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Abstract. Kinetic equations model the position-velocity distribution of particles subject to
transport and collision effects. Under a diffusive scaling, these combined effects converge to a diffusion
equation for the position density in the limit of an infinite collision rate. Despite this well-defined
limit, numerical simulation is expensive when the collision rate is high but finite, as small time steps
are then required. In this work, we present an asymptotic-preserving multilevel Monte Carlo particle
scheme that makes use of this diffusive limit to accelerate computations. In this scheme, we first
sample the diffusive limiting model to compute a biased initial estimate of a Quantity of Interest,
using large time steps. We then perform a limited number of finer simulations with transport and
collision dynamics to correct the bias. The efficiency of the multilevel method depends on being able
to perform correlated simulations of particles on a hierarchy of discretization levels. We present a
method for correlating particle trajectories and present both an analysis and numerical experiments.
We demonstrate that our approach significantly reduces the cost of particle simulations in high-
collisional regimes, compared with prior work, indicating significant potential for adopting these
schemes in various areas of active research.
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1. Introduction. In this work, we consider an ensemble of particles that travel
freely until they receive a new velocity due to collisions. Such ensembles are used for
modeling physical phenomena in many application domains. An example, which draws
our interest, is plasma edge simulation for the design of tokamak fusion reactors, such
as performed in the simulation codes B2-EIRENE [48] and DEGAS [52]. Other areas
include bacterial chemotaxis [50] and computational fluid dynamics [47], where a large
number of software packages exist such as MONACO [9] and dsmcFoam+ [51, 54].

In the cases we consider, the particle ensembles follow a kinetic-transport equation

(1.1) ∂tf(x, v, t) + v · ∇xf(x, v, t) = Q[f(x, v, t)],

where f(x, v, t) represents the particle probability density as a function of space
x ∈ Dx ⊂ Rd, velocity v ∈ Dv ⊂ Rd and time t ∈ R+, and Q[·] represents a
collision operator that causes particles to undergo discontinuous velocity changes.
These models are high-dimensional, as they lead to time dependent simulations in
a 2d-dimensional phase-space, e.g., a three dimensional application requires a seven
dimensional model. The quantity of interest (QoI) is, however, not the full solution in
2d+1 dimensions, but rather some lower dimensional function thereof, e.g., the parti-

cle position-density ρ(x, t) =

∫

Dv

f(x, v, t)dv or momentum j(x, t) =

∫

Dv

vf(x, v, t)dv

as a function of time.
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2 E. LØVBAK, AND G. SAMAEY

Aside from being lower-dimensional, these quantities of interest often adhere to
slower time-scales than those of the particle dynamics, especially for high collision
rates, i.e., the expected number of collisions per second. Having multiple time-scales
in the models implies problem stiffness, i.e., explicit methods require small simulation
time steps, relative to the simulation horizon, to capture the particle dynamics, result-
ing in a high simulation cost. When selecting a discretization for models of the form
(1.1), both their high-dimensionality and potential stiffness should be considered.

We consider a diffusively scaled version of (1.1) where the collision operator Q[·]
is chosen to be the Bhatnagar-Gross-Krook (BGK) operator [4], i.e.,

(1.2) ∂tf(x, v, t) +
v

ε
· ∇xf(x, v, t) =

1

ε2
(M(v)ρ(x, t)− f(x, v, t)) ,

with ε the Knudsen number, which can intuitively be understood as the inverse of a
dimensionless collision rate, and M(v) the probability density of the post-collisional
velocity distribution. The BGK operator affects each particle individually, linearly
driving the velocity distribution to a steady-state M(v) at a rate ε−2, rather than
modeling particle-particle interactions. As ε → 0, the time-scale separation between
the transport and collision behavior in (1.2) becomes infinite. The diffusive scaling,
where one simultaneously rescales the transport and collision terms results in conver-
gence to a drift-diffusion equation in this limit [14].

As ε → 0, the velocity distribution relaxes to the steady state distribution with
density M(v). In this limit the velocity dimensions of the phase-space no longer
contain any information and the stiff phase-space model can be replaced by a model
with only spatial dimensions and without ε-dependent time-step constraints. For
example, if the steady state distribution density M(v) is symmetric with mean zero
under the Lebesgue measure, in the limit ε→ 0, the solution (1.2) can be decomposed
as f(x, v, t) = ρ(x, t)M(v) where ρ(x, t) satisfies the diffusion equation [34]

(1.3) ∂tρ(x, t) = ∇xxρ(x, t).

If ε is small enough, the issues of high dimensionality and multiple time-scales can
be avoided by approximating (1.2) by the limiting macroscopic equation (1.3). The
closer to the limit, the better the approximation is. Given knowledge of ε over the
domain Dx, one could consider a domain decomposition approach, selecting a model
based on ε, see e.g. [24, 29]. In this work, we take an alternate route by using a single
model and a corresponding asymptotic-preserving scheme, across the domain.

Asymptotic-preserving schemes (AP) [28] incorporate knowledge about the limit-
ing macroscopic equation into the discretization of the kinetic equation. This is done
in a way that produces unconditionally stable numerical convergence to the limiting
equation as ε→ 0, while still maintaining consistency for a fixed finite time-scale sep-
aration. For an overview of such methods we refer to [14, 26]. Many deterministic AP
schemes, simulating f(x, v, t), have been developed using various approaches such as
operator splitting [5, 21, 25, 27, 28], truncated expansions in ε [30, 32], micro-macro
decomposition [7, 37], spatial averaging [35, 36] and low-rank approximation [16, 17].
Similar schemes have also been developed for the hyperbolic scaling [3, 12, 13, 31],
i.e., multiplying the right-hand side of (1.2) by ε.

Due to the problem’s high dimensionality, a stochastic approach with Monte Carlo
particle simulation is often favorable. In such an approach, individual particle trajec-
tories are simulated, producing samples from the distribution with density f(x, v, t)
whose contribution to the QoI is averaged. By tracing individual particle paths, rather
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than forming a 2d-dimensional grid, most of the computational effort is spent sam-
pling high-probability regions of the phase-space. Assuming the QoI is well behaved,
e.g., it does not depend disproportionately on low-probability regions of f(x, v, t),
this approach will allocate computational resources more efficiently. Monte Carlo
methods, however, introduce statistical noise to the computed result, as f(x, v, t) is
approximated by a finite number of random samples. A number of stochastic AP
schemes have been developed in the hyperbolic scaling, see e.g. [8, 10, 11, 44, 45, 46].
For AP Monte Carlo schemes in the diffusive scaling, we refer to [6, 15, 42].

In [39, 40], the multilevel Monte Carlo method (MLMC) [19, 23] was applied to
the AP scheme in [15], in an approach called asymptotic-preserving multilevel Monte
Carlo (APMLMC). The key idea was to leverage the ability of AP schemes to perform
stable simulations with a collision-rate-independent time step size to first compute a
biased, but low cost estimate of the QoI. By using large time steps, many trajectories
can be simulated, so the computed estimate will have low variance. Then, the initial
estimate is improved upon with a sequence of corrective estimators for the bias, formed
by comparing simulations with different time step sizes. Under the condition that the
sum of these corrections converges sufficiently fast, fewer samples will be required as
the simulation accuracy is increased. For a detailed description of this approach and
an analysis of the method, we refer the reader to [40]. Aside from the APMLMC
approach, prior work on applying MLMC to particle methods for kinetic equations
can be found in [22, 49] as well as extensions in, e.g., importance sampling [2] and
iterative methods for treating coupled particles [1, 53].

The works [39, 40] demonstrated that the APMLMC approach can achieve a
significant speedup when a high accuracy is demanded of the QoI. However, the
majority of the method’s computational cost lies in simulations with a time step size
∆t = O(ε2), meaning further developments are needed to remove the collision-rate
dependence of the simulation cost. In this work, we extend the method in [39, 40] by
introducing a new algorithm for correlating simulations with very coarse time steps
and time steps ∆t = O(ε2). A preliminary version of this algorithm was published
as [38], where numerical experiments showed a significant speedup at the cost of an
extra bias. In this paper, we expand on the work of [38]. We modify the algorithm to
reduce the remaining bias, removing it completely for Gaussian steady-state density
M(v). We also perform a detailed numerical analysis of the new algorithm. We also
refer to [41], where similar ideas were used to develop an alternate APMLMC scheme
based on the AP scheme in [42].

The remainder of this paper is structured as follows. In Section 2, we demonstrate
the numerical issues that arise in forward Monte Carlo simlulation of kinetic equations
near the diffusive limit and present the general idea behind the APMLMC approach.
In Section 3, we present our improved APMLMC scheme. In Section 4, we compute
expressions for the optimal method parameters and demonstrate why the new scheme
outperforms previous work. In Section 5, we demonstrate both the speedup and cor-
rectness achieved by using our new correlation with numerical experiments. Finally,
in Section 6, we draw some conclusions and discuss possible future work.

2. Multilevel Monte Carlo Simulation near the Diffusive Limit. Fur-
ther in this work, we consider equations of the form (1.2) where the velocity density
M(v) is symmetric with characteristic velocity ṽ, which we define as the standard-
deviation of the corresponding distribution. To simplify later notation, we introduce
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the probability density B(v̄), with mean 0 and variance 1, and a decomposition

(2.1) M(v) =
1

ṽ
B
(v
ṽ

)
=

1

ṽ
B(v̄)

The two concrete cases we consider for M(v) are:
• The Goldstein-Taylor model where v ∈ {−ṽ, ṽ}, i.e.,M(v) = 1

2 (δv,−ṽ + δv,ṽ),
with δ the Kronecker delta function.

• Continuous, normally distributed velocities v ∈ R, i.e., M(v) = N (v; 0, ṽ2).
One could also consider other velocity distributions, e.g., due to a field driving the par-
ticles or a domain boundary. We leave the discussion of non-symmetric distributions
and other generalizations for future work.

We consider a quantity of interest Y (t∗), which is an integral over a function
F (x, v) of a particle’s position X(t) and velocity V (t) at time t = t∗, with respect to
the measure f(x, v, t) dx dv:

Y (t∗) = E [F (X(t∗), V (t∗))] =

∫

Dv

∫

Dx

F (x, v)f(x, v, t∗) dxdv.

In applications, the quantity of interest is not always integrated over space. We, how-
ever, perform this integration to simplify notation and reduce the cost of simulations.

In Section 2.1, we first demonstrate why straightforward Monte Carlo requires fine
time steps to simulate (1.2). In Section 2.2, we then present an asymptotic-preserving
scheme which allows for simulation with coarse time steps. Section 2.3 describes how
the multilevel Monte Carlo method can be applied to such a scheme. In Section 2.4,
we describe the APMLMC approach from [39, 40], which we improve upon in this
work. Finally, in Section 2.5, we summarize the level selection strategy used in [40].

2.1. Standard Monte Carlo. The particle probability density f(x, v, t) at time
t = n∆t is represented by an ensemble of P particles, with indices p ∈ {1, . . . , P},

(2.2)
{(
Xn
p,∆t, V

n
p,∆t

)}P
p=1

.

We simulate (1.2) with a fixed time-step particle scheme with time step size ∆t.
Each particle p has a state

(
Xn
p,∆t, V

n
p,∆t

)
in the position-velocity phase space at each

time step n, with Xn
p,∆t ≈ Xp(n∆t) and V np,∆t ≈ Vp(n∆t). A classical Monte Carlo

estimator Ŷ (t∗) for Y (t∗) averages over an ensemble (2.2)

(2.3) Ŷ (t∗) =
1

P

P∑

p=1

F
(
XN
p,∆t, V

N
p,∆t

)
, t∗ = N∆t.

We use operator splitting to produce a first order scheme in the time step size
∆t [43]. For (1.2), this means alternating between two actions in each time step n:

1. Transport step. Update the particle position given its velocity V np,∆t, i.e.,

(2.4) Xn+1
p,∆t = Xn

p,∆t + ∆tV np,∆t.

2. Collision step. Perform a collision with probability pc,∆t = ∆t/ε2 by sam-
pling M(v), i.e.,

(2.5) V n+1
p,∆t =

{
V n,∗p,∆t ∼ 1

εM(v), with collision probability pc,∆t = ∆t/ε2,

V np,∆t, otherwise,
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where ∼ denotes sampling a distribution, which we often represent by its density.
The scheme (2.4)–(2.5) has a time-step constraint ∆t = O(ε2) when approaching

the limit ε → 0. This constraint results in high simulation costs, despite the well
defined limit (1.3) [15]. The variance of the estimator (2.3) decreases with the number
of sampled trajectories as P−1. This means that a high individual trajectory cost will
constrain the certainty of the estimate Ŷ (t∗), given a fixed computational budget as
taking time steps ∆t = O(ε2) will limit the number of simulated trajectories.

2.2. Asymptotic-preserving Monte Carlo scheme. To remove this time-
step constraint, we replace (2.4)–(2.5) with an asymptotic-preserving scheme, when
simulating the ensemble (2.2). The AP scheme from [15] substitutes (1.2) with

(2.6) ∂tf +
εv

ε2 + ∆t
· ∇xf =

ṽ2∆t

ε2 + ∆t
· ∇xxf +

1

ε2 + ∆t
(M(v)ρ− f) ,

where the space, velocity and time dependency of f(x, v, t) and ρ(x, t) are omitted, for
conciseness. Note that the coefficients of (2.6) now explicitly contain the simulation
time step ∆t. Using this scheme, ∆t can be chosen independently of ε.

Equation (2.6) has the following properties [15]:
1. For ∆t

ε2 →∞, the solution of (2.6) converges to a form f(x, v, t) = ρ(x, t)M(v),

with ρ(x, t) satisfying the diffusion equation (1.3) with a bias O
(
ε2

∆t

)
.

2. For ∆t
ε2 → 0, the coefficients of (2.6) converge to those of the original kinetic

equation (1.2) with a bias O
(

∆t
ε2

)
.

When fixing ∆t, the first property leads to the modified kinetic equation having the
same asymptotic limit in ε as the original kinetic equation. When fixing ε and varying
∆t these properties gives an intuitive interpretation to (2.6): We can interpret the
modified equation as a combination of the diffusion equation (1.3) and the original
kinetic equation (1.2), with each contribution weighted in function of ∆t. For large
time steps, diffusion dominates over kinetic effects, whereas, for small time steps,
kinetic effects are dominant. At the particle level, diffusion corresponds to a Brownian
motion, which has no constraints on the time step size, hence the stability of (2.6).

Particle trajectories corresponding with (2.6) are generated as follows:
1. Transport-diffusion step. Update the particle given its velocity V np,∆t and

a Brownian increment with diffusion coefficient D∆t =
ṽ2∆t

ε2 + ∆t
, i.e.,

(2.7) Xn+1
p,∆t = Xn

p,∆t + ∆tV np,∆t +
√

2∆t
√
D∆tξ

n
p ,

in which we generate ξnp ∼ N (0, 1).

2. Collision step. Perform a collision with probability pc,∆t =
∆t

ε2 + ∆t
by

sampling M∆t(v) with characteristic velocity ṽ∆t =
ε

ε2 + ∆t
ṽ, i.e.,

(2.8) V n+1
p,∆t =




V n,∗p,∆t ∼M∆t(v), with probability pc,∆t =

∆t

ε2 + ∆t
,

V np,∆t, otherwise.

The scheme (2.7)–(2.8) stably generates trajectories for large ∆t. However, these
trajectories are biased with O(∆t) compared to those generated by (2.4)–(2.5).
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2.3. Multilevel Monte Carlo. We combine simulations with different time
step sizes through multilevel Monte Carlo (MLMC) [19, 23]. Multilevel Monte Carlo
combines many inaccurate trajectories (low variance) with lower numbers of increas-
ingly accurate trajectories (low bias). A coarse Monte Carlo estimator at level 0
Ŷ0(t∗), with a time step ∆t0, is given by

(2.9) Ŷ0(t∗) =
1

P0

P0∑

p=1

F
(
XN0

p,∆t0
, V N0

p,∆t0

)
, t∗ = N0∆t0.

Estimator (2.9) is based on a large number of trajectories P0, but has a low compu-
tational cost as few time steps N0 are required to reach time t∗.

Next, Ŷ0(t∗) is refined upon by a sequence of L difference estimators at levels
` = 1, . . . , L. Each difference estimator uses an ensemble of P` particle pairs

(2.10) Ŷ`(t
∗) =

1

P`

P∑̀

p=1

(
F
(
XN`

p,∆t`
, V N`

p,∆t`

)
− F

(
X
N`−1

p,∆t`−1
, V

N`−1

p,∆t`−1

))
, t∗ = N`∆t`.

Each correlated particle pair consists of a particle with a fine time step ∆t` and a
particle with a coarse time step ∆t`−1 = M∆t`, with M a positive integer. The
particles in each pair undergo correlated simulations, which intuitively can be under-
stood as making both particles follow the same qualitative trajectory for two different
simulation accuracies. One can interpret the difference estimator (2.10) as using the
fine simulation to estimate the bias in the coarse simulation.

Given a sequence of levels ` ∈ {0, . . . , L}, with decreasing time step sizes, and the
corresponding estimators given by (2.9)–(2.10), the multilevel Monte Carlo estimator
for the quantity of interest Y (t∗) is computed by the sum

(2.11) Ŷ (t∗) =

L∑

`=0

Ŷ`(t
∗).

Using linearity of the expectation, it is clear that the expected value of the estimator
(2.11) is the same as that of (2.3) with the finest time step ∆t = ∆tL. If the number of
simulated (pairs of) trajectories P` decreases sufficiently fast as ` increases, it can be
shown that the multilevel Monte Carlo estimator requires a lower computational cost
than a classical Monte Carlo estimator to achieve the same mean square error [20].

2.4. Term-by-term correlation approach. The differences in (2.10) will only

have low variance if the simulated paths up to XN`

p,∆t`
and X

N`−1

∆tp,`−1
, with time steps re-

lated by ∆t`−1 = M∆t` are correlated. Before introducing our new correlation in Sec-
tion 3, we first summarize the correlation introduced in [39]. To discuss correlated tra-
jectory pairs, we define a sub-step index m ∈ {0, . . . ,M − 1}, i.e., Xn,m

p,∆t`
≡ XnM+m

p,∆t`
.

To span a time interval of size ∆t`−1, the coarse simulation requires a single time step
of size ∆t`−1 while the fine simulation requires M time steps of size ∆t`:

(2.12)





Xn+1
p,∆t`−1

= Xn
p,∆t`−1

+ ∆t`−1V
n
p,∆t`−1

+
√

2∆t`−1

√
D∆t`−1

ξnp,`−1

Xn+1,0
p,∆t`

= Xn,0
p,∆t`

+

M−1∑

m=0

(
∆t`V

n,m
p,∆t`

+
√

2∆t`
√
D∆t`ξ

n,m
p,`

) ,

with ξnp,`−1, ξ
n,m
p,` ∼ N (0, 1), V np,∆t`−1

∼M∆t`−1
(v) and V n,mp,∆t`

∼M∆t`(v).
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To correlate a pair of simulations with time step sizes ∆t` and ∆t`−1, we first
perform M independent fine time steps of size ∆t`. Then, the resulting M sets of ran-
dom numbers are combined into a single set of random numbers for the corresponding
coarse time step of size ∆t`−1. If these coarse random numbers are distributed as if
they had been generated independently, then the coarse simulation statistics will be
preserved, while also correlating both paths.

There are two sources of stochastic behavior in scheme (2.7)–(2.8). On the one
hand, a new Brownian increment ξnp is generated at each time step. On the other hand,
each particle has a non-zero collision probability in each time step. Collisions cause a
new particle velocity V n+1

p,∆t to be sampled for the next time step. The term-by-term
correlation presented in [39, 40] correlates these sources as two separate phenomena.
We briefly summarize this approach here, referring to [40] for more details.

Generating ξnp,`−1. Each fine sub-step m ∈ {0, . . . ,M−1} generates a Brownian

increment ξn,mp,` ∼ N (0, 1). These are summed and rescaled to have unit variance

(2.13) ξnp,`−1 =
1√
M

M−1∑

m=0

ξn,mp,` ∼ N (0, 1),

similar to the approach proposed in [19].

Generating V n+1
p,`−1. At the end of each fine sub-step m ∈ {0, . . . ,M−1}, a

collision occurs with probability pc,∆t` . This process is simulated by sampling a
un,mp,` ∼ U([0, 1]), with U([0, 1]) the uniform distribution on [0, 1]. If

un,mp,` ≥ pnc,∆t` = 1− pc,∆t` =
ε2

ε2 + ∆t`

then a collision takes place at the end of fine sub-step m. There is at least one
fine-simulation collision if un,max

p,` = maxm u
n,m
p,` ≥ pnc,∆t` . When

(2.14) unp,`−1 ≥ pnc,∆t`−1
, unp,`−1 =

(
un,max
p,`

)M
∼ U([0, 1]),

a collision also occurs in the simulation at level ` − 1. If there is a collision at level
` − 1, then the last value V̄ n,m,∗p,` from the fine simulation, with V̄ n,m,∗p,` ∼ B(v̄) as
defined in (2.1), is used to generate a velocity for the next step at level `− 1, i.e.,

(2.15) V n+1
p,`−1 = ṽ∆t`−1

V̄ n+1
p,`−1, V̄ n+1

p,`−1 = V̄ n,∗p,`−1 = V̄ n,M−1,∗
p,` .

If there is no collision in the coarse simulation, then its velocity remains unchanged.

2.5. Level strategy. In [40], the following level sequence was suggested, after
observing that difference estimators with ∆t` > ε2 will not aid in variance reduction:

1. At level 0, generate an initial estimate of Ŷ (t∗) by simulating with ∆t0 = t∗.
2. At level 1, perform correlated simulations to t∗ using ∆t0 = t∗ and ∆t1 = ε2.
3. Continue with a geometric sequence of levels ∆tl = ε2M1−l for l > 1 until

the requested root mean square error bound E is achieved.
It was then shown in [40] that an MLMC scheme based on the term-by-term approach
achieves an asymptotic speed-upO

(
E−2 log2(E)

)
in the root mean square error bound

E, when compared to a single level simulation for the same E. This asymptotic result,
however, does not say how well the presented approach bridges the gap between
very coarse (diffusive) simulations and calculations with time steps in the order of
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Fig. 1: A pair of trajectories with two discrete velocities and ṽ = 1, correlated by the
approach described in Section 2.4. We set ε = 0.1, ∆t` = 0.01 and ∆t`−1 = 1.

magnitude of the collision rate, capturing the collision dynamics. In fact, experimental
results showed only a slight speed up, compared to leaving out level 0 altogether [39].
In the current paper we therefore introduce an improved correlation at level 1.

3. An improved APMLMC scheme with combined correlation. While
the term-by-term correlation described in Section 2.4 works well for small refine-
ment factors M , it does not produce well correlated trajectory pairs when M is
large [38], especially so when ∆t` ≈ ε2, as is the case in level 1. The reason for
this becomes clear when we consider two trajectories from such a pair, as shown in
Figure 1, where we separately show the diffusive increments

√
2∆t`−1

√
D∆t`−1

ξnp,`−1

and
√

2∆t`
√
D∆t`ξ

n,m
p,` (Figure 1a), transport increments ∆t`−1V

n
p,∆t`−1

and ∆t`V
n,m
p,∆t`

(Figure 1b), and the sum of both diffusive and transport increments (Figure 1c). Both
trajectories in Figure 1a are similar in shape, but have diffusion coefficients D∆t that
differ by almost a factor two. More noticeably the two trajectories in Figure 1b bare
almost no similarity. The reason these trajectories differ are (i) their differing charac-
teristic velocities ṽ∆t; and (ii) that only one of the M fine velocities V̄ n,m,∗p,` is used to

generate a coarse velocity V̄ n,∗p,` . Note that reason (ii) means that a lot of information
in the fine process is lost when generating the coarse process.

Let us start again from (2.12) with ∆t`−1 � ∆t`, bearing in mind the motivation
for using an asymptotic-preserving scheme, i.e., substituting a large number of (in the
limit ε → 0 infinitely many) collisions with a single diffusive step. From this moti-
vation, it is apparent that there should be a correlation between the fine simulation
velocities and the Brownian increment in the coarse simulation, which, for a large
part, replaces their behavior. In [33], it is shown that one can simulate Brownian
motion in the weak sense, using approximate Brownian increments ξnp,`−1 satisfying

(3.1)
∣∣E
[
ξnp,`−1

]∣∣+
∣∣∣E
[(
ξnp,`−1

)3]∣∣∣+
∣∣∣E
[(
ξnp,`−1

)2]− 1
∣∣∣ ≤ K∆t`−1,

for some constant K. If (3.1) is satisfied, the same weak convergence is achieved as
the classical Euler-Maruyama scheme. As we are interested in computing moments,
having weak convergence is sufficient for maintaining good approximations in coarse
simulations. We now present a new scheme for generating approximate Brownian
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increments ξnp,`−1 consisting of two parts:
1. We generate a coarse value ξnp,`−1, satisfying (3.1), through a weighted sum

of (a) the fine velocities V̄ n,m,∗p,` and (b) the normaly distributed increments

ξn,mp,` . The details of the resulting algorithm are presented in Section 3.1.
2. The coarse values ξnp,`−1 generated by the new algorithm will be normally

distributed if the steady state velocity probability densityM(v) ≡ N (v; 0, 1).
In the general case for M(v), we can however only assume (3.1) holds. As
a result, (2.11) will no longer be consistent as the distribution of the values
ξnp,`−1 used to generate Ŷ` no longer match those used to generate Ŷ`−1. In
Section 3.2, we present a modification to the generation of the values ξnp,`−1

in the fine simulation at level Ŷ`−1 which restores consistency in (2.11).

3.1. Combined correlation. The improved correlation generates ξnp,`−1 as a
weighted sum of a diffusion contribution ξnp,`−1,W from the fine simulation diffusion

and a transport contribution ξnp,`−1,T from the fine simulation rescaled velocities V̄ n,mp,`

(3.2) ξnp,`−1 =
√
θ` ξ

n
p,`−1,W +

√
1− θ` ξnp,`−1,T ,

with θ` ∈ [0, 1]. The physical interpretation of the contribution ξnp,`−1,T comes from
considering that the convergence of (1.2) to (1.3), at the particle level, means substi-
tuting an infinite number of kinetic increments with a single Brownian increment. As
the fine simulation has more weight on its kinetic behavior, while the coarse simula-
tion has more weight on its diffusive behavior, basing coarse diffusion on transport
increments therefore insures that both simulations follow a similar trajectory.

