arXiv:2203.09298v2 [g-fin.CP] 5 Feb 2023

WEAK ERROR RATES OF NUMERICAL SCHEMES FOR ROUGH
VOLATILITY

PAUL GASSIAT

ABSTRACT. Simulation of rough volatility models involves discretization of stochastic integrals
where the integrand is a function of a (correlated) fractional Brownian motion of Hurst index
H € (0,1/2). We obtain results on the rate of convergence in the number of time-steps for the
weak error of such approximations, in the special cases when either the integrand is the fBm
itself, or the test function is cubic. Our result states that the convergence is of order (3H + %) !
for exact left-point discretization, and of order H + % for the hybrid scheme with well-chosen
weights.

1. INTRODUCTION

The family of rough volatility models, where the volatility process has sample paths which are
rougher than those of classical Brownian motion, has been the object of much interest in the
mathematical finance community in the last few years, due to its ability to reproduce several
features of asset prices, such as for instance the observed skew of implied volatility [ALV07, Fuk11],
its consistency with empirical time series [GJR18] and the fact that it arises as scaling limit of
microstructure models under natural conditions [EEFR18, JR20].

In their simplest forms, the volatility process oy is a function of a (Riemann-Liouville) fractional
Brownian motion (fBm), namely

t
g = f<t7 Wt)) Wt = J (t _ S)H_1/2dWS7
0

and the corresponding stock-price dynamics are given by

dSt = Ut(det + 1-— deWt)

Here f is a deterministic function (the popular "rough Bergomi” model, introduced in [BFG16],
corresponds to f(t,z) = ((t) exp(nz)), and W, W are independent Brownian motions.

By a classical conditioning argument (the so-called Romano-Touzi formula [RT97]), when evalu-
ating European options, the dependence in W in S can be integrated out, so that call option prices
in this model are given by

T T T
Cps (So exp (pL f(t, Wt)th — '022-[) f(t7I//I\/t)2dt> VK, 1 —2p2 JO f(t,ﬁ\/t)2dt>]

where Cgg = Cps(So, K,0?T) is the usual Black-Scholes Call pricing function. Since, unlike the
case of Markovian models, PDE methods are not available here, in order to evaluate option prices
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we are left with the issue of simulating the inner random variable, and, in particular, the stochastic
integral

T —~
I=J £ TV,
0

A simple choice consists in left-point discretization of the above, namely to write

N-1
I~ IVN:= Z f(Wtk) (Wtk+1 - Wtk) :
k=0
where {t;,k = 0,...,N} is a discretization of [0,7T]. Since the covariance of the Gaussian vector
(Wtk, Wtk)k is explicit, it can be simulated exactly by the classical Cholesky method.
=1,.,N

It is then natural to ask what is the error made when considering this approximation. It is
important here to distinguish between strong and weak error. The strong error corresponds to the
size of the difference Z — 7', and a simple computation based on It6 isometry and properties of the
fBm show that its L? norm is of order N~ . Since in practical applications H is small (of order
0.1), this converges to 0 very slowly which may lead to doubt the practical feasibility of Monte Carlo
approximations for these models. However, the more relevant quantity in practice is the weak error,
i.e. the quantity

€a = E[(T)] - E[®(T")]
for a given (family of) test function(s) ®.

It is well-known that these two errors do not in general share the same order of convergence
(recall that in the case of classical SDEs these orders are respectively 1 and 1, see e.g. [TT90]).
This turns out to also be the case here, as proved first in [BHT20]. They show that the rate of
weak convergence is of order at least H + % when f(z) = z, and in fact they give a simple argument
(which they attribute to Neuenkirch) showing that the rate is even of order 1 when ® is a quadratic.
Note that these rates have the appealing feature of not going to 0 as H — 0.

The main result of this work (Theorem 2.1 below) is a further improvement on their result,
showing that, when either f(z) = x or ® is a cubic polynomial, the weak error is in fact bounded
by a higher power of 1/N, namely

1 )(3H+1/2)/\1

5<1>§C<N

Our proof is based on a direct manipulation of fractional integrals and an application of the
integration by parts formula of Malliavin calculus, as first used in the context of numerical error
study in [CKHLO06]. We then prove our result by induction on the regularity of the test function
(using crucially the rate 1 for quadratics in the induction step). The method is arguably simpler
than the PDE methods of [BHT20] (based on Markovian approximation). We also believe that our
proof could be refined to show that the order above is in fact optimal, but we do not pursue this
here. We however present some numerical tests which are consistent with this belief.

Of course our result is only partial, since we do not treat the case where both f and ® are
arbitrary, which is the relevant case for practical situations. (Note in particular that, in the case
f(x) = x that we treat here, there are faster methods than Monte Carlo for option pricing, such
as the Fourier inversion techniques described in [AJ20]). It is not clear if the proof below can be
extended to this general case, the induction argument relying strongly on the fact that f is linear.
Our result is also not directly applicable to option pricing, since the Romano-Touzi formula differs
from the expectations we consider on two aspects : (i) it depends not only on Z but also on the
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realized variance SOT f (Wt)th (ii) it involves evaluation of functions which are typically smooth but
not with bounded derivatives, unlike what we require here (we leave a rigorous investigation of
these technical points to future research).

