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WEAK AND RENORMALIZED SOLUTIONS TO A HYPOELLIPTIC MEAN
FIELD GAMES SYSTEM.

NIKIFOROS MIMIKOS-STAMATOPOULOS*

Abstract. We study the well-posedness of a degenerate, hypoelliptic Mean Field Games system with local
coupling and Hamiltonians which are either Lipschitz or grow quadratically in the gradient. In the former case, we
prove the existence and uniqueness of weak solutions while in the latter we study the same question for renormalized
solutions. Our approach relies on the kinetic regularity of hypoelliptic equations obtained by Bouchut and the work
of Porretta on the existence and uniqueness of renormalized solutions for the non-degenerate Mean Field Game
system.
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Introduction. We establish the well posedness (existence and uniqueness) of solutions
of the local, hypoelliptic Mean Field Games system (MFG for short)

—0u — Ayt + v Dyu + H(Dyu) = F(t, x,v,m(t, x,v)) in (0, T) x R? x R?,
0.1 0im — Aym —v - Dym — div,(mH,(D,u)) = 0, in (0, T) X R? x R4,
u(T, x,v) = G(x,v, (T, x,v)), (0, x, v) = mo(x, v).

The Hamiltonian H : R? — R is convex, the coupling term F : [0, TIXRxRIXR — R as well
as the terminal cost function G : R xR xR — R are increasing in m, and my : RYIxRY - R
is a given probability density.

Systems like (0.1) formally describe the equilibrium of an N-player game, when N tends
to infinity, of indistinguishable players, where each player makes decisions based on the dis-
tribution of the other co-players. In this setup, it is natural to interpret x € R¢ as the position
and v € R? as the velocity of such players. More precisely, the players control their acce-
laration in order to minimize the cost introduced by the coupling F' and the Hamiltonian H,
which leads to the Hamilton-Jacobi-Bellman equation (HJB for short). The optimal feedback
is then given by the vector field —(v, D,,H(D,u)), under which, their distribution changes ac-
cording to the degenerate Fokker-Planck equation (FP for short). As far as applications are
concerned, we refer to the flocking model in Carmona and Delarue [11], and for a first or-
der system we refer to Bardi and Cardaliaguet [2], Griffin and Meszaros [19] and Achdou,
Mannucci, Marchi and Tchou [1]. Finally, we mention that the general form of (0.1) is rem-
iniscent of Boltzmann-type equations, which have been investigated in the MFG context by
Burger, Lorz, Wolfram [7] in a setting different to the one used in this paper.

MFG were introduced by Lasry and Lions in [21], [22], [23] and, in a special case, by
Huang, Caines, Malhame [20]. Although there has been extensive study of non-degenerate
second-order mean field games, with a local or non-local coupling, less has been done in the
degenerate setting, an example of the latter being hypoelliptic MFG. In this setting, when the
degeneracy is a sum of squares, Dragoni and Feleqi studied in [15] the ergodic problem; see
also Feleqi, Gomes and Tada [16]. When H(p) = %Iplz, Camilli in [8], obtained, using the
Hopf-Cole transformation, weak solutions to (0.1) with uncoupled terminal data. We remark
that the assumptions of Camilli appear almost complementary to the ones in this paper, as
the existence of solutions in [8] is established for terminal data that have to be unbounded
since they need to be superquadratic. For results in the case of non-Hérmander degenerate
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systems, we refer to Cardaliaguet, Graber, Porretta and Tonon in [10], who study, using a
variational approach, degenerate MFG systems, for Hamiltonians with super-linear growth
and no coupling on the terminal data of the HIB equation.

Our goal is to show existence and uniqueness for quadratic and Lipschitz Hamiltonians,
under similar assumptions as that of Porretta in [27], where existence and uniqueness of
renormalized solutions was established in the non-degenerate setting. We work with two
different types of Hamiltonian H, that is, with linear or quadratic growth. Furthermore, the

k
degeneracy is not a sum of squares, that is, L is not of the form L := } a;;X;X;, for some
iJ
vector fields X; satisfying Hormanders condition . In the context of hypoelliptic operators,
the degenerate operator L := 9, — A, + v- D, is the simplest and historically the first one to be
studied.
The first result addresses the case of a Lipschitz Hamiltonian, whereas the latter the case of

quadratic Hamiltonian.

THEOREM 0.1. Assume that H, F, G, and my satisfy [H1],[F1],[G1], and [M1]. Then,
there exists a unique weak solution (u, m) of (0.1), according to Definition 1.1. Moreover,
there exists a constant C > 0, such that,

I = 0 + v - Dl 210 xraxray + AUl 120, qxRIxR)

C
+|| = 8im + v - Dyml|r2 g0, Axraxrey + 1A 20, AxRIxRY) < T 1
Furthermore, if F also satisfies [R1], there exists a constant C = C(F,G, H, T, mo) > 0, such
that
sup [lm(®ll> + sup [IDm(®)|y + D}, mll> + ID,Dymllx < C,
1€[0,T] 1€[0,T]
and
sup [lu(®ll2 + sup IDu(®)ll, + |\D; ull> + [ID,Dyullx < C.
1€[0,71] 1€[0,T]
The second result is about renormalized solutions as in Definition 1.4.

THEOREM 0.2. Assume that H, F, G, and my satisfy [H2],[F2],[G2], and [M1]. Then,
there exists a unique pair (u,m), of renormalized solutions of the MFG system (0.1). Fur-
thermore, assume that F,G are only functions of m. Then, there exists a constant C =
C(mgy, F,G,T) > 0, such that

T
f G’ (m(T, x, v))|Dm(T, x, v)|*dxdv + f f F'(m(t, x, v))|Dm(t, x, v)|?
RIXRA 0 JRIxRI

2d
+m Z mD,uH,,(Dytt) Dyttgdxdv < C.
k=1
The existence of a solution, in the case of Lipschitz Hamiltonians, is established using a
Schauder fixed point theorem as follows. Fix a probability density mg. Given u € X :=
C([0,T]; L2(RY x RY)), let u* € C([0, T]; L*(RY x RY)), with D,u € L*([0,T] x R? x R?), be
the unique, distributional solution of

0 — Ayt + v+ Dy + H(Dyu) = F(t, x,0, 1) in (0, T) x RY x RY,
u(T, x,v) = G(T, x,v)) in R x Isz,



and m the unique distributional solution of

0im — Aym —v - Dym — divy(mD,H(D,u*)) = 01in (0, T) x R? x RY,
m(0, x,v) = mo(x, v) in RY x R4.

Set ®(u) = m. We need to show that ® is X—valued, continuous, and compact. The two
aforementioned properties follow easily once we show that ®(m) € L™ with appropriate
bounds. Compactness does not follow immediately, because of the degenerate x—direction.
To work with that, we localize in time the results in Bouchut [4].

For Theorem 0.2, we rely on the work in [27] and mostly adapt the arguments in the hy-
poelliptic setting. In particular, given a Hamiltonian H with quadratic growth (exact assump-
tions are given later), we consider a sequence of Lipschitz pointwise-approximations and the
corresponding solutions provided by Theorem 0.1 and show compactness in the appropriate
spaces. The main technical difficulties and deviations from [27] are the gradient estimates in
hypoelliptic equations with L!—data, which are briefly described next. Let H¢ be a suitable
pointwise Lipschitz approximation of a quadratic Hamiltonian H and (m€, u€) the correspond-
ing weak solutions. In order to show that there exists a limit which is a renormalized solution,
we must show the convergence (up to a subsequence) of u€, m€ in L' ([0, T x RY x R?) and of
the gradients D,(u Ak), D,(m® Ak) of the truncations in L*([0, T1xR4xR?). The compactness
of u€ in L' follows by the results of DiPerna and Lions in [14], while the convergence of the
gradients is due to an appropriate transformation similar to the one used by Porretta in [26]
and the references therein. This important transformation is studied in the Appendix. Finally,
for the FP equation, the crucial bound as pointed out in [27] is that, for some independent of
e, C>0,

0.2) llme|Hyy (Do) lly < C.

This estimate is crucial in the following way. If m€ is a solution to the FP equation (0.1), a
priori, the best independent of e estimate for m*H5(D,u¢) is in L'([0, T] x RY x RY). How-
ever, to obtain fractional gradient estimates we need bounds in L" for some r > 1. The
main observation that allows us to obtain this under condition (0.2), is the following: Due to
hypoellipticity, higher integrability of m“H},(D,u°) should yield higher integrability for m¢,
while under condition (0.2) higher integrability of m¢ should also yield higher integrability
for m“H},(Du¢). We show that it is possible to combine the above gains and obtain higher
integrability with bounds independent of € and therefore use the results from [4].

0.1. Organization of the Paper. In section 1, we state all the assumptions and defini-
tions used throughout the paper. In section 2, we study the backwards HIB and FP equations
with L% —terminal/initial data respectively. The main estimates come from Theorems 4.6 and
4.7. We also obtain results regarding the hypoelliptic FP equation and, in particular, we es-
tablish fractional gradient bounds. Finally, we establish Theorem 0.1. Section 3 is devoted to
the proof of Theorem 0.2. Finally, in the appendix (section 4) we show an important technical
result for the hypoelliptic HIB equation and we give the statements of the theorems we will
use from [4].

0.2. Notation and Terminology. Throughout the paper, d € N := {1,--- ,00}, T > 0
is the terminal time, ¢ € [0, T] is the time variable, x € RY and v,v € R?, and vectors in
[0, T] x RY x R? always appear in the order (z, x,v). For p € [1,00], LP([0, T] x RY x R%),
and L”(R? x RY),, are the non-negative functions of L7([0, T'] X RY x RY) and LP(R? x RY)
respectively. For s > 0, WP(R? xR?) is the usual fractional Sobolev space and D* = (=A)*2,
we refer for example to [13] for the definition of fractional Sobolev spaces. If ¢ = ¢(¢, x,v) :
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[0, TIxR?!xR? > Ror ¢ = ¢(x,v) : R X R? > R, we write D*¢ = D2 ¢, for the hessian in
d d

the space variables, Ay := 3, 0,4, D¢ := (Dx¢p, D) and div,(¢) := 3 ,,¢. For a function
i=1 i=1

F(t, x,v,m): [0, T]xRYxR¢xR — R or G(x,v,m) : R xRY xR — R, we use the notations
DuwF = (0, F, -+ ,0y,F,0,,F,---,0,F), Fy = 0,,F, and similarly for G. Throughout the
paper when we reference a standard sequence of mollifiers p, : R x RY — [0, c0) we mean
that p,(x,v) := n*p(%, ) where p € C(R? xR?), such that p > 0 and j@xw p(x, v)dxdv = 1.
Moreover in all the proofs constants are subject to change from line to line and they only
depend on the quantities/functions stated in the statement of the result. Finally, we will often
use the terminology dimensional constant referring to a constant that only depends on the
dimension.

1. Assumptions/Definitions. We split this section in two subsections, one for Lipschitz
Hamiltonian and one for quadratic.

1.0.1. Lipschitz Hamiltonian and weak solutions. As far as the data are concerned,
we assume the following, for the case of Lipschitz Hamiltonian:
[H1] (Lipschitz Hamiltonian) The Hamiltonian H : RY = R, is C/(RY), convex, H > 0,
H(0) = 0, and there exists an Lg > 0, such that,

(HL.1) |H(p2) = H(pV)| < Lulpz = pil forall py, py € RY.

[F1] (Coupling term) The coupling term F' = F(¢, x,v,m) : [0, T] X RIXxRYxR — R, is
continuous, strictly increasing and locally Lipschitz in m, that is, for all L > 0, there
exists a constant ¢;, > O such that |F (¢, x, v, my) — F(t, x,v,my)| < cr|mp — my| for all
0 < my,my < L, and F(t,x,v,0) € L*([0,T] x R? x RY). Finally, we assume that
F>0.

[G1] (Terminal data for u) The coupling term G = G(x,v,m) : RIxRYxR — R, is
continuous, strictly increasing and locally Lipschitz in m (in the same sense as F
above), and G(x, v, 0) € L2(R? x RY). Finally, we assume that G > 0.

[M1] (Initial density) The initial density mg : RY x RY — R, satisfies mg € L®([0, T] x
RIxRY),, mg € L'RIxRY), (|1 + [v]Y)mg € L' (R xRY), log(my) € L}OC(Rd xR%),
Dmg € L*(RY xRY) and [, ., mo(x, v)dxdv = 1.

[R1] (Regularity) Assume that F, G satisfy [F1],[G1] and that for every L > 0, there exists
aco = co(L) > 0, such that,

co < |Fu(t, x,0,m)|, |Gm(x, v, m)|, forall (, x,v,m) € [0, T] x RY x R? x [0, L).
Furthermore, we assume that there exists a constant C > 0, such that,
IDewy (2, X, 0, m)| + | Dy G(x, v, m)| < Clm for all (¢, x,v,m) € [0, T]x R x R? X R.

