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EXISTENCE OF SOLUTIONS TO REACTION CROSS DIFFUSION
SYSTEMS

MATT JACOBS

ABSTRACT. Reaction cross diffusion systems are a two species generalization of the porous media
equation. These systems play an important role in the mechanical modelling of living tissues and
tumor growth. Due to their mixed parabolic-hyperbolic structure, even proving the existence of
solutions to these equations is challenging. In this paper, we exploit the parabolic structure of
the system to prove the strong compactness of the pressure gradient in L?. The key ingredient
is the energy dissipation relation, which along with some compensated compactness arguments,
allows us to upgrade weak convergence to strong convergence. As a consequence of the pressure
compactness, we are able to prove the existence of solutions in a very general setting and pass
to the Hele-Shaw/incompressible limit in any dimension.

1. INTRODUCTION

In this paper, we consider the following two species reaction cross diffusion system

Oip1 =V - (p1(Vp =V)) = p1F11(p,n) + p2F12(p,n),
Oip2 — V- (p2(Vp = V)) = p1Fo1(p,n) + p2Fo2(p,n),

(1.1) .
pp = z(p) + 2*(p),
on — aAn = —n(c1p1 + cap2),
on the spacetime domain Qo := [0,00) x R% The study of these systems has become extremely

important in the modelling of tissue growth and cancer [BKMPO03, [PT08, RBET10] and has
drawn substantial interest from the mathematical community GPSG19, KT20,
BM14]. The equations models the growth and death of two
populations of cells whose densities are given by pi,p2. The densities are linked through a
convex energy z (and its convex dual z*), which opposes the concentration of the total density
p = p1 + p2. The energy induces a pressure function p, which dissipates energy by pushing the
densities down Vp. In addition, the densities flow along an external vector field V. The source
terms that control the growth/death of the two populations depend on both the pressure and
a nutrient variable n. The nutrient evolves through a coupled equation that accounts for both
diffusion and consumption.

Throughout the paper, we assume that V € L2 ([0,00); L2(RY)) and V-V € L®(Qs). We
will also have the following assumptions on the energy z:
(z1) z: R — RU{+o0} is proper, lower semicontinuous, and convex,
(z2) z(a) = 400 if a < 0 and z(0) = 0,
(z3) there exists a > 0 such that z is differentiable at a and sup 9z(0) < 2/(a),
as well as the following assumptions on the source terms:

(F1) the Fj; are continuous on R x [0, 00) and uniformly bounded,
(F2) the cross terms F o, 51 are nonnegative.

In certain cases, we will need the additional assumption:

(F3) for n fixed, p — (F1,1(p,n) + F21(p,n)) and p — (F12(p,n) + Fa2(p,n)) are decreasing.
1
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Constructing weak solutions to the system (L)) is challenging due to the highest order non-
linear terms p1Vp, poVp. Given a sequence of approximate solutions, one needs either strong
convergence of the densities or of the pressure gradient to pass to the limit. Due to the hyperbolic
character of the first two equations, the regularity of the individual densities need not improve
over time. Furthermore, it is not clear if densities with BV initial data will remain BV in di-
mensions d > 1 (see [CFSS18] and for results in one dimension). On the other hand,
summing the first two equations, one sees that the pressure p and the total density p satisfy the
parabolic equation

(1.2) op—V - (p(Vp—=V)) = p1(Fi1(p,n) + Fo1(p,n)) + p2(Fi2(p,n) + Fao(p,n)),

(note (L2]) needs to be coupled with the duality relation pp = z(p) + z*(p) in order to fully
appreciate the parabolic structure). Hence, attacking the problem through the pressure appears
to be more promising.

Indeed, recently, several authors have been able to construct solutions to certain cases of ([L.1])
by exploiting (L2) to obtain strong convergence of the pressure gradient m BCP20].
The strategy of these approaches is to use the parabolic structure to obtain a priori estimates
on the pressure that are strong enough to guarantee compactness. In particular, following these
approaches, one tries to bound the pressure Laplacian in at least L' and then obtain some
additional (arbitrarily weak) time regularity. As it turns out, both space and time regularity
can be problematic. It is not clear whether spatial regularity can hold without some structural
assumptions on the sources terms F;; or in the presence of a non-zero vector field V. Time
regularity also becomes problematic in the (important) special case where the energy z enforces
the incompressibility constraint p < 1. Indeed, in the incompressible case, the coupling between
the total density p and the pressure p is degenerate and it is not clear how to convert time
regularity for p (easy) into time regularity for p (hard).

In this paper, rather than establish the strong convergence of the pressure gradient through
regularity, we instead prove it directly by exploiting the energy dissipation relation associated to
([L2). In order to explain our strategy more fully, we need to introduce a change of variables that
will make our subsequent analysis easier. Thanks to the duality relation pp = z(p) + z*(p), the
term pVp is equivalent to Vz*(p). This suggests the natural change of variables ¢ = z*(p). Since
the pressure is only relevant on the set p > 0, we can essentially treat z* as a strictly increasing
function. As a result, we can completely rewrite the system (1)) and the parabolic equation
(C2) in terms of ¢ instead of p (c.f. Section [ and Bl for the rigorous justification). Doing so, we
get the equivalent system

Op1 — V- (p—prQ) + V- (p1V) = p1Fia((z")"Hq),n) + p2F12((2*) " (q), n),
Op2 =V - (2Vq) +V - (p2V) = p1F2 ((z)"Hq),n) + p2Fo2((2*)"(q),n),

pq = e(p) +e*(q),
on — aAn = —n(e1p1 + cap2),

(1.3)

where e is the unique convex function such that

o(a) = {az(a) —2 [ 2(s)ds if z(a) # +oo,

400 otherwise.

It is worth noting that the change of variables from p to ¢ is essentially the reverse direction
of Otto’s celebrated interpretation of the porous media equation as a W? gradient flow [Ott01].
Indeed, the p variable can be interpreted as a Kantorovich potential for the quadratic optimal
transport distance, while the ¢ variable is instead the dual potential for an H~! distance. While
the optimal transport interpretation of the system is more physically natural, the linearity of the
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H~! structure is advantageous for our arguments. Indeed, summing the first two equations of
([L3]), we get a more linear analogue of (L2)):

(1.4) Ohp—Aq+ V- (pV) = p,

where we have defined p := p1 (Fi,1((2*) " (q),n) + Fo1 ((2*) "1 (q),n)) + p2(F12((2*) "1 (q),n) +
Fr2((2*)7*(g),n)) for convenience.

Now we are ready to give an outline of our strategy. As we mentioned earlier, the key idea is to
exploit the energy dissipation relation associated to (L4]). Given any nonnegative test function
we W "*°([0,00)) depending on time only, the dissipation relation states that

(L5) / WVl — e(p)Ow + we (@)Y -V — wpg = / w(0)e(°)

oo Rd

where p° is the initial total density and we recall that Q. = [0,00) x R is the full space-time
domain. Suppose we have a sequence (pg, g, i) of solutions to equation (L4]) with the same
initial data p® that converges weakly to a limit point (p,, fi). Thanks to the linearity of (I4)),
the limit point (p,q, 1) will also be a solution of (L4]). As a result, we can expect that both
(Pks qrs x) and (p, q, 1) satisfy the dissipation relation ([5]). Hence, we can conclude that

/ w|Var|* — e(pr) 0w + we* (qr)V - V — wpigqy, = / w|Vql? — e(p)Ow + we* (q)V - V — wiig,

[ee) [e'e]

If we can prove that e(py), e*(qx) converge weakly to e(p), e*(q) respectively and

(1.6) lim sup / WHEGE < / wiiq,
s Qoo

k—o0

then we have the upper semicontinuity property

(1.7) limsup/ w|Vae|* < / w|Vql%,
k—o0 o Qoo
100([0700);L2(Rd)) to vq ThUS,
the energy dissipation relation gives us a way to upgrade some weak convergence properties into
strong gradient convergence.
Of course, in order to exploit this idea, we need:

which automatically implies that Vg, converges strongly in L?

(i) enough regularity to ensure that the dissipation relation (L) is valid,
(ii) enough compactness to prove the weak convergence of the energies e(pg), e*(qx),
(iii) enough compactness to verify the nonlinear limit (L.6]).

The amount of a priori regularity needed for (i) is very low, thus, this point does not pose
much of a problem. However, obtaining the compactness needed for points (ii) and (iii) is
more delicate. Exploiting convex duality, the weak convergence of the energies e(py), €*(q) is
essentially equivalent to the weak convergence of the product prgi (c.f. Proposition B.2]). While
we may not know strong convergence of either pi or ¢ separately, we can still obtain the weak
convergence of the product through compensated compactness arguments (c.f. Lemma [B3]).
When e* is strictly convex, the weak convergence of the energy e*(qx) to €*(q) actually implies
that g converges to ¢ locally in measure. Thus, in this case, verifying the limit (L6]) becomes
trivial. When the strict convexity of e* fails, we will still be able to verify the limit (L.G) as long
as we add the additional structural assumption (F3) on the source terms.

Once we have obtained the strong convergence of the pressure gradient, constructing solutions
to the system (L3) (and hence the system (ILIJ)) is straightforward via a vanishing viscosity
approach (note adding viscosity to the system is compatible with our energy dissipation based
argument). Furthermore, the above strategy works even when the energy is allowed to change
along the approximating sequence. Hence, we can also use the above arguments to show that
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solutions to the system (L) with the porous media energy zp,(a) = —15a™ converge to the

incompressible limit system with the energy zo,(a) = 0 if a € [0,1] and +oo otherwise.

