-VH) Oswdr and [ 03(b-VH)-Oswdx.

R3 R3 R3

Each term above can be split into two parts as follows.

3
Iy + I =Y _Cy | 0fb-VOT*H - dlwde + / b-VOiH - Puwdr,
k=1

R3 R3
~ 3
Ip+ I =Y C§ | 05b-VOJ*H - Ojwdx + / b-VOSH - Oswdr,
1 R3 R3
~ 3
Is+ Iss =Y _Cy | 05b-VOT *H - Owdx + / b-VOSH - O3wdz.
k=1 R? R?

I3; and I35 have the good derivatives V}, and can be bounded directly,
I3y + I3p S (Vb 2|0 4| V]| a2

To deal with /33, we also use the divergence free property V - b = 0 to write

R3

3 3
Iss =) C5 | 04y Va0 H - Gwde =3 C5 | 057V b0y~ H - Q.
k=1 R k=1

We have converted some of 03 into the good derivatives V;,. By Lemma2.1]
1 1 1 1 1 1 1 1
Iss S(1bnll 775 |026n | £ V1 H [ 712 108V o H || 2+ Vbl 52103 Vb | Fia | H || 75|02 H || 75)
1 1
85w 2210105112

The remaining terms I. 31, I 30 and I 33 can not be controlled directly, but will be canceled by
3

the corresponding terms in /7. Now let’s focus on I; = Z ORIV x (b-Vu)| -0} Hdz,
i=1 /R®
we notice that

Vx(b-Vu)=b-Vwo+R
where R stands for the vector with its -th component given by
Ri = 0400 - V.
Here o, is the Levi-Cevita symbol,

1, gk =123,231,312;
ok =1« —1, ijk=321,213,132; (3.9
0, otherwise.
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Following the process for /3, we can split /7 into the following nine parts,

In+1In+1In
3
=y C¥ [ o¥b-VO&E w0 Hdr + / b-Voiw- -0 Hdx + [ 0} (R) -0} Hdz,
R3

3 3
k=1 R R

Iy + Ino + Iy
3
=y C¥ [ 95 Vo tw. 03Hdr + / b-Vosw-OHdr + [ 03(R)- 03 Hdz,

— R3 R3 R3

Iz + i73 + i73

3

=> "¢ [ kb Vo tw- O Hdx + / b-Vosw-0iHdr + | 03(R)- 03 Hdx.

Pt R3 R3 R3
By integration by parts and V - b = 0,
Ijn+1n =0, Ip+1Ipn=0 and Iy+ I3 =0.
I7; and I75 are easy to control while /73 can be written as
3 3
Iy =Y C§ [ Okby-Vyoi *w- O§Hdz -y C4 / OF=IN, - by 05 Fw - O3 Hdw.
k=1 R? o1 RS

Now [I71, Iz, and I3 all contain good derivatives V, and can be handled exactly like /31, I5o
and I3s. We ~omit thg: repeated details. Let’s focus on the remaining terms containing R,

namely f71, f72 and I 73. By Holder’s inequality and Sobolev embedding theorem,
It + Iy S (IIVabllasllull s + 1Vl s ]|bll 12 ) |V 0 H || 172

f 73 1S more complex and is further split into two parts,
. 3
I73 = Z/ 8§’(aijk8jbh . thk)ﬁgHZ dx —|—/ 8;’(03jk8j6333uk)8§’H3 dx
i=1 /R R3
+ Z / 8§(azjk83b383uk)8gﬂz dr = i731 + j732.
#3 /R

Noticing Hz = 91by — d»b; and applying Lemma[2.1] we can bound f731 by

< 1 1 1 1 1 1
Iyt S|V wulles 10wl s 1 920m | 75 | O3bn ] 573 1| 0205bn || 105 H 1|72 | 0105 H | 7.
1 1 1 1 1 1
HIVnull 7105 Vaul 721wl 774 | O20n ]| 774 05 H |12 110105 H |

1 1 1 1 1 1
+ 1103 | 74 | O2bs | 7pa l[ull 77l Ol £7a 1V bl 772 108V bl -
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By the definition of 0y, if ¢ # 3, we will have j = 3 or k = 3. Indeed,
Trsz S110aball 5110 sbs | 2 el 24 18xull . | 05 H 112, | 0205 H | 2
(1 Bsus | 2 105 stas | 2 | 2y |91 | 2y |05 H |2, 0205 H 2,

