
A DENSITY DESCRIPTION OF A BOUNDED-CONFIDENCE
MODEL OF OPINION DYNAMICS ON HYPERGRAPHS

WEIQI CHU∗ AND MASON A. PORTER∗†

Abstract. Social interactions often occur between three or more agents simultaneously. Exam-
ining opinion dynamics on hypergraphs allows one to study the effect of such polyadic interactions on
the opinions of agents. In this paper, we consider a bounded-confidence model (BCM), in which opin-
ions take continuous values and interacting agents comprise their opinions if they are close enough
to each other. We study a density description of a Deffuant–Weisbuch BCM on hypergraphs. We
derive a rate equation for the mean-field opinion density as the number of agents becomes infinite,
and we prove that this rate equation yields a probability density that converges to noninteracting
opinion clusters. Using numerical simulations, we examine bifurcations of the density-based BCM’s
steady-state opinion clusters and demonstrate that the agent-based BCM converges to the density
description of the BCM as the number of agents becomes infinite.

Key words. opinion dynamics, bounded-confidence models, hypergraphs, mean-field theory,
probability-density dynamics, Deffuant–Weisbuch model

AMS subject classifications. 91D30, 05C65, 45J05

1. Introduction. People spread and change their opinions through their daily
social interactions [29]. Mathematical models of opinion dynamics give quantitative
approaches to study how the opinions of people and other agents evolve as dynamical
processes on networks [40,44]. Such models have given insight into a variety of topics,
including decision-making [50], opinion formation [16,30], and rumor spreading [19].

Models of opinion dynamics can have discrete-valued opinions or continuous-
valued opinions [40]. Examples of the former include voter models [45]; examples
of the latter include the DeGroot model [13], the Friedkin–Johnsen model [20], and
bounded-confidence models (BCMs) [38]. In a BCM, the agents that interact with
each other compromise their opinions by some amount if and only if the difference
between their opinions is less than some threshold, which is known as the confidence
bound. The opinions of the agents in a BCM can take continuous real values from
a finite interval, the entire real line, or a higher-dimensional space. The compromise
mechanism in a BCM is motivated by the idea of “selective exposure” from psychol-
ogy; people tend to favor views that are close to their beliefs and to avoid cognitive
dissonance [18, 48]. Personalized recommendations on online platforms also reinforce
selective exposure by suggesting content (e.g., YouTube videos) that is based on prior
consumed content [27,32,33].

In the last two decades, there have been many studies of BCMs, which have built
on pioneering research on the Deffuant–Weisbuch (DW) [12, 51] and Hegselmann–
Krause (HK) [25] models. In both the DW and HK models, agents adjust their opin-
ions at discrete time steps when their opinions are sufficiently close to their neighbors.
The DW model has asynchronous opinion updates in which one pair of adjacent nodes
interacts; these nodes update their opinions if they are sufficiently close to each other.
By contrast, in the HK model, all potential opinion updates of the nodes occur si-
multaneously (i.e., opinion updates are synchronous). BCMs have been generalized
in a variety of ways, such as by incorporating heterogeneous confidence bounds or
heterogeneous compromise tendencies [43, 51], randomness in opinion updates in the
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form of endogenous opinion evolution [2], and special nodes (such as media nodes)
whose update rules are different from those of other nodes [7].

All of the above BCMs encode interactions between agents in the form of dyadic
(i.e., pairwise) relationships. However, many social interactions are polyadic (i.e.,
they involve three or more agents) [14]. For example, people can discuss their opin-
ions through group texts, live conversations in a video conference call, and in small
in-person meetings. Polyadic interactions occur both in humans [1] and in other ani-
mals [35,49]. In a recent study [34], Lambiotte et al. illustrated that pairwise interac-
tions cannot explain the complex non-Markovian dynamics (such as directional pas-
senger flows) in the London Underground transportation system (i.e., “The Tube”).
One way to incorporate polyadic interactions is by studying dynamical processes on
hypergraphs [3, 5, 11]. The edges of a graph connect only two nodes (or connect a
single node to itself, in the case of a self-edge), whereas the hyperedges of a hyper-
graph can connect any number of nodes to each other [10,41]; they thereby allow one
to study collective interactions between arbitrarily many agents. Two recent papers
generalized BCMs to hypergraphs [26, 47]. In one of them [26], Hickok et al. showed
that polyadic interactions in a BCM can enhance the convergence to opinion consen-
sus and that BCMs on hypergraphs can possess qualitative dynamics, such as opinion
jumps, that do not occur for BCMs on ordinary graphs.

In the study of BCMs, one compelling question is whether the opinions of the
nodes of a network eventually reach a consensus state (with one major cluster of
opinions), a polarized state (with two major clusters), or a fragmented state (with
three or more major clusters) [36, 39]. It is also important to consider how long it
takes to reach a steady state. Given a random initial configuration of opinions, one
can examine a BCM as a multi-particle system and perform Monte Carlo simulations
to determine a steady-state opinion distribution [15,42]. However, direct simulations
are computationally expensive when the number of agents is large. For example,
numerical observations have suggested that the convergence time of the DW model
on cycle graphs grows approximately exponentially with respect to the number of
nodes [39]. Additionally, when considering random graphs or networks with random
initial opinions, one needs to perform simulations with many realizations to mitigate
sampling errors and to estimate the expectations of quantities by computing sample
means [21,28].

To study BCM dynamics in a system that involves randomness, an alternative ap-
proach to direct simulations is to model the probability density of opinion states using
an integro-differential equation [4,8,17]. Ben-Naim et al. [4] modeled the probability
density of opinions with the equation

(1.1)
∂

∂t
P (x, t) =

∫∫
|x1−x2|<1

P (x1, t)P (x2, t)

[
δ

(
x− x1 + x2

2

)
− δ(x− x1)

]
dx1 dx2 .