If the diffusive contribution ξnp,`−1,W and transport contribution ξnp,`−1,T are both
distributed symmetrically with unit variance, the same holds for ξnp,`−1, meaning
that we can set K ≡ 0 in (3.1). The correlation for generating coarse collisions
and velocities remains as in (2.14)–(2.15). In Sections 3.1.1–3.1.3, we discuss the
contributions ξnp,`−1,W , ξnp,`−1,T and the weight θ`, one at a time.

3.1.1. Diffusive contribution ξnp,`−1,W . The coupling of Brownian increments
is identical to (2.13) from the term-by-term correlation

(3.3) ξnp,`−1,W =
1√
M

M−1∑

m=0

ξn,mp,` .

3.1.2. Transport contribution ξnp,`−1,T . We can generate a value ξnp,`−1,T with

expected value zero and unit variance from the V̄ n,mp,` as

(3.4) ξnp,`−1,T =

(
V

[
M−1∑

m=0

V̄ n,mp,`

])− 1
2 M−1∑

m=0

V̄ n,mp,` .
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We compute the variance of the sum of V̄ n,mp,` as

V

[
M−1∑

m=0

V̄ n,mp,`

]
=

M−1∑

m=0

V
[
V̄ n,mp,`

]
+ 2

M−2∑

m=0

M−1∑

m′=m+1

Cov
(
V̄ n,mp,` , V̄ n,m

′

p,`

)

= M + 2

M−1∑

∆m=1

(M −∆m) (pnc,∆t`)
∆m

= M + 2
pnc,∆t`

(
((pnc,∆t`)

M −M(pnc,∆t` − 1)− 1
)

(pnc,∆t` − 1)2

= M + 2
pnc,∆t`

(
(pnc,∆t`)

M
+Mpc,∆t` − 1

)

(pc,∆t`)
2 ,

where pc,∆t` is the collision probability as defined in (2.8) and pnc,∆t` = 1− pc,∆t` .
Remark 3.1. As the V̄ n,mp,` are now used to generate values for both ξnp,`−1 and

V̄ np,`−1, care must be taken to avoid introducing correlations between the generated

ξnp,`−1 and V̄ np,`−1. Such correlations can be introduced in two ways:

1. If there is a collision in both processes during time step n− 1 then V̄ np,`−1 =

V̄ n,0p,` , by (2.15). As a consequence V̄ n,0p,` and any subsequent V̄ n,mp,` which fall
before the first collision in the process with time step ∆t` cannot be used in
the sum (3.4), without introducing a correlation between ξnp,`−1 and V̄ np,`−1.

2. If there is no collision in fine time step n,M − 1 then V̄ n+1
p,`−1 = V̄ n,M−1

p,` ,

by (2.15). As a consequence any V̄ n,mp,` which fall after the last collision in
the process with time step ∆t` cannot be used in the sum (3.4), without
introducing a correlation between ξnp,`−1 and V̄ n+1

p,`−1.

Remark 3.2. A preliminary version of this scheme was presented, without analy-
isis, in [38]. The scheme presented there suffered from an observable bias due to the
dependencies described in Remark 3.1. Here, we avoid introducing such dependencies
by sampling two values from M(v): One to substitute the velocities in (3.4) before
the first fine simulation collision, the other to substitute the velocities after the final
fine simulation collision during the coarse time interval n. Note that no velocities
need to be substituted after a final collision taking place in fine sub-step M − 1.

3.1.3. Contribution weight θ`. What remains is to choose the weight between
the two contributions in (3.2) so as to maximize correlation between the coarse and
fine paths. In Section 4 we analytically derive the optimal value for θ`, for now we
simply give a rule-of-thumb: If M is small, as in levels ` > 1, then both coarse and
fine processes simulate similar models. We can then expect θ` values close to 1 to
work well. If M is large, as in level ` = 1, then fine simulation diffusion will have
much less effect than diffusion in the coarse simulation, whereas the inverse is true for
the transport effects. In this case θ` values closer to 0 work better as they increase
the contribution of fine transport effects to the coarse diffusion.

3.1.4. Full combined correlation algorithm. A full simulation of a pair of
particles correlated with the combined correlation approach is given in Algorithm 3.1.

3.2. Maintaining consistency in the telescopic sum. The weak diffusive
process produced by (3.2) does not have the same distribution as the Brownian process
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Algorithm 3.1 Simulating particle pairs with combined correlation.

for Each time step n do
for m = 0 . . .M − 1 do

Simulate (2.7)–(2.8) with ∆t`, saving the ξn,mp,` , un,mp,` and V̄ n,mp,` .
end for
Generate ξnp,`−1 from the ξn,mp,` and the V̄ n,mp,` using (3.2) and Remark 3.2.

Generate unp,`−1 and V̄ n,∗p,`−1 from the un,mp,` and V̄ n,m,∗p,` using (2.14)–(2.15).
if unp,`−1 ≥ pnc,∆t`−1

then

Set V̄ n+1
p,`−1 = V̄ n,∗p,`−1.

else
Set V̄ n+1

p,`−1 = V̄ np,`−1.
end if

end for

used in the independent simulation of (2.7)–(2.8) at level 0, unlessM(v) ≡ N (v; 0, 1).
A similar issue arises in the alternate scheme in [41]. For large M , one can assume
that the law of large numbers will result in a suitably small bias. It is however hard
to draw any conclusions about the size the error for general quantities of interest
due to this inconsistency. We therefore modify the independent level 0 simulation by
generating independent coarse simulation Brownian increments ξnp,0 which are distrib-
uted as though they were generated using Algorithm 3.1, without performing O(M)
computation. To this end, we approximate the right-hand sum in (3.4).

First, we consider that (3.4) does not contain M independent values, as sub-
sequent values of V̄ n,mp,` will be identical in the absence of a collision. This means
that we can rewrite the right-hand sum in (3.4) as a sum of In ≤ M independent
velocities V̄ n,ip,` , i = 1, . . . , In, which are maintained for λi > 0 subsequent time steps.
Here, λi ∼ G (pnc,∆t`) for i = 1, . . . , In− 1, with G(pnc,∆t`) the geometric distribution
corresponding with the number of time steps of size ∆t` required for a collision to
occur, and λIn is chosen so that

∑In
i=1 λi ≡M . Note that In is not fixed, but takes a

different value at each time step n. We now rewrite the right-hand sum of (3.4) as

(3.5)

M−1∑

m=0

V̄ n,mp,` =

In∑

i=1

λiV̄
n,i
p,` .

Next, we group the right-hand side terms of (3.5) by their value of λi, i.e.,

(3.6)

In∑

i=1

λiV̄
n,i
p,` =

M∑

λ∗=1

∑

i|λi=λ∗

λiV̄
n,i
p,` =

M∑

λ∗=1

λ∗
∑

i|λi=λ∗

V̄ n,ip,` ≈
Λ∑

λ∗=1

λ∗
∑

i|λi=λ∗

V̄ n,ip,` ,

where we make the conceptual distinction between the sampled random numbers λi
and the index λ∗. In the right-hand side approximation of (3.6), we assume that long
sequences of time steps without intermediate collisions are sufficiently rare that they
can be assumed not to take place, i.e., given a suitable value Λ < M , there is no i so
that λi = λ∗ with λ∗ > Λ. This assumption is reasonable at level 1, where ∆t0 � ε2.

We now define the probability distribution S (φ), representing the sum of φ in-
dependent velocities V̄p,` sampled from the velocity distribution with density M (v).
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Fig. 2: A Bernoulli process: Blue dots denote collision, red circles denote no-collision.

With this distribution, we can rewrite the approximate right-hand side of (3.6) as

(3.7)

Λ∑

λ∗=1

λ∗
∑

i|λi=λ∗

V̄ n,ip,` =

Λ∑

λ∗=1

λ∗σλ∗ , σλ∗ ∼ S (φλ∗) ,

with φλ∗ representing the number values i for which λi = λ∗. The right-hand side
of (3.7) provides us with an approximation of (3.4) with a computational cost which
depends linearly on Λ and no longer depends on M assuming the following:

1. We are able to generate a set of values φλ∗ which are distributed as if we had
simulated M potential collisions and counted the number of runs of length
λ∗, under the constraint that no runs longer than Λ can occur. Generating
these values must have a computational cost independent of M .

2. We are able to sample S (φλ∗) with a computational cost independent of φλ∗ .
We address how to perform the two points above in the following two subsections.
The quality of the approximation also depends directly on Λ. For Λ = M , (3.7) is
exact, but as Λ is decreased then longer sequences without collisions are ignored. In
practice a suitable value for Λ must be selected, so that the bias resulting from the
truncation is negligible compared to the bias of the full multilevel simulation.

3.2.1. Sampling φλ∗ from the run-length distribution. In this section we
address how to sample the distribution of the number of runs of λ∗ time steps with
the same velocity, due to no collision taking place. That is, we wish to generate a set
of values φλ∗ for λ∗ ∈ {1, . . . ,Λ} that are distributed as though we had sequentially
simulated M fine time steps with a collision probability pnc,∆t` and retained a count
of the number of times λ∗ subsequent time steps maintain the same velocity without
intermediate collisions, while enforcing a maximal length Λ for such sequences. It is
not possible to sample each φλ∗ independently for a time step n, given the constraint

(3.8)

Λ∑

λ∗=1

λ∗φλ∗ = M.

In general, it is not straightforward to derive closed-form expressions for the
distributions of such runs, however in [18] a practical approach was developed for
sampling various run length statistics of Bernoulli trials making use of Markov chain
embedding. To use this work, we rely on the fact that a run of λ∗ time steps without
intermediate collisions, means that λ∗−1 sequential time steps have been simulated
without a collision and that there was a collision in the last of these λ∗ time steps.
This means that we can consider a Bernoulli process on the M−1 boundaries between
the M fine time steps spanning the coarse time step ∆t`−1, where a success is defined
as no collision taking place and a failure means that a collision has taken place.

On this Bernoulli process we then define EM−1,λ∗−1 to be the number of success
runs of size exactly λ∗−1, i.e., the number of times there are exactly λ∗−1 subsequent
time steps without a collision. We also define GM−1,λ∗1

to be the number of success
runs of size λ∗−1 or larger, i.e., the number of times there are at least λ∗−1 sequential
time steps without a collision. In both cases, two success runs are always divided
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by at least one collision. As an example consider Figure 2, where M = 14. If
we consider λ∗ = 3, then EM−1,λ∗−1 = 1 and GM−1,λ∗−1 = 3. Using the work
in [18], we precompute tables for the distributions of EM−1,λ∗−1 and GM−1,λ∗−1

for λ∗ = 2, . . . ,Λ for a fixed value of M . These tables consist of rows containing
the cumulative probabilities of subsequent values of EM−1,λ∗−1 and GM−1,λ∗−1 for
a fixed value of M , which can then be used for inverse transform sampling in each
time step. For the technical details on how these tables are generated, we refer to
Appendix A. While a näıve implementation of the algorithm presented in Appendix A
scales as O(M3), in practice the time needed for this precomputation proves negligible
in comparison to the runtimes of the experiments presented in Section 5.

Now that we can sample the distributions of runs of no collisions EM−1,λ∗−1 and
GM−1,λ∗−1 for a given value of M and λ∗, we are able to design an algorithm to
compute a set of runs of time steps. If we were only interested in computing the
number of runs of time steps of a certain length λ∗, it would be sufficient to simply
sample EM−1,λ∗−1 to estimate this result. We, however, want to generate a set of
these time-step run-lengths for multiple values of λ∗, where (3.8) needs to hold. This
means that we need to sample the conditional probability of EM−1,λ∗−1, given the
already sampled numbers. If we generate the disparate φλ∗ in order of decreasing λ∗

we can consider two cases. If all previously generated φλ∗ were 0, then this conditional
probability is equal to the unconditional case and we can use EM−1,λ∗−1 for sampling.
If a non-zero φλ∗ has already been generated then we approximate this conditional
probability by sampling GM−1,λ∗−1 for the given value of λ∗ and subtracting the sum
of all φλ∗ generated previously. Once all φλ∗ with λ∗ > 1 have been generated, φ1 is
set so that (3.8) holds. This process is shown in Algorithm 3.2.

Algorithm 3.2 Sampling the distribution of run-lengths of time steps

run sum← 0, remaining steps←M
for λ∗ = Λ, . . . , 2 do
u ∼ U([0, 1])
if run sum == 0 then
φλ∗ ← sample E table(λ∗, u)

else
φλ∗ ← sample G table(λ∗, u)

end if
φλ∗ ← max(φλ∗ − run sum, 0)
remaining steps← remaining steps− λ∗φλ∗
while remaining steps < 0 do
remaining steps← remaining steps + λ∗

φλ∗ ← φλ∗ − 1
end while
run sum← run sum + φλ∗

end for
φ1 ← remaining steps

Algorithm 3.2 does not sample the exact run-length distribution for two reasons:
1. Run-lengths λ∗ > Λ are not generated in this approach. For sufficiently large

Λ, the occurrence of such run-lengths is rare, but they can strongly impact
the variance of the resulting sum of velocities when they occur. This means
that a good value for Λ is needed to make the trade-off between reducing the
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Fig. 3: The distribution S(φ) for two discrete velocities ±1.

computational cost at level 0 and not adding a large bias to the simulation.
2. We do not sample the true conditional probability of run-lengths, subject to

the longer run-lengths which have already been sampled. This is because it
is possible that the value returned by sampling GM−1,λ∗−1 may be smaller
than the sum of φλ∗ values generated up to that point. If this is the case,
we set φλ∗ = 0 for the current λ∗, which introduces a bias towards longer
run-lengths in the sampled distribution. As the expected value of EM−1,λ∗−1

increases with decreasing λ∗, this is however not a common occurrence. It
is also likely that this bias is compensated in part by the fact that the value
of φλ∗ is set so that (3.8) is satisfied, i.e., the number of intermediate run
lengths will on average be slightly too small, while the number of run-lengths
of size 1 will be slightly to large to compensate this.

3.2.2. Sampling sums of velocities. Once a list of values for φλ∗ has been
generated in the case ofM(v) ≡ N (v; 0, 1), we need to sample the distribution S (φλ∗).
In the general case, there is no closed form expression for sampling this distribution
at a cost independent of φλ∗ . We solve this issue by generating a table for the two-
velocity model. In general, such a table can be generated for any model with a discrete
set of velocities, but as the number of velocities grows, so does the size of the table.

As we sum velocities ±1, the probability of their sum taking a given value is shown
in Figure 3. It is clear that small velocities, in absolute value, are more probable than
larger ones. This means that we can efficiently sample the absolute value of σφ ∼ S(φ)
through inverse transform sampling using a table of different potential values of |σφ|
in increasing order, i.e., sampling a uniformly distributed value u, iterating over a
the table row corresponding with φ until a cumulative probability larger than u is
encountered, and generating a random sign.

4. Variance of combined correlation. To demonstrate how the variance of
differences of particle positions decreases through the use of the combined correlation,
we re-introduce some notation and results from [40]. The fine and coarse particle
position updates after a time step of size ∆t` or ∆t`−1, respectively, are written as

Xn,m+1
p,` −Xn,m

p,` = ∆Xn,m
p,` = ∆Wn,m

p,` + ∆Tn,mp,` ,

Xn+1
p,`−1 −Xn

p,`−1 = ∆Xn
p,`−1 = ∆Wn

p,`−1 + ∆Tnp,`−1,
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with ∆Tn,mp,` = ∆t`V
n,m
p,∆t`

, ∆Wn,m
p,` =

√
2∆t`

√
D∆t`ξ

n,m
p,` , ∆Tnp,`−1 = ∆t`−1V

n
p,∆t`−1

and

∆Wn
p,`−1 =

√
2∆t`−1

√
D∆t`−1

ξnp,`−1. We denote the difference of these updates by

∆X,n =

M−1∑

m=0

∆Xn,m
p,` −∆Xn

p,`−1.

Using this notation we write out the variance of the difference in position of two
simulations after N time steps of size ∆t`−1 as

V

[
N−1∑

n=0

∆X,n

]
=

N−1∑

n=0

V [∆X,n] + 2

N−2∑

n=0

N−1∑

n′=n+1

Cov (∆X,n,∆X,n′) .(4.1)

As subsequent coarse diffusive increments are independent given the correction in Re-
mark 3.2, we know the covariance term in (4.1) is only non-zero due to the dependency
between subsequent simulation velocities. As velocities are generated the same way
in both combined and term-by-term schemes, we repeat the result computed in [40]

N−2∑

n=0

N−1∑

n′=n+1

Cov(∆X,n,∆X,n′) =
(
ε2ṽ2

(
p1−M
nc,∆t`

+ pM+1
nc,∆t`

− 2pnc,∆t`

)
−∆t2`−1ṽ

2
∆t`−1

)

pMnc,∆t`
pMN
nc,∆t`

−NpMnc,∆t`+N−1
(

1−pMnc,∆t`
)2 + pnc,∆t`−1

pNnc,∆t`−1
−Npnc,∆t`−1

+N−1
(
1−pnc,∆t`−1

)2

∆t2`−1ṽ
2
∆t`−1

(
1−∆t`ṽ∆t`

ε2ṽ∆t`−1

(
pnc,∆t`−1

−pMnc,∆t`
1−pMnc,∆t`

(
p−1
c,∆t`
−
MpMnc,∆t`
1−pMnc,∆t`

)
+
ε2

∆t`

))
.

The variance term in (4.1) is decomposed as

V[∆X,n]=V

[
M−1∑

m=0

∆Xn,m
p,` −∆Xn

p,`−1

]
=V

[
M−1∑

m=0

(
∆Wn,m

p,` +∆Tn,mp,`

)
−
(
∆Wn

p,`−1+∆Tnp,`−1

)
]

=V

[
M−1∑

m=0

∆Wn,m
p,`

]
+ V

[
M−1∑

m=0

∆Tn,mp,`

]
+ V

[
∆Wn

p,`−1

]
+ V

[
∆Tnp,`−1

]
(4.2)

+ 2 Cov

(
M−1∑

m=0

∆Wn,m
p,` ,

M−1∑

m′=0

∆Tn,m′p,`

)

︸ ︷︷ ︸
=0

+ 2 Cov
(
∆Wn

p,`−1,∆T
n
p,`−1

)

︸ ︷︷ ︸
=0

− 2 Cov

(
M−1∑

m=0

∆Wn,m
p,` ,∆Wn

p,`−1

)
− 2 Cov

(
M−1∑

m=0

∆Wn,m
p,` ,∆Tnp,`−1

)

︸ ︷︷ ︸
=0

− 2 Cov

(
M−1∑

m=0

∆Tn,mp,` ,∆Wn
p,`−1

)
− 2 Cov

(
M−1∑

m=0

∆Tn,mp,` ,∆Tnp,`−1

)
,

where we indicate covariance terms that are zero due to independence. The results

V

[
M−1∑

m=0

∆Wn,m
p,`

]
= 2M∆t`D∆t` , V

[
∆Wn

p,`−1

]
= 2∆t`−1D∆t`−1

and
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V

[
M−1∑

m=0

∆Tn,mp,`

]
+ V

[
∆Tnp,`−1

]
− 2 Cov

(
M−1∑

m=0

∆Tn,mp,` ,∆Tnp,`−1

)

= M∆t2` ṽ
2
∆t`
−∆t2`−1ṽ

2
∆t`−1

+ 2ε2ṽ2
∆t`

(
M∆t` − (ε2 + ∆t`)

(
1− pMnc,∆t`

))

can be reused from [40], as their derivations remain unchanged. This leaves the two
non-zero covariances involving ∆Wn

p,`−1 to be derived for the new correlation.
The covariance between fine and coarse Brownian updates is straightforward to

compute given (3.2)–(3.3), and the independence and unity variance of the ξn,mp,` :

Cov

(
M−1∑

m=0

∆Wn,m
p,` ,∆W

n
p,`−1

)
= E

[(
M−1∑

m=0

√
2∆t`

√
D∆t`ξ

n,m
p,`

)
√

2∆t`−1

√
D∆t`−1

ξnp,`−1

]

= 2
∆t`−1√
M

√
D∆t`D∆t`−1

E

[
M−1∑

m=0

ξn,mp,` ξ
n
p,`−1

]

= 2
∆t`−1

M

√
θ`D∆t`D∆t`−1

E

[
M−1∑

m=0

(
ξn,mp,`

)2
]

= 2∆t`−1

√
θ`D∆t`D∆t`−1

.(4.3)

The remaining term in (4.2) can be worked out according to (3.2) and (3.4) as

Cov

(
M−1∑

m=0

∆Tn,mp,` ,∆W
n
p,`−1

)
=E



(
M−1∑

m=0

∆t`ṽ∆t` V̄
n,m
p,`

)

M−1∑

m′=0

√√√√ (1−θ)2∆t`−1D∆t`−1

V
[∑M−1

m′=0 V̄
n,m′

p,`

] V̄ n,m
′

p,`







= ∆t`ṽ∆t`

√√√√ (1−θ`)2∆t`−1D∆t`−1

V
[∑M−1

m′=0 V̄
n,m′

p,`

] E

[(
M−1∑

m=0

V̄ n,mp,`

)(
M−1∑

m′=0

V̄ n,m
′

p,`

)]

= ∆t`ṽ∆t`

√√√√ (1−θ`)2∆t`−1D∆t`−1

V
[∑M−1

m=0 V̄
n,m′

p,`

]
M−1∑

m=0

M−1∑

m′=0

E
[
V̄ n,mp,` V̄ n,m

′

p,`

]
.(4.4)

The right hand side expected value takes the value 1 if V̄ n,mp,` and V̄ n,m
′

p,` are the same
due to the correlation and 0 otherwise. These values are the same if

1. velocities m and m′ have not been replaced as per Remark 3.2 and
2. no collision has taken place between the fine time steps m and m′.

The veracity of the first point is determined by the index m or m′ which is the closest
to the beginning or end of the coarse time interval, depending on which case is being
considered. On the one hand, we consider whether there is at least one collision
between fine sub step 0 and the smaller of m or m′. On the other, we consider
whether there is at least one collision between the end of the coarse time interval and
the larger of m or m′. This gives us that the first point is true with probability

(
1− pmin(m,m′)

nc,∆t`

)(
1− pM−max(m,m′)

nc,∆t`

)
.

The second point is true if there is no collision in-between fine time steps m and m′,
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which has probability p
|m−m′|
nc,∆t`

. Combining both probabilities gives us

(4.5) E
[
V̄ n,mp,` V̄ n,m

′

p,`

]
=
(

1− pmin(m,m′)
nc,∆t`

)(
1− pM−max(m,m′)

nc,∆t`

)
p
|m−m′|
nc,∆t`

,

We now rewrite (4.5) using m∗ = min(m,m′) and ∆m = |m−m′|

E
[
V̄ n,mp,` V̄ n,m

′

p,`

]
=
(

1− pm∗nc,∆t`
)(

1− pM−m∗−∆m
nc,∆t`

)
p∆m
nc,∆t`

.

If ∆m = 0 then m = m′. For ∆m > 0, there are two pairs of values m,m′ for a given

m∗, depending on whether m or m′ is the smaller of the two. The product V̄ n,mp,` V̄ n,m
′

p,`

is either 0 or 1 so we work out the summation in (4.4) as

M−1∑

m=0

M−1∑

m′=0

E
[
V̄ n,mp,` V̄ n,m

′

p,`

]
=

M−1∑

m∗=1

(
1−pm∗nc,∆t`

)(
1−pM−m∗nc,∆t`

)

︸ ︷︷ ︸
∆m=0

(4.6)

+ 2

M−2∑

∆m=1

M−∆m−1∑

m∗=1

(
1−pm∗nc,∆t`

)(
1−pM−m∗−∆m

nc,∆t`

)
p∆m
nc,∆t`

.

We simplify (4.6) by working out the sum over m∗

M−∆m−1∑

m∗=1

(
1− pm∗nc,∆t`

)(
1− pM−m∗−∆m

nc,∆t`

)

=

M−∆m−1∑

m∗=1

(
1− pm∗nc,∆t` − p

M−m∗−∆m
nc,∆t`

+ pM−∆m
nc,∆t`

)

=
(

1 + pM−∆m
nc,∆t`

)
(M −∆m− 1)−

M−∆m−1∑

m∗=1

pm
∗

nc,∆t`
− pM−∆m

nc,∆t`

M−∆m−1∑

m∗=1

p−m
∗

nc,∆t`

=
(

1 + pM−∆m
nc,∆t`

)
(M −∆m− 1)− 2

pnc,∆t` − pM−∆m
nc,∆t`

1− pnc,∆t`
= M − 2

pnc,∆t`
pc,∆t`

− 1−∆m+
(
M + 2p−1

c,∆t`
− 1
)
pM−∆m
nc,∆t`

−∆mpM−∆m
nc,∆t`

.

The double summation (4.6) now becomes

M−1∑

m=0

M−1∑

m′=0

E
[
V̄ n,mp,` V̄ n,m

′

p,`

]
= M − 2

pnc,∆t`
pc,∆t`

− 1 +
(
M + 2p−1

c,∆t`
− 1
)
pMnc,∆t`(4.7)

+2

M−2∑

∆m=1

((
M−2

pnc,∆t`
pc,∆t`

−1

)
p∆m
nc,∆t`

−∆mp∆m
nc,∆t`

+
(
M + 2p−1

c,∆t`
−1
)
pMnc,∆t`−∆mpMnc,∆t`

)
,
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where the summation over ∆m can be worked out term by term

M−2∑

∆m=1

((
M−2

pnc,∆t`
pc,∆t`

−1

)
p∆m
nc,∆t`

−∆mp∆m
nc,∆t`

+
(
M + 2p−1

c,∆t`
−1
)
pMnc,∆t`−∆mpMnc,∆t`

)

=

(
M−2

pnc,∆t`
pc,∆t`

−1

)
pnc,∆t`−pM−1

nc,∆t`

1− pnc,∆t`
−

(M−2)pMnc,∆t`−(M−1)pM−1
nc,∆t`

+ pnc,∆t`
(pnc,∆t` − 1)2

+ (M − 2)
(
M + 2p−1

c,∆t`
− 1
)
pMnc,∆t` − (M − 2)

M − 1

2
pMnc,∆t`

=
3pMnc,∆t`−(M+1)p2

nc,∆t`
+(M−2)pnc,∆t`

p2
c,∆t`

+(M−2)

(
M

2
+ 2p−1

c,∆t`
− 1

2

)
pMnc,∆t` .(4.8)

Plugging (4.8) into (4.7) gives us

M−1∑

m=0

M−1∑

m′=0

E
[
V̄ n,mp,` V̄ n,m

′

p,`

]
= 2

3pMnc,∆t` − (M + 1)p2
nc,∆t`

+ (M − 2)pnc,∆t`
p2
c,∆t`

+M − 2
pnc,∆t`
pc,∆t`

−1 +

(
2
M − 2

pc,∆t`
+ (M − 1)

(
M + 2p−1

c,∆t`
− 1
))

pMnc,∆t`

In (4.2) (and as a consequence in (4.1)), (4.3) and (4.4) are the only terms that
change compared to the corresponding expression derived for the term-by-term cor-
relation, both appearing with a negative sign. This means that the variance of the
difference of positions, and, as a consequence, any QoI’s depending thereupon, is
minimized by maximizing the sum of (4.3) and (4.4). We rewrite this sum as

(4.9) C1

√
θ` + C2

√
1− θ`, with C1 = 2∆t`−1

√
D∆t`D∆t`−1

and C2 = ∆t`ṽ∆t`

√√√√
2∆t`−1D∆t`−1

V
[∑M−1

m=0 V̄
n,m′

p,`

]
M−1∑

m=0

M−1∑

m′=0

E
[
V̄ n,mp,` V̄ n,m

′

p,`

]

positive and independent of θ`. To maximize (4.9) we set the derivative in θ` to zero

(4.10)
C1

2
√
θ`
− C2

2
√

1− θ`
= 0⇔ θ`

1− θ`
=
C2

1

C2
2

⇔ θ` =
C2

1

C2
1 + C2

2

.