1.1. Main results. For the reader’s convenience, in this subsection, we collect some of our
main results. To prevent the introduction from becoming too bloated, we shall state our results
somewhat informally. The rigorous analogues of these results can be found in Section [Bl

Our first result concerns the case where the density-pressure coupling is non-degenerate i.e. z
is differentiable on (0, 00).

Theorem 1.1. Suppose that z is an energy satisfying assumptions (z1-z3) such that 0z(a) is a
singleton for all a > 0 and suppose that the source terms satisfy assumptions (F1-F2). Given
initial data p{, p9,n° such that e(pd + p9) € L*(R?), there exists a weak solution (p1,p2,p,n) to

the system (1))

When the density-pressure coupling becomes degenerate, we need to add the additional as-
sumption (F3) on the source terms.

Theorem 1.2. Suppose that z is an energy satisfying assumptions (z1-z3) and suppose that the
source terms satisfy assumptions (F1-F3). Given initial data p9,p9,n° such that e(p{ + p9) €
LY(RY), there exists a weak solution (pi1, p2,p,n) to the system (I1).

In addition to our existence results, we also show that solutions of the system with the porous
media energy z,(a) = ﬁam converge to a solution of the system with the incompressible
energy

Zoola) :=
(@) +00 otherwise

{0 if a€0,1]

as m — Q.

Theorem 1.3. Let p, p3,n° be initial data such that p + pJ < 1 almost everywhere. Suppose
that the source terms satisfy (F1-F3). If (p1,m,P2,m,Pm:Nm) i a sequence of solutions to the
system (1)) with the energy z, and the fized initial data (p9,p9,n°), then there exists a limit
point of the sequence (p1,00, 2,005 Poo,Noo) that solves the system (I1]) with the incompressible
ENErqy Zoo-

Theorem [[3]is just a special case of our more general convergence result, Theorem [5.5], which
shows that one can extract limit solutions for essentially any reasonable sequence of energies.
Nonetheless, the statement of Theorem [5.5]is a bit too complicated to be cleanly summarized in
the introduction, so we leave it to be stated for the first time in Section [l

1.2. Limitations and other directions. Unfortunately, our approach cannot handle the more
challenging case where p1, ps have different mobilities or where p1, po flow along different vector
fields V1, V5. These cases are known to be extremely difficult, however see and [KT20]
for some partial results. When the mobilities are different, the analogue of (4] is a nonlinear
parabolic equation with potentially discontinuous coefficients. As a result, one cannot do much
with the limiting variables p, . When the densities flow along different vector fields, verifying the
upper semicontinuity property (7)) requires proving the weak convergence of the terms p; Vg
and p 1 Vqg. Since this essentially requires knowing strong compactness for Vg in the first
place, it completely defeats the purpose of the argument.

Nonetheless, it would be interesting to see if this strategy could be applied to other systems
of equations that have some parabolic structure. For instance, if {W; ;}; jc(1,2) are convolution

1/2 [Wi,; ()]

kernels whose symbols are dominated by (—A)"/< i.e. limsup¢_o0 g = 0, then it should
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be possible to extend our arguments to the more general system
(1.8)

Op1 =V - (BVq) + V- (V) + Wi xpr + Wig* pp = pr1F1a ((z)"Yaq),n) + p2F12((2*)"Hq), n),
Orp2 =V - (2Vq) + V- (p2V) + Wai % p1 + Wao % p2 = prFo1 ((2%) 71 (a):n) + p2F22((2*) " (g), n),

pq = e(p) +e*(q),
on — aAn = —n(c1p1 + cap2),

(perhaps with some other mild requirements on the Wj ;), however, we will not pursue this line
of inquiry further in this work.

1.3. Paper outline. The rest of the paper is organized as follows. In Section 2] we explore some
of the consequences of the change of variables ¢ = z*(p). After this Section, we will focus only
on the transformed system ([L3]) until Section Bl In Section Bl we provide some generic convex
analysis and compensated compactness arguments needed for the weak convergence of the primal
and dual energies. In Section ] we analyze parabolic PDEs, establishing basic estimates and the
energy dissipation relation. Finally, in Section [, we combine our work to prove the main results
of the paper.

2. THE TRANSFORMATION ¢ = z*(p)

In this section, we will explore some of the consequences of the transformation ¢ = z*(p).
Note that the full verification of the equivalence between the systems (LI) and (L3) will not
occur until the final section, Section [l Before we begin our work in this section, let us give a
bit more motivation for introducing this change of variables. First of all, the spatial derivative
in the parabolic equation (4] is linear with respect to ¢, whereas the spatial derivative in
parabolic equation for the p variable (I2)) is not. As a result, establishing the strong L? gradient
compactness for ¢ is simpler than for p. Furthermore, the ¢ variable is always nonnegative, while
certain choices of z will lead to a p variable that is not bounded from below. The lack of lower
bounds on p leads to some very annoying integrability issues that are completely absent when
one works with ¢ instead.

We begin by establishing the fundamental properties of the transformation ¢ = z*(p). In
particular, we will show that the transformation is essentially invertible.

Lemma 2.1. If z is an energy satisfying (z1-z3), then z* is nonnegative, nondecreasing, and
(%)L is well defined and Lipschitz on z*(R) N (0,00).

Proof. Given any b € R, we have

2*(b) =supab — z(a) > 0—2(0) =0.
a€R
It is also clear that inf 0z*(b) > 0 since z(a) = +oo for any a < 0. If by < b, then z*(bg) —
2*(by) > a1(by — by) > 0 where a; is any element of 0z*(by). Thus, z* is both nonnegative and
nondecreasing.
Since z is proper, we know that z(a) # —oo for all a. Thus given some ag > 0, there must

exist some by € R such that by < 2@0) 1t then follows that for all a > ag

ap

aby — z(a) < aby — z(ap) — (a — ao)M = a(by — M) <0.
ag ag
Therefore, for all b < by

supab — z(a) = sup ab— z(a).
a€R a€[0,a0]
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Fix € > 0 and let a, € [0,a9] be a decreasing sequence such that z*(—n) < € — na,, — z(ay,)
(note that from the above logic such choices of a,, must exist once n is sufficiently large). Since
an is decreasing and bounded from below, it must converge to a limit point a as n — oco. Thus,

0 <liminf z*(—n) < € — z(a) — limsup nay,
n—00 n—00

which immediately implies that a = 0. We can then rewrite the above as

liminf z*(—n) < e — limsupna,, <e.
n—00 n—00
Therefore, liminf, . z*(—n) = 0.
It now follows that if 2*(b) € (0,00), then there must exist some by < b such that 2z*(by) <
2*(b). We then have

. =0
f02*(b) > ————~— > 0.
in Z()_2(b—b0)>
Thus, z* is strictly increasing at b whenever z*(b) € (0,00). Hence (z*)_1 is well defined and
Lipschitz on z*(R) N (0, c0). O

While the invertibility of ¢ = z*(p) can fail when z*(p) = 0, this will not cause a problem for
our study of the systems (ILT]) and (3]), as the failure cannot happen on the support of p.

Lemma 2.2. Suppose that z satisfies assumptions (21-z3). If (2*)™1 cannot be extended to a

continuous function on [0,00) N z*(R), then 0z*(p) = {0} whenever z*(p) = 0.

Proof. Let pg = sup{p € R: z*(p) = 0}. If pg = —o0, then the statement is vacuously true.
Otherwise, we define (2*)71(0) = po. If 2*(R)N[0, 00) = {0}, then (2*)~! is trivially continuous
on [0,00) N z*(R). Thus, we only need to worry about the case where z*(R) N (0,00) # @ and
there exists a9 € 92*(pg) such that ag > 0. Convexity then implies that for any p > py with
2*(p) # +oo we have inf 9z*(p) > ag. Thus, the Lipschitz constant of (z*)~! must be bounded
in a neighborhood of zero and therefore the extension (z*)~!(0) = pg must be continuous. [

Perhaps the most significant aspect of the change of variables ¢ = z*(p) is the change in the
energy controlling the primal and dual coupling. Recall that we defined the new energy e through
the formula

21) o(a) = {az(a) —2fP(s)ds if =(a) # oo,

400 otherwise.

While this formula appears somewhat mysterious, e is the unique (up to an irrelevant constant
factor) convex function such that de(a) = z* 0 9z(a) when 0z(a) # &. Thus, when p € 0z(p) we
will know that ¢ € de(p). Note that the monotonicity of z* is key, otherwise e would fail to be
convex. The following Lemma records the properties that e inherits from z.

Lemma 2.3. Suppose that z is an energy satisfying (z1-z3). If we define e : R — R U {400}
according to (Z11), then e satisfies the following properties

(e1) e: R — RU {400} is proper, convez, and lower semicontinuous.

(e2) e(a) = +oo if a <0, e(0) = 0, and e is increasing on e 1 (R).

(e3) limsup,_,g+ %l) =0, and liminf, e*éb) > 0.

Furthermore, if a # 0, we have
de(a) = {ab—z(a) : b€ dz(a)} = {z*(b) : b € 0z(a)},

and so Oe(a) is a singleton if and only if 0z(a) is a singleton.
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Proof. Tt is clear that €(0) = 0 and e(a) = +o0 if z(a) = +o0.
Given any two points ag,a; € z~*(R), convexity implies that

(2.2) 2(a1 — ag)2 (L ;“0) <2 / 2(s)ds < (a1 — ag)(2(a0) + z(a1)).

Thus, if z(a) # +oo, then
0 <e(a) <az(a) — 2az(g) < 0.