In this density-based BCM, the opinions of the nodes lie in a one-dimensional (1D)
space, and P (x, t) dx denotes the fraction of agents with opinions in the interval
(x, x + dx) at time t. If the opinion difference between two agents is less than 1,
they compromise their opinions to precisely the middle of their current opinions.
This middle-point interaction rule leads to a gain term of the opinion density at the
compromise opinion (x1 + x2)/2 and loss terms at the original opinions x1 and x2.

In the present paper, we study a density-based BCM on hypergraphs. We consider
a DW model on a hypergraph in a discrete-time setting and obtain a continuous-time
rate equation in a mean-field limit as the network size (i.e., the number of agents

2



in the network) becomes infinite. The rate equation (1.1) of Ben-Naim et al. [4]
is a special case of our model. We prove that the solution of our rate equation is a
probability density and that it converges to noninteracting, isolated opinion clusters at
an exponential rate. These results are consistent with both steady-state behavior and
convergence properties in agent-based models [37]. As a case study, we use a special
type of hypergraph in which each hyperedge has three nodes — such hypergraphs
occur, for example, in the study of folksonomies [22] — and numerically examine the
steady-state distributions of opinion clusters for different discordance functions, which
are analogous to the confidence bounds of dyadic BCMs. We observe numerically for
both bounded and unbounded opinion distributions that opinion clusters undergo
a periodic sequence of bifurcations as we increase the variance of the initial opinion
distribution. We also illustrate through Monte Carlo simulations that the agent-based
DW model converges to our density-based DW model as we increase the number of
agents.

Our paper proceeds as follows. In Section 2, we review the agent-based DW model
on hypergraphs and derive the rate equation of a single-agent density in the mean-
field limit. We also prove several properties of the solution of our density-based DW
model and of its steady states. In Section 3, we numerically study steady-state opinion
distributions with different confidence bounds and different initial distributions, and
we compare them with the results of agent-based simulations. We conclude in Section
4. We give proofs of several results in Appendix A.

2. Density evolution of a DW model on a hypergraph. Consider an un-
weighted and undirected hypergraph H = (V,E), where V = {1, . . . , N} is the set
of nodes and E is the set of hyperedges. Each hyperedge e is a subset of V and
represents a relationship that is shared by all nodes in e.

For a given hyperedge e, we decompose the opinion state into two parts: x =
(xe,xẽ), where the first part xe = {xi}i∈e gives the opinion values of the nodes in the
hyperedge e and the second part xẽ = {xi}i/∈e gives the opinion values of the other
nodes (i.e., the nodes in the complement set).

Analogous to the confidence bounds of dyadic opinion models, we use a discor-
dance function dp : R|e| → R≥0 to measure the heterogeneity of the opinions that are
associated with a hyperedge e. We define the discordance function as an averaged
deviation from a group mean in terms of the Lp norm:

(2.1) dp(xe) = αp

[
1

|e|
∑
i∈e
|xi − xe|p

]1/p
,

where xe = 1
|e|
∑
i∈e xi is the group mean. The factor 1/|e| alleviates the disadvantage

of hyperedges with more nodes (i.e., “larger” hyperedges). We introduce scaling
constants αp to reduce the discrepancy between different choices of the parameter p.
In Section 3, we discuss the selection of αp. Other choices of discordance functions
include the L∞ norm [47] and the sample variance [26].

2.1. Rate equation for the discrete-time dynamics and its continuous-
time extension. In the DW model on a hypergraph, at each time step, we choose
one hyperedge e randomly with probability pe and update the opinions of its nodes
to the mean opinion in e if and only if the discordance is less than a threshold. That
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is,

(2.2) xi(n+ 1) =

{
xe(n) if i ∈ e and dp(xe(n)) < c

xi(n) otherwise ,

where c > 0 is the confidence bound. The sequence {x(n)} forms a discrete-time
Markov process. We state the precise dynamics of the probability density of {x(n)}
in Theorem 2.1, which we prove in Appendix A.1.

Theorem 2.1. The DW model (2.2) induces a discrete-time Markov chain x(n),
with n = 0, 1, . . ., in the continuous state space R. Let P (x, n) be the probability
density of x(n). The density P (x, n) satisfies the relation

(2.3) P (x, n+ 1)− P (x, n) =
∑
e∈E

pe

∫
dp(ye)<c

P (ye,xẽ, n) [δ(xe − ye)− δ(xe − ye)] dye .

Theorem 2.1 gives an exact density description of the agent-based DW model
(2.2) on a hypergraph and provides an approach to simulate agent-based dynamics in
terms of associated evolutions of probabilities. Solving (2.3) with the initial condition
P (x, 0) yields the probability density function of x(n). If the agent-based DW model
has a random initial state x(0), then P (x, 0) is the probability density of the initial
state; if the model has a deterministic initial state x(0), then P (x, 0) is an empirical
Dirac measure that is associated with the initial state.

Solving equation (2.3) numerically involves integration over a high-dimensional
space. One can decrease the dimension of the integration space in (2.3) by one by
explicitly integrating the delta functions, but it remains computationally expensive
to simulate the dynamics of the joint distribution of x(t), which lives in a space
whose dimension is the network size N (i.e., the number of nodes). Therefore, we
reduce the computational expense by employing a mean-field approximation of the
rate equation (see Section 2.2). The reduced rate equation only requires the solution
of a single-agent density function, which is one-dimensional.

It is also convenient to treat time as a continuous variable. Some models assume
that opinions change continuously with time [46] and do not allow sudden opinion
changes at any instant of time. However, we consider a probability density f(x, t) as
a continuous extension that is induced by the discrete-time density P (x, n). To do
this, we write

(2.4) f(x, t) = P (x, bγtc) , t ≥ 0 ,

where b·c is the floor function and the constant γ indicates the speed of opinion
updates. The induced model, which describes the continuous-time probability density
f(x, t), has γ updates of opinion states in the time interval [t, t+ 1).

