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RIEMANNIAN HAMILTONIAN METHODS
FOR MIN-MAX OPTIMIZATION ON MANIFOLDS

ANDI HAN*, BAMDEV MISHRAT, PRATIK JAWANPURIAT,
PAWAN KUMAR!, AND JUNBIN GAO*

Abstract. In this paper, we study min-max optimization problems on Riemannian manifolds.
We introduce a Riemannian Hamiltonian function, minimization of which serves as a proxy for
solving the original min-max problems. Under the Riemannian Polyak—lL.ojasiewicz condition on
the Hamiltonian function, its minimizer corresponds to the desired min-max saddle point. We also
provide cases where this condition is satisfied. For geodesic-bilinear optimization in particular, solving
the proxy problem leads to the correct search direction towards global optimality, which becomes
challenging with the min-max formulation. To minimize the Hamiltonian function, we propose
Riemannian Hamiltonian methods (RHM) and present their convergence analyses. We extend RHM
to include consensus regularization and to the stochastic setting. We illustrate the efficacy of the
proposed RHM in applications such as subspace robust Wasserstein distance, robust training of
neural networks, and generative adversarial networks.
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1. Introduction. In this paper, we consider the Riemannian manifold con-
strained min-max problem

1.1 i

(1.1) Join max f(z,y),

where M, M, are complete Riemannian manifolds and f : M, x M, — Ris a
jointly smooth real-valued function. The aim is to find a global saddle point (z*,y*)
that satisfies for all (z,y) € My x M,,

(1.2) f@*y) < f(@"y") < fx,y7).

Examples of Riemannian manifolds of interest include the sphere manifold, the Stiefel
manifold, the manifold of orthogonal matrices, the manifold of doubly stochastic
matrices, and the symmetric positive definite manifold, to name a few [3, 14, 80, 12].

When both M, M, are the Euclidean space, problem (1.1) reduces to the clas-
sical min-max problem, which has been widely studied for applications including ad-
versarial training [49], robust learning [21], non-linear feature learning [71, 5, 36, 37],
generative adversarial networks [24, 7, 79], constrained optimization [11], multi-task
learning [35, 33], and fair statistical inference [48], among others. When f is con-
vex in & and concave in y (convex-concave), the existence of a global saddle point is
guaranteed by the well-established minimax theorem [62, 82]. Algorithms converging
to such saddle points include the optimistic gradient descent ascent (OGDA) algo-
rithm [70] and the extra-gradient algorithm (EG) [23], which have been analyzed in
[61, 57, 58, 56]. For the general nonconvex-nonconcave setting, however, the saddle
point, be it local or global, may not exist [39], and it remains challenging to establish
convergence for both OGDA and EG.
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On Riemannian manifolds, there exist cases where many nonconvex (or noncon-
cave) functions turn out to be geodesic convex (or concave), a generalized notion of
convexity on Riemannian manifolds [84]. This ensures the existence of a global saddle
point on manifolds under the generalized min-max theorem [85, 92]. Furthermore,
there is a growing interest in the Riemannian min-max problem (1.1) with applica-
tions such as low-rank tensor learning [34, 63], orthonormal generative adversarial
networks [60, 17], subspace robust Wasserstein distances [65, 46, 30, 38], and adver-
sarial neural network training [28]. It is, therefore, motivating to study the min-max
problem on manifolds.

Nevertheless, existing works that systematically study the Riemannian min-max
problem are sparse. In [28], a Riemannian gradient descent ascent (RGDA) method
has been proposed, yet the analysis is restricted to M, being a convex subset of the
Euclidean space and f(z,y) being strongly concave in y. A recent paper [92] has for-
mally characterized the optimality conditions of the Riemannian min-max problem for
geodesic convex geodesic concave functions. A Riemannian corrected extra-gradient
(RCEG) algorithm has been proposed and analyzed. A follow-up work [40] completes
the analysis of RGDA and RCEG under geodesic (strongly) convex (strongly) concave
settings.

Contributions. In this paper, we propose a class of methods for solving the
min-max problem (1.1) on Riemannian manifolds, which we call Riemannian Hamil-
tonian methods (RHM). The idea is to minimize the squared norm of the Riemannian
gradient of (1.1), known as the Riemannian Hamiltonian. Minimizing the Hamilton-
ian function serves as a good proxy for solving problem (1.1). Under the Riemannian
Polyak—Lojasiewicz (PL) condition [91] on the Hamiltonian function, its minimizer
recovers the desired saddle point. A key motivation to consider the proxy problem
instead of the original min-max problem is for geodesic-bilinear problems, where solv-
ing the proxy problem leads to the correct direction towards global optimality while
existing methods either cycle or converge extremely slowly (discussed in Section 3.3).
In addition, the Hamiltonian gradient methods have been considered for solving min-
max problems in the Euclidean space, which show great promise in accelerating and
stabilizing the convergence to saddle points [1, 8, 53, 47]. This paper generalizes many
of those analysis to Riemannian manifolds.

It should be emphasized that the proposed generalization to manifolds is nontriv-
ial as the analysis for the Euclidean counterparts, such as in [1], rely heavily on the
matrix properties of the Jacobian. Generalization to Riemannian manifolds require
adherence to Riemannian operations independent of the matrix structure. Another
challenge is to deal with the varying inner product (Riemannian metric) structure on
manifolds. We handle the above by devising novel proof strategies and proposing a
metric-aware Riemannian Hamiltonian function that respects the manifold geometry.

In particular, we show global linear convergence of any Riemannian solver to sad-
dle points of problem (1.1) as long as the Riemannian Hamiltonian of f satisfies the
Riemannian PL condition [91]. We show this occurs when f is geodesic strongly con-
vex geodesic strongly concave, and also for some nonconvex functions with sufficient
geodesic linearity. We additionally extend the proposed RHM to incorporate a consen-
sus regularization and to the stochastic setting, and prove their convergence. Existing
Riemannian algorithms for solving (1.1) such as [92] make use of the exponential map
to update the iterates on the manifolds. In this work, we discuss convergence results
with exponential as well as general retraction maps on manifolds.

We empirically show the convergence of our proposed RHM algorithms for dif-
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ferent min-max functions and compare them with existing baselines. We further
demonstrate the usefulness of RHM algorithms in various applications such as learn-
ing subspace robust Wasserstein distance, robust training of neural networks and
training of generative adversarial networks.

Organizations. The rest of the paper is organized as follows. Section 2 reviews
the preliminary knowledge on Riemannian geometry and Riemannian optimization as
well as introduces various functions classes on Riemannian manifolds. We also briefly
discuss the existing literature on mix-max optimization in the Euclidean space and on
Riemannian manifolds. In Section 3, we propose the Riemannian Hamiltonian func-
tion and RHM algorithms, as well as analyze their convergence under the Riemannian
PL condition. We provide three cases when such condition is satisfied. Section 4 intro-
duces and analyzes the Riemannian Hamiltonian consensus method. Sections 5 and 6
extend the proposed methods to stochastic settings and to the case of retraction. In
Section 7, we empirically compare our algorithms with different baselines on various
applications. Section 8 concludes the paper.

2. Preliminaries. In this section, we give a brief overview of Riemannian ge-
ometry and relevant ingredients required for Riemannian optimization. For a more
complete treatment of the topic, see [3, 14]. We also briefly discuss some of the
existing works on min-max optimization.

2.1. Riemannian geometry and optimization.

Basic Riemannian geometry. Riemannian manifold M is a manifold with
a Riemannian metric, which is a smooth, symmetric positive definite function ¢ :
TyM x T, M — R on every tangent space T, M, with p € M. It is usually written as
an inner product (-,-),. The metric structure induces a norm for any tangent vector
¢ € T,M, which is [|€]|, = \/(£,&)p. For a linear operator on the tangent space
H : TyM — T, M, its operator norm is defined as || H ||, := max¢er, rt:)¢),=1 | H[E]llp-

A geodesic on the manifold v : [0,1] — M is the locally shortest curve with
zero acceleration. The exponential map at p, Exp, : T, M — M is defined as the
end point of a geodesic along the initial velocity. That is, Exp,(§) = (1) where
' (0) =&, v(0) = p for any £ € T, M. Riemannian distance is computed as d(p, ¢) =
fol 17" (t) ||y (tydt where (t) is the distance minimizing geodesic connecting p,q € M.
In a totally normal neighbourhood €2 where there exists a unique geodesic between
any p,q € €2, the exponential map has a well-defined inverse Exp,, M- T, M and
the Riemannian distance can be written as d(p,q) = ||Exp;1(q)||p = HEqu_l(p)Hq.
Parallel transport I'] : T, M — T, M transports tangent vector along the geodesic
while being isometric, i.e., (£, (), = (T'4¢, T'1(), for any &, ¢ € T,M.

Riemannian product manifolds. The product of Riemannian manifolds M =
M, x M, is a Riemannian manifold with the Riemannian metric defined as, for any
p=(z,y) € M, and (u,u'), (v,0') € M, ((u,u’), (U’Ul»p = <u7v>£/lw + <ulvv/>£/[y’
where (-, )M« (-, -)Mv are Riemannian metrics on M, M, respectively. From the
metric, one can derive the geodesic, the exponential map, parallel transport, Rie-
mannian distance, which also admit a product structure. See more details in [14].

Riemannian optimization ingredients. Riemannian optimization treats the
constrained problem as an unconstrained problem on manifold by generalizing the
notions of gradient and Hessian. For a differentiable function h : M — R, the
Riemannian gradient at p, gradh(p) is a tangent vector that satisfies (gradh(p), ), =
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Dh(p)[¢] for any & € T, M where Dh(p)[{] is the directional derivative of h along
¢. The Riemannian Hessian of h, Hessh(p) : T,M — T, M is a symmetric linear
operator, defined as the covariant derivative of the Riemannian gradient. For a bi-
function f : M, x My — R, we can similarly define Riemannian partial gradient
grad, f(=,y), grad, f(z,y) as Riemannian gradient for x,y, holding the other variable
constant. The Riemannian cross derivative gradi,y flz,y) : TyMy — TyM, is defined

as gradiyf(z, y)[u] := D grad, f(z,y)[u] and similarly for gradflmf(:c, Y).

Riemannian geodesic convex optimization. Geodesic convexity [89, 14] gen-
eralizes the notion of convexity to Riemannian manifold. A geodesic convez set Q@ C M
requires for any two points in the set, there exist a geodesic (on M) connecting them
that lies entirely in the set. From this definition, any connected, complete Riemann-
ian manifold is geodesic convex itself. A function h : @ — R is geodesic convex if
for any p,q € Q, it satisfies that h(v(t)) < (1 — t)h(p) + th(q) for ¢t € [0,1] and
v is a geodesic connecting p,q. A function is geodesic linear if it is both geodesic
convex and geodesic concave. A twice differentiable function h is geodesic u-strongly
convex if % > u. We call a function h(p) g-(strongly)-convex if it is geodesic
(strongly) convex. Similarly, we call a function f(x,y) g-(strongly)-convex-concave if
it is geodesic (strongly) convex in x and geodesic (strongly) concave in y.

Next, we define the spectrum of a linear operator on the tangent space, which is
used to analyze the Riemannian Hessian as well as the Riemannian cross derivatives
in the subsequent sections.

DEFINITION 2.1 (Spectrum of a linear operator). Consider a linear operator T :
V — W where VW are two inner product spaces. If V.= W, and T is symmetric,
t.e., T =T%, where T* is the adjoint operator of T, then we say (\,v) is an eigenpair
of T if T[v] = A. In general, when V # W, the singular value o of T is the square
root of the eigenvalues of T* o T.

We use Amin/Amax and Omin/0max t0 represent the smallest/largest eigenvalues
and singular values, respectively. We also use A|y,in| to denote the minimum eigenvalue
in magnitude. Below, we introduce several function classes on manifolds, generaliz-
ing the Lipschitz continuity as well as the Polyak—Lojasiewicz condition from the
Euclidean space [74, 69]

DEFINITION 2.2 (Lipschitz continuity [14]). Let Lo, L1, La > 0.

(1). A real-valued function h : M — R is Lo-Lipschitz continuous if for allp € M,
leradh(®)ll, < Lo.

(2). A wvector field V € X(M) is Li-Lipschitz continuous if for all p € M and
s € Ty M such that ¢ = Expp(s) € Q, a totally normal neighbourhood of p, it
satisfies T2V (q) — V(p)lla < Lt lsl,.

