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PISTA: PRECONDITIONED ITERATIVE SOFT THRESHOLDING
ALGORITHM FOR GRAPHICAL LASSO

GAL SHALOM*, ERAN TREISTER!, AND TRAD YAVNEH*

Abstract. We propose a novel method for solving the sparse inverse covariance estimation
problem, also known as the graphical least absolute shrinkage and selection operator (GLASSO). This
problem is often solved using a second-order quadratic approximation. However, in such algorithms,
the Hessian term is complex and computationally expensive to handle. Therefore, our method uses
the inverse of the Hessian as a preconditioner to simplify and approximate the quadratic element at
the cost of a more complex £; element. The variables of the resulting preconditioned problem are
coupled only by the ¢; sub-derivative of each other, which can be guessed with minimal cost using
the gradient itself, allowing the algorithm to be parallelized and implemented efficiently on GPU
hardware accelerators. Numerical results on synthetic and real data demonstrate that our method
is competitive with other state-of-the-art approaches.

Key words. Graphical LASSO, Sparse precision matrix estimation, Proximal methods, Pre-
conditioning.
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1. Introduction. Inverse covariance estimation is a fundamental problem in
modern statistics. Specifically, the inverse covariance matrices of multivariate normal
distributions are used in numerous applications. One of the most common uses of
the inverse covariance, also known as the precision matriz, is to describe statistical
models. That is, the graph structure of Gaussian graphical models can be inferred
from the precision matrix [20]. This inferred graph can be used for analyzing gene
networks [9], financial assets and stocks dependencies [11,31], social networks [14] and
other inter-dependent data [6,19].

The most straightforward approach to estimating the precision matrix would be to
use the inverse of the empirical covariance matrix. Evidently, inverting the empirical
covariance matrix requires a number of samples that equals or exceeds the dimension
of the matrix. However, many problems of interest are high dimensional [9, 18], to
the extent that they are significantly larger than the number of available samples,
so the empirical covariance matrix is rank-deficient. In such cases, some kind of
regularization is essential. One of the most common ways to estimate the precision
matrix is to solve a ¢;-regularized maximum likelihood estimation problem, known as
the graphical least absolute shrinkage and selection operator (Graphical LASSO, or
GLASSO) problem. The use of ¢;-regularization aims to achieve a sparse estimation
while keeping the problem convex. The sparsity of the precision matrix may be
interpreted as simplicity—a sparse precision matrix implies a simple inferred graph
structure [16]. Thus, when a genuine empirical precision matrix cannot be computed,
a sparse valid estimation is often the preferred choice [8,16,32]. We refer the reader
to the first chapter of [16] and to [8] for additional motivation.

As the problem is well studied, many algorithms and methods for its solution have
been presented over the years [1,2,7,13,17]. Some of these methods are computation-
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ally intensive or difficult to parallelize, rendering parallel computation accelerators
such as GPUs ineffective. As far as we know, none of the algorithms in the literature
were designed specifically with an efficient GPU deployment in mind. Neverthe-
less, various existing algorithms are able to take advantage of GPU processing power
with a simple implementation, e.g., G-ISTA [15], VSM [22], PSM [10], ALM [25],
Newton-Lasso [23] and Orthant-Based Newton [23]. Each of these has its strengths
and weaknesses. Other algorithms, such as BCD-IC [27], can be deployed on a GPU
as well. However, the method and the authors’ implementation are complex, and the
extensive usage of scalar operations may hinder its performance.

In this work we introduce a preconditioned Iterative Soft Thresholding Algorithm
(pISTA) for solving the graphical LASSO problem. pISTA is an algorithm designed to
be highly parallel and suitable for using GPU capabilities to its benefit by exploiting
the problem structure effectively. A traditional second-order quadratic approxima-
tion includes a complex Hessian term which is computationally expensive to handle.
Moreover, all the elements of the Hessian term are coupled, making efficient GPU
deployment challenging. To this end, pISTA uses the inverse of the Hessian as a
preconditioner to simplify and approximate the quadratic element at the cost of a
more complex ¢; element. This is highly beneficial since the Hessian inverse is easily
obtained for the GLASSO problem. The variables of the resulting preconditioned
problem are coupled only by the £; sub-derivative of each other, which can be guessed
with minimal cost using the gradient itself. The resulting pISTA algorithm uses only
matrix operations, making it easier to exploit the GPU efficiently using current and
future frameworks. On the other hand, we do not exploit the sparsity of the esti-
mated matrix for speedup as GPUs are limited in their ability to parallelize sparse
computations efficiently. They are also limited in memory. Hence we target the es-
timation of n X n matrices where n is less than about ten thousand. Such problem
sizes are relevant for many applications, like stocks, genes, brain regions, road maps,
health-related measurements, etc.

This paper is organized as follows. In section 2 we refer to related work, and in
section 3 we formulate the problem. The pISTA algorithm is introduced in section 4,
and its convergence is proved in section 5. Experimental results are presented in
section 6, and conclusions follow in section 7.

2. Related Work. Many numerical algorithms have been developed which are
specifically designed for solving the sparse inverse covariance estimation problem.
G-ISTA [15] uses a proximal gradient descent method that estimates the inverse co-
variance iteratively. GLASSO [13] splits the problem into smaller LASSO problems
and updates the estimation by solving them separately. QUIC [17] uses a proxi-
mal Newton method on the objective function. BCD-IC [27] uses a block coordinate
descent method. ALM [25] uses an alternating linearization technique by splitting
the objective function into two linear approximations and minimizing them alternat-
ingly. PSM [10] employs a projected gradient method. VSM [22] uses Nesterov’s
smooth optimization technique. Newton-Lasso [23] and Orthant-Based Newton [23]
use FISTA [3] and Conjugate Gradient methods, respectively, to solve reduced second-
order approximations. Although some algorithms are designed to be run in parallel
using the multi-core model of the CPU, none of them take into specific considera-
tion the parallelism model of the GPU and the usage of GPUs as a computation
accelerator.

Additionally, some algorithms were developed specifically for large-scale matrices
where the matrix can only reside in memory in a sparse format. BIG&QUIC and
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SQUIC [4,18] extend QUIC [17] to large scales. BIG&QUIC uses on-demand compu-
tation of the Hessian’s columns and a special procedure of the linesearch conditions
using Schur complements. SQUIC utilizes sparse Cholesky factors of the iterations
matrix. ML-BCD [28] takes BCD-IC [27], which is already suitable to large-scale
problems, and accelerates it using a generic multilevel framework, which was origi-
nally suggested in [29] for LASSO. This acceleration can, in principle, be used with
our proposed method as well. Large-scale algorithms may benefit from the GPU pro-
cessing power, however, memory constraints and usage of sparse format make this
task non-trivial.

Graphical LASSO can also be used in a mixture model setup when multiple sparse
inverse covariances are utilized [12]. This allows a richer statistical model but requires
the estimation of multiple sparse Precision Matrices. An efficient GPU-based solver
is highly beneficial in such scenarios as well.