Therefore e(a) = +oc if and only if 2(a) = +oco. Thus, the set e *(R) is an interval. Furthermore,

the above inequalities combined with (z3) clearly imply that limsup,_ o+ @ =0.
Again using (2.2)),
ai

e(ar)—e(ag) = ao(z(al)—z(ao))+(a1—ao)z(al)—2/ z(s)ds > ap(z(a1)—z(ag))— (a1 —ap)z(ap)

ao

If by € 0z(ayp), then
e(ar) — e(ao) > (a1 — ag) (aobo — z(ao)).

Thus, b € 9z(a) implies that ab— z(a) € de(a) whenever a € e~!(R). Thus, the subdifferential of
e is nonempty whenever the subdifferential of z is nonempty. Combining this with the equality
27 1(R) = e }(R), it follows that e is convex, lower semicontinuous and proper.

Note that b € 9z(a) implies that 2*(b) = ab — z(a). Therefore, {ab — z(a) : a € 9z(a)} =
{z*(b) : b € 0z(a)}. Since [; z(s)ds is everywhere differentiable on the interior of z1(R),
every element of Je(a) must have the form ab — z(a) for b € 0z(a). Convexity implies that
ab — z(a) > —z(0) = 0, thus e is increasing on the interior e~ *(R).

It remains to show that limy ., Llsb) > 0. Since limsup,_,g+ @ = 0, there must exist some
ap > 0 such that e(ag) < co. Thus,

et L e(ap)
=S - = ay.
hgl_l) 1£f T hgl_l) 1£f aop 2 ap
O
Parameter z energy a € [0,00) z* energy b € R e energy a € [0,00) | e energy b € R
m € (0,00] \ {1} ﬁ(am —a) 1(1130((7(7%_2“1 , O)m/(m_l) #Ham+1 mLH max
m—1 alog(a) —a exp(b) a* 5 max(b,0)?

TABLE 1. Some examples of the transformation from z to e.

Now that we have established properties of the transformation ¢ = z*(p) we can temporarily
forget about the original system (1)) and focus on (3. We will eventually return to (L)
in the final section, where we show that solutions to (L3]) can be transformed into solutions to
(CI). Until then, our efforts will be concentrated on establishing the energy dissipation strategy
described in the introduction.

3. CONVEX ANALYSIS AND COMPENSATED COMPACTNESS

In this section, we collect some results that we will need to establish the weak convergence of
the primal and dual energy terms. We begin by defining some convex spaces that we will work
with throughout the paper.
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Definition 3.1. Given an energy e satisfying (el-e3), we define
X(e) = {p € Lioe(Qoo) : €(p) € Lig([0,00); L' (RY))},
Y(€") = {4 € Line(Quc) : €°(q) € Lipe([0, 00); L'(R))}.
We are now ready to introduce a result that is one of the cornerstones of our argument.

Proposition 3.2. Lete : R — RU{+00} be an energy satisfying (e1—e3). Letey : R — RU{+o0}
be a sequence of energies satisfying (el-e3) such that ey converges pointwise everywhere to e.
Suppose we have a sequence of nonnegative density and pressure functions py, € X (ex), qx € Y (e})
such that prar = ex(pr) + €i(qr) almost everywhere and py,qr converge weakly in Li (Qso)
to limits p,q € Li (Qoo) respectively. If pg € Li ([0,00); LY(R?)) and for every monnegative
p € C(Qoo)

lim sup / PR < / opq,
k—o0 o Qoo

then p € X(e),q € Y(€"), pg = e(p) +€"(q) almost everywhere, and prqr, er(pr), € (qr) converge
weakly in LL ([0,00); LY(RY)) to pg,e(p),e*(q) respectively.

Proof. Given some nonnegative ¢ € C°(Q« ), let D be a compact set containing the support of
. From our assumptions, we have

/ ©pq > lim sup / ©prqr = limsup / vex(pr) + e (ar).

k—o0 k—o00

Fix some simple functions g1, g2 € L*°(D) such that every value of g; is a value where e} converges
to e* (c.f. Lemma[AT]). Tt then follows that

1imsup/ o (er(pr)+er(ar)) Zliir;sup/ o(g1o—e4(91)+9201—€x(92)) =/ o(g1p—€*(91)+92q0—€(g2)).

Taking a supremum over g1, g2, we can conclude that

/ wpqzlirr;sogp/ o(er(or) + ex(ar)) 2/ o(elp) +€e*(q))-

) Qoo [e'e]

On the other hand, Young’s inequality immediately implies that
pq < e(p) +€*(q)

almost everywhere. Thus, pg = e(p) + €*(q) almost everywhere. This also now implies that
p€ X(e)and g € Y(e*).

The previous calculation shows that ey (pg)+ef (k) is uniformly bounded in L ([0, 00); L!(R9)).
Thus, for any time 7" > 0, there exists wi, ws € C(Qr)* such that ey (pr), e (qx) converge (along
a subsequence that we will not relabel) to wy, wy respectively. Arguing as in the first paragraph,
it follows that

| ow—tmint [ gaio = [ veo) [ pun—timin [ weita) = [ ee'l@)
Qr k=00 JQr Qr Qr k—=oo Jor Qr

Hence,

/ olwr — e(p)] + plwz — €*(g)] = / (w1 — e(p) +ws — €(q)) =

T T
limsup/ o(ex(pr) + ex(ar) —elp) —e*(q)) = limsup/ o (prar — pq) < 0.
k—o0 Qr k—o0 Qr
Thus, wy = e(p) and wy = €*(q). Since wy, wy and T' > 0 were arbitrary, it follows that e(p), e*(q)
are the only weak limit points of ex(pr), €} (gr) in Li ([0, 00); L' (R?)). Thus, the full sequences

loc
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L ([0,00); LY(R9)) to e(p) and e*(q) respectively. The
weak L ([0,00); L}(RY)) convergence of pygy to pq is an immediate consequence.

er(pr), e;(qr) must converge weakly in L

O

Of course, to even be able to use Proposition B.2 we somehow need to know an upper semi-
continuity type property for the product prgr. In practice, this seems to require establishing the
weak convergence of prqr to pq. Luckily, the following “compensated compactness”’-type Lemma
shows that the weak convergence of the product can hold even when the strong convergence of
both pr and g is unknown. Unlike typical compensated compactness arguments that decompose
the codomain of the function, the following compensated compactness argument is based on a
decomposition of the domain of the functions. Indeed, we show that if p; has some time regu-
larity and g has some space regularity then their product weakly converges. This argument was
inspired by the proof of the main Theorem in [MRCSI0], although we would not be surprised if
this result was already established in an earlier work.

Lemma 3.3. Fiz some r € (1,00) and let 1" be the Holder conjugate of r. Let Z, = LI, (Qoo) X

loc

1oc(Qoo) and let n be a spatial mollifier. Suppose that (uy,vi) € Z, is a sequence that converges
weakly in Z, to a limit point (u,v) € Z,. If uy is equicontinuous with respect to space, in L, (Qoo)
and for any € > 0, ne x vy is equicontinuous with respect to space and time in L] (Q), then

loc
upvg converges weakly in (Ce(Qoo))™ to uv.

,r./

Proof. Define vy, ¢ := ne * v, and ve := 1 * v. For € > 0 fixed and any compact set D C Q«, the
Riesz-Frechet-Kolmogorov compactness theorem implies that vy . converges strongly in L’"/(D)
to v as k — oo.

Given ¢ € C°(Qo), we must have

lim o(v —ve)u =0,
e—0 Qoo
and

lim P(Vk,e — ve)ug + ve(u — ug) = 0.
k—o0 Qoo

Thus, to prove the weak convergence of uivg to uv, it will suffice to show that

lim i — Ve )ug = 0.
g i, 0~ Onu

Rearranging the convolution, this is equivalent to showing

lim i - —0.
lim lim Qka(ngwuk pug) =0

Choose some compact set D C (o such that for any e sufficiently small, the support of p, nex¢
is contained in D. We then have the estimate

‘/Q Uk(ﬂe*‘ﬂ“k_@uk)‘ S vkl o oy (el oo (@uo) 1wk = e ¥ k| £r () +ellunll o () | VPl Lo (@) -
The weak convergence of (ug,vy) to (u,v) in Z, implies that [lug||rp) + [[vell () is bounded
with respect to k. Spatial equicontinuity gives us
lim sup||ug, — 1 * ug |- (py = 0.
e—0 L
Thus, it follows that
lim sup ‘ / Vg, (7]E * QU — cpuk)‘ =0,
e—0 1 Qoo

and so we can conclude that ugvg converges in (Ce(Qs0))* to uv. O
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4. ENERGY DISSIPATION AND ESTIMATES

We will now begin to analyze the parabolic structure of the equation (L4]). In order to do
this, we will need to upgrade the spaces X (e),Y (e*) into spaces that are more appropriate for
solving PDEs

Definition 4.1. Given an energy e satisfying (el-e3), we define

X(e) = {p € X(e) : p € Li([0,00): L' (RY) N L¥(RY) 1 H, (0, 00); H (RY)),

loc
2d+4

V(e*) == {a € Y(e): q € Ll ([0,00); Lo (RY)) N Lo ([0, 00); H' (R))}.

loc loc loc

Note that the seemingly strange choice of time integrability for ) will become clear later.