(3). A linear operator H(p) : TpM — T,M is La-Lipschitz continuous if for all
p € M and g — Exp,(s) € O, it satisfies | 0 H(g) o % — H(p)l, < La]lsl,

DEFINITION 2.3 (Polyak—Lojasiewicz (PL) condition on Riemannian manifold

[91, 42, 25]). A function h : M — R satisfies the PL condition on Riemannian man-

ifold if for any p € M, there exists § > 0 such that ||gradh(p)||2 > 6(h(p) — h(p*)),
where p* = argmin, ¢\ h(p) is the global minimizer of h.

The following lemma shows the connection between smoothness of a function on
manifold and its Lipschitz Riemannian gradient, which is fundamental for convergence
analysis.

LEMMA 2.4 (Lipschitz Riemannian gradient and smoothness [14]). For a func-
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tion h : M — R, its Riemannian gradient is Li-Lipschitz continuous if and only if
|[Hessh(p)|l, < L1 for all p € M. Suppose h has Li-Lipschitz Riemannian gradi-

ent, then h is Li-smooth on M with |h(q) — h(p) — (gradh(p), s)p| < %Hs”%, for all
q=Exp,(s) € Q andp € M.

Notations. Here, we summarize the main notations used in the paper. We use
V, V2, grad, and Hess to represent the Euclidean gradient, Euclidean Hessian, Rie-
mannian gradient, and Riemannian Hessian respectively. The boldface V is used to
denote the Riemannian connection. For a bi-function f(z,y), we denote V. f(z,y),
Vyf(z,y) as the partial Euclidean derivative with respect to z, y, respectively, if
z,y € R4 Similarly for z,y € M, grad, f(z, y), grad, f(x,y) denote the partial Rie-
mannian gradients. We also make use of gradiy f(z,y), gradzw f(z,y) to represent the
Riemannian cross derivatives. We use (-, )1/7"‘ to represent the Riemannian metric at
p € M. When the manifold considered is clear, we omit the superscript for clarity.
Furthermore, we use (-, )2 to denote the Euclidean inner product.

2.2. Min-max optimization. Here we discuss related works on min-max opti-
mization both in the Euclidean space and on Riemannian manifolds.

In Euclidean space. In the Euclidean space (i.e., R™), the standard gradient
descent ascent (GDA) that follows the min-max gradient is known to cycle or di-
verge for simple convex-concave objectives [52]. To address the cycling issue, the
optimistic gradient descent ascent algorithm (OGDA) [70] modifies the GDA update
to include an additional gradient momentum. On the other hand, the extra-gradient
algorithm (EG) [23] employs an additional min-max gradient step at every iteration.
As shown in [55, 56], both OGDA and EG methods approximate the proximal point
method [73] and converge sublinearly under convex-concave settings [61, 57] and lin-
early under strongly-convex-strongly-concave settings [87, 55].

However, for the more general nonconvex-nonconcave settings, finding a global
saddle point satisfying (1.2) is difficult and several existing works [18, 4, 50, 79] aim
to find a local saddle point that satisfies (1.2) in a local neighbourhood. It should be
noted that when the function is convex-concave, all local saddle points are global.

A necessary set of conditions for the saddle points is that they satisfy the first-
order stationarity, i.e., the gradients with respect to x and y vanish. This motivates the
Euclidean Hamiltonian gradient descent (EHGD) [53, 8, 1, 47] approach for solving the
min-max problem, which minimizes the sum of the squares of the gradient norms with
respect to x and y. It should be noted that EHGD works under the assumption that
all such stationary points are global min-max saddle points [1, 47]. Cases are discussed
where this assumption is satisfied, which allows EHGD to converge to a global min-
max saddle point of the original min-max problem [1, 47]. Further, studies [53, 8, 1, 47]
demonstrate good empirical performance of EHGD in a variety of applications.

It should be noted that EHGD approaches have only been studied for uncon-
strained problems in the Euclidean space. Challenges in the constrained settings
appear with definition of the Hamiltonian and subsequent analysis.

On Riemannian manifolds. There is a growing theoretical and empirical in-
terest in solving min-max problems under Riemannian optimization framework [46,
30, 28, 92]. An extension of the GDA algorithm to manifolds, named RGDA, has been
proposed in [28]. However, [28] considers a min-max setting in which the minimization
problem (in z) is on a manifold, but the maximization problem (in y) is on a convex
set. In addition, it analyzes the convergence when the maximization problem over
y is strongly concave. Hence, [28] does not study the general Riemannian min-max
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problem (1.1). It discusses the convergence of their algorithm to first-order station-
ary points of the min-max problem. Additionally, they propose different stochastic
extensions of their algorithm and analyze their convergence.

Recently, [92] has proposed a Riemannian corrected extra-gradient algorithm
(RCEG) for the Riemannian min-max problems (1.1), which contains two steps. First,
RCEG takes a step similar to the RGDA update. Then, starting from the newly ob-
tained point, RCEG combines the RGDA direction with the direction of the first step.
In the g-convex-concave settings, this correction allows [92] to prove (local) conver-
gence of RCEG to global min-max saddle points of (1.1). The convergence is however
analyzed only for averaged iterates. After the submission of this work, we notice
that a recent paper [40] proves both last-iterate and average-iterate convergence of
RCEG to saddle points under g-convex-concave and g-strongly-convex-concave set-
tings. They also discuss average-iterate and last-iterate convergence of RGDA under
g-convex-concave and g-strongly-convex-concave settings, respectively. Nevertheless,
the convergence analysis requires a bounded domain (and curvature) and a carefully
chosen stepsize that depends on the curvature and diameter bound of the domain. In
contrast, we have shown in this work global convergence to saddle points with stepsize
that only depends on the Lipschitz constants of the objective.

More details on the RGDA and RCEG algorithms as well as the comparisons on
the convergence analysis are in Appendix C.

3. Riemannian Hamiltonian gradient methods. As mentioned earlier, the
Euclidean Hamiltonian approach [53, 8, 1, 47] is a popular approach to tackle the
min-max problem (1.1) when M, and M, are restricted to the Euclidean space.
Specifically, the Euclidean Hamiltonian function £ is defined as,

(31) Ew,y) = IVl @93+ 3 IVuf w3

where V, f(z,y) and V, f(z,y) are the partial derivatives of f with respect to x and
y, respectively. Here, || - |2 denotes the Frobenius norm. The global minimum of the
function £ is attained when £(z,y) =0, i.e., V. f(x,y) = 0 and V, f(z,y) = 0. This
corresponds to a first-order stationary point of the function f. Hence, minimization
of £ in (3.1), becomes a good proxy to solve the original min-max problem.

Building on the Euclidean Hamiltonian approach, generalization to the Riemann-
ian min-max problem (1.1) requires understanding of first-order stationary points on
manifolds M, and M,. These are necessarily identified with the points where the
Riemannian gradient of f vanishes. This leads to our proposed Riemannian Hamil-
tonian function as

1 1
(3.2) H(w,y) = 5 llgrad, f(z, )7 + S llevad, f(z, p)[3,

where grad, f(z,y) and grad, f(z,y) are the Riemannian partial gradients of f with re-
spect to z and y respectively. Here, ||grad, f(z,y)||? = (grad, f(z, ), grad, f(z, y)) M=
is the square of the gradient norm in the Riemannian metric sense on M. Similarly,
lgrad, f(z, y)||2 = (grad, f(z,y), grad, f(z, y)}éwy is the square of the norm on M,,.

Remark 3.1. The proposed Riemannian Hamiltonian function (3.2) generalizes
the Euclidean Hamiltonian function (3.1) in two different ways:
1) Equation (3.2) implicitly embeds the manifold geometry of M, M, into the
Hamiltonian function.
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2) Equation (3.2) generalizes the Euclidean metric considered in (3.1) to a Rie-
mannian metric. This generalization allows to use other varying metrics for
min-max problems in the Fuclidean space, e.g., the Fisher information metric
[20] or real-projective space metrics [3, Chapter 2].

It should be noted that the Riemannian Hamiltonian (3.2) can be viewed on the
product manifold M = M, x M,, i.e., for p = (z,y) € M, the Riemannian gradient

is grad, f(p) = (grad, f(=,y),grad, f(z,y)), and therefore, H(z,y) = ngadpf(p)H%.
Hence, we propose to solve the following problem on the product manifold as

(33) i {H0) = lerad ()12}

Similar to the EHGD approaches [1, 47], we work with the following assumption.

ASSUMPTION 1. The objective f admits at least one stationary point and all sta-
tionary points are global min-max saddle points.

It is worth noticing that under Assumption 1, solving (3.3) is equivalent to solving
(1.1). On Riemannian manifolds, Assumption 1 holds when f is g-convex-concave.

We now show that the Riemannian gradient of the Riemannian Hamiltonian H (p)
admits a simple expression.

PROPOSITION 3.2. Riemannian gradient of H is gradH (p) = Hessf(p)[grad f(p)].

Proof. First, we see that H is a smooth function on the manifold due to the
smoothness of f and its Riemannian gradient (formally characterized later in Propo-
sition 3.6). For any smooth vector field U : M — TM, denoted as U € X(M),
we have UH = (gradH,U), where (-,-) is the Riemannian metric (on any tangent
space). Let V be the Riemannian connection (or the Levi-Civita connection) of
M, which provides a way to differentiate vector fields on manifolds. By definition,
the Riemannian connection satisfies the metric compatibility property [3, 14], i.e.,
UV, W) = (VyV,W) + (V,VyW) for any vector fields U, V,W. Also, by defini-
tion, application of the Riemannian Hessian of f : M — R along a vector field U is
Hessf[U] = Vygradf. Based on these claims, we show

UH = %U(gradf, gradf) = (Vygradf, gradf) = (Hessf[U], grad f)
— (Hessflaradf), U),

where the last equality follows from the self-adjoint property of the Riemannian Hes-
sian. The proof is complete by noticing (Hess f[grad f], U) = (gradH,U) for any U. O

Remark 3.3. The importance of the varying metric in the proposed Riemannian
Hamiltonian (3.2), can be observed in Proposition 3.2, where we obtain a simple
expression for the Riemannian gradient of 7. This allows to connect the properties
of H with that of the min-max objective f, discussed in detail later in Section 3.2.

Remark 3.4. It should be noted that for the Euclidean case when z € R™, y € R”,
existing works [8, 1, 47] analyze the Hamiltonian methods in the form of J"v, where
J is an asymmetric Jacobian matrix and v is the min-max gradient (V.f(z,y),
—Vyf(z,y)). For the same setting, however, Proposition 3.2 obtains the Hamil-
tonian gradient as HV f, where H and Vf are the (Euclidean) Hessian matrix and
gradient vector Vf = (V,f(z,y),Vyf(z,y)), respectively. This is not surprising as
JTv = HVf. Proposition 3.2 allows to analyze the performance of the Riemannian
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Algorithm 3.1 Riemannian Hamiltonian methods (RHM)

. Initialize py = (zo,%0) € M.

:fort=0,..,T do
Compute the step &(py) from the gradient gradH (p;) = Hessf (p;)[gradf(p;)].
Update pi11 = Exp,, (£(pr)).

end for

: Output: pr.

Hamiltonian approach in terms of the symmetric Riemannian Hessian operator. The
analysis in [1, 47] heavily rely on the matrix structure of J and makes use of the
linear algebraic properties of the Jacobian. Our approach, thanks to Proposition 3.2,
adheres to general Riemannian manifolds as we directly deal with the operator, which
is independent of the matrix structure. Hence, many of the subsequent analysis in
this paper differ from [1, 47].

To minimize the Riemannian Hamiltonian (3.3), one can apply first-order Rie-
mannian solvers including Riemannian steepest descent [88], Riemannian conjugate
gradient [72], or second-order solvers, such as Riemannian trust-regions [2, 13], pro-
vided the Hessian (or approximated Hessian) of the Hamiltonian is available. We refer
to such class of methods for solving min-max problems on manifolds collectively as
Riemannian Hamiltonian methods (RHM). Its procedures are outlined in Algorithm
3.1, where the step £(p;) is computed depending on the selected solver.