3. Background.

3.1. Sparse Inverse Covariance Estimation. Estimating the parameters of
multivariate Gaussian distributions is a fundamental problem in statistics. Given m
independent samples {y;}™, € R™, where y; ~ N (1, X), one would like to estimate
the mean p € R™ and elther the covariance ¥, or its inverse =1, which is also called
the precision matriz. Both the mean u and the covariance Y are often estimated by
the maximum likelihood estimator (MLE). The MLE is given by the parameters p
and ¥ that maximize the probability to sample the observed data {y; }7:

i1, S = arg max [ P(y:[S. )
2 zl_[l

(3.1)

—argfnaXH \/W ( 1(@/ —m)"E s —u)) :

MLE has an analytical solution:

1 & A
3.2 = — i Y=5=
(3.2) p=— E y

where [ and 3 are called the empirical mean and empirical covariance, respectively.
Usually, one considers the log-likelihood objective (negative log of (3.1)), mini-
mized over the inverse covariance matrix, yielding the inverse covariance MLE:

(3.3) ¥~ = argmin f(A) £ —log(det(A)) + Tr(SA).
A0

The solution is indeed the inverse of (3.2). However, in cases where the number
of available samples is smaller than the dimension of y; (m < n), the matrix S is
rank-deficient and thus non-invertible, whereas the true ¥ is assumed to have full
rank and is positive definite. In other words, we cannot estimate ¥ ~! by inverting
S, and further assumptions should be considered. A common choice in this case is
to assume that X! is sparse. ™! can be interpreted as a conditional dependence
matrix, that is, its off-diagonal entries indicate the dependence between the row and
column variables, given all the remaining variables [24].

A common approach is to regularize the log-likelihood objective (3.3) with a
sparsity promoting ¢;-penalty [1,2,7]:

(3.4) 71 = argmin F(A) 2 argmin f(A) + «||Al]1,
Ax0 A-0
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where a > 0 is a scalar and [[A[l1 = 2, ;[4;;[. Equation (3.4) is known as the
Graphical Lasso problem.

As seen from (3.4), the objective function is convex and is composed of two
parts—a smooth convex part f(A) and a non-smooth convex part «||A||;. Although
the objective is convex, the non-smooth term makes traditional algorithms ineffective,
and more specialized solvers are needed.

3.2. Proximal Methods for Sparse Inverse Covariance Estimation. A
common approach to solving convex problems comprised of smooth and non-smooth
parts is known as prozimal methods, where we approximate the objective function at
each iteration as follows: the smooth part is approximated by a quadratic function
while the non-smooth part is kept unchanged. This approach is especially attractive
when the non-smooth part is a separable function (e.g., point-wise).

Specifically, applying proximal methods to the objective function F(A) of (3.4),
the smooth term f(A) is approximated by a quadratic function while the term «||A||
remains unchanged. This approximation yields a linear LASSO [26] problem (¢1-
regularized quadratic objective). Once defined, we minimize it approximately using
a LASSO solver. Denoting the descent direction at the k-th iteration by D), then
at each iteration we solve:

D™ — argmin F(A® + D)
D

(3.5)

1
= argmin f(A®) + <g(k),D> + 5<D, D> +allA® 4 Dy,
D

H(

where g¥) = Vf(A®) is the gradient of f at the k-th iteration. The matrix H(*)
depends on the particular method, and its associated inner product is defined by

(3.6) <D,D>H<k) = <vec(D),H(k)vec(D)>,

where vec() denotes the column-stacking of a matrix to a vector. For H®) = T
we get the proximal gradient descent method, which is called G-ISTA [15]. On the
other extreme, for H*) = V2f(A(k)), the Hessian at the k-th iteration, we get the
“Proximal Newton” method known as QUIC [17].

The gradient and the Hessian are given by (see Chapter A.4.3 at [5]):

(3.7) VA =S—A"1 | VfA)=A"1eAa!,

where ® is the Kronecker product. We note that once the gradient has been computed,
we can compute Hessian-vector products at a relatively low cost by using the property
(A® B)vec(V) = vec(BV AT). However, solving (3.5) with the exact Hessian H*) =
V2f (A(’“)) is complex and it is typically done by coordinate descent iterations [17].
This makes it hard to use computation accelerators (such as GPUs) efficiently.

4. The preconditioned Iterative Soft Thresholding Algorithm (pISTA).
In this section we develop the preconditioned Iterative Soft Thresholding Algorithm
(pISTA). In [17], the Proximal Newton method for our problem, each coordinate
computation depends on the values of all the other coordinates due to the Hessian in
the quadratic element. In pISTA, we aim for a simpler and easier-to-solve quadratic
element at the cost of a more complex non-smooth ¢; part.

First, in subsection 4.1, we restrict our problem to a smaller set of variables as
done in other algorithms [17,23,28]. In subsection 4.2, we simplify and relax the
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quadratic part using a preconditioner at the cost of making the non-smooth part
a||A]l; more complex. Lastly, in subsection 4.3, we solve the resulting problem,
completing the development of pISTA. In contrast to second-order methods like QUIC,
for example, in pISTA each coordinate depends on the other variables only through
the sub-gradient of the non-smooth part (¢; norm), which is more complex. However,
the sub-gradient of the ¢; term can be approximated easily and relatively well by the
sign of the elements of the current iterate (if it is nonzero) or of its gradient (where
the elements of the iterate vanish), allowing our method to be efficient.

4.1. Restricting the Updates to the Free-set. As introduced in [17] and
used in [23, 28], we restrict the descent direction D to the free-set of A®) " That is,

an element in D which is not in the free-set of A®*) is set to zero. Denote by Sj(f) the
free-set at iteration k, defined as follows:

(4.1) S = {(i,j)\ AR 2 o} U {(m‘)\ VAR, > a} :

According to Lemma 7 of [17], solving (3.5) restricted to the variables that are not
in the free-set of A®) will result in a zero value in every element in the direction
D. Thus, restricting D to the free-set is equivalent to solving (3.5) in an alternating
two-block manner: the first step restricted to the variables not in the free-set (which
makes no change in our approximation), and the second step restricted to the free-
set. In the works mentioned above, the free set is used to save computations. On
the other hand, here we precondition the problem and couple all the unknowns in
the inner quadratic problem defined using the Taylor expansion. Hence, the free
set is important to maintain the correct subgradient in the linear Taylor (gradient)
term, otherwise, the quadratic approximation is inconsistent with the £; term and the
eventual update. As a result, the restriction to the free set is an integral part of our
method, and this set is recomputed before each iteration.
Define the restriction mask at the k-th iteration:

i (k)
(4.2) M = { é Ezj; ; g’(‘m
) A

Then, the restricted problem we solve at the kth iteration can be written as:

(4.3) D™ = argmin F(A® + (./\/l(:) ® D)),
D

where © is the Hadamard product. Note that, in the solution of (4.3), the elements
of D) that are not in the free-set of A¥) may have nonzero values. However, we
restrict the updates to the indices in the free-set of A®¥) only. Therefore, our descent
direction is ./\/lff) ® D) which is equivalent to setting the values of D) that are
not in the free-set to zero.