Note that setting θ` = 1 produces the term-by-term correlation from [40] as a special
case of our new combined correlation. As we have shown that C1, C2 > 0, it is clear
that the optimal value for 0 < θ` < 1, and that the combined approach will produce
pairs of particle paths which are more correlated than in the term-by-term approach,
thus reducing the overall computational cost of the multilevel Monte Carlo simulation.

5. Experiments. We now compare our new scheme with the term-by-term
scheme. We first use the level strategy from in Section 2.5, observing similar perfor-
mance from both schemes. We then show that the new scheme allows for a strategy
with fewer levels, resulting in a large speedup compared to the term-by-term approach,
where all levels are necessary. This speedup increases as ε decreases. The code for gen-
erating the results in this section can be found at github.com/ELoevbak/APMLMC.

As in [40], we choose to estimate the squared particle displacement F (x, v) = x2

at time t∗ = 0.5 using the Goldstein-Taylor model and Gaussian velocity distribution

github.com/ELoevbak/APMLMC
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Table 1: Computing Ŷ (t∗) withM(v) = 1
2 (δv,−1+ δv,1) and term-by-term correlation.

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`
0 5.0×10−1 6.3×108 9.90×10−1 2.0×100 3.1×10−9 1.3×107

1 1.0×10−2 7.5×107 −1.25×10−1 1.4×100 1.9×10−8 7.6×107

2 5.0×10−3 2.4×107 1.08×10−2 4.4×10−1 1.8×10−8 7.2×107

3 2.5×10−3 1.6×107 2.83×10−2 4.0×10−1 2.5×10−8 9.8×107

4 1.3×10−3 1.0×107 2.91×10−2 3.0×10−1 3.0×10−8 1.2×108

5 6.3×10−4 5.7×106 2.09×10−2 2.0×10−1 3.4×10−8 1.4×108

6 3.1×10−4 3.0×106 1.26×10−2 1.1×10−1 3.6×10−8 1.5×108

7 1.6×10−4 1.6×106 6.87×10−3 6.0×10−2 3.8×10−8 1.5×108

8 7.8×10−5 8.0×105 3.46×10−3 3.0×10−2 3.8×10−8 1.5×108

9 3.9×10−5 4.2×105 1.60×10−3 1.7×10−2 4.0×10−8 1.6×108

10 1.9×10−5 2.0×105 1.06×10−3 7.7×10−3 3.9×10−8 1.5×108

11 9.8×10−6 1.0×105 5.94×10−4 3.9×10−3 3.9×10−8 1.6×108

12 4.9×10−6 4.9×104 3.40×10−4 2.0×10−3 4.1×10−8 1.5×108

13 2.4×10−6 2.1×104 4.55×10−4 6.5×10−4 3.1×10−8 1.3×108

14 1.2×10−6 2.4×104 2.07×10−5 9.4×10−4 4.0×10−8 2.9×108

15 6.1×10−7 1.0×103 2.91×10−4 1.9×10−4 1.9×10−7 2.5×107
∑

9.81×10−1 6.6×10−7 2.0×109

Table 2: Computing Ŷ (t∗) with M(v) = N (v; 0, 1) and term-by-term correlation.

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`
0 5.0×10−1 5.1×108 9.90×10−1 2.0×100 3.9×10−9 1.0×107

1 1.0×10−2 6.1×107 −1.25×10−1 1.5×100 2.4×10−8 6.2×107

2 5.0×10−3 2.0×107 1.08×10−2 4.7×10−1 2.3×10−8 6.1×107

3 2.5×10−3 1.4×107 2.82×10−2 4.4×10−1 3.2×10−8 8.3×107

4 1.3×10−3 8.5×106 2.88×10−2 3.3×10−1 3.9×10−8 1.0×108

5 6.3×10−4 4.8×106 2.12×10−2 2.1×10−1 4.4×10−8 1.2×108

6 3.1×10−4 2.6×106 1.23×10−2 1.2×10−1 4.8×10−8 1.2×108

7 1.6×10−4 1.3×106 6.57×10−3 6.5×10−2 4.9×10−8 1.3×108

8 7.8×10−5 6.8×105 4.12×10−3 3.4×10−2 5.0×10−8 1.3×108

9 3.9×10−5 3.4×105 2.11×10−3 1.7×10−2 5.0×10−8 1.3×108

10 1.9×10−5 1.6×105 1.20×10−3 7.3×10−3 4.6×10−8 1.2×108

11 9.8×10−6 1.5×105 6.58×10−4 4.5×10−3 2.9×10−8 2.4×108

12 4.9×10−6 2.4×104 5.23×10−4 1.7×10−3 7.1×10−8 7.4×107

13 2.4×10−6 1.0×103 1.11×10−4 6.5×10−4 6.5×10−7 6.1×106
∑

9.82×10−1 1.2×10−6 1.4×109

with ṽ = 1. In both cases we choose an initial condition f(x, v, 0) = δx,0M(v) and
choose a desired root mean square error E = 0.001. For each level ` we list the
simulation time step ∆t`, number of samples P`, estimated mean E[F̂`− F̂`−1] and
variance V[F̂`− F̂`−1] of the difference samples, level variance V[Ŷ`] and level cost
P`C` of simulations with the term-by-term scheme in Tables 1–2. We define F̂−1 ≡ 0,
compute V[Ŷ`] = P−1

` V[F̂`− F̂`−1] and specify the cost C` in terms of one single
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Table 3: Computing Ŷ (t∗) with M(v) = 1
2 (δv,−1+ δv,1) and combined correlation.

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`
0 5.0×10−1 4.5×108 9.90×10−1 2.0×100 4.3×10−9 9.1×106

1 1.0×10−2 1.8×107 −1.25×10−1 1.6×10−1 8.8×10−9 1.9×107

2 5.0×10−3 1.8×107 1.04×10−2 4.4×10−1 2.5×10−8 5.3×107

3 2.5×10−3 1.2×107 2.85×10−2 4.0×10−1 3.4×10−8 7.1×107

4 1.3×10−3 7.3×106 2.86×10−2 3.0×10−1 4.2×10−8 8.8×107

5 6.3×10−4 4.1×106 2.06×10−2 1.9×10−1 4.7×10−8 9.9×107

6 3.1×10−4 2.2×106 1.24×10−2 1.1×10−1 5.0×10−8 1.1×108

7 1.6×10−4 1.2×106 6.84×10−3 6.0×10−2 5.2×10−8 1.1×108

8 7.8×10−5 5.8×105 3.55×10−3 3.1×10−2 5.3×10−8 1.1×108

9 3.9×10−5 2.9×105 1.38×10−3 1.6×10−2 5.4×10−8 1.1×108

10 1.9×10−5 1.6×105 9.31×10−4 8.8×10−3 5.6×10−8 1.2×108

11 9.8×10−6 7.0×104 6.67×10−4 3.6×10−3 5.2×10−8 1.1×108

12 4.9×10−6 1.5×104 −1.13×10−4 2.5×10−3 1.6×10−7 4.7×107

13 2.4×10−6 1.0×103 2.24×10−4 3.5×10−4 3.5×10−7 6.1×106
∑

9.79×10−1 1.0×10−6 1.1×109

Table 4: Computing Ŷ (t∗) with M(v) = N (v; 0, 1) and combined correlation.

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`
0 5.0×10−1 5.1×108 9.90×10−1 2.0×100 3.9×10−9 1.0×107

1 1.0×10−2 2.1×107 −1.25×10−1 1.7×10−1 8.0×10−9 2.1×107

2 5.0×10−3 2.0×107 1.04×10−2 4.7×10−1 2.3×10−8 6.1×107

3 2.5×10−3 1.4×107 2.84×10−2 4.4×10−1 3.2×10−8 8.3×107

4 1.3×10−3 8.5×106 2.88×10−2 3.3×10−1 3.9×10−8 1.0×108

5 6.3×10−4 4.9×106 2.08×10−2 2.1×10−1 4.4×10−8 1.2×108

6 3.1×10−4 2.6×106 1.22×10−2 1.2×10−1 4.7×10−8 1.2×108

7 1.6×10−4 1.3×106 6.87×10−3 6.5×10−2 4.9×10−8 1.3×108

8 7.8×10−5 6.8×105 3.65×10−3 3.4×10−2 5.0×10−8 1.3×108

9 3.9×10−5 3.5×105 2.22×10−3 1.8×10−2 5.2×10−8 1.4×108

10 1.9×10−5 3.8×105 1.03×10−3 8.6×10−3 2.3×10−8 2.9×108

11 9.8×10−6 8.2×104 4.10×10−4 4.7×10−3 5.8×10−8 1.3×108

12 4.9×10−6 4.8×104 3.27×10−4 2.2×10−3 4.8×10−8 1.5×108

13 2.4×10−6 1.0×103 3.91×10−4 1.8×10−4 1.8×10−7 6.1×106
∑

9.81×10−1 6.6×10−7 1.5×109

simulation with ∆t = 0.01, i.e., the number of time steps performed divided by 50.
The criteria for adding levels, distributing samples over the levels and stopping are
the default ones as can be found in [20]. In Tables 3–4 we list the same quantities for
simulations using the new combined scheme, using the optimal value for θ1 as given
by (4.10) and θ` = 1 for ` = 2, . . . , L. For the two speed model, we use the approach
described in Section 3.2 for the level 0 simulation with Λ = 20.

Our first observation from Tables 1–4 is that the variance V[F̂1−F̂0] is much smaller
when using the combined correlation approach. This means that fewer samples are
needed at level 1 in Tables 3–4 compared to Tables 1–2. The computed quantities from
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(b) Total simulation cost in terms of samples with ∆t = 0.01.

Fig. 4: Comparing different level strategies for the two-speed model by keeping ∆t0
fixed and varying ∆t1. Figure 4a consistently shows an optimal ∆t1 some orders
of magnitude smaller than ε2. Figure 4b also shows that the combined correlation
consistently outperforms the term-by-term correlation.

the different simulations are consistent to the order of magnitude of the requested E.
When comparing the total simulation cost for different correlation approaches, we

do not observe a large difference between the tables, once the stochastic nature of the
estimates in the stop-criterion is taken into account. The main reason for this is that
the cost savings at level 1 are negligible as part of the total simulation cost. At this
point it should be noted that the variance of the samples at level 1 in Tables 3–4 is
noticeably smaller than that at the subsequent levels. Given the base assumption for
using MLMC that the variance should decrease with increasing ` [19], this indicates
that the given sequence of levels is not optimal for the combined correlation approach.

In [38], preliminary results indicated that leaving out a number of intermedi-
ate levels, when using a variant of the combined correlation, results in a significant
speedup of the overall computational cost of the multilevel simulation. The same
speedup was not observed for the term-by-term approach. We perform a more rigor-
ous comparison of the effect of different level selection strategies for the new combined
correlation and the term-by-term correlation from [40]. To this end we perform the
simulations in Tables 1–4 for different values of ε. For each ε we vary ∆t1, while
keeping ∆t0 = 0.5 and setting ∆t`−1 = 2∆t` for ` > 1.

We consider two metrics to determine how good a given sequence of levels is.
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(b) Total simulation cost in terms of samples with ∆t = 0.01.

Fig. 5: Comparing different level strategies with Gaussian velocities by keeping ∆t0
fixed and varying ∆t1. Figure 5a consistently shows an optimal ∆t1 some orders of
magnitude smaller than ε2. Figure 5b shows that the combined correlation consis-
tently outperforms the term-by-term correlation.

First off, we consider the total simulation cost of each sequence of levels, i.e., the sum∑L
`=0 P`C`. This cost is computed using the actual number of samples P` and the

analytically computed cost per sample C` at each level. Secondly, we make use of a
theoretical result stating that it is beneficial to leave out a level ` if [20]

(5.1)

√
V[F̂`−F̂`−1]C` +

√
V[F̂`+1−F̂`]C`+1 −

√
V[F̂`+1−F̂`−1]C ′`+1

is positive, with C ′`+1 the cost of performing a correlated simulation with time steps
∆t`−1 and ∆t`+1. To evaluate (5.1), we use the variance estimates computed by the
simulations. Both quantities are shown in Figures 4–5 for a range of values ∆t1.

As Figures 4–5 are similar, we draw the same two conclusions for both figures:
1. We see in sub-figure a that the combined correlation works optimally with a

much smaller level 1 time step size than the term-by-term correlation. We
thus require fewer levels to bridge the gap between diffusive simulations with
large time steps and kinetic simulations with time steps that are fine enough
to meet the given error tolerance. We also see that the gap between the
optimal level strategies for both correlations increases as ε decreases.

2. We see in sub-figure b that the combined correlation consistently produces
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Table 5: Mean computed QoI per ε (with standard deviation between brackets) and
speedup of best result compared with best term-by-term result.

M(v) = 1
2 (δv,−1+ δv,1) M(v) = N (v; 0, 1)

ε Result Speedup Result Speedup
0.5 5.68×10−1 (6.4×10−4) 1.2 5.68×10−1 (5.9×10−4) 0.7
0.1 9.79×10−1 (7.8×10−4) 2.2 9.80×10−1 (7.0×10−4) 1.9
0.05 9.95×10−1 (6.4×10−4) 5.8 9.95×10−1 (8.3×10−4) 3.7

results at lower total simulation cost than the term-by-term correlation. We
also notice that this cost is highly variable. This variation is due to the finer
levels, where fewer samples are used. This reduced number of samples results
in variation in the variance estimates which in turn leads to variation in the
estimates for the number of samples. While this cost will likely be minimal
for the optimal level strategy it does not appear to be highly sensitive to the
selected value for ∆t1. Simply setting ∆t1 to be some orders of magnitude
smaller than ε2 suffices when selecting a level hierarchy.

In Table 5 we present the observed speedup when comparing the most efficient
computations achieved by both schemes. We observe that the speedup increases
with decreasing epsilon as one would expect when approaching the diffusive limit.
In the supplementary materials we include tables in the same form as Tables 1–4
for each simulation in Figures 4–5. To verify the two speed simulation consistency,
we also report the mean and standard deviation of the computed QoI averaged over
each combined correlation curve in the figures. From this table, we conclude that the
results computed with both distributions are the same, down to the specified RMSE E.
This indicates that any bias caused by the run-length distribution sampling approach
described in Section 3.2.1 is not observable in the computed results.

In conclusion, we propose to modify the level sequence proposed in [40] by reduc-
ing ∆t1 � ε2, so that a large number of unnecessary levels are skipped. A good rule
of thumb seems to be one or two orders of magnitude smaller than ε2, but further
work is needed in order to check whether this applies outside of the tested range for
ε. Apart from stating that ∆t0 � ε2 � ∆t1, we thus conclude that the primary
factors in determining a sequence of levels for a given simulation will likely be the
constraints given by the problem. On the one hand, non-homogeneous simulations
may constrain ∆t0 in order to capture parameter dependence. On the other hand,
practical applications often have a very high simulation cost and, as a consequence,
a large tolerance E, which will result in a larger ∆t1.

6. Conclusions. We have demonstrated that existing APMLMC schemes can
be improved by taking into account that coarse simulation diffusion substitutes fine
simulation transport-collision dynamics. This requires the summation of fine simula-
tion velocities to generate correlated coarse simulation diffusion. We have described
in detail how to achieve this correlation in practice for arbitrary symmetric velocity
distributions. When the velocity distribution is Gaussian, the proposed approach in-
troduces no bias compared to simulating only at the finest level, while significantly
accelerating computations. For other velocity distributions, a bias is present which
can be significantly decreased by modifying the level 0 simulation. This modification
comes at additional cost, however, which increases as the required bias decreases.

While the presented scheme is promising, further work is needed to adapt it to
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practical use cases. An extension to non-symmetric velocity distributions will be
needed to cover cases where net drift effects are present in the model. The modified
simulation at level 0, while performing less computation than simulating with a time
step ∆t1, still performs a non-negligible amount of computation which is not taken into
account in the considered cost-analysis. A large amount of memory is also required
in its implementation. To analyze the significance these effects, we intend to perform
a more efficient implementation in a compiled language in future work. Another
potential area for future work, is to apply the approach in Section 3.2 to the scheme
presented in [41] and compare both schemes.

Appendix A. Sampling the run length statistics.
In this appendix we briefly describe the approach presented in [18] for generat-

ing the probability distributions of EM−1,λ∗−1 and GM−1,λ∗−1, while omitting the
derivation of the method. For further details we refer to the original publication.
It is important to note that we have made significant modifications to the notation
used in [18] to maintain the internal consistency of this paper. We have also opted to
transpose all matrices and vectors so as to represent vectors as columns.

Given M − 1 potential collisions with collision probability pc and no-collision
probability pnc, EM−1,λ∗−1 counts the number of times where precisely λ∗−1 such
moments occur in sequence without a collision and GM−1,λ∗−1 counts the number
of times where at least λ∗−1 such moments occur in sequence without a collision.
A similar approach can be used to calculate both statistics. First an r-dimensional
state space Ω is defined, with r a finite integer value depending on M , λ∗ and the
statistic being generated. On this state space, a finite Markov chain is defined, with
an r × r transition matrix A. Given a suitable initial state π0 ∈ Rr and a vector
U ∈ {0, 1}r, one can then compute the probability of the statistic RM−1,λ∗−1 =
EM−1,λ∗−1 ∨GM−1,λ∗−1 taking a given value ω = 0, . . . , l =

⌊
M
λ∗

⌋
as

(A.1) P (RM−1,λ∗−1 = ω) = U ′ωA
M−1π0.

For EM−1,λ∗−1, set r = (l + 1)(λ∗ + 2) − 1 and the r × r transition matrix A of the
Markov chain takes the form

A =




1︷︸︸︷
pnc

λ∗︷ ︸︸ ︷ 2︷ ︸︸ ︷
pnc

λ∗︷ ︸︸ ︷ 2︷ ︸︸ ︷ λ∗︷ ︸︸ ︷

pc pc · · · pc
pnc

. . .
pnc 0

pnc pnc

pc pc pc · · · pc
. . .

pnc
. . .

. . .
. . .

pnc
. . .

. . .
. . . pc pc pc · · · 0

. . . pnc
. . .

. . . 1




.
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The initial state π0 and observation vector uω for a given ω are given by

π0 =




0
1
0
...
0



, U ′0 =

[
λ∗ + 1︷ ︸︸ ︷

1 · · · 1

(λ∗ + 2)l︷ ︸︸ ︷
0 · · · 0

]
and

U ′ω =
[
(λ∗ + 2)ω − 1︷ ︸︸ ︷
0 · · · 0

λ∗ + 2︷ ︸︸ ︷
1 · · · 1

(λ∗ + 2)(l− ω)︷ ︸︸ ︷
0 · · · 0

]
, ω = 1, . . . l.

For GM−1,λ∗−1, set r = (l+ 1)(λ∗+ 1)−1 and the transition matrix A takes the form

A =




λ∗︷ ︸︸ ︷
pc · · · pc

1︷︸︸︷ λ∗︷ ︸︸ ︷ 1︷︸︸︷ λ∗︷ ︸︸ ︷

pnc
. . .

pnc pnc

pc pc · · · pc
. . .

pnc
. . .

. . .
. . .

pnc
. . .

. . . pc pc · · · 0
. . . pnc

. . .
. . . 1




.

The initial state π0 and observation vector uω for a given ω are given by

π0 =




1
0
...
0


 , U ′0 =

[
λ∗︷ ︸︸ ︷

1 · · · 1

(λ∗ + 1)l︷ ︸︸ ︷
0 · · · 0

]
and

U ′ω =
[
(λ∗ + 1)ω − 1︷ ︸︸ ︷
0 · · · 0

λ∗ + 1︷ ︸︸ ︷
1 · · · 1

(λ∗ + 1)(l− ω)︷ ︸︸ ︷
0 · · · 0

]
, ω = 1, . . . l.

The dimension of the matrix A scales with M for both computations. This
means that a straightforward algorithm for computing (A.1) will require O

(
M3
)

work. It is, however, only necessary to perform this computation once for each value
of λ∗ ∈ {1, . . . ,Λ} and M . Exploiting matrix sparseness and structure also reduces
the total amount of computation. Given that we fix M at level 1 for the entire
simulation, it is possible to precompute a table with dimensions Λ× M

2 containing all
probabilities needed in the simulations. By tabulating the cumulative probabilities
of the computed statistics in function of ω, efficient inverse transform sampling can
be implemented by taking a binary search approach. This can further be accelerated
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and made more cache efficient by starting the search at ω = E [σλ∗ ] and using linear
interpolation to perform bisection steps in the search.
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1 Tables corresponding with Figure 4

1.1 Term-by-term correlation, ε = 0.5

Table 1: ε = 0.5, ∆t1 = 2.50× 10−1

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.1×107 7.78×10−1 1.2×100 3.9×10−8 6.2×105

1 2.5×10−1 6.5×106 −9.01×10−2 1.6×10−1 2.5×10−8 3.9×105

2 1.2×10−1 4.2×106 −6.61×10−2 1.3×10−1 3.1×10−8 5.0×105

3 6.2×10−2 2.4×106 −3.41×10−2 8.7×10−2 3.6×10−8 5.8×105

4 3.1×10−2 1.3×106 −1.31×10−2 5.1×10−2 3.9×10−8 6.3×105

5 1.6×10−2 6.9×105 −4.20×10−3 2.8×10−2 4.1×10−8 6.6×105

6 7.8×10−3 3.6×105 −1.22×10−3 1.5×10−2 4.3×10−8 6.8×105

7 3.9×10−3 1.8×105 −4.99×10−4 8.0×10−3 4.4×10−8 7.0×105

8 2.0×10−3 9.1×104 −1.64×10−4 4.0×10−3 4.4×10−8 7.0×105

9 9.8×10−4 4.6×104 −4.44×10−5 2.1×10−3 4.5×10−8 7.1×105

10 4.9×10−4 2.8×104 −2.37×10−4 1.1×10−3 4.0×10−8 8.5×105

11 2.4×10−4 1.8×104 −9.39×10−5 5.0×10−4 2.8×10−8 1.1×106

12 1.2×10−4 1.0×103 2.68×10−4 1.9×10−4 1.9×10−7 1.2×105∑
5.68×10−1 6.4×10−7 8.2×106

Table 2: ε = 0.5, ∆t1 = 1.25× 10−1

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.3×107 7.78×10−1 1.2×100 5.1×10−8 4.6×105

1 1.2×10−1 6.2×106 −1.57×10−1 4.3×10−1 6.9×10−8 6.2×105

2 6.2×10−2 1.8×106 −3.44×10−2 8.7×10−2 4.8×10−8 4.3×105

3 3.1×10−2 9.9×105 −1.36×10−2 5.2×10−2 5.3×10−8 4.7×105

4 1.6×10−2 5.2×105 −4.12×10−3 2.9×10−2 5.5×10−8 5.0×105

5 7.8×10−3 2.7×105 −1.33×10−3 1.5×10−2 5.7×10−8 5.1×105

6 3.9×10−3 1.4×105 −3.40×10−4 8.0×10−3 5.9×10−8 5.3×105

7 2.0×10−3 6.8×104 −3.19×10−4 4.0×10−3 5.9×10−8 5.2×105

8 9.8×10−4 2.9×104 3.45×10−5 2.0×10−3 6.7×10−8 4.5×105

9 4.9×10−4 1.0×103 8.36×10−5 7.8×10−4 7.8×10−7 3.1×104∑
5.67×10−1 1.3×10−6 4.5×106
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Table 3: ε = 0.5, ∆t1 = 6.25× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.8×107 7.77×10−1 1.2×100 4.2×10−8 5.7×105

1 6.2×10−2 7.3×106 −1.91×10−1 7.0×10−1 9.6×10−8 1.3×106

2 3.1×10−2 1.2×106 −1.39×10−2 5.2×10−2 4.3×10−8 5.8×105

3 1.6×10−2 6.4×105 −4.26×10−3 2.8×10−2 4.5×10−8 6.1×105

4 7.8×10−3 3.3×105 −1.27×10−3 1.5×10−2 4.6×10−8 6.3×105

5 3.9×10−3 1.7×105 −3.28×10−4 7.8×10−3 4.7×10−8 6.4×105

6 2.0×10−3 8.4×104 −3.19×10−4 4.0×10−3 4.8×10−8 6.5×105

7 9.8×10−4 4.1×104 1.35×10−4 1.9×10−3 4.7×10−8 6.4×105

8 4.9×10−4 2.2×104 2.18×10−4 9.2×10−4 4.2×10−8 6.7×105

9 2.4×10−4 9.3×103 −1.24×10−4 4.9×10−4 5.3×10−8 5.7×105

10 1.2×10−4 1.0×103 −1.13×10−4 1.9×10−4 1.9×10−7 1.2×105∑
5.67×10−1 7.0×10−7 7.0×106

Table 4: ε = 0.5, ∆t1 = 3.12× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.2×107 7.78×10−1 1.2×100 5.3×10−8 4.5×105

1 3.1×10−2 4.7×106 −2.04×10−1 9.1×10−1 1.9×10−7 1.6×106

2 1.6×10−2 5.0×105 −3.90×10−3 2.8×10−2 5.7×10−8 4.8×105

3 7.8×10−3 2.6×105 −9.06×10−4 1.5×10−2 5.9×10−8 4.9×105

4 3.9×10−3 1.3×105 −5.53×10−4 8.0×10−3 6.1×10−8 5.0×105

5 2.0×10−3 8.4×104 8.78×10−5 3.9×10−3 4.7×10−8 6.4×105

6 9.8×10−4 1.0×103 1.12×10−4 1.6×10−3 1.6×10−6 1.5×104∑
5.69×10−1 2.1×10−6 4.2×106