With the definition (2.4), the probability density f(x, t) is not continuous with
respect to t. Specifically, with τ = 1/γ, a direct computation yields

(2.5)
f(x, t+ τ)− f(x, t)

τ
= γ

∑
e∈E

pe

∫
dp(ye)<c

f(ye,xẽ, t) [δ(xe − ye)− δ(xe − ye)] dye .

If we take the limit τ → 0 in (2.5), the left-hand side yields the time derivative of
the opinion density f(x, t), but the right-hand side becomes infinite because γ →∞.
When τ → 0 (i.e., γ → ∞), agents interact with each other at an infinitely fast
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rate. If a network has a finite number of agents, it instantaneously reaches a steady
state. However, the right-hand side of (2.5) becomes well-defined in the limit τ → 0
(with an appropriate scaling parameter γ) when the number of agents in a network
simultaneously tends to infinity. We thus consider a mean-field limit in which the
network size becomes infinite.

2.2. Rate equation in a mean-field limit. We introduce a one-point density
g(a, t) to examine the opinion distribution of a population of equivalent agents. For
a ∈ R, we define the one-point density

(2.6) g(a, t) =
1

N

N∑
i=1

∫
f(x, t)δ(a− xi) dx .

We derive a governing equation for g(a, t) in Theorem 2.2.
For notational simplicity, we use finite-difference notation and define

(2.7) [τ ]h(·, t) :=
h(·, t+ τ)− h(·, t)

τ
.

We use f(·, t) with an appropriate argument to denote the marginal densities of
f(x, t). For example, f(xe, t) represents the marginal density after integrating out
the variables xẽ that are associated with the complement set. That is, f(xe, t) =∫
f(x, t) dxẽ.

Theorem 2.2. Assume for all hyperedges e ∈ E and all times t ≥ 0 that

(2.8) f(xe, t) = Πi∈ef(xi, t) .

It then follows that the one-point density g(a, t) in equation (2.6) satisfies

(2.9) [τ ]g(a, t) =
γ

N

∑
e∈E

pe

∫
dp(ye)<c

Πi∈eg(yi, t)

[
|e|δ(a− ye)−

∑
i∈e

δ(a− yi)

]
dye ,

where γ is the updating rate in (2.4) and τ = 1/γ.

We prove Theorem 2.2 in Appendix A.2. It requires an independence assumption
that the opinions of the nodes in a hyperedge e are independent for t ≥ 0. In general,
this independence assumption does not hold for a network with finitely many agents,
but the joint distribution converges to the product of one-agent marginal densities as
the number of agents becomes infinite. For a DW model on a dyadic graph, Gómez-
Serreno et al. [23] proved rigorously (see their Theorem 4.3) that (1) the law (which
is the probability measure that is associated with a random variable or a stochastic
process) of opinion processes x(t) converges to the law of independent and identically
distributed (i.i.d.) processes as the number of agents becomes infinite and that (2)
the law of an individual limit process is the unique solution of an integro-differential
equation of Kac type. We extend their results to networks with polyadic interactions
in Conjecture 2.3.

Conjecture 2.3. Suppose that f(x, t) in (2.5) is permutation-invariant with re-
spect to x. (In other words, f(x, t) remains the same when we switch any pair of
entries of x.) If all hyperedges e ∈ E satisfy |e| ≤M , then it follows for t ≤ T that

(2.10) |f(xe, t)−Πi∈ef(xi, t)| ≤
C(M,T )

N
,
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where C(M,T ) is a constant that depends only on M and T and the difference in the
absolute value | · | is in the weak sense of using test functions.

The inequality (2.10) indicates the weak convergence (i.e., the convergence of inner
products with test functions) of two probability measures [6]. Conjecture 2.3 states
that if the maximum hyperedge size M := max{|e|, e ∈ E} is constant (independent
on the network size N), then the probability density of any m opinions (with m ≤M)
converges to an m-fold product of identical one-agent probability densities in the weak
sense as the number of agents (i.e., N) becomes infinite. Specifically, the difference
between two densities decays as O(1/N).

We believe that it is possible to rigorously prove Conjecture 2.3 by adopting
methods from the proofs of Theorem 4.3 in [23] and Theorem 3.1 in [24]. Both of
these papers considered stochastic processes that one can use to describe a dyadic DW
model, formulated f(x, t) as an empirical measure that is induced by such a stochastic
process, and estimated an error bound for the weak convergence in a probability space.
In Appendix A.3, we give a strategy to prove Conjecture 2.3.

We take γ = N in equation (2.9). With this choice, in one unit of time, the
number of selected hyperedges is proportional to the number of agents in a network.
We then take the limit N →∞ and obtain the mean-field rate equation

(2.11)
∂

∂t
g(a, t) =

∑
e∈E

pe

∫
dp(ye)<c

Πi∈eg(yi, t)

[
|e|δ(a− ye)−

∑
i∈e

δ(a− yi)

]
dye .

As N →∞, the set E has an infinite number of hyperedges and the probability pe of
selecting hyperedge e goes to 0. However, the sum in (2.11) remains finite. We can
further simplify (2.11) if we know the hyperedge set E and the selection probability
pe. For example, if all interactions are dyadic (i.e., |e| = 2 for all hyperedges e) and
pe is the same for all hyperedges e, then equation (2.11) is the same as the mean-field
model (1.1) after multiplying the latter by a factor of 2 on the right-hand side. In
Section 3, we simplify (2.11) when E is a collection of all unordered triples, and we
uniformly randomly choose each hyperedge (i.e., pe is the same for all e).