Remark 3.5. We remark that Algorithm 3.1 aims to solve a proxy optimization
problem (3.3) where we only require the first-order information, i.e., gradH(p). Al-
though the Hessian of f, i.e., Hessf(p)[gradH(p)] is used in Algorithm 3.1, this es-
sentially corresponds to the gradient information of the proxy problem. Furthermore,
from the computational perspective, Algorithm 3.1 only requires one evaluation of
Hessian-vector product per iteration. This is much more efficient than second-order
methods, such as Riemannian trust region [2, 13] or cubic regularized Newton methods
[6] that require at least several oracles to such Hessian vector product each iteration.
Finally, when Hessian of f is unavailable, we find finite difference approximation is
sufficient to achieve convergence in practice.

We analyze the performance of the proposed RHM. In particular, we aim to ob-
tain the global minimizer p* of H, which satisfies H(p*) = 0 with RHM. However,
this may not always be numerically tractable without additional structures on the
Riemannian Hamiltonian. One such structure is assuming the Riemannian Hamilton-
ian is g-convex, for which RHM converges to the optimal p* (g-convexity guarantees
convergence to global optimality). This, however, may not lead to interesting problem
classes for f. Moreover, there is no guarantee that H is a g-convex even when f is
g-convex-concave.

Another interesting structure is the Polyak—Lojasiewicz (PL) condition. The PL
condition [69] amounts to a sufficient condition to establish linear convergence for
gradient-based methods to global optimality [41]. The Riemannian version of the PL
condition (Definition 2.3) has been studied in [91, 42, 93, 25]. In Section 3.1, we impose
the Riemannian PL condition on the Hamiltonian H as it allows convergence of RHM
to global optimality. It should be noted that functions satisfying the Riemannian
PL condition subsume g-(strongly)-convex functions. In Section 3.2, we discuss many
interesting function classes of f that allow the Hamiltonian H to satisfy the condition.
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3.1. Convergence analysis. To analyze the convergence of RHM, we focus on
the Riemannian steepest descent direction in the main text, i.e., £(p;) = —mgradH (p:)
with either fixed stepsize or variable stepsize computed from backtracking line-search
[15, 14]. We include the details of implementing the Riemannian conjugate gradient
and Riemannian trust-region methods together with their convergence analysis in
Appendix F. We make the following standard assumption [3, 14, 91, 78, 92] throughout
the rest of the paper. We assume that our manifolds M, and M, are complete (and

so is M = M, x M,).

ASSUMPTION 2. The objective f, its Riemannian gradient, and its Riemannian
Hessian are Lo, Ly, Lo-Lipschitz continuous, respectively.

In the next proposition, we show that the Riemannian Hamiltonian H is L-smooth.

PROPOSITION 3.6 (Smoothness of Riemannian Hamiltonian). Under Assump-
tion 2, the Riemannian Hamiltonian is L-smooth with L = LoLs + L2, i.e., for any

p € M,q=Exp,(£), it satisfies H(q) < H(p) + (gradH(p), &), + Z|€]I2.

Proof. According to Lemma 2.4, it is sufficient to show that the Riemannian
gradient of H is L-Lipschitz. From Proposition 3.2 and Assumption 2, we have for
any p € M, ¢ = Exp,(s) € Q, the domain of exponential map around p,

|5 gradH (p) — gradH(q)|lq = [T} Hess f(p)[grad f (p)] — Hess f(q)[grad f ()]l
< T Hessf(p)[grad f(p)] — Hessf(q)[I'} gradf(p)]llq
+ ||[Hessf(q)[I'igrad f (p)] — Hessf(q)[grad f(q)]llq
= [[Hessf (p)[grad f(p)] — I'; Hessf(q)[T'} gradf(p)]l,
+ [[Hess f(q)[I'jgrad f(p)] — Hessf(q)[grad f(q)]llq
< Lolgrad f(p)llp [Isllp + L1 [T} grad f(p) — gradf(q)llq
< (LoLa + LY)|sllp,

where we apply the triangle inequality and the isometry property of parallel trans-
port. ]

If the Hamiltonian H satisfies the Riemannian PL condition, then we show that
Algorithm 3.1 with the steepest descent update (RHM-SD) converges linearly to the
global minimizer of H.

We begin with the convergence result for RHM-SD with fixed stepsize.

THEOREM 3.7 (Linear convergence of RHM-SD with fixed stepsize). Let f satisfy
Assumption 2 and H satisfy the Riemannian PL condition, i.c., 3||gradH(p)|? >
dH(p) (with H(p*) = 0). Consider Algorithm 3.1 using steepest descent direction with
fived stepsize n; = n = 1/L, where L = LoLy + L2. Then, the iterates p; satisfy
lgradf (po)ll5, < (1= 2)*llgradf (po)ll5, -

Proof. From the smoothness of the Riemannian Hamiltonian H (Proposition 3.6,
Lemma 2.4) and the gradient update in Algorithm 3.1, we have

2
L
H(pr1) = Hpe) < —nllgradM(po)|I3, + = gradh(po) 2,

1 )
= *E”gfad”ﬂ(?t)”it < *ZH(Pt)y

where the last inequality employs the Riemannian PL condition. This leads to
H(pi+1) < (1 — %)’H(pt). Applying this result recursively completes the proof. O
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Line-search methods are practically favourable because they adapt the stepsize
without requiring the knowledge of the Lipschitz constant L. Here, we consider the
backtracking line-search for choosing stepsize 7, for Riemannian steepest descent,
which is commonly used in practice. Given an initial stepsize 7, the backtracking
line-search iteratively decreases the stepsize by a factor of g € (0, 1) until the Armijo-
type sufficient decrease condition is satisfied, i.e.,

(3.4) H(pe) — H(Exp,, (mC(pe)) > rim(—gradH(pe), ((pe)) p.

for some update direction ((p¢). The complete procedure is included in Appendix B.
We next present the convergence for RHM-SD with backtracking linesearch.

THEOREM 3.8 (Linear convergence of RHM-SD with backtracking line-search).
Under the same setting as in Theorem 3.7, consider Algorithm 3.1 using the steepest
descent direction with backtracking line-search, parametersri,p € (0,1), and an initial
stepsize 7. Then, the iterates p; satisfy

(. 2001 —=1ry)r ¢
Jerad ()1, < (1= 2min {ars, 2202797 6 frad o) 2,

Proof. Given H is L-smooth, the proof follows from [14, Lemma 4.12] and the
Riemannian PL condition. ]

Remark 3.9. It should be highlighted that the convergence rates to global saddle
points obtained in Theorems 3.7, 3.8 are independent of the manifold curvature (which
we achieve via solving a proxy Hamiltonian problem (3.3)). In contrast, the linear
convergence rates shown in [92, 40] are curvature dependent.

3.2. Important problem classes for RHM. We now discuss the instances of
f where the Riemannian Hamiltonian satisfies the Riemannian PL condition (Defi-
nition 2.3). This allows RHM (Algorithm 3.1) to converge to global min-max saddle
points of (1.1).

From the expression of gradH(p) in Proposition 3.2, we observe that if all ei-
genvalues of Hessf(p) are lower bounded in magnitude (i.e., |A| > « > 0), then the
Riemannian Hamiltonian #H satisfies the Riemannian PL condition with § = 2. This
is because

Oé2
(35)  SllradH(p)I} > a*H(p) & L [Hess  (p)larad F(p)]3 > - lvad /()3

Riemannian PL condition Required eigenvalue bound on Hessf(p)

Our aim, therefore, is to identify classes of f that satisfy the right hand side of (3.5).
We provide three cases where the Riemannian PL condition is naturally satisfied on
the Riemannian Hamiltonian #H, which generalize the results in [1] to Riemannian
manifolds. These include the cases when the objective f is g-strongly-convex-concave
and when f is smooth with sufficient geodesic linearity.

In order to analyze function classes of f that lead to (3.5), we require the following
results on the Riemannian Hessian Hessf(p) of the product manifold M (which are
of independent interest as well).

1) Decomposition of the Riemannian Hessian Hessf(p) and adjoint property of
the cross derivatives. This is shown in Appendix D.

2) We establish general lower bounds on the eigenvalue magnitude of the Rie-
mannian Hessian, which we include in Appendix E.
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The above results help to bound the eigenvalues of Hess f(p) in terms of the spectrum
of Hess, f(z,y), Hess, f(x,y), and the cross derivatives gradiyf(x,y),gradsz(x,y).
We now present the main results below.

PROPOSITION 3.10 (Geodesic strongly convex strongly concave). Let f(xz,y) be
geodesic strongly convex in x and geodesic strongly concave in y with parameter p > 0.
Then, H satisfies the Riemannian PL condition (3.5) with § = u?.

Proof. We show that if there exists an eigenpair (A, £) of Hessf(p) such that
[A\| < p with p = (2,9),§ = (u,v), then it leads to a contradiction. From the
expression of the Riemannian Hessian in Proposition D.1, we have

Hess, f(x,y)[u] + grad}, f (z,y)[v] = Au
Hess, f(z,y)[v] + grad}, f(z,y)[u] = \v.

This can be equivalently written as

(3.6) (Hessq. f(x, y)[u], u)o + (grady, f(z,y)[v], u)e = Aul3

(3.7) (Hessy f(x,)[v], v)y + (grady, f(z,y)[ul, v)y = Allv]3.
From (3.6), we obtain

(3.8) (grady, f (2, y)[v], u)x = —(u, (Hess, f(z,y) — Aid)[u])s,

where id is the identity operator. From the symmetry of the Riemannian cross deriv-
atives (Proposition D.2), we can substitute (3.8) into (3.7), which gives

(3.9) (Hess, f(z,y)[v], v)y — (u, (Hess, f(z,y) — Aid)[ul)s = Allo[f}.

The geodesic strong convexity in x and geodesic strong concavity in y leads to
Hess, f(x,y) = pid and Hess, f(x,y) = —pid respectively. Thus, the LHS of (3.9) is
smaller than —p, which contradicts |A\| < . Thus, all eigenvalues of Hessf(p) satisfies
Al > p. O

PROPOSITION 3.11 (Smooth and geodesic linear). Let amin(gradiyf(x, y)) >T1>
0 and let f(x,y) be geodesic linear in one variable and has Li-Lipschitz Riemannian
gradient in another variable. Then, H satisfies the Riemannian PL condition (3.5)

N — T
with § = PRl

Proof. Without loss of generality, we assume f(x,y) has L;-Lipschitz gradient in
x and geodesic linear in y. The geodesic linearity in y implies that Hess, f(z,y) = 0,
and therefore, we can apply Lemma E.1, which shows

gfrlnin (gradiyf(xa y))
200, (grady, f(x,y)) + |Hess. f(z,)|2

Also, from Lemma 2.4, we have ||Hess, f(z,y)|? < L?. Finally, from the assumption
amin(gradiyf(:t, y)) > 7, the proof is complete. O

A%min\ (Hessf(p)) >

PROPOSITION 3.12 (Smooth and sufficiently geodesic-bilinear). Let 0 < 7 <
J(gradiyf(x, y)) <Y and let f(x,y) has L1-Lipschitz Riemannian gradient for both x
and y. Define 1 = Ajmin) (Hessz f(2,9)), p = Ajmin|(Hessy f(z,y)) and let the sufficient
geodesic-bilinearity condition holds: (7% + pu?)(72+p?)—4L2Y% > 0. Then, H satisfies

2 2 2 2 2~n2
the Riemannian PL condition (3.5) with 6 = (r +”2)T(27+J;zp+)l;4LlT .
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Fig. 1: RGDA [28] fails to converge on the geodesic bilinear problem f(X,Y) =
log det(X) log det(Y). In particular, RGDA suffers from cyclic behaviour. RCEG [92,
40] converges very slowly. In contrast to RGDA and RCEG, the proposed Riemannian
gradient descent method on the Riemannian Hamiltonian function (RHM-SD) quickly
converges on such challenging bilinear problems. Notably, the proposed RHM-SD
achieves an optimality gap lower than 107! in just 12 iterations while RCEG takes
220 iterations.

Proof. We can directly apply Lemma E.2 and set a = 272 + p?> 4+ 42 and b =
(72 4+ p?) (12 + p?) — 4L3Y2% > 0 by assumption. O

It is worth noticing that the sufficient geodesic-bilinearity condition in Proposi-
tion 3.12 can be interpreted as requiring a sufficiently large weight on the geodesic-
bilinear component in the objective function f. To see this, suppose f(z,y) =
afo(z,y) + fi(z) + fa(y) where fy is geodesic linear in each x and y (i.e. bilinear)
with the weight ¢; > 0 and f1, fo have Lp-Lipschitz Riemannian gradient. Because
by definition, Riemannian Hessian of a geodesic linear function is zero, f has 2L;-
Lipschitz Riemannian gradient (by Lemma 2.4). Let 79, ¢ be the minimum and
maximum singular values of gradiy fo(z,y). Then, 7 = 79, Y = ¢,Yy. The suffi-
cient geodesic bilinearity condition is satisfied for ¢; > 4L;Yo/73. This is because
(T2 + 1) (72 4 p?) > 7 = ¢}7d > 16137 T8 = 16L1Y2

Remark 3.13. When fi(z) = fo(y) = 0, it should be noted that f(x,y) =
cifo(x,y) is geodesic bilinear. Additionally, H satisfies the Riemannian PL condi-

tion with § = 0.