ReMARK 1. We note that assumption [M1] implies in particular that mo log(mg) € L' (R¥x
RY).
Next we state the definition of a weak solution.
DeriNtTION 1.1. Assume that H, G, F, and mq satisfy [HI],[FI1],[G]] and [M1]. A pair
(u,m) € L2(J0, T] x R? x RY) x L*([0, T] x R? x RY) is a weak solution of the system (0.1), if
u e C([0, TT; L* (R x RY), Dyu € L*([0, T]1 x RY x RY)),

m € C([0,T); L*(R?xR?Y)), Dym € L*, D'*m e L*([0, T]xRYxRY), m € L*([0, T]xRYxR%),
the system (0.1) holds in a distributional sense.
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1.0.2. Quadratic Hamiltonian and renormalized solutions. For the case of a qua-
dratic Hamiltonian H, we assume the following:
[H2] For the Hamiltonian H : RY — R we assume that it is convex, continuous and there
exist constants ¢ > 0, C > 0 such that, for all p € R4,

(H2.1) 0 < H(p) < Clpl,
(H2.2) Hy(p) - p— H(p) > cH(p),
(H2.3) |Hy(p)l < Clpl.

[F2] For the coupling term F : [0, T] x RY X RY x R — R, we assume that it satisfies [F1]
and with bounds that possibly depend on L > 0, one of the following hold:

(F2.1) fu(t,x,v) := sup F(t,x,0,m) € L'(RxRY xRY),
me[0,L]
(F2.2) fu(t,x,v) == sup F(t,x,0,m)/me L°(RxRY xRY).
me[0,L]

[G2] For the coupling term G : R? x R? x R — R, we assume that it satisfies [G1] and
with bounds that possibly depend on L > 0, one of the following hold:

(G2.1) g(x,v):= sup G(x,v,m) € L'(R? x RY),
me[0,L]
(G2.2) gr(x,v) = sup G(x,v,m)/m e L°(R? x RY).
me[0,L]

ReMARK 2. The above conditions on F, G yield that if (F2.1) and (G2.1) hold, then
m m
F(x,v,t,m) < fp(t, x,v) + ZF(t, x,v,m), G(x,v,m) < gr(x,v) + ZG(x, v, m),
for everym > 0, L > 0. While if (F2.2) and (G2.2) hold, then,
m m
F(t,x,v,m) < fp(t, x,v)m + ZF(x, v,m), G(x,v,m) < gr(x,v)m + zG(x, v, m).

Conditions (F2.1), (G2.1) do not allow for F,G to depend only on m due to the unbounded
domain, while conditions (F2.2), (G2.2) do allow for dependence only on m. Typical examples
for the coupling are of the form

F(t, x,v,m) = a(t, x, v)hy(m) + ho(m)

where for assumption ([F1]) we need hy(0) = 0, hy > 0, strictly increasing and locally
Lipschitz continuous and finally a > 0, a € L* N L* and continuous. For assumption ([F2])
we need to also assume that
e In the case of (F2.1), a € L' and hy(m) = 0.
o While for the case of (F2.2), we may also impose a € L™ and that hi(m) = m?', hy(m) =
m? for some q1,qs € [1, ).



Next, we define renormalized solutions for equations of the form

an {a,m — Aym — v - Dy — div,(mb) = 0in (0, T) x RY x RY,

m(0, x, v) = mo(x,v) in R? x RY,

where b : [0, T] x R x RY — R, my : R? x R4, and equations of the form

12 {—6,u — At +v-Du+ HDyu) = fin (0,T) x R x RY,

w(T, x,v) = g(x,v) in RY x RY.

ReMARK 3. Regarding our notation, in the rest of the paper, we will follow the convention
that capital letters F,G are be used when referring to the MFG system, while lower case
letters f, g will be used for general HIB equations.

Our definitions are in the same spirit as in [27].

DerNrion 1.2, Letm € C([0, T]; L'(RY x RY),) and b : [0, TI x R xRY — R, such that
mlb|> € L' ([0, T] x RY x RY). We say that m is a renormalized solution of (1.1), if

1
lim — |D,m|*dxdvdt = 0,

=0 N Jpem<2n

and for each S € W2*(R), §(0) = 0, the function S (m) satisfies in the distributional sense,
8,8 (m) — A,S (m) = v - DyS (m) — divy(S’(m)mb) + S” (m)|Dyml|* + S” (m)mbDym = 0,

S (m)(0) = S (mo).

DerNTioN 1.3, Let u € C([0, TT; L'(RY x R9),), with Dyu € L*([0,T] x R¢ x RY), f €
L'([0, T]1 x R? x RY), g € L'(RY x RY). We say that u is a renormalized solution of (1.2), if

1
lim — |Dul*dxdvdt = 0,

=00 N Jpem<2n

and for each S € W>*(R?), S (0) = 0, the function S (u) satisfies in the distributional sense,
—0,;S (u) — AyS () +v- DS w) + S (w)H(Dyu) = S’ (w)f, Sw(T)) =S(g).

DerintTION 1.4, Assume that H, G, F, and my satisfy [H2],[G2],[F2], and [M1]. A pair
(m,u) € C([0,T]; L'(R?Y x RY),) x C([0,T]; L"(R? x RY),), is a renormalized solution of
the MFG system (0.1), if m,u are renormalized solutions to the corresponding equations
according to Definitions (1.1), (1.2), respectively.

REmARK 4. In general the notions of renormalized and distributional solutions are dis-
tinct. However under suitable conditions we may show they are equivalent. We do not explore
this direction in the present work, although it should follow with similar methods as in the
non degenerate case, see Porretta [27] and for results on the whole space Porretta [28].

2. The well possedness in the case of Lipschitz Hamiltonian. All the equations in the
rest of the section should be understood in the distributional sense, unless stated otherwise.
We divide this section in four parts. In the first two we study the HIB equation and the FP
equation separately, in the third section we use these bounds to obtain weak solutions to the
MFG problem, and in the last part we show a regularity result for these weak solutions.
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2.1. Estimates for the Hamilton-Jacobi-Bellman equation.

TaeOREM 2.1. Let g € L2 (RIXRY)NLE(RYxRY),, f € C([0, TT; L*(RYxR4))NL=([0, T1x
RY x Rd)+, and a Hamiltonian H : R? — R, which satisfies [HI1]. Then, there exists a unique
solution u € C([0, T]; L*(R? x RY)), with Dyu € L*([0, T] x R? x RY) of (1.2). Furthermore,
there exists a C = C(T, Lipg) > 0, such that

sup [lu(®ll2 + IDoull> < Cligll2 + 11£112)
te[0,T1]

and for eacht € [0, T],

101 — v - Dl 20,75 xcrey + 1Al ([0,1xRIxRA) <

= (12 + ).

Finally, there exists a constant C = C(T, d, || fllw, lIgll) > 0, such that |lull < C, in particular
C does not depend on the Lipschitz constant of the Hamiltonian H.

Proof. First we address the issue of existence. Consider the Banach space X := {v €
L2([0, T] X RY x RY)} : |Iv|[x < oo}, where

T 1
e = sup bl +( [ [ e ipaPdsdoa)
0 RIXRY

0<t<T

for some A4 > 0 to be determined later. We define the map 7 : X — X by T'(w) = u, where u
is the solution to

o {6,M—Avu+v~Dxu = f—H(D,w)in (0,T)x RY x RY,

u(0, x,v) = g(x,v),

where in the above we took the equation forward in time only for notational simplicity. The
goal now is to show that T is a contraction on X if A is large enough. But indeed if Cy > 0 is
the Lipschitz constant of H, then for T(w') = u', T(w?) = u? by testing against u> — u' in the
equation of their difference (see the end of this proof on how we justify this), we have

6,f W = uM)2(t, x, v)dxdv + 2f ID,(u® — u")[Pdxdv
RIXRE RIXRA

C
|DU(W2_WI)|2dde+4—H f |u2_u1|2dxdl1-
€

RIXRY

< CHf |DU(W2—W1)||M2—u1|dde < CHef
RIXRA R

dyRd
The above imply

6,(6_%’f qu—ullzdxdv)+2e_%’f IDU(uz—ul)IzdxdeCHee_CTg’f |D,(W?—w")[*dxdbv,
RIXRA RIxR4

R"XR"
and thus by Gronwall, if we let A = i—’: we have
2 12 2 112
l” —u'|ly < 4Chellw™ —w|lx.

Therefore for € > 0 small enough the above map is a contraction in X and thus has a unique
fixed point. Regarding the estimates, we need to test against « in 1.2. First need to establish
integrability for u. To this end, note that since H, f, g > 0, if w is the solution of

—dw—Aw+v-Dw=fin(0,T) xR? xR?,
w(0, x,v) = g(x,v) in Rd7>< RY,



then by standard comparison we have that
0 < u(t, x,v) < w(t, x,v) for all (#, x,v) € [0, T] x RY x R.
Finally, note that from our assumptions on f, g
w e LP, forall p € [2, o0] therefore u € L forall p € [2, ].

Now that we may test against u in the equation, the fact that u € C([0, T']; L*RIxRY)) is easy
to see due to our assumptions on f. The first estimate is obtained by simply testing against
u and using the fact that H is Lipschitz with H(0) = 0. To justify this however, we need to
address the integration by parts that occurs. To this end let ¢ : [0, c0) — [0, 1], be a smooth
function such that ¢(s) = 1 for 0 < s < 1 and ¢(s) = 0 for s > 2. For R > 0 we consider the

function yr(x,v) = qﬁ(@). Testing against ut,b%e in equation 1.2 yields

1
—0, f ~|ulPyrdxdv + f |D,ulwadxdv
RixRd 2 RIXRE

+f 2uDyuDywWryr + 2¢gv - Dy Ru2 + H(D,)u)mﬁlzedxdv = f fmﬁlzedxdv.
RIXR RIxR4

In what follows the constant C > 0 may change from line to line, however it is independent
of R > 0. We note that

2x-v o, fxl + ol Id? + ol X+ o
f PN f Urd'( | < Urd'( e
Rd XRd Rd XRJ R R Rd XRJ R R
2R
< f 2wR¢’(—|x| b > < C f u?.
RxRA R 12+l 2R
Moreover,
1
f 2uD,,uD,,lﬁR1ﬁR|dxdv < —f |Dvu|21ﬁ12edxdv + Cf u’dxdv
RIXRI 4 Jraxpa [XR+R>R

and

1
f H(D,u)uyrdxdy < f —|DuPy + Cu*yidxdv,
RIxRA RIxRA 4

fugpdxdo < | flllull-

RIXR

Collecting all the above estimates we have that

1
-8, f —|uPyrdxdv + f D, ulwadxdv < C(||fllallull, + f utyrdxdv + f u?),
R RIxR4 d

dyrd 2 RIXR |¥2|+o?>R

recalling that 0 < u < w € L?, the result follows by Gronwall and letting R — oo.
The second estimates are due to Theorems 4.6 and 4.8 in the Appendix. Finally the L*—bounds
follow by similar arguments as in [12], Proposition A.3.



2.2. Degenerate Fokker-Planck equation. All the equations should be understood in
the distributional sense, unless stated otherwise. In this subsection we study the following
equation

2.2)

dm — Aym — v - Dym — div,(mb) = 0in (0, T) x R x RY,
m(0, -,-) = mp(-,-) in R x R¥.

The purpose of this subsection is to show the following theorem:

THEOREM 2.2. Let b € L*([0, T]1 X R? x RY) and mq a density which satisfies [M1]. Then,
there exists a unique distributional solution m € C([0,T]; L>(R? x RY)) of equation (2.2).
Furthermore, there exists a C = C(T, ||bllw) > O, such that

13 13 2
sup [[m(O)lla+I1Dymll 2 0.7 1xixze +HIDY m||L2([0,T]><Rded)+||D,/ ml|2 o, rixrexray < Cll(1+[0[")mpoll2
1€[0,T]

and a Co = Co(|Iblleo, T, llmoll2, llmolle) > 0, so that
lmlle < Cop.

Moreover, m(t) is a probability density for all t € (0, T). Finally, if (T —t)div,(b) € L*([0, T]x
RY x Rd), it follows that

[m, — v - Dum], (T — H)A,m € L*([0, T] x RY x RY).

The main two assertions in the theorem above are, firstly, the fractional gradient estimates
and, secondly, the L*—bounds. The gradient estimates are the result of Theorem 4.7, in the
appendix. The L*—bounds can be obtained with a De Giorgi type argument similar to the one
found for example in F. Golse, C. Imbert, C. Mouhot and A. Vasseur in [18], thus we only
provide the main steps in Proposition 4.5 at the Appendix. For a survey on the De Giorgi type
arguments we refer to Mouhot [25]. First a proposition.

ProposiTION 2.3. Assume that m € L*([0,T] x R? x RY), b € L® n L*([0,T] x R? x
Rd) and my, which satisfies [M1], satisfy equation (2.2) in the distributional sense. Then,
[v>m, [v]>*Dym € L*([0, T] x R¢ x RY).