1 1 1 1 1 1
+ 110w s 1bs| 1 110103 571 1003 [ 771 102 Dsbs |1 |05 H |1 22110205 H | 7.
Collecting the upper bounds for /5 and /7 above, we find

t
/ I(r) + L(n)ldr < £4(t). (3.10)
0
Next we deal with I, which is naturally divided into the following three terms
— [ OH-Vb) - Pwds, — | O5(H-Vb) Owdr, — | O5(H-Vb)- swdz.
R3 R3 R3

The first two terms already contain the good derivatives V, and can be bounded directly.
The third term is further decomposed into three terms

— [ O3(H-Vb) - OBwdr =— | O3(H0:b) - Oswdr — | O3(Hy00b) - Oiwdx
R3

R3 R3
— 8§(H383b) . 8§wdm
R3
The first two terms above have either 0;b or 0,b and can thus be bounded by applying
Lemma 2.1l The third term involves Hs; = 0,by — O2b; and thus also contains the good
horizontal derivatives on b. Therefore, all of them admit suitable upper bounds and

t P
/ |L(7)|dr < &2(3). (3.11)
0

I5 and I3 cancel each other by integration by parts,
3

L+k=Y|

i=1 YR

BOH - Budr + | 90w - afde] —0. (3.12)
RS

It remains to deal with I. As in I7, we can write V X (u-Vb) =u-VH + R, where
Ri = 0i10;u - Vb, and 0y, is defined in (3.9). Thus,

3
Ij=—) C} y O -V FH - 9P Hdx — 5 B (R) - 03 Hda
k=1

RS

3
=Y ¢t | Obu-VO3tH-03Hdx — [ 03(R)-03Hdx
k=1 R3

3 3
=Y Cy | Oy -y FH - O3Hdr =) CY | 05us05 " H - 03 Hdx
k=1 R? k=1 R?
— [ &(R)-3Hdx
R3
= Ie1 + Ie2 + g3 + Lga-
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By Holder’s inequality and Sobolev embedding theorem,
Isi + Teo SIIVaull s || H || gl Vi H || g3
+ (IVaullms 0l as + 1l g2 1V abll s ) |V H || s
The estimate for /g3 is similar to that for I3,
1 1 1 1 1 1
Iss Sllunll Fs 0vunl| 3o |V H [|7,211 08V n H 170105 H |72 10205 H | 7.
1 1
TV unl 52 105V 5 - wnl| o | H | s [[ Vi H [ 5.
Ig4 1s bounded similarly as I: 73
1 1 1 1 1 1
Toa < Munll g 10wl a1V w0l s |05V ab| 2is 105 H (1 71| 0205 H || 7
1 1 1 1 1 1
+ l[usll Fral|Ovus| Fral[bl] £ral| 02| 54 |V R l| Frs [| 05V 1D 715
1 1 1 1 1 1
+ (103031 s (| 0303bs | 3ys |l Fra | Ove| 2 105 H 1 21| 0205 H || 7
1 1 1 1 1 1
+ (| 05us || 7 | 03055 o116 7 1010 21 105 H |1 21| 0205 H || 72
1 1 1 1 1 1
+ (|05 s (11|72 191011111 | 95D 11101 D | iy, |05 H |17 2| 0205 H | 7.
Therefore,
t
/ Io(7)|dr < &3(0). (3.13)
0
Integrating (3.3)) in time on the interval [0, ¢] and invoking the upper bounds in (3.4)), (3.8),
G.10), 3.11), 3:12) and (3.13), we obtain
2 2 ! 2 2 3 3 2
sup (105 + | (1ol 1913 )dr < 60)+630)+ 63 0)+ 2.

(3.14)
Adding (3.1) and (3.14) yields the desired inequality in (I.11)), namely

&) < E0) + E2(0) + &2 (1) + EX(2).
This finishes the proof. [l

4. PROOF OF PROPOSITION [I.1]

This section is devoted to the proof of Proposition [LL1l which provides suitable upper
bounds for the time integral of the interaction terms. We have used Proposition [L.I] exten-
sively in the crucial energy estimates in the previous sections.