Proposition 4.2. Given an energy e : R — R U {+oc} satisfying (el-e3), suppose that e(p°) €
LYRY) N LX[RY) and p° € LY(R?). Let p € X(e) be a density function and q € Y(e*) a pressure
function that satisfy the duality relation pq = e(p) + €*(q) almost everywhere. Suppose that u €
LOO(%) is a growth rate and V € L2 _([0,00); L2(RY)) is a vector field such that V-V € L®(Qc).
If for every ¢ € Wcl’l([O, o0); V(e")), p,q are weak solutions of the parabolic equation

(4.1) /R (0, ) () dr = /Q Vg Vi — pip— oV - Vb — s,

then for any nonnegative w € Wcl’oo([O, o0)) that depends only on time, we have the dissipation
relation

(4.2) /Rd w(0)e(p(x)) dx = / —e(p)Ow + w|Vq* +we*(q)V - V — wug.

Proof. Let § € C°(R?) such that e*(§) € L'(RY). Extend ¢ backwards in time by defining
q(—t,x) = ¢(z) for all t € (0,00). Fix € > 0, and define

qe(t,z) := 1/t q(s,x)ds

€ Jt—e

for all (t,x) € R x R4
By Jensen’s inequality, ¢. € Y(e*) and a direct computation shows that 0q is the linear
combination of two Y(e*) functions for any € > 0. Given any nonnegative w € W2°°(]0, 00)) that

is a function of time only, it now follows that g.w is a valid test function for the weak equation
(#I). Thus, we have

43) [ a0 @)= [ —pditea) + (Vo pV) - Viae) - e

[e'e]

Note that for almost every (¢,z) € Qoo

)Q(t’x) - Q(t - E,l‘) (

PO (wqe) = p(t, x)qe(t, ) 0w (t, z) + w(t, z ; p(t,x).

Hence, we can apply Young’s inequality to deduce that

(4.9 s mat Zea)y ) 4 5 o) - gt - o)

€ €
By defining

@@=t [ ¢l

—€
we can write the above inequality in the more compact form

POiqe > Or(e*(q))e
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Plugging this into ([4.3]), we get the inequality

/Rd 4e(0, 2)w(0)p" (2) dz < / —pqe0iw — wo(e™(q))e + (Vg — pV) - V(gew) — pwge,

oo

Moving time derivatives back on to w, we get the equivalent inequality

(4.5) /Rd w(0) (qE(O, z)p°(z) — e* (ge (0, a:))) dx

< [ @) pa0 + (o= o) - Vlaws) - s
Note that we also have

/Rd w(0) <qe(0,az)p0(az) —e* (qe(o,:n))) dz = /

[ wO)(i@) @) = e (@) ) do

thanks to our construction of ¢,.
Since all of the time derivatives are now on w, we can safely send € — 0. Thus, it follows that

[ (0(i@ @) - ¢ (i(@)) do

< | dw(e’(q) = pg) +w|Vaf +we (9)V - V — puwg
Qoo
where we have used the fact that Ve*(¢) = pVq (note that this is just a consequence of the chain
rule for Sobolev functions). Exploiting the duality relation pg = e(p) + €*(q), we have arrived at
the inequality

@6 [ wO(a@n @) = @@)) < [ el +wlVaP + e @V -V —wps

¢ was arbitrary, thus, taking a supremum over ¢ we obtain one direction of the dissipation
relation.
To get the other direction, we instead smooth ¢ forwards in time by defining

1 t+e
Ge = —/ q(s,x).
t

€

The argument will then proceed identically to the above except that the forward-in-time smooth-
ing does not allow us to conclude that ¢.(0,z) = ¢. Luckily, Young’s inequality is now in our
favor and so we just use

[ o0 (@000 - ¢ (@0.9)) do < [ we(a)de
O

In the next proposition we collect some a priori estimates for solutions to (I4]). In fact, we
will consider a slightly more general equation where we add an additional viscosity term —yAp
where the constant v is possibly zero. As we will see, the estimates will give us uniform control
when we consider sequences of solutions.

Proposition 4.3. Let e be an energy function satisfying (el-e3), let V € L? (Qso) be a vector

loc

field such that V-V € L>®(Qx), let % € L™(Qoo) and let v be a positive constant. Suppose that
p € X(e)N L2 ([0,00); HL(RY)), g € V(e*) satisfy the duality relation pg = e(p) + e*(q) almost

everywhere. If e(p°) € LY(R?) and the variables satisfy the weak equation

(4.7) [ 0.2 @) do = | AV V64V Vo gtV V-

[ee)
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for every test function ¥ € W2 ([0, 00); LY (p)NH(RY)), then for any nonnegative w € We ([0, 00))
that depends only on time and for every m € (1,00), we have the dissipation inequalities

(4.8) / —e(p)dw + w|Vq* + we* (q)V - V —wpug < /]Rd w(0)e(p®(z)) dz

@9 [ wrtm -0l - ow - Pt vy < [ SO gomas

and if we set f = inf{b € R : e*(b) > 1} then the following estimates hold for almost all
T € 1]0,00):

(4.10) 7||VP||%2(QT) < HPOH%%Rd) + HP\|%2(QT)(||%||L°°(QT) IV - Ve (@u))

(4.11) 1T Mgy < 16ty (T ()

(4.12) 10eoll L2 o, ey < YNV Pl 2@ + IVAllL2@r) + Il L2@r) + 110V I 22(0r)
(4.13) (T, M oo ety < 110°ll oo ray exp TV - V| oo () + H%HLOO(QT))),

(4.14)

2 1 2
IVl 0,y Sa /R €00") datmas(5, 1) (Wl @ Hlol e 1100 g 01301 ) (L 2 Lm0+ -V ()

(4.15)
* 1
le* (@21 @) + ez @) Sa BllollLir) + Blloll oo,z @) ® (1ol 22@r IVl 2@r))

2
(416) 16 @, 258 o 1 ) St 17 gy IV g 12

and for any compact set K C RY,

2 d d
@1 el g S BTIEL Bl @ ) IVal i o112,
Proof. The dissipation inequalities (£8)) and ([£9) follow from choosing the test functions ¢ and
p ! respectively. These test functions do not have the required time regularity, however, by
following an identical argument to Proposition 2] this technicality can be overcome. In addition,
note that in both inequalities we have dropped a term involving Vp - Vg, which is nonnegative
thanks to the duality relation.

Estimates (1)) and [@I2]) are straightforward consequences of the weak equation (£7T). Es-
timate (AI0Q) follows from (£9]) with m = 2. Estimate (£I3]) follows from applying a Gronwall
argument to ([£9]) and then sending m — oc.

The estimates (ZI4H4.I7T), are all linked. We begin by fixing a time 7" € [0, c0) and considering
4|1 (@) Define G := max(q, 8) — 8. It is then clear that

lpallror) < Bllellcior + 1edllev ey, 1Vallzr < 1IVallzz@r)-

Working in Fourier space, we have
loilan < [ [ 1000 01dedr < [ 1Bullott Musgenlate. s [, 9.z
>R

< T|Belllpll oo, @apldll @ + B0l 2 0m IVall 2 Qr)
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where R > 0 and Bp is the ball of radius R. Optimizing over R and dropping dimensional
constants, it follows that

/Q pq Sa (101l Lo o102 eyl 21 @0 ) "(lellz2@mIVallL2om )T

T

If b > 8 and e*(b) # +o0, then it follows from the definition of 4 that 3~ = liminf,_,+ w <
inf de*(b). Therefore,

max(e*(q) — e*(8),0) > f7'q
It then follows that

4l 21 < Blle" (@Dl < Bllrallrr):-
As a result,

L
leall L @r) Sa Bllellror + (Blloll e om0 ®aylledl Li@n ) T(lollz2@mIVallL2@q) *
Now using Young’s inequality (suboptimally), it follows that

lpall L1 (@ry Sa Bllellcr@ry + Bllpll oo ;01 (re)y ) (el 2@ IVall L2 (@r)-
Since

le(o) 2 (@) + e (D 0r) = lpdllLror)
we have obtained the bound in (&I5).
Now we turn to estimating ||Vq||12(q,). From the dissipation relation (ZS]), we have

/Q I~ elp) 0w + Euy e (7 -V - B < /R w(O)el(s”) dr

for any nonnegative w € Wcl’oo((O,oo)). Fix a time 7" > 0 that is a Lebesgue point for the
mapping T — [|Vq|l2(g,). Assume that w is a decreasing function supported on [0,77] and
w < 1 everywhere. We can then eliminate the term —e(p)dyw. Thus, it follows from our previous
work that

1
L wivat < [ el)dotlpalinan (15 li~on) + 19 Vi o)

1
1 [
S [ el daemna(8,1) (Il @ 1ol 1,000 (P20 19 22001) ) (14 10 I 9V 1 01)

If we let w approach the characteristic function of [0, 77, then we deduce that [[Vg]%, (@r) 18

Sd Ade(po)d$+<5“p“Ll(QT +(Bllpl Lo przr @) ol 2@ 1V all 2 (or) >(

Now we can use Young’s inequality (suboptimally again) to get (4.14])

L
;|!L°<><QT)+HV‘V”L°°<QT))-

2 i 2
IVl 0,y Sa /R (o) datmax(8,1) (s @y 10l ey 101201 ) (LHI1 e o HIV Ve )

Finally, working in Fourier space again, it follows that for any exponent r € [1, er ) and radius
R >0,

* r r * — * r/2
le* (@1 o 12 (Rey) Sd/o (Rd”e (q(t; )31 oy + B[ Ve (q(t,-))”iQ(Rd)) dt.