3.3. The geodesic-bilinear example. Here, we give a motivating example to
show how the Riemannian Hamiltonian approach achieves convergence to global sad-
dle points. To this end, we consider the problem f(X,Y) = logdet(X)logdet(Y)
where X,Y € S%,, the set of d x d symmetric positive definite (SPD) matrices.
When endowed with the affine-invariant metric [12], i.e., (U, V)x = tr(X"1UX V)
for any U,V € TxSi 1, the set becomes a Riemannian manifold. Under this metric,
one can show that the function is g-bilinear, i.e., geodesic linear in both X, Y, but not
g-strongly-convex-concave (Proposition 7.1). However, the Riemannian Hamiltonian
of the objective, i.e., H(X,Y) = 1(|lgradx f(X,Y)|% + llgrady f(X,Y)[|%) satisfies
the Riemannian PL condition (Proposition 7.2). This suggests that the vanilla Rie-
mannian gradient descent method for minimizing the Riemannian Hamiltonian (3.3)
converges to the global saddle points of f. In Appendix G, we show that the geodesic-
bilinear function f(X,Y) does not satisfy the min-max Riemannian PL condition on
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the original problem. This further justifies the merit of the proposed Hamiltonian
proxy problem (3.3) of f(X,Y) that satisfies the Riemannian PL condition.

On the other hand, the RGDA algorithm [28] follows the negative of the min-max
Riemannian gradient of f. Specifically, let M = S%, x §?, and P = (X,Y) € M
be the product manifold and its elements. The min-max gradient of f is derived
as G(P) = (gradx f(X,Y), —grady f(X,Y)) = (Xlogdet(Y), Y logdet(X)). We
compare this expression with the gradient of the Riemannian Hamiltonian, which is
gradH(P) = (Xlogdet(X),Y logdet(Y)). We observe that (G(P),gradH(P))p =0,
which implies that the min-max gradient of f is always orthogonal to the gradient
of its Riemannian Hamiltonian. In fact, such orthogonality holds for any g-bilinear
objective (see Proposition G.1 in Appendix G). Given that the negative Hamiltonian
gradient —grad#H(P) points to the global saddle points, the orthogonality of its di-
rection implies that RGDA provably cycles around the saddle points. For the RCEG
algorithm [92, 40], since it also makes use of the RGDA-style updates, we expect its
slow convergence for g-bilinear problems.

We illustrate the above findings in Figure 1, where we compare the Riemannian
Hamiltonian steepest descent method (RHM-SD) against both RGDA [28] and RCEG
[92, 40] with properly tuned stepsize. The convergence is measured in optimality gap,
ie., |det(X) — 1] + |det(Y) — 1| given that the global saddle points of f satisfy
det(X*) = det(Y*) = 1 (Proposition 7.2). We observe that the proposed RHM-SD
takes only 12 iterations to obtain an optimality gap of lower than 107! for this
challenging setup. However, RGDA experiences cyclic behaviour, which matches our
analysis above. While RCEG incorporates a correction step for RGDA-style updates
to address the cycling issue, it still exhibits a slight cyclic behavior during the initial
phase but eventually converges (Figure 1(c)). Overall, RCEG takes 220 iterations
for the same optimality gap. From Figures 1(a) and 1(b), we also observe that per
iteration runtime cost of RHM-SD is similar to RCEG.

More details and discussions can be found in Section 7.1, where we generalize the
findings to include quadratic terms.

4. Riemannian Hamiltonian consensus method. In the Euclidean setting,
[53] proposes the consensus method for solving min-max problems in the Euclidean
space. The consensus method has also been viewed as a perturbation of the Euclidean
Hamiltonian method [1]. In this section, we propose an extension of RHM with steep-
est descent update, namely the Riemannian Hamiltonian consensus method (RHM-
CON), by combining the Hamiltonian gradient direction with the min-max gradient
direction. In practice, particularly for some deep learning applications, Assumption 1
may not satisfy. Thus solving the Hamiltonian proxy problem (3.3) may lead to unde-
sired stationary points that are not saddle points. The consensus direction provides a
regularization and is usually practically favourable for general nonconvex-nonconcave
min-max problem. We show such an example in Section 7.5.

The update of RHM-CON is given by

pey1 = Exp, (—n:¢(pe)) = Exp,, ( — e (Yolpe) + grad"rl(pt))),

with v > 0 and v(p;) := (gradxf(xt,yt), —gradyf(xt,yt)) is the min-max gradient
When v = 0, this reduces to RHM-SD. The RHM-CON method is formalized in
Algorithm 4.1. Below, we provide the convergence result for RHM-CON.

THEOREM 4.1 (Linear convergence of RHM-CON). Under Assumption 2 with
L = LoLy + L?, suppose that the Riemannian Hamiltonian H satisfies the PL condi-
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Algorithm 4.1 Riemannian Hamiltonian consensus (RHM-CON) method

: Input: Stepsize n and regularization parameter ~.

. Initialize py = (xg,y0) € M.

:fort=0,..,T do
Compute the min-max gradient v(p;) = (grad, f(zs, 1), —grad, f(zt, yt))-
Compute the update direction ((p;) = vy v(pt) + Hessf(p:)[grad f(p:)].
Update pr1 = Exp,,, ( —n: ¢(pr))-

end for

: Output: pr.

tion. Let ¢ > 0 such that ||¢(p:)|)* =
the iterates p;. Set v < V8, n; =n <

)

[y o(pe) + gradH(p,)|1* > cllgradH (p,)|1* for all

, then Algorithm 4.1 converges with

el

Jerad 1 )2, < (1) llgrad o) 2,

where v = (c6 + 6 — v*)n — Ledn? > 0.
Proof. First, we highlight that

Sl = 3 llsrad F )2 = Hip).

From the smoothness of Riemannian Hamiltonian (Proposition 3.6, Lemma 2.4) and
the update in Algorithm 4.1, we have

7'[(10t+1) - H(pt)

’L
< —n{gradH(pr), C(pe))p, + 5= <P 2,

2
n " n_nkL
= — 2 lgradH(po)II3, + 3 16(pr) — gradM(po)[12, — (5 = 57 ) I I2,
2 2
n_ne nle 2 M 2
< (_Zd_ 2= T =" J7
< (= 42+ L5 lraarimol2, + -l 2,

< (—=n —ne+n*Le)dH(pe) + nv* H(pe)
= (LCW — cbn — 61+ 1772)7%(1%)7

where the second inequality follows from 1 < + (which gives 7 — 7L > 0) and the

L 2
lower bound on [|¢(p;)||?,. The last inequality uses the PL condition and n < 7 < ¢
n

H?)t Lec >
which ensures —Z — % 4 % < 0. From the choice of  and ~ as well as the definition
of v, we have v > 0. This is because v = n(e§ +6 — 2 — Ledn) > n(6 —~2) > 0. Thus,
H(pis1) = (1 — v)H(p:) ensuring linear convergence. Applying this result recursively
completes the proof. O

From Theorem 4.1, we see that linear convergence is achieved provided that
the weight v on min-max gradient direction is sufficiently small. Also, we high-
light that a uniform parameter ¢ > 0 always exists in a compact set as long as
~vu(pt) # —gradH(p¢). This can be ensured by choosing a small value for .

5. Stochastic min-max optimization. Applications such as domain general-
ization, robust training, and generative adversarial networks yield a min-max problem



RIEMANNIAN HAMILTONIAN METHODS 15

with a stochastic function f, e.g., with a finite sum structure of the function [47]. Un-
der the stochastic setting, the objective function in (1.1) can be expressed as an
expectation, i.e.,

min max z,y) =E T, Y;w },
Jmin max { f(z,9) = Eu[f(z,5:)]
where w € D is a random variable following a certain distribution D. This implies an
expectation structure on the Riemannian Hamiltonian as

H(p) = %HEUJ [grad f (p; w)] HZ = %EwEMgradf (p;w), grad f (p; #))p,

for w, ¢ € D. Modifying Proposition 3.2 for the stochastic setting leads to

radH(p) = B, [Hess (preo) gvad (1 9)] + Hess () grad £ (p: )]

Let gradH,, ,(p) := $Hessf(p;w)[gradf(p; )] + 3Hessf(p; ¢)[gradf(p;w)]. We can
modify RHM-SD by replacing the gradient of Hamiltonian with its stochastic version

(which we call RHM-SGD) as

1
1 ’ = ==
(5 ) gI‘adH‘g,S (pt) |S| |S,| Z grade,(P(p%

weS,peS’

where § = {wi,...,wi5},S" = {¢1,..., s/} are randomly selected subsets with
w;,@; € D. The stochastic Hamiltonian gradient provides an unbiased estimate of
the full gradient, i.e., Es s/[gradHs s/ (p)] = gradH(p). We now show the convergence
result of RHM-SGD.

THEOREM 5.1 (Convergence of RHM-SGD with fixed and decaying stepsize).
Let Assumption 2 hold with L = LoLo + L3, and let the Riemannian Hamil-
tonian H satisfy the PL condition with parameter §. Assume also that the vari-

ance of the stochastic gradient is bounded, i.e., By ,|lgradte o(pe)l2, < G. Then,
RHM-SGD with fized stepsize n; = n < 55 converges with E|lgradf(p)|2, < (1 —

Pt —

2n6)"E||gradH (po) |12, + 1LG - Also, RHM-SGD with decaying stepsize 1, = 262(§ﬂ)2,

converges with E||grad f (p;)||2, < &5
Proof. The proof follows from [41, Theorem 4] and can be easily adapted to the
Riemannian manifold setting, and therefore, is omitted. 0

We can similarly consider the stochastic version of RHM-CON, which we denote
as RHM-SCON, with the update step as

Cs,s7(pr) = v(vs(pe) +vs(pe))/2 + gradMs s/ (pe),

where vs(p:) is the stochastic min-max gradient on sample set S. Theorem 5.1 can
be adapted to prove the convergence of RHM-SCON following similar assumptions
and analysis in Theorem 4.1.

6. Convergence under retraction. Existing algorithms for solving (1.1), such
as RCEG [92], employs the exponential map to update iterates on the manifolds.
However, in many cases, the computational cost of implementing the exponential
map for many Riemannian manifolds is prohibitive. An alternative is to consider the
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more general retraction operation [3, Chapter 4]. In this section, we show that the use
of retraction (instead of the exponential map) in RHM algorithms guarantees similar
convergence under an additional mild assumption.

Retraction R, : T,M — M is a map that satisfies for all p € M, (1) R,(0) = p
(2) DR,(0)[¢] = € for all £ € T, M. From the definition, we observe that the expo-
nential map is a special case of retraction. In practice, when an efficient retraction
is available, the Hamiltonian gradient update can be performed via retraction, i.e.,
pry1 = Rp, (—ngradH(p:)). To analyze the convergence, we make the following addi-
tional assumption that bound the differential operator of the retraction map.

ASSUMPTION 3. There exists constants 61,65 > 0 such that the retraction curve
c(t) == R,(t&) with |||, = 1 satisfies ||/ (t)[|cry < 61 and || ()| < 02 for all t
where c(t) € U, where U is a compact subset of M.

This assumption is always satisfied for a compact manifold M. The compactness
appears to be necessary for retraction-based analysis for first-order algorithms [25,
78, 42, 14]. We remark that for the case of the exponential map, the retraction curve
coincides with the geodesic curve. Then, §; = 1 because ||¢/(t)||cq) = ||F§(t)§”c(t) =1
by isometric property of parallel transport. Also, 62 = 0 from the definition of the
geodesic.