The proof of Proposition[L.T]deals with some of the most difficult terms emanating from
the velocity nonlinearity. We take out two of the wildest terms and deal with them in the
following lemma. We will state and prove this lemma, and then prove Proposition[.1l

Lemma 4.1. Let (u,b) € H* be a solution of (L2). Let w = V x uwand H = ¥V x b be the
corresponding vorticity and current density, respectively. Let & (t) be defined as in (1L.8).
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Then, for all i, j, k € {1,2,3},

Y

¢ t , .
/ / b;0;(03w; 03wy, drdr / o0, (O w;i 05wy ) dadr| < £%(0)+éa%(t)—|—é"2(t).
0 Jr? 0 Jr3

Proof of Lemma We will deal with the two terms above simultaneously. By the equa-
tion of w in (3.2),
— 0,(03w; 03wy,
= 83&)@83 (U . Vwk — W Vuk — 8%@% —b- VHk -+ H - ka — ang) (41)
+ 05w 03 (u - Vw; —w - Vu; — djw; —b- VH; + H - Vb; — 0o H;).

Multiplying (1)) by b; or d>u; and integrating in space, we can write
— 8t(8§w28§wk)(bj\82uj)dx = J1 -+ Jz -+ Jg + J4 + J5, (42)
R3

where the notation (b;|0,u;) stands for either b; or d,u; and we will use it throughout the
rest of the proof. The explicit expression for .J; ~ J5 is shown below. We first deal with .J;
given by

Ji = /W [05w;05 (u - V) + O3wi0s (u - Vw;)] (bj]Oau;)d.
The highest order norms of w in .J;, labeled as .J;1, can be dealt with using Lemma 2.1]
iy = /R (ot VR + O - VR 0410005
= /RS u - V(05w 04wy) (b;]0ru;)dz
=— /W DwOswpu - V (bj|Ogu;)da
1100l s Bl s s 92 61020 g 1020 -

The remaining parts in J; can be written as

3
T =300k [ [t Vo + osdhar- 901 o
=1

al

2
= Z Cé/ Dw;Ou - V5 wy + 05wy, Oyu - VO3 ' w;] (b;|0su;)da
I=1

R3 [
+ / [8§’w18§u . Vwk + 8§wk8§U . le} (bj‘agu]')dﬂ?,
R3
which is easily controlled by

1 1 1 1 1 1 1 1
105612 1010517 [l 7yl 1Ol 7yl |35 || Ol |3y || (D1 D) 1 71 102 (B Do) 1 -
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Jo 1s defined as and bounded by

/ 3w 03 (w - Vuy,) (bj]|O2u;) dx—/ 3wy 0 (w - V) (bj]|Oyuj)da
R3

1 1 1
< 10822110828 £l w1yl e 1Oz O B2

1(0102w) | 121102 (b]02w) || 12 1|05 (b1 02 ) || 72 1| D205 (bl D) || 7

By integration by parts,

J3 :/ [ - agwlaga%wk - 5§wk3§’55w1} (bj|82uj) dx
R3
01 05w; 0105wy (b Ouj)da
R3

+/ [0§wi018§’wk +ngkﬁlﬁg’wi}ﬁl(bﬂ@uj)dx
RS

S 101wlZs1| (01021) | 2 + || ]| 010 22101 (Bl O | 1=

Jy is given by
Jy = / [ 003~ VHy) — (b - VL)) (b 100u;) do
R3
This is a difficult term. First we separate .J; into two parts,
Ji = / [ Bh- VO H, — 0oeh - VLI, (by|Ouy) de
R3
3
e / [ OBundhb - VO H, — Bdlh - VL] (b ) de
R3
=Jy + Jaa.
Jyo can be bounded directly. By Lemma 2.1,

1 1 1 1 1 1
| Jaa | Sl sl Orw | zpa [ H | 77110 H | 27 1611 774 10201 s

B . (4.3)

~[(bl82w)]| 7 1|92 (b1 Oy ) [ o -
The estimate for .J,; is at the core of this section. J;, Jo and J3 are symmetric in the sense
that, when we switch ¢ and & in any one of these terms, they remain the same. As we have
seen in the estimates above, terms with symmetric structure are relatively easy to deal with.
However, J,; is not symmetric and we can no longer make easy cancellations. To overcome
this essential difficulty, we construct some artificial symmetry to take full advantage of the
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cancellations.