Our method of proof is however quite flexible when it comes to the choice of the approximation,
which we highlight by considering next a different approximation for Z, namely that coming from
the so-called hybrid scheme [BLP17]. Recall that it consists in replacing I//I\/t, at a grid-point t, by
an approximation

_ + k—rk—1 5 tit1
W, =f (=)W, + > ki f dW
t—kT /N

j=0 tj

where the weights k¢ correspond to approximating the kernel k : r — r#~1/2 by a constant function
on the interval [¢T'/N, ({+1)T/N]. Any reasonable choice of the weights lead to a strong convergence
of order H, but interestingly we observe here that for weak convergence the situation is very
different. Indeed, considering quadratic ®, it is clear that many of the usual choices proposed in
the literature lead to a weak convergence of order no better than 2H. However, choosing the k; in
order to match second moments of I\/I//t and I//I\/t, we show that (in the same cases as those considered
above), the weak error is of order N—# —1/2 see Theorem 3.1 below. We note that this choice of
weights had been proposed in [HIM17], along with the observation that they lead to a reduced
error. Our results give a theoretical justification for the use of these weights.

Finally, we mention the related recent preprint [BFN22], which uses essentially the same method
of proof to study the weak error of the Cholesky discretization when f(x) = x (but they only obtain
the suboptimal rate of H + 1/2). They also prove that the weak rate is at least 2H for general f.
Our results were obtained independently.

The organization of the article is as follows. In Section 2, we consider the weak error of left-point
approximation when the discretized process is sampled exactly. In Section 3, we study the same
quantity when this discretization is replaced by its approximation obtained from the hybrid scheme.
Some technical proofs are relegated to Section 4.

2. WEAK ERROR FOR EXACT DISCRETIZATION

Without loss of generality we will consider the time horizon T' = 1 throughout. We consider
a scalar Brownian motion W on [0, 1], and the associated Riemann-Louville fBm of Hurst index
H € (0,1/2), defined by
¢
W, = f K(t,s)dW,, K(t,s)=(t—s)" 2
0

Given a fixed function f, we let

1 —~
7= f F()dw.
0

For a fixed n, we consider the discretization of the above It6 integral

1
T - JO (W) AW,

where for ¢ € [0, 1], n(t) = |nt]/n.
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Given a test function ®, we consider the associated weak error
Eo =E[®(D)] -E[®(T')].

Our main result is then the following rate of convergence to 0 of this quantity, in the cases where
either f is linear or ® is cubic.

Theorem 2.1. Assume that H # %1 and either :
(1) f(z) =z and ® is a 0152[1/4H]+3)A(2[1/2H]+1) function,
or
(2) f is C% and ® is a cubic polynomial.
Then there exists a constant C, which does not depend on n, such that

1\ BH+1/2)1
€| < C <) .
n

Before proving the theorem, we provide a numerical illustration. In Figure 1 below, we plot &g
for ®(z) = 23/6, f(x) = z, ? and various values of H and A. Note that in that case, £ can be
computed without Monte-Carlo simulations, since (see proof of Theorem 2.1, case (2), p.8 below)

E[Z%] = GJ

0<s<t<1

dt ds B[W,W,K(t,s) = GJ dt ds dr K(t, s)K(t,r)K(s,r)

0<r<s<t<l
which can be computed numerically, and similarly E[(Z')?] can be written as a sum involving the

correlation function of W on grid-points. The plot is consistent with rate (3H + 1/2) A 1 being
optimal.

2.1. Proof of Theorem 2.1, Case (1).
We first introduce some notations. Throughout the rest of this paper, we will write f < g or
f=0(g) if f < Cg for some constant C' that does not depend on n.

Recall that K(t,s) = (¢t — 5)5—1/27 and we further let K'(t,s) = K(n(t),s), AK = K' — K,
A(K?) = (K")? — K2, and for 6 € [0,1], let K? = (1 — §)K + 0K’. Similarly define AW and W?.
We start by recording some elementary inequalities on the kernels.

Lemma 2.1. It holds that

¢
(2.1) sup J ds AK(t,s)> sn 2
te[0,1] Jo
¢
(2.2) Foranya >0, a+# H+ 1, sup J ds |AK(t,s)| (t —s)® < nH71/27e
te[0,1] JO
¢
(2.3) vt e [0,1], J ds A(K?)(t,s)| < n 27 Anp~ 12271
0

t
2.4 vte[0,1 ds AK(t,s)| < n HHL/2) \ p=-14H-1/2
(2.4) [0,1], ,

0

IWe leave to the interested reader to check that, in the case H = é, the same proof gives a rate of @.

