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HARMONIC HIERARCHIES FOR POLYNOMIAL
OPTIMIZATION.

SERGIO CRISTANCHO AND MAURICIO VELASCO

ABSTRACT. We introduce novel polyhedral approximation hierarchies for the
cone of nonnegative forms on the unit sphere in R™ and for its (dual) cone of
moments. We prove computable quantitative bounds on the speed of con-
vergence of such hierarchies. We also introduce a novel optimization-free
algorithm for building converging sequences of lower bounds for polynomial
minimization problems on spheres. Finally some computational results are
discussed, showcasing our implementation of these hierarchies in the program-
ming language Julia.

1. INTRODUCTION

One of the most basic problems of modern optimization is trying to find the
minimum value a* of a multivariate polynomial f(z) over a compact set S C R™.
Its importance stems from at least two sources: because it serves as a rich model
for non-convex global optimization problems and because it has a wealth of ap-
plications to which entire books have been devoted [L,L2, HKL,BPT]. A possible
approach for solving such problems, pioneered by Shor, Parrilo and Lasserre pro-
poses reformulating them as optimization problems over the cone Pg of polynomials
of the same degree as f which are nonnegative on the set S, obtaining o as

o =sup{reR: f(x) — X € Ps}.

The success of this approach depends on having a description of Pg suitable for
optimization. Although exact descriptions of the cone Pg are known for a few sets .S,
(see [BGP,BSV,BSV2,BSV3]) the most common and practically successful strategy
has been the construction of inner (resp. outer) approximation hierarchies for Pg
(see for instance [P,L,L2,DIdAW,MCW,AM]). An inner (resp. outer) approximation
hierarchy is a collection of convex cones (C;);jen which are contained in Pg (resp.
contain Pg) and converge to Ps in the sense that the equality U;io C; = Ps holds
(resp. ﬂ;’;o C; = Ps holds). If the cones C; form a converging hierarchy then the
real numbers
aj =sup{\: f(z) — A e Cj}

converge to o as j — oo and can be much easier to compute than o* if the C;
are chosen to be highly structured convex sets such as polyhedra, spectrahedra or
their projections.

The purpose of this article is to introduce several new polyhedral converging
hierarchies for approximating the cones Py of forms of degree 2k in the variables
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Z1,...,T, which are nonnegative on the unit sphere S C R™ and to give quantitative
bounds on their rates of convergence. We call them harmonic hierarchies because
they are closely related with harmonic analysis on spheres (or equivalently with the
representation theory of the group SO(n)).

In order to describe our results precisely we need two preliminary concepts:
cubature rules and polynomial averaging operators and thus begin by briefly recalling
their definitions. Let R := R[xi,...,x,] be the ring of polynomials with real
coefficients, let Ry C R be the subspace of homogeneous polynomials of degree k
and let p be the (n — 1)-dimensional area measure on the sphere S C R™. Recall
that a cubature rule of algebraic degree 2t for y is a pair (X, W) where X C S is
a finite set and W : X — Ry is a nonnegative function for which the following
equality holds

Vf € Ry (/S F)duly) = W(l‘)f(l‘)) :

zeX

If g(t) is a univariate polynomial which is nonnegative on the interval [—1,1], we
define its polynomial averaging operator I'y : R — R by the convolution formula

Ty (f) () = /S g ((z,9)) F(u)du(y)

Our first result shows that the interplay of cubature rules and averaging operators
can be used to construct polyhedra inside Pog,

Theorem 1.1. Let h(t) = ag +agt? + -+ a,t> be an even univariate polynomial
which is nonnegative on [—1,1] and let k be a positive integer. Define the linear

map fh : Rop — Roy, by the formula

- x,y)%
Bl = 2 = ey

If Q is the set of polynomials in Roy, that have nonnegative values at all points X
of a cubature rule (X, W) of algebraic degree 2(s + k), then the set A :=T',(Q) is
a polyhedral cone in Rop and the inclusion A C Py, C @ holds.

The previous theorem is a convenient method to produce polyhedra inside Py,
because, as observed by Blekherman [B], the averaging maps '), can be diagonalized
explicitly, allowing their efficient computation. This property occurs because the
maps Iy, are SO(n)-equivariant and thus become diagonal in the harmonic basis.
More precisely, recall that every homogeneous polynomial f € Ro; can be written
uniquely in its harmonic expansion as

£ = 1allP* fo + 2250 fo 4 22572 fy -+ fon

where the fo; are homogeneous harmonic polynomials of degree 2 (see Section 3 for
details). Using this decomposition, the operators I'), take the following particularly
simple form,

Lemma 1.2. Let h(t) = Z?:o A2jg2;(t) be the unique expression of h(t) as linear
combination of Gegenbauer polynomials (suitably normalized as in Definition 3.3).
If

F= 1l fo + [2lP*0 fo + [[]P*72) fa 4 - + fon
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is the unique harmonic expansion for f € Roy then the equality
Da(f) = Xollel® fo + Aallz P~ fo + NalllPF72) fu 4 - + Aag for
holds.
We can now introduce the main construction of this article

Construction 1.3 (Linear Harmonic Hierarchies). Given:
(1) Cubature rules (Xof, Wo,) for p of algebraic degree 2t for every integer ¢
and
(2) A sequence of univariate polynomials (hs(t))sen which are nonnegative on
the interval [—1,1].
define the linear harmonic hierarchy determined by (1) and (2) in degree 2k as the
sequence of polyhedra (As)sen given by Ag :=T'_(Qs) where dg := deg(hs),

Qs = {F € Rop : Vo € Xo(jqa,) (F(x) > O)} ,

and f‘hs : Rop, — Ry, denotes the averaging operator determined by the polynomial
hs, defined in Theorem 1.1.

Our main result gives quantitative convergence bounds for harmonic hierarchies.
Such bounds are expressed in terms of the Frobenius threshold of a polynomial h(t)
in degree 2k, defined as the Frobenius norm of the operator f;l — 1 : Ry — Ry, or,
using the notation of Lemma 1.2, as the quantity

ron(h) = idim(ﬂgj) (;2] - 1)2.

where dim(H;) denotes the dimension of the space of harmonic polynomials of
degree 7 in R™.

Theorem 1.4. The Harmonic Hierarchies introduced in Construction 1.3 have the
following properties:

(1) The sets (Ag)sen are polyhedral cones satisfying As C Pop, C Rox for every

integer s.
(2) Assume Ty, : Rop — Roy is invertible. If f € Roy satisfies the inequality
. T2k hs
min  f(a) > 2y
TEX2(ktds) ,u(S)
then f € As.

(3) If limg—yoo Tor(hs) = 0 then every strictly positive polynomial in Raoy is
contained in some Ag and in particular the hierachy is convergent in the
sense that the following equality holds

Py = | J A..
s=0

In Corollary 2.3 below we give an explicit cubature formula of algebraic degree 2t
on S C R™ supported on 2(t+1)"~! points for every positive integer ¢ which allows
us to build harmonic hierarchies for any sequence of polynomials (hs)sen. The
following Corollary describes the quantitative behavior of such hierarchies for two
different choices of the sequence (hs)s. The delicate convergence estimates involved
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are contained in work of Blekherman [B] and Fang-Fawzi [FF] further discussed in
Section 4.2.

Corollary 1.5. The following statements hold:

(1) Ifhs(t) := %, then for every integer k the following inequality holds:
S

1+2 k4 B
2 +O(s%) < or(hs) SDszz‘i‘O(siz);

S

where Doy, = max;—o,... , dim(Ho;).