PROPOSITION 6.1. Under Assumptions 2 and 3, the Riemannian Hamiltonian H
is retraction Lr-smooth with Lr = 03L+0>L1 L, i.e., for anyp € M, ¢ = R,(£) € U,
we have H(q) < H(p) + (gradH(p), &), + L2[I€]7-

Proof. For any retraction curve c(t) = R, (t§) with [|{||, = 1 and ¢ > 0 such that
c(t) € U, we obtain

%H(C(t)) = (HessH(c(t))[c'(t)], ' (t))cqr) + (gradH(c(t)), " (t))cqr)
< LT + 65| Hess f(c(t))[grad f(c(t)]ll(r)
(61) < LH% + 091 Ly = Lpg,

where the second inequality applies the gradient of Hamiltonian is L-Lipschitz (Propo-
sition 3.6, Lemma 2.4) and Assumption 3. The last inequality follows from Assump-
tion 2. The proof from (6.1) to Lg-smoothness of  is due to [31, Lemma 3.2], which
we include here for completeness.

For any ¢ € T,M such that R,(§) € U, let a = ||€]lp, ¢ = &/|€]l, and hence
& = a( with ||¢]|, = 1. Applying Taylor’s Theorem on H o R, gives

H(B() ~ H(p) = H(Ry(00) ~ H(R,(0)
= adum )|+ % Lm0
o {gradH(p). O + S
— (amadH(p).€) + 22 2
where € [0, a]. Thus, the proof is complete. 0

Using Proposition 6.1, we show below that RHM-SD attains a linear convergence
rate with retraction.
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THEOREM 6.2 (Linear convergence of RHM-SD under retraction). Under same
settings as in Theorem 3.7, suppose Assumption 3 holds, and the iterates stay in
the compact set U. Then, RHM-SD with retraction and n = 1/Lr converges with
lgradf(pe)llp, < (1= %) llgrad f(po) 17, -

The proof is similar to the proof of Theorem 3.7 and is omitted. A similar analysis

with the retraction operation can be performed for other variants of RHM including
RHM-CON, RHM-SGD, and RHM-SCON.

7. Experiments. In this section, we discuss empirical performance of the pro-
posed Riemannian Hamiltonian methods for various min-max optimization problems
on manifolds. The algorithms are implemented in Matlab using the Manopt pack-
age [16] except for Section 7.4, 7.5 where we use Pytorch with the Geoopt package
[43]. We highlight that there exist many other manifold optimization packages, such
as ROPTLIB [32], Manopt.jl [10], Pymanopt [86], McTorch [51], and RiemOpt [83],
where RHM can also be implemented efficiently. We use the following acronyms for
the various RHM algorithms considered in this section.

e RHM-SD-F: RHM with steepest descent direction with fixed stepsize.
RHM-SD: RHM with steepest descent direction with backtracking line search.
RHM-CON: RHM consensus method with fixed stepsize (Section 4).
RHM-CG: RHM with the conjugate gradient method.

RHM-TR: RHM with the trust-region method where we use Hessian approx-
imation with finite differentiation [13].

e RHM-SGD: RHM with stochastic gradient (Section 5).

e RHM-SCON: RHM with stochastic consensus method (Section 5).

We compare the proposed Riemannian Hamiltonian methods with the Riemann-
ian gradient descent ascent (RGDA) [28] and the Riemannian corrected extra-gradient
(RCEG) [92]. As discussed previously, RGDA has not been studied and analyzed for
solving the general min-max problem (1.1), but when M, is a convex subset of the
Euclidean space [28]. In our experiments, however, we extend RGDA to solve (1.1).

For all the experiments, we implement the algorithms with exponential map for
comparability with RCEG, except for the applications of subspace robust Wasserstein
distance (Section 7.3), robust training (Section 7.4) and generative adversarial net-
works (Section 7.5) where we implement with retraction map because the manifolds
considered do not have a well-defined logarithm map. Hence, for these applications,
RCEG is excluded for comparison. In robust training and generative adversarial net-
work experiments, we also test stochastic algorithms for RGDA and RHM. The codes
are available at https://github.com/andyjm3.

7.1. Geodesic quadratic bilinear optimization. The first example we con-
sider is

(7.1) f(X,Y) = c,(log det(X))? + ¢; log det(X) log det(Y) — ¢, (log det(Y))?,

where X, Y € S?_, the set of d x d symmetric positive definite (SPD) matrices. The
weights ¢;, c; > 0 control the balance between the linear and quadratic terms.

For X € Sjl_ 1, the tangent space TxSi 4 is the set of symmetric matrices. When
endowed with the affine-invariant (AI) metric, i.e., (U, V)x = tr(X-'UX~1V), for
any U,V € TXS‘i 4, one can derive the geodesic, exponential map, and other Rie-
mannian optimization ingredients [26, 12, 67]. We include the expressions in Appendix
A. Here, we use Mspp to represent the SPD manifold with the AT metric. It is worth
noticing that the function (7.1) is nonconvex-nonconcave in the Euclidean space (with
details included in Appendix G).


https://github.com/andyjm3

18 A. HAN, B. MISHRA, P. JAWANPURIA, P. KUMAR, J. GAO

However, the log-det function is geodesic linear on SPD manifold with the Al
metric [84] and we show in the following proposition that f(X,Y) is g-convex-concave,
although not necessarily g-strongly-convex-concave.

PROPOSITION 7.1. The function (7.1) is g-convez-concave on Mgpp but not g-
strongly-convez-concave.

We next prove that the Riemannian Hamiltonian H of the objective (7.1) satisfies
the PL condition, which allows linear convergence of the proposed RHM algorithms.

PROPOSITION 7.2. The Riemannian Hamiltonian of (7.1) satisfies the PL condi-
tion with § = (4¢2 + ¢f)d*. A point (X*,Y*) is a global saddle point of (7.1) if and
only if it satisfies det(X*) = det(Y™*) = 1.

In Proposition 7.2, we see that there exist a continuum of global saddle points. Con-
sequently, we define an optimality gap criterion as | det(X) — 1| + | det(Y) — 1] for a
candidate point (X,Y).

Experiment settings and results. We consider d = 30 and discuss results on
various combinations of ¢, ¢;. We compare our RHM with RGDA [28] and RCEG [92].
All the choices of stepsize are tunned to reflect the best performance except for RHM-
SD, RHM-CG, RHM-TR where the stepsizes are selected adaptively by the algo-
rithms. For RHM-CON, we set v = 0.5. Convergence of an algorithm is measured in
terms of ||grad f(p¢)||p,, which is equivalent to \/2H(p;). This measure of convergence
has also been considered in [92] for min-max problems on manifolds. Algorithms are
stopped either when gradient norm falls below 1070 or the max iteration has been
reached. Results are reported in Fig. 2.

From Fig. 2, we observe rapid convergence of RHM algorithms in all the settings.
The convergence for RGDA varies across different choices of ¢4, ¢; where it converges
faster when the weight on the quadratic term (c,) is relatively higher and is not able
to converge when ¢; increases. We also observe convergence for RCEG in all cases but
the rate is slower compared to RHM algorithms. In Fig. 2f, we further compare the
optimality gap where we observe all the proposed RHM algorithms reach below 10710
at a faster rate than the baselines. The slopes of RHM-SD-F and RHM-CON are
steeper than that of RCEG (indicating better theoretical rates for RHM). Additional
results on optimality gap comparisons are in Fig. 5 in Appendix H. Finally, Fig. 2g
shows the runtime performance of various algorithms, with the markers indicating
the progress of respective algorithms per iteration. We observe that the per-iteration
computational cost of RHM is higher than RGDA. This is because RHM exploits
second-order information of f to compute the gradient of H. Also, we see that RCEG
can be costly because it requires evaluation of the exponential map twice and the
logarithm map once per iteration.

7.2. Robust geometry-aware PCA. Geometry-aware principal component
analysis (PCA) on Mgpp [27] concerns dimensionality reduction for SPD matrices
while preserving geometric structures on the manifold. The robust PCA (or robust
Fréchet mean) on SPD manifolds has been considered in [92]. For a set of SPD
matrices M; € S1, i = 1,...,n, the aim is to find the Fréchet mean M € S, that is
bounded away from zero, i.e.,

n

(7.2) min  max x' Mx + & dist? (M, M),
MeMspp x84 ni—
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Fig. 2: Experiments on the geodesic quadratic bilinear problem (7.1) with d = 30,
under varying weights ¢y, c;. We observe that our RHM algorithms converge quickly
in all settings while baselines such as RGDA [28] and RCEG [92]. The performance
of RGDA varies greatly with the settings where it converges only for a few settings
and for the others RGDA fails to converge. RCEG presents a relatively more stable
convergence behavior than RGDA but with a rate that is slower than our proposed
RHM algorithms.

where @ > 0 and 841 := {x € R? : ||x|2 = 1} denotes the sphere manifold and
dist : S‘i 4 X S‘i . is the Riemannian distance on Mgpp.

We first note that the function in (7.2) is geodesic strongly convex in M and
geodesic nonconcave in x. Also, it is difficult to verify the Riemannian PL condition
on the Hamiltonian of (7.2). Hence, this is a challenging problem instance as it does
not fall into the studied settings of the existing works [28, 92] including ours.

Experiment settings and results. For this problem, we follow the same set-
tings as discussed in [92] for generating the SPD matrices M; with the eigenvalues
bounded in [ug, p1]. Following [92], we choose d = 50, n = 40, po = 0.2, and p; = 4.5.
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Fig. 3: Convergence on the robust geometry-aware PCA (RGPCA) problem (7.2) with
d = 50,n = 40,u = 0.2, L = 4.5, and subspace robust Wasserstein distance (SRWD)
problem on the example of fragmented hypercube [46]. We observe that the baselines
RGDA and RCEG fail to converge for a = 0.1 (approximately bilinear setting),
whereas the proposed RHM algorithms show convergence for o = 0.1 and a = 3.

The convergence results are presented in Figs. 3a and 3b, where we only include RHM-
SD-F, RHM-CON (v = 0.5), and RHM-CG for clarity (RHM-TR, performs similar to
RHM-CG). We observe that although RGDA and RCEG converge faster than RHM
when a = 3, they fail to converge when o = 0.1. The latter finding is not surprising
as both RGDA and RCEG seem to perform poorly on approximately bilinear prob-
lems (as also observed in Section 7.1). In contrast, we observe that RHM algorithms
converge in both the settings, which is also validated by our analysis in Section 3.2.
It is known that the conjugate gradient based methods outperforms steepest descent
methods on more challenging optimization problems. This explains the faster conver-
gence of RHM-CG over RHM-SD-F and RHM-CON. Overall, the results in Fig. 3
show the benefit of the Riemannian Hamiltonian modeling in non standard settings.

7.3. Subspace robust Wasserstein distance. We next consider the problem
of learning subspace robust Wasserstein distance [66, 46, 30], where the aim is to
compute the Wasserstein distance over the worst-case optimal transport cost on a
low-dimensional space. Given two discrete measures on R, p = 2221 ai0x;, V =
> i1 bjdy, where dy is the Dirac at location x. The weights a;, b; belong to the prob-
ability simplex, i.e., > a; = Zj b; = 1. The objective (with entropy regularization)
is then given as

7.3 i (P--UT-—UT-2 (1 --—1),
(7:3) rerlrilbr},u) U:Urrelgt}%d,r) ZE; 010 % yill2 + e (log(miz) — 1)

where St(d,r) := {U € R : UTU = I} is the set of column orthonormal matrices
(d > r), known as the Stiefel manifold. II(p,v) :={T' e R™*" : T;; > 0,> . T, =
bj, Zj I';; = a;,V1i,j} is the set of couplings, which forms the so-called doubly sto-
chastic manifold (or coupling manifold) [20, 80, 54].

Experiment settings and results. We follow the same experiment settings as
in [46, 30] and consider a uniform distribution over hypercube [—1,1]¢ and a push-
forward map defined as T'(x) = x + 2sign(x) © (Zle e;), where sign(x) extracts the
sign of x elementwise and {e;}¢_, are the canonical basis of R%.

We choose d = 30,7 = 5,k = 2,n = 100,e¢ = 0.2 and compare the proposed
RHM-SD-F, RHM-CON (v = 0.5), RHM-CG with RGDA in Fig. 3c. RCEG cannot
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Fig. 4: (4a): Convergence on adversarial robust training of neural network (RTNN).
(4b): generative adversarial networks with orthonormal weights (0GAN). (4c): Ground
truth distribution. (4d), (4e): generated samples from RSGDA, RHM-SCON respec-
tively where we see RHM-SCON quickly converge to the ground truth distribution
while RSGDA suffers from mode collapse. The numbers in the parentheses indicate
the best tuned stepsizes for different algorithms.

be implemented to solve (7.3) because the doubly stochastic manifold does not have
a well-defined logarithm map. From the results, we see similar convergence speed of
all methods while due to the inbuilt line-search algorithm of RHM-CG, it converges
to a point with a smaller gradient norm.