Proof. We may assume that the data are smooth and bounded and obtain the general case

by approximation. We test the equation with [v|*m (see Lemma (3.3), on how we may justify

this) to obtain
d

d t RIxR4

=—4 f m|v|>v - Dymdxdv — 4 f [m|*|v|?v - bdxdv — f m|v* D,ym - bdxdv
RIXRA RIxR4

RIXRA

o]*lm|*dxdv + f [v]*| D,m|*dxdv
RIxR4

1
< - f o]*| Dym|*dxdv + C f Im)*(1 + [v|Hdxdv
4 RIXRI

RIXRA
1
+4/1b]loo f Im)>(1 + [v|"Ydxdv + f Im|[o*dxdv + = f |Dym|?|v|*dxdv.
]R‘] X]R" Rd XRd 4 ]R‘] X]R"

It is easy to see that sup ||m(?)||, < C|lmpl|,, therefore the result follows by Gronwall since,
1€[0,T]

d

= |, ]|m|2|v|4dxdv£C f Im|*[v]*dxdv + Clim|l3.
R4 xR

RIxRA D

Proof. (Theorem 2.2) Proposition 2.3, together with Theorem 4.7, gives us the result. 0
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2.3. Existence of Solutions via the fixed point argument. In this section we show the
main theorem.

THEOREM 2.4. Let G, H, F and my satisfy [G1],[HI1],[F1] and [M1]. Then, there exists a
unique solution to system (0.1), according to definition (1.1).

Proof. As mentioned in the introduction, we apply Schauder in the following setting.
Let Cy > O be the constant from Theorem 2.2 and consider the closed convex subset X :=
C(0,T]; LARY X RY) N {m : |Imlloo < L} of C([0, T]; L2A(R? x R?),), where L > 0, such that

Cio max{|[mole, [moll2} < L. For u € X, let u, be the solution of

=0, — Ayuy — v - Dy + H(Dyuy) = F(t, x, 0, u(t, x,v)) in (0, T) X R? x R4,
u, (T, x,v) = G(u(T, x,v)) in RY x RY,

provided by Theorem 2.1. For this u,,, we then solve
0m — Aym —v - Dum — div,(mH,(D,u)) = 0, m(0) = mo.

We set ®(u) = m which due to the choice of L and the bounds on m implies that m € X. It

remains to show that the map is continuous and compact in order to apply Schauder’s Fixed

Point Theorem. Continuity is straightforward to check with our given assumptions and will

be omitted. For compactness, we proceed as follows. Due to the domain being unbounded

we first show that A%im sup [|®(u)1po.nyll2 = 0, where B(0, N) := {(t, x,v) € [0, T]x RY x R? :
7 uex

|(x,v)] < N}. This follows directly by the same argument as in Lemma 3.3. Furthermore,
from Theorem 2.2, we have

lmll2 +1D;  jmll2 < Cllmoll> for some s > 0.

Thus, by Kolmogorov—M. Riesz—Fréchet (see for example Brezis [5], Theorem 4.26 and
Corollary 4.27) we have compactness of the map. Uniqueness follows from the by-now
classical Lasry-Lions monotonicity argument, which we omit. O

We conclude this section with some crucial estimates, which follow directly from the by-now
classical Lasry-Lions argument under assumptions [F2] and [G2], so we omit the proof. The
computations can be found for example in [27].

PROPOSITION 2.5. Assume that H : RY - R, F : [0,T] xR xRY xR — R, my :
RYxR?Y - Rand G : R? x R x R — R satisfy [H1],[F2],[MI] and [G2]. Let (u,m) be
the weak solution of the MFG system provided by Theorem 0.1. Then, there exists a constant
C = C(llmoll1, llmolleo, T), such that

T
f G(x,v,m(T))dxdv + f f F(x,v,t,mymdxdvds
RIXRY 0 RIXRY

2.3) ,
+ f f m[H,,(D,,u) Dy — H(D,,u)]dxdv <C.
0 RIXR

Furthermore, we have the following L' estimates

S[l(’}l;)_] luOlly + IFCmlly + [[FC, m)mlly + |GG, m(T)l1 + [|GC, m(T)m(T )y

+HIHDw)lli + llmlHy (D)l < C.
10



2.4. Further Regularity of Solutions to the Mean Field Games System, for Lipschitz
Hamiltonian. In this section we study the gain of regularity for solutions to the MFG sys-
tem (0.1). In particular, we derive appropriate energy estimates by taking advantage of the
coupling.

THEOREM 2.6. Let F, G satisfy [F2],[G2] with constant co, H,mg satisfy [HI],[M1] and
(u, m) be a weak solution to system (1.1), according to Definition (1.1). Then, there exists a
constant C = C(cy, F, G, H, mg) > 0, such that

sup [Im()ll2 + sup [IDm(®)llx + ID; mll2 + |D,Dmll, < C
1€[0,7] 1€[0,T]

and

sup [lu(®ll2 + sup IDu(®)ll, + D ull> + [ID,Dyullx < C.
1€[0,T] 1€[0,T]

Proof. Forie{l,---,d}and h € R\ {0}, we denote

u(t, x + he;,v) — u(t, x,v)
h

m(t, x + he;,v) — m(t, x, v)

, 8" (m)(t, x,v) = -

S"w)(t, x,v) =

m' = m(t, x + he;,v), m® = m(t, x + he;, v), Duuh := Dyu(t, x + he;,v), D,,u0 := Dyu(t, x,v)

H" := H(D,u(t, x + he;, v)), H® := H(D,u(t, x,v)),
Fh .= F(t, x,v,m(t, x + he;, v)), FO.= F(t, x,v,m(t, x,0)),
_F(t,x+ he;,v,m(t, x + he;,v)) — F(t, x,v,m(t, x + he;, v))

(Sxth = h
G(x + hej,v,m(T, x + he;,v)) — G(x,v, (T, x + he;, v))
5x,hG = 7 .

The equations for §"u, 8"m read as follows,

"4 ~0,6"u — ASu +v- DS+ EH = Py 5 L
@4 ') = < 4+ 5,,G
- n x,h'I-
mh =m0 5O
2.5) {6,6”m — A"m — v DS"m — divy, (" = o,
' "m(0) = &"my

Testing against §"u in (2.5), yields
+

Gh _ GO T Fh _ FO
[ f §"'m(T)dxdv f f &'l ]dxdvdt]
Rixgd | 0 JRIxr h )

T h 0 T hygh _ .0 70
H'— H m'H" —m"H

f f ~m T dude + f f Duéhu#}

0 JRIxRI h 0 JRIXRI h 3

T
= — f f 8 nFo" mdxdvdt + f 8" mod" u(0)dxdv — f 8:1Gom"(T)d xdv
0 RIXRA RIXRA RIXRA

In the following, we refer to the terms based on the enumeration of the brackets. For the first
bracketed term using the monotonicity of G we have

+

G"-G°
f LT §"m(T)dxdv =
RIXR: 1



1
f f G (m°(T) + s(m" — m*)(T))ds|6"m|>(T)dxdv > ¢ f |6 m>(T)dxdv,
RIXRY

0 RIXRY
while for the second term again using the monotonicity of F

T Fh _ FO T 1
f f 5'm dxdvdt = f f 16" m|? (1) f F'(m°(1) + s(m" = m®)(1))d sd xdvdt
0 JRIXR h 0 JRIxRY 0

T
> ¢ f f 16" m|?(t)dxduvdt.
0 RIXR4

We may rewrite the third term as in the proof of uniqueness to see that it is non-negative by
the convexity of H, indeed it can be written as

T h
jo‘ jl;ded %[H(D”u) ~ H(Du") ~ HP(DuMh)DU(M - uh)]

+%[H(D0”h) — H(Du) = H,(Dyu) D, (u" ~ u)]dxdvdt > 0.

Continuing, for the right hand side we estimate as follows
1
OxnF = f 0. F(t, x + she;,v,m(t, x + he;, v))hds,
0

hence,
16 Fll2 < Climlla,

and similarly for 6, ,G. Thus,

T
- f f 8 nFo"mdxdvdt + f 8"mod" u(0)dxdv — f 8:1Gom"(T)d xdv
0 RIXRA RIXRA RIXRA

T
Ci Ci
<2 f f \6m"Pdxdvdt + =|5m"(T)ll2 + C sup Im(@)|; + 5" moll2 15" w(O)]l2.
2 0 RIXR4 2 t€[0,T]
Gathering everything together we obtain
(2.6) 6" m(T)II3 + 116" mlf3 < ClI6"molla 16" u(0)]I>.
We now turn to (2.4). Test, against 6"u to obtain

sup [16"u(t)ll> + I1Dy6"ulla < CI6"m(T)|l2 + 116" ml2)
1€[0,T]

and using this estimate in (2.6) provides
6" m(T)ll2 + 116" mll> < C = C(inf F',inf G', T, Lipy, Lipp, Lipg. ID.moll2)-
Testing against 6"m in (2.5) yields

sup [16"m(@)ll> + 1D,8" mlla < C(16"molla + 1D, ull2) < C.
1€[0,T]

Since the bounds are independent of &, we have shown that

sup [[Dem(D)|l2 + sup [[Dau()ll2 + [IDuDyull> + [IDDmll> < C.
([0,71 (€[0,71 o



Now, using these bounds, we repeat the process for the derivatives with respect to v. We use
completely symmetric notation as in the above case, for example ¢/'u := w The
equations satisfied by 6”u, 8"m are similar with the exception of the v - D, term. They read

h h
h_ 0
u'(T) = & +6,,G

h_ h _ 10
{—ata’,}u — AS"u+ e Dy +v- DSty + B = EE s F,

and
. H'-H}
{6,(5{}171 - A,,(‘)'f}m - e,,,,-Dxmh -v- Dx(')'fm - dlvu(mh% + 6”mH2) =0,
h, 0 _ sh
51) = 51) my.

The argument is completely symmetrical with the only difference being the presence of
D", D.m". However, these terms are bounded from the previous case. We thus obtain
bounds of the form

2 2
sup |IDym(D)ll2 + sup [IDyu(®)ll2 + 1Dy ull2 + 1Dy mll2 < C.
te[0,T1] 1€[0,T']

O

3. Quadratic Hamiltonian. In this section we will show existence and uniqueness for
renormalized solutions to the MFG system. All the ideas and proofs in this section are entirely
motivated or even parallel to the original work in [27].

To motivate some of the technical steps we outline the strategy. The plan is to approxi-
mate a given Hamiltonian H with quadratic growth by a sequence of Lipschitz Hamiltonians
H¢(see bellow for definition), for which we have shown the existence of solutions (u€, m®)
in the previous section and show that these solutions converge to a renormalized solution. A
crucial structural estimate, as pointed out in [27], is that supllmelH;(Dqu)lzu 1 < oo, which

€

is shown in Proposition 2.5. This estimate, along with L*—bounds on D,u¢, allows us to
conclude the convergence (up to a subsequence) to a renormalized solution of {m}.. The
bounds for the HJ equation are straightforward and mostly follow the classical techniques of
the non-degenerate case, with the exception of the L' —compactness for the u€ which is due to
Theorem 3.12 in [14] and the technical Lemma in the Appendix.

In the rest of the paper we consider a fixed Hamiltonian H that satisfies [H2]. Further-
more, following [27], we consider the following Lipschitz approximations
H(p)

3.1 H¢(p) ;= —————fore > 0.
1+eH2(p)
The following are shown in [27]

PropositioN 3.1. The functions H® are Lipschitz in p and satisfy
2
H,-p—H(p) > cH (p),|H,|” < CH",
for some constants ¢ > 0,C > 0 independent of €.

3.1. Analysis of Degenerate Fokker-Planck equation. In this subsection, we study the
following Fokker-Planck equation

32) {a,m — Aym — v - Dy — div,(mb) = 0in (0, T) x RY x RY,

m(0, x, v) = mo(x,v) in R? x RY,

Our approach is a parallel of the techniques from [3] in the Hypoelliptic case.
13



DErINITION 3.2, We say that m is a weak solution of (3.2), ifm € L'NL>([0, T xRIXRY),
with Dym € L*([0, T] x R x RY), my satisfies [M1], mlb)* € L'([0, T] x R¢ x RY), and (3.2)
is satisfied in the distributional sense.

Lemma 3.3. Let (m, b, my) be a weak solution of (3.2) according to definition 3.2. Then,
there exists a constant C = C(d, T, lm|b|||1, (1 + |x|* + [v>)molly), such that for all t € [0, T]

f (I + o] + Dm(z, x, v)dxdv < C.
RIXRY

Proof. Formally the result follows immediately by testing against (|x|>+|v|*) and applying
standard methods. However, this needs to be justified given that (|x]>+]v?) is unbounded. This
requires some technical steps which we present in detail, hence the lengthy computations.
First assume that b, m( are smooth and compactly supported. For R > 0 consider a bump

function ¥ : RY x RY — [0, 1], such that l//R’B(O ® = 1 and spt(yg) € B(O,R+ 1). Fix a

to € [0,T] and let ¢g : [0, #9] X R? x R? - R be the smooth solution of the adjoint equation
(see for example E. Priola [29], Theorem 5.3)

33 {_a,¢R — Avgr + v+ Dxgg + b Dygg = 00n [0, 79) x R x RY,

Pr(t0, x,0) = (IxI* + [v))¢r(x, v) on RY x RY.