(2) Ifhs(t) = qs(t)? = Z?S:O Ajg;j(t), where qs(t) = >2%_ n;g5(t) is the solution
to
k

. .
Pg,s = min (1= Az5),
’ qs,Ao=1% 0
J:

then for every integer k the following inequality holds:

ok (hs) < /Daxk®n?0 (&) .

In particular the harmonic hierarchies (As)sen determined by both sequences (hs)sen
converge to Pap as s — 0o in either case.

As the previous result shows, the choice of the polynomials (hs)sen has a sig-
nificant effect on the quality of approximation of Ay C Psi. In Section 4.2 we
contribute to this central issue by proving (see Theorem 4.8) that the problem of
finding an optimal kernel h (in the sense that 7o, (h) is minimal, among all valid
h of degree 2s) is a convex optimization problem over a spectrahedron and thus
amenable to computation.

Furthermore in Section 4.1 we introduce a novel optimization-free algorithm
for polynomial minimization on the sphere which arises naturally from minimizing
polynomials via Harmonic Hierarchies.

In Section 4.3 we adopt a dual point of view and define harmonic hierarchies for
moments. More precisely, by Tchakaloff’s Theorem the cone P, C R3, dual to
Py, captures the moments of degree 2k of all Borel measures on the sphere S in
the sense that Pj; consists precisely of those linear operators ¢ : R, — R which
satisfy

vt e i (10 = [ 1)

for some Borel measure v on S. Our final Theorem provides harmonic hierarchies
for moments, that is a sequence of polyhedra (A})seny € R, giving a converging
hierarchy of outer approximations for the cone Py, of moments.

Construction 1.6 (Outer Harmonic Hierarchies for Moments). Given:

(1) Cubature rules (Xos, Wot) for p of algebraic degree 2t for every integer ¢
and

(2) A sequence of univariate polynomials (hs(t))sen which are nonnegative on
the interval [—1,1],

define the harmonic hierarchy for moments determined by (1) and (2) in degree 2k
as the sequence of polyhedra (A%)sen where A% C RS, is defined as the convex hull
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of the set of operators

k
Lyi= <Z Aé§>m||2<’“-j>¢§j<x)7->

Jj=0

fory € Xo(k4q,) where the /\Agj) are the coefficients of h in its Gegenbauer expansion
(as in Lemma 1.2) and cbfl] () is the homogeneous polynomial which represents
the evaluation at y (see Theorem 3.2 for explicit formulas for ¢27(x) in terms of
Gegenbauer polynomials).

Our next result summarizes the basic properties of harmonic hierarchies for
moments.

Theorem 1.7. The following statements hold:

(1) The sets (A%)sen are polyhedral cones satisfying R O A% D Pj,.. Further-
more A% is the dual cone to As.

(2) Iflims o0 Tor(hs) = 0 then the hiererachy (A})sen converges to Py in the
sense that the following equality holds

() A: = P35
s=0

Finally in Section 5 we introduce our Julia package for Harmonic Hierarchies
(available at github) and show some simple computational results obtained with
it. We showcase our “optimization-free” algorithm for polynomial minimization on
the sphere via harmonic hierarchies and verify that its practical behavior is similar
to what our theory predicts. Applications of Theorem 1.7 and the extension of our
package for solving problems expressible via the method of moments will be the
object of upcoming subsequent work.

1.1. Relationship with previous work. The notion that cubature rules should
play a useful role in polynomial optimization appears in [MPSV,PV] where the
authors propose constructing upper bounds for the minimum value a* of a poly-
nomial by evaluating it at the nodes of a cubature rule. It is shown in [MPSV]
that this “optimization-free” approach is at least as good as the SDP approach
proposed in [L2] for polynomial optimization (see Remark 2.4 for details). In the
language of this article, their work proposes an outer hierarchy of approximation
for Py via the polyhedra @5 defined in Construction 1.3. By contrast, our work
provides inner approximations for Py providing lower bounds on the minima of
polynomials as well as a novel optimization-free approach (see Section 4.1). Lower
bounds on a* are typically harder to obtain and more valuable since they involve
proving a statement with a universal quantifier.

The results of Fang and Fawzi in [FF] are the best estimates that are currently
available on the speed of convergence of the sum-of-squares hierachy for polynomial
optimization on the sphere. In this article we show that the exact same bounds
apply to our linear approximation hierarchies and provide novel quantitative con-
vergence bounds which depend on more readily computable quantities. It would be
interesting to extend harmonic hierarchies to other spaces such as the hypercube,
the ball and the simplex for which we have natural measures and explicit formulas
for the reproducing kernel leveraging the ideas of Slot-Laurent [SL] and Slot [S].


github
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In [E] Ergiir constructs random polyhedral approximation hierarchies for the
cone of nonnegative polynomials. More precisely, the author builds a family of
random polytopes which approximates the cone of nonnegative polynomials lying in
a given subspace E within a specified scaling constant with high probability (see [E,
Corollary 6.5] for precise statements). Remarkably, the author shows that the
number of facets in such approximations depends explicitly on the dimension of
the subspace and can be much better for sparse nonnegative polynomials than
for abitrary nonnegative polynomials. While our approximation hierarchies are
deterministic and explicit they do not take into account the sparsity structure of
our target polynomials. Developing an extension of harmonic hierarchies which can
incorporate sparsity is an interesting open problem.

Acknowledgments. We wish to thank Greg Blekherman for many stimulating
conversations which motivated us to pursue this work. We thank Alex Towsend
for pointing us to recent ideas on Gaussian quadrature computation and their high
quality implementations. We thank Monique Laurent, Lucas Slot and Alperen
Ergiir for various references and useful feedback on earlier versions of the results
contained in this article.

2. CUBATURE FORMULAS

By a cubature formula of algebraic degree 2t for p on S C R™ we mean a pair
(X,W) where X C S is a finite set and w : X — Ry¢ is a function with strictly
positive values which satisfy the equality

/S fwdu(y) = 3 W) ()

rzeX

for every homogeneous polynomial (i.e., form) f € Ro;.

The main invariant of a cubature formula is its size | X|. From Caratheodory’s
Theorem we know that there exist cubature rules of strength 2t of size at most
(2t+t”_1) + 1 and it is easy to see that no cubature formula of strength 2¢ and size
less than (H'?_l) can exist, since otherwise the square of a form vanishing at all
points of X would fail to satisfy the equality above (this lower bound is known to
be strict on the sphere if n,t > 2 [T]). Despite a very significant amount of work
(see for instance the surveys [S,C,C2]) and the fact that such formulas could have
a wealth of applications no general formula is known for producing cubature rules
of given weight and (provably) minimal size on the sphere (see [S, pg. 294-303] for
formulas in some special cases).

2.1. An explicit cubature rule for spheres. In this section we give explicit
cubature rules of arbitrary even algebraic degrees on the sphere S C R"™. We will
use well-known formulas of Gauss-product type [S, pg.40-43] for which we include
a self-contained treatment for the reader’s benefit. Such product formulas can be
combined with recent ideas on fast Gauss-Jacobi quadrature computation [HT] to
produce highly accurate cubature rules very efficiently. Such rules are key compo-
nents in our implementation of harmonic hierarchies (see Section 5).