Table 5: ε = 0.5, ∆t1 = 1.56× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.3×107 7.77×10−1 1.2×100 5.2×10−8 4.6×105

1 1.6×10−2 3.8×106 −2.09×10−1 1.1×100 2.8×10−7 2.5×106

2 7.8×10−3 2.6×105 −1.25×10−3 1.5×10−2 5.7×10−8 5.0×105

3 3.9×10−3 1.3×105 −2.42×10−4 7.9×10−3 5.9×10−8 5.2×105

4 2.0×10−3 5.6×104 1.99×10−4 4.0×10−3 7.2×10−8 4.3×105

5 9.8×10−4 1.0×103 9.38×10−5 1.6×10−3 1.6×10−6 1.5×104∑
5.67×10−1 2.1×10−6 4.4×106
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Table 6: ε = 0.5, ∆t1 = 7.81× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.2×107 7.78×10−1 1.2×100 3.7×10−8 6.4×105

1 7.8×10−3 3.9×106 −2.10×10−1 1.2×100 2.9×10−7 5.1×106

2 3.9×10−3 1.9×105 −4.45×10−4 7.9×10−3 4.2×10−8 7.3×105

3 2.0×10−3 9.5×104 2.36×10−4 3.9×10−3 4.1×10−8 7.3×105

4 9.8×10−4 4.9×104 3.80×10−5 2.1×10−3 4.3×10−8 7.5×105

5 4.9×10−4 2.5×104 5.25×10−6 1.0×10−3 4.1×10−8 7.6×105

6 2.4×10−4 1.0×103 −5.89×10−4 7.9×10−4 7.9×10−7 6.1×104∑
5.68×10−1 1.3×10−6 8.8×106

Table 7: ε = 0.5, ∆t1 = 3.91× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.8×107 7.78×10−1 1.2×100 3.1×10−8 7.6×105

1 3.9×10−3 3.4×106 −2.10×10−1 1.2×100 3.6×10−7 8.7×106

2 2.0×10−3 1.1×105 −2.02×10−5 4.1×10−3 3.6×10−8 8.7×105

3 9.8×10−4 5.7×104 −7.57×10−7 2.1×10−3 3.7×10−8 8.8×105

4 4.9×10−4 3.1×104 −4.33×10−5 1.2×10−3 3.8×10−8 9.4×105

5 2.4×10−4 1.0×103 3.12×10−5 3.9×10−4 3.9×10−7 6.1×104∑
5.68×10−1 8.9×10−7 1.2×107

Table 8: ε = 0.5, ∆t1 = 1.95× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.7×107 7.78×10−1 1.2×100 2.5×10−8 9.5×105

1 2.0×10−3 3.0×106 −2.10×10−1 1.3×100 4.1×10−7 1.6×107

2 9.8×10−4 8.5×104 −3.08×10−5 2.0×10−3 2.4×10−8 1.3×106

3 4.9×10−4 4.1×104 −1.60×10−4 1.1×10−3 2.6×10−8 1.3×106

4 2.4×10−4 1.0×103 −1.54×10−4 3.8×10−4 3.8×10−7 6.1×104∑
5.68×10−1 8.7×10−7 1.9×107

Table 9: ε = 0.5, ∆t1 = 9.77× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 6.3×107 7.78×10−1 1.2×100 1.9×10−8 1.3×106

1 9.8×10−4 2.9×106 −2.11×10−1 1.3×100 4.4×10−7 3.0×107

2 4.9×10−4 4.9×104 1.35×10−4 1.0×10−3 2.1×10−8 1.5×106

3 2.4×10−4 2.0×104 −1.49×10−4 4.5×10−4 2.2×10−8 1.3×106

4 1.2×10−4 1.0×103 1.83×10−5 1.9×10−4 1.9×10−7 1.2×105∑
5.67×10−1 6.9×10−7 3.4×107
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Table 10: ε = 0.5, ∆t1 = 4.88× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 8.7×107 7.78×10−1 1.2×100 1.4×10−8 1.7×106

1 4.9×10−4 2.8×106 −2.09×10−1 1.3×100 4.6×10−7 5.8×107

2 2.4×10−4 3.4×104 −6.96×10−6 5.3×10−4 1.6×10−8 2.1×106

3 1.2×10−4 1.4×104 −1.13×10−4 3.1×10−4 2.2×10−8 1.7×106

4 6.1×10−5 1.0×103 −9.14×10−5 8.4×10−5 8.4×10−8 2.5×105∑
5.69×10−1 5.9×10−7 6.4×107

1.2 Term-by-term correlation, ε = 0.1

Table 11: ε = 0.1, ∆t1 = 1.00× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 6.2×108 9.90×10−1 2.0×100 3.1×10−9 1.2×107

1 1.0×10−2 7.4×107 −1.25×10−1 1.4×100 1.9×10−8 7.6×107

2 5.0×10−3 2.4×107 1.02×10−2 4.4×10−1 1.8×10−8 7.2×107

3 2.5×10−3 1.6×107 2.86×10−2 4.0×10−1 2.5×10−8 9.8×107

4 1.3×10−3 1.0×107 2.85×10−2 3.0×10−1 3.0×10−8 1.2×108

5 6.3×10−4 5.7×106 2.07×10−2 2.0×10−1 3.4×10−8 1.4×108

6 3.1×10−4 3.0×106 1.22×10−2 1.1×10−1 3.7×10−8 1.5×108

7 1.6×10−4 1.6×106 6.91×10−3 6.0×10−2 3.8×10−8 1.5×108

8 7.8×10−5 7.9×105 3.74×10−3 3.0×10−2 3.8×10−8 1.5×108

9 3.9×10−5 4.0×105 1.70×10−3 1.5×10−2 3.8×10−8 1.5×108

10 2.0×10−5 2.0×105 1.11×10−3 7.7×10−3 3.9×10−8 1.5×108

11 9.8×10−6 1.0×105 9.87×10−4 4.0×10−3 3.9×10−8 1.6×108

12 4.9×10−6 4.9×104 2.43×10−4 2.0×10−3 4.1×10−8 1.5×108

13 2.4×10−6 2.8×104 2.90×10−4 6.9×10−4 2.5×10−8 1.7×108

14 1.2×10−6 2.2×104 8.64×10−5 4.9×10−4 2.2×10−8 2.7×108

15 6.1×10−7 1.0×103 2.04×10−4 3.9×10−5 3.9×10−8 2.5×107∑
9.81×10−1 4.9×10−7 2.0×109
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Table 12: ε = 0.1, ∆t1 = 5.00× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 6.2×108 9.90×10−1 2.0×100 3.1×10−9 1.2×107

1 5.0×10−3 6.4×107 −1.14×10−1 2.1×100 3.3×10−8 1.3×108

2 2.5×10−3 1.6×107 2.84×10−2 4.0×10−1 2.5×10−8 9.8×107

3 1.3×10−3 1.0×107 2.91×10−2 3.0×10−1 3.0×10−8 1.2×108

4 6.3×10−4 5.7×106 2.05×10−2 1.9×10−1 3.4×10−8 1.4×108

5 3.1×10−4 3.0×106 1.21×10−2 1.1×10−1 3.7×10−8 1.5×108

6 1.6×10−4 1.6×106 6.77×10−3 6.0×10−2 3.8×10−8 1.5×108

7 7.8×10−5 8.0×105 3.35×10−3 3.1×10−2 3.8×10−8 1.5×108

8 3.9×10−5 4.0×105 1.91×10−3 1.6×10−2 3.9×10−8 1.5×108

9 2.0×10−5 2.0×105 9.11×10−4 7.9×10−3 4.0×10−8 1.5×108

10 9.8×10−6 1.4×105 2.53×10−4 4.2×10−3 3.1×10−8 2.1×108

11 4.9×10−6 4.7×104 −1.92×10−4 3.1×10−3 6.6×10−8 1.4×108

12 2.4×10−6 7.0×104 −2.45×10−5 1.3×10−3 1.9×10−8 4.3×108

13 1.2×10−6 1.0×103 1.84×10−4 1.7×10−4 1.7×10−7 1.2×107∑
9.79×10−1 6.0×10−7 2.1×109

Table 13: ε = 0.1, ∆t1 = 2.50× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.6×108 9.90×10−1 2.0×100 4.2×10−9 9.2×106

1 2.5×10−3 3.8×107 −8.58×10−2 2.7×100 7.1×10−8 1.5×108

2 1.3×10−3 7.4×106 2.88×10−2 3.0×10−1 4.1×10−8 8.9×107

3 6.3×10−4 4.2×106 2.07×10−2 2.0×10−1 4.6×10−8 1.0×108

4 3.1×10−4 2.3×106 1.24×10−2 1.1×10−1 5.0×10−8 1.1×108

5 1.6×10−4 1.2×106 6.78×10−3 6.0×10−2 5.1×10−8 1.1×108

6 7.8×10−5 5.9×105 3.71×10−3 3.0×10−2 5.2×10−8 1.1×108

7 3.9×10−5 2.9×105 1.60×10−3 1.5×10−2 5.2×10−8 1.1×108

8 2.0×10−5 1.5×105 1.22×10−3 8.4×10−3 5.5×10−8 1.2×108

9 9.8×10−6 7.6×104 4.20×10−4 3.8×10−3 5.1×10−8 1.2×108

10 4.9×10−6 1.9×104 7.61×10−5 2.1×10−3 1.1×10−7 5.9×107

11 2.4×10−6 1.0×103 −7.71×10−5 2.2×10−4 2.2×10−7 6.1×106∑
9.80×10−1 8.0×10−7 1.1×109
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Table 14: ε = 0.1, ∆t1 = 1.25× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.5×108 9.90×10−1 2.0×100 3.6×10−9 1.1×107

1 1.3×10−3 3.5×107 −5.69×10−2 3.2×100 9.1×10−8 2.8×108

2 6.3×10−4 5.0×106 2.04×10−2 1.9×10−1 3.9×10−8 1.2×108

3 3.1×10−4 2.7×106 1.24×10−2 1.1×10−1 4.2×10−8 1.3×108

4 1.6×10−4 1.4×106 6.57×10−3 6.0×10−2 4.3×10−8 1.3×108

5 7.8×10−5 7.0×105 3.08×10−3 3.1×10−2 4.4×10−8 1.4×108

6 3.9×10−5 3.5×105 1.91×10−3 1.6×10−2 4.5×10−8 1.4×108

7 2.0×10−5 1.8×105 7.11×10−4 7.9×10−3 4.4×10−8 1.4×108

8 9.8×10−6 1.3×105 3.20×10−4 3.7×10−3 2.8×10−8 2.0×108

9 4.9×10−6 6.0×104 −1.48×10−4 2.2×10−3 3.6×10−8 1.8×108

10 2.4×10−6 2.8×104 2.68×10−4 1.3×10−3 4.5×10−8 1.7×108

11 1.2×10−6 1.0×103 −1.46×10−5 8.2×10−5 8.2×10−8 1.2×107∑
9.78×10−1 5.4×10−7 1.7×109

Table 15: ε = 0.1, ∆t1 = 6.25× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.7×108 9.90×10−1 2.0×100 4.2×10−9 9.3×106

1 6.3×10−4 2.2×107 −3.67×10−2 3.4×100 1.6×10−7 3.5×108

2 3.1×10−4 2.3×106 1.23×10−2 1.1×10−1 4.9×10−8 1.1×108

3 1.6×10−4 1.2×106 6.51×10−3 5.9×10−2 5.1×10−8 1.1×108

4 7.8×10−5 6.0×105 3.73×10−3 3.1×10−2 5.2×10−8 1.1×108

5 3.9×10−5 3.0×105 1.78×10−3 1.6×10−2 5.2×10−8 1.2×108

6 2.0×10−5 1.6×105 7.40×10−4 8.5×10−3 5.4×10−8 1.2×108

7 9.8×10−6 7.8×104 4.22×10−4 3.8×10−3 4.8×10−8 1.2×108

8 4.9×10−6 2.0×104 4.12×10−4 1.9×10−3 9.3×10−8 6.2×107

9 2.4×10−6 1.0×103 1.55×10−4 1.5×10−4 1.5×10−7 6.1×106∑
9.79×10−1 7.2×10−7 1.1×109

Table 16: ε = 0.1, ∆t1 = 3.13× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.6×108 9.90×10−1 2.0×100 3.5×10−9 1.1×107

1 3.1×10−4 1.9×107 −2.40×10−2 3.6×100 1.9×10−7 6.0×108

2 1.6×10−4 1.4×106 6.93×10−3 6.0×10−2 4.3×10−8 1.3×108

3 7.8×10−5 7.3×105 3.20×10−3 3.2×10−2 4.4×10−8 1.4×108

4 3.9×10−5 3.6×105 1.56×10−3 1.6×10−2 4.4×10−8 1.4×108

5 2.0×10−5 1.8×105 6.85×10−4 7.7×10−3 4.3×10−8 1.4×108

6 9.8×10−6 8.7×104 3.70×10−4 3.7×10−3 4.2×10−8 1.3×108

7 4.9×10−6 4.8×104 −1.71×10−4 2.2×10−3 4.6×10−8 1.5×108

8 2.4×10−6 2.2×104 −1.42×10−4 9.1×10−4 4.1×10−8 1.4×108

9 1.2×10−6 1.0×103 3.43×10−4 8.9×10−5 8.9×10−8 1.2×107∑
9.79×10−1 5.8×10−7 1.6×109
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Table 17: ε = 0.1, ∆t1 = 1.56× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 6.5×108 9.90×10−1 2.0×100 3.0×10−9 1.3×107

1 1.6×10−4 1.6×107 −1.72×10−2 3.7×100 2.3×10−7 1.0×109

2 7.8×10−5 8.4×105 3.48×10−3 3.2×10−2 3.8×10−8 1.6×108

3 3.9×10−5 4.2×105 1.65×10−3 1.6×10−2 3.7×10−8 1.6×108

4 2.0×10−5 2.1×105 1.00×10−3 7.7×10−3 3.7×10−8 1.6×108

5 9.8×10−6 2.5×105 6.06×10−4 4.2×10−3 1.7×10−8 3.8×108

6 4.9×10−6 5.5×104 3.18×10−4 1.8×10−3 3.3×10−8 1.7×108

7 2.4×10−6 5.1×104 1.64×10−4 7.0×10−4 1.4×10−8 3.2×108

8 1.2×10−6 1.0×103 1.93×10−4 7.5×10−5 7.5×10−8 1.2×107∑
9.80×10−1 4.9×10−7 2.4×109

Table 18: ε = 0.1, ∆t1 = 7.81× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 7.2×108 9.90×10−1 2.0×100 2.7×10−9 1.4×107

1 7.8×10−5 1.2×107 −1.51×10−2 3.7×100 3.0×10−7 1.6×109

2 3.9×10−5 4.7×105 2.06×10−3 1.6×10−2 3.4×10−8 1.8×108

3 2.0×10−5 2.3×105 9.88×10−4 7.9×10−3 3.4×10−8 1.8×108

4 9.8×10−6 1.2×105 1.74×10−4 3.4×10−3 2.9×10−8 1.8×108

5 4.9×10−6 5.7×104 1.80×10−4 1.9×10−3 3.4×10−8 1.8×108

6 2.4×10−6 5.3×104 −1.66×10−5 1.6×10−3 3.0×10−8 3.2×108

7 1.2×10−6 1.0×103 −1.21×10−4 8.4×10−5 8.4×10−8 1.2×107∑
9.78×10−1 5.5×10−7 2.6×109

Table 19: ε = 0.1, ∆t1 = 3.91× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 7.4×108 9.90×10−1 2.0×100 2.6×10−9 1.5×107

1 3.9×10−5 9.0×106 −1.17×10−2 3.7×100 4.1×10−7 2.3×109

2 2.0×10−5 2.5×105 9.66×10−4 8.6×10−3 3.4×10−8 1.9×108

3 9.8×10−6 1.2×105 2.84×10−4 4.1×10−3 3.3×10−8 1.9×108

4 4.9×10−6 2.8×104 −3.18×10−4 2.0×10−3 6.9×10−8 8.7×107

5 2.4×10−6 1.0×103 −2.51×10−4 7.6×10−4 7.6×10−7 6.1×106∑
9.79×10−1 1.3×10−6 2.8×109

Table 20: ε = 0.1, ∆t1 = 1.95× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.0×109 9.90×10−1 2.0×100 1.9×10−9 2.0×107

1 2.0×10−5 8.8×106 −1.14×10−2 3.8×100 4.3×10−7 4.5×109

2 9.8×10−6 1.7×105 5.83×10−4 4.3×10−3 2.5×10−8 2.6×108

3 4.9×10−6 1.5×105 1.59×10−4 2.0×10−3 1.3×10−8 4.8×108

4 2.4×10−6 1.0×103 2.74×10−4 5.3×10−4 5.3×10−7 6.1×106∑
9.80×10−1 1.0×10−6 5.3×109
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1.3 Term-by-term correlation, ε = 0.05

Table 21: ε = 0.05, ∆t1 = 2.50× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.2×108 1.63×100 5.2×100 2.4×10−8 4.4×106

1 2.5×10−3 1.6×107 −1.25×10−1 6.5×100 4.0×10−7 8.4×107

2 1.3×10−3 1.5×105 −1.60×10−5 1.9×10−3 1.3×10−8 2.3×106

3 6.3×10−4 7.9×104 −4.15×10−5 1.0×10−3 1.3×10−8 2.4×106

4 3.1×10−4 4.1×104 1.03×10−5 5.5×10−4 1.4×10−8 2.5×106

5 1.6×10−4 1.6×104 1.02×10−4 1.9×10−4 1.2×10−8 2.0×106

6 7.8×10−5 1.0×103 −2.09×10−4 9.7×10−5 9.7×10−8 2.5×105∑
1.50×100 5.7×10−7 9.8×107

Table 22: ε = 0.05, ∆t1 = 1.25× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.2×109 9.97×10−1 2.0×100 1.7×10−9 2.4×107

1 1.3×10−3 6.2×107 −1.12×10−1 2.2×100 3.5×10−8 5.0×108

2 6.3×10−4 1.6×107 3.08×10−2 4.4×10−1 2.7×10−8 3.9×108

3 3.1×10−4 9.9×106 3.00×10−2 3.3×10−1 3.3×10−8 4.7×108

4 1.6×10−4 5.6×106 2.10×10−2 2.1×10−1 3.8×10−8 5.4×108

5 7.8×10−5 3.0×106 1.28×10−2 1.2×10−1 4.1×10−8 5.8×108

6 3.9×10−5 1.6×106 7.06×10−3 6.5×10−2 4.2×10−8 6.0×108

7 2.0×10−5 8.0×105 3.84×10−3 3.4×10−2 4.3×10−8 6.1×108

8 9.8×10−6 4.0×105 2.09×10−3 1.7×10−2 4.3×10−8 6.1×108

9 4.9×10−6 2.1×105 8.38×10−4 9.0×10−3 4.4×10−8 6.3×108

10 2.4×10−6 1.0×105 5.47×10−4 4.8×10−3 4.6×10−8 6.4×108

11 1.2×10−6 4.9×104 2.40×10−4 2.2×10−3 4.4×10−8 6.0×108

12 6.1×10−7 3.6×104 2.46×10−4 9.9×10−4 2.7×10−8 8.9×108

13 3.1×10−7 1.0×103 5.30×10−4 1.3×10−4 1.3×10−7 4.9×107∑
9.95×10−1 5.9×10−7 7.1×109
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Table 23: ε = 0.05, ∆t1 = 6.25× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 9.9×108 9.97×10−1 2.0×100 2.0×10−9 2.0×107

1 6.3×10−4 4.2×107 −8.12×10−2 2.8×100 6.8×10−8 6.7×108

2 3.1×10−4 8.2×106 3.04×10−2 3.3×10−1 4.0×10−8 3.9×108

3 1.6×10−4 4.7×106 2.16×10−2 2.1×10−1 4.6×10−8 4.5×108

4 7.8×10−5 2.5×106 1.27×10−2 1.2×10−1 4.9×10−8 4.8×108

5 3.9×10−5 1.3×106 7.18×10−3 6.6×10−2 5.1×10−8 5.0×108

6 2.0×10−5 6.6×105 3.93×10−3 3.4×10−2 5.1×10−8 5.0×108

7 9.8×10−6 3.3×105 1.78×10−3 1.7×10−2 5.2×10−8 5.1×108

8 4.9×10−6 1.7×105 8.71×10−4 8.6×10−3 5.2×10−8 5.1×108

9 2.4×10−6 8.5×104 4.77×10−4 4.3×10−3 5.0×10−8 5.2×108

10 1.2×10−6 2.9×104 2.92×10−4 2.3×10−3 7.8×10−8 3.6×108

11 6.1×10−7 1.0×103 4.73×10−4 6.6×10−4 6.6×10−7 2.5×107∑
9.96×10−1 1.2×10−6 4.9×109

Table 24: ε = 0.05, ∆t1 = 3.13× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.2×109 9.98×10−1 2.0×100 1.6×10−9 2.5×107

1 3.1×10−4 4.0×107 −5.14×10−2 3.3×100 8.3×10−8 1.3×109

2 1.6×10−4 5.8×106 2.16×10−2 2.1×10−1 3.7×10−8 5.6×108

3 7.8×10−5 3.1×106 1.25×10−2 1.2×10−1 3.9×10−8 6.0×108

4 3.9×10−5 1.6×106 7.18×10−3 6.6×10−2 4.1×10−8 6.2×108

5 2.0×10−5 8.3×105 3.64×10−3 3.4×10−2 4.2×10−8 6.4×108

6 9.8×10−6 4.2×105 1.84×10−3 1.8×10−2 4.2×10−8 6.5×108

7 4.9×10−6 2.1×105 7.32×10−4 8.8×10−3 4.2×10−8 6.5×108

8 2.4×10−6 1.1×105 2.67×10−4 4.6×10−3 4.3×10−8 6.6×108

9 1.2×10−6 5.1×104 7.04×10−5 2.7×10−3 5.2×10−8 6.3×108

10 6.1×10−7 2.7×104 −1.83×10−4 1.3×10−3 4.6×10−8 6.7×108

11 3.1×10−7 1.4×104 1.43×10−4 5.7×10−4 4.2×10−8 6.7×108

12 1.5×10−7 1.0×103 −1.16×10−4 5.2×10−5 5.2×10−8 9.8×107∑
9.94×10−1 5.6×10−7 7.7×109
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Table 25: ε = 0.05, ∆t1 = 1.56× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.1×109 9.98×10−1 2.0×100 1.9×10−9 2.2×107

1 1.6×10−4 2.6×107 −2.94×10−2 3.6×100 1.4×10−7 1.6×109

2 7.8×10−5 2.7×106 1.29×10−2 1.2×10−1 4.5×10−8 5.2×108

3 3.9×10−5 1.4×106 7.13×10−3 6.6×10−2 4.7×10−8 5.4×108

4 2.0×10−5 7.2×105 3.91×10−3 3.4×10−2 4.8×10−8 5.5×108

5 9.8×10−6 3.6×105 2.36×10−3 1.8×10−2 4.8×10−8 5.6×108

6 4.9×10−6 1.9×105 1.03×10−3 9.2×10−3 4.9×10−8 5.7×108

7 2.4×10−6 9.4×104 4.12×10−4 4.5×10−3 4.9×10−8 5.7×108

8 1.2×10−6 4.3×104 2.08×10−4 2.2×10−3 5.2×10−8 5.3×108

9 6.1×10−7 1.2×104 3.11×10−4 1.5×10−3 1.2×10−7 3.0×108

10 3.1×10−7 1.0×103 1.02×10−4 2.6×10−4 2.6×10−7 4.9×107∑
9.96×10−1 8.6×10−7 5.9×109

Table 26: ε = 0.05, ∆t1 = 7.81× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.1×109 9.98×10−1 2.0×100 1.7×10−9 2.3×107

1 7.8×10−5 2.0×107 −1.64×10−2 3.8×100 1.9×10−7 2.5×109

2 3.9×10−5 1.5×106 7.31×10−3 6.6×10−2 4.4×10−8 5.8×108

3 2.0×10−5 7.6×105 3.44×10−3 3.4×10−2 4.4×10−8 5.8×108

4 9.8×10−6 3.9×105 1.99×10−3 1.8×10−2 4.5×10−8 5.9×108

5 4.9×10−6 1.9×105 1.14×10−3 8.7×10−3 4.5×10−8 5.9×108

6 2.4×10−6 9.6×104 8.24×10−4 4.2×10−3 4.4×10−8 5.9×108

7 1.2×10−6 4.8×104 1.67×10−4 2.3×10−3 4.9×10−8 5.9×108

8 6.1×10−7 2.1×104 7.60×10−5 1.1×10−3 5.3×10−8 5.2×108

9 3.1×10−7 1.0×103 7.45×10−7 9.8×10−5 9.8×10−8 4.9×107∑
9.96×10−1 6.2×10−7 6.6×109

Table 27: ε = 0.05, ∆t1 = 3.91× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.1×109 9.98×10−1 2.0×100 1.8×10−9 2.3×107

1 3.9×10−5 1.4×107 −1.04×10−2 3.8×100 2.8×10−7 3.6×109

2 2.0×10−5 7.5×105 3.63×10−3 3.4×10−2 4.5×10−8 5.8×108

3 9.8×10−6 3.8×105 1.33×10−3 1.8×10−2 4.6×10−8 5.9×108

4 4.9×10−6 1.9×105 5.05×10−4 8.7×10−3 4.5×10−8 5.9×108

5 2.4×10−6 9.6×104 5.55×10−4 4.2×10−3 4.4×10−8 5.9×108

6 1.2×10−6 4.1×104 4.05×10−4 2.2×10−3 5.5×10−8 5.0×108

7 6.1×10−7 1.0×103 2.83×10−4 2.6×10−3 2.6×10−6 2.5×107∑
9.94×10−1 3.1×10−6 6.4×109
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Table 28: ε = 0.05, ∆t1 = 1.95× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.3×109 9.97×10−1 2.0×100 1.5×10−9 2.6×107

1 2.0×10−5 1.1×107 −5.89×10−3 3.9×100 3.4×10−7 5.8×109

2 9.8×10−6 4.4×105 1.63×10−3 1.7×10−2 4.0×10−8 6.8×108

3 4.9×10−6 2.3×105 8.95×10−4 9.3×10−3 4.1×10−8 7.0×108

4 2.4×10−6 1.0×105 4.25×10−4 4.0×10−3 3.8×10−8 6.4×108

5 1.2×10−6 5.2×104 3.93×10−4 2.1×10−3 4.0×10−8 6.4×108

6 6.1×10−7 1.0×103 1.07×10−4 6.3×10−4 6.3×10−7 2.5×107∑
9.95×10−1 1.1×10−6 8.5×109

