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Abstract. In this paper, we study optimal control problems of semilinear elliptic and parabolic
equations. A tracking cost functional, quadratic in the control and state variables, is considered. No
control constraints are imposed. We prove that the corresponding state equations are well posed for
controls in L2. However, it is well known that in the L? framework the mappings involved in the
control problem are not Frechet differentiable in general, which makes any analysis of the optimality

conditions challenging. Nevertheless, we prove that every L2 optimal control belongs to L, and
consequently standard optimality conditions are available.
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1. Introduction. In this paper, we study the optimal control problem

1
p inf J(u):= = —ya)?® + au?]dz dt,
(P) Lt )= /Q (o — y)? + o] da
where o > 0 and y,, is the solution of the semilinear parabolic equation
@-l-A +fly)=u in Q=02x(0,T)
(1.1) ot Y Yy)= = L)y

y=0 on X=Tx(0,T), y(z,0)=yo(z) in Q.

Here, A denotes an elliptic operator in the bounded domain Q C R™, n > 2, whose
boundary is denoted by ', T € (0,00) is fixed, yo € L=(Q), and f: R — R is a
given function. Additionally, we assume that yq € LP(0,7; L9(f2)) with p,q € [2,00]
and % + 5- < 1is a given function. Assumptions on the nonlinear term f in the state
equation will be established later. Let us emphasize that we do not impose an upper
bound on n nor a growth condition on f.

In many papers, the authors assume box control constraints in the formulation
of the problem (P); see, for instance, [8, 11, 14, 18], [23, Chapter 5]. That is be-
cause bounded controls u lead to solutions y,, of (1.1) that are functions of L*°(Q).
This boundedness of the state is crucial to derive first and second order optimality
conditions for local or global minimizers. Indeed, the C' or C? differentiability of
the superposition operator y — f(y) for highly nonlinear functions f requires the
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boundedness of y. Moreover, as far as we know, the well posedness of the state equa-
tion (1.1) has not been studied for controls u € L?(Q). In some recent papers (see [6,
9, 12]), the existence of global minimizers to (P) in L>°(Q) has been proven in the
absence of control constraints or for unbounded control sets with the restriction n <3
on the dimension. The novelties of our paper with respect to these previous results
are the following: first we prove that the state equation (1.1) is well posed for L?(Q)
controls, and the associated control problem (P) has at least one global minimizer
@ in L?(Q); second we prove that any local minimizer of (P) in the L?(Q) sense is
an element of L*°(Q). Usually, this regularity follows from the optimality conditions
satisfied by @, but we cannot get such conditions due to the lack of differentiability
of the mapping y — f(y), since the boundedness of the state § corresponding to @
cannot be deduced for L?(Q) controls. Therefore, our approach is necessarily different
from the one used in the previous papers.

In the second part of the paper, we will prove similar results for a Neumann
boundary control problem of a semilinear elliptic equation. The approach used for
a Neumann boundary control can be applied to the case of a distributed control
problem; see Remark 3.5. Classical results on existence of optimal controls subject to
box constraints can be found in [23, section 4.4]. The reader is referred to [10] for the
proof of existence of an optimal control in L*°(2) for distributed control problems
of arbitrary space dimension without box constraints. However, in [10] the analysis
of the state equation for the controls in L?(f2) is not performed and, consequently,
the existence of minimizers in L?(£2) is not proven, which are ultimately functions of
L ().

The plan of this paper is as follows. In section 2 we investigate (P). First, we
analyze the well posedness of the state equation (1.1); see section 2.1, Theorem 2.1,
where for every control u € L?(Q) the existence and uniqueness of a solution in W (0, T')
is established. We also provide an example showing that the state associated with a
control of L?(Q) does not need to be a bounded function if n > 1; see section 2.2. In
section 2.3, we prove that (P) has at least one global minimizer % in L?(Q). Then,
we demonstrate that any local or global minimizer of (P) is an element of L*(Q) in
section 2.4. In the last section of the paper, the same study is applied to a Neumann
boundary control problem for a semilinear elliptic equation in dimension n > 2.

2. Optimal distributed control of a semilinear parabolic equation.

2.1. Analysis of the state equation. We make the following assumptions on
(1.1), which are assumed to hold throughout the section.

(A1) We assume that Q is a bounded domain in R™, n > 2, with boundary
denoted by I', and A denotes a second order elliptic operator in €2 of the form

Ay=-— i 0z;(ai(2)0z,y) + ao(z)
ij=1
with coefficients a;;, a0 € L () satisfying for some A4 >0
AglE]? < i a;j(2)&¢; VEER™ and ap(zx) >0 for ae. z€Q.
ij=1
(A2) f:R— R is a function of class C* satisfying that

(2.1) f(0)=0 and 3A; >0 such that f'(s) >—Ay VseR.
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(A3) a>0, yo € L™(Q), ya € LP(0,T; LI(Q)) with p,g € [2,00] and  + 4% < 1.

For convenience, we work with the norm |y|| 1) = [[Vyllr2(0). As usual, we
denote W (0,T) = L?(0,T; H(2)) N HY(0,T; H=1(€2)). Then, we have the following
existence and uniqueness result for a solution to (1.1).

THEOREM 2.1. For every u € L*(Q), (1.1) has a unique solution vy, € W(0,T).

Moreover, f(y) € L*(Q), and there exists a constant C depending on ||yol|r=(q) but
independent of u such that

(2.2) yallwo,z) + 11/ @)l 2@) < Clllullz2 @) + 9ol (2))-

In addition, if ux — u in L*(Q), then yu,, — yu in W(0,T) and f(yu,) — f(y) in
L?(Q) hold.