We denote the points of R™ by pairs (s,() € R x R*"1. Recall [ABR, Theorem
A4, pg.242] that if f is an integrable, Borel-measurable function on the sphere
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Sm=1 C R™ then the following equality holds:

W = e ( | (svies) du(C)> ds

-1

We will use the product structure of formula (1) to inductively construct explicit
cubature rules on spheres of every dimension and even strength which are invariant
under sign changes. Recall that the group of sign changes in R™ consists of linear
transformations T : R™ — R™ which send (z1,...,2z,) to (e121,...,€yxy,) with
€ € {—1,1} and i = 1,...,n. A cubature rule (X,Wx) on S"~! is invariant
under sign changes if for every x € X and every sign change g we have gr € X
and W(gz) = W(x). An important ingredient of the construction will be the
Gauss-Jacobi quadrature rules on the interval [—1, 1] for a given weight function
w(y) = (14+y)*(1 — y)® so we begin by recalling their definition. If o, 3 > —1 are
given and X := {x1,...,2:} C [—1,1] is the set of roots of the Jacobi polynomial
Pt(a’ﬁ)(x) then there exists an explicit function W : X — Ry (see [S2, pg. 352]
or [HT, 1.4] for an explicit formula) such that the equality

1
[ty =3 W)
-1 zeX
hols for every univariate polynomial f(¢) of degree 2t — 1 or less.
Construction 2.1. Suppose that (Y, Wy ) is a cubature on S"~2 and that (Z, W)
is a Gaussian quadrature rule for the weight function w(s) = (1 — 52)%3 on [—1,1].
Define the pair (X, Wx) on S"~! via the formulas:

X:{(z, 1—z2y):(z,y)€Z><Y}

Wx (z, 1-— z2y) =Wy (2)Wy (y)
The following Theorem summarizes the main properties of this construction

Theorem 2.2. If (Y,Wy) and (Z, W) have algebraic degree 2t and (Y,Wy) is
invariant under sign changes then the pair (X, Wx) is a cubature rule of algebraic
degree 2t in S™ which is invariant under sign changes. Furthermore | X| = |Z||Y].

Proof. Since the Jacobi polynomials satisfy the symmetry relation Pt(a’ﬁ )(fz) =

(fl)tPt(’g’a)(fz) and we are in the a = 8 case we conclude that the nodes of the
Gaussian cubature (Z, W) are closed under multiplication by (—1). Furthermore
the equality Wz (—x;) = Wz(x;) holds because the explicit formula for the Gauss-
ian cubature weights from [S2, pg. 352] depends on the value of the derivative only
through its square. We conclude that (X, W) is invariant under sign change of the
first component. Furthermore if g is the transformation changing the sign of any
component with index at least two then g(z, V1 — 22y) = (2, V1 — 22¢(y)). Since Y
is invariant under sign changes we conclude that (z,v1 — 22¢(y)) lies in X and fur-
thermore we know Wy (y) = Wy (g(y)) which implies that Wx (z, V1 — 22¢(y)) =
Wx(z,v/1— 22y) as claimed. Now suppose f(s,¢) = s ¢> ...QZ":II is a mono-
mial of degree 2t. If a; or some b; is odd then the integral and the cubature rule
(X, Wx) have both value zero because the integrand gets multiplied by minus one
by the sign change of the coordinate which appears with odd exponent. Thus it
suffices to prove the claim for monomials all of whose exponents are even. More
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precisely suppose f(s,¢) = 52‘“C2b1 .. Czb" ! with 2a; +2by+- - -+2b,_1 = 2t. Now
F(s,CVT = 82) = 8201 (1 — g2)brttbn 20 C%" '. Since as functions on S™~!

2b 2b,
B = (G G B

and the right-hand side has degree 2t we can use the cubature rule (Y, Wy) to
conclude that for every s € [—1,1]

/ ] ( /1 — S2<) d,u 2a1( 82)b1+~~~+bn Z Wy(y 2b, Y-
s yeyY

By integrating with respect to s and using the fact that (Z,Wy) is a Gaussian
cubature rule for polynomials of degree t or less with respect to the weight function

n-3
(1 — 52) 2 we conclude that

/ - ( | (svi=s) dun_1<c>) ds =

—1

1 n-3
B / (1—=5%) 7 L= )Ty Wy (y)y™ ..y ds =

-1

yey
,2a 2\by++++by, 2b 2bn
=3 Wg(2)2* (1 - 22 > Wy ()™ .yt =
z€Z yey

=D Y Wae)Wy ()™ .y 20 (1= 22t —

yeY zeZ
=D > W)Wy (y)f (2, 1- 222/)
yeY zeZ
Using Equation (1) we conclude that for every polynomial of degree 2¢ the equality

L = wx@i@)

rzeX
holds as claimed. |

Using the construction iteratively, starting from the cubature rule on the circle
S C R? given by the vertices of a polygon with 2(¢ + 1) sides and equal weights we
prove

Corollary 2.3. Construction 2.1 defines a cubature rule of algebraic degree 2t
consisting of 2(t + 1)"~* points on the sphere S C R™.

Remark 2.4. Having explicit cubature rules gives a useful procedure for estimating
minima of polynomials. As shown in the work of Piazzon et al. [MPSV], by letting
a?“ad = mingey, f(z) be the minimum over the nodes of increasing cubature rules
of algebraic degree j we obtain a sequence which approaches a*. To see this, recall

from [L2] that the sequence of minima of the semidefinite programs

= inf {/f /g(m)du =1 and g(x) is SOS of polys. of degree t}

converges to o and note that if k& = deg(f) + ¢ then

[ = 3 100) 2 ™ S o) = ™ [ glpdutz) = ap™

zeXg zeXy
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so B > o™ > a* the o™ converge to the optimum at least as fast as the

B¢ and in particular azuad —a* = O(1/k?) by results of De Klerk, Laurent and
Zhao [dKLS].

3. HARMONIC ANALYSIS ON SPHERES

3.1. Reproducing Kernels for spaces of functions on the sphere. Suppose
that F is a finite-dimensional vector space of continuous real-valued functions on
the sphere S C R™ and let u be the (n— 1)-dimensional volume measure. The inner
product

(f,9) = /Sf(y)g(y)du(y)

makes F into a Hilbert space. Every point x € S defines a linear evaluation map
ev; : F — R which sends a function f to its value f(z) at z. Since F is a Hibert
space the evaluation map is represented by a unique element ¢, € F, meaning that
VfeF(f(x)={f,bz)). The Christoffel-Darbouz kernel (or reproducing kernel) of
the Hilbert space F is the function K5 : S x S — R given by

Kg(x,y) = <¢wa¢y> = ¢w<y) = (by(x)

The following basic Lemma summarizes its main properties:

Lemma 3.1. The following statements hold for every x,y € S:

(1) The function Ky(x,y) is symmetric (i.e. Kg(x,y) = Kg(y,x)) and for
every finite collection x1,...,xa of points of S the matrizc Kg(x;,x;) is
positive semidefinite.

(2) Kg(z,y) has the following reproducing property

VfeFVrel (f(:c) = /SKg(%y)f(y)du(y))

and furthermore this property specifies Kg(x,y) uniquely.
(3) If (ei()); is any orthonormal basis for I then Ky (z,y) =3 ; ej(z)e;(y).
In particular the equality [¢ K (z,z)du(x) = dim(F) holds.

In this Section we will describe some distinguished subspaces of functions on the
sphere and give explicit formulas for their reproducing kernels.