A priori, ¢ is bounded by a constant depending only on R, b, T. We claim that there exists a
constant C > 0 independent of R > 0, such that

Pr(t, x,0) < C(1 + |x* + o) for all (¢, x, v) € [0, 1p] x R? x R,

Indeed, for A, B > 0 large enough to be determined later, let w(z, x, v) = Ce™ (1 + |x|* + [v|*) —
B(t — ty), which satisfies

—w—Aw+0v-Dew+b-Dyw = Ce A + x> + o) =2d +2v-x+b-v)+ B

3
> (B—2dCe™ —|Ib|%) + Ce™ (A - E)(|x|2 +H) =1,

if A, B > 0 are large enough. In particular let A = 2 and for any choice of C > 0 we set
B =1+ 2dCe™ — ||b||%,, so that the above inequality is satisfied. Furthermore, at ¢ = #, we
have that

w(t, x,v) = Ce 20 (|x* + [of*) > (1x* + [o)Yr(x, v) = Pr(to, x, v) for all (x,v) € R? x RY,

if say C > ¢, in particular however C can be chosen independent of R > 0. Finally, for each
R > 0 fixed, the function
Et,x,0) =w - ¢z

is coercive in (x, v), that is for each fixed 7 € [0, #y],

’ li)IIn E(t, x,v) = oo.
Thus by classical arguments we find that the minimum of E is achieved at t = #y, which shows
the claim. To conclude the proof of the Lemma, we test against ¢ in equation (3.2), which
yields
f m(to)(xI? + o )r(x, v)dxdv = f (0, x, 0)mo(x, v)dxdv
RIXRY
14
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< cf mo(Jx> + [v? + Ddxdv = Climo(1 + x> + [vP)|l;.
RIXR4

With the above bounds we may now test equation (3.2) against (1 + |x|> + [y|?), which yields

o f (1 + x> + [o)m(t)dxdv = f 2dm(r) — 2x - vm(t) + 2m(t)v - bdxdv
RIXRA RIXR4

< 2dm(f)+ f (14| +|ol)m@) +mlo>+m|bPdxdv < (2d+2) f (14| +lolH)mOd xdv+|m|bl; ,
RIXRY

and so by Gronwall we obtain that for some constant C = C(d, T, [lmlbP, 1L+ x> +
o)moll) > 0
(1 + Jof* + Dmolly < C.

The general case follows by approximation with smooth data. O

In the following Proposition we will need the following estimate, which may be found in in
Folland [17].

Prorosition 3.4. [[17], Theorem 5.14] Let T denote the fundamental solution of the op-
erator 0; — A, — v - Dy in the space R? x RY. Assume that P, q € (1, 00) are such that

1 1 1

p g Q+2
where Q = d + 2. For a function f € L1 we define

T
g(t, x,v) 1= f f D,I(t - s, x,0,y,w)f(s,w,y)dydwds.
0 R"XR"
Then, there exists a constant C = C(p, q, d) such that

liglly, < ClIfllg-

ProrosiTion 3.5. Let (m, b, mg) be a weak solution of (3.2), according to definition 3.2.
Then, there exists a dimensional constant C = C(d) > 0 and a constant Cy = Cy(mg) > O,
such that

ImibPll g + lmll s < ClimlbPlly + Co.

Proof. LetT denote the fundamental solution of the operator 9, — A, — v - D,. From the
equation satisfied by m we obtain

i3
m(x,v,t) = — f f D,I(t - s, x,v,y, w)ymb(s,w, y)dydwds + C(my)(t, x, v)
0 JRIXRI

where
C(mo)(1, x,v) = f L@, x, v, y, wmo(y, wydydw.
RIXRA
From Proposition (3.4) above, we have that

limll, < Climbll

where




and Q = d + 2. Moreover, by Holder

T
f f |m|?|b|?dxdvdt
0 RIXRA

T p 24 T q
< ( f f |m|ﬁdxdvdt) 2 ( f f mlblzdxdv)2 = Cl|m||
0 RIxR4 0 RIxR4

Hence, we can have a gain of integrability if we require that

(SIS
I

)

—q

q 2-q 1 1 1 1 1 0+1
p= — = — — = —--1=- — - = s
2-q q g Q0+2 q 0+2 g Q0+2
therefore
—Q—+2and _ 0+2 _Q+2
To0+1 M P T 0-27 0 O

ProposiTion 3.6. Let (m, b, mg) be a weak solution of (3.2) according to Definition 3.2,
with b € L*([0, T1xRYxR%;RY). Then, there exists a constant C(|lmq log(mo)ll1, lmlB) > 0
such that

S[lgr;] llm () log(m()lly + ID(Vm)ll2 < C.

Proof. For ¢ > 0, define w(x) = log(x + ¢) and W(x) = (x + 6) log(x + §) — 6 log(). Test
against w(m) in (3.2) (m € L™ N L' and so w(m) € L, W(m) € L") to obtain that for each
te[0,T]

! 2 !
|Dvm| m
W(m(t))dxdv + f f dxdvds = — f f D, - bdxdvdt
RAXRY 0 Jrixge (m+06) 0 Jrixge m+06

+ W(mg)dxdv

RIxRA

1 (7 |D,m|? 1,
<= dxdvdt + —|lm|b|"|l; + W dxdv.
2 j()‘ jl;ded (m + 5) v 2||M| | ”l jl;ded (mO) v

Letting 6 — 0 yields

g |Dvm|2 2
fm(t) log(m(t))dxdv + f f ———dxvds < C(|lm|b|"|ly + |lmo log(mo)ll1)
0 RIXR

where C > 0 is a universal constant. It remains to show that m(f) log(m(z) € L'. This is shown
for example in [14], under the conditions
L lm(@)(1 + [x* + o)l < oo
2. [oi e m(D)log(m(D)) < co.
Condition 1 follows from Lemma 3.3, while condition 2 is shown above. 0
We now proceed with gradient estimates for the measure.

THEOREM 3.7. Let (m, b, mg) be a weak solution of (3.2) according to Definition 3.2.
Then, there exist s € (0, 1) and q € (1, 00), such that

I1D*mlly < C,

where C depends only on my,d, T, llm|b 21 and in particular not on ||D,ml||.
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Proof. The constant C > 0 that appears in this proof is subject to change from line to line
and depends only on myg, d, T. The technique that follows is the same as in [3]. In the original
equation (3.2) we test against ¢(m) for ¢(s) = s for s € [0,1] and ¢(s) = 1,5 > 1,¢(s) =

0, s < 0. This yields
T
f O(m(7))dxdv + f f ¢ (m)|D,m|* =
RIXRY 0 RIxRd

T
—f f ¢’(m)DUmemdxdvdt+f D (mo)dxdv
0 JRIXRI RIXRA

1 T
<= f f &' (m)|\Dym|*dxdv + f Im|?|b*dxdv + C(my).
2 0 RIxR4 |m|<1

Since |m|? < |m| on [m| < 1, we obtain

f |D,m|*dxdv < C.
{Im|<1}

For k € N we define ¢, by

0,s<k-1,
(3.4) dr(s) :=3s—(k—1),s <k,
1,s>1,

and Oy (1) := fOT or(s)ds. Testing against ¢(m) in the equation yields

T T
f f O (m(T)) + f f ¢,/((m)|D,)m|2dxdvdt
0 RIXRY 0 RAxRA

3.5) p
= —f f ¢;Dumbmdxdudt+f Oy (mg)dxdv.
0 RIXRY RIXRY
Additionally
f Oy (mo)dxdv < |lmollz + lImoll; < C
RIXRY
and

T
Osff O (m(T)).
0 JRIxRd

For Ay :={k — 1 <|m| <k}, k € N, equation (3.5) yields

1
f |Dym|*dxdvdt < — f m|D,m|*dxdv + Ck f m|b|*dxdv + C, for all k € N.
Ak 2k Ak

Ax
Moreover,
f m|Dym|*dxdvdt < k f |Dym|?dxdvdt
Ay Ay
hence, by summing fork = 2,--- , for 4 > 1, we obtain

00

|Dvm|2 k f 2 C
dxdvdt < E —_— b|*dxdvdt + — .
j:n>l(1+m)/l xdv 2. (ll-l;k)” Aka xdv +k”<oo




Thus,

|Dum|2 q/2 A Z%q
|D,m|dxdv < f (1 +m)=adxdv| ~ .
jr:»l [ m>1 (1 + m)/l] [ m>1 ]

Next, using that
(a +b)' < 2'max{a’, b’} < C(a* + bY)

and
{lm| > 1}| < [lmll; = 1,
we obtain
f a+m%m@gmm>u%+1‘|w%m@kcu+f Im|%4 dxdv).
|m|>1 RIxR4 RIXRY

Hence,

|Dvm|2 q/2 Aq Z%q
(3.6) f |D,m|?dxdv < f —_— 1+ |m|=adxdv) ~ .

m>1 [ m>1 (1 + m)’l] ( RIXRI )

Integrate in time inequality (3.6), and apply Holders inequality for %, ﬁ, to obtain for some
C = C(T. 4,4 | 2"+ Lycill2) > O
(1+m)?

|D,,m|2 T 2

q Ag 2-q
Dym(t)||2dxdvdr < 2 dxdvdt)’ (1 A
[ imoigasdr < ([P dauar)' (1+ [ imony )

2-q

T A
SQHKIHMMZMZ)
0 2-¢q
The Fractional Gagliardo-Niremberg inequality gives us
lm@)lly < CIID* mllgllm®ll,~,

where
1 1-0
R p—
q n P

3.7 1
o

and C = C(s, ¢q,n,6,p) > 0, we refer for example to [6]. We can easily obtain the following
time dependent version,

T T r
f lm(lizdr < € sup lm@" f D" milldi < € f ID* % d.
0 ‘ 0 A

Set A
0=4 p=1,0=-"9
o 2—-¢q
which implies that
1 1 1
1_gl_ sy, a_1_4as ., 4
o oq n o on o
thus,
s s s
q—:l—£=>o-=q—+q=>(rzq(—+1)
on o n n
and so A
s s
g+ =51 = 1=@-g1+2)
n 2-gq n
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which is a valid choice as long as

Cogp+s1 = g<2-
n n+s

thus our restrictions on q is that

1<g<?2- .
1 n+s

Continuing with the above analysis for the above choices of parameters we obtain

2—q 2—

T T 2—q
f IDym(®)l{dxdvdt < C(1 + ( f Im(o)ligde) *) < (1 + f D mlidt) ™ .
m>1 0 0

Therefore for some « € (0, 1)

”Dvm”q < C(”Dumlmsl”q + ”Dum1m>l”q)

24
< C(1 +IDml{IDym Lyl + 1D°mll ™),

and by using the estimate from Proposition 3.6, we obtain

IDymlly = | VimDy Vmlly < 1Dy Vi,

therefore

2-q
(ID,mll, < C(1 + |ID°ml|;* ).
By Theorem 4.8, we have that

IDYmlly < C(1 + IDymlly + lmlbPly + lImll,)

—q
2

< C(1 +D*mll,7) O

Thus by choosing ¢ so that IImIbIZIIq + |lmll; < C from Proposition 3.5, the result follows.

THEOREM 3.8. Let {(m", b", my)}nen be a sequence of weak solutions to (3.2) according to
definition 3.2, such that

2
sup ([lm"|6"Plly + [1b"]12) < co.
neN

Then, the set {m"},ay is compact in L'([0, T] X R4 x RY).
Proof. From Proposition 3.7, we have that

lm"|l, + [|D*m"||; < C for all n € N and some r > 1, s € (0, 1).

The result about the compactness in L' ([0, T] x L'(R? x R?)) now follows by the results in
[30], with a slight modification due to the unbounded domain. We sketch the argument. For
R > 0, let ¢pr(x,v) := Yr(x)y¥r(v), where Yy are standard non-negative cutoff functions with
support in B(0, R) ¢ R¥. The, equation satisfied by m® := m¢p, reads

amt — A,m® — v - Dom® — div,(m®b) = D,¢"mb — mA,(¢®) — 2D, ¢"D,m — mv - D, ¢R.

Next for % +§ = 1, we set X := W*9(Bgasga(0,R)), B := LI(Bgayga(0,R)) and ¥ :=
W='P(Bgayra(0,R)). Space X embeds compactly in B and B embeds continuously in Y.
Since mR are bounded in L4(0,T,X) and d,;m® is bounded in L(0,T,Y) c L'((0,T),Y).

Therefore from Corollary 4 in [30], for each fixed R > 0 the sequence m£X is compact in

L0, T,B) = L4(0, T, Brayza(0, R)) € LY(0, T, Braypa(0, R)). Combining the above with the
estimate sup fB(O Ry m"(t, x,v)dxdv — 0 as R — oo, from Lemma 3.3, yields the strong con-
nt ’
vergence in L' ([0, T] x RY x R%). O
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ProposiTioN 3.9. Let {(m", b", mo)}nen be a sequence of weak solutions to (3.2) according
to definition 3.2, such that
sup ([lm"[6"Plly + [1b"]I2) < oo
neN
and
b" — b almost everywhere, for some b € Lz([O, T]x R? x Rd).

