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Abstract

In this paper, we are devoted to developing matrix-analytic methods for solving Poisson’s
equation for irreducible and positive recurrent discrete-time Markov chains (DTMCs). Two
special solutions, including the deviation matrix D and the expected additive-type functional
matrix K, will be considered. The results are applied to Markov chains of GI/G/1-type and
MAP/G/1 queues with negative customers. Further extensions to continuous-time Markov
chains (CTMCs) are also investigated.
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1 Introduction

Let P = (P(%,7))ijer be the transition matrix of a DTMC @ = {®;,k > 0} on a countable
state space E. It is assumed that P is irreducible and positive recurrent with the unique invariant
probability vector 7 such that w7 P = w7 and w’e = 1, where e is a column vector of ones. Let
g : E — R be a function (or vector) satisfying w7 |g| < oo. For a given transition matrix P and a
function g, Poisson’s equation is written as

(I-P)f =g, (1.1)

where I is the identity matrix and g = g — (77 g)e. In general, we refer to the functions g and f
as the forcing function and the solution of Poisson’s equation (|1.1]), respectively.
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Poisson’s equation has an important influence on the development of Markov chain theory. In
[1], Glynn and Ormoneit established a Hoeffding’s inequality, which provides an upper bound for
the tail probability of the law of large numbers, for strong ergodic DTMCs via the solution of
Poisson’s equation. Further progress along this direction can be found in [2, 3] and their references.
Poisson’s equation may also be associated to central limit theorems. In [4], Glynn and Meyn
pointed out that the solution of Poisson’s equation can be used to express the variance constant,
which is a key parameter in the central limit theorem. Please refer to [0 [6] and references therein
for recent developments in this filed. In Markov decision processes, Poisson’s equation was known
as the dynamic programming equation, see e.g., [7, [§], and the functions g and f were called the
cost function and the value function, respectively. Poisson’s equation is also applied to perturbation
theory [9, [10], augmented truncation approximations [11} [12], machine learning [I3], [14] and others.

For real applications, it is crucial to solve or estimate the solution of Poisson’s equation. In the
literature, the solution of Poisson’s equation had been investigated for birth-death processes [15],
16], single-birth processes [17, 18], single-death processes [19, 20], M/G/1 queues [21], PH/PH/1
queues [22], among others. In addition, there are some approximate schemes for the solution of
Poisson’s equation, see e.g., [23, 13]. Recently, Liu et al. [20] established augmented truncation
approximations for the solution of Poisson’s equation.

In this paper, we use matrix-analytic methods to solve Poisson’s equation. Since Neuts [24] [25]
introduced and studied matrix-analytic methods for stochastic models, matrix-analytic methods
had been widely used in queueing theory, supply chain management, inventory theory, reliability,
telecommunications networks, risk and insurance analysis, finance mathematics, and biostatistics,
see e.g., [20, 27, 28]. In [29], Dendievel et al. used matrix-analytic methods to solve Poisson’s
equation for quasi-birth-and-death (QBD) processes. Further progress has been made in [5, B0, 31].
Here, we extend matrix-analytic methods in solving Poisson’s equation for general Markov chains.
Specifically, we try to find a matrix X, with which we may represent the solution f to Poisson’s
equation in the form of f = Xg. In this sense, we rewrite Poisson’s equation as the
following matrix form

(I-P)X =I—en’. (1.2)

Our first main result, presented in Theorem gives a general matrix solution X that satisfies
Poisson’s equation . Moreover, the matrix X is a unique solution in the sense of up to a
constant matrix under some additional conditions, i.e. X = X + eB”, where B is an arbitrary
constant vector. Then, two special solutions, which are called the deviation matrix D, see e.g.,
[32, 29], and the expected additive-type functional matrix K, see e.g., [21} [31], will be investigated.
Particularly, we will focus on the latter because it needs a weaker existence condition than that for
the deviation matrix D.

To apply our results, we consider the matrix solution X for Markov chains of GI /G /1-type,
which are class of block-structured Markov chians with many applications in queueing theory, see
e.g., [33, 134, 35, 28]. Mathematically, a DTMC @ on state space E = ;2 £(i) is called a Markov



chain of GI/G/1-type if its transition probability matrix P is given by
By Bi By Bs

B_1 A Ay Ay -
P=| B2 A4 A A - || (1.3)
B3 A, A4 Ay ---

where £(i) := {(i,7),7 > 0,1 < j < m} denotes the level set, the matrix sequences {B;,i € Z}
and {A;,7 € Z} are non-negative matrices of size m < oo, where Z := {0,+1,+2,---}. Suppose
that >3 Bi, B—j + 3272 ;4 Aj and 33 A; are stochastic. Markov chains of GI/G/1-type
include QBD processes if B; = B_; = A; = A_; = 0 for i > 2, Markov chains of GI/M/1 type if
B; = A; =0 for ¢ > 2 and Markov chains of M/G/1 type if B_; = A_; =0 for i > 2.

The rest of this paper is organized in to 6 sections. Section 2 introduces preliminaries of
the solution of Poisson’s equation and the censored Markov chains, which play a key role for
the subsequently proposed matrix-analytic methods. In section 3, we present a general matrix
solution X and specific matrix solution K of Poisson’s equation for DTMCs. Section 4 applies the
results in section 3 to Markov chains of GI/G/1-type. In section 5, we give numerical calculations
of MAP/G/1 queues with negative customers. Section 6 considers the extension of the matrix
solution X for DTMCs to CTMCs and section 7 presents concluding remarks.