Table 29: ε = 0.05, ∆t1 = 9.77× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.8×109 9.98×10−1 2.0×100 1.1×10−9 3.7×107

1 9.8×10−6 1.1×107 −4.31×10−3 3.9×100 3.4×10−7 1.2×1010

2 4.9×10−6 3.1×105 8.25×10−4 8.8×10−3 2.8×10−8 9.6×108

3 2.4×10−6 1.6×105 6.16×10−4 4.4×10−3 2.8×10−8 9.6×108

4 1.2×10−6 7.8×104 2.51×10−4 2.2×10−3 2.8×10−8 9.6×108

5 6.1×10−7 5.8×104 2.04×10−4 1.1×10−3 1.9×10−8 1.4×109

6 3.1×10−7 3.0×104 1.12×10−4 5.4×10−4 1.8×10−8 1.5×109

7 1.5×10−7 1.0×103 3.60×10−4 1.5×10−4 1.5×10−7 9.8×107∑
9.96×10−1 6.2×10−7 1.8×1010

Table 30: ε = 0.05, ∆t1 = 4.88× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.1×109 9.97×10−1 2.0×100 9.6×10−10 4.2×107

1 4.9×10−6 9.1×106 −3.48×10−3 3.9×100 4.3×10−7 1.9×1010

2 2.4×10−6 1.7×105 4.52×10−4 4.3×10−3 2.5×10−8 1.1×109

3 1.2×10−6 8.9×104 1.09×10−4 2.3×10−3 2.5×10−8 1.1×109

4 6.1×10−7 3.5×104 −1.44×10−4 9.3×10−4 2.6×10−8 8.7×108

5 3.1×10−7 1.0×103 −3.19×10−4 9.6×10−5 9.6×10−8 4.9×107∑
9.94×10−1 6.0×10−7 2.2×1010

Table 31: ε = 0.05, ∆t1 = 2.44× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.8×109 9.98×10−1 2.0×100 7.2×10−10 5.5×107

1 2.4×10−6 8.6×106 −3.39×10−3 3.9×100 4.6×10−7 3.5×1010

2 1.2×10−6 1.2×105 1.67×10−4 2.4×10−3 2.0×10−8 1.5×109

3 6.1×10−7 6.9×104 −5.48×10−6 1.2×10−3 1.8×10−8 1.7×109

4 3.1×10−7 1.0×103 −2.52×10−4 1.3×10−4 1.3×10−7 4.9×107∑
9.94×10−1 6.2×10−7 3.9×1010
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Table 32: ε = 0.05, ∆t1 = 1.22× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.9×109 9.97×10−1 2.0×100 5.2×10−10 7.7×107

1 1.2×10−6 8.5×106 −2.70×10−3 3.9×100 4.7×10−7 6.9×1010

2 6.1×10−7 7.9×104 7.29×10−5 1.1×10−3 1.4×10−8 1.9×109

3 3.1×10−7 6.4×104 −3.48×10−5 5.6×10−4 8.8×10−9 3.1×109

4 1.5×10−7 1.0×103 −9.59×10−5 6.6×10−5 6.6×10−8 9.8×107∑
9.95×10−1 5.5×10−7 7.5×1010

1.4 Combined correlation, ε = 0.5

Table 33: ε = 0.5, ∆t1 = 2.50× 10−1

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.9×107 7.78×10−1 1.2×100 4.1×10−8 5.8×105

1 2.5×10−1 6.1×106 −9.03×10−2 1.6×10−1 2.6×10−8 3.6×105

2 1.2×10−1 3.9×106 −6.60×10−2 1.3×10−1 3.4×10−8 4.7×105

3 6.2×10−2 2.3×106 −3.43×10−2 8.7×10−2 3.9×10−8 5.4×105

4 3.1×10−2 1.2×106 −1.37×10−2 5.2×10−2 4.2×10−8 5.9×105

5 1.6×10−2 6.4×105 −4.22×10−3 2.9×10−2 4.4×10−8 6.2×105

6 7.8×10−3 3.3×105 −1.31×10−3 1.5×10−2 4.6×10−8 6.4×105

7 3.9×10−3 1.7×105 −3.74×10−4 7.8×10−3 4.6×10−8 6.5×105

8 2.0×10−3 8.5×104 1.40×10−4 3.9×10−3 4.6×10−8 6.5×105

9 9.8×10−4 4.2×104 −2.04×10−4 2.0×10−3 4.7×10−8 6.5×105

10 4.9×10−4 2.4×104 −6.28×10−5 9.9×10−4 4.1×10−8 7.4×105

11 2.4×10−4 9.7×103 8.67×10−5 6.0×10−4 6.2×10−8 5.9×105

12 1.2×10−4 1.0×103 7.02×10−4 1.8×10−4 1.8×10−7 1.2×105∑
5.68×10−1 6.9×10−7 7.2×106

Table 34: ε = 0.5, ∆t1 = 1.25× 10−1

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.0×107 7.78×10−1 1.2×100 5.8×10−8 4.1×105

1 1.2×10−1 5.4×106 −1.56×10−1 4.2×10−1 7.7×10−8 5.4×105

2 6.2×10−2 1.6×106 −3.42×10−2 8.7×10−2 5.4×10−8 3.8×105

3 3.1×10−2 8.7×105 −1.30×10−2 5.2×10−2 5.9×10−8 4.2×105

4 1.6×10−2 4.6×105 −3.63×10−3 2.8×10−2 6.2×10−8 4.4×105

5 7.8×10−3 2.4×105 −1.26×10−3 1.5×10−2 6.4×10−8 4.6×105

6 3.9×10−3 1.4×105 −3.54×10−4 7.8×10−3 5.6×10−8 5.3×105

7 2.0×10−3 5.6×104 7.39×10−5 3.9×10−3 7.0×10−8 4.3×105

8 9.8×10−4 1.0×103 −1.16×10−4 2.4×10−3 2.4×10−6 1.5×104∑
5.69×10−1 2.9×10−6 3.6×106
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Table 35: ε = 0.5, ∆t1 = 6.25× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.6×107 7.77×10−1 1.2×100 4.6×10−8 5.1×105

1 6.2×10−2 6.5×106 −1.91×10−1 6.7×10−1 1.0×10−7 1.2×106

2 3.1×10−2 1.1×106 −1.33×10−2 5.2×10−2 4.7×10−8 5.2×105

3 1.6×10−2 5.8×105 −4.39×10−3 2.9×10−2 5.0×10−8 5.5×105

4 7.8×10−3 3.0×105 −1.25×10−3 1.5×10−2 5.1×10−8 5.7×105

5 3.9×10−3 1.5×105 −3.18×10−4 7.7×10−3 5.2×10−8 5.7×105

6 2.0×10−3 7.9×104 −4.36×10−5 4.3×10−3 5.4×10−8 6.1×105

7 9.8×10−4 3.9×104 1.20×10−4 1.9×10−3 4.9×10−8 6.0×105

8 4.9×10−4 1.6×104 −2.11×10−4 1.0×10−3 6.7×10−8 4.8×105

9 2.4×10−4 1.0×103 −2.60×10−4 3.8×10−4 3.8×10−7 6.1×104∑
5.67×10−1 9.0×10−7 5.7×106

Table 36: ε = 0.5, ∆t1 = 3.12× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.1×107 7.78×10−1 1.2×100 5.6×10−8 4.3×105

1 3.1×10−2 4.4×106 −2.04×10−1 8.6×10−1 2.0×10−7 1.5×106

2 1.6×10−2 4.8×105 −4.30×10−3 2.9×10−2 6.0×10−8 4.6×105

3 7.8×10−3 2.5×105 −1.05×10−3 1.5×10−2 6.2×10−8 4.7×105

4 3.9×10−3 1.2×105 −1.01×10−4 7.8×10−3 6.2×10−8 4.8×105

5 2.0×10−3 6.4×104 2.88×10−5 3.9×10−3 6.1×10−8 4.9×105

6 9.8×10−4 1.0×103 −6.05×10−4 2.3×10−3 2.3×10−6 1.5×104∑
5.67×10−1 2.8×10−6 3.8×106

Table 37: ε = 0.5, ∆t1 = 1.56× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.8×107 7.78×10−1 1.2×100 4.2×10−8 5.6×105

1 1.6×10−2 4.4×106 −2.09×10−1 9.6×10−1 2.2×10−7 2.9×106

2 7.8×10−3 3.2×105 −1.23×10−3 1.5×10−2 4.7×10−8 6.2×105

3 3.9×10−3 1.7×105 −5.08×10−4 8.2×10−3 4.8×10−8 6.5×105

4 2.0×10−3 8.1×104 −3.77×10−4 3.8×10−3 4.7×10−8 6.3×105

5 9.8×10−4 4.0×104 7.91×10−5 1.9×10−3 4.6×10−8 6.2×105

6 4.9×10−4 2.2×104 9.36×10−5 9.0×10−4 4.2×10−8 6.6×105

7 2.4×10−4 1.0×103 −3.37×10−4 3.8×10−4 3.8×10−7 6.1×104∑
5.67×10−1 8.7×10−7 6.7×106
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Table 38: ε = 0.5, ∆t1 = 7.81× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.7×107 7.78×10−1 1.2×100 4.3×10−8 5.5×105

1 7.8×10−3 3.1×106 −2.09×10−1 9.7×10−1 3.2×10−7 4.0×106

2 3.9×10−3 1.6×105 −1.65×10−4 7.9×10−3 4.9×10−8 6.2×105

3 2.0×10−3 8.0×104 −2.99×10−4 4.0×10−3 4.9×10−8 6.2×105

4 9.8×10−4 3.4×104 −3.05×10−4 2.0×10−3 5.9×10−8 5.3×105

5 4.9×10−4 1.0×103 −5.00×10−4 7.2×10−4 7.2×10−7 3.1×104∑
5.67×10−1 1.2×10−6 6.3×106

Table 39: ε = 0.5, ∆t1 = 3.91× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.4×107 7.78×10−1 1.2×100 3.5×10−8 6.7×105

1 3.9×10−3 2.6×106 −2.11×10−1 9.0×10−1 3.5×10−7 6.6×106

2 2.0×10−3 9.9×104 1.72×10−4 4.0×10−3 4.0×10−8 7.6×105

3 9.8×10−4 7.2×104 −1.26×10−4 2.0×10−3 2.8×10−8 1.1×106

4 4.9×10−4 2.2×104 −1.59×10−4 1.0×10−3 4.7×10−8 6.6×105

5 2.4×10−4 1.0×103 1.02×10−5 4.2×10−4 4.2×10−7 6.1×104∑
5.68×10−1 9.2×10−7 9.9×106

Table 40: ε = 0.5, ∆t1 = 1.95× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.8×107 7.78×10−1 1.2×100 3.1×10−8 7.7×105

1 2.0×10−3 1.9×106 −2.10×10−1 7.8×10−1 4.0×10−7 1.0×107

2 9.8×10−4 5.7×104 2.51×10−5 2.0×10−3 3.5×10−8 8.8×105

3 4.9×10−4 2.4×104 −1.21×10−4 1.0×10−3 4.3×10−8 7.4×105

4 2.4×10−4 1.0×103 5.40×10−4 3.9×10−4 3.9×10−7 6.1×104∑
5.68×10−1 9.1×10−7 1.2×107

Table 41: ε = 0.5, ∆t1 = 9.77× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.2×107 7.78×10−1 1.2×100 2.3×10−8 1.0×106

1 9.8×10−4 1.9×106 −2.10×10−1 8.0×10−1 4.3×10−7 1.9×107

2 4.9×10−4 4.0×104 −1.86×10−4 1.1×10−3 2.6×10−8 1.2×106

3 2.4×10−4 1.7×104 1.19×10−4 4.8×10−4 2.9×10−8 1.0×106

4 1.2×10−4 1.0×103 3.73×10−4 2.1×10−4 2.1×10−7 1.2×105∑
5.69×10−1 7.1×10−7 2.3×107
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Table 42: ε = 0.5, ∆t1 = 4.88× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 7.1×107 7.78×10−1 1.2×100 1.7×10−8 1.4×106

1 4.9×10−4 1.8×106 −2.10×10−1 8.1×10−1 4.4×10−7 3.8×107

2 2.4×10−4 3.4×104 3.95×10−5 6.4×10−4 1.9×10−8 2.1×106

3 1.2×10−4 1.1×104 5.53×10−5 2.5×10−4 2.2×10−8 1.4×106

4 6.1×10−5 1.0×103 9.04×10−5 9.6×10−5 9.6×10−8 2.5×105∑
5.68×10−1 6.0×10−7 4.3×107

1.5 Combined correlation, ε = 0.1

Table 43: ε = 0.1, ∆t1 = 1.00× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.5×108 9.90×10−1 2.0×100 4.3×10−9 9.1×106

1 1.0×10−2 1.8×107 −1.25×10−1 1.6×10−1 8.8×10−9 1.9×107

2 5.0×10−3 1.8×107 1.04×10−2 4.4×10−1 2.5×10−8 5.3×107

3 2.5×10−3 1.2×107 2.85×10−2 4.0×10−1 3.4×10−8 7.1×107

4 1.3×10−3 7.3×106 2.86×10−2 3.0×10−1 4.2×10−8 8.8×107

5 6.3×10−4 4.1×106 2.06×10−2 1.9×10−1 4.7×10−8 9.9×107

6 3.1×10−4 2.2×106 1.24×10−2 1.1×10−1 5.0×10−8 1.1×108

7 1.6×10−4 1.2×106 6.84×10−3 6.0×10−2 5.2×10−8 1.1×108

8 7.8×10−5 5.8×105 3.55×10−3 3.1×10−2 5.3×10−8 1.1×108

9 3.9×10−5 2.9×105 1.38×10−3 1.6×10−2 5.4×10−8 1.1×108

10 2.0×10−5 1.6×105 9.31×10−4 8.8×10−3 5.6×10−8 1.2×108

11 9.8×10−6 7.0×104 6.67×10−4 3.6×10−3 5.2×10−8 1.1×108

12 4.9×10−6 1.5×104 −1.13×10−4 2.5×10−3 1.6×10−7 4.7×107

13 2.4×10−6 1.0×103 2.24×10−4 3.5×10−4 3.5×10−7 6.1×106∑
9.79×10−1 1.0×10−6 1.1×109

Table 44: ε = 0.1, ∆t1 = 5.00× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.2×108 9.90×10−1 2.0×100 4.7×10−9 8.3×106

1 5.0×10−3 1.3×107 −1.14×10−1 1.9×10−1 1.5×10−8 2.6×107

2 2.5×10−3 1.1×107 2.84×10−2 4.0×10−1 3.7×10−8 6.5×107

3 1.3×10−3 6.7×106 2.86×10−2 3.0×10−1 4.5×10−8 8.0×107

4 6.3×10−4 3.8×106 2.08×10−2 2.0×10−1 5.2×10−8 9.1×107

5 3.1×10−4 2.0×106 1.24×10−2 1.1×10−1 5.5×10−8 9.7×107

6 1.6×10−4 1.0×106 7.03×10−3 6.0×10−2 5.7×10−8 1.0×108

7 7.8×10−5 5.3×105 3.81×10−3 3.0×10−2 5.8×10−8 1.0×108

8 3.9×10−5 2.9×105 2.16×10−3 1.6×10−2 5.6×10−8 1.1×108

9 2.0×10−5 1.5×105 6.70×10−4 7.4×10−3 5.1×10−8 1.1×108

10 9.8×10−6 7.0×104 2.25×10−4 3.9×10−3 5.5×10−8 1.1×108

11 4.9×10−6 1.0×103 −2.91×10−4 5.5×10−4 5.5×10−7 3.1×106∑
9.80×10−1 1.0×10−6 9.0×108
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Table 45: ε = 0.1, ∆t1 = 2.50× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.4×108 9.90×10−1 2.0×100 4.4×10−9 8.9×106

1 2.5×10−3 1.0×107 −8.62×10−2 2.2×10−1 2.1×10−8 4.2×107

2 1.3×10−3 7.1×106 2.90×10−2 3.0×10−1 4.3×10−8 8.6×107

3 6.3×10−4 4.0×106 2.06×10−2 1.9×10−1 4.8×10−8 9.7×107

4 3.1×10−4 2.2×106 1.22×10−2 1.1×10−1 5.2×10−8 1.0×108

5 1.6×10−4 1.1×106 6.93×10−3 6.0×10−2 5.4×10−8 1.1×108

6 7.8×10−5 5.6×105 3.57×10−3 3.0×10−2 5.4×10−8 1.1×108

7 3.9×10−5 2.9×105 1.88×10−3 1.6×10−2 5.5×10−8 1.1×108

8 2.0×10−5 1.5×105 6.98×10−4 7.9×10−3 5.4×10−8 1.1×108

9 9.8×10−6 7.8×104 5.86×10−4 4.4×10−3 5.7×10−8 1.2×108

10 4.9×10−6 3.5×104 −1.08×10−4 1.8×10−3 5.1×10−8 1.1×108

11 2.4×10−6 1.0×103 5.65×10−4 3.2×10−4 3.2×10−7 6.1×106∑
9.80×10−1 8.1×10−7 1.0×109

Table 46: ε = 0.1, ∆t1 = 1.25× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.6×108 9.90×10−1 2.0×100 4.2×10−9 9.3×106

1 1.3×10−3 8.0×106 −5.76×10−2 2.3×10−1 2.9×10−8 6.4×107

2 6.3×10−4 4.2×106 2.04×10−2 2.0×10−1 4.6×10−8 1.0×108

3 3.1×10−4 2.2×106 1.23×10−2 1.1×10−1 4.9×10−8 1.1×108

4 1.6×10−4 1.2×106 6.63×10−3 6.0×10−2 5.1×10−8 1.1×108

5 7.8×10−5 5.9×105 3.92×10−3 3.1×10−2 5.2×10−8 1.1×108

6 3.9×10−5 3.0×105 2.15×10−3 1.5×10−2 5.2×10−8 1.1×108

7 2.0×10−5 1.5×105 9.71×10−4 7.8×10−3 5.2×10−8 1.1×108

8 9.8×10−6 8.2×104 2.04×10−4 3.5×10−3 4.3×10−8 1.3×108

9 4.9×10−6 3.2×104 2.64×10−4 1.4×10−3 4.4×10−8 9.8×107

10 2.4×10−6 1.7×104 3.28×10−4 7.9×10−4 4.6×10−8 1.1×108

11 1.2×10−6 3.8×103 6.95×10−4 2.4×10−4 6.3×10−8 4.7×107

12 6.1×10−7 1.0×103 3.68×10−4 3.8×10−5 3.8×10−8 2.5×107∑
9.81×10−1 5.7×10−7 1.1×109

Table 47: ε = 0.1, ∆t1 = 6.25× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.5×108 9.90×10−1 2.0×100 5.6×10−9 7.0×106

1 6.3×10−4 4.4×106 −3.68×10−2 2.4×10−1 5.6×10−8 7.0×107

2 3.1×10−4 1.7×106 1.24×10−2 1.1×10−1 6.6×10−8 8.2×107

3 1.6×10−4 8.8×105 6.88×10−3 6.0×10−2 6.8×10−8 8.5×107

4 7.8×10−5 4.5×105 3.81×10−3 3.1×10−2 7.0×10−8 8.6×107

5 3.9×10−5 2.3×105 1.88×10−3 1.7×10−2 7.1×10−8 9.0×107

6 2.0×10−5 1.1×105 6.45×10−4 7.7×10−3 6.9×10−8 8.5×107

7 9.8×10−6 7.9×104 3.89×10−4 4.5×10−3 5.7×10−8 1.2×108

8 4.9×10−6 1.0×103 3.73×10−4 6.7×10−4 6.7×10−7 3.1×106∑
9.80×10−1 1.1×10−6 6.3×108
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Table 48: ε = 0.1, ∆t1 = 3.13× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.1×108 9.90×10−1 2.0×100 6.3×10−9 6.2×106

1 3.1×10−4 2.8×106 −2.36×10−2 2.5×10−1 9.1×10−8 8.8×107

2 1.6×10−4 7.8×105 6.78×10−3 6.1×10−2 7.8×10−8 7.5×107

3 7.8×10−5 4.0×105 3.68×10−3 3.1×10−2 7.9×10−8 7.7×107

4 3.9×10−5 1.9×105 1.88×10−3 1.5×10−2 7.7×10−8 7.5×107

5 2.0×10−5 1.0×105 6.47×10−4 8.2×10−3 8.0×10−8 7.8×107

6 9.8×10−6 5.7×104 5.35×10−4 3.9×10−3 6.9×10−8 8.7×107

7 4.9×10−6 1.0×103 1.96×10−4 8.7×10−4 8.7×10−7 3.1×106∑
9.80×10−1 1.3×10−6 4.9×108

Table 49: ε = 0.1, ∆t1 = 1.56× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.1×108 9.90×10−1 2.0×100 6.3×10−9 6.2×106

1 1.6×10−4 2.0×106 −1.77×10−2 2.5×10−1 1.3×10−7 1.3×108

2 7.8×10−5 4.0×105 3.38×10−3 3.1×10−2 7.7×10−8 7.7×107

3 3.9×10−5 2.0×105 2.10×10−3 1.6×10−2 7.9×10−8 7.8×107

4 2.0×10−5 1.1×105 8.65×10−4 8.8×10−3 8.1×10−8 8.3×107

5 9.8×10−6 4.5×104 3.71×10−4 4.3×10−3 9.6×10−8 6.9×107

6 4.9×10−6 1.8×104 9.03×10−6 1.9×10−3 1.1×10−7 5.4×107

7 2.4×10−6 1.0×103 −5.05×10−4 3.9×10−4 3.9×10−7 6.1×106∑
9.79×10−1 9.7×10−7 5.0×108

Table 50: ε = 0.1, ∆t1 = 7.81× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.1×108 9.90×10−1 2.0×100 4.7×10−9 8.3×106

1 7.8×10−5 1.9×106 −1.38×10−2 2.6×10−1 1.4×10−7 2.4×108

2 3.9×10−5 2.7×105 1.90×10−3 1.6×10−2 6.0×10−8 1.0×108

3 2.0×10−5 1.3×105 1.17×10−3 7.5×10−3 5.8×10−8 9.9×107

4 9.8×10−6 9.1×104 7.83×10−4 3.8×10−3 4.2×10−8 1.4×108

5 4.9×10−6 3.5×104 7.04×10−5 2.1×10−3 6.2×10−8 1.1×108

6 2.4×10−6 2.0×104 3.44×10−4 1.3×10−3 6.3×10−8 1.2×108

7 1.2×10−6 7.6×103 −6.41×10−5 5.6×10−4 7.4×10−8 9.3×107

8 6.1×10−7 1.0×103 5.58×10−4 3.6×10−5 3.6×10−8 2.5×107∑
9.81×10−1 5.3×10−7 9.4×108
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Table 51: ε = 0.1, ∆t1 = 3.91× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.5×108 9.90×10−1 2.0×100 3.5×10−9 1.1×107

1 3.9×10−5 1.8×106 −1.22×10−2 2.5×10−1 1.4×10−7 4.5×108

2 2.0×10−5 1.9×105 9.13×10−4 8.1×10−3 4.4×10−8 1.4×108

3 9.8×10−6 9.2×104 3.42×10−4 4.9×10−3 5.3×10−8 1.4×108

4 4.9×10−6 4.8×104 4.37×10−4 2.1×10−3 4.3×10−8 1.5×108

5 2.4×10−6 3.2×104 8.51×10−5 2.2×10−3 6.8×10−8 1.9×108

6 1.2×10−6 3.9×104 4.14×10−5 7.4×10−4 1.9×10−8 4.8×108

7 6.1×10−7 1.0×103 −1.54×10−4 4.6×10−5 4.6×10−8 2.5×107∑
9.79×10−1 4.2×10−7 1.6×109

Table 52: ε = 0.1, ∆t1 = 1.95× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.6×108 9.90×10−1 2.0×100 5.4×10−9 7.3×106

1 2.0×10−5 8.2×105 −1.09×10−2 2.6×10−1 3.1×10−7 4.2×108

2 9.8×10−6 5.4×104 9.84×10−4 3.4×10−3 6.2×10−8 8.3×107

3 4.9×10−6 2.7×104 3.36×10−4 1.4×10−3 5.0×10−8 8.4×107

4 2.4×10−6 1.5×104 1.62×10−5 6.2×10−4 4.2×10−8 9.1×107

5 1.2×10−6 1.0×103 2.90×10−4 8.2×10−5 8.2×10−8 1.2×107∑
9.81×10−1 5.5×10−7 7.0×108

1.6 Combined correlation, ε = 0.05

Table 53: ε = 0.05, ∆t1 = 2.50× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.0×109 9.97×10−1 2.0×100 1.9×10−9 2.1×107

1 2.5×10−3 1.3×107 −1.25×10−1 6.5×10−2 4.9×10−9 5.4×107

2 1.3×10−3 2.1×107 1.29×10−2 4.7×10−1 2.3×10−8 2.5×108

3 6.3×10−4 1.4×107 3.05×10−2 4.4×10−1 3.1×10−8 3.4×108

4 3.1×10−4 8.7×106 3.02×10−2 3.3×10−1 3.8×10−8 4.2×108

5 1.6×10−4 4.9×106 2.17×10−2 2.1×10−1 4.3×10−8 4.7×108

6 7.8×10−5 2.6×106 1.25×10−2 1.2×10−1 4.6×10−8 5.1×108

7 3.9×10−5 1.4×106 6.92×10−3 6.6×10−2 4.8×10−8 5.3×108

8 2.0×10−5 7.0×105 3.52×10−3 3.4×10−2 4.9×10−8 5.3×108

9 9.8×10−6 3.5×105 2.00×10−3 1.7×10−2 4.9×10−8 5.4×108

10 4.9×10−6 1.8×105 1.08×10−3 9.0×10−3 5.0×10−8 5.5×108

11 2.4×10−6 9.5×104 4.10×10−4 4.6×10−3 4.9×10−8 5.8×108

12 1.2×10−6 5.5×104 3.40×10−4 2.3×10−3 4.2×10−8 6.8×108

13 6.1×10−7 1.0×103 −2.72×10−4 5.7×10−4 5.7×10−7 2.5×107∑
9.94×10−1 1.0×10−6 5.5×109
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Table 54: ε = 0.05, ∆t1 = 1.25× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 9.7×108 9.97×10−1 2.0×100 2.1×10−9 1.9×107