4.2. Preconditioning of the Descent Direction. Note the following property
of the Hessian in (3.7):
(4.4) (V2f(A) ' =A@ A,

where ® is the Kronecker product. This means that the Hessian inverse can be
obtained without any computational overhead, using A instead of A~'. Here we are
interested in using this appealing property to accelerate the solution of (3.5), where
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H®) = V2f(A®), using the Hessian as a preconditioner. To this end, we define a
new variable A and define D by:

(4.5) vee(D) = (V2 £(A®)) THvec(A) = D = AW AAP)

where vec() denotes the column-stacking of a matrix into a vector. We note that
because A% is positive definite, it is of full rank, and the fact that A is not constrained
implies that D is not restricted to a specific subspace.

Denote W*) = (A(®))=1 Using the preconditioned descent direction (4.5) in
the restricted problem (4.3), with H®) = V2f(A®) = Wk @ W) results in the
following equation:

A® = argmin (A% + MY © (ADA4))
A

= argmin f(A®) + <g(k),/\/lff) © (A(k)AA(k))>
A

n % <Mff) & (A AAB), T ®) (Mgw o (Aac)AA(k))) W<k>>

+a HA(’“) +MP e (A(’“)AA(’“))H
1
After applying the mask restriction M and the preconditioning to (3.5), the
quadratic part (the second element in (4.6)) is still complex. We relax it by removing
the mask restriction M and replacing it with a multiplicative scalar:

(4.7) % <M(f) ® (ABAAR) W k) (M(f) ® (A(k)AA(k))) W(k)>

~ L <A<k)AA<k> (k) (A<k>AA<k>)W<k>> _1 <A<k>AA<k> A>

2t ’ 2t ’ ’
where ¢ is a scalar that is computed using linesearch. Since we do not change the first-
order terms (the gradient and ¢;), this can still result in a monotonically convergent
method. Denote the resulting approximation by P(A;¢t), then the k-th iterate is given
by:

A®) = argmin P(A;t)
A
1
(4.8) = argmin f(A®)) + <g(’“),/\/lff) ® (A(k)AA(k))> + 5 <A(k)AA(k), A>
A

+a HA(’“) +MP o (A(’MA(’f))H
1
4.3. The pISTA Method. Our pISTA algorithm solves the problem defined by
(4.8) in each iteration, with an appropriately chosen t. First, we find a solution A
to (4.8). To obtain this, we need to formulate the sub-differential of the quadratic
approximation P. First, denote the sub-differential of the non-smooth ¢; term by:

490 G®(D)2 9llA® + DIy

oD
_ [ guo| 65 = [sign(a® + D)oy 14® 4 D, #0 |
g e [-1,1) [A®) 4+ D], ;=0
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Next, using the chain rule and some known derivatives with (4.9), we formulate the
sub-differential of P:

OP(A;t)

(4.10) 5A

1
= {tA(’”AA““’ 1 A® (g(k) GMif)) A® 1 qaq® (g(k> @pr) A®
’ g™ e g™ (MXC) o (A(k)AA(k))) } ’

where G represents a sub-gradient of the ¢; term.
The desired A®) that will be used to compute the descent direction is one which
includes the matrix 0 in its sub-gradients:

BP(A(k)'t)
4.11 INRE _—=
(4.11) 0e —>%

Notice that after finding A(’“), it will be used to compute the descent direc-
tion Mff) ® DW= ./\/lff) © (AR AM® AK)) - Thus, we can equivalently find D*) =
AF A®) AKR) instead of A%, In other words, we shall find D*) which has 0 as one
of its sub-gradients:

1
(412) D®) 0 e {tD(k) + A5 (g0 © MP) 4B 1+ aa® () o M) AP
o com o)}

Note that the change of variables has made the first (Hessian) term trivial. To find
D) we split the sub-gradient to n? equations where the (i, j)-th equation is composed
by the (4,j) element in the sub-gradient. For each equation (i,j), we define the

(k)

equation variable as D The approximate solution (developed in Appendix A) is:

i -
(4.13) DE? = *AE? + SoftThreshold (A(’“) —t. Bi(fcj) 1 Ci(f;)) 7
where
(k) () o
(4.14) o _ )\ A i—j
. " k k k k . R

: @ Ag,i)-Aﬁj?+A§,j)~A§i)), i #j
and
(4.15)

B® = 40 (g0 & MP) A +aa® (g0 o M) AW M6 (g0 o M) .

So far, we developed a second-order approximation for the GLASSO using the
Hessian inverse and a quadratic relaxation. We found a closed form direction D)
for each (4,7) entry, assuming that the rest of the entries in G(*) are given. In the
following subsections we show how we approximate the entries of G**) and how to find
an appropriate step size t.
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4.3.1. The Approximation of G. The algorithm depends on a good approxi-
mation of G¥)| especially at the beginning of the solution process. Recall that gfv’j) is

the sub-derivative of |A§k]) + DES-)L and although the sub-derivative cannot be com-
(k)
.
G+ @Mff) will converge to sign(A®)), as all zero elements in A*) will be out of the
free-set Sl(f). Therefore, their elements in G © Mff) will be zero, and all non-zero
elements in A®) will have a constant G*), which is their sign. Moreover, at those
later iterations, where sign(A®)) is not expected to change at all, the above formula
(4.13) solves (4.12) completely as all the terms except D) are constant. On the other

puted, it can be approximated by sign(AE? +D;"). Eventually, at the late iterations

hand, at the initial iterations G*) ® M(:) cannot be easily computed because some
elements in the free set may change sign or be zero in the final solution. To this end,
we approximate G*) by predicting the “next” sign of the elements. That is, we take
the sign of the non-zero entries, and if an entry is zero, then we take the opposite sign
of its gradient. Thus, a good approximation of G*) is:

(k) sign(A(k)) AR #0
(4.16) G = R i) ,
J —szgn(gm-) A, =0
where ¢g%) = Vf(A(k)) as defined before. This means that we choose the next signs
according to a small step of gradient descent. The above G(*) together with the free-
set restriction mask M*) define the minimum sub-gradient of F(A®*)) with respect
to £o-norm.

4.3.2. Performing Linesearch to find ¢t. As proved later in section 5, for the
algorithm to converge, it is sufficient for the parameter ¢ in (4.13) to satisfy:

(4.17) A® 4+ M o D® w0,
4.18 F(A® + MP¥) o D®)) <« pA®)
A

Therefore, at each iteration we perform linesearch over ¢ until (4.17) and (4.18) are
satisfied. As we prove later in subsection 5.2, a ¢ which satisfies t < (%)2 is guaranteed
to be appropriate, where 8 and « are lower and upper bounds of the eigenvalues,
respectively. This means that a backtracking linesearch scheme of dividing ¢ by a

constant number at each step is guaranteed to end within a finite number of steps.