3.2. Harmonic decomposition on spheres. The orthogonal group G := SO(n)
acts on R™ by left multiplication and on the ambient polynomial ring R via the
resulting contragradient action defined by p*(g)(f)(x) := f(¢~'(x)). This action
respects multiplication and preserves the graded components R; of R. The de-
composition of each graded component into SO(n)-irreducible subrepresentations
is well understood (see [H, Theorem 3.1]). For each integer k we have

k
Ra, = @) (1ol 13,

=0

where Hy; C Ry; is the subspace consisting of homogeneous harmonic polynomials

of degree 2j (i.e. forms F' of degree 2j satisfying AF = 0 where A = """ | 68—;2 is

i



10 SERGIO CRISTANCHO AND MAURICIO VELASCO

the laplacian operator). The Hy; are pairwise non-isomorphic irreducible represen-
tations of SO(n) and as a result, a homogeneous polynomial f € Ry has a unique
harmonic decomposition

£ = el fo 4 I2PED fo + 22572 fy o+ o

with fo; € Hyj for j =0,1,...,k (see [AM, Theorem 5.7] for an elementary proof
of the existence of this decomposition). In particular the following equalities hold

. . . n42—1\  (n+2j—3
Hyj) = ) — )= _ _
dim(Hs;) = dim(Ry;) — dim(Ry(j—1)) < by > < 2 -2 )

3.3. Reproducing kernels for spaces of harmonic polynomials. If H; is the
subspace of homogeneous polynomials of degree j restricted to S and y is any point
of S then the evaluation map ev, : H; — R is fixed by the subgroup G, < SO(n)
consisting of those rotations which fix y. As a result the harmonic polynomial ¢z(f )
which represents this evaluation on H; (i.e. which satisfies (f, z(f)> = f(y) for ev-
ery f € H;) is fixed under the action of G, and satisfies the normalizing property
appearing in Lemma 3.1 part (3). These properties determine the polynomial ¢Z/
uniquely and allow us to obtain an explicit formula in terms of Gegenbauer polyno-
n—2

mials, whose definition we now recall. If S C R™ and n > 3 we let o := s and

define the j-th Gegenbauer polynomial C](a) (t) recursively by the formulas
cl@t) =1, () = 2at and

[e3% 1 . [0 . [0 . .
(1) = < (266 +a = DO (1) - (j+2a = 2Ch(0)] ifj > 3

The following Theorem gives formulas for the reroducing kernels on the spaces
H;. We provide a sketch of a proof because the argument is simple and beautiful
(see [M2, Theorem 2.24] for details) and provides a natural motivation for the
definition of Gegenbauer polynomials.

Theorem 3.2. For each y € S and nonnegative integer j there exists a unique
polynomial qb{l(:v) € R satisfying the following conditions:

(1) gzb% is homogeneous of degree j and harmonic.

(2) ¢}, is fized by the action of the stabilizer subgroup G, C O(n).

. d' H

(3) ¢} (y) = s
Furthermore (;S{l represents the evaluation at y on H; and is given, in terms of
Gengenbauer polynomials, by the formula

61 () = MMM“) (<||fc||y>>

Proof. We will show that there is exactly one polynomial satisfying properties (1),
(2) and (3). Any p € R; can be written as

J
p= le;;pj—k(xla cee axn—l)
k=0

where the p,;_j, are homogeneous polynomials of degree j — k in the first (n — 1)
variables. Without loss of generality assume y = (0,...,0,1). Since p is fixed by
G, the polynomials p;_j are invariant under arbitrary rotations in SO(n — 1) and
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thus must be scalar multiples of even powers of the norm (2% +---+22_;) and in
particular j — k is even if p;_j # 0. Thus we can write

L]
p= Zl‘%_%ck (q;% + -+ xi—l)k
k=0

for some scalars c;. The equation Ap = 0 then yields the recursive relations
20k + 1) (n+2k)cp41 = —(J —2k)(j — 2k — 1)cg, for k=0,1...,5/2—1.

The constant ¢ is uniquely determined by the normalization property (3) above and

we have shown existence and uniqueness of the polynomial p. Since the polynomial
z(f ) which represents evaluation at y on H; satisfies properties (1) (2) and (3)

it must coincide with p. The explicit formula (and the definition of Gegenbauer
polynomial) are equivalent to the recursive relations above. ([l

Motivated by the previous Theorem we define:

Definition 3.3. The normalized Gegenbauer polynomial of degree j on the sphere
S C R”™ is the univariate polynomial given by

dim(H,; o

u($)C ()’ "

where o = "T_Q and C](-a)(t) is the Gegenbauer polynomial defined at the beginning

of this Section.

3.3.1. An application of reproducing kernels. As an application of the reproducing
kernels for H; we obtain a well-known sharp bound relating the L° and the L?
norm of an arbitrary harmonic polynomial which will be used for obtaining easily
computable bounds for Harmonic Hierarchies.

Lemma 3.4. If f € H; then the following inequality holds

dim(H;)
171 </ 22D

Furthermore the equality holds if f(x) = Z(,j)(x).

Proof. The reproducing property of qu(,j ) implies that the equality

16) = [ F@)o,(a)duta)
holds for f € H;. By the Cauchy-Schwartz inequality this implies that

IF@) < 1 ll2lldyll2
Furthermore, by the reproducing property

3 dim H.
ol = ( [ outaPautn)” = 6,17 =[S
dim(H;)

proving the inequality. Since ¢, (y) = (5 We see that the equality is achieved
when f(z) = ¢y(x) as claimed. O
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4. LINEAR HARMONIC HIERARCHIES

In this section we prove our main theoretical results, namely Theorem 1.1 which
guarantees the existence of the harmonic hierarchies defined in Construction 2.1
and Theorem 1.4 which gives quantitative bounds on their speed of convergence.
Our first Lemma explains the key connection between representation theory and
convolutions.

Lemma 4.1. For an integer s > 0 define the linear map I'ss sending a polynomial
fERto

Das(f)(2) = /S (9% () dp(y).

The following statements hold:
(1) The map Tas sends Roy into Ras.
(2) The map Ty, is SO(n)-equivariant and in particular sends the subspace
|| ||2*=9) Hy; C Roy into the subspace ||x|>=7) Hyj C Ras.
(3) The map Togon(f) := Tas(f)/||z]25%) is a well-defined linear endomor-
phism of Raj.

Proof. (1) By the multinomial theorem for every polynomial f € R we have

2
= X (2 ) [ s

(a1,...,an):Y_ a;=2s

which is an element of Ra,. (2) For any g € O(n) and any f € Rgj, we have

p*(9)Tas(f) = Tas () (g~ ) = [S (67 (2),9) F(y)duly) =

making the change of variables y = g~(z) we obtain

- / (0 (@), () Flg~ (2))dp(z) = / (2,22 £ (g™ (2))du(2)
S

s
where the second equality follows from the orthogonality of the matrix g. Since the
last term equals I'a4(p*(g)(f)) we conclude that T'a; is a morphism of representations
and therefore it must map the corresponding isotypical components to each other
finishing the proof of (2). Claim (3) is immediate if s < k since the map results
from composing with multiplication by a fixed polynomial. If s > k then by (2)
the subspace T'y4(Ryy,) is contained in the multiples of ||z||2(*=*) inside Ry, proving
that the ratio is well-defined. O

Proof of Theorem 1.1. Since the evaluation at any point ev, : Ror — R is a linear
map the set @, defined by the nonnegativity of finitely many evaluation functions
is a polyhedral cone in Raj. Using the notation of Lemma 4.1 part (3) the map I
can be written as '), = Z;:O Gij‘Qj’Qk and is therefore well-defined and linear. As
a result the set A :=I',(Q) is also a polyhedral cone in Ray.

Now suppose f € @, meaning that f € Ry is nonnegative at all points X of a
cubature rule (X, W) of algebraic degree 2(s + k) for p and we wish to prove that
f‘( f) is a nonnegative polynomial. If z is any point in S then

fh(f)(x)=/Szazj<wat>2jf(y)du(y)=/Zazj<xat>2j||y\\2(s‘j)f(y)du(y)

Jj=0 Jj=0
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where the last equality holds since y is integrated over S where ||y = 1. As
a function of y the rightmost integrand is a homogeneous polynomial of degree
2(s + k) and we can therefore compute the integral using our cubature rule

/3 3 any e 2 [P0 F)dnty) = 3 WA ) ().

j=0 z€X

The rightmost quantity is nonnegative since it is a sum of nonnegative terms because
¢ is nonnegative in the range [—1, 1] of (z,y), f € @ and the cubature weights are
positive. (I

The SO(n)-equivariance of the maps I';, (property (2) of Lemma 4.1) and the fact
that the decomposition of Ry into irreducibles is multiplicity-free already implies
that averaging operators must diagonalize in the harmonic basis. We now prove
Lemma 1.2 which gives an explicit diagonalization.