Proof. For every integer k > |lyol|z~(q) we set fr(s) = f(Pr(s)) with Py(s) =
min{max{—k, s}, +k}. By a standard application of Schauder’s fixed point theorem
we infer the existence of a function y, € W(0,T) satisfying

Yk .
(23) W"‘Ayk‘i‘fk(yk)—u m Qv
yr =0 on %, yx(0,7) =yo(z) in
see, for instance, [7] or [23, Theorem 5.5]. Moreover, testing (2.3) with =245y, (s)

and integrating with respect to s, we infer for every ¢ € (0,7]

1 _ P B
3¢ 2Aft||yk(t)||i2(n)+/\f/0 e M5y ()| 72 () ds + e 2AfTAAHyk||2L2(0,t;H[}(Q))

t
+/ /eizAfok(yk)ykdde
0 Jo

t
1
g/ /e‘QAfSuykdfvd8+*||y0||2L2(Q)
0 Q 2

1
< CQHU”L?(O,t;L?(Q)) HkaL?(O,t;H[}(Q)) + 5”90”%2(9)

Aa —2A;T 2 1 2
- © ! ||yk||L2(0,t;Hg(Q))+§||Z/0||L2(Q)-

%! 205T ), 112
< A,° lullz2(0,:02(0)) +
With (2.1) and the mean value theorem, we get that fx(yk)yr > —Asyi. Inserting

this lower bound into the inequality above, we obtain that the sum of the second and
fourth integrals of the left-hand side is nonnegative, i.e.,

t t
Af/0 e M lyk(8)]1 720 d5+/0 /Qe_%fsfk(yk)yk dads > 0.
This leads to
@4yl sy + vl orme) < O (lullz@ + lvollzeo ).

where C; is independent of u and yo. Now, we prove that {f(yx)}7>, is bounded in
L?(Q). To this end, we test (2.3) with fi(yx) and integrate in Q

T
Oyk
/0 <6t’fk(yk)> At = AsCllyelzao rimy oy + 1 @il ()

1 1
(25) < 3 luliFa @) + 1@l o),
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where (-,-) denotes the duality between H~!(Q) and H{(2). We define the function
Fr(p)= [ fe(s)ds for p € R. Then, we have

[ (% )y ai= [ [ Aara= [ A [ Aooa

By the mean value theorem we get a function 6 : R — [0, 1] such that for p >0
2

Fr(p) :/Opfk(s)ds:/Opf/(Q(s)Pk(s))Pk(s)ds >—Ay /Opsds: —Af%.

We establish the same inequality for p < 0:
0 2

P 0
Fk(p):/O fk(s)ds:—/ f’(ﬁ(s)Pk(s))Pk(s)dSZAf/ st:—Af%.

Moreover, since k > [|yol| o (g) we have

Yo (x)
/ f(s)ds
0

= Cryolyoll L= (q)-

[ Fx (yo(2))] < < 1Yol oo (@) max{|f(s)] : [s] < [[goll Lo (@) }

From the last two estimates we infer

T
Byk A
(5 et ez =0y~ Craallnlzcay.

Using this fact in (2.5) we obtain with (2.4)

15 @lz2@) < Ca (el 2@ + Iyoll o )-

Hence, from (2.3), (2.4), and this estimate we deduce that {yx}7>, is bounded in
W(0,T). Therefore, we can take a subsequence, denoted in the same way, such that
yr — y in W(0,T), y(z,t) = y(z,t) for almost all (x,t) € Q, and fr(yx) — f(y) in
L?(Q). Then, we can pass to the limit in (2.3) and deduce that y =y, is a solution of
(1.1). Moreover, (2.2) follows from the estimates established for y,. The uniqueness
is obtained in the standard way. Indeed, if y; and yo are two solutions of (1.1) such
that f(y;) € L?(Q) for i = 1,2, then we test (1.1) with e=2A7*(yy — y;) and, arguing
as above, we deduce that y, —y; = 0. Finally, the convergence property stated in the
theorem follows easily from the estimate (2.2). d

Let us remark that the crucial part of the proof was to establish the uniform
boundedness of {fx(yx)}72, in L*(Q), which was used to establish the boundedness
of {yr}72, in W(0,T'). Here, the assumptions (A2) on f were essential.

Now, we prove some extra LP(Q)) regularity of the solution y,. First we state the
following lemma.

LEMMA 2.2. The following properties are satisfied:
I. The space L*(0,T;HL(Q)) N L>=(0,T;L*(Y)) is continuously embedded in
LP(Q) with p= w
1. Ifue L*(Q) and yo € H () N L>®(Q), then y, € H(Q) holds.
1. Let ++ 35 <1 with o,y € [2,00], and yo € L>°(Q2) be given. Then there exists
a constant C' independent of yo such that for all u € L°(0,T; LY(Q)) it holds
that

(2.6) yullLo=(@) < C(Iull Lo o5 @) + 1Yol L=(e))-
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Proof. 1. Tt is enough to apply the Gagliardo—Nirenberg inequality (see, e.g., [19,
p. 125]) Withp:@, a:%, r=qg=2,and m=0 to get

2 1—2
HyHLP(Q) < C1|\Vy\liz(g)|ly\|m(?z)~

Integrating this inequality on (0,7") implies the claim.
I1. Since f(y.) € L?(Q) by Theorem 2.1, the H'(Q) regularity follows from the
classical results for linear parabolic equations; see, for instance, [21, section I11.2].
II1. By the change of variables ¢ =e~*sty,, (1.1) is transformed in

9 .
{a(f FAG+ f(t)=e M in Q=0 % (0.7)
6=0 on T=Tx (0,T), ¢(x,0)=yo(x) in 2,

where f : [0,7] x R — R is given by f(t,s) = Aps + e Mst f(ehrts). We note that
(2.1) implies g—ﬁ(t,s) = Ay + f/(eMts) >0 and f(t,0) =0.