4.3.3. Summary of the pISTA Algorithm. Algorithm 4.1 describes the full
pISTA algorithm which we implemented. It is important to note that all the steps
and operations in Algorithm 4.1 can be computed using standard matrix subroutines,
which makes our code easy to follow, flexible for future updates, and portable be-
tween computer systems. This also allows us to easily benefit from accelerated GPU
computation and easy deployment using public math libraries with GPU backend.
However, current GPU math libraries are highly optimized for dense operations, and
the sparse kernels struggle to exploit the sparsity in the problem. That is because
sparse operations involve additional memory accesses (for the indices) and irregular
memory access patterns, creating computational overhead. As such, our implementa-
tion uses dense operations only and is suitable for small and medium-sized problems,
e.g., up to hundreds or thousands of variables. In such problem sizes, the sparsity
levels are typically not significant enough to benefit in computing time compared to
dense operations. Large-sized problems, e.g. in the millions of variables like the ones
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considered in SQUIC [4], BIG&QUIC [18] and BCD-IC [27], must exploit the sparsity
of the problems, which is crucial in that case, not only in terms of memory complexity
but also in terms of run-time complexity.

Because we consider small to medium-sized problems in section 6, we mostly com-
pare pISTA to algorithms that use dense operations such as GISTA [15], Orthant-
Based Newton (OBN) [23] and ALM [25], which are implemented on the GPU in the
same manner. As stated above, the usage of dense operations for the computation
of A=! and det(A) in each iteration results in O(n3) run time complexity of pISTA
and the other methods for each iteration. We rely on the efficiency with which dense
operations are applied but consider medium-sized problems, as the theoretical com-
plexity is high. It should be noted, in this context, that such problems of medium
size are common in many real-life scenarios.

The GPU implementation of pISTA relies on the internal parallelism of public
math libraries and does not take into consideration multi-threading. However, our
implementation avoids redundant copies of data from the system memory to the GPU
memory and vice versa by applying as much of the computations on the GPU, carefully
managing the relatively small GPU memory.

The CPU counterpart implementation follows the same high-level code as the
GPU counterpart, only using the CPU backend of the standard public math libraries.
Similarly to the GPU implementation, we rely on the internal parallelism of the
public libraries and do not take additional multi-threading into consideration. For
completeness, in section 6 we also compare our CPU version of pISTA to the available
CPU implementations of SQUIC [4] and BIG&QUIC [18].

Algorithm 4.1 pISTA(S, a, A©)
1: Result: A
2: Initialization: k£ = 0;
3: while stop criteria not met do

4:  Compute Sl(f) according to (4.1);

5.  Compute Mff) according to (4.2);

6:  Compute G*) according to (4.16);

7. fortinl,...,edo

8 Compute DP) according to (4.13);
A+ = A(K) 4 p(K),

9: if (A*+D) —0) AND (F(AF+HD) < F(A®M)) then

10: break;

11: end if

12:  end for

13: end while

5. Convergence Analysis. Throughout this section, unless stated otherwise,
all the matrices are assumed to be symmetric and real. The definitions of f(A), F(A),

P(A;t), g, M, G and D are as above. We will denote D:(k) as the direction D)
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which satisfies equation (4.12) for a given t:

(5.1) 0e {1]3:(@ AR (Q(k) @Mff)) AR L qa® (g(k) GM(f)) A

| ORI (MXC) @D:(k)) }

Also, denote by gt*(’“) the ) for which D:(k) attains 0:
1 ., X
(5.2) 0= ;Dt (k) + AR <g(k) o) ./\/lff)) AR + aA® (gt (k) @Mff)) Ak

In the proofs only, we will omit the iteration symbol when the meaning is evident.
The rest of this section is organized as follows. In subsection 5.1 we prove that if
our pISTA iteration does not update A*), then A®*) = argmin 4., F(A). Following
that, in subsection 5.2 we prove that for every iteration, there exists such a t > t,,;n, >
0 that satisfies (4.17)-(4.18), i.e., keeps the matrix positive definite and decreases our
objective value. Combining all the theorems and lemmas, we get the following:

COROLLARY 5.1. By Corollary 5.2, Lemma 5.3, Lemma 5.5, Lemma 5.7 and
Corollary 5.9, pISTA converges to argmin 4, o F(A).

5.1. Fixed Point Iteration at the Minimum. The following Lemma 5.3
states that if a pISTA iteration ends with no update to A®) then A®) =
argmin 4, o F/(A).

Let us first note that the —log det(A) term in (3.3) also serves as a barrier function
for the constraint A > 0. That is, as A gets closer to the domain’s boundary (closer to
being singular), det(A) — 0 and therefore, F(A) — oo due to the log term. Because
of that, we can say that there exists some § > 0 for which the minimizer A* > 61 and
we can state that our optimality condition is given by

OF(A") <= A" = argmin F(A).

5.3 0e
(5:3) 0A A=0

Furthermore, we can state the following corollary:

COROLLARY 5.2. Due to the continuity of the objective function F(A), any de-
crease in the objective keeps A positive definite.

First, the following Lemma states that if A is the minimum of F(+), then pISTA
will result in no update.

LemMa 5.3. Di® =0 <= A® = argmin,,, F(A).

Proof. Assume A®®) = argmin . o F(A), therefore, according to (5.3), 0 is one of
the sub-gradients of F(A) at A®):

(5.4)
(%) o N N
o< o] G2 42y )= {oves|scan],
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Let G* be the sub-gradient G for which g + «G* = 0. Thus:

g+aG*=0
=(g+aG")OMa=0
=A((g+aG") O Ma)A=0
SA(GOMA)A+aA(GF O My A=0.

If we write this in a sub-differential form, we get:

0€ {A(g@MA)A+aA(g®MA)A

QEG(O)},

which, according to (5.1), means that Df = 0 has a 0 in its sub-gradients.
Now, we will prove that if a pISTA iteration ends with no update, then A is the
F(-) minimum. Assume D} = 0, then, according to (5.2), G; satisfies:

A(gOMA) A+ aA(GF OGMA)A=0
=A((g+agGf) O Ma)A=0
=(g+aG)oOMs=0.

Let us now define G so that g+ oG e g—i:

5 G i Mali; #0
(5.5) gz,] = { [g/a]i,j [MA]i,j —0 -

It is clear that g + aG = 0, because if [M4]; ; = 0, then by definition 4, ; = 0 and
lg < . This implies that A®) = argmin 4., F(A). |

In the proof of Lemma 5.3, no assumptions were made on ¢, hence it holds for any t.

5.2. Decrease in the Objective Function. In this section we show that under
suitable conditions, the sequence {F(A®*))} converges to min s o F(A), which means
that the sequence {A(} converges to argmin,, o F(4). Then, we prove that our
pISTA iteration satisfies those conditions, which completes the convergence proof. In
this section, we denote the space of symmetric positive definite matrices by S5 .

Before proving our main result, we state a few auxiliary lemmas. We first prove
that f(A) has a Lipschitz continuous gradient under suitable conditions and state an
important property for this kind of function.

LEMMA 5.4. Let 8 be a positive constant, then the function f(A) has a Lipschitz
continuous gradient over the domain B = {X € S++|,BI = X <X ~I} with a Lipschitz
constant of % As a result we get that for every Y, X € B:

(5.6) f(Y)Sf(X)+(Vf(X)v(Y—X»+2LBQ<Y—X,Y—X>-

Proof. To prove that the function f(A) has a Lipschitz continuous gradient with
a Lipschitz constant of %, we need to prove that ||V f(X)—-Vf(Y)||r < %HXfYHF
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for every X,Y € B. The gradient is given by Vf(A) =S — A~!, hence VX,Y € B:
IVAX) =VIW)e=IY " = X H|F
=Y HX -Y)X 7 |r
<Y 7HRIX = Ye[IX 72

1 1
= X-Y
1
< @IIX —Ylr,
where in the third inequality || - ||2 denotes the induced ¢ norm. From here, (5.6)
follows immediately. 0

The rest of the proofs are inspired by [28], [17] and [30], following the proofs
of [28] with proper adaptations according to our algorithm.