2Technically7 this choice does not fulfill the assumptions of Theorem 2.1 since neither ® nor f are bounded, but
it is straightforward to check that the proofs of both cases (1) and (2) still go through.
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FIGURE 1. Plot of &35 as a function of n for various values of H, when f(z) = =.
The dotted lines are linear regressions, with slopes indicated in the legend.

Proof. In order to prove (2.1), note that for n(t) — s = n~!, one has
1
K (t,s) — K(n(t),s)| < C—(t — s)"%2,

n

and split the integral into

J ds (K (t,s)? + K(n(t),s)?) + J ds C’i(t — )23 < p2H,
[t—s|<2/n

2
|t—s|=2/n n

(2.2) is proved in the same way.
(2.3) and (2.4) are easy since the inner integrals can be computed exactly, e.g.

-r ds (K(t,s)? — K'(t,s)?) = 2H) ™' (27 —n(t)*) s n2H An~ 121
0

Recall that

1 1
I = J Wtth, II = J Wﬂ(t)th7
0 0
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and let
1 1
AT=T -T= f AW, dW;, and for € [0,1], Z% = (1 - 0)Z' + 0T = f Wrldw;.
0 0
‘We have

Ep = f do E[®'(Z°)AZ].
0

We denote by D the Malliavin derivative operator (w.r.t. W). Note that AZ = Sé (Sé AK(t, s)dWs> AWy,

being a double Wiener integral, satisfies D;D:AZ = AK (¢, s) for s < t.
Applying twice the integration by parts formula from Malliavin calculus, we obtain

Ep = Jol do fol dt ﬂ ds E[D,Dy(®'(I%)] AK (2, s).

Recall that Dy (S(l) u,«dWT) = u;+ Stl Dyu,.dW,, as long as u is an adapted Malliavin differentiable

process. This yields
DI? = WP + W, = WY,
where )
W, ::J KO (r, t)dW,.
We also have for s <t t
D,D,I% = K%(t,s).
Using the chain rule for the Malliavin derivative, this leads to

1 1 t
Ep =J d&f dtf ds]E[q><3>(IG)Wfo] AK(t, s)
0 0 0

(2.5) + Jl d9 f dt J s E [@” (19)] KO(t, ) AK(t, 5)
0 0 0

In order to estimate the first term, we need to study the continuity properties of the expectation
appearing in the integral. This is done in the following lemma, the proof of which is a bit tedious
and relegated to section 4.1. (Note that when ¥ = 1 and 6 = 0, the considered quantity is simply
the correlation function of the Gaussian process with kernel K (t,s) + K(s,t) = [t — s/ ~1/2, which
has similar properties as the correlation function of the fBm, in particular 2H-Ho6lder continuity).

Lemma 2.2. Given a function ¥ : R — R, for any 0 € [0, 1], the map
CY : (s,t) > E [\y(IG)ij”vf]
satisfies, in the case where W is bounded,
|Co(t, )] < 1+ e(t)?,
and if in addition ¥ € C},
|Co(t, 1) — Ch(t,s)] < (t— )" +n 2 +e(t)? + e(t)e(s),

wheree(t) := n=1/2 ([nt]/n — T2 satisfies

1 1 t
J e(t)?dt < n =% f dtJ ds |AK(t, s)|e(t)e(s) < n 3H1/2,
0 0 0
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Proof of Theorem 2.1 (1). We prove by induction on k the slightly more general claim : if ® € Céﬂ
k an odd integer, then, uniformly over 6 € [0, 1],

(2.6) E [q) (IG)] _E [q) (Il‘e)] -0 ( —(3H+1/2) u) L0 ( _kH) .
(the result of the theorem corresponds to § = 0, kH > (3H + 1/2) A 1).

The case k = 1 is simple (using that & is Lipschitz and strong error is of order H), and we now
fix k> 3.

By the same computation as in (2.5), one has
1-0 1 t o
E[® (1°)] - E[® (77)] :f dyf dtJ ds AK(t,5)E [0) (1) W W] |
0 0 0
1-0 1 t
+ f d’yf dtJ ds AK(t,s)K"(t,s)E [<I>” (IA’)]
0 0 0

=: ¢ + &y,

For the first term, using Lemma 2.2 in the first inequality (with ¥ = ®®)), we have that for any
e [0,1],

' ' s s G) (TN YT
JO dtL dsAK (t, s)E [<I> (T) W, Wt]
1 t 1 t
= L dtCgs) (t, t) L AK(t, S)ds — L dtL ds AK(t, S) (Cq)(ii) (t, t) — Cs») (t, S))
<J dtCipion (1,1) J CAK( 5)ds
J dtJ AK(t, 8)] (O(t — /P + O(n~2H) + O(e(t)?) + O((n~ + e(t))e(s))) ds

)+O( —(3H+1/2))

where we have used (2.4) and (2.2), and it follows that & = O (n=GH+1/2)11),

(The case k = 3 is slightly different, since ®®) is only continuous and we cannot use the second
inequality in Lemma 2.2. In that case, we only obtain