We set 8= ||ul| o (0,7;:7(0)) + Yol L (). We assume that 3 > 0; otherwise ¢ =0
and (26) holds. We also set ¢g = %qﬁ, ug = %u, and yog = %yo. Then, ¢z satisfies the
equation

% + Ads + %f(w) =e Mg in Q=0 x(0,7),

¢ps=0 on =TI x(0,T), ¢s(x,0)=yos(r) in Q.

Let k > 1 be given. Define ¢3 1, = ¢ — Pr(¢g). Testing the above equation with ¢z,
integrating in (0,¢) with ¢ € (0,T), and using that agf sk = 8%‘;”“ 8,y Vos-Vog 1 =
IVos.rl?, and f(t,é(z,t))ps.x(z,t) >0, we infer

t
2 —A
|L2(0,t;Hé(sz))§/O /Qe Pugdppdrds.

1
3168872 ) + Aalldgn

The proof now follows the lines of the one of [15, Theorem III.7.1] to deduce the
existence of a constant C' > 0 independent of (u,yo) such that |[¢g|p-=(q) < C.
Therefore, we have

101l @) = Blldsll=@) < ClullLeo.r:27 @) + Yol L @),

which implies (2.6). o

THEOREM 2.3. Let u € L"(Q) and yo € L>(Q) be given such with r € [2,1+ F].
Then the solution y,, of (1.1) belongs to L1(Q), where q has to be chosen as follows:

Loifr<1+ 3, then

n+2 n+2
T >r
n+2-—2r n

(2.7) q=

)

2. if r=1+7%, then ¢ < +oo is arbitrary.
In particular, there exists C = C(q,r) > 0 independent of u and yo such that

(2.8) yullzag) < CllullLr @) + Yol ())-
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Proof. For r <1+ 5 we set p= — +2 5-- Due to the assumptlons on r, it follows
that n >3 and p > rﬁ >y > 2. In the critical case r=1+ 2 5, we can choose p > 2
arbitrarily. Then in both cases, we have p > 2 and p satisfies

1 p—1 n

2.9 - <1
(2.9) r+ p n+2

In addition, (2.7) yields g =p™2.

Throughout the proof we abbreviate Y= Yuy-

1. Estimates for regular y. Let us assume for the moment that y; € L?(Q) and
y € L>=(Q). Then, we have that |y[P~2y € H*(Q) N L°°(Q). Note that

/ Z azg i yaz] ‘y|p 2 )dx_/ _1) Z aijaziyamjy' |y|p_2dfl,‘

,j=1 ’73’—1

= [0S a2, (o)

i,j=1
4 —1 »
—“32 Aa / V(19 #) 2 da.
P Q

>

Taking |y|P~2y as a test function in the weak formulation of (1.1), integrating on
(0,¢) x Q, and using the above inequality results in

1 4(p—1 ¢ »
f(Hy(t)H’im)—Hyoll’ip(g))Jri( 3 )AA/ /IV(IyIZ)Fdwds
p p 0 JQ

t t
[ [ s aras< [ [ wyr-2acas
0 JQ 0o JQ

Since f(y)y > —Ary?, we obtain
1 L Ap—1) /t/ 2\2
—|ly v ———=Ay V(ly|2)|"dzds
pll Oy + e ; Q| (ly[#)]
- 1 !
< [ Jul- o dwds 4 ool + As [ 19000 05
Q p 0
By the Gronwall inequality, we obtain
112 ety + IV (9152 gy < € ( /Q Jul - [yl dads + ||yoip(m) ,
which is an estimate of |y|? in L>(0,T;L*(Q)) N L*(0,T; H'(Q)). Using Lemma
2(n+2)

2.2, property I, this space embeds continuously into L B (@), which implies y €
n+42
Lr™ (Q) = L1(Q) together with the corresponding estimate

gy < o (ol dnas Lol )

Due to the property (2.9), we can apply Holder and Young inequalities, and we get

||3/HLq(Q) < CB(HUHPT(Q) + [lyoll7» Q))

which is the claim. In the critical case r =1+ %, we can chose p and thus ¢ arbitrarily
large. In any case, the constant C' in the inequality (2.8) depends on p and g.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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2. General case. Given u € L"(Q) we set u = Py(u). For yo € L>(£2), we take a
sequence {fox 132, C Hg(Q) such that gor(z) — yo(x) for almost every z € . Now,
we define yor = Parg, (§k) with Mo = [|yo|| (). We still have that {yox}32, C Hj(Q)
and ||[yor|| () < llvoll £ (). Then, the solution y; of (1.1) associated with (ug,yox)
is an element of H'(Q) N L>(Q); see Lemma 2.2. From Theorem 2.1 we infer that
yr — y in W(0,T). Moreover, every function yj satisfies the inequality (2.8) with y
in the left-hand side and uj and yg, on the right. Now, it is easy to pass to the limit
in this inequality and to deduce that y satisfies (2.8) as well. |

The reader is referred to [22] for other L? estimates in the case of linear equations,
which were proven using semigroup theory.

Remark 2.4. The regularity yo € L*°(€2) was used in the proof to be able to
perform the approximation procedure in the second part, as the existence of L*(Q)
solutions for the nonlinear equation requires this regularity of y9. The estimates
themselves only used LP-norms of yg, p < co.

2.2. Example. Let us show by means of a small counterexample that the solu-
tion of (1.1) is not necessarily an element of L>(Q) if the control u is just an element
of L?(Q). Actually, we prove something more general: for n > 2 and smooth domain
Q the space L?(0,T; H?(Q) N H(2)) N HY(0,T; L(£2)) is not contained in L>°(Q).