Ji :/ [ — 83(4)@[) . v&ng — 8§’wkb : VﬁgHz] (bj‘aQUJ') dx
R3

_ / O3 - Vb, + O3 HLb - Vi, (b;|0au;) do
R3 4.4)

R

= Ju + Jui2.
Ja12 can be handled through integration by parts and Lemma[2.1]

J412 :/ [8§w18§Hk + 8§Wk8§Hz] b- V(by‘a2uj>dx
R3

1 1 1 1 1 1 4.5
SN OBw|2, |01 || 2, |03 H || 2, 1|01 03 H || 2, |I| 2,1 | O2b] 2, *3)

1 1
- [[(0102w) [ 772 (|92 (6] D2w0) [ 772
Ja11 is extremely difficult. As our first step, we invoke the equation of H in (3.2)

3
OHy +u-VH+ Y Vu, x dpby — Ay Hy,

p=1

5 (4.6)
=b-Vwp+ > Vb, x g + awy.
p=1
where we have used the simple identities

3
VX (b-Vu)=b-Vw+ Y Vb, x dyu,

p=1

3
V x (u-Vb) =u-VH+Y Vu, x d,b.
p=1

Applying 95 to (.6) then yields

3
(O Hi)s + 05 (u- VHi) + 05>V, x 0by,) — 05 A Hy

p=1

(4.7)
3 3
= b VOiwp + Y CLokb- Vi wy + 05D Vb, X Oyur) + 05 0hwy.
=1 p=1

Similarly,

3
(O3H,)e + 05(u - VH;) + 05(Y_ Vuy x 9,b;) — 30, H

p=1

(4.8)
3 3
= b Vaiw; + Y Ciahb- VO 'w; + 5> Vb, x Opu;) + 030w

=1 p=1
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Multiplying (@.7) by 93 H; and #.8) by 0; H}, , and summing them up, there holds
OSH;b - Vswy, + O3 Hyb - VOiw;
= (03 H,05 Hy,), + 05 H;05(u - VHy) + 03 H, 05 (u - VH;)
3 3
+ OBH;05() Vi, x 0by) + BHZ (D Vuy, x 0,b;)

p=1 p=1

3 3
— O3H,05() Vb, x Oyug) — RHDZ(D Vb, x Oyu)

p=1 p=1

i 3
~ O3H, Y Ciokp- Vi — 3H, Y Cikp- VO
=1 =1
— O3 H;03 Ay Hy, — 05 Hy05 A Hy — 05 Hi05 Oy — 05 HyD5 g

4.9)

We can then replace the nonlinear terms in Jy;; by the right hand side of (4.9). This
complicated substitution generates many more terms, but this important process converts
some of seemingly impossible terms into other terms that can be bounded suitably. This is
what we would call artificial cancellation through substitutions. Next we give the estimate
for the terms corresponding to the right hand side of (@.9). The first term we come across

1S

R3

Using integration by parts and invoking the equation of b in (L2)), we can rewrite the term

containing b; as follows,

d
K=Y / (BHPEH)b, dr — / (B HOH) 0, du
dt R3 R3
d
=— | (05H;05Hy)b; du
dt R3

R3
By Lemma[2.1] the last line in the equality above can be bounded by

1 1 1 1
08 H 21| n G H |l e el o 16 920
1 1 1 1
+ 1O H 22| n O3 H | 221103 H 2 | 0203H
1 1 1 1
x (2RI 1105 800117 + 100l 72 | 050ull 7 ).

The estimate for the term containing J,u; is similar. We move on to the second part

Ky = / (03 H;03 (u - VHy) + 03 H,03 (u - VH;)| (b)]0su;) da.
RS
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It can be handled similarly as /1. Due to its symmetric property,
/ [8§’Hiu VO3 Hy, + 03 Hyw - VO3 H; | (b;|Oauj)d
R3
R3

=— | O3H;05 Hyu - V(b;|0u;)da

R3
1 1 1 1
S O H (s || H || s |02 o [l 771 1| 02 (0103 ) | 772 (bl D) [|

and
3
>.C / |03 Hidhu - VO3 H 4+ 0 Hydhu - V03 1y (b0 de
=1 R?