Then, there exists am € L'([0, TIxR¢xRY), such that up a subsequence m" — m, m"b" — mb
in L'([0, T] x RY x RY). Furthermore, the set {m"} ey is compact in C([0, T1; P1(RY x RY)).
Finally, m is a distributional solution of (3.2).

Proof. From Theorem 3.8, there exists an m € L' ([0, T]xRYxR?) and a subsequence(still
denoted by {my},en) such that ||m, — m||; — 0. Furthermore, from Lemma 3.3 we have that

T
lim sup sup f |m"||b" | dxdv
0o Ja

R—oo  neN

T 1 T 1
< lim sup sup f Im"|dxdvdr)* f f |m"||6"Pdxdvdt)” = 0.
0 JB; 0

R—o0  neN

The above combined with Proposition 3.5 yields that the sequence {m"b"},en is uniformly
integrable, which together with the almost everywhere convergence gives us that the limit m
is in fact a distributional solution of (3.2).

Next, we show the claim about the compactness in C([0, T]; P;(R? x R)). From Lemma 3.3
the set {m" ()} en is compact in P (R?x R?) for each 7 € [0, T]. The result about compactness
in C([0, T]; P1(R? x RY)), will follow once we obtain Holder time continuity. However this
follows by typical arguments such as the one found in the notes of Cardaliaguet [9]. O

THEOREM 3.10. Let {(m", D", mp)}uen be a sequence of weak solutions to (3.2) accord-
ing to definition 3.2. Assume furthermore that sup ||b"||, < oo, and that the assumptions of

n
Proposition 3.9 are satisfied. Then, the limit m provided by Proposition 3.9 is a renormalized
solution according to Definition 1.2.

Proof. Let S : R — R, such that S € W'*(R) and that S’ has compact support. Then,
for each n € N we have
(3.8)
3,8 (M) —AS (™) —v- DS (m") —div,(S ' (m"m"b™)+S " (m™) Dy ' m"b" + 8" (m™)| D" |* = 0.

Since {m"|b"[*},c is uniformly bounded in L' ([0, T] x R x R¢), we obtain that
: 1 n2
lim sup — |D,m"|*dxdvds = 0,
k=00 peN k<m"<2k

just as in Theorem 6.1 of [27]. It remains to show that for a fixed k € N, we have the following
convergence D,(m" A k) — D,(m A k) strongly in L2. To show the strong convergence of the
truncations, it is enough to show that

IID, log(1 + m,) — Dylog(1 + m)||r2j0,71xréxre) — 0.

The argument that follows is entirely due to DiPerna-Lions in [14]. We only present some of
the main estimates since we have a slightly different setup. We look at g" = log(1 + m,,) and

the corresponding equation they satisfy. From Proposition 3.6 we have that sup ||D,g"||, < oo
neN

and so without loss of generality we may assume that D,g" converges weakly in L? to D,g,
20



where g = log(1 +m). Therefore, there exists a non-negative bounded measure u (in the sense
that [ [, 0. du < o) on (0,T) x RY x R such that

ID,g"* = IDygl* +

in the distributional sense. It remains to show that y is identically zero. First, for eachn € N
we let 8 = log(1 +¢) and g" = B(m™). The functions g" satisfy

bn) — |Dug |2 bn n

08" —ANg"—v-Dg" — div,,(1

£"(0) = log(1 + my).

Again, just as in [14], we set O o(1) = exp(st A R) and WiR(@) = fT d)"R(H)dO for some
0 < s < 1. Test the equation against @' R8P, where ¢ € C.((0, T)), which yields

T
- f f W) (8" (Ddxdud
0 RAxR4

T
+ f f s¢|D,g" 1 <@ R(8") + 5D 1(8")1gr<rDyg"
0 JRIXRI 1+

T
_ f f (& IIDE' + 60 (&)
0 RIXRA

n

b”dxdvdt

Vl

b" D,g",
or equivalently

3.9)

T
_f f Wi (€M) (Ddxdvdt =
0 JRIXRY
T q) (1D, "> D 1 mn.ann D.o"1 dxdvd
L 01D = D Pherck) + T 5 (Deg” = 5D L) dxdods

= (1) + ().

Now we bound each term,

T
D < 1Bl f f (1-3) f f D" PO (" xduds
0 RIxRE RIxR

+exp(sR)f f D7 R(gIDg" Plgisg.

Using the fact that
D (8] < (1 +my)*,
we obtain ) )
|Dym"| |D,m"|
D,g" " n(g") < < .
ID,g" " @ r(8") < T+ mn= o
Furthermore,

\ ; | n|2
D! 1(8MID,g"*1grsk < exp(sR) exp(—R) ,

where in the last inequality we used that

1
O, () = exp(sR) for ¢ > R, and —— lg,,>R < exp(—R).
+ m"
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Thus, from Proposition 3.6, for some C = C(||mo||1, |Imo log(mo)|l1, || log(1 +mo)ll1, sup(|[b”]l»+

lm"|6"2(]})) we have the bound

1< (1= 9liglls

T
+exp(—(1 - 5)R)) fo j}; » D' v < C((1 = 9)liglle + exp(=(1 = $)R)),

m"

where in the last inequality is due to Proposition 3.6. For the second term we work as follows

(DI < (1 —S)f f D r(g") UAla |D,g"|d xdvdt
RIXRY (1 +m™)

T
[m"||b"|
q)s n DU lm,, d d dt
+j; L;XRJ ,R(g)(1+ )I &" 1 rdxdv

For the first term above we use

|m”||D"| D, |m"||D"

ol < \D,m" >
(1 +m") = (1 mns

D, r(g") |D,m"| < m,|b"* + m—

while for the second integral

|m”|15"|
(1 +m")

; wp L 1D
D, 2(g") ID,8" e < exp(=(1 = HRYm"ID"F + =),
hence

ID)] < C((1 = 5) + exp(=(1 = 5)R)).

Thus passing to the limit in (3.9), we obtain

T
(3.10) ‘ fo f ¢’(r)lPS,R(g)dxdudt| <C(+ ||¢||m)((1 - 5) +e*<1*~Y>R).
RIxRE

Now that we have obtained these bounds we obtain the result just as in [14], section IIL.
The only difference in the proof is the divergence term, which however causes no technical
difficulties. We provide the details next. For € > 0 let p, be a standard sequence of mollifiers.
The equation satisfied by g€ := p x g where g solves

818 — Mg — 0~ Dog — dive(———b) = |Dogl? + pt + ———bD,g
1+m 1+m

reads

(3.11) 918" =g =0-Dug ~diVi(pek (7)) = pe*Dugl +pek (T—bDg) +pekpi e
m m

Testing against ¢@; z(g€) in (3.11) yields,

T
- f f ¢ (0, x(g")dxdvdi
0 RIXRY

T
2 f f . $(1)] = IDLg PP, 1(g°) + P, (8IDugPe * (T DT pe* D8l @, (g)+
0 RIXR

Pex (T bDvg)(DvR(ge)]¢(t)q)vR(g€)pe * pdxdodt = |Irelli ll]loo 1D 5,R () lco-
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We let € — 0 and using that @, g > 1 obtain

T
[ [ s ovaedar
0 RIxR4

T
> f f $(1)[ID.g" Dy r(g) — IDug D 4(2)]
0 JRIXRI

m

m T
bD,g®r(g) — <1>§,R(g)Dug—b]dxdv + f f ¢(D)du
m+1 0 R

dxRd

+o(0)|

1+m

T
> f f (1= $)p(IDgA(R)1g<r + H(DID,g s
0 RIxR

T
m m
+ f f (1= 9)¢() bDvg(Dx,R(g)lgsR + ¢(2) bDvg(Ds,R(g)l(g»R,
0 RIxRE m+1 m+ 1

where in the last equality we used that @,z > 1. Next we bound the terms in the RHS

T
| f f (1= )$OID.gF &)<k + HDIDug esr
0 RAdxRd

< (1 = $)ClglllID, Vimllz + 1gllwe™ 1D, Vrill2,

while for the rest of the terms

m

bDug(Ds,R(g)lg>R

r m
| f f (1= )6()—"—bD,g®, () <k + (1)
0 RIXRY

m+1 m+1

< (1= ligllo(IlmlbPll + 11Dy Vi) + ligllcoe™ = (ImlbPlly + 1D, Vimla ).

Hence combining the estimates above with estimate (3.10), we obtain
f ddu < C((1 — 5) + e RI=9)

letting R — oo and then s T 1 yields f¢d,u < 0, for all ¢ > 0 and since u > 0 it follows that
u = 0. Finally, we show that m € C([0,T]; L'R? x RY). Let pn be a standard sequence of
mollifiers (see section 1 for definition) and m,, := p, * m. The functions m, satisfy

(3.12) omy, — Aymy, — v - Dymy, — divv(pn * (mb)) = r,, my(0) = Pn * My,
where 7, = K,, x m and K, is given by
Kn = HZdEDxp(f, E)’
n n

and so r, — 0O strongly in LY([0,T] x RY x RY). From Lemma A.1 in [12], we have that
my, € C([0, T]; L*(RY x RY)). For any S € C=(R), the function S (m,) satisfies

atS (mn) - AUS (mn) —v: DXS (mn) - diVU(S/(mn)pn * (mb)) = _S"(mn)lDumnlz
_S //(mn)Dvmn,On * (mb) + S/(mn)rna
S (mp)(0) = S (pn * my). 23



For n, k € N, we test against S (m,) — S (m;) in the equation satisfied by their difference which
yields for all ¢ € [0, T']

f IS (my) — S (my)*(t)dxdv + f f ID,(S (my,) — S (mp)|*dxdvdt
RIxR4 0 JRIXRY

= [ DU ) = SO0)(S npn % n) = 5o ) s
0 JRIXRI

- f f (S 0ma) = S mi))(S” (m)IDym* = S (| Dyl )dxdlvdt
0 JRIXRY

2

- fo f (S Oma) = S mi))(S” M) Dyimyps > (mb) + S (my)ry = S” (mi)Dyrmipy * (mb)
RIXRY

+S’(mk)rk)dxdvdt + fd ] |S (m,) — S(mk)lz(O)dxdv .
R4xRA

As noted in [27] (Remark 3.9) we have that
(3.13) low % () < [on * (mlb*)1m,.
For the first boxed term the following hold
Dy(S (my)) — D,S (m) strongly in L*([0, T] x RY x RY) as n — oo,
while from (3.13), we obtain
IS (ma)pn * (MY < (S () nlon > (mlbI)] < Cs [ * (b)),

where Cs := [|(S(x))?x]|e. Since [on * m|b>)] — m|b|? strongly in L'([0, T] x RY x RY) by
Dominated Convergence Theorem we obtain

S"(my)pn * (mb) — S’ (m)mb strongly in L*([0, T] x RY x RY),

therefore the first term can be bounded by a function w(n, k) such that linkl w(n, k) = 0 inde-

pendently of 7. For the second term we note that

S (mp)|Dymy|* — S (m)|Dym|? strongly in L' ([0, T] x RY x RY),
while S (m,) — S (m) strongly in L' ([0, T]1x R? x R?) with sup ||S (m,)|| < oo therefore it can
also be bounded like the first term. For the third term, from (3.13) we have

144 1 144 ”
IS (ma) Doy * (mb)| < 31 (m)IDymy* + 1S (m)myl[0, * (m|b|*)]

and since the right hand side of the above inequality converges strongly in L' by Dominated
Convergence we obtain that

S" (mp)Dymyp, * (mb) — S” (m)Dym - mb strongly in L' ([0, T] x RY x RY),
24



while S’(m,)r, converges strongly to 0 in L' ([0, T] x R? x RY) just as in step 3, section III
of [14]. Finally the fourth term clearly vanishes as n,k — co. Thus taking the sup over ¢ we
obtain

lim 1S (my) = S (mp)|*(Hdxdv = 0.

Lk JRdxpd

The above show that S (m) € C([0, T]; L*(R? x RY)) for all § € C2(R? x RY) and so Ti(m) €
C([0, T]; L*(R? x R?)) for all k € N where T is the truncation at k. To conclude, since for all
R>0

[lm(t) — m()||L raxrey < lm() — m(S||pr gy + () — m(S)HLl(Bg)
and due to the bounds of Lemma 3.3, we obtain that for some C = C(R) > 0 and C; =
Cl(m(), b) >0

C
llm(t) = m(s)l|L @axray < CRONTi(m(1)) = Ti(m(s))ll2 + 298[1(1)1;] llm(6) — Ti(m())ll1 + R—;-

Furthermore by Proposition 3.6,

() - Tem@)ll = f iml@)dxdo < 2o 108l
m(@)>k log(k)

where A > 0 is the constant provided by Proposition 3.6. Putting everything together we
obtain

A C
[lm(®) — m()ly < CrllTk(m(t)) — Tr(m(s)ll> + @”mo log(mo)ll; + R_;

Thus given an € > 0, first we fix an R > 0 such that % < 5 and a k € N such that

A
2 el ,
Tog () |l log(mo)ll1 <

then we find a § > 0 such that

=5l <& = CrllTe(m(®) - Te(m(s)ll < §

and so m € C([0, T]; L'(R? x RY)). O

3.2. Analysis of the Hamilton-Jacobi-Bellman equation. In this section we will study
the bounds for the HIB equation

(3.14) =0 — Ayu+ v - Dyu + H(Dyu) = f(t, x,v) in (0, T) X R? x R4,
' u(T, x,v) = g(x,v) in R? x R%.