€ < Ll dt JZ ds|AK(t,s)| (1+ () (1 + €(s)) <n H1/2

which is sufficient since it is still smaller than O(n=3#).)
For the second term, we rewrite it as

& = ozL J dt ds A(K?)(t,s) + ﬁJ;) L dt ds (AK(t,s))?
=a0(n™) + fO(n™21),
using (2.1) and (2.3), where

1-6
a= %J dyE[®"(Z7)] = 0(1)
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and
1— 9
5= j JE[@" ()]
1/2 1
- | ara-3 E[ @) B[ @)

By the induction hypothesis, the integrand is O ( —(3H+1/2) Al) +0 ( )H)), uniformly over
v €[0,1/2], and we can conclude.
|

2.2. Proof of Theorem 2.1, case (2). We keep the same notations as in the previous subsections,
and note that D, f(W;) = f/ (W) K (¢, s).
Then we have (using It6’s formula in the first equality, and Malliavin integration by parts in the

second)
E l(Llf(ﬁft)thf] = 3[1 th[( W dW)f(ﬁ\/t)Q]

—Gf dtf ds B[ F(W.)(4F)(W)| K (t,9).

The same computation holds if K is replaced by K’, and we deduce that for ®(z) = 23, the weak
error is estimated by

Eps SEW 4 @)

with ) .
EM = dt| d LS)AK (L, s),
Jotjo s 67(t, ) AK (1, 5)
and
1 t
£0) = j dt J ds (65(t,5) — br(n().m(s) K'(t,5),
0 0
where

05(t,s) == E | F(W)(F£)(W)

We then state the following lemma, whose proof is relegated to section 4.2.

Lemma 2.3. Let ¢(t,s) = E [w(f/l\/s, Wt)] for 1 : R?2 — R such that d11), 031 and 021 are bounded.
It then holds that for all s <t in [0,1],

@) 6(t,8) — B(t, )] +10(5,5) — 0(t,9)| < (¢ — )t~
(2.8) 10s6(t, 8)] <t (8 — )25 1 4 $2H1)
(29 0.6t 5)] < 1 ((# = 8)211 4 s21),

We can then finish the proof of the Theorem. First we note that, using (2.7),

gm <J dt ¢g(t,t) (f AK(t,s) ) f dt t_HJ ds |AK(t, s)|O(|t — s*) s n™t +n 3H1/2,
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We then estimate £2) by splitting the integration domain :

£ = J ., drds (65(t5) = @y (n(t), () K'(t,)

(..)

f (...)+f (...)+J
0<s<t<1,t—s<2n—1!,s=>2n"1! 0<s<t<l,t—s=2n—1,s=2n-1 0<s<t<1,s<2n-1!
= &P 1P e
First, note that (2.7) implies that, if 2n™! < s <t <s+2n7 !,
6(t,5) = d(n(t),n(s) £ n™* (s An(®)™" < n2H
This yields that

B < p2H J dt ds t 77 K'(t, )

0<s<t<l, t—s<2n~1

1 on~!
< nszJ dt+—H J =12y
0 0

< p3H-1/2,

Second, using (2.8)-(2.9), we see that for t —s > 2n=1, s > 2n1,

o(t,s) — p(n(t),n(s)) < nitH ((t — S)QH—l + SQH_l) 7
and this yields

D < JJ dt ds K(t,s) ((t — )71 + 271 pt
t—s=2n—1 s=2n-1

1 1
J dsf (t— s)3H_3/2 +nt J dss?H—1 J dt (t— S)H_1/2
(s+2n— 1)/\1 0 (s+2n-1)al

< plpBH-1/2)v0

< pGH+1/2)81

Finally, it remains to estimate

1 1
£ sf dtf ds K'(t, s) sf at (n(®)"2 = (n(t) — 20 ) <0,
0 0<s<2n~! 0

3. WEAK ERROR FOR THE HYBRID SCHEME
In this section, we consider the approximation induced by the hybrid scheme, which was intro-
duced in [BLP17].

We keep the notations from the previous section, in particular write K (t,s) = (¢t —

k(t—s), fix a positive integer n and let h = % For the hybrid scheme, the kernel K’ can be written
as

H-1/2
s) 2 =

T

K'(t,5) = K(n(t), ) = k(n(t) - s),

where, for a fixed integer x,

(3.1) E(r) = k(r) for 0 < r < kh,
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(3.2) k(r) = ke for th <r < (L +1)h, s <L < (n—1),

where the k; are given weights.
We then consider

- _ n(t) _
Wy = Wﬁ(t) = K(n(t)as)dst
0

~ 1 ~—
7- f f (Wt) aw,
0
and will be interested in - 5
o =E[®(T)] -E [<I>(I)] .
Let us discuss the choice of the weights k. Classical choices proposed in the literature are e.g
o k¢ =k((¢+ 1)h) (left-point)
o ky=k((£+1/2)h) (mid-point)
1 c(£+1)h

o by = 73 k. (it is shown in [BLP17] that this choice minimizes the mean square error

(MSE) between Z and 7).
However, for the above choices, the weak error cannot be of better order than 2H, as can be seen
by considering quadratics. For instance, for the MSE minimizing weights,

E[W?] = E[W?] ~pep Cn2H

c_iqu?—(fﬂk)?) =0

(this uses the self-similarity of k). A similar formula holds true for all the other grid-points, and
this yields (for f(z) = ), [E[Z?] — E[Z?]| 2 n=2#.