2.3. Properties of densities in the mean-field limit. In this subsection, we
study the Cauchy problem for the density-based DW model in equation (2.11), which
is a nonlinear integro-differential equation of Kac type. We prove that the solution
of this Cauchy problem preserves the basic properties of a probability density when
the initial condition of the rate equation is a probability density function (PDF) and
converges to noninteracting, isolated clusters as the time t → ∞. We use g(a, t) to
denote the solution of equation (2.11) with the initial condition g0(a).

2.3.1. Nonnegativity. A PDF must be nonnegative. In Theorem 2.4, we prove
nonnegativity when the initial condition g0(a) is a function in the traditional sense.
For the more general case in which g0(a) is a measure, one can employ a similar proof
by using nonnegative test functions.

Theorem 2.4. If the initial condition g0(a) is nonnegative, then g(a, t) is also
nonnegative for all times t > 0. Furthermore, if g0(a) is strictly positive at some
point a′ (i.e., if g0(a′) > 0), then g(a′, t) > 0 for any finite time t.

Proof. We proceed by contradiction. Suppose that t = t∗ is the earliest time that
g(a, t) takes a negative value. That is,

(2.12) t∗ := inf
t
{there exists some a∗ such that g(a∗, t) < 0} .
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Because of the continuity in t, we know that g(a∗, t∗) = 0, ∂
∂tg(a∗, t∗) < 0, and

g(a, t) ≥ 0 for all t ≤ t∗. Therefore, by equation (2.11), it follows for all t ≤ t∗ that

(2.13)

∂

∂t
g(a, t) ≥ −

∑
e∈E

pe

∫
dp(ye)<c

Πi∈eg(yi, t)

∑
j∈e

δ(a− yj)

 dye

= −
∑
e∈E
|e|pe

∫
dp(ye)<c

Πi∈eg(yi, t)δ(a− yj) dyj d(ye\yj)

= −g(a, t)
∑
e∈E
|e|pe

∫
dp((a,ye\yj))<c

Πi∈e,i 6=jg(yi, t) d(ye\yj) ,

where j is a node in the hyperedge e and (ye\yj) denotes the opinions of the nodes
in e other than j. By symmetry, any node j yields the same integral. Because
g(a∗, t∗) = 0, we have that ∂

∂tg(a∗, t∗) = 0, which contradicts ∂
∂tg(a∗, t∗) < 0.

Define β(a, t) :=
∑
e∈E |e|pe

∫
dp((a,ye\yj))<c Πi∈e,i 6=jg(yi, t) d(ye\yj) in equation

(2.13). For any a and t > 0, we have

(2.14)
∂

∂t
g(a, t) ≥ −g(a, t)β(a, t) .

Because β(a, t) is nonnegative, we apply Grönwall’s inequality for each fixed a and
obtain

(2.15) g(a, t) ≥ g0(a)e−
∫ t
0
β(a,s) ds .

For any g0(a′) > 0, it thus follows that g(a′, t) > 0 for any finite t.

2.3.2. Mass and opinion conservation. Equation (2.11) describes a time-
dependent density of the dynamics in (2.2) in a mean-field limit. Furthermore, we see
from (2.2) that the mean is constant for all times t. In Theorem 2.6, we prove that
g(a, t) has a conserved mass (i.e., g(a, t) integrates to 1) and conserved mean opinion
for all times t. We also show in this theorem that g(a, t) has nonincreasing even-order
moments. We start with a short lemma.

Lemma 2.5. Let ϕ(a) be a convex function. The expectation of ϕ(a) with respect
to g(a, t) is nonincreasing with time.

Proof. We take the time derivative of the expectation
∫
ϕ(a)g(a, t) da. A direct

computation from (2.11) yields

(2.16)
∂

∂t

∫
ϕ(a)g(a, t) da =

∑
e∈E
|e|pe

∫
dp(ye)<c

Πi∈eg(yi, t)

[
ϕ(ye)−

∑
i∈e

ϕ(yi)

|e|

]
dye .

Because ϕ(a) is convex, it is always the case that ϕ(ye)−
∑
i∈e ϕ(yi)/|e| ≤ 0, which

implies that the integral in (2.16) is nonincreasing with time. When ϕ is strictly
convex, the expectation is strictly decreasing.

From Lemma 2.5, we know that both centered and uncentered moments of g(a, t)
are nonincreasing. We state and prove our results for uncentered moments.

Theorem 2.6. Let Mk(t) be the kth uncentered moment of g(a, t). That is,

(2.17) Mk(t) :=

∫
g(a, t)ak da .

7



When k = 0 (which gives the mass) or k = 1 (which gives the mean opinion), the
moment is constant. Additionally, when k is even and at least 2, the moment Mk(t)
is nonincreasing with time.

Proof. Let ϕ(a) = ak in Lemma 2.5. The subtraction in the right-hand side of
(2.16) gives

(2.18)

(∑
i∈e yi

|e|

)k
−
∑
i∈e

yki
|e|

= 0 ,

which implies that ∂
∂tMk(t) = 0 when k = 0 or k = 1. When k is even and is at least

2, the function ak is convex, so the moments are nonincreasing by Lemma 2.5.

2.3.3. Convergence to a limit state. It is important to examine the limit
state of the density-based model (2.11). There exist rigorous proofs that some BCMs
on graphs [37] and hypergraphs [26] always converge to some limit state. For some
BCMs with heterogeneities, such as the model in [52] (which, e.g., includes hetero-
geneous confidence bounds), researchers have observed convergence numerically but
have not proven it rigorously. In Theorem 2.7, we present a similar convergence result
from the viewpoint of density evolution.