Proof of Lemma 1.2. If f € Ry, is of the form f = ||.’L‘H2(k_€)f23 for some fop € Hop
and x € S is a point with f(x) # 0, then we have

Z)\QJ/QZJ x,y)) f2e(y)dp(y)-

By the explicit formula in Theorem 3.2 and definition 3.3 of normalized Gegenbauer
polynomial we know that the equality

925 (2, 9)) = 637 ()
holds for all x,y € S and every index j. As a result, the reproducing propery of
¢+ (y) and the mutual orthogonality of H; and H, for t # j imply that

ZM [ 25 o)t = N o)

from which we know that T, (f) = Agef since f(z) # 0. O

Now let h(t) be an even univariate polynomial which is nonnegative on [—1, 1] of
degree s and assume h(t) = Z?io A2;g2;(t) be its unique representation in terms
of Gegenbauer polynomials. Recall that the Frobenius threshold of h(t) in degree
2k is given by

2k 1 2
Tgk(h) = Zdlm(HQJ) <)\2J - 1) .
7=0
The following Lemma shows that the Frobenius threshold of a polynomial con-

trols the distance between its inverse averaging operator and the identity.

Lemma 4.2. Assume f‘h i Ror — Rop is tnvertible. For every f € Ray the
following inequalities hold

-1 — Pl 7’2k() )
1T, () = fllo < (S)Ilfll

ok, (h) in || f2;l2

and

1T () = fllse =
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Proof. If f € Rgi has the harmonic expansion
F= 12l fo + lel?* fo + [|2[PF72) fa 4 - + for,
then Lemma 1.2 implies that for any z € S the equality
AN
@ N - 10 =2 (50 -1) 2
j=0 N7
holds. By the Cauchy-Schwartz inequality this quantity is bounded above by

k 1 . s ng(Z)
3 (AQJ - 1) dim(Ha;) 2= dim(Ha;)

Jj=0

Since the fy; are harmonic, Lemma 3.4 implies that the inequality

dlm(Hg )
Fail% € — &= f
[1f2 (5) 124113
holds and therefore (2) is bounded above by

A > a 1£5;115 2
Z()\Qj—1> dim(Ho;) Z 1(S) = 7o (h) H;Ji|(|S)

Jj=0 Jj=0

as claimed. For the lower bound note that by (2) the following inequality holds for
every z € S

k
“L) = f(2)]? im(Hy;) (— - )
T M)~ f() > Zm (Azj 1) dim(Hy,)

integrating both sides over the sphere and dividing by 1(S) we conclude that

2

B 2 > fal3
I () - £ Zdlm 1) (55 1) @t

where we have used the fact that the f2; are pairwise orthogonal. We conclude
that

-1 — ()2 722k(h) min Hf?j”%
I ) = PRI = T2 min gt

which taking square roots is equivalent to the claimed lower bound.

O

Proof of Theorem 1.4. (1) Follows immediately from Theorem 1.1 applied to the
given sequence of polynomials (hs)sen. Assume I'y_ is invertible and let f € Ro.
For any z € X we have

L (D) =T (A)(2) = £(2) + £(2) = min f(2) = T3 () = Flloo-

s

If f satisfies the hypothesis of (2) then the rightmost term is strictly positive and
therefore f,:l( f) € Qs because it is nonnegative at all nodes of the quadrature rule
and therefore f € A, as claimed. (3) If f is a strictly positive polynomial on S then
by compactness of the sphere it achieves a strictly positive minimum «*. By part
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(2) the polynomial f belongs to A; whenever a* > %Hf”g which happens for
all sufficiently large s since 7o (hs) = 0 as s — 0. ]

4.1. Optimization-free lower bounds for polynomial minimization. Sup-
pose f € Rgr and let a* := mingeg f(z). Assume h(t) is a univariate, even,
nonnegative polynomial of degree 2s with h(0) = 1 and such that f‘h : Rop — Rog
is invertible. Assume (X, W) is a cubature rule of algebraic degree 2(k + s). As
an application of the theory developed so far we will obtain optimization-free lower
bounds 8 < o* via the following steps:

(1) Compute a harmonic decomposition for f
£ = el fo + al2ED fy + 22572 fy 4+ - + fa

(2) Compute the coefficients Ay; of the expansion of h in terms of normalized
Gegenbauer polynomials. By our assumptions Ao = 1 and that Ao; # 0 for
j=0,... .k

(3) Compute the polynomial F :=I',(f) with the formula

1 _ 1 B 1
F =l fo + 2250 fo 4 2252 fa -
A2 A4 Aok

(4) Evaluate F(z) for z € X and let f* := min,cx F(z) be the smallest of
those values.

Lemma 4.3. The inequality 5* < o* holds.

Proof. By construction the polynomial p := F — *||z||?* is nonnegative at all
cubature nodes X and our cubature rule has algebraic degree 2(k + s). By The-
orem 1.1 we conclude that I',(p) € A and is in particular a nonnegative polyno-
mial. Since F = I';'(f) and T (||z||**) = ||z||** because g = 1 we conclude that
Ln(p) = f — B*||z||** proving that f is bounded below by £*. O

Remark 4.4. The number 5* coincides with the optimum value of the linear opti-
mization problem sup {A: f(z) — A € A} because the point evaluations at the cu-
bature nodes contain the extreme rays of the polyhedron ). Since enumerating
the cubature nodes is necessary to formulate the underlying linear optimization
problem our optimization-free algorithm is equally accurate and computationally
less expensive than linear optimization.

4.2. Kernel selection. In this section we address the problem of choosing the
polynomial sequence (hs(t))sen so the resulting Harmonic Hierarchy converges
quickly. We begin by proving Corollary 1.5 which illustrates that the chosen se-
quence has indeed a drastic effect on the rate of convergence.

Proof of Corollary 1.5 (1). In [B] Blekherman explicitly calculates the coefficients
2

of hy(t) = 5 as a linear combination of Gegenbauer polynomials:

(26
s v duly

e _ ST
Y (s — gD (g
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here I' denotes the usual gamma function. When j = 0, /\623) = 1. For j > 0, the
recursion property of the gamma function gives

STt + 2)r(2)

A29) t=1 . s(s=1)...(s—j+1)
o S (SR (s 1) (s 1+ E)
(s =) I+ 5)T(3)

By factoring s on all terms and separating the product suitably, we can rewrite

. 1 1-1 1— 4=t
)\gQ_): s s

14+ Jj+n/2 1+ j—14n/2 """ 1+ 14+n/2"

S

Let us now consider the logarithm of 1/ )\22-5)

on ) = 3pwe (15 8) - e (1),

a Taylor expansion of the previous terms yields the following

1 1
10g< (25)>(] +];>+O< >
Agj S

With the previous approximation and yet another Taylor expansion we obtain

1 242 2+ 4 1
e lme e 1=2 T2 o),
(2s) s 52
Yy

except when j = 0, in which case 1/ )\(()23) —1 = 0. Now, using the previous analysis
on the Frobenius threshold results in

2 k j +j7l 1 2
Tox (hs) = Zdlm Hy;) (/\(23) — 1> ~ Z( (S2>>

which is bounded above and below in the following way

1+ % 1 K2+ A 1
2 +O<82> < 7au(hs) < Dop—— : +0<>7

S

where Doj, = max;—o, .. dim(sz). -

The proof of Corollary 1.5 (2) requires a bit more work. Suppose

ho(t) = 0,62 = 3 Aygy (1)
§=0

where ¢s(t) = Z;:() n;g;(t). Since Gegenbauer polynomials form an orthogonal
base (with respecto to the weighted 2-norm), we have that
1

J as()?ge(t)w(t)dt

dim (H)2 N2
Ce(1)2p(S)?
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since f_ll ge(t)?w(t)dt = % where N, = f_ll Cy(t)w(t)dt. Define the Toeplitz
matrix 7[f] of a polynomial f as the s X s matrix with (¢, j)-th coordinate

s = [ ags©fOu,

and define A; = 7[g]. Note then that

2 2
(3) = (mTltAm.