LEMMA 5.5 (corresponds to lemma 4.1 in [28]). Let 8 be a positive constant and
B={X-¢€ S++}ﬂf < X < ~I}. Assume that for every iteration k, A®) € B, then:

(5.7) F(A®)) — F(A®TD) > 1. | A% — AG+D)12,

Where L > 0. Furthermore, the linesearch parameter t can be chosen to be bounded
away from zero, i.e., t >ty > 0.

Proof. According to pISTA iteration, A*+TD = A®) 4 /\/lff) ® D:(k). Therefore,
F(A(k)) _ F(A(k“)) — F(A(k)) _ F(A(’“) +ME§) @Df(k)),
and from now on, we shall omit the iteration symbol k:
FA®Y) — F(A*+D) = FP(A) — F(A+ M4 ® D})
=F(A)— f(A+ Ma 0 D;})—a||]A+ Ms© D1 .
Using Lemma 5.4 on f(A+ M4 © Dj):

F(A®) = F(A®) > of Al = (g, Ma © DF)

1
+ 552 Ma© Dj, Ma© D7) +all A+ Ma D)
(5.8)
> oAl - ({9, Ma ® D;)

+ 52 (D1 DI+ all A+ Ma © D).

By the definition of P(A;t) in (4.8) and setting Df = AAT A:
(9 Ma © Di) = P(Af;t) — af|[A+ Ma © Dillx
o - 5 (DI ATIDIAT) ~ ().
Therefore, by (5.8) and (5.9), using F(A) = f(A) + «|| 4|1 we get
F(A®) = F(A"D) > F(4) = 525 (D7, D))
+ % (D, AT'Df A7) — P(Aft).
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Because A} = argmina P(A;t), we know that P(Af;t) < P(0;t) = F(A):

1 * * 1 * — * f—
F(AW) = F(A®D) 2 F(4) = 525 (D, Di) + 5 (Di, AT D ATY) = P(031)
1 * * 1 * —1pmyx 4—1
> ~o5 (D, D;) + % <Dt,A Di A >
1 1
> (— — =—)(D;, D) .
—(2t72 2ﬂ2)< to t>
Denote L = ﬁ — ﬁ, then L is positive as long as t < (g)2 Furthermore, ¢
can be chosen to be bounded away from zero, e.g., t > tin = % . (g)2 > 0. d

LEMMA 5.6 (corresponds to lemma 4.2 on [28]). Let 5 be a positive constant and
B={X¢ S++|BI < X < ~I}, and assume that for every iteration k, A*) € B. Let
{A®)Y be any infinite and converging sub-series of {A®)} and let A denote its limit.
Then A = argmin 4, o F'(A).

Proof. Since the sub-series {A*3)} convergences to A, then {F(Ai))} conver-
gences to F(A). According to Lemma 5.5, the full series {F(A®)} is monotone
and hence convergent because {F(A®*i))} is convergent. Therefore, {F(A*i+1)) —
F(A®i))} — 0, which implies following (5.7) that |[A®*3) — AKi+D[|2, - 0 and
lim;_,oo A®Ri+D = A According to pISTA, A+ = Ak) 4 /\/lff) ) D:(k) and be-
cause Mf) # 0, ||Ak) — ARi+D)12 — 0 implies ||D:(k)||% — 0. We know that
D:(k) satisfies (5.1), by taking the limit as j — oo and using Lemma 5.3 we get that
A =argminy, o F(A). |

LEMMA 5.7. [corresponds to lemma 4.8 on [28]] Let 8 be a positive constant and
B={X¢€ S++‘ﬁl < X < ~I}. Assume that for every iteration k, A¥) € B. Then
the series { A} has a limit and it is given by argmin 4, , F(A).

Proof. The domain B is compact, the rest of the proof follows the proof of lemma
4.3 in [28] exactly. |

We have shown that pISTA converges under the condition of bounded eigenvalues. It
remains to show that pISTA satisfies it.

LEMMA 5.8 (corresponds to lemma 2 on [17]). Let U = {A|F(A) <
F(Ag) and A € Siy}. Then, U € B = {X € Si|BI = X = ~I} where
B> 0.

Proof. See lemma 2 in [17]. O

COROLLARY 5.9. The series {A®)} created by the pISTA algorithm satisfies
(4.18), hence, A is contained in U and in B.

6. Numerical Results. We evaluate the performance of our pISTA algorithm
using two setups—one using the GPU implementation and one using the CPU one.

The first evaluation is done by comparing the performance of pISTA to the per-
formance of GISTA [15], Orthant-Based Newton (OBN) [23] and ALM [25] (without
skipping step!), all of which were implemented efficiently and easily on GPU based
on matrix operations. We note that Newton-Lasso [23], VSM [22] and PSM [10] can
be implemented in the same manner on the GPU as well, but all of them have worse
performance than OBN [23] and ALM [25] according to the authors’ measurements.

1 As implemented by the authors: https://www.math.ucdavis.edu/~sqma/ALM-SICS.html
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Other algorithms, such as SQUIC [4], BIG&QUIC [18] and BCD-IC [27], can be im-
plemented on GPU as well. However, their implementations, using GPU public math
library, might perform worse than the CPU counterparts due to the special routines
needed in these algorithms (e.g., sparse Hessian-vector multiplication). Optimal im-
plementations are feasible but require a deep understanding of the GPU parallelism
model and hardware and, thus, are highly non-trivial and complex. The algorithms
are all implemented as recommended by their authors in Python, using 32-bit floating-
point precision. Each algorithm uses the GPU as efficiently as possible with the CuPy
library. The implementation does not utilize multi-threading explicitly. Instead, we
rely on the mathematical operations of the CuPy, NumPy, or SciPy libraries and their
internal parallelism.

The second evaluation is done by comparing the pISTA CPU-only implementation
to the publicly available packages of SQUIC [4] and BIG&QUIC [18].

In the first evaluation we initialize all methods using GISTA [15] initialization
where:

©_ [ (Siita)t i=j
(6.1) AG = { 0 it
On the second evaluation, we use GISTA [15] initialization for pISTA only and use
the default initialization implemented in the public packages themselves.

For ALM only, we consider any number which is less than or equal to 10 €,,4chine
as zero and set those numbers to zero at the end of each iteration. For OBN we use ten
inner iterations, and for ALM we use the hyperparameters used by [25] except that
we set o = i if & < 0.5. For our pISTA algorithm, we limit our linesearch over ¢t by

2
stopping if ¢ is less than 1074, In that case, we use a step of ¢ < (%) which
keeps the matrix positive definite. As proved in subsection 5.2, we can use a t < (5)2
where 8 and ~ are lower and upper bounds of the eigenvalues, respectively. However,

2
0.9 . .
wnd(A(k))) is sufficient and

it should satisfy the linesearch criteria. For SQUIC, we follow the authors [4] and set
the inverse tolerance 7;,, to the same as the stopping criterion tolerance.