2 Preliminaries

2.1 The solution of Poisson’s equation

For a finite state Markov chain ®, there exists a unique solution of Poisson’s equation (1.2]), see
e.g., [29]. Moreover, the solution is given by

X = (- P)* +ed”, (2.1)

where 3 is an arbitrary constant vector that requires additional information to be determined and
(I— P)# is the group inverse, see e.g., [36, 37]. The group inverse W# of a finite square matrix W
is defined to be the unique matrix such that

WWHW =W, WHWW# =W# and WH*W = WW#.
In the special case of W = I — P, the group inverse (I — P)# can be easily determined by
(I-P)#*=(I—-P+ern’)! —en’. (2.2)

For infinite state Markov chains, the uniqueness of the solution does not necessarily hold. From
Proposition 17.4.1 in [38], we obtain the following lemma, which presents a sufficient criterion for
the uniqueness of the solution of Poisson’s equation ((1.2)).

Lemma 2.1. Let ® be an irreducible and positive recurrent Markov chain. Suppose that X1 and
Xy are two solutions of Poisson’s equation with 1 (| X1|+|X2|) < co. Then for some constant
vector B, we have X; = X + 37 .



In general, the solution of Poisson’s equation ([1.2]) can be presented via the deviation matrix
D or the expected additive-type functional matrix K. It is well known that the deviation matrix
D is defined as

D = i (P" — 67TT) , (2.3)
n=0

see e.g., [32]. It is not difficult to verify that D satisfies Poisson’s equation (1.2) and w7 D = 07,
where 0 is the zero vector. Moreover, we know that the elements of D can be expressed in terms
of the expected first return times:

D(i,i) = (i) (Ex [7i] — 1) (2.4)

and
where 7; := inf{k > 1 : &} = i} is the first return time to the state i € E and Er[] (or E;[-])

denotes the conditional expectation with respect to the initial distribution 7r (or initial state 7).

From (2.3)—(2.5) and [29], we know that if the deviation matrix D exists, then the chain must
be aperiodic and E [1;] < oo for some i € E. In fact, we can construct the expected additive-type
functional matrix K, = (K4(4,)): jer, which is called the solution kernel in Glynn [21I], that has
a weaker existence condition than that for the deviation matrix D. For a fixed state a € E, we
define the matrix K, such that

Ta—1

K(X(i7j) :EZ[ZH(q)k:])]7 i,jGE, (26)
k=0
where I(-) denotes the indicator function and I(®; = j) = I(®; = j) — 7(j). For the convenience
of subsequent analysis, we simplify K, to K.

Lemma 2.2. Let ® be an irreducible and positive recurrent Markov chain. Then, the matrix K is
one solution of Poisson’s equation with K(a,j) =0 for any state j € E.

Proof. We first prove K(«,j) =0, j € E. It follows form Theorem 10.4.9 in [38] that

Ta—1

(@Ea| Y 10 = )] =),
k=0
From Kac’s Theorem, we obtain
1
m(a) = Ealral

Applying (2.6]) yields K(«,j) = 0.
Now, we fix state j € F. Combining (2.6)) and the strong Markov property, we have for any
i€k,
K(i,j) =1(i = j) + Y P(i.DE(Lj)-
l#a



Since K(«,j) = 0, we obtain

K(i,j) =16 = j)+ Y P, DK (1, ),
i€l
from which, we have
(I-P)K=1—en’.

The proof is completed. O

Remark 2.1. For a given function g satisfying w7 |g| < 0o, the functions fp := Dg and fx := Kg
are solutions of Poisson’s equation , which are given by

oli) B[ Sog@n). i< E. (2.7
k=0

and
Ta—1

ficli) = E{ 3 g(@w], icE, (2.8)
k=0
respectively. See Remark 4 in [39] and Theorem 3.3 in [21]. Moreover, combining (2.7)-(2.8) and
the strong Markov property, we have fp(i) — fix (i) = fp(a) for any i € E.

2.2 The censored Markov chain

In the following, we introduce the censoring technique. Let A be a non-empty subset of E. Let
0 be the k' time that ® successively visits a state in A, i.e. 6y := inf{m > 0: &,, € A} and
Opy1 = inf{m > 6, +1: ®,, € A}. The censored Markov chain &) = {<I>,(€A),k > 0} on A is
defined by CI)éA) = ®y,, k£ > 0, and its transition matrix and the invariant probability vector are
denoted by P and 7(4), respectively. Let P s, = (P a,(i,7))ica, jea,, where Ay and Ay are
subsets of E. According to A and its complement B := A®, we partition the transition matrix P
as

A B
A | Paa PAB]
P = . 2.9
B [PBA Pgpp (29)

From section 5 in [26], we have the following lemma of the censored Markov chain.

Lemma 2.3. Let ® be an irreducible and positive recurrent Markov chain with the invariant prob-
ability vector w and let A be a non-empty subset of E. Then, the censored Markov chain ®A) is
also irreducible and positive recurrent, whose transition probability matriz is given by

P(A) :PAA+PABﬁBBPBA (2.10)

with ﬁBB = 0 P};B. Moreover, the invariant probability vector 7 of ®A) s given by

Py = )
O =S oamy &4 (2.11)
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Remark 2.2. (i) Ppp is the minimal nonnegative solution of

X(I-Pgp)=(—-Ppp)X =1.

(ii) ﬁBB is finite since Pgp 1s strictly substochastic.