The good choice in our context is therefore to choose the weights that match the second moment,
namely :

) | e+nn 1/2
(3.3) Fy = (h L h kQ(r)dr>

Then it holds that § K (n(t),r)2dr = § K(n(t),r)2dr for each t, so that the second moment E[Z%]
coincides with E[(Z")?] obtained by exact discretization, and the weak rate for quadratics is 1.
(These weights have been first suggested in [HIM17]).

We illustrate these considerations in Figure 2, where we plot &,2 as a function of n for the four
choice of weights described above, for H = 0.02. We see that, for the first three choices, as expected,
the eventual decrease becomes very slow. In addition, while the left-point weights always give much
worse results, for small values of n mid-point or MSE minimizing weights give comparable results
to the moment matching ones (this is due to the fact that while the order of convergence in n=2 is
the same in these three cases, the multiplying constant will be significantly smaller for the second
and third choices).

Let us formalize the properties of K (with weights chosen as in (3.3)) that we will use.

Assumption 1. The kernel K satisfies K(t,s) = K(1(t),s) for all s < t € [0,1], and in addition,
for all grid-points t = n(t),

(3.4) Lt K(t, s)2ds = Lt K(t,s)%ds,

where
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10_1'E
10_2'E
10_3'E
-4
10 ] — left-point
] - mid-point
1 —— min MSE
107>4 —— matching 2nd moment

10! 102 103 10% 10°

FI1GURE 2. Plot of &,2 as a function of n for various choices of weights and H =
0.02, k = 1.

(3.5)
Vs<t, K(t,s)=K(35), wheres=35(t,s) satisfies|3—s| < h always, and 3 = s for t—s < kh,

where k = 1 is fized.

We now give the main result of this section, which states a weak error rate of H + % (for the
same special cases as in Theorem 2.1).

Theorem 3.1. Let Wt = Sé Iv((t,s)dWS, where K satisfies Assumption 1. Further assume that
either :

(1) f(x) =2 and ® is a 05[1/4}”“ function,

or

(2) f is C3 and ® is a cubic polynomial.

Then there exists a constant C, which does not depend on n, such that

5 1 H+1/2
Ep| < C <> .
n

Remark 3.1. (1) Let us explain the difference in rates between hybrid scheme and exact discretiza-
tion. It comes from the fact that it is not possible to choose the weights to match both second and
first moments of the kernel. The second moment has to be matched (in order to avoid rate 2H ),
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but then (2.4) does not hold. It is indeed easy to check that one has instead
¢
J AK(t,8)ds ~n o0 n_H_l/QtH+1/QCH,H7
0

with

s

= 2H H+1/2

© k4 1)2H _ j2H 1/2 k4 1)H+1/2 _ pH+1/2
0~H—Z[(( ) ) D

Inspecting the proof of Theorem 2.1 (1), we can then expect a leading order term CA';EHn_H_l/Q,

with

(3.6) C%y = Con j

0

1
E [<I><3> (I)Wf] tH+1/2

(2) We see from Theorems 2.1 and 3.1 that the Cholesky scheme has a higher (weak) conver-
gence rate than the hybrid scheme. However, it also has a higher computational cost (O(n?) vs
O(nlog(n))). Given an error tolerance level of order e, we can compute the required computational
costs for both schemes and obtain (ignoring logarithmic terms)

1 -2
COStHybrid = O(E H+1/2 )7 COStCholesky = O(E BH+1/2)AT) )

This yields in particular, the hybrid scheme is always (asymptotically) less costly, for any H €
(0,1/2).

(3) In fact, it is not clear that the difference in the asymptotic rates between Theorems 2.1 and
3.1 is relevant in practice. Indeed, the constant éSH from (3.6) is typically rather small , at
least compared to the loss of n=2. For example, for k = 1, H = 0.1 and ®(x) = 23/6 one has
CA';?H ~ 0.012. Then one can check that CA'EHn_H_l/Q is only bigger than the error of the Cholesky

scheme ~ Cn=3H-1/2 (C~’ ~ 3 being estimated from numerical values) for n of order 10'2, which is
much higher than the discretization sizes used in practical situations.