Now, we are interested in minimizing the Frobenius threshold over all ¢,

1 2
S s = i hs dim(H: — -1
Tak,s = Min Tor(hs) = min Z im(Ho;) <)\2j )

qs
7=0

under the contraint Ag = 1. We will now attempt to find an upper bound on 73,
with the solution to the alternative problem
k
Pors = min p (1—Az),

s Ao=1%
gs570 7=0

which we will prove can be reformulated as an eigenvalue problem. First, by equa-
tion (3)

k k k
Cy;(1)*u(8)* ¢ Co;(1)*u(S)?
(1-A2)) = ( L L Agyy ) = k=) e Ary |,
; 7 Z dim(H,;)2N3, J jzodlm(H2j)2N22e J

7=0
thus
k k
. Ca;(1)*u(S)?
P2ks = qsr,r){gi1j:0(l ~Az) =k nf&léixln dlm(H2])2N2 Azj

This is strictly not an eigenvalue problem since 7 is not necessarily restricted to
normalized vectors, however we can properly rescale 1 by noticing that

1 dim(H;)?N? Py
msz/%w%@w@az OLTSLR A
0 i %7,

-1

) 2
or put in another way Ag is diagonal with coefficients % for 0 < j < s.
J

This means that

( 2N2

) w(S)? , dim(H
A 1
= dim(H, )2 o= Z C5( 2N2 =1,

so the change of basis e; = %m, which is in fact e = £ S) /Agn, lets us

rewrite the constraint Ag = 1 as ||e||2 = 1. Consequently, the alternate problem
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becomes an eigenvalue problem

. e & Oy(1)%u(S)? u(S) -
ka,s*kf max € (NO \//TO) WJPN%A% <%\/IO> e

e llell2=1

k
1 Coi(1)2NE
=k—k max e | = 2 20 AL A e
ellel]la=1 k = d1m(H2j)2N22j 0 J

= k’ — ]C)\ma:p (TQk:,S)

where
1on Cy(1)2N2

Toks =7 D =7 ona
k =0 dlm(ng)QNgj

Ayt Ay

and Az (Tor,s) is its maximum eigenvalue. Hence, the optimal pj} ks is realized by
any normalized eigenvector e* of Ty, s for the eigenvalue A4y (Tok,s). Furthermore,
Fang and Fawzi proved that the choice of Ay corresponding to e* converges to 0 as
s — oo with a rate of 1/s%. More precisely:

Theorem 4.5. (Fang-Fawzi [FF|, Proposition 7) The matriz Toy s satisfies
Amaz (Tor,s) = 1= kn0(3),
thus p3; ; < kK*n*0(%).

To see how this result connects to our original problem, we exhibit the relation
between 1o s (hs) and Pog.s = p2k,s(hs) when hy is the optimal kernel obtained by
minimizing pay s-

Lemma 4.6. If p3, . < 1 then m(hs) < mlka“ , in particular 73, ; <

Proof. First of all, the following inequality holds

k 1 2 k
Tok(hs) < v/ Dag Z()\._l) S\/Dzkz

=0 27 —0 )\25

-1.

Note that for every £ = 0,1,...,k, 1 — Agp < Pok.s = 2520(1 — Agj), then Ayp >
1—p3 s > 0. It follows that

k ) 1 k o
2s 2k,s
(1= Agj) = ——.
jz:(:) )‘28 ‘ Z )\ 1_p2ks]-z(:) 1_p2k,s
The desired inequality is obtalned by putting the previous two together. O

We can now complete the proof of Corollary 1.5 (2).

Proof of Corollary 1.5 (2). Since p3; . < k?n*O(5z), there exists an S such that
Por.s < 1/2 for s > 5. Consequently, if s > S the following holds

p k,s
7o (hs) < v/ Do s < 9y Doply, , < 20/ Dark?n?0(%).

2k s
In particular, as s — 00, Tor,(hs) < v/ Dark?n 20(%). O
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To summarize, we can obtain a polynomial sequence (hs)s such that their cor-
responding Frobenius thresholds converge to 0 with a rate of 1/s? as s — oo.
Furthermore, this sequence can be calculated explicitly (and free of optimization)
in terms of the solution to an eigenvalue problem. Specifically, for a fixed s the
coefficients Ay of hs in the basis of normalized Gegenbauer polynomials are given
by

Cy(1)*Ng

_ *\t A—1 *
4) (= dm(H,)?N? () Ay " Age™,

where e* is any normalized eigenvector of Thy, , for its maximum eigenvalue Ay,qq (Tok,s)-
We now assume a fixed degree 2s (expressing a limited amount of available
computational resources) and ask whether we can choose an optimal polynomial
g(t) of degree 2s, in the sense of having minimal Frobenius threshold m;(g). Our
main result is Theorem 4.8 which shows that this problem is essentially a convex

optimization problem (and thus amenable to standard techniques [B2]).
Lemma 4.7. The set Go,, consisting of univariate polynomials g(t) of degree < 2s
that are even, nonnegative in [—1,1] and satisfy g(0) = N(ls) is a semidefinitely

representable set.

Proof. A polynomial h(t) is nonnegative in [—1,1] iff it can be written as h(t) =
s1(t)+(x4+1)b1 (t)+ (1—2)ba(t) where s1, by and by are sums of squares of polynomi-
als of degrees at most s,s — 1 and s — 1 respectively. Equivalently such polynomials
are the image of the triples (A4, By, Bz) of symmetric positive semidefinite matrices
with s+ 1, s and s rows respectively, under the linear map

ﬂ'(A, B17 BQ) = ﬁtAﬁl + (l‘ + l)ﬁtBlﬁ + (1 — I)ﬁtBQﬁ

where 17 (resp. 77) is the vector of monomials (1,¢,¢2,...,t%) (vesp. (1,t,t2,...,t571)).
As a result the set N of polynomials h(t) nonnegative in [—1,1] of degree < 2s is

semidefinitely representable. If h(t) is any such polynomial then W is its
even part and since this operation is linear in A we conclude that the set W of even
polynomials in N is also an SDr set. The condition that any such polynomial has
a prescribed value at 0 is linear and therefore Go, is the intersection of W with an

affine hyperplane and therefore an SDr set as claimed. (]

Theorem 4.8. For all sufficiently large integers s the optimization problem

min 7o, (g)
ISSPR

is equivalent to a convex programming problem.