(iii) ﬁBB(i,j) is the expected number of visits to state j € B before entering A given that the
process starts from state i € B, i.e.

TaA—1

Ppp(i,j) = E[ > (@ = j)], i,j € B, (2.12)
k=0

where T4 := inf{k > 1: &y € A} is the first return time to the set A.

__ On the contrary, we can also obtain the invariant probability vector 7« when we know w4 and
Pgp. Let us partition ©7 as (n%,7L). From 1D and 7' P = 7T, we have

TI'Z;PAB + WgPBB = ﬂ'g.
Then,

75(I — Ppg) = 7 Pap. (2.13)
Postmultiplying both sides of |i by 133 B, We obtain

WgzﬁipABﬁBB- (214)

According to m’7e = 1, we have

ok [I, PABﬁBB} e=1. (2.15)

Lemma and yield

T R -1
3 (i) = <<7r(A)) [I, PABPBB} e) . (2.16)
€A

Thus, the invariant probability vector 7 can be obtained by using (2.11)), (2.14]) and (2.16)).

3 General Markov chains

In this section, we will use matrix-analytic methods to solve Poisson’s equation for general
Markov chains. Let O denote the zero matrix with appropriate numbers of rows and columns.
Similar, the matrix I and vector e defined previously will adapt to the dimensions in the following
analysis. Furthermore, let us partition the matrix X as

X:[;fg] (3.1)



Theorem 3.1. Let ® be an irreducible and positive recurrent Markov chain and let A be a finite
non-empty subset of E. Then, the matriz X, given by

X, = (I _ P(A)># ([I PABﬁBB] _ (e n PAB]3336> 7TT> (3.2)
and
Xp = PypPpaXa+ [O, 1333} _ PypenT, (3.3)

is one solution of Poisson’s equation . Moreover, if Ex [1;] < oo for some i € E, then the
matriz X s the unique matriz solution of Poisson’s equation in the set of matrices X such
that ©7'| X | < oco.

Proof. We first prove that X satisfies Poisson’s equation 1) From l} and 1 , We rewrite
Poisson’s equation ((1.2)) as

[I—PAA —Pap } [XA } — I —enT
—Ppa I—-Ppp || XB '
We obtain

(I — Paa)Xa = PapXp +[I,0] —en” (3.4)
and

(I — Ppp)Xp = PpaXa+[0,1] —en’. (3.5)
Premultiplying both sides of |D by Psp gives us

XB:ﬁBBPBAXA‘i‘ﬁBB [O,I]—ﬁBBEﬂ'T. (3.6)

Substituting (3.6)) into (3.4)), we have
(I — Paa)X4 = PapPppPpaXa+ [O7PABﬁBB} — PapPgpen” +[I,0] — enx”
— PapPppPpaXa+ [I, PABﬁBB} - (6 + PABﬁBBe) 7t

Thus, we have
(I . P<A>> X4 = [I,PABﬁBB} - (e + PABﬁBBe) T (3.7)

It follows from and that
X, = (I — P(A)># ([1 PABﬁBB} _ (e n PABﬁBBe) wT) ted” = X4 +e87. (3.8)
From (3.6 and , we obtain
Xp = PppPpa (X'A + 85T> + Ppp[0,1] — Pppen’.
According to Remark (iii), we know that PppPpa denotes the probability of first hitting A

from B. We thus have R
PBBPBAe = €.



Then, we obtain

Xp = ﬁBBPBAXA + [O, ﬁBB} — ﬁBBeﬂ'T + e,BT = XB + eﬁT. (3.9)

Combining 1) with 1| we find that X = X + el”, i.e. the matrix X is one solution of
Poisson’s equation ([1.2)).
Now, we prove that under the condition of Ex[r;] < oo, X defined by (3.213.3) satisfies 77| X| <

00, i.e.
S (i) ‘X(i,n)‘ < oo, nek.
el

Since A is a finite set, we can find large enough positive constant -, for any n € E, such that

Z ‘X(z,n)‘ < Yp < 00.
€A

Since @ is irreducible and Er[r;] < oo, this shows that Ex[74] < co. Thus, we have

S n(i) ])?(i, n)’ < yumhe+ Y m(i) ‘f((i, n>)

1€ER 1€EB
< qumhe+ Y (i)Y Pilra =) |X(Gim)|
icB jeA
TA—1
+ ZW(@)E [Ta] + ZT((’L)EZ [ Z (P € B)]
1€EB i€EB k=0

< 'Vnﬂ-ze + "Ynﬂ'ge +2Ex [TA]
= Yp+2Ex[74] < 00,
where P;(-) denotes the conditional probability with respect to the initial state 7.

By Lemma all matrix solutions X of (I — P)X = I — ew” such that 77| X| < oo are given
by X = X + eB” for some constant vector 3. This completes the proof of Theorem O

Remark 3.1. For an irreducible and positive recurrent Markov chain ®, Ex[r;] < oo for some
(then for every) i € E is equivalent to E;[1?] < oo, see Lemma 2.6 in [29].

Under the uniqueness assumption, we can use the matrix solution X to characterize the devia-
tion matrix D.

Corollary 3.1. Let ® be an irreducible, positive recurrent and aperiodic Markov chain. If Ex [;] <
oo for some i € E, then D = (I — en’) X, where X is determined by f .