To formulate our convergence statement, we first consider the special opinion
vector y4|e| = (4, 0, . . . , 0) ∈ R|e|. Given a BCM on a network, we define the minimum

isolation distance

(2.19) 4∗dp(c) := min
e∈E s.t.
dp(y

4
|e|)=c

4

that is associated with its discordance function and confidence bound.
The construction of y4|e| corresponds to the optimal solution, up to some per-

mutation, of a minimization problem in Lemma A.1, which states that the smallest
nontrivial discordance is achieved by a vector of the form y4|e| when the opinions take

a set of discrete values. Given a discordance function, one can explicitly compute
4∗dp(c) for a BCM on a network. For example, for a BCM on an ordinary graph (i.e.,

with only dyadic interactions), 4∗dp(c) is equal to the confidence bound c. In Section

3, we give the formula for 4∗dp(c) for 3-uniform hypergrahs (i.e., when |e| = 3 for all

hyperedges e).

Theorem 2.7. Let g∞(a) be the limit density of g(a, t) as time t → ∞. Such a
limit density g∞(a) always exists, and g∞(a) is a sum of Dirac delta functions:

(2.20) g∞(a) =

K∑
k=1

mkδ(a− ak) ,

where K is the number of opinion clusters, mk denotes the population mass of the
kth steady-state opinion cluster, ak denotes the position (i.e., opinion value) of this

opinion cluster,
∑K
k=1mk = 1, and |ai−aj | ≥ 4∗dp(c) for i 6= j. The constant 4∗dp(c)

is the minimum isolation distance (2.19), and K is finite if the initial density g0(a)
has finite support.

We prove Theorem 2.7 in Appendix A.4. This theorem states that the mean-
field density converges to a sum of noninteracting Dirac delta functions and that the
distance between any two delta functions is at least a constant that is determined
completely by the discordance function and the confidence bound.
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3. Numerical results for density-based BCMs on hypergraphs. We con-
sider an undirected 3-uniform hypergraph, so the hyperedge set E is a collection of
unordered triples (i.e., E = {e : |e| = 3}). In each time step, we select a hyperedge
uniformly at random. The mean-field density dynamics satisfies

(3.1)
∂

∂t
g(a, t) =

∫
dp(x)<c

Π3
i=1g(xi, t)

[
3δ

(
a− 1

3

3∑
i=1

xi

)
−

3∑
i=1

δ(a− xi)

]
dx ,

where dp is the discordance function (2.1). As indicated by Theorem 2.7, the limit
clusters are isolated from each other by a distance of at least 4∗dp(c), which depends
exclusively on the discordance function dp and the confidence bound c. To diminish
the discrepancy between different choices of dp in our numerical simulations, we in-
troduce constants αp to ensure that all dp yield the same minimum isolation distance.
Specifically, we use

(3.2) αp =

(
3p+1

2 + 2p

)1/p

in equation (2.1). The minimum isolation distance 4∗dp(c) is then equal to the confi-
dence bound c.

To reduce the number of dimensions of the rate equation (3.1), we integrate the
Dirac delta functions and obtain

(3.3)

∂

∂t
g(a, t) = 9

∫
d̃p((a,x1,x2))<c

g(3a− x1 − x2, t)g(x1, t)g(x2, t) dx1 dx2

− 3g(a, t)

∫
dp((a,x1,x2))<c

g(x1, t)g(x2, t) dx1 dx2 ,

where d̃p((a, x1, x2)) = αp

(
|2a−x1−x2|p+|a−x1|p+|a−x2|p

3

) 1
p

. We integrate the rate

equation (3.3) using a fourth-order Adams–Bashforth method [53] and shift the den-
sity numerically at each time step to conserve the mass. Once the probability dis-
tribution has noninteracting sets (i.e., “patches”) of opinions up to some “separation
accuracy”, which we take to be 10−7 in our simulations, we apply numerical inte-
gration to the opinion patches independently with adaptive time steps to expedite
convergence. We integrate the system (3.3) for a sufficiently long time so that the
probability densities behave as a sum of Dirac delta functions up to a “density accu-
racy”, which we take to be 10−6 in our simulations. In Figure 1, we illustrate both
our stopping criterion and how to determine the isolated opinion clusters.

In the following subsections, we conduct three sets of numerical experiments.
In Section 3.1, we fix the confidence bound to c = 1 and observe the steady-state
solutions of the mean-field model (3.1) with different choices of discordance functions
dp for a uniform initial distribution g0(a). In Section 3.2, we consider two types of
initial distributions (uniform and normal) with the same variance, and we numerically
obtain the positions of the steady-state opinion clusters. As we increase the variance,
the positions of the clusters undergo a periodic sequence of bifurcations.1 The number
of steady-state opinion clusters also grows as a periodic sequence. In Section 3.3,
we numerically compare the density-based mean-field model (2.11) with agent-based
dynamics using Monte Carlo simulations.

1We use the term “bifurcation” to refer to a change in qualitative behavior as a parameter crosses
some value, rather than demanding the stricter sense of the word “bifurcation” from bifurcation
theory.
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Fig. 1. (Top) We divide the depicted probability density into two opinion patches, such that
the values of the probability density at x = −0.5 and x = 0.5 are less than or equal to the separation
accuracy 0.05. The two patches are separated from each other by at least the minimum isolation
distance (2.19), which is equal to 1 in the figure. Our computations then reduce to independent
simulations on two disjoint intervals. We also show (center) a stopping point of the simulations
and (bottom) a magnification of the region near the horizontal axis. We integrate (3.3) until the
density profile looks like a sum of Dirac delta functions up to a density accuracy. Specifically,
we stop our simulations when any two grid points with probability density values that exceed the
density accuracy 10−6 are in consecutive grid points or are separated by at least the minimum
isolation distance. In the center and bottom figures, the mesh size is 0.008, and the grid points with
probabilities that exceed 10−6 are x = −1.968, x = −1.960, x = −0.864, x = 0.864, x = 1.960, and
x = 1.968. These points are either consecutive grid points or they differ by at least 1, which is the
minimum isolation distance.