For r,s >0, let Q, s := B,(0) x [l — 5,14 s] C R™"!, where B,.(0) is the open ball
of radius 7. Let us choose ¢ € C°(R™*1) such that 0 < ¢p(x,t) <1, ¢ =1 on Q1 1, and
¢»=0o0n R\ Qa2 Weset Q=0 x (0,T)= By(0) x (0,2) and define the function
yin @ by

y(z,t) = i k=l o(2Fz,2%%(t —1)).
k=1

Note that for (z,t) # (0,1) only finitely many summands are nonzero. The derivatives
of (z,t) — ¢(2%z,2%%(t — 1)) are supported on Qgi—k g1-2r \ Qa-k o-2, hence the
supports of the derivatives of the terms in the sum are disjoint. Due to this fact, and
using the coordinate transform (,%) = (2Fz,22%(t — 1)), we deduce

10:y117 20y = 1012 gnsny = D k722K 7|0, )17 2 g1y < +00
k=1

and similarly

Haﬂﬁlaﬂﬁyy”%ﬁ(Q) = ||amia$jy”2L?(R"+l) = Zk_22k(2_n)||axiazj¢||i2(Rn+l) < +-o00.
k=1

Since y vanishes in Q \ Q1,1, it follows y € L?(0,T; H*(Q) N H}(Q)) N H(0,T; L*(Q))
and y(x,0) =0. For m €N, let (z,t) € Qa-m 2-2m. Then

EL.

NE

Yo t) > S0k 6(2k, 27Kt — 1)) =
k=1

el
I

1

Clearly, Q2-m o—2m has positive measure, and y ¢ L>(Q). Now, setting u= % — Ay,
we infer that y is the unique solution of

%—Ay:u in Q,
y=0 on X, y(x,0)=0 in Q.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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Moreover, since L%(0,T;H?(Q) N H () N HY(0,T;L*(Q)) c C([0,7]; H(Q)) and
HY(Q) c L5(Q) if n <3, for f(y) =y> we have that
1FW)llz2@) < CllyllZ o, m2 0 191 2 0,723 2y < 00

Therefore, u= % —Ay+ f(y) € L*(Q) for n=2 or 3, and y & L°°(Q) solves (1.1).

2.3. Existence of solutions in L?(Q). In this section, we prove the existence
of at least one solution to (P). Below we will prove that any local solution of (P)
belongs to L>°(Q). Here, local solutions are intended in the sense of L%(Q). Let us
start proving the existence of optimal controls in L?(Q). The proof is standard, and
we only give a brief sketch.

THEOREM 2.5. Problem (P) admits a global solution.

Proof. Due to the structure of the cost functional J, a minimizing sequence
{ug}32, is bounded in L?(Q), and hence we can assume (after passing to a sub-
sequence if necessary) that uj — @ in L?(Q). Due to Theorem 2.1, we can pass to the
limit in the state equation. Using the weak sequentially lower semicontinuity of the
cost functional J, we can prove that @ is a global solution of (P). |

2.4. Local solutions are in L*(Q). In order to prove that local solutions of
(P) are in L>°(Q), we employ the following auxiliary problems, which are localized
and contain box constraints parametrized by M. Let a local minimizer @ of (P) be
given. Let p >0 be such that J(u) < .J(u) for all u with [[u — u||z2(q) < p. We define
the following problem:

: 1 _
Pu man(u)+§||u—uH%2(Q)

subject to |lu —@l|L2(q) < p, |u(z,t)| < M faa. (z,t) € Q.
Similar to Theorem 2.5, we obtain solvability of (Ps).

LEMMA 2.6. Let {up}arso be a family of solutions of (Ppr). Then up — 4 in
L?(Q) for M — oo.

Proof. Let Mj, — oo and set ug := upg,,. We can assume (after passing to a
subsequence if necessary) that uy — u* in L?(Q). Let us define the truncation iy =
Py, (@). Then @y, — @ in L?(Q). Hence, iy, is a feasible control for problem (P, ) for
k large enough and, consequently, J(uy) + % ||uy — |72y < J(aw) + 1|ag — @172
Due to the weak lower semicontinuity of J on L?(Q), we can pass to the limit in this
inequality to obtain J(u*)+ 3 [|u* —ﬂ||%2(Q) < J(u). Since |[u* =il 2y < p, it follows
@ = u* by the optimality of @ in the ball B,(#). By the properties of limit inferior
and superior, we have

_ . _ .
J(’U,) = lim (J(uk) + §||Uk — U||2L2(Q))

k—o00

. 1 :
> limsup (J(Uk) + 5““16 - “”%Z(Q)>

k—o00

o . 1 2
> hkfggf J(ug) + hinjolip §||uk = ul|72(g)

R, 1 2
> J(u) + hgisolip §Huk — ullz2(g)

I | 2 _
> J(u) +hkrg£f§\|uk —ull72g) = J ().
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Hence |luy — |32 (@) —* 0. Since the limit is independent of the chosen subsequence,
the claim follows. O

From this lemma we infer the existence of My such that |[un — @l|L2(q) < p for
all M > My. Hence, up; is a local minimizer of J(u) + 1||u — ﬁ||%2(Q) on the set of
controls of u € L?(Q) such that |u| < M. Since the set of feasible controls for (P )
is bounded in L*°(Q), then a classical proof [23, Chapter 5] establishes the following
optimality conditions for the local minimizers.

THEOREM 2.7. Let ups be a local minimizer of (Pas) for M > My. Then, there
exists pp € HH(Q) N L*°(Q) satisfying
dom

(2.10) —=5 tATeu + Fym) e =y —ya i Q,

o =0 onX, oy(x,T)=0 in,

(2.11) /(@M—I—auM—l—uM—a)(v—uM)dxthO Yoe L*(Q): |v| < M,
Q

where yps s the state associated with up; and

n

Atp=— Z Oz, (aji(2) 0z, 0) + ao(x)ep.

ij=1

From (2.10) and due to yq € LP(0,7; L%4(2)) with p,q € [2,00] and 1% + 20 < 1,
the boundedness of ¢y, follows from [15, Theorem I11.7.1]. The H(Q) regularity is
classical; see [21, section II1.2].