Proof. Since Ex [1;] < 0o, we know that D exists and D is one solution of Poisson’s equation ((1.2]).
Moreover, it follows from ([2.4))—(2.5) that

> w(@)|D(i,n)| < |D(n,n)| + 7(n)Ex 1] < 00
i€E



for any n € E, i.e. w|D| < oo. From Theorem [3.1] we have
D=X+ es’.
Since 77D = 0, we obtain 8 = —nTX. Thus, this proof is completed. O
In fact, we could have derived the matrix K under the same condition E [1;] < co by using

the same averments of Corollary However, we can derive the matrix K without the condition
Ex [1:] < 0o by using different arguments.

For a finite non-empty subset A of E, let N = (N (4, j))i jer denote a matrix such that

Ta—1

NG =B X =) ieE

k=0
The following lemma reveals a relationship between the matrix K and the matrix N.

Lemma 3.1. Let ® be an irreducible and positive recurrent Markov chain and let A be a finite
non-empty subset of E. Then, for any fixed state a € A, we have

K(i,§) = N(i,j) + > _Pi(®r, = K(l,4), i,j€E. (3.10)
leA

Proof. Since a € A, 7o, = max{74,74}. Using (12.6) and the strong Markov property, we obtain

max{Ta,74}—1

K(i,j) = E[ > H(<I>k=j>]

k=0
TA717 Ta—17
1D ILCEIES B 3e S ) EOEEN
k=0 k=74
Ta—17
= N(i,j)+ Y Pi(®r, =1 (El[ > L@k = j)D
lEAIFa k=0
= N(i,j)+ Y Pi(®r, =DK(l,j).
lEAIFa
From Lemma we have
K(a,j)=0.
Thus,
K(i,j) = N(i,5) + > _Pi(®r, = K (1, j).
leA
The proof is completed. O

Theorem 3.2. Let ® be an irreducible and positive recurrent Markov chain and let A be a finite
non-empty subset of E. Then, for any fived state o € A, we have K = X — eB”, where B(j) =

(a j) for any j € E and X is determined by (.)



Proof. In (3.10)), we consider the two cases of i € A and i € B = A®, separately. For the former
case, let Mg = (M4(4,j))ijca denote the matrix such that

Ma(i, 5) :==Pi(Pr, = J).

It is easy to verify that

oo
Ma = Paa+Pap) PhpPpa

n=0
Paa + PapPppPpa
pA). (3.11)
Combining (3.10) and (3.11)), we have
(I —-PU)K,4 =Ny, (3.12)

It follows from ([2.1)) and (3.12) that
Ki=(I—-P%*N, +ep”.

Our task now is to solve the matrix N4. For any state j € A, we have

T4—1
E{ S (@ = j)] —1(i = ) (3.13)
k=0
If j € B, it follows from the strong Markov property and Remark (iii) that
Ta—1
Ez|: > 1@y = j)} =" Pap(i,1)Ps(l, j). (3.14)
k=0 leB
From the strong Markov property, we have for i € A,
Eilral = 1+ Y Pap(i,[)E;[ra]. (3.15)
leB

According to Remark (iii), it is clear that for i € B,

Ei [74] = ZEZ{ 2_: I(®y, = j)} =" Pggli,j). (3.16)

jE€B k=0 jE€B
Combining —, we obtain
Ny = [1, PABﬁBB] - (e n PABﬁBBe) — (3.17)
from which, we have

K, = (I — P(A>)# ([I PABﬁBB] - (e + PABﬁBBe) 7rT> teBl = X4+ ed”. (3.18)
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Now, we consider the case of i € B. Let Mp = (Mp(%, j))icB,jca denote the matrix such that
Mg(i,j) = Pi(X7, = j),

and

oo
Mp = PBpPpa = PpPpa. (3.19)
n=0

From (3.10|) and (3.18)), we have

Ky = Ng+ PppPpa (f{A + eﬁT>

= Np+ PppPpsKa+ PepPpaeB”
= Np+ PppPpaKa+ep’.

For any state j € A, it is easy to see that

E; [Tf:lﬂ(@k = j)] =0. (3.20)

k=0
According to (3.20)), Remark (iii) and (3.16)), it follows that
NB = [O,ﬁBB} —ﬁBBGTFT, (3.21)
from which, we have

Kp = [O, ﬁBB} — Pppen” + PgpPpaXs+eB” = Xp +eB”.

Finally, we obtain 8(j) = -X (a,j) for any j € E by Lemma This completes the proof of
Theorem [3.21 O

Remark 3.2. (i) Combining Theorem[3.1] and (3.17) and (3.21), we have

Xa= (I - P(A)># Ny, (3.22)

L 4
X5 = PppPpa (I - P<A>) N + Ng. (3.23)

From (3.29)-(3.29), we find that the matrix X consists of the group inverse (I — P(A))# and the

matriz N. According to , we know that (I — P(A))# s the solution of Poisson’s equation for
(A) X

the censored Markov chain ®\“). Thus, we connect the solution X of Poisson’s equation for ® and

the solution (I — P(A))# of Poisson’s equation for ®A) through the matriz N.

(ii) In addition, if the set A is an atom, i.e. P(i,k) = P(j,k) for anyi,j € A and k € E, the
matriz N = K is a solution of Poisson’s equation and satisfies Ny = O. For this case, we
have X = K = N.

11



4 Markov chains of GI/G/1-type

In this section, we apply our results to Markov chains of GI/G/1-type with the transition matrix
given by (|1.3)). For simplicity, we write

and L>; for the complement of L<;_1). For the block-structured matrix M, we write My, =
(My,e;(k,1))ker; ice; as M;; for convenience.