7.4. Robust training of neural networks with orthonormal weights. We
next consider adversarial robust training of deep neural networks with orthonormal
weights [28]. Adversarial training of neural networks provide robust prediction against
small data perturbations. Orthonormality on parameters has shown to improve gen-
eralization accuracy as well as accelerate and stabilize convergence of neural network
models [9, 19, 90, 29]. This corresponds to optimization over the Stiefel manifold.

In particular, we consider the adversarial training to defend against a universal
perturbation p proposed in [59]. The perturbation set we consider is the sphere
manifold S~1(r) ;= {p € R?: ||p||2 = r} with radius r. This requires the perturbed
samples to stay a certain distance away from the original ones, a strategy also applied
in [45]. Given a set of data-target pairs {(x;,v;)}"_; where x; € R? are the feature
vectors. The objective of adversarial training is

1 n
min max — L(h(x; +p; {W 1), vi),
{We}é‘=1:We€St(dz,d2+1) pESI-1(r) N ; ( ( { }f 1) )

where L(-,-) is a loss function and h(-) represents the forward function of a neural
network.
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Experiment settings and results. The adversarial training is implemented
for classification tasks on MNIST images [44] where we include two hidden layers
of size 16 with the orthonormality constraint. We compare the proposed stochas-
tic version of RHM (RHM-SGD), detailed in Section 5, with Riemannian stochastic
gradient descent ascent (RSGDA) algorithm [28]. We highlight that RHM-SCON per-
forms similarly to RHM-SGD, and thus, we exclude its result for clarity. Because we
require dual sampling per-iteration to compute the stochastic Hamiltonian gradient
gradHs s (pe) = m > wes.pes 8radte o (p), we choose the batch size to be 32 for

both 8,8 and 64 for RSGDA. Hence, the per-iteration sampling cost is identical. We
measure convergence in terms of the relative Hamiltonian H(p:)/H(po), where the
Hamiltonian is evaluated on the full training set. The stepsize is fixed for both the
algorithms.

We plot the convergence results (with the best tuned stepsize) in Fig. 4a, which
are averaged over five different runs. We see a clear advantage of RHM-SGD compared
to RSGDA with faster and more stable convergence.

7.5. Orthonormal generative adversarial networks. Generative adversar-
ial networks (GAN) [24, 8] are popular in generating synthetic samples by optimizing
a min-max game between a generator and a discriminator. The orthonormality con-
straint on weight parameters of the discriminator has shown to benefit the training
of GANs [17, 60]. In particular, given samples {x;}? ; we consider the following
min-max problem

n

min max =3 (loglo(D(x,))) +log(1 ~ o(D(G(z:)),
=1

{WE} {WPEWPESH(drdryr) 1S

where D(-), G(-) represent the discriminator and generator with {WP}, {W§} denot-
ing their network weight parameters respectively. Here, o(-) is the sigmoid function
and the prior z; is sampled from the standard normal distribution.

Experiment settings and results. Following [8], we train the GAN model on
2-d samples from a multimodal mixture of Gaussian distribution. The ground truth
is shown in Fig. 4c. Both the generator and discriminator have 5 hidden layers with
128 units and ReLU activation. The dimension of the prior z; is 64. For simplicity,
we add the orthonormal constraint only for the penultimate layer of the discriminator
model. For this experiment, we apply RHM-SCON with v = 0.5 and compare against
RSGDA, both with fixed stepsize. The batch size is chosen to be 128 for RHM-SCON
and 256 for RSGDA. Similarly, the best choices of stepsize are reported, and the
results are averaged over five different runs.

The convergence in terms of the relative Hamiltonian are shown in Fig. 4b, where
we see RSGDA diverges while RHM-SCON is more stable. We also examine the
solution quality by providing the generated samples from both algorithms at iteration
10,2 x 104, and 3 x 10* in Figs 4d and 4e respectively. We note that RSGDA results
in undesired mode collapse, an observation also made in [8] for training SGDA on
the Euclidean space. In contrast, RHM-SCON quickly converges and recovers the
ground truth distribution. Even though RHM-SGD converges to a lower Hamiltonian
value, its performance in recovery of the ground truth is poor, as shown in Fig. 6 in
Appendix H where the generated samples collapse to a single point. It indicates that
RHM-SGD converges to a stationary point which is not a saddle point (not surprising
as Assumption 1 may not be satisfied). This also highlights the practical benefit of
consensus regularization for RHM (Section 4), as evidenced in the good performance



RIEMANNIAN HAMILTONIAN METHODS 23

of RHM-SCON.

8. Concluding remarks. Building on the success of the Hamiltonian methods
for solving min-max problems in the Euclidean space, we have considered a more gen-
eral problem on manifolds, and proposed a Riemannian Hamiltonian function H that
respects the manifold geometry. This leads to a gradient expression (in Proposition
3.2) that allows simple analysis for the resulting optimization methods. Adapting
the proofs from the Euclidean space to Riemannian manifolds requires to forgo the
matrix structure of the ingredients, which includes addressing a varying inner product
(Riemannian metric). The proposed Riemannian Hamiltonian methods (RHM) come
with convergence guarantees and various extensions. The experiments validate the
good performance of RHM in different applications. As future work, one direction
is to explore the utility of RHM for more general nonconvex nonconcave problems
without the Riemannian PL assumption. In addition, the current convergence analy-
sis is measured in the Riemannian Hamiltonian, which is the gradient norm squared
of the original objective f. It remains a question whether linear convergence can be
maintained in terms of the optimality gap on function value of f.

Appendix A. Riemannian geometries of the considered manifolds.

In this section, we review the Riemannian optimization-related ingredients of
several manifolds that are considered in the experiments section. The expressions are
from the works [3, 14, 84, 80, 20, 54].

A.1. Symmetric positive definite manifold. Consider the set of the sym-
metric positive definite matrices of size d X d, SL_ = {X :R¥™: XT =X, X = 0},
equipped with the affine-invariant Riemannian metric. The geodesic from X to Y
is given by ~(t) = X1/2(X1/2YyX~1/2)!X1/2 At X € S?_, the exponential map is
derived as Expx (U) = Xexp(X~'U) for any U € TxS%,. The logarithm map is
Logx (Y) = Xlog(X~'Y). The Riemannian gradient of a function f : S%, :— R is
given by gradf(X) = XV f(X)X, where V f(X) is the Euclidean partial derivative of
f at X.

A.2. Sphere manifold. It is defined as S?~! = {x € R?: ||x||> = 1}, which is
an embedded submanifold of R? with the tangent space expression T, S 1 = {u €
R?: x"u = 0}. It can be endowed with the standard inner product at the Riemannian
metric, i.e., (W, v)x = (u,v)s, for u,v € T, §%~!. The orthogonal projection of any
v € R? to T, 8% ! is derived as Proj,(v) = v — (x'v)x. The exponential map

v

along u € T, St is Exp, (u) = cos(||v||2)x + sin(||v]|2) 7% and the logarithm map is

lIvll
Log,(y) = arccos(xTy)%. The Riemannian gradient of f is Proj, (V f(x)),
where V f(x) is the Euclidean partial derivative of f at x.

A.3. Stiefel manifold. It is the set St(d,r) = {X € R : XX =1}. It
is a generalization of the sphere manifold to higher dimensions and can be similarly
endowed with the standard inner product as metric (U, V)x = (U, V), For the
experiments, we consider the popular QR-based retraction for approximating the
exponential map, i.e., Rx(U) = qf (X + U), where qf(-) returns the Q-factor from the
QR decomposition for any tangent vector U.

A.4. Doubly stochastic manifold. The doubly stochastic manifold (or cou-
pling manifold) between two discrete probability measures p = > 1" a;dx,, vV =
> iy bjdy, is the set of couplings Il(u,v) := {T' € R™™ : T;; > 0,5, T;; =
bj,>;Tij = a;,Vi,j} endowed with the Fisher information Riemnnanian metric.
The geometry has been developed in [20, 80, 54].
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Algorithm B.1 Backtracking line-search

1: Input: Current iterate p, € M, search direction & € T,, M, initial stepsize 9
and 71,0 € (0,1).
Initialize ¥ « 9.
while h(p;) — h(Exp,, (9¢;)) < ri9(—gradh(p:),&:)p, do
Set ¥ « oU.
end while
Output: 9.

AN

Without loss of any generality, we assume ) .a; = ) y bj = 1. The tangent
space at I' € II(u,v) is given by Trll(p,v) = {U € R™*" : 37U, ; = >, U; 5 =
0,V4,j}. The Fisher information metric is defined as for U,V € TrII(u,v), (U, V)r =
>-:;(Ui;Vi;)/T; ;. For the experiments, we consider the Sinkhorn-based retraction.
The Sinkhorn-Knopp algorithm [81] is a popular approach for balancing non-negative
matrices to satisfy the row-sum and column sum constraint and later adapted to
solve the optimal transport problem efficiently [68]. Let A € R™*"™ A;; > 0, and
denote Sinkhorn(A) as the output of applying the Sinkhorn-Knopp algorithm on A
with constraint defined by II(u,v), i.e., Sinkhorn(A) € II(u,v). Subsequently, the
retraction is given by Rp(U) = Sinkhorn(T' ® exp(U @ I')), where exp, ®, and @ are
elementwise exponential, product, and division operations, respectively.

Appendix B. Line-search methods and Wolfe conditions on Riemannian
manifolds. In this section, we present the Riemannian versions of the Armijo, Wolfe,
and strong Wolfe conditions [77].

DEeFINITION B.1. Consider an iterative algorithm for minimizing h : M — R,
producing pi+1 = Exp,, (9:&;) for some direction & € T;,, M and stepsize Uy € R. The
Armijo condition is h(py) — h(pis1) > r19¢(—gradh(p;), &), for some ry € (0,1). The
(weak) Wolfe condition is the Armijo condition together with (B.1) and the strong
Wolfe condition is the Armijo condition with (B.2), where

(Bl) <gradh(pt+l)a DEprt (19155,5) [EtDPt-H 2 T2 <gradh(pt)7 £t>Pt
(B.2) [(gradh(pe+1), DExpy, (9:60)[6])p, 11| < T2l (gradh(pe), &)p,|

for some ro € (r1,1). Here, DExp is the differential of the exponential operation.

The backtracking line-search for satisfying the Armijo condition has been used in
Riemannian steepest descent method [15].

One can generalize the analysis from the Euclidean space to show that there exists
a stepsize that satisfy the three conditions for arbitrary direction &;. The backtracking
line-search for satisfying the Armijo condition is in Algorithm B.1. This has been used
in Riemannian steepest descent method [15]. The procedures that return stepsizes
satisfying the Wolfe conditions are in [75, 64].

Appendix C. Review of RGDA and RCEG. In this section, we provide
the details of the Riemannian gradient descent ascent [28] and Riemannian corrected
extra-gradient [92] algorithms for min-max optimization on manifolds.

RGDA simultaneously updates the variables in the direction of the min-max Rie-
mannian gradient, i.e.,

ziv1 = Exp,, (—=m grad, f(z4,91)), Y1 = Expy, (e grad, f (e, yt)).
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RCEG first updates the variables to the point (wy, z¢) along the min-max Rie-
mannian gradient. It then uses the obtained point to generate the final update, i.e.,

wy = Exp,, (—n; grad, f(z¢,yt)),

zt = Exp,, (e gradyf(a:t, Yt)),
Typ1 = Exp,, (—n: grad, f(wy, y¢) + Log,,, (z¢)),
Ye+1 = Exp,, (m grad, f(we, y¢) + Log., (yt)).

In [92], only convergence for g-convex-concave functions is analyzed, where the
authors show that RCEG converges sublinearly with averaged iterate under the fixed
stepsize n < ﬁ where 7, p > 1 depends on the curvature and diameter of the
domain. Thus, the analysis is only local with domain-dependent rate of convergence.
The recent work [40] starts by showing average-iterate convergence of RCEG un-
der g-convex-concave functions and last-iterate convergence under g-strongly-convex-
concave functions. Nevertheless, similar assumptions on the bounded domain (and
also the curvature) is required. The stepsize also requires to be carefully selected,
which depends on the curvature and diameter bound. In addition, [40] proves conver-
gence for RGDA under similar settings. For g-strongly-convex-concave functions, the
last-iterate convergence of RGDA requires a diminishing stepsize, and for g-convex-
concave functions, the average-iterate convergence of RGDA require a stepsize that
again depends on the curvature and diameter bound.