Remark 3.2. The kernel of the hybrid scheme is piecewise constant (away from the singularity),
but our Assumption 1 covers more general approzimations. In particular, our result also applies to
Fukasawa and Hirano’s SR scheme [FH21|, where the chosen approximation is of the form

k(r) ~ ag + Br(r — (k— s+ D)R)EY2 e lkh,(k+1Dh), k=&

Our result then gives an asymptotic weak rate H + % in this case as well, assuming that the oy, and
Br are chosen to match the second moments of k (and satisfy the technical condition (3.5)). (Note
that since the focus of [FH21] was on reducing the mean square error, their weights were chosen
differently).

We can also expect that the method of proof can be applied to even more general approzimations
for the fractional kernel, such as the multi-factor Markovian approximations [CC98] (however in
that case (3.5) cannot be satisfied, so that some arguments would need to be modified).

In Figure 3 below, we plot the error for ®(z) = 23/6. This confirms the observation made
in Remark 3.1 (3), in that in that case, for realistic step-sizes, the hybrid scheme (with weights
matching the 2nd moment) gives results which are indistiguishable from Cholesky discretization.

3.1. Proof of Theorem 3.1.
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FIGURE 3. Plot of &35 when f(z) = x and H = 0.15 as a function of n, for
Cholesky and Hybrid (k = 1) schemes with various choices of weights. The dotted
lines are linear regressions, with slopes indicated in the legend.

3.1.1. Proof of case (1). We keep the same notations as in the proof of Theorem 2.1 (1), with now
K'(t,s) = K(n(t),s). The proof is essentially the same and in fact, simpler, since we only need to
obtain rate H + %, so we only sketch it. The first three inequalities in Lemma 2.1 still hold. From

Lemma 2.2 we now only need the fact that
1 t
E[(W7)2] <1+ €(t)”, where J dtJ ds (1+ ()1 + e(s))|AK (£, 5)| < n—2H
0 0

which is again proved similarly (the function €(¢) is the same).
In the induction step, we now prove a bound of order O (n*H*1/2) + 0 (n*kH) for Cé“ test
functions ®. This follows from estimating &; by

1 t
Jdtf ds AK(t, s)E [<1><3> (I’*)Wgwg]
0 0

SL dt (1+e(t))J ds (1+ ¢(s)) |AK(t, 5)]

0
<p H-1/2,

while the estimate for &;, which uses (2.1) and (2.3), remains the same.
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3.1.2. Proof of case (2). Let ®(x ) = x3 By the result of Theorem 2.1 (2), it is enough to compare
E[(Z)?] — E[(Z")?], where T’ = So n(t )dW;. By the same argument as in the proof of Theorem
2.1 (2), we write this difference as £0) + £3) where

(1) = ' t S ) S S) — K S
e — | "at | ds dytnte).no) (Kn(0).5) = Kiutt). )
and
ﬂ”:fﬁfdswmmmm»—@wwmwnkww
0 0
where
b1t s) = B[SV FFNW) |, st ) = B[SOV (T2)]

The first term is simple, since we can used boundedness of ¢; to obtain
1 t -
emsjdﬁddem@—mew
(n(t)—rh)+
f dt J Lt —5)H32qs

n—H-1/2
For the second term, we use the following lemma (the proof being deferred to the Appendix).

Lemma 3.1. Let ¢(t,s) = E [w(WS,Wt)] b(t,s) = R [w(Ws,Wt)] for ¢ : R? — R such that
¥, 011, 521/1 and 021 are bounded, where W is the Riemann-Liouville fBm, and Wt = So (t, s)dW

where K satisfies Assumption 1. It then holds that for all s < t in [0,1] such that t = n(t), s = n(s)
and t — s = kh,

(3.7) |¢(t7 s) — o(t, s)| < nl(t — )2 H Yl g H12 () H1 21

We continue with the proof of the Theorem. The contribution to £ (2) of close points ¢ and s is
simple to bound, using boundedness of ¢ and ¢, since

f dt ds (t — )12 g p=H-1/2,
0<t—s<(k+1)h

It remains to estimate the contribution of ¢, s with ¢t — s > (k + 1)h, for which we use Lemma 3.1
to obtain the bound

(t—(s+1)h g
fdtf " ds (65(n(t), n(s)) — 1 (n(t), n(s))) (¢ — )7V

(t=(r+1)h) + , 1 (t=(r+1)h) +
J dttn J ds (t — s)3H=3/2 4 J dt t—H n*H*Wf ds (t — )71
0 0 0 0

1 1
U dt t‘H> n~ip(=3H+1/2)v0 (f dt t_H) n—H-1/2
0 0

n~GHAL/2)A1 | —H-1/2

A

A
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4. TECHNICAL PROOFS
4.1. Proof of Lemma 2.2. We let n'(t) = [nt]/n >t and define
(4.1) e(t) = W2 (' (1) — 1)
Lemma 4.1. It holds that .