Derinimion 3.11. Let H : RY — R be a convex Lipschitz function such that H > 0,
feLl'nL>([0,T]xRYxRY), £ >0,(|x> + o> f € L'([0,T] x RY x RY) g € L' N L®(R? x
RY), g > 0,(x?> + [v]*)g € L'(xRY x RY) and u € C([0, T]; L2 (RY x RY)) N L' (R x RY) with
Dyu e L2([0, T xR X RY), u > 0. We say that (u, H, f, g) is a weak solution of (3.14), if the
equation is satisfied in the distributional sense.

Our starting point is the following compactness theorem found in the Appendix of [14].
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Tueorem 3.12 (Appendix of P.-L. Lions, DiPerna [14]). Assume that u”, f* € L'([0, T]x
RY x RY), g'e L'(RY x RY) satisfy in the distributional sense

Oty — Aytty + 0+ Dyuy = fn, Mn(o) = gn.

Ifg", f, are uniformly bounded in L' with

T
(3.15) lim supf f |f"|dxdvdt = 0
R=oo yen Jo o Jiw)=R
and
(3.16) lim supf lgoldxdv = 0,
R—00 ey |(x,0)|=R

then the sequence {u,}pen is compact in L'((0, T) x R? x RY).

Tueorem 3.13. Let f* € L'([0,T] x R x Rd),g” e L'R? x R?) be non-negative, uni-
formly integrable sequences and H" : R? — R Lipschitz convex Hamiltonians. Assume
that {(u", H", ", ")}nen are weak solution to (3.14) according to definition 3.11. Then, the
sequence {u"} is compact in L' ((0, T) x R¢ x RY) and

sup (sup " @lly + IH" (D)) < oo,
neN " r€[0,T]

lim sup( sup f " |(t)dxdv + f H"(Duu")dxdudt) = 0.
B(0,R) B(O,R)

R—oo o Y yef0,7)

Proof. By the same arguments as in Lemma 3.3, we can justify testing against 1 in the
HJB equation to obtain the uniform L' estimates on ", H"(D,u"). To show compactness in
L' we work as follows. Let L := -9, — A, + v - D, and since H" > 0, " > 0,g" > 0 the
functions u" are non-negative and satisfy

Lu" < f"in (0, T) x R x R, w(T) = g" inRY x RY.
For each n € N, let w" be the solution of

Lw" = f"in (0, T) x R? x R?, w(T) = g" in RY x R%.
Since L(w" — u") > 0 and w(T) = u"(T) we have that
(3.17) 0<u" <w'

Since f", g" are uniformly integrable, by Theorem 3.12 the set {w"},cy is compact in L' and
so in particular uniformly integrable and from (3.17) we see that {u"},en are also uniformly
integrable. For R > 0, let ¢z : RY x R? — [0, 1] be cutoff functions defined just as in Lemma
3.3. Testing against ¢y in

Lu" + HDw") = f", u"(T) = g"

yields for some dimensional constant C > 0

3
f u"(t)¢Rdxdv+ff H"(Du")¢rdxdvdt <
RIXRY 0 Z%K‘ixR‘i



3
—||u"||1+ff f"¢Rdxdvdt+ff g"¢R+Cf u"dxdv
RIXRI 0 JRIxRI R<|(x,0)|<2R

and since the sequence {¢"},en is uniformly integrable we see that the terms on the right
vanish uniformly in 7 as R T co. Finally with the estimate

lim supf H"(D,u")dxdvdt = 0
R<|(x,)l

R—00 ey

the compactness for u” in L! follows immediately by Theorem 3.12 with f* = f"—H"(D,u")
THEOREM 3.14. Let (u, H, f, g) be a weak solution of (3.14), according to Definition 3.11.
Then, there exists a constant C = C(d, T) > 0, such that

(3.18) Sl;p lu@®ll2 + lluH(D,wll1 + |[Dyuellr < C(”f”oo”f”l + Ilglllllgllm).
1€[0,T]

Proof. The result follows by testing against « in (3.14) and applying Gronwall. O

Prorosition 3.15. Let {(u*, H", [, 8")}nen, be weak solutions of (3.14), according to
Definition 3.11, such that
lf"Ih +11g"lh < C foralln €N,

and
u" — u strongly in L' ([0, T x R? x RY).

Then, the limit u belongs to L*([0,T] x R?; Hl(Rf)) and

Dy — Dy in LY ([0, T]1 x RY x RY),

loc

forall g < 2, up to a subsequence almost everywhere.

Proof. The equation for u" — u™ is
-0, —u™) - AW = ")+ v D" - u") = " = ",
" —u")T)=g"—g".
For € > 0, we define

s, for s € [—¢€, €],
P(s) := < —¢, for s < —¢,

€, fors > e,

and O©(¢) := for ¢(s)ds > 0. We test against ¢(u” — ™) in the equation for the difference, which

yields
T
f D" — u™)(t)dxdv + f f ¢’ (" — u™)|Dy(u" — W™ dxdv
RIXRY 0 RIXRY
T
< f Q" — ") (T)dxdv + f f " — u™)(f" = fMdxdvdt
RIXRY 0 RIXRY
< Cellg" = g"lli + €llf" = f"ll < Ce.

Therefore,

f ID,(u" — u™)|*dxdvdt < Ce.
‘un um‘<€ ”7



Thus, fixing a radius R > 0 and a g < 2 we obtain

f |Dy(u" — u™)|dxdv < f |Dy(u" — u™)|?dxdvdt
B(O.R)

B(0,R)N{|u*—u"|<€}
+ f |D,(u" — u™)?dxdvdt < CRYe + CRO|{|u" — u™| > €}’
B(O,R)N|u"—u"|>€e

for some 0 = 6(q) € (0, 1). Since u" converges in L', we have that lim |{ju" — u"| > €}| = 0
n,m— o0

and so D,u" — D,u in L1([0, T] x B(0, R)) for all R > 0. 0

ProrosiTion 3.16. Assume that {(u"*, H", f", g")}uen are weak solutions to (3.14) accord-
ing to Definition 3.11, such that {g"},en € L'(R? X RY) is uniformly integrable, {f"}pe and
{g"}, are bounded subsets of their respective L™ spaces, and for some u, f, u" — u, f* —
£ f" = f, in L'([0,T] x RY x RY) and almost everywhere. Then, up to a subsequence, for
each T € [0,T), we have that

H"(Du") — H(Dyu) in L'([0, 7] x RY x RY)

and,
Dy — Dyuin L*([0, 7] X RY x RY).

Proof. From Proposition 3.15 by choosing a subsequence if necessary we can assume
that H*(D,u") — H(D,u) almost everywhere, furthermore since sup ||f"]lc + |g"|lec < 0, for
n

some C > 0 we have that ||u"||c < C for all n € N. Denote by L := —9; — A, + v - D, and test
against (T — Ne’™ ) in the equation

L@ — i) + [H"(Dyd") — HY(Dy9)] = " - f*.

Which yields,

1 o d 1 o
f T~ (A — 1)(0)dxdv — f f — (") _ 1)(s)dxdvds
RIxR4 A 0 RIxR4 A

T
+ f f (T = 9™ =D, (" = u")P + (T = )" (H"(Du") — H(Dyu"))dxdvds
0 JRixrd

T
= f f MO (f7 — fF)dxdvds.
0 JRixrd

Next using the strong convergence of u”, f”* and that #” is uniformly bounded in L™, we obtain
that for some function w(n, k) such that lim w(n,k) =0

n,k—oo

T
f f (T = $)Ae"ND, (" - ub)2dxdvds
0 RIxR

T
+ f f (T - s)e’l(”"’“k)(H"(D,)u”) - Hk(D,,uk))dxdvds < w(n, k)
0 RIxR4

If n > k we have that H* < H", hence by the convexity of H

T
f f (T = $)Ae™~ND, (" - ub)Pdxdvds
d d
0 RIXR 28



T
+ f f (T - s)e“"”—"k)(H"(Dvu") — H"(Du"))dxdvds < w(n, k)
0 ]R"X]R"
T n k
= f f (T — )2 ™ O|Dy(u" — u")Pdxdvds
0 ]R"X]R"

T
+ f f (T - $)e' " H'(Do)D,(u" — ub)dxdvds < w(n, k).
0 JRixrd
Letting n — oo and using that D,u" — D,u almost everywhere and weakly in L2, while u" —

u strongly in L' with |lu"||lc < C and |H}(Dyub)| < |H,|(Dyu*) thus Hy(Dyu*) — Hp(Dyub)
strongly in L?, yields

T
f f (T - s)/le”(”_”k)lDU(u — u")Pdxdvds
0 JRrixrd

T
+ f f (T — )¢ H, (D) D, (1 — u¥)dxdvds < w(k).
0 RIXRA
From [H2], there exists a constant C > 0 such that
H,(Dyu")Dy(u — u*) = —=(Hp(Dyu) — Hy(Dyut")) - Dy(u — u*) + Hy (Do) Dy(ut — u*)

> —C|Dy(u — ub)* + H,(D,u)D,(u — u*)
T k
— f f (T — )1 = O)\D,(u — u")dxdvdss
0 JRIXRY

T
+ f f (T — $)e"“ ™ H,(Dyu)Dy (1 — u¥)dxdvds < w(k)
0 RIxRA

and again by the weak convergence of D,(u — u¥) in L? and the strong convergence of u* to u
in L' with uniform bounds we obtain

T
f f (T = )™ = O)\Dy(u — ub)Pdxdvds < w(k).
0 JRIxRI

Finally, the result follows since by choosing A > C and using that ||u — u*||., < C we obtain
that for some constant ¢y > 0 depending only on H

T
co f f (T - $)|Dy(u — uF)dxdvds < w(k).
0 RIXRA

THEOREM 3.17. Assume that {(u", H", f", g")}nen are weak solutions to (3.14) according
to Definition 3.11, such that " — fin L', g" — g, weakly in L', u" — u in L' and
D, — Dyu almost everywhere and H" (D,u") — H(D,u) in L}UL,((O, T1; L'(R? x RY)), where
H(Dyu) € L'([0, T] x R? x RY). Then, we have that u € C((0, T]; L'(R? x R%)).

Proof. The result follows by the fact that Lu € L', where L := -9, — A, + v - D,, see for
example [14]. O
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3.3. Existence and uniqueness for the quadratic case. In this subsection, we will
establish the existence and uniqueness of renormalized solutions for the MFG system.

Tueorem 3.18. Assume that H : R? > R, F : [0, T]IXRxXRIxR — R, my : RIxR¢ —
Rand G : R xR? x R — R satisfy [H2],[F2],[M1] and [G2]. Then, there exists a unique
renormalized solution (m, u) of system (0.1), according to Definition 1.4.

Proof. The proof is divided in two steps. First we show the result for F, G bounded in
their respective L™ —spaces and let the Hamiltonians H¢ vary. While in the second case we
show the result for a fixed quadratic Hamiltonian H while letting F", G" vary. The reason for
this approach is so that we can always have bounds on D,u" in L?. Indeed in the first case
the bounds follow by Theorem 3.14 and are due to the A, term while in the second case the
bounds are a result of Theorem 3.13 and are due to ||H(D,u")||; < C.

First Case:. For H¢, as defined in (3.1), we consider the solutions (m€, u¢, mg) provided
by Theorem 0.1. From Proposition 2.5 above, we have that for some C > 0 independent of €

(3.19) ImIHE(Duu)Plly < C, for all € > 0,
furthermore, by Theorem 3.14 and our assumptions on H¢ we have that
IH,(Dyu)|l2 < C, forall € > 0.

Therefore, from Theorem 3.8, we may extract a subsequence m", which is convergent in
L'([0, T]1 x RY x R?) and almost everywhere to some m. From Remark 2, we have that the se-

quence {F (¢, x, v, m")} e is uniformly integrable, indeed in the case f; := sup F(t,x,v,m) €
mel0,L]

L' the claim holds just as [27], while in the case f; := sup F(t, x,v,m)/m € L™ since
mel0,L]

n

0 < F(t,x,v,m") < fi(t, x,v)m" + mTF(t, x,v,m")

the result follows due to uniform bound on ||F (¢, x, v, m")m"||; from Proposition 2.5 and the
convergence of m" in L!. Since m" — m almost everywhere, we obtain

F(-,m"(-)) = F(-,m(-)) strongly in L!([0, T] x RY x R%).

By choosing a further subsequence if necessary, Theorem 3.13, Lemma 3.3 and Proposition
3.15, yield au € C([0, T]; L'(R?Y x RY)) N L*([0, T] x RY; H'(RY)), such that

u" — u almost everywhere and strongly in L' ([0, T] x RY x RY)

D,u" — D,u almost everywhere and in L}OC([O, T]x R? x Rd).