We now introduce R-measures R; ; and G-measures G; ;j, which are helpful to studying Markov
chains of GI/G/1-type, see e.g., [34, [40]. For 0 < i < j, R;; is defined as a matrix of size m x m
whose (k, 1) entry is the expected number of visits to state (j,1) before hitting any state in L<¢i-vy,
given that the process starts in state (i, k), i.e

TLej1

R;j(k, 1) ==K p [ I[(®; = (j,l))].

t=0

For i > j > 0, G, is defined as a matrix of size m x m whose (k,1)" entry is the probability of
hitting state (j,1) when the process enters L ;1) for the first time, given that the process starts
in state (i, k), i.e.

Gid(k’” = P(lﬁk) [TLS(z‘fl) < OO#I)TLS(FU = (4, l)} .
Due to the property of repeating rows, we can write simply R; , = R,—; and G, ; = Gj,—; for ¢ > 1.

Let P(") = P(L<n) and (™) be the transition matrix and the invariant probability vector of the
censored Markov chain with censoring set L<,, for n > 0, respectively. Then, we know from [34]

that
P(n) _ P("Jrl) —

i =Pkt 41 = foralli,j=1,2,---,n.

Thus, for any ¢ > 0, we can define

U, =P and U_;=P" . forn>i. (4.1)

—i,n n,n—ia’
Furthermore, we have

Ri=W,(I -V, Gi=(T—-To) W, i>1.

In fact, the matrices R;, G;, Ro; and G;o can be used to represent the matrix ¥y. From
Theorem 10 and Theorem 12 in [34] , we have the following lemma.

Lemma 4.1. Let ® be an irreducible and positive recurrent Markov chain of GI /G /1-type. Then,
we have

Ri(I — W) = Ai + Y Rip(I - W0)Gy, i>1,
k=1

12



(I-Wo)Gi=A_i+ > Rp(I—T0)Gipp, i>1,
k=1

Uy = Ao + ZRk(I — Wg)Gy,
k=1
and .
Roi(I —Wo) = B; + ZRo,Hk(I — V)G, i>1,
k=1

[o¢]
(I —W0)Gig=B_i+» Rp(I—-U0)Gisro, j=>1,
k=1

00
Vo= By + Z R(),k(f — \Ifo)kao.
k=1

If the Markov chain of GI/G/1-type @ is irreducible and positive recurrent, then the invariant
probability vector 7t can be expressed in terms of R-measures, see [33):

n—1
7l = 7wl Ry, + Zﬂ'kTRn,k, n>1, (4.2)
k=1

where we denote 7y, by r, for simplicity.

The matrix H, which is obtained by deleting the first block row and the first block column of
P for Markov chains of GI/G/1-type, is given by

Ay A1 Ay A3

A1 Ay A A
H=| A2 Aq1 A A1 - |, (4.3)
A s

Ay A A

From Theorem 9 in [40], we have the following Lemma.

Lemma 4.2. For the matriz H defined by , the matriz His recursively given by

( i—1 ~
Gi—anjv v>7;
n=1
N i—1 ~ ~ Jj—1
H'U: H11 + Z Gz—anj == Hll + Z Han]—n7 =12,
n=1 n=1
J=1
Hanj—’m <],
n=1

where Hyy = (I — Wp)~t.
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Theorem 4.1. Let ® be an irreducible and positive recurrent Markov chain of GI/G/1-type and
let A=1(0). Then, we have

# o0 o -
(1—p<0>) (I—(I+ZZBanm>ewg>, i=0,j=0,
m=1n=1
~ e A~
Xoo > BuHyj, i=0,j>1,
> n=1
Xij = %0 o0
(Z Hl-mB_m> Xoo — (Z Hm> emy i>1,j=0,
m=1 m=1
o0 N _ . o0 R
(Z HimB_m> Xoj+ Hij— (Y H¢m> emy, i>1j>1
\ m=1 m=1
Proof. Since A = £(0), it is easy to see that
Pay = Bo, Pyp = [B1, B3, B3, -],
B_1 AO Al A2
B_, A,1 AO Al A (44)
Ppa=| B,

, Pee=H=1| 4, A, A

Moreover, according to (3.1]), we write

):(10 ):(11 ):(12
X X X e v X20 X21 X22
Xa = [X007X017X02,"-], Xp = ~ N i

X30 X311 X3

From Lemma |4.2] it is easy to obtain

i Bnﬁnla i Bnﬁn% i Bnﬁ[n?n o ] .

n=1 n=1 n=1

According to Theorem it follows that

~ # ) R o0 R 0o oo .