Once again optimizing over R, we have

T
e @I o122y Sa /0 e e, T, Ve e, DI T dt
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27
< * d+2 d+2
S e (q)HLl(QT)Hve (g )”Ld+2 7 ((0,T]:L2(RY))

Thus,
2
(Dl o1, Salle @i,V a2 :
Ie* @ oz S b @I oIV @Iy
If we choose r = 2ddT+f we get
le* (@)l 2g+a Sa lle*(q )Hd” Ve (q )HZ%

L7+ ([0,T];L2(RY))
Finally, since Ve*(q) = pVq by the chain rule for Sobolev functions, we have
2
1O, 352 100y 54 WPV " @ i IV
Fixing a compact set K C R, we also have

< BTIK < BTIK
lall 2058 gy sy < PN g < BTIR B @ g

O

5. MAIN RESULTS

At last, we are ready to combine our work to prove the main results of this paper. We will
begin by constructing solutions to the system (L[3]) and then we will show that these can be
converted into solutions to the original system (LI).

The construction of solutions to (L3]) is based on a vanishing viscosity approach. To that end,
we consider a viscous analogue of system ([[3]) where we add viscosity to both of the species
p1, p2. Given a viscosity parameter v > 0, we introduce the system:

Oip1 = ¥Ap1 =V - (V) + V- (V) = p1F11((2") (@), n) + p2Fr2((2%) 1 (a),n),
Qepa —1Ap2 =V - (2Vq) +V - (p2V) = p1Fo,1 (%) 71 (a),n) + p2Fo((2*) (), n),
pq = e(p) +€*(q),

on — aAn = —n(c1p1 + cap2).

(5.1)

We define weak solutions to this system as follows.

Definition 5.1. Given a viscosity parameter v > 0 and initial data p,py € X(e) and n° €
L?(R%), we say that (p1,p2,q,n) € X(e) x X(e) x Y(e*) x L2 (]0,00); H'(RY)) is a weak solu-

loc

tion to the system (5.I)) with initial data (p9, p3,n°), if pg = e(p) + €*(¢q) almost everywhere,
YVp1,7Vpa € LE ([0,00); L*(R%)), and for every test function 1 € H}([0, 00); H'(R?))
(5.2)

Rdww,x)p?:/ V"L/w(%Vqu'Npl—pr)—plc‘?tw—w(plFl,l((2*)‘1(q),n)+p2F1,2((z*)_1(q),n)),
(5.3)

w<o x)pf = / VW(%Vqu'sz—sz)—pzc?tw—w(ple,l((2*)‘1(q),n)+p2F2,z((z*)‘1(q),n)),

(5.4) y ¥(0,2)n° = / aVi) - Vn —ndpp + n(cipr + cap2)

where p = p1 + pa.
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When ~v > 0, the existence of weak solutions to (5.1) is straightforward, as the individual
densities will be bounded in L2 ([0,00); H'(R%)) N HL ([0,00); H~1(R)). Since this space is
compact in L2 ([0, 00); L?(R?)), one can construct the solutions as limits of an even more regu-
larized system (with enough regularity existence of solutions can be shown with a standard but
tedious Picard iteration). Thus, we can assume the existence of a sequence (p1 i, p2.k, gk, 7k ) such
that for each k the variables are a weak solution to (5.I]) with viscosity parameter v > 0. We
will then use our efforts from the past two sections to show that when v, — 0 we can still pass
to the limit in equations (5.2H5.4]) to obtain a solution to (L3]). In fact, we will show that we can
pass to the limit even when the underlying energy function e is changing along the sequence.

We begin with the strong precompactness for the pressure gradient.

Proposition 5.2. Let ex be a sequence of energy functions satisfying (e1-e3) and suppose there
exists an energy e satisfying (el-e3) such that ey converges pointwise everywhere to e. Let
pi € X(er),qn € V(er), and puy, € LOO(ka) be sequences of densities, pressure, and growth terms

that converge weakly in Ll (Qoo) to limits p € X(e),q € V(e*),p € L‘X’(%). If prqi converges
weakly in Ll (Qoo) to pg and for every w € W2 ([0, 00))

65) [ el ulVal + @)V V- ung < [ w0l 0.0)ds
oo R4

(5.6) /R wl0)e(pl0, ) dr < / —e(p) 0w + WVl + we (@)Y - V — wpq,

and

(5.7) liglsolip /Rdw(O)ek(pk(O,x)) + /Qoo wq < /]Rd w(0)e(p(0,z)) + /wwqu,

then Vq;, converges strongly in L2 ([0,00); L*(RY)) to Vq.

loc

Proof. If we combine (50, (57) and (&), we get the string of inequalities

limsup/ —er(pr)Oww + w|Vai|* + wep(qr)V - V

k—00

<timsup [ wOe(p0.0)+ [ wnu < [

k—o00

w(0)e(p(0.2)) + / g

oo R oo

< / —e(p)Ow + w|Vq|* +we(q)V - V

Thanks to Prop B.2, the weak convergence of pyq; to pg implies that e(py), e;(qx) converge
weakly in Ll (Q) to e(p),e*(q) respectively. Therefore,

(5.8) limsup/ w| V| S/ w|Vgl* < o0.
k—o0 o Qoo

The L2 ([0, 00); L?(R?)) boundedness of Vg; along with the weak L. (Qo) convergence of gy

to ¢ implies that Vg converges weakly in L2 ([0,00); L?(R?)) to Vg. Combining the weak

convergence with the upper semicontinuity property (B8], it now follows that Vg converges

strongly in L2 ([0, 00); L?(R%)) to Vg. O

The next two Lemmas are technical results that will help us guarantee that we can pass to
the limit in all of the terms in (B.2]) and (5.3]).
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Lemma 5.3. Let e;, be a sequence of energies satisfying (el-e3) and suppose there exists an energy
e satisfying (el-e3) such that ey converges pointwise everywhere to e. Let py € X(ex),qr € YV(ey)
be sequences of uniformly bounded density and pressure variables that satisfy the duality relation
pqu = exr(pr) + €} (qr) almost everywhere. If qi converges strongly in L% _([0,00); HY(R?)) N
([0, 00); L2(RY)) to a limit p, then

d+4

LY (Qoo) to a limit q and py, converges weakly in L}

loc

for any compact set D C Qo

Proof. Clearly for any ¢ € C>°(Q~) we have

lim sup / OPKqL = / ©pq-
k—00 o Qoo

Thus, by Proposition B2, the limiting variables satisfy the duality relation pg = e(p) + e*(q)
almost everywhere.
Let M = supy||pkl| o< (py < 0o. Define €; and e* such that €;(0) = 0,e*(0) = 0, and

der(b) = {mln(a, M) :a € dep(b)}, 0e*(b) ={min(a,M):a € de*(b)}

Let e, = (€;)* and e = (&*)*. Clearly, we still have the duality relations prpqr = €(pr) + €*(qx)
and pg = €(p)+e*(q) almost everywhere. It also follows that €}, e* are uniformly Lipschitz on the
entire real line and uniformly bounded on compact subsets of R. As a result, €}, must converge
uniformly on compact subsets of R to €*.

Fix some 6 > 0. Convexity and the duality relation imply that

< EZ(qurc?)—é};(q;f), b < 5*(Q+5)—é*(Q)7
5 5
and ) ) ) )
o > 62(%)—62(%—5)7 > eila) —e(g—9)
5 5
Therefore,
/ o — pil|Vql?
D
er(qr +90) + e (q—9) —exla) —e"(q), e (qg+9)+eéplgr — ) — éxlar) — € (q)
</ (% L [+ =0 )Ival*

Thus, it follows that
(g+9)+e 0) — 2e*
s [ o pil vl <2 [ | =0 22 gy

If e* is continuously differentiable at a point b € R, then

hmé (b+0)+e*(b—23)—2e*(b)
6—0 )

=0.

The singular set S C R of values where €* is not continuously differentiable is at most countable.
Therefore, |Vq| is zero almost everywhere on the set {(¢,z) € D : ¢q(t,x) € S}. Hence, by
dominated convergence,

lim 2
6—0

/ ’é*(q +5) + e*((sq B 5) B 2é*(Q) qu’2 =0
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Lemma 5.4. Let z; be a sequence of energies satisfying (z1-z3) and suppose there exists an
enerqy z satisfying (z1-z3) such that zp, converges pointwise everywhere to z. Define ey, e by for-
mula (Z1). Suppose that (p1y, pak,ar k) € X(ex) x X(ex) x V(eg) x Liy ([0, 00); H'(RY))
is a sequence such that (p1i + p2r)ak = erx(pir + p2k) + ei(qr) almost everywhere. Sup-
pose that py k, pak converge weakly in LT ([0,00); L"(R%) to limits p1,p2 € X(e), qi converges

loc
2d+4 .
strongly in L,*™* ([0,00); L2 .(RY)) N L2 ([0, 00); HY(R?)) to a limit q, and ny, converges strongly
in L2 ([0,00); L*(RY)) to a limit n. If the growth terms F,; satisfy assumptions (F1-F2),

then p; iF; j (zk_l(qk),nk) converges weakly in LT, ([0,00); L"(RY)) to p;F; (271 (q),n)) for all
i,7 € {1,2} and any r < oo.

Proof. It suffices to prove the convergence of p; ;. F1 1 (Zk_l(Qk),nk) to p1Fi 1 (z_l(q),n), the ar-
gument for the other terms is identical. Let ¢ € C°(Qs) and let D C Qo be a compact set
containing the support of ¢. For N € R define Sy := {(t,z) € D : qx(t,x) + ng(t,z) > N}.
From the uniform bounds on the norms of g, ny it follows that limy_ o supy, | Sk x| = 0. Thus,
we can assume without loss of generality that g, ny are uniformly bounded by some M > 0 (and
of course this same logic applies to ¢, n as well).