3.1. Bifurcations patterns with different initial ranges of opinion val-
ues. We fix the confidence bound to c = 1 and draw the initial opinions from the
uniform distribution on [−D,D]. We consider values of D between 0.5 and 6 with an
increment of 0.1. We use discordance functions with p = 0.5, p = 1, and p = 2 in
(2.1). In Figure 2, we show the positions (i.e., ak) and the population masses (i.e.,
mk) of the steady-state opinion clusters for different values of D and p. Ben-Naim
et al. [4] numerically computed a bifurcation pattern of steady-state cluster positions
for a BCM on graphs, and we obtain a similar pattern for our BCM on hypergraphs.

In regions that are not near bifurcation points, we observe in our numerical com-
putations that the positions of the steady-state opinion clusters have a linear relation-
ship with D and that they form parallel straight lines far from the locations at which
they nucleate and disappear. As we proved in Theorem 2.7, the opinion clusters are
separated by a theoretical minimum isolation distance 4∗dp(c), which we set to 1 (by

introducing an appropriate coefficient in (3.2)) in our example.
For a BCM on an ordinary graph, the distance between steady-state opinion
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Fig. 2. The positions of steady-state opinion clusters with different initial opinion ranges
[−D,D] and discordance function dp for (left) p = 0.5, (center) p = 1, and (right) p = 2. The sizes
of the circles are proportional to the population masses of the steady-state clusters. There are 500
grid points on the interval [−D,D].

clusters is always at least as large as the confidence bound c [4, 38], which is the
theoretical minimum isolation distance in (2.19) with the dyadic discordance (i.e., the
distance between two opinions). For a BCM on a hypergraph, we observe analogous
results for all examined discordance functions.

The nucleation and disappearance of opinions clusters has a periodic pattern.
Major opinion clusters (whose population mass is more than 0.1) and minor opinion
clusters (whose population mass is less than or equal to 0.1) appear in an interlacing
fashion. The mass of the center opinion cluster grows as D increases until it splits
into two symmetric major clusters. The center cluster appears again as a minor
cluster after the two innermost major clusters are sufficiently far apart; the center
cluster grows gradually into a major cluster and repeats the above nucleation and
disappearance process.

3.2. Steady-state densities with different initial opinion distributions.
Thus far, we have considered initial opinions that follow a uniform distribution. We
now examine the positions of steady-state opinion clusters when opinions initially
follow a centered normal distribution N (0, σ2). That is,

(3.4) g0(a) =
1√
2πσ

e−a
2/σ2

.

We examine the steady-state cluster positions for different values of the distribution
variance. We use a symmetric computational domain [−D′, D′], which we take to be
sufficiently large so that g0(D′) < 10−9. In Figure 3, we show the steady-state cluster
positions for different initial variances σ2. We fix the confidence bound to c = 1 and
use the L2 discordance function for all of our simulations. As a comparison, we also
include our results with uniform initial distributions.

We also observe an interesting pattern in the positions of the steady-state opinion
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Fig. 3. The positions of the steady-state opinion clusters for (left) a normal initial opinion
distribution and (right) a uniform initial opinion distribution for different values of the standard
deviation σ. The sizes of the circles are proportional to the population masses of the limit opinion
clusters. We use 500 grid points for all simulations and use an adaptive scheme for numerical
simulations independently for the separate patches (see Figure 1).

clusters as we increase the initial variance σ2. The left panel of Figure 3 has three
“episodes”: σ ∈ [0.3, 1.55], σ ∈ [1.6, 2.65], and σ ∈ [2.7, 3.5]. (We consider values
of σ in increments of 0.05.) Each episode has a major opinion cluster in the center
(i.e., at a = 0). In each episode, the center-cluster mass decreases and the minor-
cluster masses increase as we increase σ. Additionally, in each episode, minor clusters
nucleate on both sides away from the center. Because the normal distribution is
positive on the entire real line, it is possible that the steady state has infinitely many
minor clusters and that we simply do not see them with our current computational
accuracy.

3.3. The steady-state density of agent-based dynamics. We now examine
steady states of the agent-based dynamics with the opinion update rule (2.2) on a
complete network with initial opinions that we draw from a uniform distribution. We
sample the steady-state ensemble using 10000 Monte Carlo simulations. We observe
convergence to a sum of Dirac delta functions as the network size increases. We show
the results of these computations in Figure 4.

For any finite hypergraph size N , the density that we obtain from Monte Carlo
simulations is not a sum of Dirac delta functions (or a single Dirac delta function) at
steady state. As we increase N , we observe a slow progression of the densities towards
a sum of Dirac delta functions. As we increase D from 1.7 to 2.2, the major cluster
in the center splits into two symmetric clusters. In the density-based simulation in
Figure 2, this split occurs between 1.8 and 1.9; this value does not agree quantitatively
with what we obtain using Monte Carlo simulations.

Inconsistencies between density-based models and Monte Carlo simulations of
agent-based dynamics have been observed previously in BCMs. For example, Pineda
et al. [42] studied a density-based DW model with dyadic interactions and used agent-
based Monte Carlo simulations to approximate the dynamics on a network in the
mean-field limit. They observed (see Figure 3 of their paper) that the density evolution
can result in qualitatively different behavior (e.g., different numbers of steady-state
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Fig. 4. The steady-state PDF for simulations with finite numbers of agents with the opinion
update rule (2.2) on a complete network. We obtain the PDF profiles from Monte Carlo simulations
of (2.2) and normalize each PDF so that it integrates to 1. In all simulations, we draw the initial
opinions from the uniform distribution on [−D,D], use the discordance function d1, and take the
confidence bound to be c = 1. In each panel, we fix D (and hence the initial opinion range) and
compare the steady-state densities for N = 500, N = 1000, and N = 1500 agents. In each panel,
the horizontal axis is the opinion x, and the vertical axis is the steady-state PDF P (x). We show
results for (a) D = 1.7, (b) D = 1.8, (c) D = 1.9, (d) D = 2, (e) D = 2.1, and (f) D = 2.2.

opinion clusters) as one increases the number of agents in Monte Carlo simulations
and that Monte Carlo simulations yield different results than their density-based
model. Because of finite-size effects, the densities from Monte Carlo simulations of
their agent-based BCM did not agree with the solutions of their density-based BCM.