X, = (I _ P<0)> ([[ N Bufn, Y Buf, - ] - <I+ 3y ZBanm> e7rT> .
Furthermore, we obtain

Xoo = (I _ p(0>)# (1 - (I + i ianInm> ew(?) (4.5)

m=1n=1

PapPpp =

14



and

X()j _ (I _ p(O))# (i Bnﬁnj _ (I—i— i iBn}AInm> e7ro> . (4.6)
n=1

m=1n=1

From (2.14]) and Lemma we obtain

o0
n] =mi > BnH,;. (4.7)

n=1

Substituting (4.7)) into (4.6)), we have, for j > 1,

_ " oo R 0o oo R R
n=1 m=1n=1 n=1
o0 (o] . .
- (1 - p(0>> <I - <I+ > ZBanm> en0T> By, H,;
m=1n=1 n=1
~ o ~
= Xoo Y _ BnHy;.
n=1
From Theorem again, we have
XB = ﬁPAB)?A + [O,ﬁ] — ﬁEﬂ'T.
Thus, for ¢ > 1,
Xio = (Z HimB—m> Xoo — (Z Hzm) ey
m=1 m=1
Similarly, we have
Xij = (Z Hszm> X()j ‘|‘Hij - (Z Hzm) eﬂ';ra Za] > L.
m=1 m=1
This completes the proof of Theorem O

Remark 4.1. For Markov chains of GI /M /1-type, we denote Ry by R for simplicity. From Lemma
the matrices R and V¢ satisfy

R=Uy(I-T)", Uo=)» RFA,, ix>1,
k=0

where V1 = Ay. Moreover, equation becomes

nle+nl(I-R)le=1,

71'JT = Trijfl, j=>1

15



Thus, the matriz )Z'oj,j >0 in Theorem s given by

Xoo = (I - p<0>># (I—(I+Bi(I-%) '(I-R)")end),

Xo; = <I - P(O))# (Bo(I — o)™ (I — (I — R)'en) — enl) RI7, i> 1.

Please refer to [5l] for more details about the matrix solution X of Markov chains of GI /M /1-type.
In particular, for @QBD processes, the matriz solution X is given by Theorem 4.2 in [29].

Remark 4.2. For Markov chains of M /G /1-type, we denote Gy by G for simplicity. From Lemma
the matrices Ro; and R; are given by

Ri=) AuG I -Wg) !, i1,

n=1

Roi =Y BuG"'(I-T)7", i>1,

n=t

where Wo =Y  A,G". Furthermore, from Lemma we have

ﬁfjl = ijl(f - \I’Q)il.

5 MAP/G/1 Queues with Negative Customers

In this section, we give numerical calculations of the matrix X for M AP/G/1 queues with negative
customers. Queueing systems with negative arrivals have a lot of applications in various areas, such
as computer, manufacturing systems, neural and communication networks, see e.g., [41], 42].

For a single-server FIFO queue, we suppose that there are two types of independent arrivals,
positive and negative. Positive arrivals correspond to customers who upon arrival, join the queue
with the intention of being served and then leaving the system. When a negative customer arrives
at the queue, it immediately removes one or more positive customers if present. Here, we consider
the RCA rule, i.e. arrival of a negative customer which removes all the customers in the system.
Furthermore, we assume that the arrivals of both positive and negative customers are Markovian
arrival processes (MAP) and the service times are independent of the two arrival processes of
positive and negative customers and obey a general distribution. Then the above queueing model
is a M AP/G/1 queue with negative customers.

In [42], Li and Zhao analyzed M AP/G/1 queues with negative customers by introducing sup-
plementary variables and constructing the differential equations. For a stable RCA system, they
related the boundary conditions of the system of differential equations to a GI/G/1 type Markov
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chain, which is given by

" B, B, B, Bs B
Ay A Ay Az

A, Ay A Ay -
0 A, Ay A - |- (5.1)
0 0 A, Ay -

It follows from that the matrix H of the transition matrix P defined by is of the
M /G /1-type structure. Thus, we can combine Remark and Theorem to calculate the matrix
solution X of . From Remark we know that the key step is to calculate G. By Proposition
3.5.1 in [28], the matrix G can be computed recursively as follows,

Gl0]=0, Gk+1]= i An(GIED)™, k> 0. (5.2)

n=-—1

It can be shown that the sequence {G[k], £ > 0} is nondecreasing and converges to G. The
computation of G is stopped when

|Gk + 1] — Gk]||, <ce, (5.3)

where || M||oc = max; };[M (i, j)| denotes the oo-norm of matrix M.

Our analysis leads to the algorithm in Algorithm
Algorithm 5.1. Computing the matriz solution X of .
INPUT the matrices {Bj,i > —2}, {A;,i > —1} and the error e.
OUTPUT the matriz solution X.
COMPUTATIONS:
Stepl: use and to compute G.
Step2: use Remark to compute Vo, R; and Ry ;.
Step3: use Lemma@ to compute H.
Step4: use Lemma to compute PO and ().
Step5: use to compute (I — P)7.
Step6: use , and to compute .
Step6: use Theorem to compute X.

Example 5.1. Consider a Markov chain of GI/G/1-type with transition matriz P given by .
Let Bi=A;=0,1i>3 and

0.2 0.1 0.2 02 0 02 01 0 0
By = 0 04 01|, Bi=|03 01 0 |, By= 0 01 0 [,
0 02 01 04 02 O 0 0 01
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01 0 04 0 0 0.2 01 0 0.2
B;=103 02 01|, B2=1]01101 0|, Ay4=1]02 01 01

0 0.1 03 0 0 01 0.1 0.1 0.1

0 0.1 0.2 01 0 O 0 01 O
Ag=101 01 0 |, A= 0 01 0 |, A2=1]0 01 0

0 0.1 0.2 0 0.1 01 0 0 0.1

It is obvious that P is irreducible and aperiodic. From Theorem 4.1 in [35], we know that the

chain is strong ergodic, which implies E [;] < oo for every i € E. Here, we take ¢ = 0.0001. From
(5-2)—(5.3), we obtain the numerical result of G as follows,

0.1802 0.0536 0.2690
G = | 0.2610 0.1268 0.1610
0.1925 0.1591 0.1813

From Remark we have
0.0291 0.1109 0.2389
o= 0.1372 0.1183 0.0281
0.0565 0.1345 0.2453