Let boo = sup{b € R : 2*(b) < oo}. Fix e € (0, 2%(bso)/2) and let gy, . = min(max(e, g ), 2* (boo ) —
€),¢c = min(max(e,q), 2*(boo) — €). It now follows that (2}) '(qk.), (2*)"*(ge) are uniformly
bounded in L>(D). Thanks to Lemma[A] we know that (2;)~! converges uniformly to (2*)~!
on (€,2*(boo) — €). Combining this with properties (F1-F2), and the various convergence proper-
ties of gy, ny, p1,1 it follows that

lim sup ‘ / @(kaFLl((z;;)—l(qk,e),nk) - plFl,l((z*)_l(QE),n)> ‘ =0.

k—00

Thus, it remains to show that

(5.9) el—i>r(1)1+ /Q ©p1 <F1,1 ((z")"M(ge)sm) — F1,1((z*)—1(Q),n)) ‘ =0
and
(5.10) El_i:%l+ liglsolip ‘/ ©P1k (F171 ((zZ)_l(qk@),nk) —Fia ((z;;)_l(qk),nk))‘ =0.

To do this we will exploit the density pressure duality relationship. Thanks to the relationship
between e and z, we can express the duality relation as (p1 k+p2.x)(25) " Hak) = zk(p1.6+p2.k) + k-
Fix some § > 0 and split the support of p;; into the sets p; < 6 and p; > 6. Again using
duality, we have

0 < pri < prg+pak € 0zp o (27) o
Thus, for almost every (t,x) where p1 (¢, ) > 6, it follows that (z;)~! is at worst 6~ ! Lipschitz
at the value qx(t,z) and (2}) "' (qx(t,)) is uniformly bounded with respect to k. Thus,

‘/Qoo ©P1k <F1,1((ZZ)_1(Qk,e),nk) - F1,1((ZZ)_1(%),M))‘

< Bd|lpllpi(py + ws(2e6™ o1kl oy 1ol o (py + 101,521 oo ()| D
where B is a bound on Fi; and ws is the modulus of continuity of Fj; on the bounded set

(Ul (anlt,2)) : pra(t.@) = 8}) x [0.M] and Dy, = {(t,2) € D s gult,) > 2*(boc) + ).
The convergence of z;, to z implies that limsupy,_,., |Dg,| = 0 for all fixed € > 0. Thus, sending
k — oo, then € — 0T, and then § — 0T, we get (5.10). The strong convergence of g implies that
the duality relation (p; + p2)(2*) ' (q) = z(p1 + p2) + ¢ holds, thus we can use a similar argument

to obtain ([B.9).
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O

At last, we are ready to prove our main result, which will let us pass to the limit when we
consider sequences of weak solutions to (.I]). Note that the following theorem applies in the
case where the viscosity is decreasing to zero along the sequence, as well as when the viscosity is
zero along the entire sequence.

Theorem 5.5. Let zj, be a sequence of energies satisfying (z1-z3). Suppose there exists an energy
z satisfying (z1-z3) such that zj converges pointwise everywhere to z. Define eg,e by formula
Z3). Let p?, p§ € LY(RYNL>®(RY),n® € L2(RY) be initial data such that e(p)+p9) € L'(RY). Let
Ve L _([0,00); L2(RY)) be a vector field such that V-V € L®(Qs) and let F; j be source terms

loc
satisfying (F1-F2). Let pyg,pax € X(er), qx € V(e}), ng € L2 ([0,00); H(RY)) be sequences
of density pressure and nutrient variables such that Vpy j, Vpay € L2 ([0,00); L*(RY)). Suppose
that for each k, the variables (p1 k, p2,k, Gk, k) are weak solutions to the system (Z1) with energy
ek, viscosity constant vy, > 0, and initial data (p9, p3,nY). If yx converges to 0 and at least one

of the following two conditions hold:

(a) 0z(a) is a singleton for all a € (0,00),

(b) the source terms satisfy the additional condition (F3),

then any limit point (p1, p2,q,n) of the sequence is a solution of (I.3).

Proof. Step 1: Uniform bounds, basic convergence properties, and parabolic structure.
Summing the first two equations of (B.I) together, we see that for any test function 1 €

W0, 00); HY(RY)) pr, qi are weak solutions to the parabolic equation
(5.11) /d $(0,2)p° = /Q —pkO + VY - (Vak + % Vpr) — pV -V — dp
R oo

where pr, = p1k+p2k, e = p1 ok and ik = p1Fia ((25) 7 (e i) 2,6 F 2 ((25) ™ gk, nk)).-
Thanks to Proposition 3] p, qx, ur must satisfy the energy dissipation inequality

/ —e(pr) O + w|Vai|? +we (g)V -V — wprgy < /d w(0)e(p°(x)) da,
oo R

for every nonnegative w € W1*°([0, 00)) and the estimates [I0)-(@I7). After plugging estimate

(#I0) into estimate [#I2), it follows that all of the estimates [EIIHAIT) are independent of k

and only depend on p°, V and the bounds on F; ;. Thus, pg,q. are uniformly bounded in

the norms estimated in (LII)-(IT). As a result, there must exist p € X(e), ¢ € V(e*) and
2d+4

p € L2 ([0,00); L® (RN LY (RY)) such that py, g, iix converge weakly in L% ([0, 00); L2 (R%))

loc loc loc

(along a subsequence that we do not relabel) to p, ¢, i respectively. Note that for p, py the weak

convergence in fact holds in Lj, .(Q«) for any r < occ.

Property (F2) implies that 0 < py 4, p2% < pr. Hence, pij, p2 are uniformly bounded in
L ([0, 00); LY (RYNL®(R?)) and there exist limit points p1, p2 (and a subsequence that we do not

loc

relabel) such that py x, pa . converge weakly in LT ([0, 00); L*(R?)NL"(R?)) to p1, p2 respectively

loc
for any » < oo. Furthermore, the bounds on pj j, p2 r combined with standard results for the

heat equation imply that ny, is uniformly bounded in L2 ([0, 00); H*(RY))NHL ([0, 00); H~1(R?)).

loc

Hence, the Aubin-Lions Lemma implies that there exists a limit point n € L2 ([0, 00); H!(R%))

loc
and a subsequence (that we do not relabel) such that ny converges to n in L2 ([0, 00); L2(R%)).

Thanks to the linear structure of equation (B.I1]), the convergence properties we have estab-
lished are strong enough to send k — oco. Thus, p, ¢,  satisfy the weak equation

(5.12) [ 000 @) do = | Vg6 = gl = V- Vb~ .
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for any ¢ € W ([0,00); HY(R?)) After taking the limit, the bounds on p,q, x inherited from
the estimates [EIIHLIT) allow us to conclude that (512 holds for any v € We'(]0, 00); L (p) N
H'(R%)). Thus, Proposition implies that for every w € W2 ™([0,00)) the limit variables
p, 1, q satisfy the energy dissipation relation

/ w(0)e(p(0, 2)) dz = / —e(p)Ohw + w|Vg|? + we (@)Y - V — wig.
Rd o
Step 2: Weak convergence of the products pi 1qx, p2,kqk-

We want to use Lemma [B.3] to prove that p; rqi converges weakly to p;q for i = 1,2. This will
imply that prqr converges weakly to pq. Fix some € > 0 and let 7. be a spatial mollifier. Define
Pik.e = Ne * pif and p; o = ne * p;. Thanks to estimates ([LIIHLIT), it follows that

Sup 19cpi kel L2(@p) + IV PikellL2(Qr) Se sup okl L2(Qr) + IPik i (0,77, -1 (rty) < 00

Thus, for € > 0 fixed, p; ., is uniformly equicontinuous in L?(Qr). The uniform bounds (EIT))
and (ZI3) automatically upgrade this to uniform equicontinuity in L"(Qr) N L'(Qr) for any
r < oo. In addition, the estimates (LI7)) and (£I4]) imply that g is spatially equicontinuous

2d+4

in ;2" (Qs). Thus, we can apply Lemma to conclude that p;rqr converges weakly in
2d+4

(Ce(Qs0))* to pig for i = 1,2. The uniform boundedness of p; xqx in L% ([0, 00); L?(R?)) gives

2d+4
us the automatic upgrade to weak convergence in L,*** ([0, 00); L?(R?)). Now Proposition
implies that pg = e(p) + €*(q) almost everywhere and e(py) and e*(gx) converge weakly to e(p)
and e*(q) respectively.
Step 3: Strong convergence of Vi to Vq in L2 (]0,00); L?(R%)).

We now want to use Proposition to prove the strong convergence of the pressure gradient.
Note that the pointwise everywhere convergence of zp to z implies the pointwise everywhere
convergence of e to e. We have already shown that prqi converges weakly to pg and verified
the inequalities (0] and (&.6). Thus it remains to show that the upper semicontinuity property
(&) holds. To verify this condition, we will need to consider the scenarios (@) and (D)) separately.
Step 3a: Scenario (@) holds. When 0z(a) is a singleton for all a € (0, 00), it follows that de(a)
is a singleton for all a € (0,00) and hence e* must be strictly convex on (0,00) N (e*)71(R).