THEOREM 2.8. Let @ be a local minimizer of (P). Then @€ L>(Q) holds.

Proof. From Lemma 2.6 we know that there exists a number My > 0 and a family
{unr} mr>n, of local minimizers of problems (Pjs) such that (2.10)-(2.11) hold and
upy — 4 in L?(Q) as M — oco. Denote by yas the state associated with uys. From
(2.10) we deduce that {@ar}ar>nr, is bounded in W(0,7). Hence, there exists a
sequence {Mj}%2, converging to infinity and a function ¢ € W(0,T) such that ¢y =
om, — @ in W(0,T). Due to the compactness of the embedding W (0,T) C L?*(Q)
[16, Theorem 5.1], we have that ¢, — ¢ in L?(Q). Let us denote uy = uy, and
Yr = Yu, - Taking a new subsequence, we can also assume that ¢ (z,t) = ¢(z,t) and
ug(x,t) = a(x,t) for almost all (x,t) € Q.

Now, from (2.11) we infer

1
(2.12) UkZPMk<—a[<Pk+uk—u]>.
Passing pointwise to the limit in the above identity we deduce that « = —é(p. We are
going to prove that ¢ € L°(Q). First, (2.10) is split into two equations:
0Pk | s :
(2.13) gy TAOH S )k =y 0 Q,
¢r=0 on %, ¢p(z,T)=0 inQ
and
Mk .
(2.14) 5 TA Y k)Y =ya n Q,
Pr=0 onY, Yx(z,T)=0 in Q.
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Then, we have @ = ¢, — Vi, o — ¢ and 1, — ¢ in W(0,T), and ¢ = ¢ — 1. Due to
our assumptions on yg, we know that {4 }7°, is uniformly bounded in L*°(Q); see
Lemma 2.2, property III. As a consequence, we get that ¢ € L*°(Q). We are going to
prove that {¢y}32, is also bounded in L°°(Q). Since {ux}3°, is bounded in L*(Q),
we infer from Theorem 2.3

||yk||L2%(Q) < C(llurllz2@) + lwoll L= (@) <C1 V=1
If n <5, then the inequality 22—3 > 1+ 5 holds. Therefore, applying again Lemma
2.2, property III, to (2.13), we deduce the existence of a constant Cy > 0 such that

|px|l Lo (@) < Ca for every k> 1. This yields p € L>°(Q) and u € L>(Q) as well.
For n > 5 we can repeat the arguments of Theorem 2.3 for (2.13) and deduce

||<151c||L2 et < C||Z/k||L2g;_rg(Q) <CCy Vk>1

(n+2)2 (n+2)2
This implies that ¢ € L2 2 (Q) and consequently @ = —égp € L* 27 holds. Using

(2.11) we get
-1
:P e a— —U .
U Mk<1+a[<?k u])

This implies

1 _
lurll jninz < g ol joemz  +llall @iz < Cs.
L (n—2)2 (@) + o L~ (n—2)2 Q) L (n—2)2 )}

A second application of Theorem 2.3 yields

gkl meme SC(HMH 2 (o2 +||IUOL°°(Q)> <Ci=0(Cs+|lollr~(@) Vk>1.

L (=2°(Q)
If 2 ("+2§3 > 1+ 2, then we argue as before to deduce that & =—L1¢ € L>(Q). If not
then we can repeat the arguments and increase the LP(Q) regularity of y until we
obtain the desired regularity for ¢ after finitely many steps. ]

We proved that any local solution of (P) is a function belonging to L>°(Q). Hence,
the problem (P) is equivalent to the minimization of J on L*°(Q). It is well known
that the mapping u — y,, from L>(Q) to W (0,T) N L>(Q) is of class C*. Then, we
can write the necessary optimality conditions satisfied by any local minimizer % of
(P) as follows (see [23, Chapter 5]):

oy
(215) at"'Ay_"f()_a in Q,

=0 on X, g(x,0)=yo(z) in Q,

_ 99 ‘3 _ ,

=0 on X, @(z, ) 0 in Q2
(2.17) &+ ai=0,
where § € W(0,7) N L>®(Q) and ¢ € H'(Q) N C*3(Q) for some u € (0,1). The

reader is referred to [15, Theorem I11.10.1] for the Holder regularity of @. Then, as
a consequence of (2.17), we deduce that any local solution of (P) also belongs to

H'(Q)NCH2(Q).
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Remark 2.9. Given a measurable subset w C 2 with positive Lebesgue measure, all
the results of this paper are valid if we replace u in (1.1) by wy,, with u € L?(wx (0,T))
and x,, being the characteristic function of w. The changes in the proofs are obvious.

We also observe that in real-world applications the case u(z,t) = Z;nzl u;j(t)g;(z)
with {u;}7L, C L?(0,T) and supp(g;)Nsupp(g;) = 0 for i # j is very interesting. In
this case, if {g;}7L,; C L9(Q) for ¢ > n, we deduce from (2.6) that the solution of
(1.1) belongs to L>(Q). Consequently, the mapping (u1, ..., un,) — y is differentiable
from L2(0,7)™ to L>=(Q)NW (0,T). Hence, it is obvious to prove the existence of an
optimal control and to deduce the optimality system for every local solution {u;}7" ;.
Moreover, since the states belong to L*(Q), the adjoint states belong to L (Q) as
well. In this context, the optimality condition (2.17) is replaced by

/ gj(x)p(z,t)de+au;(t) =0 for 1 <j<m and almost all t € (0,T).
Q

This implies that {u;}72, C L*°(0,T).