)

0.1398 0.0422 0.0671 0.0171 0.1171 0.0098
R; =] 0.0492 0.1404 0.0421 |, Ro= | 0.0171 0.1171 0.0098
0.0537 0.1656 0.1797 0.0111 0.0223 0.1368
and
0.2609 0.0979 0.3869 0.1077 0.0189 0.0348
Ro1 = | 0.3722 0.1970 0.1465 |, Rpo= | 0.0171 0.1171 0.0098
0.4904 0.3358 0.1918 0.0111 0.0223 0.1368

It follows form Lemma 2.3 that

0.2907 0.1935 0.5158
PO — | 0.1389 0.4967 0.3644
0.1952 0.3318 0.4730

)

from which
(7T = (0.1931,0.3653, 0.4416).
By (4.2]), we have

n—1
7l = (e )T Ry, + Z 7 Ry, n>1,
k=1

where ¢ is a constant such that ¢ = m(0) + mo(1) + 79(2). From (2.16]), we obtain that ¢ = 0.3563
and the invariant probability vector which is given as follows,
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Table 1: The invariant probability vector of Example
state  value | state wvalue | state walue | state wvalue | state wvalue
(0,1) 0.0688 | (3,1) 0.0156 | (6,1) 0.0025 | (9,1) 0.0004 | (12,1) 0.0001
(0,2) 0.1302 | (3,2) 0.0459 | (6,2) 0.0076 | (9,2) 0.0014 | (12,2) 0.0002
(0,3) 0.1574 | (3,3) 0.0268 (6,3) 0.0049 | (9,3) 0.0009 | (12,3) 0.0002
(1,1) 0.1436 | (4,1) 0.0080 | (7,1) 0.0014 | (10,1) 0.0002 | (13,1) 0.0000
(1,2) 0.0852 | (4,2) 0.0233 | (7,2) 0.0043 | (10,2) 0.0008 | (13,2) 0.0001
(1,3) 0.0759 | (4,3) 0.0158 | (7,3) 0.0027 | (10,3) 0.0005 | (13,3) 0.0001
(2,1) 0.0397 | (5,1) 0.0045 | (8,1) 0.0008 | (11,1) 0.0001 | (14,1) 0.0000
(2,2) 0.0506 | (5,2) 0.0140 | (8,2) 0.0024 | (11,2) 0.0004 | (14,2) 0.0001
(2,3) 0.0521 | (5,3) 0.0086 | (8,3) 0.0015 | (11,3) 0.0003 | (14,3) 0.0000
From Theorem we obtain the matrix solution X as follows,
[ 0.931 —0.587 —0.333 | —0.139 —-0.136 0.210 | 0.072 —0.049 0.004
—0.237 0.854 —0.480| 0.021 —-0.016 —0.059 | —0.017 0.074 —0.075
—0.211 —-0.449 0.542 | 0.044 0.073 —0.044 | —0.017 —0.040 0.061
—0.160 —0.684 —0.227| 0.669 —0.038 0.142 | 0.068 —0.042 0.026
~ 0.100 —0.431 —-0.516 | —0.216 0.922 —0.026 | 0.011 0.056 —0.052
X =1 0283 —058 —0.376|—0.365 —0.046 1.101 | —0.039 0.078  0.104
—0.318 —0.812 —0.487| —0.391 —0.198 0.100 | 0.964 0.049 0.246
—0.142 —-0.642 —-0.649 | —0.274 —0.125 0.050 | 0.096 1.057 —0.017
—0.296 —0.851 —0.648 | —0.457 —0.151 -0.033 | —0.016 0.057  1.218

Now, we take g(i,j) =i x j in this model. By our calculations, we have 77|g| = 2.9356 < oo.
Thus, the solutions fp and fx exist simultaneously. Taking o = (0,1), from Corollary and
Theorem we obtain the values of fp and fx, and the values of those solutions are plotted in
Figure 1} From Remark we know that fp(i) — fx (i) = —10.3247 for every i € E. Note that
the x-axis represents the state space, in which the origin is the state (0,1), and n represents state
(i,j) such that n =3i4+j—1,0<j5 < 2.

For a scalar-valued Markov chain of GI/G/1-type, we can present the analytic expression of the
matrix solution X.

Example 5.2. Consider a DTMC with the following stochastic transition matriz:

bo b1 by b3 b4
bfl ay ag a3 a4
b_g ap a1 a2 ag
P= b,Q 0 ap a3 az --- ) (54)
b_z 0 0 ap aip

where 0 < b_1,b_o < 1.
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Figure 1: The values of the solutions fp and fx with a = (0,1) of Example

Clearly P is irreducible and aperiodic. From Theorem 16.0.2 in [38], we know that the chain is
strong ergodic, which implies E, [1;] < 0o for every i € E. Now, let G be the minimal nonnegative
solution of equation G = Z?io a;G'. Moreover, we let

o0
Yo=Y aing’
i=0

o0
rn=(1=10) 'Y ainG, n>1,
=1

and

a; a a3 aq
ap a3 a2 as
H = 0 apg a1 a
0 0 apg ai

In |D let a;=2""2i>0;b;=2""1, >0;b_1 = % and b_g = % Here we take A = {0, 1}.
Then, we have