Appendix D. Key propositions.

In this section, we derive the explicit expression for the Riemannian Hessian on
the product manifold M = M, x M, and show that the cross derivatives are adjoint
with respect to the Riemannian metric.

ProrosITION D.1 (Riemannian Hessian of product manifold). Consider a prod-
uct Riemannian manifold M = My x M, and f : M — R. For anyp = (z,y) € M
and £ = (u,v) € Ty M, the Riemannian Hessian Hessf(p)[€] is derived as

Hess, f(x,y)[u] + gradzxf(% y)[v]> .

Hessf(p)[¢] = <gradiyf(l‘, y)[u] + Hessyf(l‘, y)v

Proof. From standard analysis, the Levi-Civita connection on a product manifold
M =Mz x M, (e.g., in [14, Exercise 5.4]) is given by

V., Ve V) = (VEVe + D VLU, DoV, (U] + VI, ),

where V,, € X(M,),V, € X(M,) are vector fields on respective manifolds and D is
the directional derivative. Further, D,V, : ¥(M,) — X¥(M,) and when evaluating
at (z,y), this is equivalently defined as D, V,(z,-)(y) : TyM, — T, M,, which is the
directional derivative. V®), V) are the Levi-Civita connections on M., M, respec-
tively. Applying the definition of the Riemannian Hessian, Hess f(p)[{] = Vegradf(p),
we obtain the desired result. |

PROPOSITION D.2. For any (z,y) € My x My and (u,v) € TuM, X TyM,, we
have (gradiif(x, y)[v], u), = <gradiyf(;v,y)[u]7v>y, Fquivalently, gradzxf(x,y) is the
adjoint operator of gradiyf(x, Y).

Proof. Let p = (z,y) and & = (u,v),{ = (w, 2) for any (u,v), (w,2) € TpM, X
TyM,. Then, from the self-adjoint property (symmetry) of the Riemannian Hessian,
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we have

(D.1) (Hess f(p)[¢], O)p = (Hessf(p)[C], €)p,

for any &, (. Combining with Proposition D.1, the result (D.1) is equivalent to

(Hess, f (x, y)[u], w), + (grady, f(z,y)[v], w). + (gradZ, f (2, y)[u], 2),
+ (Hessy f(z,y)[v], 2)y

=(Hess, f (z, y)[w], u), + (grady, f(z,y)[z], u)s + (gradz, f(z, y)[w], v),
+ (Hess, f (2, y)[2], v)y.

Given that Hess, and Hess, satisfy the self-adjoint property, we obtain

(grady, f(z,y)[v], w)e + {gradz, f(z,y)[u], 2),
(D.2) =(grady, f (z,y)[2], u)x + (gradz, f(z, y)[w], v)y.

We can see (D.2) holds for any choice of (u,v),(w,z) and this only happens when
<grad§xf(x,y)[v],u>l. = (gradiyf(m,y)[u},wy holds for any (u,v). To see this, con-
sider the vectorization of the tangent vectors as u,v,w,z. We also denote B,,, By,
as the matrix representation of the linear operators gradiy I (:c,y),gradiz flz,y) at
(z,y) respectively. Then (D.2) can be rewritten as

WTGmByIV + zTGmeyu = uTGszzz + vTGszyw,

where G,, G, are the (symmetric positive definite) metric tensors at x,y. This is
equivalent to

z' (GyB.y — B,,G;)u=v'(G,B,, — B, G;)w,

which is satisfied for any u, v, w,z and any G, G, as metric tensors. Hence, G,B,, =
B;—IGI and the proof is complete. 0

Remark D.3. Proposition D.2 shows that the Riemannian cross derivatives are
symmetric with respect to Riemannian metric on respective manifolds. When M,,
M, are the Euclidean spaces, then Proposition D.2 is equivalent to the Schwarz’s
theorem of symmetric second-order derivatives.

Appendix E. Essential lemmas.

The following lemmas generalize [1, Lemmas 17, 28] to linear operators, specif-
ically in terms of the Riemannian Hessian operator. We first highlight that for two
operators T, T* that are adjoint, we have A(T o T*) = \(T* o T) = 0%(T) = o?(T*).

LEMMA E.1. Consider the Riemannian Hessian Hessf(p) where p = (z,y) €

o2 By
My x M, Suppose Hess, f(z,y) = 0. Then, Ajmin(Hessf(p)) > Ve nzl;?iy)%)\leHi'

min

Proof. We consider the operator Hessf(p) o Hessf(p) and study its eigenvalue.
First, we see that for any p = (z,y) € My x M, and § = (u,v) € T, My x TyM,,
we have

Hess, f(x,y)[u] + gradzxf(% y)[v]) ,

Hessf(p)[£] = ( grad2 flz,y)[ul
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and therefore,

Hess f(p)[Hess f(p)[€]]
Hess, f (z,y)[Hess, f (x,y)[u]] + Hess, f (z, y) [grad}, f (z, ) [v]
_ +grady, f(z,y)[grad}, f(z,y)[u]]

grad, f(x, y)[Hess, f (2, y)[ul] + gradZ, f (2, y)[grady, f(z, y)[v]]

Suppose (4, ) is an eigenpair of the operator Hessf(p) o Hessf(p), which gives

Hess, f(z, y)[Hess, f (x,y)[u]] + Hess, f (z, y)[grad_., f (z, y) [v]
(E.1) + grad, f(z,y)[grad}, f (2, y)[u]] = du,
(E2)  gradl, f(z,y)[Hess, f(2,y)[u]] + grad?, f(x, y)[grad’, f(z, y)[v] = ov.

Let B,, = gradiyf(x,y),Byx = gradfﬂf(x,y), and H, = Hess, f(z,y). Suppose

4

0 < M% < 02,.(Byy). Then, we have By, o By, — did is invertible
where we use the fact that B,, and B,, are adjoint. Hence, from (E.2) we have
v = —(Byy 0 By, —§id) "' o (Byy 0 H,)[u]. Substituting the expression of v into (E.1)

yields
(E3) (Hao (id = By o (Bay o Byo — 6id) ™ 0 Byy) 0 Hy + Byy 0 Byy — 8id) [u] = 0.
We next show that when

4
(B,
Umln( ’U) < 0_2 (Bzy)7

E.4 )< :
(E4) 2% (Buy) [ HLJE < Omin

then (E.3) does not have a nontrivial solution in u (i.e., u # 0), which leads to a
contradiction that £ is an eigenvector. It suffices to show that for any ¢ satisfying the
condition (E.4), the following inequality

—O|| H. ||

(E5) Ur2nin(BfL’y) -4

+ 0in(Bay) —6 >0,

holds, which violates (E.3). Here, we highlight B, is the adjoint of B,,, and therefore,

the eigenvalues A;(id — By © (Bgy 0 Byg — Jid)~to B.y) = Wé)—é < 0 from the

singular value decomposition of B,,. The roots of (E.5) are

1 1
r = Onin(Bay) + 5 [ Ha 12 — \/(Uﬁﬁn(Bwy) + 5l1HlI2)? = oin (Bay)

1 1
r2 = Onin(Bay) + S 1 Ha[l7 + \/(Ofmn(Bwy) + 5 l1HelI2)? = o (Bay)-

One can show for any ¢; > 0, 4co < 2, then 2% < ¢ — /3 —4dea. Let ¢ =

a;in(ny) + %HHWH?C7 co = %Uﬁ]in(B,;yL we have the smaller root satisfies ry >
(B . . . .
mw > ¢, Hence, there does not exist u # 0 that satisfies (E.3), which

4
implies § > 5 (Den)

W. This Completes the prOOf. 0
min Ty z llx



28 A. HAN, B. MISHRA, P. JAWANPURIA, P. KUMAR, J. GAO

LEMMA E.2. Consider the Riemannian Hessian Hessf(p), where p = (x,y) €
Mg x M,,. Let Hy := Hess, f(x,y), H, := Hess, f(z,y), Bay 1= gradiyf(x,y), and

\mm\( ) +)‘|mm|< )’

)+
b= ( 2i0(Bry) + Mouin) (H2) ) (0250 (Bay) + Ny (H,))
0% By (1 HL o+ [ Hy )2,

Suppose that b > 0. Then, Ay (Hessf(p)) > \/g

Proof. Similarly to Lemma E.1, we consider the operator Hessf(p) o Hessf(p),
ie.,

_ (Hess, f(z,y)[u] + grad,, f(z,y)[v]
Hessf (p)[€] = (Hessyf(%y)[v]Jrgrad Jf (@ y)[ﬂ])’

and

Hess f (p)[Hess f (p)[¢]]
Hessq f(w, y)[Hess,. f(z, y)[u]] + Hess, f(z, y)lgrady, f (2, y)[v]
+grady, f(z,y)[Hess, f (z,y)[v]] + grady, f(z, y)[gradwf(w y)[ul]
Hess, f (v, y)[Hess, f (x, y)[v]] + Hess, f(x, y)[gradwyf(x y)[ul]
+grady, f (2, y)[Hess, f(x, y)[ul] + grady, f(z, y)lgrady, f(z, y)[v]].

Suppose (4, &) is an eigenpair of the operator Hessf(p) o Hessf(p), which gives

Hess, f (z, y)[Hess, f (2, y)[u]] + Hess, f (z, y)[grady, f (z, y)[v]
(E.6) + grad f(x,y)[Hess, f(x,y)[v]] + grad f(z, y)[grad [z, y)[u]] = ou,
Hess, f(x, y)[Hess, f (z, y)[v]] + Hess, f (2, y)[grad3,, f (z, y)[u]]
(B7)  +grady, f(v,y)[Hess, f (x,y)[u]] + grady,, f (2, y)[grady, f(z,y)[v] = dv.
Denote T, := H, o H, + By, o Byy — did and similarly for T, := H, o H, 4+ By, o

By, — did, where H, = Hess, f(x,y), Hy, = Hess, f(z,y) and Bw = gradwf(x Y),
By, = gradizf(x, y). Then, we can simplify (E.6) and (E.7) as

Tplu] = —(Hy o Byy + Byg 0 Hy)[v]

(E.8) Tylv] = —(Hy o Byy+ Byyo Hy)[u]

Suppose 1) < 2. Then, we can show Ty is invertible. This is because, for any c¢; > 0,

dey < cl, we have % < ¢1 — /¢ — 4cy. From the definition of a and b and setting
c1 =a,co =b, Wehave

2b
-~ < ngm( Buy) + Amin(Hy 0 Hy) 4+ Amin(Hy © Hy)

- \/(Amm(H'r o Hr) - )\min(Hy © HTJ)) + 401211&x( Ty)(”H ||T + ||HZJHZ/)
< QUilin(Bzy) + Amin(Hz 0 Hy) + Amin(Hy © Hy)

- ‘)\min(Hm ° HJL’) - /\min(Hy ° Hy)|
<202 (Bey) + 2\min (H, 0 Hy),
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where we emphasize that By, is the adjoint to B, and hence A(By, 0 Byy) = A(Byy 0
By,) = UQ(Bmy) UQ(BW)-

Hence, 6§ < £ < amm(Bzy) + Amin(Hyo Hy) and Ty = Hyo Hy+ B,y 0 Byg —did is
invertible, because Amin (Ty ) > 02 (Bay)+Amin(HyoHy)—3 > 0 by Weyl’s inequality.
Thus, (E. 8) gives v = =T, " o (Hy 0 Byy + Byy o Hy)[u]. Substituting this expression
for v into the first equatlon of (E.8) yields

(£9) (T = (Hoo By + Byao Hy) 0T, 0 (Hy 0 Byy + Bay o Ha) )[u] =0,

Nevertheless, we can verify when § < %, (E.9) does not have any nontrivial solution
for u, which gives a contradiction. Specifically, we show the following inequality is
always satisfied under the condition on ¢,

(Amin(Hy © Hy) + 01 (Bay) = 0) ™ 0o (Bay ) (1 Hollw + [ Hylly)?
(E.10) < Amin(Hy 0 Hy) + 0751, (Buy) — 6,

which violates (E.9) for any u # 0, because (E.10) would imply that
Awin ((To = (Hy © By + Byo 0 Hy) 0 T, " 0 (Hy 0 Bay + Bay o ) ) ) >0,

subsequently (E.9) implies u = 0, hence, £ = 0, a contradiction. It remains to show
that under § < 2, (E.10) is satisfied. That is, the roots of (E.10) are given by

1(a+Va® —4b). We have shown that § < & < £(a — va® — 4b). This implies (E.10)
is always satisfied and results in a contradlctlon. Hence, § > g, which completes the
proof. 0

Appendix F. Analysis of RHM with conjugate gradient and trust-
region update steps. = We provide the details on convergence analysis of min-
imizing the Riemannian Hamiltonian with the Riemannian conjugate gradient and
trust-region methods, i.e., we consider Algorithm 3.1 with the update step £(p;) com-
puted as conjugate gradient direction and trust-region step.