3. Optimal Neumann boundary control of a semilinear elliptic equa-
tion. In this section we study the control problem

1 «
P, inf J(u)== [ (yu—ya)’dz+ - [ v*d
(Pen) ueanz(F) () 2/9(1/ Ya)” dz + Q/FU z,
where vy, is the solution of the semilinear elliptic equation
Ay+ f(hy)=g inQ,
(3.1) {@Ayu on I

Here, Q C R™ with n > 2 is a bounded domain with Lipschitz boundary I". A
denotes the same operator as in section 2 and 9, ,y = szzl a;;(x)0z,yvj(x), where
v(z) is the unit outward normal vector to I' at the point z. We make the following
assumptions on (Pey):

(B1) The coefficients of the operator A satisfy the conditions in (A1) with the
additional requirement that ag # 0.

(B2) f:Q xR —Ris a Carathéodory function that is of class C! with respect
to the second parameter satisfying

(3.2) f(z,0)=0 and %(m,y) >0 for a.a. x€QVyeR.

In addition, for every M > 0 there is Cy as > 0 such that |f(z,y)| + |g—£(x,y)| <Cym
for almost all x € Q and all |y| < M.

(B3) a>0, g,yq € LP(Q) with p> 3.

The condition f(-,0) = 0 was imposed to shorten the presentation. It can be
replaced by the condition f(-,0) € LP(Q2) with p > %. In the analysis, we can then
replace f and g by f(-,y) — f(-,0) and g — £(-,0).

Analogously to the control problem analyzed in section 2, here we will prove that
(Pep) is well posed and has at least one global minimizer in L?(T"). Then, we establish
that any local minimizer of (Pey) in L?(T) is actually a function of L>°(T'). This
regularity implies the C(Q) regularity of the locally optimal states, which allows us
to derive first and second order optimality conditions for (Py). We recall that, under
the above conditions, for n =2 and for every u € L?(T') there exists a unique solution
yu € HY(Q)NC(Q). Therefore, we can differentiate the relation u — f(y,) and derive
first order optimality conditions for (Pey). From these conditions we infer as usual
the C(Q) regularity of the adjoint state and, consequently, the C(T") regularity of the
locally optimal controls. This is why we have selected n > 2 in this section.
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3.1. Analysis of the state equation. Associated with A, we define the bilinear
form B: HY(Q) x HY(Q) — R by

B(y, 2) :/Q Z 0, Y0z, 2 + aogyz | da.

i,j=1
From assumption (B1) we get
(3.3) JAp >0 such that Agpllyl|Fiq) < Bly,y) YyeH'(Q).

In the following, {-,-)q and {-,-)r denote the duality pairing between H'(Q)* and
HY(Q) and H~2(T') and Hz2(T'), respectively. Let us first state the existence result
for weak solutions of the state equation. We will give its proof below.

THEOREM 3.1. Givenue H™2(T) and g € HY(Q)*, there exists a unique function
yu € H(Q) such that f(-,y.) € LY(Q) N HY(Q)* and

(3.4) B(yu,2) + (f(,yu), 2)a = (g, 2)a + (u,z)r Vz € H'(Q).

Furthermore, if ug — w in H™2(T), then yu, — yu in HX(Q) and f(-,yu,) — f(yu)
in LY (Q) N H'(Q)* hold.

According to this result, we call y, € H'(2) a weak solution of (3.1) if f(-,y.) €
LY(Q) N H(Q)* and (3.4) is satisfied.
If h e HY(Q)* and there exists ¢ € L'(Q) such that

(h,z) = /Q d(z)z(z)dx Vze HY(Q)NL>®(Q),

we say that h € L*(Q) N H'(Q)*. In this case, we identify h with ¢.

If z € H'(Q) satisfies hz € L*(Q) we also have that (h,z)q = [, h(z)z(x)dz.
Indeed, define z;, = Py(2) for every integer & > 1. Then, z;, € H*(2) N L*°(2) and
2, — z in H*(Q) holds. Moreover, since hz € L (Q), h(z)zk(x) — h(x)z(z) for almost
all x € Q, and |h(z)zx(z)| < |h(x)z(z)|, Lebesgue’s dominated convergence theorem
implies that hzy — hz in L'(Q2). These arguments yield

/ h(z)z(z)de = lim [ h(x)zi(x)dz= lim (h,z;)q = (h, 2)q.
Q k—oo Jo k—o0
LEMMA 3.2. The following properties are satisfied:
1 If f(-,y) € HY(Q)* N LY(Q), then f(-,y)y € L' () holds.
2. If y,z € HY(Q) and f(-,y),f(-,2) € HY(Q)* N LY(Q), then the inequality
<f(7y> - f(-,z),y - Z>Q >0 1s fUZﬁ”ed
Proof. To prove the first statement, we define y = Px(y) for every integer k > 1.
Then, we have that yp — y in HY(Q), yr(z) — y(z) for almost all z € Q, and
{ye 172, C L>=(2). Hence, we also have f(-,yr(z)) = f(-,y(z)) for almost all z € Q.
Moreover, (3.2) implies that f(-,s)s > 0 for every s € R. Therefore, using Fatou’s
lemma we get

/f(wy)yd:céliminf/ f(wyk)ykdxéliminf/ FCy)ynda
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Thus, we have that f(-,3)y € L'(Q). For the second part of the lemma we consider
the projections yi = Px(y) and z; = Pi(2) and use the monotonicity of f as follows:

<f('vy) - f('rz)’y - Z>Q = kli,H;o<f(’y) - f('?z)’yk - Zk>Q

= lim [ (f(-y) = f(2))(yx — 21) dz > 0. 0

k—o0 Q

Now, we have everything at hand to prove Theorem 3.1.