Furthermore, again by taking subsequences if needed, by Proposition 3.16 we have that for
eacht € [0,7),
H (D) —» H(Dyu) in L' ([0, 7] x RY x RY)

and foreach k € N,
D,(u* A k) = Dy(u A k) in L*([0, 7] X RY x RY).

By inequality (3.19) and the fact that H;"(Duu”) - Hf,"(D,,u) almost everywhere, Proposition
3.9 implies that
m" — min C([0, T]; P(RY x RY)),
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and by Theorem 3.10, m is a renormalized solution of
(3.20) d;m—A;m—v-Dym—div,(mH,(D,u)) = 0 in (0, TIx R? x RY, m(0) = mg in R x R?,

It remains to show the convergence of the terminal data in the HIB equation. This follows
exactly as in [27]. Thus, we have that m"(T) — m(T) in L'(R? x R?) which from Remark 2
implies that G(-, m"* (T, -)) = G(-,m(T,-)) in L'(RY x RY). Thus, the limit u is also a renormal-
ized solution.

Second Case:. Next, given F, G that satisfy [F2] and [G2] respectively, consider F" :=
F An,G" := G Anforn e N. The functions F”,G" clearly also satisfy [F2] and [G2]
respectively. Let (1", m") be the solutions provided for the data (H, F"*, G") by the first case.
The rest of the proof follows exactly the first case only now we use Theorem 4.2 to obtain the
convergence of D, Ty (u").
Finally, we address the issue of uniqueness whose proof follows the same exact arguments
as [27] once we establish that m(t, x,v) > 0 almost everywhere. But this will follow from
assumption ([M1]) and in particular log(my) € L}OC(R" x R9). Indeed, let R > 0 and define
or : RY x RY — [0, 1] such that

) Lif|(x,v)| <R,
Pr(x0) := {0 if 1050 > R+ 1.

Then since

f log(m(t))¢rdxdv < f m(t)prdxdv < 1,
RIXRA

RIXRY

it is enough to bound fRded log(m(t))prdxdv from bellow, since that would imply m(¢, x, v) >
0 almost everywhere. To show the lower bound we test the equation satisfied by m with ¢

(technically we would need to fix a 6 > 0 and test against ¢R — and let 6 — 0 but we sk1p
the approximation for simplicity). This yields

!
ID mI D
f log(m(1)padxdv + f f b+ me¢R
RIxRE 0 JRIXRI

+2¢rDyprH ydxdvdt = f log(mo)pdxdu.
RIXR4

Next we use the following inequalities

1D
| ’"' + 4Dyl

U¢R'

l';mmHmI +1H, ¢}

[2orDubrH,| < |Hp|2 + 20xPID el
and thus combining everything we obtain that for some constant C = C(R,d) > 0

f log(m(1)¢y, > f C(R,d) +|1log(mo)gll — |Hp(Dyw)ll2
RIxRA RIXRY

which proves the claim. O
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3.4. Further regularity for quadratic Hamiltonian.

THeorREM 3.19. Let (H, F, G, mg) be as in Theorem 3.18 with F = F(m), G = G(m) and
mo also satisfying ||D*mollee € L¥(R? X RY). Then, there exists a constant C(F,G, H, T, my),
such that

T
f G’ (m(T, x,v))|Dm(T, x, v)|*dxdv + f f F’(m(t, x, v))|Dm(t, x, v)|?
RIxR4 0 RIxR4

2d
+m Z mDyurH,,(Dyu) Dyurdxdv < C.
k=1

Proof. The proof is almost identical to the one in the case of Lipschitz Hamiltonian. The
only difference is now instead of using the HJB equation we estimate

h,v) —2 —-h
f 8" mos" u(0)dxdv = f mo(x + 1, 0) mO(Zx’ o)+ molx ~ h,0) u(0, x, v)dxv
RixRd RxRA h

< Dol ez (0, -, i,
and conclude due to the estimate in Proposition 2.3. O
4. Appendix.

4.1. Technical results. In this sub-section we show some important properties about
the convergence of u” where u" solves
@.1) Lu" + H(D,u") = f"in (0, T] x RY x RY,
' w'(0) = g"in RY x RY,

for L := 8, — A, +v- D, and f", g" strongly convergent sequences in their respective L!-
spaces. We show an analogue of the convergence results in [26] from which all our techniques
are motivated and parallel to. In particular we show that if u” solves (4.1) and are strongly
convergentin L' to some function u, then D, T(u") — D,T(u) strongly in L*([0, T]xRYXR?),
where T} is the truncation at k, namely, for k € N Ty(x) = s for |s| < k and Tk(s) = sign(s)k
otherwise. A crucial technical step in [26] is the following transformation which allows the
authors to deal with the degenerate 9, direction. Given a function u, for v > 0 define

3(u)y = v(Ti(u) = (w)y).

This transformation enjoys many nice properties such as (1), — u and D((u),) — Du as
vy — oo in appropriate spaces. In our setup the above transformation does not seem to work
due to the extra degenerate operator v - Dy. In order to deal with this, we consider a slightly
different transformation. Fix @ > 0 and consider the solution of

LO, = a(Tr(u) — Oy).

We will show that under the condition u € L! the transformation @, converges to T¢(u) in L,
however, we cannot show in general, even if D,u € [?, that D,®, — D,Tw(v) strongly in L2,
with no assumptions on D,u. However the fact that Lu" + H(D,u") = f" and " — u strongly
inL', is enough to show the strong convergence of D,®,. With this, we can follow the rest
of the argument found in [26].
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Lemma 4.1. Letu e L' N L¥([0, T xRIxRH N C([0, T]; L'(RY xRY)) and a > 0. Then,
there exists a unique function ®, € L*([0,T] x R? x RY) with D,®, € L*([0,T] x R x RY)
which solves

42 {a,% — A, + - DDy =t — D) in (0, T) X RY x RY,

@,(0, x,v) = u(0, x,v) in R? x R4.
Furthermore, the functions ®, have the following properties
1. u>0 = @, > 0 almost everywhere,

2. 1Palleo < letlloo,

3. lim [|®y —ull, =0

4. 10l < Nlully + 3 lluolly

Proof. First we assume that u € C*([0, T]; C(R? x RY)). Let ' denote the fundamental
solution of L = 9, — A, + v - D,. Then, it is easy to check that the solution of equation (4.2) is
given by

!
D, (1, x,0) = f f ae ™ IT(t — 5, x, v, y, w)u(s, y, w)dydwds
0 JRIXRI

+ f ae T(t, x,v,y, Wu(0, y, w)dydw,
RIxRA

see for example [24]. Furthermore, the solution @, is also C* since L is hypoelliptic. Let
f = L) € C>([0,T] x C.(R? x RY). In the equation

L(u = ®@y) = —a(u— D) + f, (u—D)(0) =0,

we test against (u — @), which yields

1
a1 f u — Do|*dxdv + f IDy(u — @) [>dxdv
dt 2 Jpaypa RIXRY

1
= —a f lu — @, dxdv + f(u—®y)dxdy < — f |f2dxdv.
RIXRE RIXRE da Jrixra
Hence, we obtain that

C
sup [lu(t) = oDz + IDy(ut = o)l < —
1€[0,T] a
where C = C(T, f) > 0. Furthermore, by testing against p|u — ®,|"~(u— ®,) for p > 1 yields

d
" f lu — Do |Pdxdv + f IDy(u — ©) |t — Dol? 2 p(p — Vdxdv
t R"XR"

< —apf lu— @, + pf Ifllu — DlP dxdv < ﬁf |f1P dxdv,
RIXRA RIxR4 4a RIxXR4

where 1/p + 1/q = 1. Letting p — 1 yields

C
sup [lu — @plly < =|If11,
1€[0,1] 3 @



where C = C(T, f) > 0. The first two claims now follow easily by the Maximum Principle.
For the general case we work as follows. Testing against p|®,|?~2>®,, in (4.2) for p > 1 and
letting p — 1 just as above we obtain

(07 T (07 T
—f |ugldxdv < —f f |uldxdvdt — —f f | D, |dxdudt.
Rd XRd 2 0 ]R‘] XRd 2 0 ]R‘] X]R"

2
[Pally < flully + —lluollr,

Hence,

and so by linearity of the map (u, up) — @, and the fact that |u| < k = |®,| < k the result
holds in the general case. O

THEOREM 4.2. Let H : R? — R be a Hamiltonian satisfying [H2]. Assume that {f"}pex C
L' nL2([0, T1x R x RY), {g"}nere € L' N LY([0, T x RY x RY) such that f* — f and g" — g
strongly in the respective L' spaces (the limits need not be in L*). Let u" € L' N L*([0,T] x
RY x RY) with Dyu" € L*([0, T] x RY x RY) solve

“43) {a,u" — A" +v- Dyl + HD™) = £, in (0, T) x R¢ x RY,

u"(0, x,v) = g"(x,v) in RY x R,

Finally, assume that u" — u strongly in L' and that D,ju" — D,u almost everywhere. Then,
the limit u is a renormalized solution of

Ou—Au+v-Da+HDu) = f(t, x,0) in (0, T)x R x R?,
u(0, x,v) = g(x,v) in R x RY,

according to Definition 1.3.

Proof. Following [26], we see that the result will hold once we show that for some
increasing sequence 0 < my € R,k € N with my T oo as k — oo, Dy(T,,, (u")) = Dy(T (1))
strongly in L*([0, T] x RY x R?), where

s, if |s| < k,
4.4) Ti(s) =4k, if s >k,
—k, if s < —k.

Note that for almost all 8 € R, we have that |{u = 8}| = 0 (|A| denotes the Lebesgue measure),
therefore in order to keep the notation lighter we may assume that |[{# = k}| = 0 and thus
choose the sequence m; = k. The reason for this choice will become apparent later; in
particular to prove that y,»sm, — Xusm, almost everywhere, it is convenient to know that
{u = mi}| = 0. In the rest of the proof we will use the notation w(n) and w(n, @), for
quantities that satisfy ’1113)10 w(n) = 0 and lim lim w(n, @) = 0 respectively, furthermore these

Q—00 n—00

quantities are subject to change from line to line. Just as in [26] and the references therein,
for 1 > 0 we define ¢,(s) := sexp(1s?). For @ > 0 and k € N, consider the solution @, ; of

(4_5) {6rq)a,k - Auq)a,k +v- qu)a,k = a(Tk(u) - (Da,k),

@y 1 (0) = Ti(g)-

Denote by L := 0, — A, + v - D, and test equation (4.3) against ¢, (1" — @, )~ which yields

T
f f (L" = @y ), pa(u" — @y )" )dxdvdt
0 Jrixpe 9




+

T
f f (LDy i, pa(u" — Dy 1) Ydxdvdt
0 JRixrd

2

+

T T
f f H(Duu" g (" — Oy i) dxdvdt | = f f S — Oy i) dxduvdt | .
0 RIXRY 0 RIXRY

3 4

Let @ (s) := fos ¢1(8)d0, then the first boxed term gives us

T
f @ (u" = @y j NT)Da(8" — Ti(g))dxdv— f f ¢ (u" = Dy )7 IDy (" — D) dxdvdt
RIXRY 0 RIXRY

T
< w(n) - f f (" = @)D" — Dy ) Pelxdvd,
0 RIXRY

where in the last inequality we used that ®,(s) := fos ¢a(u)"du < 0 and that g" — g strongly
in L'. For the second boxed term we obtain

T
le f (Tr(1) = @y )Pa(U" — Oy 1)~ dxdvdt < aw(n),
0 JRrixmd

since u" — u strongly in L', p(u" - Dyix)” = pa(Tr(") — Dy i)~ and s¢a(s)” < 0. For the
third boxed term we have that for some constant C > 0, depending only on H

T T
f f H(D,u")p,(u" — Oy )" dxdvdt < Cf f DU P - D, ;)" dxdvdt,
0 RIxR 0 RIxR

and using that for all p, g € RY, we have |p|*> < 2|p—q|*+2|g|* the third boxed term is bounded
by

T
2C f f ID,(u" = Dy )P pa(u” = Pos)” + 2CID( Do) pa(u” — D)~ dxcludr.
0 JRIxRI

Finally, the last boxed term vanishes as n — oo and then @ — oo due to Lemma 4.1. Putting
everything together we obtain

T
2 [* [ [0 = 00 = i - @00 0" - @ofdcds
0 RIXR4

T
< w(n,a)+2C f f IDy(@ )Pt — Do i)™ dxduvdt.
0 RIxRA

By choosing A large enough depending only on ||H ||, We have that ¢/, (" — Qg 1) — pa(u" —
®,4)” > 0 thus by Fatous Lemma on the LHS and the strong convergence of u" — wu in L!,
as n — co we obtain

T
f f |00t = )™ = 2Ca( = Do) |D(at = Dy )Pl xdvds
0 RIXRY

T
< w(@) +2C f f IDy(D g )P Ppa(u — Dy 1)~ dxdudt.
0 RIxR4
Furthermore,

T
2Cf f IDy(@ )1 $aut — Dy i)~ dxdvdt
0 JRIxR 25



T T

<4C f f IDy(D g —t)* 2 (= Dy )~ dxdvdt+4C f f IDyul* ¢ 1 (u—De 1)~ dxdudt.
0 RIxR4 0 RIXRA

Hence,

T
f f |6 = P — 6CHa(u — @) || D1t ~ o) Pdxduds
0 RIXRY

T
< w(a) +4C f f IDyul*¢,(u — ®g ) dxduvdt,
0 RIxRA

now we may fix 4 > 0 such that ¢/, (s)™ — 6C¢,(s)” 2 5 and so letting @ — oo yields

1
P
‘}1_1}(}0 ID(T(ut) = Do) Il = 0.

We now show the convergence on the set Ty (1) > @, . Since H > 0 the functions u" are
subsolutions of

4.6)
u*(0, x,v) = g"(x,v).