Proof. The coeflicients Ay;(g) expressing a polynomial g as a linear combination
of weighted Gegenbauer polynomials are a linear function of g(¢) because they can
be computed by integration, using the well-known orthogonality of Gegenbauer
polynomials. Furthermore, the function (% —1)? is a convex function of A for
0 < A\ < 3/2. We conclude that the Frobenius Threshold 791 (g) is a convex function
of g in the convex SDr set G5, consisting of the polynomials Gy, such that 0 <
A2;(g) < 3. If any of these inequalities fails then the inequality 721(g) > % holds
so any optima of the problem must lie in the set G, for sufficiently large s as
claimed. (]



20 SERGIO CRISTANCHO AND MAURICIO VELASCO

4.3. Harmonic hierarchies for moment problems. As mentioned in the in-
troduction, Tchakaloff’s Theorem [T] proves that the cone P}, C Rj, dual to Py
consists of the moment operators of degree 2k for all Borel measures on S. More
precisely, the elements of Pj; are the linear operators £ : Ry, — R which satisfy

vf e R (40 = [ 1avin)

for some Borel measure v on S. It is therefore a problem of much interest to
characterize or to approximate Pj;. For every integer s, Construction 1.3 provides
us with polyhedral cones A; and @, in Ry satisfying the inclusions

As - P2k - Qs
Their dual convex cones in R}, therefore satisfy
A 2 Py 2 Q5

providing us with an (outer) Harmonic Hierarchy for moments (A%)sen. The fol-
lowing Theorem provides a description of the cones A} and Q% amenable to com-
putation. For a point y € S define the operator L, € R, as

k
Ly = <Z A§§>w||2<k-%§j<x>,->

=0

where the )\é“;'») are the coefficients of g, in its Gegenbauer expansion (as in Lemma 1.2)
and ¢27 (x) is the homogeneous polynomial defined in Theorem 3.2.

Theorem 4.9. The following statements hold:

(1) For every positive integer s and ds := deg(gs) we have:
(a) The polyhedral cone Q% is the convex hull of the point evaluations at
the cubature nodes X4, .
(b) If f‘gs is invertible then the polyhedral cone A% is given by

A; =Conv ({Ly :y € Xita,})-

(2) If limg_ oo T2k (gs) = O then the hiererachy (A%)sen and (QF)sen converge
to Py, in the sense that the following equalities hold

ﬂAZ=P5k=UQ§~
s=0

s=0

Proof. (1a) The cone Qs is defined by nonnegativity of the evaluations at cubature
nodes Xjiq4.. (1b) By Theorem 3.2 for every polynomial f € Ry, and y € S the
equality L,(f) = [',.(f)(y) holds. Tt follows that f € Conv(L, : y € Xpya,)* if
and only if fgs( ) € Qs proving the claim by the bi-duality Theorem of convex
geometry. Part (2) is immediate from Theorem 1.4 and bi-duality. d

Proof of Theorem 1.7. 1t is immediate from Theorem 4.9. (]
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5. A JULIA PACKAGE FOR HARMONIC HIERARCHIES.

In this Section we show some numerical examples computed with our Julia pack-
age for Harmonic Hierarchies available at github. The package has the following
capabilities:

(1) Computing the Gauss-product cubature rules from Section 2.1 for S C R"
and any degree 2s.

(2) Computing the harmonic decomposition of polynomials using the algorithm
of Axler and Ramey [AR].

(3) Computing the upper bound for polynomial minimization problems on
spheres from the work of Martinez et al [MPSV] discussed in Remark 2.4.

(4) Computing our optimization-free lower bound for minimization problems
on spheres (see Section 4.1) using the kernels appearing in Corollary 1.5.

Figures 1 and 2 respectively show upper and lower bounds for the minima of
the Motzkin and Robinson polynomials calculated using our package. The lower
bounds implemented both of the sequences (gs)sen of Corollary 1.5 parts (1) and
(2), figures 2a and 2b respectively.

The Motzkin and Robinson polynomials are given by the formulas

2 4 4.2 6 2.2 2
m(z1, 22, T3) = 21Ty + 125 + x5 — 3T]TF3,

r(x1, o, T3, 214) = l’%(l’l - 934)2 + xg(@ - I4)2 —+ 95:%(903 - $4)2

+ 2z1z0x3(21 + T2 + T3 — 214),

respectively. These are well-known nonnegative polynomials with zeroes. The
figures show that the practical behavior of our optimization-free lower bound closely
mirrors the predicted theoretical behavior.

Motzkin
Robinson
—— O(1/s2)

0.0015

0.0010

Upper bound

0.0005

0.0000

20 40 60 80 100 120 140

FIGURE 1. Figure 1 shows the upper bounds calculated for the
Motzkin and Robinson polynomials employing our Julia package’s
implementation of the method described in Remark 2.4. We also
include the plot of a O(—1/5?) in order to compare its behavior to
the theoretical convergence rate.


https://github.com/SergioCS147/HarmonicPolya.git
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00 -

*
o’
ok
Motzkin
=15 - Robinson
— O(—1/s)
0 25 50 75 100 125 150
S
(A) Using the pure powers sequence.
00 —
-01 [
« w02k
w02

Motzkin
Robinson
O(—1/s?)

75 100 125 150
S

(B) Using the Fang-Fawzi sequence.

F1cURE 2. Figures 2a and 2b show the lower bounds calculated
for the Motzkin and Robinson polynomials employing our Julia
package’s implementation of the squares and Fang-Fawzi sequence
of kernels from Corollary 1.5(1) and (2) respectively. We also in-
clude the plot of O(—1/s) and O(—1/s?) functions respectively in
order to compare the behavior of the obtained lower bounds and
the theoretical convergence rate.

REFERENCES

Amir Ali Ahmadi and Anirudha Majumdar, DSOS and SDSOS optimization: more
tractable alternatives to sum of squares and semidefinite optimization, STAM J. Appl.
Algebra Geom. 3 (2019), no. 2, 193-230, DOI 10.1137/18M118935X. MR3939321
Sheldon Axler, Paul Bourdon, and Wade Ramey, Harmonic function theory, 2nd ed.,
Graduate Texts in Mathematics, vol. 137, Springer-Verlag, New York, 2001. MR1805196
Sheldon Axler and Wade Ramey, Harmonic polynomials and Dirichlet-type problems,
Proceedings of the American Mathematical Society (1995), 3765-3773.



[BGP]

[BSV1]

[BSV2]

[BSV3]

[B1]

[B2]

[BPT]

[C1]

[C2]

[FF]

[dKLS]

(E]

(H]

[SL]

S

[L1]

[L.2]

[HKL]

[L1]

[L.2]

HARMONIC HIERARCHIES FOR POLYNOMIAL OPTIMIZATION. 23

Grigoriy Blekherman, Joao Gouveia, and James Pfeiffer, Sums of squares on the hyper-
cube, Math. Z. 284 (2016), no. 1-2, 41-54, DOI 10.1007/s00209-016-1644-7. MR3545483
Grigoriy Blekherman, Gregory G. Smith, and Mauricio Velasco, Sums of squares and
varieties of minimal degree, J. Amer. Math. Soc. 29 (2016), no. 3, 893-913, DOI
10.1090/jams/847. MR3486176

, Sharp degree bounds for sum-of-squares certificates on projective curves, J.
Math. Pures Appl. (9) 129 (2019), 61-86, DOI 10.1016/j.matpur.2018.12.010 (English,
with English and French summaries). MR3998790

Grigoriy Blekherman, Rainer Sinn, and Mauricio Velasco, Do sums of squares dream
of free resolutions?, SIAM J. Appl. Algebra Geom. 1 (2017), no. 1, 175-199, DOI
10.1137/16M1084560. MR3633773

Grigoriy Blekherman, Convezity properties of the cone of nonnegative polynomials,
Discrete Comput. Geom. 32 (2004), no. 3, 345-371, DOI 10.1007/s00454-004-1090-x.
MR2081630

Dimitri P. Bertsekas, Nonlinear programming, 3rd ed., Athena Scientific Optimization
and Computation Series, Athena Scientific, Belmont, MA, 2016. MR3587371

Grigoriy Blekherman, Pablo A. Parrilo, and Rekha R. Thomas, Semidefinite optimiza-
tion and convez algebraic geometry, MOS-SIAM Series on Optimization, vol. 13, Society
for Industrial and Applied Mathematics (STAM), Philadelphia, PA; Mathematical Opti-
mization Society, Philadelphia, PA, 2013.