Proof of Theorem 3.1. For every integer £k > 1 we define the truncation
fr(z,8) = f(z,Pr(s)). Applying the monotone operator theory or Schauder’s fixed
point theorem we infer the existence of a function y;, € H(£2) such that

(3.5) Ay + fx(ye) =g in Q,
’ Ovyr=u on I in Q;

see [5, Theorem 3.1, Lemma 3.2] or [13]. Testing this equation with y; and using
Jr(-,8)s >0, we infer with (3.3)

il ) < Cr(llgll e @ + el -4 )

Therefore, we take a subsequence, denoted in the same way, such that y, — y in
HY(Q), yr — vy in L3(Q), and yx(z) — y(x) for almost all z € Q. This implies that
Jr(Coye(z)) = f(-,y(z)) for almost all € Q. By (B2), there exists C'r; > 0 such that
|f(z,s)] < Cyq for almost all z € Q and all |s| <1. Using the weak formulation, we
can derive the bound

[ irtuiae <iiss+ [ s
=Q|C1 4+ (9, yk)o + (w,yk)r — B(yk,yx) < C2 <oo Vk>1,
and {fx (-, yx)yk 172, is bounded in L'(2). Then, from Fatou’s lemma we deduce
[ 1Cwlds <tmint [ |76)ldo < Co
Q k—oo Jo
Thus, f(-,y) € L' () holds. Let us prove that { fx(-,yx)}32, is equi-integrable. Given
€ > 0 we select M > 0 such that % < 5. Let Cy s be given by (B2) and take § >0

such that 0Cy < 5. Then, for every measurable set £ C Q2 with |E| <4 and every
k>1 we have

1 C
/Elfk(-,yk)ldxéMAfk(-7yk)ykdx+Cf,wflElSMQ+Cf,M5<€~

Therefore, from Vitali’s theorem we deduce that fi(-,yx) — f(-,y) in L(Q). More-
over, we have

(el 2= [ fulm)zde=lg,ha + (u,he = Blun2) Ve € H'(@),
Q
which implies the boundedness of {f (-, yx)}72, in H'(Q)*. All together this yields

fGy) € HY(Q)* and fi(-,yx) — f(-,y) in HY(Q)*. Further, passing to the limit in
the above identity we obtain that y satisfies (3.4).
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Let us prove the uniqueness. If y; and yo are solutions of (3.1), subtracting the
identities (3.4) for yo and y; and taking z = yo — y; we infer with (3.3) and Lemma
3.2, property 2,

Agllya = y1ll7r ) < B2 — y1,52 — y1) + (f(-92) — f(-21), 92 — y1)a =0,

Finally, we prove the continuous dependence of y, with respect to u. Let be
. . 1 .
{ur}s2, be a sequence converging strongly to w in H~2(I"). Taking u = u; and
Z =Yy, in (3.4) we infer with (3.3) and Lemma 3.2, property 2,

AB”yuk ”%{1(9) < B(yumyuk) + <f("yuk)7yuk>ﬂ
< Cs(llgller ) + el g o)) 19l (0)-

This implies the boundedness of {y,, }32, in H'(2) and, consequently, the conver-
gence y,, — y in H'(Q) for a subsequence, denoted in the same way. Moreover,
using Lemma 3.2, property 1, the above inequality also leads to the uniform bound-
edness of the integral fQ f(,yx)yr dz. Hence, we can argue as above and deduce the
equi-integrability of {f(-,yx)}%, and the convergence f(-,yx) — f(-,y) in L*(Q) for
a subsequence, again denoted in the same way. We also have that f(-,yx) — f(-,y) in
H(Q)*. Now, it is easy to pass to the limit in the equations satisfied by y,, and to
deduce that y = y,,. From the uniqueness of the solution of (3.4) we get that the whole
sequence {yy, 132, converges weakly to y, in H'(£2). Finally, the strong convergence
follows with (3.3) and Lemma 3.2, property 2,

ABHyuk - yu”%l(g) § B(yuk — Yur Yuy, — yu) + <f(7yuk) - f('ayu)ayuk - yu>Q
= (up — Uy Yu, — Yu)r — 0 as k — oo.

*

Now, we prove the convergence of f(-,yu,)— f(-,y.) in H'(Q)* as follows:

1FCoyu) = FCyadla@s = sup [ yu) = (5 va), 2)al

ZHHl(Q)Sl

= sup [up —u,2)r = B(yu, — Yus2)|
”Z”Hl(Q)SI

S C(Huk - UHH—%(F) + Yy, — yUIIHl(Q)) — 0 as k— oo.

The proof of the convergence f(+,yu, ) — f(+,y) in L*(Q) follows from Vitali’s theorem
as above taking into account again that [, f(-,%u,)Yu, 4z = (f (-, Yy )s Yur )2 < C” for
every k. ]

The reader is referred to [2] for the study of the Dirichlet problem corresponding
0 (3.1). See also [3].
In the next theorem we establish some L7 estimates for the solution of (3.1).

THEOREM 3.3. Let u€ L"(T') and g € L*(Q2) with

c 2n—1 1 c 2n n
r n— SE|——, =

n ’ ’ n+2’2
satisfying

as (i) (62
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be given. Let q and G be defined by

1 1 1
(3.7) S

q r n-—1
Then y, € LI(Q) and its trace y,, € LY(T) hold. Moreover, there exists a constant
C =C(r,s) independent of g and u such that

Lr(r)-

Ifue L Y(T') and g € L= (Q), then the above estimates are valid for every q and G
smaller than oco.

1yullLi) + Yull Loy < C(

The conditions in (3.7) show the improvements in the integrability, while (3.6)
enforces some compatibility between all these exponents.