1 1.3×10−3 9.0×106 −1.12×10−1 6.9×10−2 7.7×10−9 7.2×107

2 6.3×10−4 1.3×107 3.06×10−2 4.3×10−1 3.3×10−8 3.1×108

3 3.1×10−4 8.0×106 3.01×10−2 3.3×10−1 4.1×10−8 3.9×108

4 1.6×10−4 4.6×106 2.13×10−2 2.1×10−1 4.7×10−8 4.4×108

5 7.8×10−5 2.5×106 1.29×10−2 1.2×10−1 5.0×10−8 4.7×108

6 3.9×10−5 1.3×106 7.14×10−3 6.6×10−2 5.2×10−8 4.9×108

7 2.0×10−5 6.5×105 3.79×10−3 3.4×10−2 5.3×10−8 5.0×108

8 9.8×10−6 3.3×105 1.65×10−3 1.8×10−2 5.3×10−8 5.0×108

9 4.9×10−6 1.6×105 8.04×10−4 8.7×10−3 5.4×10−8 5.0×108

10 2.4×10−6 8.9×104 4.78×10−4 5.0×10−3 5.6×10−8 5.5×108

11 1.2×10−6 3.9×104 3.16×10−4 2.4×10−3 6.1×10−8 4.8×108

12 6.1×10−7 1.0×103 −2.05×10−4 3.6×10−4 3.6×10−7 2.5×107∑
9.94×10−1 8.7×10−7 4.7×109

Table 55: ε = 0.05, ∆t1 = 6.25× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 9.9×108 9.97×10−1 2.0×100 2.0×10−9 2.0×107

1 6.3×10−4 6.4×106 −8.17×10−2 6.7×10−2 1.0×10−8 1.0×108

2 3.1×10−4 8.3×106 3.00×10−2 3.3×10−1 4.0×10−8 4.0×108

3 1.6×10−4 4.7×106 2.16×10−2 2.1×10−1 4.5×10−8 4.5×108

4 7.8×10−5 2.5×106 1.27×10−2 1.2×10−1 4.9×10−8 4.8×108

5 3.9×10−5 1.3×106 6.61×10−3 6.6×10−2 5.0×10−8 5.0×108

6 2.0×10−5 6.6×105 3.52×10−3 3.4×10−2 5.1×10−8 5.1×108

7 9.8×10−6 3.3×105 1.96×10−3 1.7×10−2 5.2×10−8 5.1×108

8 4.9×10−6 1.7×105 9.12×10−4 9.3×10−3 5.4×10−8 5.3×108

9 2.4×10−6 8.7×104 9.02×10−4 4.7×10−3 5.4×10−8 5.3×108

10 1.2×10−6 4.4×104 −2.29×10−4 2.2×10−3 5.0×10−8 5.3×108

11 6.1×10−7 1.6×104 2.13×10−4 9.7×10−4 6.0×10−8 4.0×108

12 3.1×10−7 1.0×103 −4.54×10−5 5.9×10−4 5.9×10−7 4.9×107∑
9.94×10−1 1.1×10−6 5.0×109
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Table 56: ε = 0.05, ∆t1 = 3.13× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 9.9×108 9.98×10−1 2.0×100 2.0×10−9 2.0×107

1 3.1×10−4 4.5×106 −5.12×10−2 6.5×10−2 1.5×10−8 1.4×108

2 1.6×10−4 4.7×106 2.13×10−2 2.1×10−1 4.5×10−8 4.5×108

3 7.8×10−5 2.5×106 1.32×10−2 1.2×10−1 4.9×10−8 4.8×108

4 3.9×10−5 1.3×106 7.57×10−3 6.5×10−2 5.0×10−8 5.0×108

5 2.0×10−5 6.6×105 3.58×10−3 3.4×10−2 5.2×10−8 5.1×108

6 9.8×10−6 3.3×105 2.24×10−3 1.7×10−2 5.2×10−8 5.1×108

7 4.9×10−6 1.7×105 1.11×10−3 8.7×10−3 5.2×10−8 5.2×108

8 2.4×10−6 8.8×104 1.86×10−4 4.8×10−3 5.4×10−8 5.4×108

9 1.2×10−6 4.7×104 1.24×10−4 2.7×10−3 5.7×10−8 5.8×108

10 6.1×10−7 2.8×104 1.93×10−5 1.1×10−3 4.1×10−8 6.9×108

11 3.1×10−7 1.0×103 −5.63×10−4 2.0×10−4 2.0×10−7 4.9×107∑
9.95×10−1 6.7×10−7 5.0×109

Table 57: ε = 0.05, ∆t1 = 1.56× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 8.5×108 9.98×10−1 2.0×100 2.3×10−9 1.7×107

1 1.6×10−4 2.7×106 −2.98×10−2 6.6×10−2 2.4×10−8 1.7×108

2 7.8×10−5 2.1×106 1.27×10−2 1.2×10−1 5.7×10−8 4.1×108

3 3.9×10−5 1.1×106 7.22×10−3 6.6×10−2 5.9×10−8 4.3×108

4 2.0×10−5 5.6×105 3.99×10−3 3.4×10−2 6.0×10−8 4.3×108

5 9.8×10−6 2.9×105 1.72×10−3 1.8×10−2 6.1×10−8 4.5×108

6 4.9×10−6 1.5×105 8.55×10−4 9.2×10−3 6.3×10−8 4.5×108

7 2.4×10−6 8.8×104 6.66×10−4 4.2×10−3 4.8×10−8 5.4×108

8 1.2×10−6 3.4×104 1.00×10−4 2.0×10−3 6.0×10−8 4.2×108

9 6.1×10−7 1.6×104 −9.53×10−6 1.2×10−3 7.6×10−8 4.0×108

10 3.1×10−7 1.0×103 −4.07×10−4 8.7×10−5 8.7×10−8 4.9×107∑
9.95×10−1 6.0×10−7 3.8×109

Table 58: ε = 0.05, ∆t1 = 7.81× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 8.2×108 9.97×10−1 2.0×100 2.4×10−9 1.6×107

1 7.8×10−5 1.9×106 −1.69×10−2 6.7×10−2 3.6×10−8 2.4×108

2 3.9×10−5 1.1×106 6.78×10−3 6.6×10−2 6.2×10−8 4.1×108

3 2.0×10−5 5.5×105 3.87×10−3 3.4×10−2 6.3×10−8 4.2×108

4 9.8×10−6 2.7×105 2.01×10−3 1.7×10−2 6.3×10−8 4.2×108

5 4.9×10−6 1.4×105 9.06×10−4 8.6×10−3 6.3×10−8 4.2×108

6 2.4×10−6 6.9×104 3.04×10−4 4.4×10−3 6.3×10−8 4.2×108

7 1.2×10−6 4.0×104 2.05×10−4 2.6×10−3 6.5×10−8 5.0×108

8 6.1×10−7 2.1×104 −3.71×10−5 9.4×10−4 4.4×10−8 5.2×108

9 3.1×10−7 1.0×103 5.98×10−5 3.4×10−4 3.4×10−7 4.9×107∑
9.95×10−1 8.0×10−7 3.4×109
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Table 59: ε = 0.05, ∆t1 = 3.91× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 6.7×108 9.98×10−1 2.0×100 3.0×10−9 1.3×107

1 3.9×10−5 1.1×106 −9.75×10−3 6.7×10−2 6.2×10−8 2.8×108

2 2.0×10−5 4.5×105 3.53×10−3 3.4×10−2 7.6×10−8 3.5×108

3 9.8×10−6 2.3×105 2.13×10−3 1.7×10−2 7.6×10−8 3.5×108

4 4.9×10−6 1.1×105 9.84×10−4 8.7×10−3 7.7×10−8 3.5×108

5 2.4×10−6 5.5×104 5.14×10−4 4.1×10−3 7.5×10−8 3.4×108

6 1.2×10−6 3.2×104 4.07×10−4 2.4×10−3 7.6×10−8 3.9×108

7 6.1×10−7 9.1×103 4.32×10−5 6.2×10−4 6.8×10−8 2.2×108

8 3.1×10−7 1.0×103 1.45×10−5 1.0×10−4 1.0×10−7 4.9×107∑
9.95×10−1 6.2×10−7 2.3×109

Table 60: ε = 0.05, ∆t1 = 1.95× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 6.2×108 9.98×10−1 2.0×100 3.2×10−9 1.2×107

1 2.0×10−5 7.2×105 −6.39×10−3 6.8×10−2 9.4×10−8 3.7×108

2 9.8×10−6 2.1×105 1.84×10−3 1.8×10−2 8.3×10−8 3.3×108

3 4.9×10−6 1.1×105 8.18×10−4 8.9×10−3 8.4×10−8 3.3×108

4 2.4×10−6 5.2×104 7.12×10−4 4.6×10−3 8.9×10−8 3.2×108

5 1.2×10−6 2.4×104 6.51×10−4 1.8×10−3 7.7×10−8 2.9×108

6 6.1×10−7 1.3×104 −1.80×10−4 9.3×10−4 7.4×10−8 3.1×108

7 3.1×10−7 1.0×103 5.89×10−4 2.3×10−4 2.3×10−7 4.9×107∑
9.96×10−1 7.3×10−7 2.0×109

Table 61: ε = 0.05, ∆t1 = 9.77× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.7×108 9.98×10−1 2.0×100 4.2×10−9 9.5×106

1 9.8×10−6 3.9×105 −4.31×10−3 6.9×10−2 1.8×10−7 4.0×108

2 4.9×10−6 7.7×104 7.33×10−4 8.0×10−3 1.0×10−7 2.4×108

3 2.4×10−6 3.9×104 3.57×10−4 4.5×10−3 1.1×10−7 2.4×108

4 1.2×10−6 2.0×104 3.85×10−4 2.2×10−3 1.1×10−7 2.4×108

5 6.1×10−7 1.0×103 −4.33×10−4 2.8×10−4 2.8×10−7 2.5×107∑
9.94×10−1 7.9×10−7 1.2×109

Table 62: ε = 0.05, ∆t1 = 4.88× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.0×108 9.97×10−1 2.0×100 4.9×10−9 8.1×106

1 4.9×10−6 2.4×105 −4.49×10−3 6.9×10−2 2.9×10−7 4.8×108

2 2.4×10−6 3.5×104 6.10×10−4 4.6×10−3 1.3×10−7 2.1×108

3 1.2×10−6 9.8×103 −2.22×10−4 1.7×10−3 1.7×10−7 1.2×108

4 6.1×10−7 1.0×103 2.63×10−4 3.2×10−4 3.2×10−7 2.5×107∑
9.94×10−1 9.2×10−7 8.5×108
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Table 63: ε = 0.05, ∆t1 = 2.44× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 7.8×108 9.97×10−1 2.0×100 2.5×10−9 1.6×107

1 2.4×10−6 3.2×105 −2.92×10−3 6.8×10−2 2.1×10−7 1.3×109

2 1.2×10−6 3.1×104 7.88×10−4 2.1×10−3 6.6×10−8 3.8×108

3 6.1×10−7 1.9×104 −6.26×10−5 9.8×10−4 5.3×10−8 4.6×108

4 3.1×10−7 2.0×104 1.00×10−4 7.2×10−4 3.6×10−8 9.7×108

5 1.5×10−7 1.0×103 2.29×10−4 4.4×10−5 4.4×10−8 9.8×107∑
9.96×10−1 4.1×10−7 3.2×109

Table 64: ε = 0.05, ∆t1 = 1.22× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 6.1×108 9.98×10−1 2.0×100 3.3×10−9 1.2×107

1 1.2×10−6 1.8×105 −3.33×10−3 6.8×10−2 3.9×10−7 1.4×109

2 6.1×10−7 9.1×103 −2.14×10−5 7.8×10−4 8.6×10−8 2.2×108

3 3.1×10−7 3.8×103 −4.39×10−5 3.1×10−4 8.3×10−8 1.9×108

4 1.5×10−7 1.0×103 3.05×10−4 1.7×10−4 1.7×10−7 9.8×107∑
9.94×10−1 7.2×10−7 2.0×109

2 Tables corresponding with Figure 5

2.1 Term-by-term correlation, ε = 0.5

Table 65: ε = 0.5, ∆t1 = 2.50× 10−1

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.8×107 7.78×10−1 1.2×100 3.2×10−8 7.5×105

1 2.5×10−1 8.5×106 −9.03×10−2 1.9×10−1 2.2×10−8 5.1×105

2 1.2×10−1 5.8×106 −6.60×10−2 1.7×10−1 3.0×10−8 7.0×105

3 6.2×10−2 3.6×106 −3.43×10−2 1.3×10−1 3.7×10−8 8.6×105

4 3.1×10−2 2.0×106 −1.35×10−2 8.6×10−2 4.2×10−8 9.8×105

5 1.6×10−2 1.1×106 −4.15×10−3 5.0×10−2 4.5×10−8 1.1×106

6 7.8×10−3 5.8×105 −1.54×10−3 2.8×10−2 4.8×10−8 1.1×106

7 3.9×10−3 2.9×105 −2.67×10−5 1.3×10−2 4.7×10−8 1.1×106

8 2.0×10−3 2.1×105 −1.14×10−5 7.8×10−3 3.7×10−8 1.6×106

9 9.8×10−4 7.5×104 −2.54×10−4 3.8×10−3 5.0×10−8 1.2×106

10 4.9×10−4 5.1×104 3.95×10−4 2.4×10−3 4.6×10−8 1.6×106

11 2.4×10−4 1.2×104 1.44×10−4 6.5×10−4 5.4×10−8 7.3×105

12 1.2×10−4 1.0×103 −3.44×10−4 1.9×10−3 1.9×10−6 1.2×105∑
5.68×10−1 2.4×10−6 1.2×107
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Table 66: ε = 0.5, ∆t1 = 1.25× 10−1

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.5×107 7.78×10−1 1.2×100 3.4×10−8 7.0×105

1 1.2×10−1 1.0×107 −1.56×10−1 5.4×10−1 5.1×10−8 1.0×106

2 6.2×10−2 3.4×106 −3.40×10−2 1.3×10−1 3.9×10−8 8.1×105

3 3.1×10−2 1.9×106 −1.32×10−2 8.6×10−2 4.5×10−8 9.2×105

4 1.6×10−2 1.0×106 −4.07×10−3 5.0×10−2 4.8×10−8 9.9×105

5 7.8×10−3 5.5×105 −1.57×10−3 2.8×10−2 5.2×10−8 1.1×106

6 3.9×10−3 2.7×105 −4.59×10−4 1.4×10−2 5.2×10−8 1.0×106

7 2.0×10−3 1.3×105 2.09×10−5 6.7×10−3 5.1×10−8 1.0×106

8 9.8×10−4 9.9×104 5.14×10−5 3.8×10−3 3.8×10−8 1.5×106

9 4.9×10−4 2.9×104 −1.13×10−4 1.2×10−3 4.0×10−8 9.0×105

10 2.4×10−4 1.1×104 −2.33×10−5 1.1×10−3 1.0×10−7 6.8×105

11 1.2×10−4 1.0×103 −1.05×10−4 1.6×10−4 1.6×10−7 1.2×105∑
5.68×10−1 7.1×10−7 1.1×107

Table 67: ε = 0.5, ∆t1 = 6.25× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.5×107 7.78×10−1 1.2×100 4.8×10−8 5.1×105

1 6.2×10−2 7.4×106 −1.90×10−1 9.3×10−1 1.3×10−7 1.3×106

2 3.1×10−2 1.4×106 −1.35×10−2 8.7×10−2 6.3×10−8 6.7×105

3 1.6×10−2 7.4×105 −4.26×10−3 5.0×10−2 6.8×10−8 7.1×105

4 7.8×10−3 4.3×105 −1.07×10−3 2.8×10−2 6.4×10−8 8.2×105

5 3.9×10−3 2.0×105 1.50×10−5 1.4×10−2 7.1×10−8 7.5×105

6 2.0×10−3 7.5×104 −1.46×10−4 7.4×10−3 9.9×10−8 5.8×105

7 9.8×10−4 1.0×103 −3.77×10−4 1.7×10−3 1.7×10−6 1.5×104∑
5.68×10−1 2.3×10−6 5.4×106

Table 68: ε = 0.5, ∆t1 = 3.12× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.6×107 7.77×10−1 1.2×100 4.6×10−8 5.3×105

1 3.1×10−2 6.5×106 −2.04×10−1 1.3×100 1.9×10−7 2.2×106

2 1.6×10−2 7.8×105 −4.65×10−3 5.1×10−2 6.5×10−8 7.5×105

3 7.8×10−3 4.0×105 −1.59×10−3 2.6×10−2 6.6×10−8 7.6×105

4 3.9×10−3 2.1×105 −3.72×10−4 1.3×10−2 6.6×10−8 7.9×105

5 2.0×10−3 9.5×104 4.86×10−6 6.8×10−3 7.2×10−8 7.3×105

6 9.8×10−4 1.0×103 1.71×10−4 5.3×10−3 5.3×10−6 1.5×104∑
5.67×10−1 5.8×10−6 5.8×106
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Table 69: ε = 0.5, ∆t1 = 1.56× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.5×107 7.78×10−1 1.2×100 3.5×10−8 6.9×105

1 1.6×10−2 6.7×106 −2.08×10−1 1.5×100 2.2×10−7 4.4×106

2 7.8×10−3 5.3×105 −1.02×10−3 2.7×10−2 5.1×10−8 1.0×106

3 3.9×10−3 2.7×105 −4.81×10−4 1.4×10−2 5.2×10−8 1.0×106

4 2.0×10−3 1.4×105 −1.83×10−4 7.7×10−3 5.4×10−8 1.1×106

5 9.8×10−4 6.8×104 −1.58×10−4 3.4×10−3 5.0×10−8 1.0×106

6 4.9×10−4 2.2×104 5.74×10−4 3.2×10−3 1.5×10−7 6.6×105

7 2.4×10−4 1.0×103 −3.31×10−5 3.3×10−4 3.3×10−7 6.1×104∑
5.69×10−1 9.4×10−7 1.0×107

Table 70: ε = 0.5, ∆t1 = 7.81× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.4×107 7.78×10−1 1.2×100 2.8×10−8 8.8×105

1 7.8×10−3 6.3×106 −2.10×10−1 1.6×100 2.6×10−7 8.2×106

2 3.9×10−3 3.4×105 −4.71×10−4 1.4×10−2 4.2×10−8 1.3×106

3 2.0×10−3 1.8×105 2.69×10−4 7.3×10−3 4.2×10−8 1.4×106

4 9.8×10−4 8.9×104 2.03×10−4 3.4×10−3 3.9×10−8 1.4×106

5 4.9×10−4 9.1×104 5.14×10−5 1.3×10−3 1.4×10−8 2.8×106

6 2.4×10−4 1.0×103 4.54×10−4 3.3×10−4 3.3×10−7 6.1×104∑
5.69×10−1 7.6×10−7 1.6×107

Table 71: ε = 0.5, ∆t1 = 3.91× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.3×107 7.78×10−1 1.2×100 2.8×10−8 8.7×105

1 3.9×10−3 4.6×106 −2.11×10−1 1.7×100 3.8×10−7 1.2×107

2 2.0×10−3 3.7×105 −1.63×10−4 6.6×10−3 1.8×10−8 2.9×106

3 9.8×10−4 4.9×104 3.92×10−5 3.8×10−3 7.7×10−8 7.6×105

4 4.9×10−4 1.0×103 −1.56×10−4 8.2×10−4 8.2×10−7 3.1×104∑
5.67×10−1 1.3×10−6 1.6×107

Table 72: ε = 0.5, ∆t1 = 1.95× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 6.5×107 7.78×10−1 1.2×100 1.9×10−8 1.3×106

1 2.0×10−3 4.9×106 −2.10×10−1 1.8×100 3.6×10−7 2.5×107

2 9.8×10−4 1.3×105 −6.95×10−5 3.7×10−3 2.8×10−8 2.0×106

3 4.9×10−4 7.4×104 3.12×10−5 2.7×10−3 3.6×10−8 2.3×106

4 2.4×10−4 2.5×104 −4.04×10−5 4.9×10−4 2.0×10−8 1.5×106

5 1.2×10−4 2.0×104 1.59×10−4 3.1×10−4 1.5×10−8 2.5×106

6 6.1×10−5 1.0×103 2.65×10−4 1.1×10−4 1.1×10−7 2.5×105∑
5.68×10−1 5.9×10−7 3.5×107
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Table 73: ε = 0.5, ∆t1 = 9.77× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 7.5×107 7.78×10−1 1.2×100 1.6×10−8 1.5×106

1 9.8×10−4 4.1×106 −2.10×10−1 1.8×100 4.5×10−7 4.2×107

2 4.9×10−4 6.7×104 2.05×10−5 1.4×10−3 2.0×10−8 2.0×106

3 2.4×10−4 2.5×104 −2.54×10−5 4.2×10−4 1.7×10−8 1.5×106

4 1.2×10−4 1.0×103 −1.43×10−4 1.9×10−4 1.9×10−7 1.2×105∑
5.68×10−1 6.9×10−7 4.7×107

Table 74: ε = 0.5, ∆t1 = 4.88× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.1×108 7.78×10−1 1.2×100 1.1×10−8 2.2×106

1 4.9×10−4 4.4×106 −2.09×10−1 1.8×100 4.2×10−7 9.1×107

2 2.4×10−4 1.1×105 −2.27×10−4 1.7×10−3 1.6×10−8 6.8×106

3 1.2×10−4 1.6×104 −1.25×10−5 1.9×10−4 1.2×10−8 2.0×106

4 6.1×10−5 1.0×103 1.52×10−4 8.4×10−5 8.4×10−8 2.5×105∑
5.68×10−1 5.4×10−7 1.0×108

2.2 Term-by-term correlation, ε = 0.1

Table 75: ε = 0.1, ∆t1 = 1.00× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.4×108 9.90×10−1 2.0×100 3.7×10−9 1.1×107

1 1.0×10−2 6.5×107 −1.25×10−1 1.5×100 2.3×10−8 6.6×107

2 5.0×10−3 2.1×107 1.07×10−2 4.7×10−1 2.2×10−8 6.4×107

3 2.5×10−3 1.5×107 2.84×10−2 4.4×10−1 3.0×10−8 8.8×107

4 1.3×10−3 9.0×106 2.90×10−2 3.3×10−1 3.7×10−8 1.1×108

5 6.3×10−4 5.1×106 2.08×10−2 2.1×10−1 4.2×10−8 1.2×108

6 3.1×10−4 2.7×106 1.23×10−2 1.2×10−1 4.5×10−8 1.3×108

7 1.6×10−4 1.4×106 6.56×10−3 6.5×10−2 4.6×10−8 1.4×108

8 7.8×10−5 7.3×105 3.55×10−3 3.4×10−2 4.7×10−8 1.4×108

9 3.9×10−5 3.6×105 1.79×10−3 1.7×10−2 4.7×10−8 1.4×108

10 2.0×10−5 2.0×105 1.27×10−3 9.9×10−3 5.1×10−8 1.5×108

11 9.8×10−6 9.3×104 6.62×10−4 4.5×10−3 4.8×10−8 1.4×108

12 4.9×10−6 3.7×104 1.76×10−4 1.6×10−3 4.2×10−8 1.1×108

13 2.4×10−6 9.6×103 −2.58×10−4 1.7×10−3 1.7×10−7 5.9×107

14 1.2×10−6 1.0×103 2.01×10−4 1.6×10−4 1.6×10−7 1.2×107∑
9.80×10−1 8.1×10−7 1.5×109
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Table 76: ε = 0.1, ∆t1 = 5.00× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 8.3×108 9.90×10−1 2.0×100 2.3×10−9 1.7×107

1 5.0×10−3 8.8×107 −1.15×10−1 2.2×100 2.5×10−8 1.8×108

2 2.5×10−3 2.3×107 2.84×10−2 4.4×10−1 1.9×10−8 1.4×108

3 1.3×10−3 1.4×107 2.87×10−2 3.3×10−1 2.4×10−8 1.7×108

4 6.3×10−4 7.9×106 2.05×10−2 2.1×10−1 2.7×10−8 1.9×108

5 3.1×10−4 4.2×106 1.28×10−2 1.2×10−1 2.9×10−8 2.0×108

6 1.6×10−4 2.2×106 6.75×10−3 6.6×10−2 3.0×10−8 2.1×108

7 7.8×10−5 1.1×106 3.88×10−3 3.3×10−2 3.0×10−8 2.1×108

8 3.9×10−5 5.7×105 1.80×10−3 1.8×10−2 3.1×10−8 2.2×108

9 2.0×10−5 3.1×105 9.39×10−4 1.0×10−2 3.2×10−8 2.4×108

10 9.8×10−6 1.3×105 7.01×10−4 3.9×10−3 2.9×10−8 2.1×108

11 4.9×10−6 7.5×104 7.74×10−5 2.3×10−3 3.0×10−8 2.3×108

12 2.4×10−6 3.1×104 1.22×10−4 7.4×10−4 2.4×10−8 1.9×108

13 1.2×10−6 7.5×103 −1.23×10−4 1.1×10−4 1.5×10−8 9.3×107

14 6.1×10−7 4.3×104 −3.18×10−5 3.5×10−4 8.2×10−9 1.1×109

15 3.1×10−7 1.0×103 −3.46×10−4 2.3×10−4 2.3×10−7 4.9×107∑
9.80×10−1 5.9×10−7 3.6×109

Table 77: ε = 0.1, ∆t1 = 2.50× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.2×108 9.90×10−1 2.0×100 3.8×10−9 1.0×107

1 2.5×10−3 4.4×107 −8.63×10−2 2.8×100 6.4×10−8 1.8×108

2 1.3×10−3 8.7×106 2.89×10−2 3.3×10−1 3.8×10−8 1.0×108

3 6.3×10−4 5.0×106 2.13×10−2 2.1×10−1 4.3×10−8 1.2×108

4 3.1×10−4 2.6×106 1.22×10−2 1.2×10−1 4.6×10−8 1.3×108

5 1.6×10−4 1.4×106 6.84×10−3 6.5×10−2 4.8×10−8 1.3×108

6 7.8×10−5 6.9×105 3.66×10−3 3.3×10−2 4.8×10−8 1.3×108

7 3.9×10−5 3.5×105 1.82×10−3 1.8×10−2 5.0×10−8 1.4×108

8 2.0×10−5 1.8×105 1.09×10−3 8.8×10−3 5.0×10−8 1.4×108

9 9.8×10−6 8.3×104 2.40×10−4 3.7×10−3 4.5×10−8 1.3×108

10 4.9×10−6 3.8×104 5.69×10−4 1.7×10−3 4.4×10−8 1.2×108

11 2.4×10−6 9.7×103 1.13×10−4 3.7×10−4 3.8×10−8 6.0×107

12 1.2×10−6 1.0×103 −6.77×10−6 5.1×10−4 5.1×10−7 1.2×107∑
9.80×10−1 1.0×10−6 1.4×109
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Table 78: ε = 0.1, ∆t1 = 1.25× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.9×108 9.90×10−1 2.0×100 3.3×10−9 1.2×107