As a stopping criterion for all the methods, we follow [18, 27, 28] and use
min, ||[0F(A®)||; < €[|A®)||;, where min, ||0F(A®)]|| is the minimum sub-gradient
norm, where e is set to 1072 and 1072 for the first and second evaluation, respectively.

The first evaluation’s experiments were run on a machine with Intel(R) Xeon(R)
Gold 6230 2.10GHz processor, GeForce RTX 2080 Ti GPU and Ubuntu 18.04.5 oper-
ating system, and were limited to 4 cores and 20GB RAM. Also, we used Python3.9.2,
CUDA11.0, Numpyl1.20.1 and CuPy9.0. The second evaluation’s experiments were
run on a machine with Intel(R) Xeon(R) Platinum 8362 2.80GHz processor and
Ubuntu 20.04.4 operating system, and were limited to 128 cores and 256GB RAM.
Also, We used Python3.8.10, NumPy1.24./ and SciPyl1.10.1.

Our full Python framework and code can be found at

we cannot compute those bounds, so we assume that (

https://github.com/GalSha/GLASSO_Framework.
6.1. Evaluation of pISTA using the GPU Implementation.

6.1.1. Synthetic Experiments. First, we evaluate the algorithms on synthetic
data. We use three different types of matrices as our ground truth:
e Chain graphs: as described in [17]. The ground truth matrix ¥~ is set to
be £ =land 5, =%, =—-05.

i,94+1 7 “ia—1 T


https://github.com/GalSha/GLASSO_Framework

PRECONDITIONED ISTA FOR GRAPHICAL LASSO

15

Problem Parameters | pISTA (GPU) [ pISTA (CPU) | GISTA ] OBN ALM
n -1 time (iter)
min | 5o 8P min. [[F(5)|
a ’ 1= o

1,000 Chain 0.04s (2.0) 0.35s (2.0) 0.05s (3.0) | 0.05s (2.0) | 0.55s (11.0)
3% 2098 0.0017 0.0017 0.0275 0.0020 0.0312
0.6 2959.2 2959.2 2970.4 2959.2 2966.0
1,000 Chain 0.10s (6.6) 1.40s (6.6) 0.15s (10.6) | 0.11s (4.0) | 2.47s (53.8)
3% 2998 0.0142 0.0142 0.0336 0.0003 0.5966
0.4 25307.2 25307.2 25302.0 25246.0 25246.8
1,000 Random 0.04s (2.2) 0.32s (2.2) 0.06s (3.6) | 0.06s (2.2) | 0.61s (14.0)
3% 5036 0.0265 0.0265 0.0462 0.0824 0.8561
0.6 2184.0 2184.0 2191.2 2185.2 2209.0
1,000 Random 0.10s (6.4) 1.05s (6.4) 0.21s (15.2) | 0.13s (4.6) | 2.41s (53.4)
3% 5036 0.0666 0.0666 0.0286 0.0005 2.5377
0.4 26335.2 26335.2 26400.4 26246.4 26256.8
1,000 Planar 0.03s (2.0) 0.31s (2.0) 0.04s (2.4) | 0.05s (2.0) | 0.47s (10.2)
3% 6058 0.0008 0.0008 0.0269 0.0028 0.3156
0.6 2995.6 2995.6 3011.6 2997.6 3039.6
1,000 Planar 0.24s (15.4) 3.05s (15.6) | 0.28s (20.2) | 0.15s (5.6) | 3.13s (69.6)
3% 6058 0.0244 0.0244 0.0241 0.0130 1.8171
0.4 28495.2 28471.6 28623.2 28290.4 28312.8

Table 1: Results for 1,000 x 1,000 precision matrix
Bold text marks the best results

e Graphs with random sparsity structures: as described in [21]. We generate a
sparse matrix U with non-zero elements set to be +1 or —1. We define the
ground truth as ©~1 = UTU where all off diagonal elements are in [—1,1].
We control the number of non-zeros in U and tune it such that X ~! has
approximately 0.5% non-zeros.

e Planar graphs: as described in [28]. First, we create our graph G(V, E).
Then, we generate n random points on the unit square to be our vertices
V. We use Delaunay triangulation to generate our edges F. Given the graph
connectivity, we define £~ as its graph Laplacian, i.e., Zi_,jl =-1if(i,j) € E
and EZ il = d; where d; is the degree of vertex 1.

To ensure that the matrices are positive definite, we add a predefined diagonal term
of max{—1.2\nin, 1071} - I.

We do two sets of experiments, with n = 1,000 and with n = 10,000. In each
set, we draw 3% - n samples and run the algorithms with two different values of a.
We repeat each experiment five times and show the average results in Table 1 and
Table 2 for the first set and second set, respectively. Also, we compare the results
of a CPU-only implementation of our pISTA algorithm for both sets of experiments.
The CPU counterpart implementation is implemented using the NumPy library in the
same manner as the GPU implementation and relies on NumPy internal parallelism.

In the tables, we show the average time and iterations it took for each algorithm
to reach the stopping criterion. We also show the number of non-zeros in the output
matrix and the minimum sub-gradient Frobenius norm.

From Table 1, we see that pISTA outperforms every other algorithm with respect
to running time on all the low-dimension matrices except one. We notice that pISTA
requires fewer iterations than GISTA and more iterations than OBN. This is expected
as GISTA is a first-order method, OBN is a second-order method, and the pISTA al-
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Problem Parameters | pISTA (GPU) ‘ pISTA (CPU) ‘ GISTA OBN ALM
n 1 time (iter)

m/n E‘Eitl}‘/pe min, H(?F(ZNTI)HF
a ’ 15 lo

10,000 | paim 5.69s (3.0) | 249.18s (3.0) | 10.80s (6.0) | 13.85s (3.0) | 103.44s (28.6)
3% 29 998 0.0101 0.0101 0.1478 0.0060 28.5176
0.4 ’ 34685.2 34685.2 35104.0 34839.2 34879.6

10,000 | 12.89s (7.0) | 578.37s (7.0) | 27.53s (16.6) | 20.02s (4.0) | 168.46s (48.0)
3% 29 998 0.0951 0.0951 0.8418 0.0129 24.0052
0.2 ’ 97765.6 97765.6 98432.8 97881.2 98339.2

10000 [ 1.56s (0.6) 68.745 (0.6) | 1.85s (0.6) | 1.60s (0.6) | 767.79s (237.4)
3% 508.787 2.1558 2.1558 3.0901 2.1558 44.2140
0.4 ’ 10823.6 10823.6 10823.6 10823.6 11072.0

10000 [ o | 5.67s (3.0) | 263.86s (3.0) | 15.95s (9.0) | 18.97s (3.0) | 153.16s (44.2)
3% 508.787 4.3416 4.3416 0.8136 1.0047 21.1711
0.2 ’ 140699.6 140699.6 140869.6 140715.6 141009.8

10,000 [, 3.92s (2.0) | 174.70s (2.0) | 8.84s (5.0) | 13.73s (3.0) | 100.34s (28.2)
3% 69.949 1.2172 1.2172 0.0477 0.1113 6.6973
0.4 ’ 63249.6 63249.6 63446.8 63324.0 63572.8

10,000 |, 7 |720.91s (10.2) | 943.43s (10.2) | 63.17s (35.8) | 41.54s (7.6) | 269.97s (79.4)
3% 69.949 1.4050 1.4049 0.5368 1.3284 12.4953
0.2 ’ 194261.6 194261.2 195714.0 192740.0 193075.0

Table 2: Results for 10,000 x 10,000 precision matrix
Bold text marks the best results

gorithm uses a relaxed second-order approximation. Thus, pISTA convergence rate
should be between GISTA and OBN. For small values of oo, OBN achieves a better
minimal sub-gradient, however, the difference is negligible. Also, the GPU implemen-
tation of pISTA is much faster than its CPU counterpart, proving the desirability of
GPU-centric algorithms.