J dt e(t)?dt <n 2,
and

0
1 t .
f dt f ds |AK(t, s)|e(t)e(s) < n 3H1/2,
0 0

Proof. The first assertion is immediate. We now prove the second assertion. Since S(l) e(t)dt <n H,
it suffices to show that .
sup J |AK(t,s)|e(s)ds < n~2H12
o<t<1 Jo

We separate the integral in two terms depending on whether ¢ —s > h or t — s < h. The first term
is

t—h t—h

f ds |AK(t,s)|e(s) < hf (t — s)H=32¢(s)ds
0 0

h
<h Y (kh)H3%( J (5)ds)

k=1 0
< p2HA12.

and the second one is bounded by

f_h ds ((t — ) H2 4 (n(r) — 8)571/2) ((n(t) _ 8)371/2 + () — 8)571/2) B2 < p2H+1/2,

O

We consider the case § = 0, i.e. W = W + W which has corresponding kernel K (s,t) =
K(t,s) + K(s,t) = |s — t|{7=1/2. Similarly define AW, AK. We then have the following estimates.

Lemma 4.2. It holds that for all 0 < s < t,

(4.2) E [ W, (Wt - W)] < (t—s)?H,
(4.3) E [AWE] <n 2 4 ¢(1)?,

and for all s < t,
(4.4) E [ W, (AVIN/t - AWS)] < B2H 4t — s2H 1 hH (e(t) + e(s)) -

Proof. (4.2) follows from

1 0
f ‘t—’l‘|H_1/2 (‘t _ 7“|H_1/2 _ |S _ 7“|H_1/2> dr < (t_s)2H J

0 —0

|1—U‘H_1/2 (|1 _ U|H_1/2 _ |u|H—1/2) du

using the change of variables r = (t — s)u.
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We now show (4.3). It holds that

B[amz] - | i (j = T (gfe) =) ) - )

We then split this integral into two contributions.

On the points where |r — t| > 2h, the integrand is bounded by a multiple of h2[t — r|22=3  for a
total contribution of order h2.

For the points where |r — t| < 2h, we bound the integral by a multiple of

t+2h

t+2h
J dr (|t — 7’|2H*1 +|n(t) — 7"|2H71) + f (n(r) — t)iH_ldr <h* 4 (nT(t) — t)
t—2h t

We now treat (4.4), for which one has

2H—-1

E[ W, (Awt - AMN/S):I = Jl dr |t —r|H=Y2 (Af((t,r) - Af((s,r)) dr
0

~

< f dr |t —r|H=12 (f((t, )+ K'(t,r) + K(s,7) + K'(s, 7'))
[t—r|<2h

+

f dr |t —r|H-12 (f((t,r) + IN(’(t, r) + [N((s, T) + [N('(s,r))
|s—r|<2h
+f dr |t—r|H_1/2(|s—t|+h) |t—T|H_3/2
r=t+2h,
+J dr |t —r[H71V2 (|s —t| + ) |s — | 73/2
r<s—2h,

+ dr |t = 77172 (e = r|I=9 1 s — o]11-372)
s+h<r<t—h

The first two lines are bounded by h?# + hfl (e(t) + €(s)), the third and fourth lines bounded by
h2H + p2H=1t — 5| < h?H + |t — s|?H | and the last line by 22, O

Lemma 4.3. For any 0 € [0, 1], letting
0% (s,t) > E [WﬁWf]
1t holds that

(4.5) CY(t,t) S 1+ E(t)?
and
(4.6) CUt,t) —C¥(t,8) S (t— ) +n72H 1 e(t)? + (n 1 + €(t))e(s).

Proof. This is immediate from Lemma 4.2 and the Cauchy-Schwarz inequality, writing wo =
W + 0AW. O

Lemma 4.4. For any 0 € [0,1], and any C} function ¥, the map
C8 . (s,1) > E [@(IG)WEWE]
satisfies the same as above, namely

Cu(tt) S 1+et)’,
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and
COt,t)— CY(t,s) < (t— )27 +n™2H 4 e(t)? + e(t)e(s).
Proof. The first inequality is immediate since ¥ is bounded.

For the second one, we write

C(s.1) = E |z WIWY |

—E Ul D, (\I/(I")Wt) KOs, r)dr]

0

_ E[U(27)] ( L RO R s r)dr)

1
+ J 8, (t,r) K% (s, r)dr.
0

The first part is equal to E[¥(Z?)]C(s,t), and we can therefore apply the results of the previous
lemma.

For the second part, we note that by Lemma 4.2, it holds that
C(t,r) < (1+€(t)) (1 + e(r)),
so that we need to bound .
f (1+e(r))(k9(t,r)—k9(s,r) dr.
0
Splitting as in the previous proofs depending whether |t — 7|, |s — r| is = h or < h, we obtain a
bound of order
|t — s[FTHY2 4 RHEVZ L 12 (s) + n1PE(1)
(which is negligible before the first term). O

4.2. Proof of Lemma 2.3. We first record some properties of the covariance function of Riemann-
Liouville fBm.
S

Proposition 4.1. Let C(s,t) = E[W,W,]. Then it holds that

C(t,t) = Ct*H
and for0 < s <t <1,
(4.7) |C(t,t) = C(s, )| S (¢ —9)*7,  [C(t,s) — Cls,8)] s (t—)*
(4.8) 0:C (s, )] < (¢ — )27,
(4.9) 10;C (5, 1) S (t —8)2 1 4 21,