1 1 1 1 1 1 1 1
SN H 2110205 HI| 2|1 H | 2y 102 H || s | 2 101l 7 || (0] Do) [ 71 (|0 (D] D) [ 71
The next term K3 contains six parts of (4.9) and is defined as follows.

3 3
Ky = /R 3 (agHiag(Z Vu, x Opby) + RHE (D Vuy, x O,b;)
p=1

p=1

3 3
— O3H,03() Vb, x dyug) — O3H95(> Vb, x Jyu;)
p=1 p=1

3 3
— 03H; Y " Ciokb- VO3 lwy — O3 H, Y CLOkD - vag’—lwi) -+ (bj|Oauy) dav.

=1 =1

By Lemmal[2.1] it’s easy to derive
1 1 1 1 1 1
K3 S H s 1100 H 1 s (11l 2l 0wl 7 101175 1| 021 75
1 1 1 1 1 1
+ (100174100 Zra el 7 | Ol |35 ) - 11 (Bl D) [ 714 1| D2 (D] Do) 71 -
The last four parts of (4.9) are included in K},

Kim [ [~ B H33H — 01 (b
R.

+ /R [ - S — 0,30 (8510
SV H I | 010 L2 + | H sV 15V (010200)
1 0oD3 H | 2|8l 2. 101 35 2 (011192 (Bl
O3 H 12, 1020 H| 2, 05022 100050l . 102 (b1 01) 2.1 050 (bl -

We have estimated all the terms corresponding to the right hand side of #.9) and thus
obtained a suitable upper bound for Jy;; in @.4). Integrating the upper bounds on K
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through K, in time yields

t
/ |J411|d7' 5 (g)
0

Together with the estimate (4.3)) for .J,;, we conclude that

3
2

(0) + &2(t) + £2(2).

/Ot nldr < E3(0) + &4 (1) + £2(1).
J,2 has been estimated before in (4.3)). Thus,
/Ot |Jidr < £2(0) + &2 (1) + £2(1).
We deal with the last term,
Js = /R 3 [03w;05(H - Vby, — 02Hy,) + O3wi03(H - Vb; — 0oH,)| (bj|02u;) da.
By Lemma[2.1]
T Sl ol 10acol B 181 1001 01 3 102 s | (810220) 2192 (1022) [ s
1050l 0311105 H 2 (010 5, 92010 .
Integrating in time yields
/Ot sldr < E4(t) + EX(8).

Integrating (4.2)) in time over [0, ¢] and combining all the bounds for J; through J5, we are
led to the conclusion of Lemma .11 O

We are now ready to prove Proposition [LL11

Proof of Proposition[[ 1l Recall that the goal here is to bound the interaction terms W(t)
defined by

WIE) & | O3w0qu;0wy, d, 4,5,k € {1,2,3}.
R3
We replace 0»u; by the equation of b; in (L2)), there is

Wik () = / O] O4by + - by — Anby = b- V| O da
8

:i 8§’wibj0§’wkdz—/ bjﬁt(ﬁgwiag’wk)dx
dt R3 R3

+ / ABwiu - Vb;Oswydr — / DBw;b - Vu;Oswydax
R3 R3

—/ 0§wiAhbj0§’wkdx
R3

= W+ WP+ W+ Wit - Wik
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By Holder’s inequality,
/t Wik () dr < £2(0) + £2(1).
0
Wéj *isan extremely difficult term. Fortunately, we have bounded it in Lemma [4.1]

/t WIR(F)dr| < &2(0) + &2 (1) + E2(1).

By Lemma[2.1]
y 1 1 1 1
Wi < (|05ws| 21|01 05w 2. | 0w 221 01 05w || 2.
1 1 1 1
Nlull Fa[102ull 51 IV 0 | 31 (102 V0| B
and
ijk 3 13 313 (193, |2 3 s
Wy 5/||83WiHL2||8183Wi“L2||83WkHL2||8183Wk||L2
1 1 1 1
|0l 71 10201 711 [V || 711 |02 Vg || -

Integrating in time yields

[ vear, [ it < #20)
0 0
We divide WY/ * into two parts,
Witk — 5 81D, 01 (Dw; B3y, ) da — y O2b; 03w Dwpd
— Wi
The estimate for W};{k is easy,
Wit" S 11000l a2 |00 | s |eo | -
For Wg%k, we replace 0,b; via the equation of u; in @2,
Wik = — /R 0200 + - Vg - Otu; — b Vb; + 0;P)dsw;0swydr.