In Table 2, we see similar results. pISTA outperforms every other algorithm with
respect to running time on all matrices. Also, as expected, pISTA requires fewer iter-
ations than GISTA and more iterations than OBN. For high-dimension matrices, the
speedup of the GPU over the CPU is more significant, making it extremely valuable
in higher dimensions.

In Figure 1, we show a semi-log plot of F(X~1) —minF(A) as a function of the it-
eration, however, it is important to note that the iterations are not equal in complexity
or required time. We only present the plots of the 10,000 x 10, 000 precision matrices
for & = 0.2 because of space consideration. We define minF (A) as the minimum
value achieved for F' among all the algorithms and iterations in that experiment. The
plots show what we expect, pISTA, which uses relaxed second-order approximation,
achieves a convergence rate between linear (GISTA) and quadratic (OBN). Moreover,
we see that the convergence rate is quadratic in the first few iterations.

6.1.2. Real World Data Experiments. For real-world data we use gene ex-
pression data sets that are available at the Gene Expression Omnibus http://www.
ncbi.nlm.nih.gov/geo/. We preprocess the data to have zero mean and unit variance
for each variable, i.e., diag(S) = I. Table 3 shows the results for data sets of various
sizes, including the name codes of the data sets used.

In Table 3, we see that there is no silver bullet. There are some problems where
pISTA will outshine and there are some problems where OBN will outshine. How-
ever, OBN requires much more memory than pISTA, making it hard to use in high
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Fig. 1: Semilog plot of F(X~1) — minF(A) at each
iteration® for 10,000 x 10,000 matrix and o = 0.2

%The iterations are not equal in complexity or time between the algorithms

dimensions on GPUs.

6.2. Evaluation of pISTA using the CPU Implementation. As in subsec-
tion 6.1.1, we evaluate the algorithms on synthetic data, and we use Planar graphs
and Graphs with random sparsity structures as our ground truth. Similarly, to en-
sure that the matrices are positive definite, we add a predefined diagonal term of
max{—1.2\in, 1071} - I.

We do two sets of experiments, with n = 4,000 and with n = 8,000. In each
set we draw 3% - n samples and run the algorithms with two different values of «.
We repeat each experiment five times and show the average results in Table 4. As
said, we compare the results to a CPU-only implementation of our pISTA algorithm.
However, we also compare the results to 64-bit floating precision pISTA because the
public packages are all implemented using 64-bit floating precision.

In Table 4, we see that the cases where « is small are better solved (in terms
of time) by our pISTA algorithm, and the cases where « is large are better solved
by SQUIC. These are cases where the obtained matrix is sparser, so exploiting the
sparsity is more beneficial. Moreover, in all cases except one, pISTA is better than
BIG&QUIC. However, it is important to note that those results are of CPU-only
implementation. It is safe to assume, as shown on subsection 6.1.1, that GPU imple-
mentation of pISTA will show better results by a notable margin. In any case, the
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Problem Parameters pISTA ‘ GISTA ‘ OBN ‘ ALM
n time (iter)
Data set m/n min, |[0F(Z7H)||r
o 1=l
1322 0.09s (3) 0.11s (3) 0.16s (3) L.01s (18)
GSE-3016 | 4.77% (63) 0.1915 0.0378 0.2185 0.2921
0.85 3478 3560 3490 3596
1322 0.14s (5) | 0.35s (14) 0.32s (6) 2.06s (39)
GSE-3016 | 4.77% (63) 0.0092 0.0049 0.0025 8.5051
0.75 10796 10890 10806 10809
1322 1.02s (33) | 1.55s (66) 0.66s (11) 3.17s (59)
GSE-3016 4.77% (63) 0.0134 0.0158 0.0016 0.0011
0.65 20682 20660 20386 20440
1536 0.08s (2) 0.15s (4) 0.14s (2) 1.67s (26)
GSE-26242 6.25% (96) 0.0118 0.0186 0.0103 0.0081
0.85 4876 4962 4862 4912
1536 0.45s (14) | 0.70s (24) 0.47s (7) 2.30s (40)
GSE-26242 6.25% (96) 0.0003 0.0056 0.0001 3.5156
0.75 13896 13900 13798 13810
1536 1.81s (32) | 2.43s (33) 1.01s (13) 1.285 (66)
GSE-26242 6.25% (96) 0.0096 0.0148 0.0087 6.7166
0.65 28494 28942 28148 28182
6264 2.31s (4) | 8.52s (15) 5.025 (4) 74.19s (77)
GSE-7039 | 3.99% (250) 0.0397 0.0798 0.0014 33.9381
0.9 34286 34364 34250 34266
6264 10.42s (14) | 39.91s (69) 9.39s (6) %5 (>1000)
GSE-7039 | 3.99% (250) 0.0566 0.1218 0.0449 *
0.8 49200 50020 49054 *
6264 41.87s (41) | 101.95s (166) 16.39s (10) %5 (>1000)
GSE-7039 | 3.99% (250) 0.0206 0.1302 0.0012 *
0.7 70700 70820 70572 *
11064 9.78s (4) | 30.65s (13) 103.10s (23)
GSE-52076 | 5.39% (596) 0.0027 0.1908 Out of GPU memory 23.4233
0.9 32840 32850 32990
11064 10.05s (4) | 55.54s (23) 168.27s (39)
GSE-52076 | 5.39% (596) 0.1162 0.2827 Out of GPU memory 71.0796
0.8 42852 43086 43471
11064 17.34s (7) | 167.03s (65) 317.99s (75)
GSE-52076 | 5.39% (596) |  0.3950 0.3866 Out of GPU memory |  58.4818
0.7 49612 49644 49840

Table 3: Results for real-world data set
Bold text marks the best results

results shown on Table 4 reinforce the assertion that there is no silver bullet.

6.3. The Influence of the Sample Ratio and o Parameter. In all of the
previous experiments, we chose o parameter such that it will create different sparsity
levels in the final result. Choosing the best «, in terms of ground truth estimation, is
dependent on both the actual ground truth and the number of samples available.