Proof. The proof is similar to the one of Theorem 2.3. We test the weak formula-
tion with |y[P~2y for suitable p to obtain H'-estimates of |y|P/2. Then the exponents
q and ¢ are derived by applying embedding and trace theorems for |y[P/2 € H'(Q),
respectively. Let us set

1 —-1/1 1 1 2
(3.8) =0 . =" (2_Z),

p n—2\r n-—1 n—2\s n
which is well-defined due to (3.6), and p > 2 holds due to r > 221,

We define yy = Pi(y,) for k> 1. Then, |yx|[P~%yx € H'(Q) N L>°(2) can be used
as a test function in the weak formulation, leading to

Bly, [y P~ ) + / F o) g P2y da = / olyi P2y d + / ulyel? 2y de.
Q Q T

Using (3.3) we get

B luel” ) :/ > i 0y, (lyelPyr) + aoylynlP~yx da

ij=1
n
2/(1)_ 1) Y a5500,9k02, 01 - |y [P~ + aolys|P de
Q Iy
4,5=1

/ DS 050 (el (9l#72) + ao (el o

1,0=1
S Alp—1)
= p2

4(p—1
%Buyw, ) > Ag

|Hyk|p/2\|§{1(9)7

where we used (p D <1 for p > 2. In addition, we have f(-,y)|yx|P~2yx > 0. Hence,
we arrive at the inequality

4p—1 _ _
AB%\H%PW@I@S /Q 9] - [yelP~" do + / ] - gl

Ugin% the continuity of the embedding H* () — L (Q) and of the trace H'(Q) <
L% ('), we infer

(3.9) lyll” o

( +||Z»/I€H <n71>

(/ 9] -l - 1dw+/|u| iyl 1dx>
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where C; = C1(n,Q). By definition of p in (3.8), we find!
1 p—1n-2 1 1 p—1n—-2

1

- - )

r p n—1 s p n

)

and we can apply the Holder and Young inequalities to obtain

P P P P
(3.10) 9817 a2y g 117 s < Collol oy + )
The exponents in the above inequality satisfy % = ¢ and -2 = g by construction.

The claim now follows by taking the limit k¥ — oo and Lebesgue’s dominated conver-
gence theorem. The last statement of the theorem is an immediate consequence of
the first part. ]

This theorem is similar to [4, Theorem 18], where L9(Q)-L*(2) estimates are
proven for a problem with a homogeneous Dirichlet boundary condition. Note that
the above proof cannot be used to derive L>-estimates of y; see (3.9).

3.2. Analysis of the control problem. By the usual approach of taking a
minimizing sequence, it is immediate to establish the existence of a global minimizer
of problem (Pey) with the help of Theorem 3.1. Observe that the weak convergence
u — u in L2(T') implies the strong convergence uj — u in H~2(I'). The goal of this
section is to prove that any local (global) minimizer of (Pey) in the L?(T) sense is a
function of L>°(T'). For this purpose we follow the steps of section 2.4. Given a local
minimizer %, we take p > 0 such that J(u) < J(u) for all u with [ju — @|[z2ry < p.
Now, we define the control problems:

. 1 _
(Peit, ) min J(u) + §Hu—u||2L2(F)

subject to [|u — u| 2y < p and |u(z)] < M fa.a. x € I'. (Peya) has at least one
solution uy;. Moreover, arguing as in Lemma 2.6, we get that up — 4 in L?(T) as
M — co. Then, we select My > 0 such that ||uns — |2y < p for every M > M. For
M > My, the optimality conditions satisfied by wj; are written as follows:

af .
A 9, o N
(3.11) 2 8y( yYM)PM =Ym — Ya in €,

6VA*<pM:O on F,

(3.12) /((pM+ozuM+uMfﬁ)(vfuM)dxthO Yoe LA(T): Ju| < M,
r

where y, is the state associated with uy; and oy € HY(Q) N L% (Q); see [23, Chapter

4]. Observe that ypr € H(Q)NL>(Q) holds due to the assumption (B3) on g and the

fact that upr € L°(T"). As a consequence, we also get with (B3) that ¢ € L°(€2).
Analogously to Theorem 2.8 we have the following result.

THEOREM 3.4. Let @ be a local minimizer of (Pen). Then, w € L>®(T) holds.

The proof of this theorem follows the same arguments used to prove Theorem 2.8
with the obvious changes. The only difference is that we use the estimates established
in Theorem 3.3 instead of the ones provided in Theorem 2.3. First we get LP()
estimates for the states yps and with them we derive L4(T") estimates for the adjoint
state ppr.

1 -, : : 1_ 1yn—1 _ 1
The condition here can be written equivalently as 1 — & = AI-)r==0-3)"5
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Once the L>°(T") regularity is proved for any local minimizer of (Pg), using the
differentiability of the mapping G : L>®(T') — H(Q) N L>=(Q), we can get the first
order optimality conditions satisfied by any local minimizer u:

(3.13) T
Oy, g=u onl,
of )
A+ 2L pe=y-— 0
(3.14) <P+8y(,y)s0 ¥ —yaq in Q,
Op,.9=0 onT,
(3.15) P +au=0.

The reader is referred to [23, Chapter 4]. We have the regularity g € H'(Q2) N C*(Q)
and ¢ € H(2) N C*(Q) for some u € (0,1); see [1, 17, 20] for the Holder regularity.
Moreover, from (3.15) the H2 (') N C*(T') regularity of @ follows.

Remark 3.5. The arguments used in this section can be applied to the study of
the distributed control problem

1

inf J == — 2 21d
wnf o I =3 [ =00 + ] de,

where vy, is the solution of the state equation

Ay+ f(y)=u in Q,
y=0 onT.

The problem is again well posed in L?(2) and any local minimizer is a function of
H' ()N CH (). To establish the L>(Q2) boundedness of the control, the arguments
relies on the LP(f2) estimates for the states and adjoint states proved in [4]. The
reader is referred to [10] for the analysis of this problem with L°°(§2) controls.
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