By Lemma[2.1] and Sobolev’s inequality,

- /}R3 Do (u - Vu; — 0fuj — b- Vb; + V;P)dw;05wydx

S ol msllorw msllwllzs + [[05wll 2| 0105wl 2 ([lull 2 | Ozl 2 + [1B]] 122 | 02D 1)

1 1 3 1
+ |02V P 2110202V P 31| 05w 22 || 0105w] | 2.

Taking the divergence of the velocity equation in (I.2)) yields a representation of the pres-

sure P,
3

P = Z (—A)_laiaj(uiuj — bzb])

i,j=1
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Using the fact that Riesz operators are bounded on L? for 1 < ¢ < oo and the third
inequality in Lemmal[2.1] we have

10:Pll2 S Y 1020 @ 0) 12 S D 801301010501 s [0 s 1030

v=u,b v=u,b

1 1 1 1
15PNz S D 105w @ 0)llie S D (1801l + 110501122 101850 1ol 7 19201571 ) -

v=u,b v=u,b

Hence,
_ / O Vu; — Pty — b- Vb, + V,P)PwrPBunda
R3
S N10vull || 01wl s |wll s + 10511 2101051 2 (|l s || Ol 11+ 110]] s [| O] 13)

1 1 1 11
+ D (1020017 101820]| 10l s 1020 s ) 2

v=u,b
9 9 1 9 1 1 1 1 3 3 3 1
(1020113 + 1103011 521102050 | 32 10l s 1920 s ) * (195w 72 (191 050 7.

This implies that we only have one term left in the estimate for Wg%k , namely
- 828tuj 8§w18§’wkdx
R3
We shift the time derivative via the equation

d
— 820tuj8§’w,-8§’wkdx == 02uj8§’wi8§’wkdx + 82uj0t(8§’w,0§’wk)dx.
R3 R3 R3

The last term above is a difficult term and is bounded via Lemma 4.1l Integrating in time
and invoking the upper bounds, we find

/ﬁww )dr < E3(0) + &2 (t) + EX(1).

This completes the proof of Proposition [L1 O

5. PROOF OF THEOREM [I.1]

This section completes the proof of Theorem [I.I, which is achieved by applying the
bootstrapping argument to the energy inequalities obtained in the previous sections.

Proof of Theorem[[ 1l As aforementioned in the introduction, the local well-posedness of
(L2) in H* follows from a standard procedure (see, e.g., [37]) and our attention is exclu-
sively focused on the global bound of H*-norms. This is accomplished by the bootstrapping
argument. The key components are the two energy inequalities established previously in
Sections 2] and 3]

3
£2

E(1) < CLED) + Ca (1) + Cs &2 (1) + C1 & (1), (5.1)
&(t) < CsE(0) + Co £2(0) + C- E1(t) + Cs E2(L), (5.2)
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where & = &, + &,. Adding (3.2)) to 1/(2C5) of (3.1) yields, for a constant Cjy > 0 and for
any t > 0,

E(t) < Co&(0) + Co E2(0) + Co £2(t) + Co EX(1). (5.3)
Without loss of generality, we assume Cy > 1. Applying a bootstrapping argument to (3.3])
then implies that, if || (ug, bo)|| 2 is sufficiently small, say

1 1
&0) < b <eéei= —— 54
( ) — 12803 or H(UO, 0)||H4 — € 1280037 ( )
then, for any ¢ > 0,
1
E(t) < 907" especially || (w(t),b(t))||ms < 24/Coe.
0
In fact, if we make the ansatz that
1
&(t) < 5.5
and insert (3.3) in (3.3]), we obtain
: 1
8(t) < Cy8(0) + Co £3(0) + 56(0),
which, together with (5.4)), implies
1
Et) < —. 5.6
The bootstrapping argument then implies that (3.6) actually holds for all ¢ > 0. This
completes the proof of Theorem [[.11 O
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