F.1. RHM with conjugate gradient (RHM-CQG).

THEOREM F.1 (Linear convergence of RHM-CG). Under the same settings as in
Theorem 3.7, consider Algorithm 3.1 with conjugate gradient direction &(p;) where By
(used in update) and 1, are chosen such that (£(py), —gradH(py)) > cllgradH (p)|I2,
for some ¢ > 0 and the Armijo condition (Definition B.1) is satisfied. Let 11 =
min;—o,... ;. Then, iterates p; satisfy ||gradf(pe)||2, < (1 — 2r17¢6)||gradf(po)|2,

Proof. From the Armijo condition, we have for the stepsize 7,

H(pe+1) — H(pe) < rime(gradH(p:), C(pf)>
< —rineclgradi pt)|| —2r1micdH (pr) < —2r17coH (ps),

where the last inequality follows from the definition of 7 and H(p:) > 0 for all p;.
Applying the result recursively completes the proof. 0

We notice that the bound only requires a descent direction and a sufficient func-
tion decrease. Hence, we suspect a tighter bound exists when analyzing specific types
of conjugate gradient (with different §; types).

We also highlight that most, if not all, types of conjugate gradient methods satisfy
the conditions in Theorem F.1. See more discussions in [76]. As an example, consider
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ligrad#(pe)ll3,

the Fletcher-Reeves-type CG [22] with B; = Terad e e
- Pt—1
chosen to satisfy the strong Wolfe conditions (Definition B.1) with 0 < 7 < 1y <

1/2, then from [77, Lemma 4.1], the conditions in Theorem F.1 are satisfied with
(&(pr), —gradH(p,)) > 222 || gradH (py) ||

2
F.2. RHM with trust-region (RHM-TR). For the Riemannian trust-region
(TR) method, the update step &£(p;) is computed by (approximately) solving the
trust-region subproblem on the tangent space [3], i.e.,

If the stepsize n; is

(F1) €)= argmin iy, (€) = H(pe) + (@radH(pe), &), + 5 (€L ),
EETp M1l p, <A

where Hy : T, M — T,, M is a self-adjoint linear operator that approximates the
Hessian HessH(p:). Depending on how much decrease is provided by the obtained
direction, we either accept or reject the trust-region step and modify the radius A;.

THEOREM F.2 (Convergence of RHM-TR). Under the same settings as in The-
orem 3.7 with L = LoLy + L3, consider Algorithm 3.1 with &(p;) given by solving
(F.1) with truncated conjugate gradient. Assume further that ||H; — HessH(p)||p, <

Ly|gradM(pe)|lp,. Let ¢ = min;—g,. ¢ ﬁ and L = Ly LoLy + L. Then, the iterates

pe satisfy [lgradf (pi)||2, < (1~ §min{c, 1/L}0'8)"||gradf (po)lI2, .

Under an additional Lipschitzness condition on Vzﬁp, we can show around the
global minima p*, there exists 8 > 0, T > 0 such that for allt > T, the convergence is
superlinear with d(py1,p*) < 0d?(ps, p*).

Proof. First from Assumption 2, |gradH(p:)|lp, = |[Hessf(pe)[gradf(po)]llp, <
L1 Lo and the operator norm of H; is bounded as

[1Hillp, < [|Hy — HessH(py)llp, + |[HessH(pe)llp, < LuLoly + L.

Also, the trust-region direction £(p;) returned by the truncated conjugate gradient
method satisfies a so-called Cauchy decrease inequality [3, eq. (7.14)], which gives

lgradH (p:) |, }

1
~ _ -~ > — i
iy, (0) = iy, (€ (pe)) > 5 llgradH (pe) Iy, mm{At’ A

|gradH (ps) ||, }

1 .
> 5 llgradH(pe)||p, min {CHgfadH(Pt)Hpu
2 ||Ht||11t

1 .
> —min

2 {Cm}
1

1
> —minde, ———— L5 (p,).
=g {C’ LiLol +L} ()

lgradH (p.)||2,

where the second inequality follows from the definition of ¢ and Assumption 2 where
Furthermore, from the acceptance rule,

1

H(per1) — H(pe) < ' (1, (E(pe)) — 771, (0)) < —7 min

1 /
5 min {7 oy )

Hence, the linear convergence is proved by recursively applying the result. The super-
linear convergence simply follows from [3, Theorem 7.4.11] around any local minima.0

Appendix G. On geodesic quadratic bilinear optimization.
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We first show an important result on the orthogonality of the min-max Rie-
mannian gradient and Riemannian gradient of the Riemannian Hamiltonian for any
g-bilinear function on arbitrary manifolds.

PROPOSITION G.1. Let f(x,y) be a g-bilinear function on M = My x M,. De-
note G(p) = (grad, f(z,y), —grad, f(z,y)) € T,M forp = (z,y) € M as the min-maz
Riemannian gradient. Then for any p € M, we have (G(p),gradH(p))p, = 0 where
H(p) = 3llgradf(p)|2 is the Riemannian Hamiltonian of f.

Proof. First it is aware that for any g-bilinear function, we have Hess, f(z,y) =
Hess, f(z,y) = 0. Hence, from Proposition 3.2 and D.1, we show

grad%f(aﬁ,y)[gradyf(x,yﬂ) .

grad?—[(p) = Hessf(p)[gradf(p)] = (grad f(x,y)[grad f(.%‘, y)]

Finally, we have

~—

(G(p), gradM(p)), = (grad, f(z,y), grad?, f(z,y
+ (—grad, f(x,y)), grad2, f

= (grad, f(z,y), grad., f(z,y

+ (—grad, f(z,y)), grads, f

[grad,, f(x,y)])«
z,y)[grad, f (2, y)])y
[grad,, f(z,y)])y
z,y)[grad, f(z,y)]), =0

P i

where we apply Proposition D.2. 0

Proof of Proposition 7.1. First, the expression of geodesic curve connecting any
Xo, X, € Mgpp is given by y(t) = X¢/2(X; /?X, X, /%)t X%, From [89, Propo-
sition 5.7], we see logdet(X) is geodesic linear. That is, for the geodesic v(t) join-
ing Xo,X; with v(0) = Xg,7(1) = Xy, it can be shown that logdet(y(t)) = (1 —
t)logdet(Xy) + tlogdet(X;). It remains to show (logdet(X))? is geodesic convex,
which is equivalent to show M >0 for all t € [0,1] (second order charac-
terization of geodesic convexity [89]). Specifically, we show

d?(log det(y(t)))?

(G.1) —

= 2(log det(X;) — log det(Xg))? > 0.

The equality in (G.1) holds when Xy # X; while det(Xy) = det(X;) and hence
2 2

% > 0 is not always satisfied. Similar arguments hold for g-concavity

with respect to Y. 0

Proof of Proposition 7.2. The Riemannian gradient of f is derived as

gradx f(X,Y) = (¢;logdet(Y) + 2¢4 log det(X)) X
grady f(X,Y) = (¢ logdet(X) — 2¢, log det(Y))Y.

Under the affine-invariant metric, the Hamiltonian is given by

(403 + C?)d(

HX,Y) = (log det(X))? + (log det(Y))Q).

The gradient of Hamiltonian is given by gradx#(X,Y) = (4¢2 4 ¢})dlogdet(X)X



32 A. HAN, B. MISHRA, P. JAWANPURIA, P. KUMAR, J. GAO

and gradyvH(X,Y

~—

= (4¢2 + ¢f)dlog det(Y)Y. Next, we verify

(leradxH(X, Y) % + llgrady H(X, Y)[% )
4c2 + )28
= % ((1og det(X))? + (log det(Y))z)
= (4¢3 + ¢})d*H(X,Y).
In addition, from the definition of global saddle point in (1.2), the pair (X*, Y*) where
det(X*) = det(Y™*) = 1, satisfies f(X*,Y*) = 0. Thus, we have

(X7, Y) = —¢,(log det(Y))* < [(X*,Y*) < ¢q(log det(X))? = f(X,Y")

N —

for all X,Y € Sd++' Hence, the proof is complete. 0

Finally, we show that the geodesic-bilinear problem does not satisfy the min-max
Riemannian PL condition on the function f. To this end, we first need to define the
Riemannian min-max PL condition below.

DEFINITION G.2 (Riemannian min-max PL condition). For a min-mazx prob-
lem minge pq, maxyen, f(2,y), the objective satisfies the Riemannian min-maz PL
condition if for a global saddle point (z*,y*), there exists a constant § > 0 such that

Sllgrad, 7@ )% > (7' y) — Fa ). Yy € M,

Sllrad, 1y > 5(f(e.y) — Fwy)), Vo e M.

Definition G.2 is equivalent to stating that the objective f(z,y) satisfies the Rie-
mannian PL in = and —f(z,y) satisfies the Riemannian PL in y. Such definition is
natural as it includes geodesic strongly convex strongly concave functions as special
cases.

LEMMA G.3. The g-bilinear function f(X,Y) = logdet(X)logdet(Y) does not
satisfy Definition G.2.

Proof. We show the case for X. A similar statement also holds for Y. As the
global saddle point (X*,Y*) satisfies det(X*) = det(Y™*) = 1, we have f(X*,Y) =
0. In addition, the Riemannian gradient is grady f(X',Y) = X'logdet(Y) with
|leradx f(X’,Y)|% = (logdet(Y))?. On the other hand, the right-hand-side in
Definition G.2 is f(X',Y) — f(X*,Y) = logdet(X’)logdet(Y). It is clear that
% (logdet(Y))? is not necessarily larger than &logdet(X’)logdet(Y) for 6 > 0 and
forall Y € S‘i 1. Hence, the claim follows. ]

Appendix H. Additional experiment results.

H.1. Optimality gap for geodesic quadratic bilinear optimization. We
include additional convergence results in Fig. 5 on the optimality gap for the geodesic
quadratic bilinear optimization problem in Section 7.1.

H.2. Results of RHM-SGD for orthonormal GAN. We show the sample
collapse of RHM-SGD in Fig. 6.

H.3. Trace-logarithm bilinear optimization. We consider the ‘bilinear’ ex-
ample of [92] on the symmetric positive definite (SPD) manifold (endowed with the
affine-invariant metric), i.e.,

f(X,Y) = tr(Logx (Xo)Logy (Yo))
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Fig. 5: Experiments comparing optimality gap on the geodesic quadratic blinear
problem (7.1) with d = 30, under different weights ¢,, ¢;. We observe that the RHM
algorithms show a good rate of convergence in all the settings. In particular, RHM-
SD-F and RHM-CON significantly outperforms RCEG in all the settings indicating
better theoretical rates.

Fig. 6: Generated samples from RHM-SGD at 1,2,3 x 10 iterations from left to right.
We see although RHM-SGD converges in Hamiltonian, the generated samples collapse
to a single point (zoom the figures to see the single point).

for Xy, Yo € S%, where Logy;(M') = {Mlog(M~'M’)}g is the logarithm map on
the SPD manifold with log(-) representing the matrix principal logarithm. When the
manifold is simply the Euclidean space, the logarithm map reduces to Logy (M) =
M’ — M. Hence, this resembles a bilinear problem on the manifold.

For the experiment setting, we consider v = 0.2 for RHM-CON and Xy = Yo = 1.
The convergence results are shown in Fig. 7, where we notice that both RGDA and
RCEG oscillate while all the RHM algorithms are convergent. RHM-CON and RHM-
SD-F converge rapidly initially but subsequently have a slow rate of convergence due
to the hardness of the problem. RHM-CG, on the other hand, has a faster rate of
convergence.
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Fig.
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7: Trace-logarithm bilinear problem on the SPD manifold. RGDA and RCEG

diverge while RHM algorithms are convergent (though RHM with steepest descent
has a slower rate of convergence).
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