We evaluate the effect of different values of o and different numbers of samples
on synthetic data with n = 3,000. We use the Chain, Planar, and Random graphs
as ground truth. As done in our previous experiments, to ensure that the matrices
are positive definite, we add a predefined diagonal term of max{—1.2X\sn, 1071} - I.
We ran the experiments with the same stopping criteria as previously defined with
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Problem Parameters | pISTA 32 bit (CPU) ‘ pISTA 64 bit (CPU) ‘ SQUIC (CPU) ‘ BIG&QUIC (CPU)
n 1 time (iter)
X7 type . p &
m/n ‘E,ly‘f min. [[0F (5 Yi|r
a 1= o
4,000 4.35s (2.0) 6.04s (2.0) 0.49s (4.4) 3.44s (3.6)
3% 12‘??3?‘ 0.0238 0.0238 0.0683 0.0425
0.5 ’ 4890.4 4890.4 4890.4 4889.6
4000 [ 15.51s (7.2) 23.41s (7.2) 29.18s (5.8) 115.48s (6.4)
3% 83,701 0.0282 0.0282 0.0059 0.0064
0.25 ’ 123622.0 123622.0 124274.0 123592.0
4,000 Planar 4.34s (2.0) 6.06s (2.0) 0.62s (5.4) 9.18s (4.6)
3% 97 053 0.0014 0.0014 0.0107 0.0139
0.5 ’ 11822.0 11822.0 11831.6 11822.8
4,000 Planar 49.38s (19.8) 79.49s (19.6) 73.82s (6.8) 173.59s (6.2)
3% 97 053 0.0032 0.0031 0.0023 0.0011
0.25 i 131574.0 131592.0 131549.2 131200.8
8000 |, 20.99s (2.0) 29.04s (2.0) 0.73s (4.4) 21.07s (3.8)
3% 397 450 0.0178 0.0178 0.1022 0.1518
0.4 ’ 9808.4 9808.4 9810.0 9808.0
8000 | 58.37s (5.4) 81.80s (5.4) 105.65s (8.2) 463.94s (6.2)
3% 397 450 0.0337 0.0319 0.0200 0.0777
0.2 9 216172.4 216165.6 216735.6 216148.0
8,000 Planar 35.02s (3.4) 47.22s (3.4) 1.52s (6.0) 71.43s (4.0)
3% 55,045 0.0387 0.0387 0.0009 0.0020
0.4 ' 50227.6 50227.6 50292.8 50247.2
8,000 Planar 327.07s (21.2) 360.49s (18.6) 161.60s (7.0) 687.39s (6.0)
3% - 9:, 0.0249 0.0285 0.0049 0.0032
0.2 99,920 223343.2 223335.2 223800.0 223050.0
Table 4: Results for public packages evaluation
Bold text marks the best results
e=10"2.

We repeat each experiment five times and show the average Matthews correla-
tion coefficient achieved in Figure 2. Matthews correlation coefficient (MCC) or Phi
coefficient is used to measure the quality of the estimated sparse pattern, and it is

defined as:
TP xTN —FPxFN

MCC = ’
V(TP + FP)(TP + FN)(TN + FP)(TN + FN)

(6.2)

where TP is the number of true positives, TN the number of true negatives, F'P the
number of false positives and F'N the number of false negatives.

According to the results shown on Figure 2, the best value of « is different on
each type of ground truth. Also, as expected, as the number of samples increases, the
quality of the sparsity pattern reconstruction is generally better.

7. Conclusions. In this work we presented a method for solving sparse inverse
covariance estimation problems. Our method creates simplified approximate second-
order optimization where the different variables’ dependencies can be guessed in a
simple manner. Moreover, the method is designed to be implemented using matrix
operations which can be done on a GPU, allowing us to solve the problem efficiently.
We showed the desirability of GPU implementations and that our pISTA method has
better results for various problem structures.
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é
0.15 0.3 045 0.6 0.75 0.15 0.3 045 0.6 0.75 0.15 0.3 045 0.6 0.75
o a @
(a) Chain precision matrix (b) Random precision matrix (c) Planar precision matrix

Fig. 2: Matthews correlation coefficient as function of o and number of samples for
3000 x 3000 precision matrix

Appendix A.
A.1. General Solution for Sign Derivative Equation. Define 7 (z):

x#0: T (z) = sign(z)

z=0: T(z) € [-1,1].
LEMMA A.1. The solution for:
(A1) z+b+cT(xr+a)=0, ¢>0
is given by:

-b+c c<b-a
(A.2) r=4 —a c¢>1|b—a|l =—a+ SoftThreshold(a — b,c) .
—b—c —c>b-a

Proof. First, consider the case where z > —a = T(z +a) = 1:

{x+b+c=0 j{x:—b—c :>{:r:—b—c :{x:—b—c

> —a x> —a —b—c>—a —c>b—a
In a similar way, for x < —a = T (z + a) = —1 and we get:
{ r=—-b+c
c<b—a
Lastly, consider the case that © = —a, then since ¢ > 0 we get:

0O€e—a+b+c-t, te[-1,1]
which leads to

a—be[-¢cd=c<la—b=c<|b—ad. O

A.2. Approximate Solution for the pISTA Sub-gradient Equation. Con-
sider the following problem:

(A3) D: 0ec {%D—l—A(g@MA)A—FaA(Q@MA)A

gi,j = [sign(A + My D)]i’j [A 4+ Ms0O D]i’j 75 0
gi,j S [—1,1] [A+MA @D]iﬂ‘ =0 ’
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Let us split the equation into n? scalar equations where the (i, j)-th equation is com-
posed of the elements with indices (4, j). Denote the equation variable D; ; = «. The
(i,7) equation is:

(A4) %H[A(g@MA)A]M +alA(GO M)Al =0,

where G; ; = T (Aij + [Muali; - ). As we consider equations where [M 4]; ; # 0 (the
rest are zeros), we can use G; ; = T (A; j + x). Define:

o 0 k=il=3j
(A.5) gk‘j"f =< 0 k=jl=1
Gri  otherwise

We can write (A.4) as:
1 o
(A6) E!E + [A (g ® MA) A}i,j +« [A (Q_”_j © MA) A] i + Ci,jT(Aiyj + x) = 0,

where

AT C; =1 (Aii - Aj5), =]
(A7) N {a-(Am-Aj,ijAi,j-Aj,i), i #j

is the diagonal entry of the Kronecker matrix - A ® A corresponding to the entry
(4,7). Note that C; ; > 0 since a > 0 and A®) is symmetric positive definite, and its
diagonal is strictly positive. According to Lemma A.1, the solution to (A.6) is:

&=~ Ay + Soft Threshold (A; —t - ([ (g © Ma) 4],
+aA(@TT O Ma) 4], )t Ciy).
Notice that:

(A8) af[A(G" 7 OMa)A], =alA(GOMa)A]; —Cij-Gij-[Mali,

=[aA(GOMA)A—C O (GO My)

4,J

R

where ©® is the Hadmard product. To write (A.2) more compactly, first define:
B=A(gOMa)A+aA(GOMA)A-CO(GOMa),

then we get

T = _A'L',j + SoftThreshold(A,-J —t- Bi,ja t- Ci,j)
= D = —A + SoftThreshold(A — t - B,t-C).
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