4. Conclusions and discussion. We formulated a model of the opinion density
of a discrete-time bounded-confidence model (BCM) on hypergraphs and derived the
associated rate equation in a mean-field limit with infinitely many agents. By employ-
ing a time-rescaling parameter, we extended this rate equation to a continuous-time
setting. We thereby obtained a density-based, continuous-time mean-field BCM in
the form of an integro-differential equation.

We investigated the properties of our density-based BCM by exploring the Cauchy
problem of the rate equation in the mean-field limit. We proved that its solution
satisfies the properties of a probability density (specifically, nonnegativity and mass
conservation). We then examined the asymptotic dynamics of this solution as time
goes to infinity. We proved that when the initial condition of the rate equation is a
probability density, the solution converges in time in a weak sense to a sum of Dirac
delta functions. These Dirac delta functions are isolated from each other at least
by a constant, which is independent of the initial density and is determined by the
discordance function and the confidence bound.

We also studied the steady states of our density-based BCM by numerically solv-
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ing our integro-differential rate equation for different choices of initial distributions
and discordance functions. Our numerical results agree with our mathematical analy-
sis that steady-state solutions take the form of a sum of isolated Dirac delta functions,
which yield opinion clusters in the BCM. For both bounded and unbounded initial
opinion distributions, we observed that the positions of the steady-state opinion clus-
ters undergo a periodic sequence of bifurcations as we increase the variance of the
initial opinion distribution. We also numerically compared our density-based results
with agent-based Monte Carlo simulations. As we increased the network size, we
observed that the steady-state opinion density converges to a sum of Dirac delta
functions.

In our study, we generalized the Deffuant–Weisbuch BCM, but it is also pos-
sible to examine other types of BCMs (such as the Hegselmann–Krause model) on
hypergraphs using a density description. In our numerical simulations, we examined
3-uniform hypergraphs (in which all hyperedges have exactly 3 nodes), but it is de-
sirable to consider density-based BCMs on more general types of hypergraphs, such
as hypergraphs that have both 2-node and 3-node hyperedges. We expect that it will
be interesting to examine the qualitative dynamics and bifurcation patterns for such
hypergraphs.

Acknowledgements. MAP acknowledges support from the National Science
Foundation (grant number 1922952) through the Algorithms for Threat Detection
(ATD) program.

Appendix A. Appendix.

A.1. Proof of Theorem 2.1.

Proof. At each time step n, we define a discrete random variable E(n) to describe
the selection of a hyperedge e with probability P(E(n) = e) = pe. We expand P (x, n+
1) using conditional expectations:

(A.1) P (x, n+ 1) =
∑
e∈E

peP (x, n+ 1| E(n) = e) ,

where P (x, n+ 1| E(n) = e) is the conditional probability density of selecting hyper-
edge e at time n.

Using the iterative relation of opinion states in equation (2.2), we obtain

(A.2)

P (x, n+ 1| E(n) = e) =

∫
dp(ye)<c

P (y, n)δ(xe − ye)δ(xẽ − yẽ) dy

+

∫
dp(ye)≥c

P (y, n)δ(x− y) dy .

A direct computation yields
(A.3)

P (x, n+ 1)− P (x, n) =
∑
e∈E

pe

{∫
dp(ye)<c

P (y, n)δ(xe − ye)δ(xẽ − yẽ) dy

+

∫
dp(ye)≥c

P (y, n)δ(x− y) dy −
∫
P (y, n)δ(x− y) dy

}

=
∑
e∈E

pe

∫
dp(ye)<c

P (ye,xẽ, n) [δ(xe − ye)− δ(xe − ye)] dye ,

which completes the proof.
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A.2. Proof of Theorem 2.2.

Proof. A direct computation yields
(A.4)

[τ ] g(a, t) =
γ

N

∑
e∈E

pe

∫
dp(ye)<c

f(ye,xẽ, t)

(
N∑
i=1

δ(a− xi)

)
[δ(xe − ye)− δ(xe − ye)] dxdye

=
γ

N

∑
e∈E

pe

∫
dp(ye)<c

f(ye,xẽ, t)

(∑
i∈e

δ(a− xi)

)
[δ(xe − ye)− δ(xe − ye)] dxdye

=
γ

N

∑
e∈E

pe

∫
dp(ye)<c

f(ye, t)

(∑
i∈e

δ(a− xi)

)
[δ(xe − ye)− δ(xe − ye)] dxe dye

=
γ

N

∑
e∈E

pe

∫
dp(ye)<c

f(ye, t)
∑
i∈e

[δ(a− ye)− δ(a− yi)] dye

=
γ

N

∑
e∈E

pe

∫
dp(ye)<c

f(ye, t)

[
|e|δ(a− ye)−

∑
i∈e

δ(a− yi)

]
dye

=
γ

N

∑
e∈E

pe

∫
dp(ye)<c

Πi∈eg(yi, t)

[
|e|δ(a− ye)−

∑
i∈e

δ(a− yi)

]
dye .

A.3. A strategy to prove Conjecture 2.3. We believe that it is possible to
rigorously prove Conjecture 2.3 using approaches that are similar to those in [23,24].
In this subsection, we connect our work to theirs by presenting a proof strategy for
Conjecture 2.3 using our paper’s language.

Instead of using a one-agent density function g(a, t) to describe a population of
agents, References [23, 24] characterized the collective behavior of agents using an
empirical measure

(A.5) ΛN =
1

N

N∑
i=1

δXN
i

that is induced by a Markov process. References [23,24] formulated the independence
assumption that we use in Theorem 2.3 as the problem of propagation of chaos, which
originates from the study of equivalent interacting particles in statistical physics [9,31].
For the propagation of chaos, each particle in any finite set of particles yields an
i.i.d. nonlinear Markov process in the mean-field limit [31].