Thus, Lemma [A3] implies that g, converges in measure to ¢q. Since g, is uniformly bounded

2d+4
in L,2 ([0, 00); L2 (RY)), we can upgrade the convergence in measure to strong convergence in
1oe(Qoo) for any r < zdd—ﬁ. From the strong convergence, it is automatic that

lim sup / WHEGE = / whq
k—oo o Qoo

any w € Wo™([0, 00)).
Step 3b: Scenario (0) holds

Without strict convexity of the dual energy, the weak convergence of e} (g;) does not give
us strong convergence of gi. Thus, to prove (B.7) we will need a more delicate argument that
exploits the structure of the product g px

We begin by fixing some § > 0 and letting Js be a space time mollifier. Set g s := Js * g, and

s == qxJs. It is clear that g 5 converges strongly to s in L ([0,00); L2 (R4)) and gs converges
2d+4

strongly to ¢ in L,2" ([0,00); L2 (RY)). Thus, it will be enough to show that

loc

lim inf lim sup/ w(qr — qrs) ik <0,

=0 k—oo
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fori=1,2.

We focus on the case i = 1 (the argument for ¢ = 2 is identical). Assumption (F3) and the
monotonicity of (z) ™! guarantees that g — Fi1((2;)"*(q),n) + Fi2((2f) (), n) is decreasing
for each fixed value of n. As a result, there must exist a function f : [0,00) x [0,00) — R such
that for each fixed value of n, we have f;(0,n) =0, ¢ — fr(g,n) is convex, and —0,fr(¢,n) =
Fia1((z5) % q),n) + Fi2((25)"*(g),n). The structure of p11 , combined with the convexity of f
implies that

/ w(qr — qrs) ik < / wp1 i (fe(ars:nk) — fe(qrs k)
Qoo Qoo

Since Fi 1 + F1 2 is uniformly bounded over R X [0, 00), it follows that f, is uniformly Lipschitz
in the first argument. Uniform equicontinuity in the second argument is clear when ¢ = 0. For
g > 0, fix some € € (0,q) and consider ny,ny > 0. We see that

2 rq
| fe(g,n1) — fr(g,n2)| < Z/O |Fi((z0) 7 (@), n1) — Fri((27) " (@), n2) |da.
im1

2
< 2Be+q sup |F1,i(b,n1) — Fi(b,na)],
bel(z;) (@) (z) @) =1
where B is a bound on F; + F 2. Assumption (z3) and the pointwise everywhere convergence
of zj, to z implies that (z})7!(e), (z;;)~'(g) are uniformly bounded with respect to k. Thus, it
now follows that fj is uniformly equicontinuous in the second argument on compact subsets of
[0,00)2. As aresult, fr must converge uniformly on compact subsets of [0, 00)? to a limit function
f that is convex in the first variable and continuous in the second.
For all k£ we have |fx(g,n)| < Bq. Thus, it is now clear that

liminflimsup/ wm,k(|fk(qk,5,nk)—f(q,n)|+|fk(%nk)—f(%nk)|+|f(%n)—f(%nk)|) =0.

-0 koo o

It remains to prove that

1imsup/ wprk(f(g,n) — flgr,n)) <O0.

k—00 o

Let f*(a,n) = supgc(o,o0) ag — f(g,n). Given any smooth function ¢ € C2°(Qos), we have

/ wpri(F(a.m) — flgen) < / wpri (g m) — k) + wprpf ().

oo Qoo

Using the weak convergence of the product p1 rqi to p1q we see that

1imsup/ wprk(f(g,n) — @) + p1ef* (¥, n) =/ wp1(f(g:n) — q¥) +wprf* (¥, n).

k—o00 o Qoo

Taking an infimum over 1, we get

1imsup/ wprk (fla,n) = flar,n)) <0.
k—00 o
as desired.
Step 4: Passing to the limit in the weak equations

Now that we have obtained the strong convergence of the pressure gradient, we are ready
to pass to the limit in the weak equations. In Lemma [£.4] we showed that the source terms
converge weakly to the desired limit under the convergence properties that we have established.
The weak convergence of the remaining terms is clear except for the weak convergence of the
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product p““ qu to %Vq. Given some ¢ > 0, it follows from Lemma [5.3] that V@ converges

strongly in L2 ([0,00); L?(R%)) to —Vq. Thus, if we can show that

p+6

foc =)

(5.13) lim inf </ L]Vq\z —Hlmsup/ Mii’k\v%\z) =0,
6-0 r P(p+0) koo JQr Pr(Pk +0)

then it will follow that p; LV gy, converges weakly in L2 ([0, 00); L?(R%)) to %Vq.

Since p; 1, < p, and p; < p, the left hand side of (5.I3)) is bounded above by
)
o 2 2
i ( /Q gl +lmgigp / orrsval)

= lim inf \V 2,
6—0 Qr + (5

where we have used Lemma[5.3]to go from the first line to the second. The property lim sup,_,o+ %1)

0 combined with the duality relation implies that ¢ = 0 whenever p = 0. As a result, |Vq| gives
no mass to the set of points where p = 0. By dominated convergence

26
liminf/ ———|Vq¢*=0
6—0 Qr p—|—5
(]

Corollary 5.6. Let e be an energy satisfying (el-e3) such that de(a) is a singleton for all

€ (0,00). Let F;; be source terms satisfying (F1-F2). Given initial data p,p3 € L*(R?) N
L®(RY),n® € L2(R?) such that e(p§ + p9) € LY(RY), there exists a weak solution (py,p2,q,n) €
X(e) x X(e) x Y(e*) x L2 ([0,00); HY(R?)) to the system (I.3).

loc

Proof. For v, = %, the existence of a solution to the system (G.J]) for the fixed energy e is
straightforward. Using these solutions, we can pass to the limit as & — oo using Theorem
O

Corollary 5.7. Let e be an energy satisfying (el-e3) and let F ; be source terms satisfying (F'1-
F3). Given initial data p{,p9 € L*(RY) N L®°(RY),n® € L2(RY) such that e(p) + p3) € L'(RY),
there exists a weak solution (p1,p2,q,n) € X(e) x X(e) x Y(e*) x L2 ([0,00); HL(R)) to the
system (I.1).

Proof. See Corollary O

Corollary 5.8. Let F; ; be source terms satisfying (F1-F3). Given initial data pY, p§ € L'RHN
L®(RY),n® € L2(RY) such that pi + p3 < 1 almost everywhere, let (p1.m, p2.ms Gm,Mm) € X (€) X
X(e)xY(e*)x L2 ([0,00); HY(R?)) be weak solutions of the system (I-3) with the energy em(a) =
M. Asm — oo, any weak limit point of the sequence (p1,m, P2,ms dm:Nm) 1S a solution to the
system (1.3) with the incompressible energy
0 if a €[0,1],
eoola) =
(@) {—I—oo otherwise.
Proof. 1t is clear that e, converges pointwise everywhere to e,,. We can use Corollary to
construct weak solutions of (3] for each m > 0. We can then use Theorem to pass to the
limit m — oc. U

At last, we will show that weak solutions to (IL3]) can be easily converted into weak solutions

to (IT).



22 MATT JACOBS

Proposition 5.9. Let z be an energy satisfying (z1-z3) and define e by formula (21]). Suppose
that p), p9 € LY(RYHNL>®(RY), n® € L2(R?) is initial data such that e(p+p3), z(p{+p9) € L' (R?).
If (p1,p2,q,n) € X(e) x X(e) x Y(e*) x L2 ([0,00); H'(R)) is a weak solution to the system

2d+4

(I3) and we set p = (z*)7L(q), then (p1,p2,p,n) € X(e) x X(e) x L2 ([0,00); LL .(p)) N
L2 ([0,00); H'(p)) x L% ([0,00); H'(R?)) is a weak solution of (I.1).

loc loc

Proof. The duality relation pg = e(p) +€*(q) is equivalent to pp = z(p) + 2*(p) = z(p) + ¢. Given
a compact subset D C Qo we have
[ o= [ )+
D D
Thus, p € Li .(p).

If sup de*(0) > 0, then (2*)~! is uniformly Lipschitz on all of [0,00) and p is bounded away
from zero on ¢ > 0. By the duality relation and the chain rule for Sobolev functions, we have
Vp = %Vq and Vp € L ([0,00); L? (R9)). In this case, it is now clear that (p1, p2, p,n) is a weak
solution to (LIJ).