Ronald Cools, Constructing cubature formulae: the science behind the art, Acta numer-
ica, 1997, Acta Numer., vol. 6, Cambridge Univ. Press, Cambridge, 1997, pp. 1-54, DOI
10.1017/50962492900002701. MR1489255

, An encyclopaedia of cubature formulas, J. Complexity 19 (2003), no. 3, 445-453,
DOI 10.1016/S0885-064X(03)00011-6. Numerical integration and its complexity (Ober-
wolfach, 2001). MR1984127

Kun Fang and Hamza Fauzi, The sum-of-squares hierarchy on the sphere and applications
in quantum information theory, Math. Program. 190 (2021), no. 1-2, Ser. A, 331-360,
DOI 10.1007/s10107-020-01537-7. MR4322645

Etienne de Klerk, Monique Laurent, and Zhao Sun, Convergence analysis for Lasserre’s

measure-based hierarchy of upper bounds for polynomial optimization, Math. Program.
162 (2017), no. 1-2, Ser. A, 363-392, DOI 10.1007/s10107-016-1043-1. MR3612943
Alperen A. Ergiir, Approximating nonnnegative polynomials via spectral sparsification,
SIAM J. Optim. 29 (2019), no. 1, 852-873, DOI 10.1137/17M1121743. MR3925523
Sigurdur Helgason, Groups and geometric analysis, Mathematical Surveys and Mono-
graphs, vol. 83, American Mathematical Society, Providence, RI, 2000. Integral geom-
etry, invariant differential operators, and spherical functions; Corrected reprint of the
1984 original. MR1790156

Lucas Slot and Monique Laurent, Sum-of-squares hierarchies for binary polynomial op-
timization, Integer programming and combinatorial optimization, Lecture Notes in Com-
put. Sci., vol. 12707, Springer, Cham, [2021] (©)2021, pp. 43-57. MR4259092

Lucas Slot, Sum-of-squares hierarchies for polynomial optimization and the Christoffel-
Darbouz kernel , posted on 2021, DOI https://arxiv.org/abs/2111.04610.

Jean Bernard Lasserre, Moments, positive polynomials and their applications, Impe-
rial College Press Optimization Series, vol. 1, Imperial College Press, London, 2010.
MR2589247

, An introduction to polynomial and semi-algebraic optimization, Cambridge
Texts in Applied Mathematics, Cambridge University Press, Cambridge, 2015.
MR3469431

Didier Henrion, Milan Korda, and Jean B. Lasserre, The moment-SOS hierarchy—
lectures in probability, statistics, computational geometry, control and nonlinear PDEs,
Series on Optimization and its Applications, vol. 4, World Scientific Publishing Co. Pte.
Ltd., Hackensack, NJ, [2021] (©2021. MR4274588

Jean B. Lasserre, Global optimization with polynomials and the problem of moments,
SIAM J. Optim. 11 (2000/01), no. 3, 796-817, DOI 10.1137/S1052623400366802.
MR1814045

, A new look at nonnegativity on closed sets and polynomial optimization, SIAM
J. Optim. 21 (2011), no. 3, 864-885, DOI 10.1137/100806990. MR2837555




24

[M1]

[M2]

[MPSV]

[PV]

(P]

(1]

[S2]

[T]

(HT]

[MCW]

[T]

[DIAW]

SERGIO CRISTANCHO AND MAURICIO VELASCO

Murray Marshall, Positive polynomials and sums of squares, Mathematical Surveys
and Monographs, vol. 146, American Mathematical Society, Providence, RI, 2008.
MR2383959

Mitsuo Morimoto, Analytic functionals on the sphere, Translations of Mathemat-
ical Monographs, vol. 178, American Mathematical Society, Providence, RI, 1998.
MR1641900

Angeles Martinez, Federico Piazzon, Alvise Sommariva, and Marco Vianello, Quadrature-
based polynomial optimization, Optim. Lett. 14 (2020), no. 5, 1027-1036, DOI
10.1007/s11590-019-01416-x. MR4114396

Federico Piazzon and Marco Vianello, A note on total degree polynomial optimization by
Chebyshev grids, Optim. Lett. 12 (2018), no. 1, 63-71, DOI 10.1007/s11590-017-1166-1.
MR3742954

Pablo A. Parrilo, Semidefinite programming relaxations for semialgebraic problems,
Math. Program. 96 (2003), no. 2, Ser. B, 293-320, DOI 10.1007/s10107-003-0387-5. Al-
gebraic and geometric methods in discrete optimization. MR1993050

A. H. Stroud, Approzimate calculation of multiple integrals, Prentice-Hall Series in Au-
tomatic Computation, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1971. MR0327006
Gabor Szeg8, Orthogonal polynomials, 4th ed., American Mathematical Society Collo-
quium Publications, Vol. XXIII, American Mathematical Society, Providence, R.I., 1975.
MRO0372517

L. Tchakaloff, Formules générales de quadrature mécanique du type de Gauss, Colloq.
Math. 5 (1957), 69-73, DOI 10.4064/cm-5-1-69-73 (French). MR92885

Nicholas Hale and Alex Townsend, Fast and accurate computation of Gauss-Legendre
and Gauss-Jacobi quadrature nodes and weights, SIAM J. Sci. Comput. 35 (2013), no. 2,
A652-A674, DOI 10.1137/120889873. MR3033086

Riley Murray, Venkat Chandrasekaran, and Adam Wierman, Publisher correction to:
“Signomial and polynomial optimization via relative entropy and partial dualization”,
Math. Program. Comput. 13 (2021), no. 2, 297-299, DOI 10.1007/s12532-021-00201-1.
MR4266926

Mark Taylor, Cubature for the sphere and the discrete spherical harmonic transform,
SIAM J. Numer. Anal. 32 (1995), no. 2, 667-670, DOI 10.1137/0732030. MR1324308
Mareike Dressler, Sadik Iliman, and Timo de Wolff, An approach to constrained poly-
nomial optimization via nonnegative circuit polynomials and geometric programming, J.
Symbolic Comput. 91 (2019), 149-172, DOI 10.1016/j.jsc.2018.06.018. MR3860889

SERGIO CRISTANCHO, DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE LOS ANDES, CAR-
RERA 1 No. 18a 10, Epiricio H, PRIMER Piso, 111711 BocoTA, COLOMBIA
Email address: se.cristancho@uniandes.edu.co

MAURICIO VELASCO, DEPARTAMENTO DE MATEMATICAS, UNIVERSIDAD DE LOS ANDES, CAR-
RERA 1 No. 18a 10, Epiricio H, PRIMER P1so, 111711 BocoTA, COLOMBIA
Email address: mvelasco@uniandes.edu.co



	1. Introduction
	1.1. Relationship with previous work.

	2. Cubature formulas
	2.1. An explicit cubature rule for spheres

	3. Harmonic analysis on spheres
	3.1. Reproducing Kernels for spaces of functions on the sphere
	3.2. Harmonic decomposition on spheres
	3.3. Reproducing kernels for spaces of harmonic polynomials

	4. Linear harmonic hierarchies
	4.1. Optimization-free lower bounds for polynomial minimization.
	4.2. Kernel selection
	4.3. Harmonic hierarchies for moment problems.

	5. A Julia package for harmonic hierarchies.
	References