A similar convergence analysis to (2.10) was discussed in Theorem 4.3 of [23] and
in Theorem 3.1 of [24]. One of the main assumptions in those papers is that the size
of any set of agents that one is studying (e.g., by examining their joint distribution)
must be finite and does not grow as one increases the system size N . This assumption
corresponds to the constraint in Conjecture 2.3 that the maximum hyperedge size M
is finite.

A.4. Proof of Theorem 2.7. To prove Theorem 2.7, we start with a lemma.

Lemma A.1. Let A = {ak}Kk=1 be a set of discrete values, where K can either be
finite or infinite. Let

(A.6) XA := {xe ∈ A|e| : dp(xe) > 0}
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be a set of vectors. It then follows that

(A.7) min
xe∈XA

dp(xe) = dp((Amin, 0, . . . , 0)) ,

where Amin := mini 6=j |ai − aj |. Up to a permutation, the minimizer of (A.7) is of
the form

(A.8) (ai, aj , . . . , aj) = arg minxe∈XA
dp(xe) ,

where |ai − aj | = Amin.

We now prove Theorem 2.7.

Proof. The proof of Theorem 2.7 has three steps: (1) verification of the existence
of the limit (i.e., steady-state) distribution; (2) verification that the limit distribution
takes the form of a sum of Dirac delta functions; and (3) verification that any two
Dirac delta functions must differ by at least the minimum isolation distance 4∗dp(c)

in (2.19).

Step 1. We define a sequence of moment generating functions (MGFs) Mt(s)
that are associated with the time-dependent probability density g(a, t) by

(A.9) Mt(s) :=

∫
esag(a, t) da .

Because esa is convex, we know by Lemma 2.5 that Mt(s) is nonincreasing with
respect to time. By Theorem 2.4, we know that g(a, t) ≥ 0, which implies that
Mt(s) ≥ 0 for all times t. The Monotone Convergence Theorem then guarantees that
the infinite-time limit of Mt(s) always exists. We define

(A.10) M∞(s) := lim
t→∞

Mt(s) .

Because of the unique correspondence between an MGF and a PDF, we know that
the infinite-time limit g∞(a) of g(a, t) also exists.

Step 2. As we know from Theorem 2.6, the mean opinion value µ is constant with
respect to time. We define the time-dependent variance of the probability density
g(a, t) to be

(A.11) V (t) :=

∫
(a− µ)2g(a, t) da .

For clarity, we define the shorthand notation G(ye, t) := Πi∈eg(yi, t). A direct com-
putation yields
(A.12)

∂

∂t
V (t) =

∑
e∈E

pe

∫
dp(ye)<c

G(ye, t)(a− µ)2

[
|e|δ(a− ye)−

∑
i∈e

δ(a− yi)

]
da dye

=
∑
e∈E

pe

∫
dp(ye)<c

G(ye, t)

[
|e|(ye − µ)2 −

∑
i∈e

(yi − µ)2

]
dye

= −
∑
e∈E

pe
2|e|

∫
dp(ye)<c

G(ye, t)
∑
i,j∈e

(yi − yj)2 dye .
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Because V (t) converges to the variance of g∞(a), we know that limt→∞
∂
∂tV (t) = 0,

which yields

(A.13)

∫
dp(ye)<c

Πi∈eg∞(yi)
∑
i,j∈e

(yi − yj)2 dye = 0

for all hyperedges e.
Let U denote the “positive set” of g∞ (i.e., U = {a : g∞(a) > 0}). If the Lebesgue

measure of U is positive, then we can find an interval Ωc = (y∗, y∗ + c) such that the
overlap region O of U and Ωc also has a positive Lebesgue measure. Furthermore, for
any ye ∈ O|e|\{ye : yi = yj for alli, j ∈ e}, we have

(A.14) 1dp(ye)<cΠi∈eg∞(yi)
∑
i,j∈e

(yi − yj)2 > 0 ,

which implies that the integral in (A.13) over O|e|\{ye : yi = yj for all i, j ∈ e} is
strictly positive. This contradicts equation (A.13) and proves that g∞ has an “empty”
positive set. In other words, U has a 0 measure. Additionally, g∞ ≥ 0 and integrates
to 1, so g∞ is a Dirac measure and we can write g∞(a) =

∑K
k=1mkδ(a − ak), with∑K

k=1mk = 1 because of conservation of mass (see Theorem 2.6).

Step 3. Let A be the discrete set {ak}Kk=1. We insert g∞ into (A.13) and obtain

(A.15)
∑

ya∈XA

1dp(ya)<cΠ
|e|
i=1mki

|e|∑
i,j=1

(aki − akj )2 = 0 ,

where ya = (ak1 , . . . , ak|e|) and XA are defined in (A.6). Because mki

∑|e|
i,j=1(aki −

akj )2 > 0 holds for all ya ∈ XA, it follows then 1dp(ya)<c = 0 for all ya ∈ XA.
This is equivalent to the statement that minya∈XA

dp(ya) ≥ c. By Lemma A.1, we
know that minya∈XA

dp(ya) = dp((Amin, 0, . . . , 0)), where Amin = mini 6=j |ai − aj |.
By the definition of the minimum isolation distance 4∗dp(c) in (2.19), we know that

dp((4∗dp(c), 0, . . . , 0)) = c, which implies that

(A.16) dp((Amin, 0, . . . , 0)) ≥ dp((4∗dp(c), 0, . . . , 0)) .

Consequently, Amin ≥ 4∗dp(c).

When g0(a) has a finite support B, it is also true that ai ∈ B. Because |ai−aj | >
4∗dp(c), it follows that K is finite and K ≤ b|B|/4∗dp(c)c. This completes the proof.
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