Otherwise, we are in the case where ¢ = 0 implies that p = 0 and we cannot extend (z*)~! to
be uniformly Lipschitz on [0, 00). Fix some § > 0 and let 75 : [0,00) — R be a smooth increasing

function such that ns(a) = 0 if a < ¢ and ns(a) = 1 if @ > 24. Since limsup,_ o+ @ =0, it
follows that % is bounded on ¢ > 8. Given any test function ¢ € L°([0,00); W2 (R?)) we see
that

/QoopV-(cpna(Q)) Z/wpp%T@V'soerp@qu

Since p must be bounded on the support of 7j(q), it follows that the above integral is well defined.
Define g5 := max(q,d), and ps := (2*)"1(gs). Since (z*)~! is Lipschitz on [§, ), the chain rule

(@)

for Sobolev functions allows us to compute Vps = X‘STVq where ;s is the characteristic function

[6,00). Furthermore, on the support of 7s, nj it follows that p = ps. Hence,

(5.14) /Qoopv'(sona(Q)) =/QoopaprEq)V-soerap@qu:/M%T@Vq-so

Thus, Vp is well defined as a distribution against any test vector field of the form 7s(q)y where
¥ € L(]0, 00); W™ (RY)) and when tested against these fields we have Vp = %Vq. Examining

equation (5.I4]), we see that we can in fact relax ¢ to belong to L2([0,00); L?(R%)).
It is now clear that if g is some function such that 0 < g < p then we have gVp = %Vq on

the support of 7;5(g). Since n5(q)%Vq € L% ([0,00); L?(R9)) independently of 4, it follows that

loc

gVp € L2 (0,00); L*(R%)). Thus, we can conclude that

loc
o
;’Vq-soszp-cp

where ¢ is any element of L2([0,00); L2(R%)). Tt now follows that (py, p2,p,n) is a solution to
the system (ILI]). The regularity of p can then be improved by arguing as in Propositions
and O

The proofs of Theorems [[LTI[I.2], and [[.3] are now just corollaries of the previous proposition,
Theorem [5.5] and Corollaries and 570
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APPENDIX A. SOME CONVERGENCE RESULTS FOR SEQUENCES OF CONVEX FUNCTIONS

Lemma A.1. Let f: R — RU {400} be a proper, lower semicontinuous, conver function such
that f~Y(R) is not a singleton. If fr : R — R U {+oo} is a sequence of proper, lower semi-
continuous convex functions such that fi converges pointwise everywhere to f then the following
properties hold:

(1) If f is differentiable at a point a € R, then
limsup max (| sup fy(a) — f(a)] , |inf fi(a) = f'(a)]) = 0.

k—o0
(2) The convergence of fi to f is uniform on compact subsets of the interior of f~1(R).
(3) fi converges pointwise everywhere to f* except possibly at the two exceptional values
bl =sup{b € R: 2*(b) < oo}, by, = inf{b € R: 2*(b) < oo}.
(4) If f* is differentiable at a point b € R, then

timsupmas (| sup 9 (b) — /()] . [inf O (6) ~ F/0)]) =0.

k—o0

and the convergence of f to f* is uniform on compact subsets of the interior of (f*)~1(R).

Proof. Let a be a point of differentiability for f. Since f’(a) exists and is finite, there exists o > 0
such that f is finite on [a — dg, a + dp]. Fix some & € (0,0p). The convergence of f; to f implies
that there must exist some N, B sufficiently large such that |fx(a)l,|fk(a — 0)|,|fx(a + d)| < B
for all £ > N. Now we can use convexity to bound

fr(a) = fr(a—0) frla+6) — fr(a)
5 .

< infdfg(a) < supdfy(a) <

1)
Thus,
timsupmax (|supfe(a)—r'(@) |t 05ila)— (@)} < [1LLEZDpr HOED =Ty

Sending § — 0 and using the fact that f is differentiable at a, we get the desired result.

Now suppose that [ag, a1] is an interval in the interior of f~(R) and choose some ¢ > 0 such
that [ag — &, a1 + 6] is still in the interior of f~(R) and f is differentiable at ag — d,a; + 6. Given
any a € [ap, a1], we have

f(ag —6) <infdf(a) <supdf(a) < f'(a1 +9).

It then follows from our above work that Ofi(a) is uniformly bounded on [ag,a1] for all k
sufficiently large. Hence, fi is uniformly equicontinuous on [ag, a1] and thus converges uniformly
to f.

Now we consider f*. Fix some b € R. If f*(b) = 400, then for each j € Z there exists a; € R
such that a;b — f(a;) > j. We can then compute

liminf f(b) > liminf a;b — fi(a;) > j.
k—o0 k—o0

Thus, liminfy_, f;(b) = +00.
If b, = b, then we are already done. Otherwise, given b € (b, bL), let ag, a; be the infimum
and supremum of the set {a € R: b € df(a)} respectively. Since b € (b ,bL), ag,a; must exist

and are finite. Furthermore, for any a € [ag, a1] we have f*(b) = ab— f(a).

If we fix some 0 > 0, it follows that M <b< w, and hence for all &k

sufficiently large M <b< w Hence, for all k sufficiently large

fi) = suwp  ab— fi(a).

a€lap—d,a1+4]
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It is now clear that liminf,_, f7(b) > f*(b).
If ag < ap then f is differentiable at all a € (ag,a1) and f/'(a) = b. Therefore if we fix some
a’ € (ag,ay) and for each k choose some by € dfy(a’) then

i) < sup ab— fr(a')—br(a—a’) < max ((ao—é)b—bk(ao—é—a/) , (a1+5)b—bk(a1+(5—a')) —fr(ad)
a€lap—d,a1+9]
Since by, — b, we get
lim sup f(6) < a'b— f(a) = F*(b).

k—00
Otherwise if ag = ay, then since f~!(R) is not a singleton, we can find a sequence a; converging
to ag such that f is differentiable at a; for all j. For each j,k choose some b;; € 0fi(a;) and
note that limy_, b = f'(a;). Thus, we can compute
limsup f;(b) < limsup  sup  ab— fi(a;) — bjr(a — ay)
k—o0 k—oo a€lag—F,a0+7]
< agb — f(aj) — f'(a;)(ao — a;) + &(|b| + |f'(a;)])
Sending § — 0 and then j — oo, it follows that
fmsup ¢ (0) < aob — f(ao) = (1)
—00
as desired.
We have now shown that limy_,, f5(b) = f*(b) except possibly at b = b, b5,. Since b, b5,
does not lie in the interior of (f*)~!(R), we can use the same argument we used to establish
properties (1) and (2) to establish property (4). O

Lemma A.2. Let z : R — RU{+4o00} be an energy satisfying (z1-23) and let z;, : R — RU {400}
be a sequence of energies satisfying (z1-z8) such that zj converges pointwise everywhere to z. If
we set boo = inf{b € R : 2*(b) = +oo} then (2;)~! converges uniformly to (z*)~* on compact
subsets of (0,2*(bso))-

Proof. If z*(bso) = 0, then there is nothing to prove. Otherwise, given € € (0, 2*(bs)) there must
exist b /o < be € R such that 2*(b. /o) = €/2 and 2*(bc) = e. It then follows that for all b > b, and

k sufficiently large
€

4(b6 - be/2)
As a result, (z;)”" is uniformly Lipschitz on [e,2"(bs)). Choose some value a € [e, 2" (b))
and let b = (2*)71(a). Let ax = z;(b) and note that once k is sufficiently large we must have

a € zj(R). Thus,
|(z*)7Ha) = () 7M@) = [b = (25) " (ar + a — ax)| < Lela — a| = Le[2*(b) — 25 (D)

Now the uniform convergence of z; to z* on compact subsets of (—00,bs) combined with the
Lipschitz bound implies the uniform convergence of (z})~! to (2*)~! on compact subsets of

(0, 2%(boo))-

< inf 0z (b).

-1

O

Lemma A.3. Suppose that fr : R — R is a sequence of proper, lower semicontinuous, convex
functions that converge pointwise everywhere to a function f: R — R that is also proper, lower
semicontinuous, and convex with ag := inf{a € R : f(a) < oo} < sup{a € R: f(a) < o0} =: a;.
Let uy, € LIIOC(QOO) be a sequence of uniformly integrable functions such that uy converges weakly
in Li (Qoo) to a limit u € LL (Quo). Suppose in addition that the sequence fi(uy) converges
weakly in Li (Quo) to f(u) € Li ([0,00); LY(RY)). If there ezists v € L (Qo) such that
v € df(u) and f is strictly convex on the interior of f~1(R), then uy converges locally in measure
to u.
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Proof. Fix a compact set D C Quo. Fix € > 0 and let Sy = {(t,z) € D : u > a1 + €}. Choose
some value a € (ag,aq). Since f(a) is finite and fx(a; + €) must approach co as k — oo, it follows
that fi is increasing at a; + € for all k sufficiently large. Therefore,

fim sup || f(as +0) < limsup [ () <timsup | |fufus)] < ox,
k—o0 k—o0o J S e k—oco JD

where in the last inequality we used the fact that the sequence fi(uy) is uniformly bounded in
Ll (Qoo). Of course the above inequality is only possible if limsupy,_,.. [Sk.| = 0. A similar
argument shows that the measure of the sets {(t,z) € D : u(t,z) < ap — €} also vanishes in the
k — oo limit.

Given some 0 < (a; —agp)/2, define uy s = max(ag+ 0, min(ux, a1 —9)) and vy s = inf O fi(ug s)-
From the convergence properties of uy and fx(uy) we have

lim /D Felu) = £(u) = v(uw, — u) = 0.

k—o0

Therefore,
0> 1imSUP/ fe(urs) + vps(up — ups) — flu) —v(ug — u).
k—00 D
For 0 > 0 fixed, Lemma [A.1l implies that fi(uys) — f(uk,s) converges uniformly to zero. Hence,

0 > lim Sup/ Vks(up — ugs) + furs) — flu) —v(up — u).
k—o0 D

For ¢ sufficiently small, either vy s(ur, — uy 5) is positive or vy, 5 is bounded. Either way, from the

uniform integrability of u; and our work in the first paragraph, it follows that

lim lim sup/ U5 (up — ug,5) + v(ug —ugs) > 0.
=0 k—oo JD

Thus,

(A1) 0> hm lim sup/ flugs) — fu) —v(ugs —u).
k—o0
Given € > 0, let Dy 5. = {(t,z) € D : Jups —u| > €}. Equation (AJ) is a Bregman divergence
of a strictly convex function, therefore,

lim lim sup | Dy 5| = 0.
=0 koo

If we let uj, = max(min(a1,ug),a0) and Dy . = {(t,x) € D : |uy, — u| > €} then it is clear that
limsupy,_, |Dg,e| = 0. Thus, uj, converges locally in measure to u. From our work in the first

paragraph we know that u; — ) converges locally in measure to zero, thus we are done.
O
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