1 1.3×10−3 3.8×107 −5.74×10−2 3.3×100 8.6×10−8 3.1×108

2 6.3×10−4 5.6×106 2.09×10−2 2.1×10−1 3.8×10−8 1.4×108

3 3.1×10−4 3.0×106 1.24×10−2 1.2×10−1 4.1×10−8 1.5×108

4 1.6×10−4 1.6×106 6.91×10−3 6.5×10−2 4.2×10−8 1.5×108

5 7.8×10−5 8.0×105 3.57×10−3 3.5×10−2 4.3×10−8 1.5×108

6 3.9×10−5 4.0×105 1.83×10−3 1.8×10−2 4.4×10−8 1.5×108

7 2.0×10−5 2.0×105 8.59×10−4 8.8×10−3 4.4×10−8 1.5×108

8 9.8×10−6 9.6×104 2.04×10−4 3.9×10−3 4.0×10−8 1.5×108

9 4.9×10−6 4.4×104 6.06×10−4 1.7×10−3 3.9×10−8 1.4×108

10 2.4×10−6 2.1×104 1.80×10−4 5.7×10−4 2.7×10−8 1.3×108

11 1.2×10−6 1.3×104 −1.71×10−4 5.8×10−4 4.5×10−8 1.6×108

12 6.1×10−7 1.0×103 2.86×10−4 5.3×10−5 5.3×10−8 2.5×107∑
9.80×10−1 5.4×10−7 1.8×109

Table 79: ε = 0.1, ∆t1 = 6.25× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.9×108 9.90×10−1 2.0×100 4.0×10−9 9.8×106

1 6.3×10−4 2.3×107 −3.64×10−2 3.6×100 1.5×10−7 3.8×108

2 3.1×10−4 2.5×106 1.24×10−2 1.2×10−1 4.9×10−8 1.2×108

3 1.6×10−4 1.3×106 7.06×10−3 6.6×10−2 5.1×10−8 1.2×108

4 7.8×10−5 6.6×105 3.64×10−3 3.4×10−2 5.1×10−8 1.3×108

5 3.9×10−5 3.3×105 1.95×10−3 1.8×10−2 5.3×10−8 1.3×108

6 2.0×10−5 1.7×105 7.65×10−4 9.2×10−3 5.4×10−8 1.3×108

7 9.8×10−6 8.4×104 5.51×10−4 4.5×10−3 5.3×10−8 1.3×108

8 4.9×10−6 2.5×104 −1.13×10−5 2.0×10−3 8.0×10−8 7.6×107

9 2.4×10−6 1.0×103 5.37×10−4 3.8×10−4 3.8×10−7 6.1×106∑
9.80×10−1 9.3×10−7 1.2×109

Table 80: ε = 0.1, ∆t1 = 3.13× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.2×108 9.90×10−1 2.0×100 3.8×10−9 1.0×107

1 3.1×10−4 1.8×107 −2.41×10−2 3.8×100 2.1×10−7 5.8×108

2 1.6×10−4 1.4×106 6.90×10−3 6.7×10−2 4.8×10−8 1.3×108

3 7.8×10−5 7.0×105 3.49×10−3 3.4×10−2 4.9×10−8 1.3×108

4 3.9×10−5 3.5×105 1.71×10−3 1.7×10−2 4.8×10−8 1.3×108

5 2.0×10−5 1.7×105 8.32×10−4 8.3×10−3 4.9×10−8 1.3×108

6 9.8×10−6 1.0×105 2.90×10−4 5.4×10−3 5.4×10−8 1.6×108

7 4.9×10−6 3.0×104 −2.66×10−4 3.3×10−3 1.1×10−7 9.3×107

8 2.4×10−6 1.0×103 3.52×10−4 1.8×10−4 1.8×10−7 6.1×106∑
9.79×10−1 7.5×10−7 1.4×109
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Table 81: ε = 0.1, ∆t1 = 1.56× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 6.0×108 9.90×10−1 2.0×100 3.2×10−9 1.2×107

1 1.6×10−4 1.5×107 −1.69×10−2 3.9×100 2.6×10−7 9.6×108

2 7.8×10−5 8.2×105 3.22×10−3 3.5×10−2 4.2×10−8 1.6×108

3 3.9×10−5 4.2×105 1.54×10−3 1.8×10−2 4.2×10−8 1.6×108

4 2.0×10−5 2.1×105 1.11×10−3 8.3×10−3 4.0×10−8 1.6×108

5 9.8×10−6 1.1×105 5.58×10−4 4.4×10−3 4.1×10−8 1.6×108

6 4.9×10−6 8.1×104 2.63×10−5 2.2×10−3 2.7×10−8 2.5×108

7 2.4×10−6 1.0×103 −3.50×10−4 4.5×10−4 4.5×10−7 6.1×106∑
9.79×10−1 9.1×10−7 1.9×109

Table 82: ε = 0.1, ∆t1 = 7.81× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 7.6×108 9.90×10−1 2.0×100 2.6×10−9 1.5×107

1 7.8×10−5 1.4×107 −1.37×10−2 3.9×100 2.9×10−7 1.7×109

2 3.9×10−5 5.3×105 1.78×10−3 1.8×10−2 3.4×10−8 2.0×108

3 2.0×10−5 2.6×105 1.18×10−3 8.6×10−3 3.4×10−8 2.0×108

4 9.8×10−6 1.2×105 4.15×10−4 3.9×10−3 3.2×10−8 1.9×108

5 4.9×10−6 7.8×104 9.50×10−5 3.0×10−3 3.8×10−8 2.4×108

6 2.4×10−6 3.5×104 −6.71×10−5 8.7×10−4 2.5×10−8 2.1×108

7 1.2×10−6 1.5×104 1.33×10−4 5.7×10−4 3.8×10−8 1.8×108

8 6.1×10−7 1.0×103 −9.98×10−5 2.0×10−4 2.0×10−7 2.5×107∑
9.80×10−1 7.0×10−7 3.0×109

Table 83: ε = 0.1, ∆t1 = 3.91× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.1×109 9.90×10−1 2.0×100 1.8×10−9 2.2×107

1 3.9×10−5 1.4×107 −1.14×10−2 4.0×100 2.8×10−7 3.6×109

2 2.0×10−5 3.8×105 7.00×10−4 8.6×10−3 2.3×10−8 2.9×108

3 9.8×10−6 1.8×105 5.11×10−4 4.4×10−3 2.4×10−8 2.8×108

4 4.9×10−6 1.1×105 2.01×10−4 2.8×10−3 2.6×10−8 3.3×108

5 2.4×10−6 3.0×105 5.02×10−5 1.3×10−3 4.3×10−9 1.8×109

6 1.2×10−6 3.6×104 1.72×10−4 2.6×10−4 7.3×10−9 4.4×108

7 6.1×10−7 1.0×103 7.53×10−5 6.9×10−5 6.9×10−8 2.5×107∑
9.80×10−1 4.4×10−7 6.8×109
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Table 84: ε = 0.1, ∆t1 = 1.95× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.0×109 9.90×10−1 2.0×100 1.9×10−9 2.1×107

1 2.0×10−5 9.2×106 −1.07×10−2 4.0×100 4.3×10−7 4.7×109

2 9.8×10−6 4.6×105 5.12×10−4 4.6×10−3 9.9×10−9 7.1×108

3 4.9×10−6 7.7×104 1.12×10−4 2.1×10−3 2.8×10−8 2.4×108

4 2.4×10−6 1.9×104 −5.22×10−5 3.0×10−3 1.6×10−7 1.2×108

5 1.2×10−6 1.0×103 −3.85×10−4 9.6×10−4 9.6×10−7 1.2×107∑
9.79×10−1 1.6×10−6 5.8×109

2.3 Term-by-term correlation, ε = 0.05

Table 85: ε = 0.05, ∆t1 = 2.50× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.2×109 9.97×10−1 2.0×100 1.6×10−9 2.5×107

1 2.5×10−3 7.6×107 −1.25×10−1 1.5×100 2.0×10−8 3.0×108

2 1.3×10−3 2.5×107 1.32×10−2 4.8×10−1 1.9×10−8 2.9×108

3 6.3×10−4 1.7×107 3.04×10−2 4.5×10−1 2.7×10−8 4.0×108

4 3.1×10−4 1.0×107 2.99×10−2 3.4×10−1 3.3×10−8 5.0×108

5 1.6×10−4 5.9×106 2.11×10−2 2.2×10−1 3.7×10−8 5.6×108

6 7.8×10−5 3.1×106 1.28×10−2 1.2×10−1 4.0×10−8 6.0×108

7 3.9×10−5 1.6×106 6.83×10−3 6.8×10−2 4.1×10−8 6.3×108

8 2.0×10−5 8.3×105 3.84×10−3 3.5×10−2 4.2×10−8 6.4×108

9 9.8×10−6 4.2×105 2.34×10−3 1.7×10−2 4.2×10−8 6.4×108

10 4.9×10−6 2.1×105 8.10×10−4 8.7×10−3 4.2×10−8 6.4×108

11 2.4×10−6 1.1×105 3.77×10−4 4.9×10−3 4.4×10−8 6.8×108

12 1.2×10−6 5.2×104 6.03×10−4 2.1×10−3 4.0×10−8 6.4×108

13 6.1×10−7 4.2×104 2.84×10−4 1.3×10−3 3.0×10−8 1.0×109

14 3.1×10−7 1.0×103 2.33×10−5 5.1×10−4 5.1×10−7 4.9×107∑
9.95×10−1 9.6×10−7 7.6×109
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Table 86: ε = 0.05, ∆t1 = 1.25× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.1×109 9.97×10−1 2.0×100 1.8×10−9 2.2×107

1 1.3×10−3 5.9×107 −1.12×10−1 2.2×100 3.8×10−8 4.7×108

2 6.3×10−4 1.5×107 3.06×10−2 4.5×10−1 2.9×10−8 3.7×108

3 3.1×10−4 9.4×106 2.99×10−2 3.4×10−1 3.6×10−8 4.5×108

4 1.6×10−4 5.3×106 2.18×10−2 2.2×10−1 4.1×10−8 5.1×108

5 7.8×10−5 2.9×106 1.30×10−2 1.3×10−1 4.4×10−8 5.5×108

6 3.9×10−5 1.5×106 6.74×10−3 6.7×10−2 4.6×10−8 5.7×108

7 2.0×10−5 7.5×105 3.81×10−3 3.5×10−2 4.6×10−8 5.8×108

8 9.8×10−6 3.8×105 2.00×10−3 1.8×10−2 4.6×10−8 5.8×108

9 4.9×10−6 1.9×105 1.18×10−3 8.6×10−3 4.6×10−8 5.7×108

10 2.4×10−6 9.3×104 5.49×10−4 4.3×10−3 4.6×10−8 5.7×108

11 1.2×10−6 4.5×104 6.65×10−4 1.9×10−3 4.3×10−8 5.5×108

12 6.1×10−7 1.8×104 −3.09×10−5 1.6×10−3 8.4×10−8 4.5×108

13 3.1×10−7 1.0×103 −6.66×10−4 2.1×10−4 2.1×10−7 4.9×107∑
9.95×10−1 7.5×10−7 6.3×109

Table 87: ε = 0.05, ∆t1 = 6.25× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.0×109 9.97×10−1 2.0×100 2.0×10−9 2.0×107

1 6.3×10−4 4.2×107 −8.16×10−2 2.9×100 6.8×10−8 6.8×108

2 3.1×10−4 8.4×106 3.02×10−2 3.4×10−1 4.0×10−8 4.0×108

3 1.6×10−4 4.8×106 2.17×10−2 2.2×10−1 4.6×10−8 4.6×108

4 7.8×10−5 2.6×106 1.28×10−2 1.3×10−1 4.9×10−8 4.9×108

5 3.9×10−5 1.3×106 7.02×10−3 6.8×10−2 5.1×10−8 5.1×108

6 2.0×10−5 6.7×105 3.74×10−3 3.5×10−2 5.2×10−8 5.2×108

7 9.8×10−6 3.4×105 2.02×10−3 1.8×10−2 5.2×10−8 5.2×108

8 4.9×10−6 1.7×105 1.20×10−3 8.5×10−3 5.0×10−8 5.2×108

9 2.4×10−6 8.4×104 9.22×10−5 4.6×10−3 5.5×10−8 5.1×108

10 1.2×10−6 3.0×104 7.76×10−5 2.0×10−3 6.7×10−8 3.7×108

11 6.1×10−7 1.0×103 −3.17×10−4 4.1×10−4 4.1×10−7 2.5×107∑
9.94×10−1 9.5×10−7 5.0×109
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Table 88: ε = 0.05, ∆t1 = 3.13× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.2×109 9.98×10−1 2.0×100 1.7×10−9 2.3×107

1 3.1×10−4 3.8×107 −5.14×10−2 3.4×100 8.8×10−8 1.2×109

2 1.6×10−4 5.6×106 2.13×10−2 2.2×10−1 3.9×10−8 5.4×108

3 7.8×10−5 3.0×106 1.27×10−2 1.2×10−1 4.2×10−8 5.7×108

4 3.9×10−5 1.6×106 7.11×10−3 6.8×10−2 4.3×10−8 6.0×108

5 2.0×10−5 7.9×105 3.58×10−3 3.5×10−2 4.4×10−8 6.1×108

6 9.8×10−6 4.0×105 1.69×10−3 1.8×10−2 4.5×10−8 6.1×108

7 4.9×10−6 2.0×105 1.18×10−3 9.2×10−3 4.5×10−8 6.2×108

8 2.4×10−6 1.0×105 3.94×10−4 4.8×10−3 4.5×10−8 6.4×108

9 1.2×10−6 5.5×104 1.44×10−4 2.7×10−3 4.9×10−8 6.7×108

10 6.1×10−7 3.2×104 2.29×10−4 8.1×10−4 2.5×10−8 7.8×108

11 3.1×10−7 1.0×103 5.93×10−4 1.3×10−4 1.3×10−7 4.9×107∑
9.95×10−1 6.0×10−7 6.9×109

Table 89: ε = 0.05, ∆t1 = 1.56× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.3×109 9.97×10−1 2.0×100 1.5×10−9 2.7×107

1 1.6×10−4 3.2×107 −3.01×10−2 3.6×100 1.1×10−7 2.1×109

2 7.8×10−5 3.4×106 1.29×10−2 1.2×10−1 3.6×10−8 6.6×108

3 3.9×10−5 1.8×106 7.04×10−3 6.7×10−2 3.8×10−8 6.8×108

4 2.0×10−5 9.0×105 3.75×10−3 3.5×10−2 3.8×10−8 6.9×108

5 9.8×10−6 4.6×105 1.95×10−3 1.8×10−2 3.9×10−8 7.0×108

6 4.9×10−6 2.3×105 8.14×10−4 8.8×10−3 3.8×10−8 7.0×108

7 2.4×10−6 1.2×105 3.52×10−4 4.6×10−3 4.0×10−8 7.1×108

8 1.2×10−6 6.1×104 1.04×10−4 2.5×10−3 4.0×10−8 7.5×108

9 6.1×10−7 2.7×104 5.43×10−5 9.8×10−4 3.6×10−8 6.7×108

10 3.1×10−7 2.8×104 1.08×10−4 4.9×10−4 1.7×10−8 1.4×109

11 1.5×10−7 1.0×103 1.97×10−4 5.5×10−5 5.5×10−8 9.8×107∑
9.95×10−1 4.9×10−7 9.1×109

Table 90: ε = 0.05, ∆t1 = 7.81× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.2×109 9.98×10−1 2.0×100 1.7×10−9 2.3×107

1 7.8×10−5 2.0×107 −1.73×10−2 3.8×100 1.9×10−7 2.6×109

2 3.9×10−5 1.5×106 7.15×10−3 6.7×10−2 4.4×10−8 5.9×108

3 2.0×10−5 7.8×105 4.07×10−3 3.5×10−2 4.5×10−8 6.0×108

4 9.8×10−6 4.0×105 1.92×10−3 1.8×10−2 4.6×10−8 6.2×108

5 4.9×10−6 2.0×105 8.87×10−4 8.7×10−3 4.4×10−8 6.0×108

6 2.4×10−6 1.0×105 3.99×10−4 4.7×10−3 4.6×10−8 6.3×108

7 1.2×10−6 5.2×104 −7.27×10−5 2.9×10−3 5.7×10−8 6.4×108

8 6.1×10−7 1.8×104 3.03×10−4 8.9×10−4 4.8×10−8 4.5×108

9 3.1×10−7 1.0×103 −1.78×10−4 5.8×10−4 5.8×10−7 4.9×107∑
9.95×10−1 1.1×10−6 6.8×109
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Table 91: ε = 0.05, ∆t1 = 3.91× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.2×109 9.97×10−1 2.0×100 1.7×10−9 2.4×107

1 3.9×10−5 1.5×107 −1.06×10−2 3.9×100 2.6×10−7 3.8×109

2 2.0×10−5 8.1×105 3.55×10−3 3.5×10−2 4.3×10−8 6.2×108

3 9.8×10−6 4.1×105 1.89×10−3 1.8×10−2 4.3×10−8 6.3×108

4 4.9×10−6 2.1×105 9.57×10−4 9.3×10−3 4.5×10−8 6.3×108

5 2.4×10−6 1.0×105 2.47×10−4 4.6×10−3 4.4×10−8 6.4×108

6 1.2×10−6 7.4×104 3.67×10−4 2.5×10−3 3.3×10−8 9.1×108

7 6.1×10−7 1.0×103 2.07×10−4 2.5×10−4 2.5×10−7 2.5×107∑
9.94×10−1 7.3×10−7 7.3×109

Table 92: ε = 0.05, ∆t1 = 1.95× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.3×109 9.98×10−1 2.0×100 1.6×10−9 2.6×107

1 2.0×10−5 1.1×107 −6.57×10−3 4.0×100 3.5×10−7 5.8×109

2 9.8×10−6 4.3×105 2.32×10−3 1.7×10−2 4.0×10−8 6.6×108

3 4.9×10−6 2.2×105 9.38×10−4 9.3×10−3 4.2×10−8 6.9×108

4 2.4×10−6 1.3×105 4.77×10−4 5.8×10−3 4.5×10−8 7.9×108

5 1.2×10−6 2.6×104 6.47×10−4 2.4×10−3 9.0×10−8 3.2×108

6 6.1×10−7 1.0×103 −2.15×10−5 2.2×10−4 2.2×10−7 2.5×107∑
9.95×10−1 7.9×10−7 8.3×109

Table 93: ε = 0.05, ∆t1 = 9.77× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.6×109 9.97×10−1 2.0×100 1.2×10−9 3.2×107

1 9.8×10−6 1.0×107 −4.54×10−3 4.0×100 3.9×10−7 1.0×1010

2 4.9×10−6 2.8×105 7.79×10−4 9.0×10−3 3.2×10−8 8.5×108

3 2.4×10−6 1.4×105 5.12×10−4 4.4×10−3 3.0×10−8 8.9×108

4 1.2×10−6 8.2×104 5.12×10−4 2.3×10−3 2.8×10−8 1.0×109

5 6.1×10−7 1.0×103 −2.80×10−5 3.5×10−4 3.5×10−7 2.5×107∑
9.95×10−1 8.4×10−7 1.3×1010

Table 94: ε = 0.05, ∆t1 = 4.88× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.1×109 9.98×10−1 2.0×100 9.6×10−10 4.2×107

1 4.9×10−6 9.2×106 −3.06×10−3 4.0×100 4.3×10−7 1.9×1010

2 2.4×10−6 1.9×105 7.18×10−4 4.9×10−3 2.6×10−8 1.1×109

3 1.2×10−6 1.2×105 −2.78×10−5 2.0×10−3 1.6×10−8 1.5×109

4 6.1×10−7 2.8×104 −2.61×10−4 1.5×10−3 5.4×10−8 7.0×108

5 3.1×10−7 1.0×103 −1.91×10−4 4.6×10−4 4.6×10−7 4.9×107∑
9.95×10−1 9.9×10−7 2.2×1010
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Table 95: ε = 0.05, ∆t1 = 2.44× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 2.8×109 9.97×10−1 2.0×100 7.2×10−10 5.5×107

1 2.4×10−6 8.6×106 −2.17×10−3 4.0×100 4.6×10−7 3.5×1010

2 1.2×10−6 1.3×105 1.32×10−4 2.3×10−3 1.7×10−8 1.6×109

3 6.1×10−7 5.3×104 8.69×10−5 9.8×10−4 1.9×10−8 1.3×109

4 3.1×10−7 1.0×103 3.91×10−4 4.1×10−4 4.1×10−7 4.9×107∑
9.96×10−1 9.1×10−7 3.8×1010

Table 96: ε = 0.05, ∆t1 = 1.22× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.8×109 9.97×10−1 2.0×100 5.2×10−10 7.6×107

1 1.2×10−6 8.7×106 −2.88×10−3 4.0×100 4.6×10−7 7.1×1010

2 6.1×10−7 8.1×104 2.47×10−4 1.2×10−3 1.5×10−8 2.0×109

3 3.1×10−7 3.0×104 −9.63×10−5 6.4×10−4 2.1×10−8 1.5×109

4 1.5×10−7 1.0×103 −2.21×10−4 1.4×10−4 1.4×10−7 9.8×107∑
9.95×10−1 6.3×10−7 7.5×1010

2.4 Combined correlation, ε = 0.5

Table 97: ε = 0.5, ∆t1 = 2.50× 10−1

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.7×107 7.78×10−1 1.2×100 2.1×10−8 1.1×106

1 2.5×10−1 1.3×107 −9.03×10−2 1.8×10−1 1.4×10−8 7.6×105

2 1.2×10−1 8.7×106 −6.59×10−2 1.7×10−1 2.0×10−8 1.0×106

3 6.2×10−2 5.4×106 −3.42×10−2 1.3×10−1 2.5×10−8 1.3×106

4 3.1×10−2 3.1×106 −1.33×10−2 8.6×10−2 2.8×10−8 1.5×106

5 1.6×10−2 1.7×106 −4.30×10−3 5.0×10−2 3.0×10−8 1.6×106

6 7.8×10−3 8.7×105 −1.30×10−3 2.8×10−2 3.2×10−8 1.7×106

7 3.9×10−3 4.4×105 −4.46×10−4 1.4×10−2 3.1×10−8 1.7×106

8 2.0×10−3 2.1×105 3.22×10−4 6.5×10−3 3.1×10−8 1.6×106

9 9.8×10−4 1.1×105 −1.25×10−4 4.4×10−3 3.9×10−8 1.7×106

10 4.9×10−4 4.0×105 −1.21×10−4 2.0×10−3 4.8×10−9 1.2×107

11 2.4×10−4 1.3×104 1.25×10−4 4.0×10−4 3.2×10−8 7.8×105

12 1.2×10−4 1.0×103 −3.40×10−4 1.9×10−4 1.9×10−7 1.2×105∑
5.68×10−1 4.9×10−7 2.7×107
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Table 98: ε = 0.5, ∆t1 = 1.25× 10−1

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.3×107 7.77×10−1 1.2×100 3.7×10−8 6.5×105

1 1.2×10−1 9.6×106 −1.57×10−1 5.2×10−1 5.5×10−8 9.6×105

2 6.2×10−2 3.1×106 −3.45×10−2 1.3×10−1 4.2×10−8 7.4×105

3 3.1×10−2 1.8×106 −1.33×10−2 8.6×10−2 4.9×10−8 8.5×105

4 1.6×10−2 9.6×105 −4.66×10−3 5.0×10−2 5.2×10−8 9.2×105

5 7.8×10−3 5.0×105 −1.07×10−3 2.8×10−2 5.5×10−8 9.7×105

6 3.9×10−3 2.7×105 −7.81×10−4 1.6×10−2 5.9×10−8 1.1×106

7 2.0×10−3 1.3×105 3.56×10−5 6.3×10−3 4.8×10−8 1.0×106

8 9.8×10−4 6.8×104 2.42×10−4 4.1×10−3 6.1×10−8 1.0×106

9 4.9×10−4 2.2×104 5.17×10−4 1.4×10−3 6.7×10−8 6.6×105

10 2.4×10−4 1.0×103 −2.18×10−4 3.9×10−4 3.9×10−7 6.1×104∑
5.67×10−1 9.2×10−7 8.9×106

Table 99: ε = 0.5, ∆t1 = 6.25× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.0×107 7.78×10−1 1.2×100 4.0×10−8 6.0×105

1 6.2×10−2 8.6×106 −1.91×10−1 9.0×10−1 1.0×10−7 1.5×106

2 3.1×10−2 1.6×106 −1.38×10−2 8.7×10−2 5.3×10−8 7.8×105

3 1.6×10−2 8.8×105 −3.93×10−3 5.0×10−2 5.7×10−8 8.4×105

4 7.8×10−3 4.6×105 −9.97×10−4 2.8×10−2 6.0×10−8 8.8×105

5 3.9×10−3 2.3×105 −4.43×10−4 1.5×10−2 6.3×10−8 8.9×105

6 2.0×10−3 1.1×105 2.08×10−4 6.2×10−3 5.7×10−8 8.4×105

7 9.8×10−4 6.5×104 −1.90×10−4 4.6×10−3 7.1×10−8 1.0×106

8 4.9×10−4 1.0×103 8.61×10−5 1.2×10−3 1.2×10−6 3.1×104∑
5.68×10−1 1.7×10−6 7.4×106

Table 100: ε = 0.5, ∆t1 = 3.12× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.3×107 7.78×10−1 1.2×100 3.7×10−8 6.6×105

1 3.1×10−2 8.0×106 −2.04×10−1 1.2×100 1.5×10−7 2.7×106

2 1.6×10−2 9.8×105 −4.23×10−3 5.1×10−2 5.2×10−8 9.4×105

3 7.8×10−3 5.0×105 −1.34×10−3 2.6×10−2 5.3×10−8 9.5×105

4 3.9×10−3 2.6×105 −3.41×10−4 1.5×10−2 5.5×10−8 1.0×106

5 2.0×10−3 1.3×105 −2.41×10−4 6.9×10−3 5.3×10−8 1.0×106

6 9.8×10−4 7.0×104 7.43×10−5 3.7×10−3 5.3×10−8 1.1×106

7 4.9×10−4 2.1×104 1.33×10−4 1.5×10−3 7.4×10−8 6.5×105

8 2.4×10−4 1.0×103 5.91×10−4 3.8×10−4 3.8×10−7 6.1×104∑
5.68×10−1 9.1×10−7 9.1×106
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Table 101: ε = 0.5, ∆t1 = 1.56× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.3×107 7.78×10−1 1.2×100 3.7×10−8 6.6×105