{Lu" < f(t,x,0) in (0, T) x RY x RY
Define w" = (T (1) — @, 1)+ which may also be written as
Wy = (" = Do )4 — " = Ti(u™)).
Indeed if 4" < k then
U = Do)+ = W' = Ti(u")) = " = o)+ = (Tr(") = o)+,
while if u" > k since 0 < @,y < k
U =@ ) — (U = Ti(U")) = t" = Do — " +k = k= Do = T (") = Pog = (Ti(U") = Py )+

Thus testing against w,, in equation (4.6) yields

T T
f f (L(u™), wy)dxdvdt < f f f"wpdxdvdt =
0 RIXRA 0 RIXR4

|+ (Lo (Tu(w") = @)y )dxdvdi |

(L" = Qo ), (Tie(U") = D)+

T
\f(: jl;" XR4

T T
—f f (L"), u" = Tr(u""))dxdvdt | < f f"wpdxdvdt | .
0 JRIXRY 0 JRIxRE

The first boxed term equals

T
f f (L = ), (1 =Dy ) )d ot = f (W'~ )2 /2T~ (8"~ Tu(g))’ ) 2d xdo
0 RIXRA RIxR4

T
+ f f D,(u" — @y 1)D,(u" — Dy 1)+ dxdvdt
0 JRIXRI

and since g" € L' N L™ the quantities that appear make sense. The second boxed term is
bounded by

T T
f f (L), " = Do)+ )dxdvdt = f (Tk(u) = Do )W" = Do) 2 w(n).
0 RIXRY 36 0



The third boxed term equals

T
—f f (L), u" — Ti(u"))dxdvdt
0 JRIXRA

T
=- fo fR ) Rd(u"(T) — Ti")(T))*/2 = (8" — Ti(g"™)*/2Duu" Dy(u" — Ti(u"))dxdvdt.

Putting everything together yields

T
f (L"), woydxdodt > w(n) + f (W' = B )2 /2T (8" — Tulg))?/2dxdv
0 JRIXRY RIXRA

T
_j; Ld Rd(u"(T) — Teu")(T))%/2 = (" — Tu(g")?/2dxdv

T T
+ f f Dy(t" — @y 1) D,(u" — Dy i)+ dxdvdt — f f Du"D,(u" — Ty(u"))dxdvdkt.
0 RIxR4 0 RIxR4
The first line equals
f - D)3 /2T) = (8" = Te(9)):/2 = (u™(T) = Teu")(T))*/2 = (" — T(g")* /2dxdv
R4xR:

1

=5 fR . ((M" = ©o)+(T) = W'(T) = T NTH((U" = Do)+ + (" = Tk(u"))(T)))dxdv

1
3 fR ) Rd((g" —Ti(@)+ — (8" = Ti("MN(E" — Ti(8)+ + (8" — Ti(g™))

1
> —25 f (T(8") — Ti(8))+(g" — Ti(g))+dxdv = w(n).
RIXRY

For the last line

T T
f f Dyt — @y 1)D,(u" — Dy 1)+ dxdvdt — f f D" D,(u" — Ti(u"))dxdvdt =
0 RIxR4 0 RIxR4

T
[ [ P00 (0= @) = Tyl + DL = @D Tl s
0 RIXR4

T
—f f D,u"D,(u" — T (u"™))dxdvdt
0 JRIxRI

T T
f f Du(u”—d)n,k)D,,(Tk(u”)—<Da,k)+dxdvdt—f f D,®, ;. D,(u" =Ty (u"))dxdvdt
0 RIxR 0 RIxR

T
= f f D" = D)4 + Dy = Te@)Dy((Te(u") = Porg)s = O )dxdvdt
0 RIXRA

T T
_ f f DT = Boy)s Pdxdvdt — 2 f Do(")D,(®o)dxdudt,
0 RIXRY 0 u>k

where in the last equality we used that D,(u" — Ty (u")) = D,u" x> and 0 < @, < k. Finally,

we clearly have that
T
f f [ 'wpdxdvdt < w(n, @).
0 JRIXR 37



Hence, putting everything together

T T
f f IDy(Ti(u") = i), Pdxdvdt < 2 f f Dv(u")Du(%k)dxdudt + w(n, @).
0 RIxR4 0 u>k

Since D,u" — D,u weakly in L? while y,msi®@ox — XuskPox strongly in L? (here is where
the discussion in the beginning of the proof is relevant) we may use Fatous Lemma which
yields

T T
f f ID(Ti(t) — @)+ Pdxdvdr <2 f f D,)(u)D,,((Da,k)dxdvdt + w(@).
0 RIxR4 0 u>k

Furthermore,
1D, @g ill2 < ID(Ti() = Py i) +ll2 + 1D(Ti(u) — Do )-1l2 + 1D T (@) < C,

for some C > 0 independent of @ (due to w(a) — 0 as @ — o0). Therefore, we may assume
WLOG that D,®, — D,Tj(u) weakly in L?. Thus, taking the limit as @ — oo we find that

T
lim sup f f IDy(Ti(ut) = Dy ) |*dxdvdt <
0 RIxR4

a—00

a—00

lim (2 f ' Dv(u)Dv(cD(,,k)dxdudt+w(a))=2 f ' f DU(M)DU(DUTk(u))dxdudt=0.
0 u>k 0 u>k

Now that we have D,®, — D,Ti(u) strongly in L?, we may conclude since by the previous
estimates
O

We conclude this subsection with a sketch of the proof for the upper bound in Theorem 2.2.
We recall the Fractional Gagliardo-Niremberg inequality.

T
f f IDy(T (") = @y 1)+ Pdxdvdt < w(n, ).
0 RIxR4

ProposiTioN 4.3. (Fractional Gagliardo-Niremberg inequality). Let z € H*(RY x R?),
where s > 0. If0 € (0, 1) p € (1, o) are such that

1 1-6 1 1
-7 5= 732"

s
d 9

N —

then
s_1011.111-0
lIzll, < ClIID*zlZlIzll, ™,

where D°z, = (D}zq, D}z,).

COROLLARY 4.4. Let z € L*((0, T); H*(RY x RY)). Then, for p = 2(1 + %) and 6p = 2, we
have

T
1p 1-6} 795 12 1-61 795 21|60
( f lz)lipde) ™ < sup [@IL DR = sup @IS D 2N} o 7 pezoscee
0 te[0,T] €[0,7] ]

t

ProposiTION 4.5. Let b € L*([0,T] x R? x RY) and my a density which satisfies [M1].
Furthermore, let m € C([0, T]; L>(R? x R%)) be the distributional solution to

@7 dm — Aym + v - Dym — divy(mb) = 0in (0,T) x R x R?,
' m(0, x,v) = mo(x,v) in R? x R4,
Then, there exists a Cy = Co(||bllco, T, lImoll2, [Imolle) > O, such that
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Proof. The proof follows the work of F. Golse, C. Imbert, C. Mouhot and A. Vasseur in
[18]. To simplify the notation we define the operator

L'm = 0;m— Aym+ v - D,m — div,(mb).

Furthermore, to reduce the technical steps we make the following reduction. By linearity it is
enough to show the result in the case of ||mg|| < 1. Moreover, we assume that b is smooth
with compact support, since the general case may be handled by approximation. We note that
once b is smooth and compactly supported, the density m is bounded above, however this
bound depends on ||div,(b)||. Nonetheless, at the level of smooth b the functions m, m? are
integrable. For @ > 1 > ||myg|| We set m, := (m—a)4. Then, we have that m, is a subsolution
of

(4.8) L'my — (1 + @)1,,5,div,(b) < 0,m,(0) = 0.

Moreover, for technical reasons we will also require the function mi, which is a subsolution
of

4.9)  9m’ - Aym? —v- Dm? — div,(m2b) — m2div,(b) — 2am,div,(b) < 0, m>(0) =0,

or equivalently
(4.10)
&m> — Aym2 —v- D> —2div,(m2b) + Dy(m2) -b—2adiv,(m,b) + 2aDv(my)-b < 0, m>(0) = 0.

The typical energy estimates required in the De Giorgi argument for improvement of integra-
bility, are not suitable for this setting. Namely testing against m? in 4.9, only yields bounds
on D,m2. To obtain an increase in integrability we first look at the solution w, of

(4.11)  Bwy — AWy — - Dowg — divy(m2b) — m2divy(b) — 2amadivy(b) = 0, wa(0) =0,

and we note that w, > m? > 0. Testing against w, in (4.11) yields by Grénwall

4.12)
2

2
Sup ”Wa/(t)”z + ||DUW&||L2([0,T]XR4XR")

1€[0,T]

2 2)12 2 2412
< C(llmallz. +lmg |17 +[|Dymal[} + [1Dy(mo)ll

([0,T1XRIXRY) ([0,TIXRIXRY) ([0,TIXRIXR4) ([0,TIXRIXRY) )

For the estimates on m? we test (4.8) against m? and integrate in space to obtain by Gronwall

T T T
(4.13) sup f Ima(O|* + f f IDm2* < C( f f Imol* + f f IDyma ).
t€[0,T] 0 0 0

. T . . . .
‘We need an estimate for fo f |Dymg %, so we test against m, in (4.8) and integrate in space to
obtain by Gronwall

T T
4.14) sup lIma (I + f f Dumal? < € f [ma(t) > O},
t€[0,T] 0 0
Using estimates (4.14),(4.13) on (4.12) yields
T+2 T
(4.15) sup [wa (D5 + f f IDwel* < C f l{ma(t) > 0}]dt.
0 0
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From the above and Theorem 4.8, we obtain

T
(4.16) Dl sy < € [ lma) > Ol
0

From (4.16) and Corollary 4.4, we obtain

- 1-0 - 1-0
Iwallr o, risraxrdy < CID*Wally2 (0. 7pxgasgay res[lgf;] IWa Ol (10 7xgaxgay < CID Wally res[lgr;] [Iwa (DIl

from (4.15) and (4.16) we have

T
(4.17) IWaller o, ixraxmey < Cf [{mq (1) > O}.
0

We may now setup the De-Giorgi iteration. For k € N, let o, = (2 + Zk%l) and my = myg,.
Since

1
(4.18) Homi(t) > O} = {1 (1) > 5ol < 16* f Ime_1 (D1,

if we define Uy, := fOT Joo s Imic*dxdudt, and use estimate (4.18) in (4.17), we obtain
(4.19) IWellr o rixmixzs < C16X Uy
Recall that m2 < w,, thus from (4.19) we have

211, < [well, < C16*Uy-;.

Therefore,
T
Uy = f f i *dxdvdt = |mll3 < Cllwell}l[{my > 0} < C16*U T,
0

for some € = €(p) > 0 and the result follows. 0

4.2. Prerequisites. We rely on the following minor modifications of three results from
[4]. We modify these Theorems slightly, to be used for a finite time interval [0, T'].

THEOREM 4.6. (Theorem 1.5,[4]) Let f, g € L*([0, T1x R¢ x RY), D, f € L*(R x R? x R%)
and fy € L*(RY x RY), such that

Of —v-D,f—Af=gin[0,T] xR xR,
£(0, x,v) = fo(x,v) in RY x R4,

Then, there exists a dimensional constant C > 0, such that

C
8.1 =0+ Daflly + 1801 < =(lgll + follo).

THEOREM 4.7. (Theorem 1.3, [4]) Assume that f, g, go € LP([0, T]1x R¢ x RY), with D, f €
LP(0, TI X RE xR, (1 +[vP)g € LPR x R x RY), (1 + |v])go € LP(R x RY x R?) and
fo € LP(RY x RY) for some p € (1, o), such that they solve

Of —v-D.f =divy(g) + g0 in (0, T] x R x RY,
£(0,x,0) = fox,v) in RY x RY,

in the distributional sense. Then, there exists a constant C > 0, such that

IDY £, + D fll, < CUIA, + 1D £l + 1L+ [oP)gll, + 1L+ loDgoll, + 1l foll,)-
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THEOREM 4.8. (Theorem 2.1, [4]) Assume that f, g, g0 € LP([0, T] X R4 x RY), with D,f €
LP([0, T]1 x RY x RY), and foe LP(RY x Rd)for some p € (1, 00), such that they solve

Oif —v- Dyof = divy(g) + go in (0,T] x R X RY,
£(0,x,v) = fo(x,v) in RY x R,

in the distributional sense . Then, there exists a constant C > 0, such that

1D flly < CAD Ay + 1ol + lglly + lIgoll,).
where a,a’ € (0, 1) and depend only on the dimension d.
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