(172 1/4] [ 1/8 1/16 1/32
PAA__3/4 1/8 | Pa=1 116 1/32 1/64 - |
[1/2 1/4 ] 1/8 1/16 1/32 --- (5.5)
1/2 0 1/4 1/8 1/16
Ppa= |12 o |>» PBB=H=| 0 1/4 1/8

By calculations, we obtain

2—/2 2—+/2 (2 —/2)?

g: Y w(): i rn: 27L+1




From Lemma [4.2, we have

H(1,1) =22 - V2); H(i,i)=HQ,1) +GHG —1,i), i >2; H(i,j) = GIH(,5), i > J;

~

N Po/1\ i N o
H(i,i+ 1) :rlz <2> H(i,n); H(i,j) = (2—\/5)]_1_17—[(2',1'—1—1), j—1i>1.
n=1

It follows form Lemma 2.3 that

from which, we have

plA) _ [

0.7071 0.2929
0.8536 0.1464 |’

(e T = (0.7445,0.2555).

By (2.11]), (2.16]) and (2.14]), we obtain the invariant probability vector which is given as follows,

Table 2: The invariant probability vector of Example

state 0 1 2 3 4 5 6 7 8
value 0.5469 0.1877 0.1099 0.0644 0.0377 0.0221 0.0129 0.0076 0.0044
state 9 10 11 12 13 14 15 16 17
value 0.0026 0.0015 0.0009 0.0005 0.0003 0.0002 0.0001 0.0001 0.0000
It follows form Theorem [B.1] that
0.198 —0.231 0.014 0.008 0.005 0.003 0.002 0.001 0.001
—-0.576 0.675 —0.041 -0.024 -0.014 -0.008 —-0.005 0.003 -—0.002
—0.802 —-0.231 1.014 0.008 0.005 0.003 0.002 0.001 0.001
—0.869 —-0.497 0.151 1.089 0.052 0.030 0.018 0.010 0.006
~ —0.888 —0.575 —-0.101 0.234 1.137 0.080 0.047 0.028 0.016
X = —0.894 —-0.597 —-0.175 —0.017 0.283 1.166 0.097 0.057 0.033
—0.896 —0.604 —0.197 —-0.090 0.033 0.312 1.183 0.107 0.063
—0.896 —-0.606 —0.203 —0.112 —-0.040 0.062 0.329 1.193 0.113
—0.896 —-0.607 —-0.205 -0.118 —-0.062 -—-0.011 0.079 0.339 1.199

Letting ¢(i) = Vi, we get w7 |g| = 0.6641 < oo and the solutions fp, fx exist simultaneously.
Taking a = 0, from Corollary and Theorem we obtain the solutions fp and fx and the
values of those solutions are plotted in Figure [2 From Remark we know that fp(i) — frx (i) =
—0.7079 for every i € E.

6 Continuous-time Markov chains

It is of the same feasibility to investigate continuous-time Markov chains (CTMCs) by using matrix-
analytic methods. Let @ = (Q(7,7))ijce be a totally stable and regular generator of the CTMC
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Figure 2: The values of the solutions fp and fix with o = 0 for Example

® = {®;,t > 0} on a countable state space E. It is assumed that ® is irreducible and positive
recurrent with the unique invariant probability vector . For a given (), Poisson’s equation is
written as

QX =1-en?. (6.1)

For a non-empty subset A of E, let ®A) = {<1>§A),t > 0} be the censored Markov chain on A
with the generator Q4). According to section 5 in [26], the generator QW is given by

QW = Qs+ QupQrrQBa, (6.2)

where B is the complement of set A , and @ BB, defined by

oo
Qpp = / exp(Q@papt)dl,
0
is the minimal nonnegative solution of

X(-Q@QB) = (-QBB)X = 1.

Using the similar arguments in the proof of Theorem [3.1] leads the following results. The proof
will be omitted.

Theorem 6.1. Let @ be an irreducible and positive recurrent CTMC and let A be a finite subset
of E. Then, the matriz X, given by

X4 = (—Q(A))# ([I, QAB@BB} - (6 + QAB@BBG) ﬂ’T) (6.3)

and
XB=QBRBAXA + [O, QBB} — Qppen’, (6.4)

1s one solution of Poisson’s equation .
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Remark 6.1. For CTMCs, we can also define the deviation matriz D and the expected integrable-
type functional matriz K, see e.g., [7, 11]. By using Theorem we can obtain D and K in term
of stimilar arguments in C’orollary and Theorem respectively. For CTMCs of GI/G/1type,
we can also obtain parallel results to that in sections 4 and 5.

7 Concluding remarks

In the previous sections, we have investigated the matrix solution X of Poisson’s equation for

general DTMCs by developing matrix-analytic methods. Interestingly, we obtain the connection

#

between the matrix solution X and the matrix solution (I — P(A)) of Poisson’s equation for the

censored Markov chain ®(4) in the process of solving the matrix solution K. Furthermore, we derive
an explicit expression of the matrix solution X for Markov chains of GI/G/1-type, which includes

results of QBD processes, Markov chains of GI /M /1-type and Markov chains of M/G/1-type.

There are other areas in which one might extend our studies. The first possible extension is to
consider level dependent Markov chains of GI/G/1-type. It can be expected that the calculations
of the R-measures and G-measures will become more challenging for the level dependent case. The
other possible extension is to consider Poisson’s equation for positive recurrent fluid queues. The
arguments in this paper and Soares and Latouche [43] may be modified to use, but evidently it
requires essentially different arguments to deal with the case of non-countable state space.
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