Proof. 1t holds that

C(t,t) — Cls, t) = Lt(t _p)H12 ((t Y2 (g T)f—l/Q) dr

Using the change of variables r =t — (t — s)u, this leads to

C(tt) = C(s,t) = (t — )" ( L T (ff () du> < (8- s)?
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We also have

S

0:C(s,t) = (H — 1/2)j (s — T)H_1/2(t . T)H_g/th

0
s/(t—s)
= (H —1/2)(t - s)““f =21 4 w)H =324y = O((t — )2 71).
0
The bound on C(t,s) — C(s, s) follows.
Finally, writing
1
Cloat) = 7 [ 1/ =) 20— ) o
0

we obtain
1
0,0 = sH=10(1) + (1/2 — H)szH_QtJ (/5 — u)T=3/2(1 — u)H=112qy,.
0

we then distinguish two cases. First, if t/s < 2, the integral is O(t/s — 1)?#~! and we bound the
second term by a multiple of

82H_1(t/8 _ 1)2H—1 _ (t _ 8)2H_1.
In the case when t/s > 2, the integral is now O((t/s)~3/?) and this leads to an overal bound of

S2H_2t(t/8)H_3/2 _ tH—l/QSH—l/Q < S2H_1.

O

Lemma 4.5. Let 1) : R? — R be such that 011, 02¢ and 021) are bounded. Consider

¢ (a,B,7) eRx Ry x R E [v(aZy ++/B22,721)
where Z1, Zo are independent N'(0,1). Then ¢ is globally Lipschitz.
Proof. Since v is Lipschitz, Lipschitz dependence of ¢ in « and +y is clear. We then write
1
039 = 3B | Ze(0r¥) a2y + /822, 121)]
B 2\/3 \f
and note that, since E[Z2(01¢)(aZ1,7Z1)] = 0, the expectation on the r.h.s. is bounded by a
multiple of /8. O

Proof of Lemma 2.3. We can use the representation
(W, Wo) = (als. 121+ V/B(s, 1) Z2.7(8) 21 )
where Z1, Z5 are independent N'(0, 1), and

2 C(tvs)2
()’

C(t,s)?
O(t,t)’

a(s,?) B(s,t) = C(s, s) - A(t) = C(t, D2,
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By Lemma 4.5, this yields
o(t,t) — ¢(t,s) < [t  t) —alt, s)| + |B(s, ) — B(t, 1)
=/C(t,t) — C(t,s)/\/O(t, t) + C(s,s) — C(t,s)?/C(t,t)

C(s,8)C(t,t) — C(t,s)?

< (t—s)?H 1 4 CeD

(4.10) S (=911,

where we have used (4.7). A similar computation yields

(4.11) B(s,s) — ot s) < (t—s)H(tH +1),
Further using the properties of C, it holds that

dsa < (t — §)2H-L—H | 2H-14=H

0sB(s,t) < >0 4 (¢ — 5)*1

and Lemma 4.5, we obtain
Osd(s,t) <t H (M1 4 (£ — )20 7).
Similarly, using that
ata s (t _ 8)2H_1t_H + tH—l s (t _ 8)2H_1t_H
atﬁ < (t— S)QH—l +t2H_1 < (t— 8)2H_1,

Oy SHHL < (1 — 5)2H- 1 H

it holds that
Orp < (t —s)2H 11,
O

4.3. Proof of Lemma 3.1. Let C(s,t) = E[Wtws] and C(s,t) = E[Wtﬁ//s], for grid-points ¢ and

s satisfying t — s = kh.
By Lemma 4.5, it holds that

|6(t,5) — d(t,5)| < |alt,s) — alt,s)| + [B(t, 5) — B(t, )|,
where
C(t,s)?
C(t,t)

alt,s) = —=—=, B(t,s) =C(s,s) -

and ¢, § are defined similarly with C instead of C. Note that by assumption, it holds that for all
grid-points t, C(t,t) = O(t,t) = Ct*>H. Tt follows that

|o(t, 5) — d(t,s)| <t H ‘C(s,t) —C(s,t)|.

Now recall that for ¢ > r, K(t,r) = K(t,7) for some # (depending on ¢ and r), with |r — 7| < h
and similarly if s > r, K(s,r) = K(s,7), with |r —#| < h, and # = r if s — r < kh.
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This yields

S

C(s,t) — C(s,t) = f(t — )2 (s — )20y — f (t —7)H=V2(s — #)H-12qr

0 0

s s—kh

<n! J (t— T)H*3/2(s — T)H71/2d7“ +n7t J (t— r)Hﬁl/Q(s — T)H*B/zdr
0 0

< n—l(t _ s>2H—1 + n—H—l/Q(t _ S)H—1/2

and the result follows.
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