1 1.6×10−2 6.2×106 −2.09×10−1 1.4×100 2.3×10−7 4.1×106

2 7.8×10−3 5.0×105 −9.34×10−4 2.7×10−2 5.3×10−8 9.6×105

3 3.9×10−3 2.6×105 −2.37×10−4 1.4×10−2 5.5×10−8 9.8×105

4 2.0×10−3 1.5×105 −2.63×10−4 8.0×10−3 5.3×10−8 1.1×106

5 9.8×10−4 7.1×104 6.24×10−5 3.1×10−3 4.4×10−8 1.1×106

6 4.9×10−4 1.0×103 −5.67×10−4 6.9×10−4 6.9×10−7 3.1×104∑
5.68×10−1 1.2×10−6 8.9×106

Table 102: ε = 0.5, ∆t1 = 7.81× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.5×107 7.78×10−1 1.2×100 2.7×10−8 9.0×105

1 7.8×10−3 6.2×106 −2.09×10−1 1.5×100 2.5×10−7 8.1×106

2 3.9×10−3 3.5×105 −5.91×10−4 1.4×10−2 4.0×10−8 1.3×106

3 2.0×10−3 1.9×105 −1.64×10−5 7.7×10−3 4.1×10−8 1.4×106

4 9.8×10−4 3.1×105 −1.22×10−4 3.9×10−3 1.3×10−8 4.8×106

5 4.9×10−4 4.6×104 1.97×10−4 1.7×10−3 3.8×10−8 1.4×106

6 2.4×10−4 2.3×104 3.76×10−4 1.1×10−3 4.7×10−8 1.4×106

7 1.2×10−4 1.0×103 5.95×10−5 3.9×10−4 3.9×10−7 1.2×105∑
5.69×10−1 8.4×10−7 2.0×107

Table 103: ε = 0.5, ∆t1 = 3.91× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.0×107 7.78×10−1 1.2×100 3.0×10−8 8.1×105

1 3.9×10−3 4.1×106 −2.10×10−1 1.6×100 3.9×10−7 1.1×107

2 2.0×10−3 1.6×105 −1.05×10−4 8.4×10−3 5.2×10−8 1.2×106

3 9.8×10−4 5.4×104 −1.26×10−4 4.0×10−3 7.5×10−8 8.2×105

4 4.9×10−4 1.0×103 −1.44×10−5 7.2×10−4 7.2×10−7 3.1×104∑
5.67×10−1 1.3×10−6 1.3×107

Table 104: ε = 0.5, ∆t1 = 1.95× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.5×107 7.78×10−1 1.2×100 2.2×10−8 1.1×106

1 2.0×10−3 4.0×106 −2.10×10−1 1.7×100 4.1×10−7 2.1×107

2 9.8×10−4 1.1×105 1.65×10−4 3.3×10−3 3.1×10−8 1.6×106

3 4.9×10−4 4.8×104 1.90×10−4 1.9×10−3 4.0×10−8 1.5×106

4 2.4×10−4 1.0×103 −5.73×10−4 4.1×10−4 4.1×10−7 6.1×104∑
5.67×10−1 9.1×10−7 2.5×107
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Table 105: ε = 0.5, ∆t1 = 9.77× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 7.3×107 7.78×10−1 1.2×100 1.7×10−8 1.5×106

1 9.8×10−4 3.8×106 −2.09×10−1 1.7×100 4.4×10−7 3.9×107

2 4.9×10−4 6.6×104 3.74×10−4 2.0×10−3 3.0×10−8 2.0×106

3 2.4×10−4 2.3×104 −2.72×10−4 6.7×10−4 2.9×10−8 1.4×106

4 1.2×10−4 1.0×103 −3.56×10−4 1.8×10−4 1.8×10−7 1.2×105∑
5.68×10−1 7.0×10−7 4.4×107

Table 106: ε = 0.5, ∆t1 = 4.88× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.0×108 7.78×10−1 1.2×100 1.2×10−8 2.0×106

1 4.9×10−4 3.8×106 −2.10×10−1 1.7×100 4.5×10−7 7.8×107

2 2.4×10−4 6.4×104 −2.57×10−5 9.7×10−4 1.5×10−8 3.9×106

3 1.2×10−4 1.6×104 −1.37×10−5 1.9×10−4 1.2×10−8 2.0×106

4 6.1×10−5 1.0×103 −5.42×10−4 9.3×10−5 9.3×10−8 2.5×105∑
5.67×10−1 5.9×10−7 8.7×107

2.5 Combined correlation, ε = 0.1

Table 107: ε = 0.1, ∆t1 = 1.00× 10−2

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.1×108 9.90×10−1 2.0×100 3.9×10−9 1.0×107

1 1.0×10−2 2.1×107 −1.25×10−1 1.7×10−1 8.0×10−9 2.1×107

2 5.0×10−3 2.0×107 1.04×10−2 4.7×10−1 2.3×10−8 6.1×107

3 2.5×10−3 1.4×107 2.84×10−2 4.4×10−1 3.2×10−8 8.3×107

4 1.3×10−3 8.5×106 2.88×10−2 3.3×10−1 3.9×10−8 1.0×108

5 6.3×10−4 4.9×106 2.08×10−2 2.1×10−1 4.4×10−8 1.2×108

6 3.1×10−4 2.6×106 1.22×10−2 1.2×10−1 4.7×10−8 1.2×108

7 1.6×10−4 1.3×106 6.87×10−3 6.5×10−2 4.9×10−8 1.3×108

8 7.8×10−5 6.8×105 3.65×10−3 3.4×10−2 5.0×10−8 1.3×108

9 3.9×10−5 3.5×105 2.22×10−3 1.8×10−2 5.2×10−8 1.4×108

10 2.0×10−5 3.8×105 1.03×10−3 8.6×10−3 2.3×10−8 2.9×108

11 9.8×10−6 8.2×104 4.10×10−4 4.7×10−3 5.8×10−8 1.3×108

12 4.9×10−6 4.8×104 3.27×10−4 2.3×10−3 4.8×10−8 1.5×108

13 2.4×10−6 1.0×103 3.91×10−4 1.8×10−4 1.8×10−7 6.1×106∑
9.81×10−1 6.6×10−7 1.5×109
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Table 108: ε = 0.1, ∆t1 = 5.00× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.6×108 9.90×10−1 2.0×100 4.3×10−9 9.2×106

1 5.0×10−3 1.5×107 −1.14×10−1 2.0×10−1 1.4×10−8 2.9×107

2 2.5×10−3 1.2×107 2.84×10−2 4.4×10−1 3.5×10−8 7.5×107

3 1.3×10−3 7.7×106 2.92×10−2 3.3×10−1 4.3×10−8 9.2×107

4 6.3×10−4 4.4×106 2.06×10−2 2.1×10−1 4.9×10−8 1.0×108

5 3.1×10−4 2.3×106 1.27×10−2 1.2×10−1 5.3×10−8 1.1×108

6 1.6×10−4 1.2×106 6.56×10−3 6.6×10−2 5.5×10−8 1.2×108

7 7.8×10−5 6.1×105 3.60×10−3 3.4×10−2 5.5×10−8 1.2×108

8 3.9×10−5 3.2×105 2.19×10−3 1.8×10−2 5.7×10−8 1.2×108

9 2.0×10−5 1.6×105 9.86×10−4 8.9×10−3 5.7×10−8 1.2×108

10 9.8×10−6 7.8×104 5.25×10−4 4.1×10−3 5.3×10−8 1.2×108

11 4.9×10−6 1.6×104 −2.84×10−4 1.5×10−3 9.3×10−8 4.8×107

12 2.4×10−6 1.0×103 6.09×10−4 1.4×10−4 1.4×10−7 6.1×106∑
9.81×10−1 7.1×10−7 1.1×109

Table 109: ε = 0.1, ∆t1 = 2.50× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.6×108 9.90×10−1 2.0×100 4.3×10−9 9.2×106

1 2.5×10−3 1.1×107 −8.62×10−2 2.3×10−1 2.1×10−8 4.4×107

2 1.3×10−3 7.7×106 2.88×10−2 3.3×10−1 4.3×10−8 9.3×107

3 6.3×10−4 4.4×106 2.08×10−2 2.1×10−1 4.9×10−8 1.1×108

4 3.1×10−4 2.4×106 1.26×10−2 1.2×10−1 5.2×10−8 1.1×108

5 1.6×10−4 1.2×106 6.44×10−3 6.6×10−2 5.4×10−8 1.2×108

6 7.8×10−5 6.2×105 3.57×10−3 3.4×10−2 5.5×10−8 1.2×108

7 3.9×10−5 3.1×105 1.71×10−3 1.7×10−2 5.4×10−8 1.2×108

8 2.0×10−5 1.5×105 8.92×10−4 8.0×10−3 5.3×10−8 1.2×108

9 9.8×10−6 8.0×104 4.59×10−4 4.0×10−3 5.0×10−8 1.2×108

10 4.9×10−6 4.3×104 3.95×10−5 1.8×10−3 4.1×10−8 1.3×108

11 2.4×10−6 1.0×103 4.06×10−5 8.3×10−4 8.3×10−7 6.1×106∑
9.79×10−1 1.3×10−6 1.1×109
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Table 110: ε = 0.1, ∆t1 = 1.25× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.8×108 9.90×10−1 2.0×100 4.1×10−9 9.6×106

1 1.3×10−3 8.4×106 −5.71×10−2 2.4×10−1 2.9×10−8 6.7×107

2 6.3×10−4 4.5×106 2.07×10−2 2.1×10−1 4.7×10−8 1.1×108

3 3.1×10−4 2.4×106 1.28×10−2 1.2×10−1 5.0×10−8 1.2×108

4 1.6×10−4 1.3×106 6.82×10−3 6.5×10−2 5.2×10−8 1.2×108

5 7.8×10−5 6.4×105 3.55×10−3 3.3×10−2 5.2×10−8 1.2×108

6 3.9×10−5 3.2×105 1.70×10−3 1.7×10−2 5.4×10−8 1.2×108

7 2.0×10−5 1.6×105 1.09×10−3 8.9×10−3 5.4×10−8 1.3×108

8 9.8×10−6 8.4×104 8.01×10−4 4.5×10−3 5.4×10−8 1.3×108

9 4.9×10−6 7.2×104 2.07×10−4 2.9×10−3 4.1×10−8 2.2×108

10 2.4×10−6 1.6×104 −1.16×10−4 8.1×10−4 5.2×10−8 9.6×107

11 1.2×10−6 1.0×103 1.25×10−4 9.9×10−5 9.9×10−8 1.2×107∑
9.80×10−1 5.9×10−7 1.3×109

Table 111: ε = 0.1, ∆t1 = 6.25× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.3×108 9.90×10−1 2.0×100 4.6×10−9 8.6×106

1 6.3×10−4 5.5×106 −3.65×10−2 2.5×10−1 4.6×10−8 8.8×107

2 3.1×10−4 2.2×106 1.23×10−2 1.2×10−1 5.6×10−8 1.1×108

3 1.6×10−4 1.1×106 6.66×10−3 6.6×10−2 5.8×10−8 1.1×108

4 7.8×10−5 5.8×105 3.44×10−3 3.5×10−2 6.0×10−8 1.1×108

5 3.9×10−5 3.0×105 1.29×10−3 1.8×10−2 6.2×10−8 1.1×108

6 2.0×10−5 1.4×105 6.80×10−4 8.6×10−3 6.1×10−8 1.1×108

7 9.8×10−6 6.8×104 4.20×10−4 5.4×10−3 8.0×10−8 1.0×108

8 4.9×10−6 6.3×104 1.80×10−4 2.6×10−3 4.1×10−8 1.9×108

9 2.4×10−6 1.0×103 6.53×10−4 1.3×10−3 1.3×10−6 6.1×106∑
9.79×10−1 1.8×10−6 9.5×108

Table 112: ε = 0.1, ∆t1 = 3.13× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 4.1×108 9.90×10−1 2.0×100 4.8×10−9 8.1×106

1 3.1×10−4 3.7×106 −2.39×10−2 2.6×10−1 7.1×10−8 1.2×108

2 1.6×10−4 1.1×106 6.89×10−3 6.7×10−2 6.2×10−8 1.0×108

3 7.8×10−5 5.4×105 3.07×10−3 3.4×10−2 6.3×10−8 1.0×108

4 3.9×10−5 2.7×105 1.89×10−3 1.7×10−2 6.2×10−8 1.0×108

5 2.0×10−5 1.3×105 1.32×10−3 8.5×10−3 6.3×10−8 1.0×108

6 9.8×10−6 6.3×104 5.73×10−4 3.5×10−3 5.6×10−8 9.7×107

7 4.9×10−6 2.9×104 3.18×10−4 1.7×10−3 5.8×10−8 8.9×107

8 2.4×10−6 1.8×104 1.58×10−4 6.3×10−4 3.4×10−8 1.1×108

9 1.2×10−6 1.0×103 3.81×10−4 8.9×10−5 8.9×10−8 1.2×107∑
9.81×10−1 5.6×10−7 8.5×108
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Table 113: ε = 0.1, ∆t1 = 1.56× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.7×108 9.90×10−1 2.0×100 5.3×10−9 7.4×106

1 1.6×10−4 2.4×106 −1.76×10−2 2.7×10−1 1.1×10−7 1.5×108

2 7.8×10−5 4.9×105 3.33×10−3 3.3×10−2 6.7×10−8 9.4×107

3 3.9×10−5 2.6×105 2.37×10−3 1.8×10−2 7.0×10−8 9.9×107

4 2.0×10−5 1.3×105 8.88×10−4 9.7×10−3 7.3×10−8 1.0×108

5 9.8×10−6 5.5×104 4.89×10−4 3.1×10−3 5.6×10−8 8.5×107

6 4.9×10−6 2.6×104 4.53×10−4 2.1×10−3 8.0×10−8 8.0×107

7 2.4×10−6 1.3×104 4.67×10−4 8.5×10−4 6.6×10−8 7.9×107

8 1.2×10−6 1.0×103 −3.57×10−5 9.4×10−5 9.4×10−8 1.2×107∑
9.80×10−1 6.2×10−7 7.1×108

Table 114: ε = 0.1, ∆t1 = 7.81× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.5×108 9.90×10−1 2.0×100 5.5×10−9 7.1×106

1 7.8×10−5 1.6×106 −1.34×10−2 2.7×10−1 1.6×10−7 2.1×108

2 3.9×10−5 2.4×105 1.66×10−3 1.7×10−2 7.0×10−8 9.1×107

3 2.0×10−5 1.3×105 5.31×10−4 9.6×10−3 7.6×10−8 9.7×107

4 9.8×10−6 6.6×104 7.28×10−4 4.9×10−3 7.5×10−8 1.0×108

5 4.9×10−6 3.0×104 3.17×10−4 2.7×10−3 9.2×10−8 9.1×107

6 2.4×10−6 7.3×103 −1.49×10−4 1.8×10−3 2.5×10−7 4.5×107

7 1.2×10−6 1.0×103 −2.45×10−4 3.2×10−4 3.2×10−7 1.2×107∑
9.79×10−1 1.1×10−6 6.5×108

Table 115: ε = 0.1, ∆t1 = 3.91× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.5×108 9.90×10−1 2.0×100 5.5×10−9 7.1×106

1 3.9×10−5 1.2×106 −1.17×10−2 2.7×10−1 2.3×10−7 3.0×108

2 2.0×10−5 1.2×105 7.53×10−4 8.6×10−3 7.2×10−8 9.2×107

3 9.8×10−6 6.2×104 4.54×10−4 4.5×10−3 7.3×10−8 9.5×107

4 4.9×10−6 2.2×104 1.61×10−4 1.1×10−3 5.2×10−8 6.7×107

5 2.4×10−6 1.3×104 4.18×10−4 1.4×10−3 1.1×10−7 7.9×107

6 1.2×10−6 1.0×103 4.58×10−5 7.2×10−5 7.2×10−8 1.2×107∑
9.80×10−1 6.1×10−7 6.5×108
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Table 116: ε = 0.1, ∆t1 = 1.95× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 3.6×108 9.90×10−1 2.0×100 5.5×10−9 7.1×106

1 2.0×10−5 8.3×105 −1.12×10−2 2.7×10−1 3.3×10−7 4.3×108

2 9.8×10−6 5.4×104 8.53×10−4 3.5×10−3 6.5×10−8 8.3×107

3 4.9×10−6 3.1×104 2.60×10−4 2.3×10−3 7.3×10−8 9.7×107

4 2.4×10−6 6.2×103 4.44×10−4 5.3×10−4 8.7×10−8 3.8×107

5 1.2×10−6 1.0×103 1.33×10−4 2.1×10−4 2.1×10−7 1.2×107∑
9.81×10−1 7.6×10−7 6.6×108

2.6 Combined correlation, ε = 0.05

Table 117: ε = 0.05, ∆t1 = 2.50× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.1×109 9.98×10−1 2.0×100 1.9×10−9 2.1×107

1 2.5×10−3 1.4×107 −1.25×10−1 6.6×10−2 4.8×10−9 5.5×107

2 1.3×10−3 2.1×107 1.31×10−2 4.8×10−1 2.2×10−8 2.6×108

3 6.3×10−4 1.5×107 3.05×10−2 4.5×10−1 3.0×10−8 3.5×108

4 3.1×10−4 9.0×106 3.00×10−2 3.4×10−1 3.8×10−8 4.3×108

5 1.6×10−4 5.1×106 2.15×10−2 2.2×10−1 4.2×10−8 4.9×108

6 7.8×10−5 2.7×106 1.31×10−2 1.3×10−1 4.6×10−8 5.3×108

7 3.9×10−5 1.4×106 7.00×10−3 6.7×10−2 4.7×10−8 5.5×108

8 2.0×10−5 7.2×105 3.99×10−3 3.5×10−2 4.8×10−8 5.6×108

9 9.8×10−6 3.7×105 1.75×10−3 1.8×10−2 4.9×10−8 5.6×108

10 4.9×10−6 1.9×105 8.12×10−4 9.2×10−3 4.9×10−8 5.7×108

11 2.4×10−6 9.1×104 7.86×10−4 4.4×10−3 4.9×10−8 5.6×108

12 1.2×10−6 6.1×104 3.70×10−4 1.8×10−3 3.0×10−8 7.4×108

13 6.1×10−7 1.3×104 9.19×10−6 6.8×10−4 5.1×10−8 3.3×108

14 3.1×10−7 1.0×103 7.65×10−5 3.3×10−4 3.3×10−7 4.9×107∑
9.96×10−1 8.4×10−7 6.1×109
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Table 118: ε = 0.05, ∆t1 = 1.25× 10−3

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.1×109 9.98×10−1 2.0×100 1.8×10−9 2.2×107

1 1.3×10−3 1.0×107 −1.12×10−1 7.0×10−2 6.8×10−9 8.3×107

2 6.3×10−4 1.5×107 3.08×10−2 4.5×10−1 3.0×10−8 3.6×108

3 3.1×10−4 9.2×106 3.02×10−2 3.4×10−1 3.7×10−8 4.4×108

4 1.6×10−4 5.2×106 2.19×10−2 2.2×10−1 4.2×10−8 5.0×108

5 7.8×10−5 2.8×106 1.30×10−2 1.2×10−1 4.4×10−8 5.4×108

6 3.9×10−5 1.5×106 7.11×10−3 6.8×10−2 4.6×10−8 5.6×108

7 2.0×10−5 7.5×105 3.39×10−3 3.6×10−2 4.8×10−8 5.7×108

8 9.8×10−6 3.8×105 2.35×10−3 1.8×10−2 4.8×10−8 5.8×108

9 4.9×10−6 1.9×105 1.18×10−3 9.4×10−3 5.0×10−8 5.8×108

10 2.4×10−6 9.5×104 3.56×10−4 4.5×10−3 4.7×10−8 5.9×108

11 1.2×10−6 4.8×104 4.08×10−4 2.2×10−3 4.6×10−8 5.8×108

12 6.1×10−7 2.6×104 −1.47×10−4 1.4×10−3 5.2×10−8 6.5×108

13 3.1×10−7 1.0×103 −9.86×10−5 5.7×10−4 5.7×10−7 4.9×107∑
9.96×10−1 1.1×10−6 6.1×109

Table 119: ε = 0.05, ∆t1 = 6.25× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 9.5×108 9.98×10−1 2.0×100 2.1×10−9 1.9×107

1 6.3×10−4 6.2×106 −8.16×10−2 6.8×10−2 1.1×10−8 9.9×107

2 3.1×10−4 8.0×106 3.04×10−2 3.4×10−1 4.2×10−8 3.8×108

3 1.6×10−4 4.5×106 2.14×10−2 2.2×10−1 4.8×10−8 4.3×108

4 7.8×10−5 2.4×106 1.29×10−2 1.2×10−1 5.1×10−8 4.7×108

5 3.9×10−5 1.3×106 6.91×10−3 6.8×10−2 5.4×10−8 4.8×108

6 2.0×10−5 6.4×105 3.80×10−3 3.5×10−2 5.4×10−8 4.9×108

7 9.8×10−6 3.3×105 2.57×10−3 1.9×10−2 5.6×10−8 5.1×108

8 4.9×10−6 1.6×105 1.13×10−3 8.7×10−3 5.4×10−8 5.0×108

9 2.4×10−6 8.2×104 5.34×10−4 4.6×10−3 5.6×10−8 5.1×108

10 1.2×10−6 5.1×104 2.67×10−4 2.4×10−3 4.6×10−8 6.3×108

11 6.1×10−7 1.0×103 −3.94×10−4 3.6×10−4 3.6×10−7 2.5×107∑
9.95×10−1 8.4×10−7 4.5×109
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Table 120: ε = 0.05, ∆t1 = 3.13× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 9.3×108 9.98×10−1 2.0×100 2.1×10−9 1.9×107

1 3.1×10−4 4.3×106 −5.13×10−2 6.6×10−2 1.6×10−8 1.4×108

2 1.6×10−4 4.5×106 2.12×10−2 2.2×10−1 4.9×10−8 4.3×108

3 7.8×10−5 2.4×106 1.27×10−2 1.2×10−1 5.2×10−8 4.6×108

4 3.9×10−5 1.2×106 7.28×10−3 6.7×10−2 5.4×10−8 4.8×108

5 2.0×10−5 6.4×105 3.65×10−3 3.5×10−2 5.6×10−8 4.9×108

6 9.8×10−6 3.2×105 2.15×10−3 1.7×10−2 5.5×10−8 4.9×108

7 4.9×10−6 1.6×105 9.01×10−4 8.8×10−3 5.6×10−8 4.9×108

8 2.4×10−6 8.6×104 −1.94×10−6 5.0×10−3 5.8×10−8 5.3×108

9 1.2×10−6 4.7×104 −6.14×10−5 3.9×10−3 8.2×10−8 5.8×108

10 6.1×10−7 1.2×104 3.23×10−4 1.3×10−3 1.1×10−7 3.1×108

11 3.1×10−7 1.0×103 −5.19×10−4 2.3×10−4 2.3×10−7 4.9×107∑
9.94×10−1 8.2×10−7 4.4×109

Table 121: ε = 0.05, ∆t1 = 1.56× 10−4

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 1.0×109 9.98×10−1 2.0×100 2.0×10−9 2.0×107

1 1.6×10−4 3.2×106 −3.02×10−2 6.6×10−2 2.1×10−8 2.1×108

2 7.8×10−5 2.6×106 1.28×10−2 1.3×10−1 4.9×10−8 4.9×108

3 3.9×10−5 1.3×106 6.94×10−3 6.8×10−2 5.1×10−8 5.1×108

4 2.0×10−5 6.8×105 3.58×10−3 3.5×10−2 5.2×10−8 5.2×108

5 9.8×10−6 3.5×105 1.93×10−3 1.8×10−2 5.2×10−8 5.3×108

6 4.9×10−6 1.7×105 1.04×10−3 9.0×10−3 5.2×10−8 5.3×108

7 2.4×10−6 9.2×104 4.36×10−4 5.1×10−3 5.6×10−8 5.7×108

8 1.2×10−6 4.4×104 2.87×10−4 2.3×10−3 5.2×10−8 5.3×108

9 6.1×10−7 2.0×104 −6.32×10−6 9.3×10−4 4.6×10−8 5.0×108

10 3.1×10−7 1.3×104 −1.26×10−4 3.9×10−4 3.0×10−8 6.2×108

11 1.5×10−7 1.0×103 −1.19×10−4 1.1×10−4 1.1×10−7 9.8×107∑
9.94×10−1 5.7×10−7 5.1×109

Table 122: ε = 0.05, ∆t1 = 7.81× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 7.9×108 9.98×10−1 2.0×100 2.5×10−9 1.6×107

1 7.8×10−5 1.8×106 −1.68×10−2 6.8×10−2 3.7×10−8 2.3×108

2 3.9×10−5 1.0×106 6.90×10−3 6.7×10−2 6.4×10−8 4.0×108

3 2.0×10−5 5.4×105 3.27×10−3 3.6×10−2 6.6×10−8 4.2×108

4 9.8×10−6 2.7×105 1.72×10−3 1.7×10−2 6.5×10−8 4.1×108

5 4.9×10−6 1.4×105 7.61×10−4 9.4×10−3 6.7×10−8 4.3×108

6 2.4×10−6 6.9×104 9.36×10−4 4.8×10−3 6.9×10−8 4.3×108

7 1.2×10−6 3.6×104 5.32×10−4 2.4×10−3 6.8×10−8 4.4×108

8 6.1×10−7 1.5×104 2.03×10−4 1.0×10−3 6.9×10−8 3.6×108

9 3.1×10−7 1.0×103 −5.85×10−4 3.0×10−4 3.0×10−7 4.9×107∑
9.94×10−1 8.1×10−7 3.2×109
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Table 123: ε = 0.05, ∆t1 = 3.91× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 7.7×108 9.98×10−1 2.0×100 2.6×10−9 1.5×107

1 3.9×10−5 1.3×106 −1.00×10−2 6.9×10−2 5.5×10−8 3.2×108

2 2.0×10−5 5.2×105 3.70×10−3 3.5×10−2 6.8×10−8 4.0×108

3 9.8×10−6 2.6×105 1.95×10−3 1.8×10−2 6.8×10−8 4.0×108

4 4.9×10−6 1.3×105 1.35×10−3 8.8×10−3 6.7×10−8 4.0×108

5 2.4×10−6 7.0×104 6.91×10−4 4.9×10−3 7.1×10−8 4.3×108

6 1.2×10−6 3.4×104 −5.27×10−6 2.2×10−3 6.4×10−8 4.2×108

7 6.1×10−7 2.4×104 5.26×10−4 1.4×10−3 5.8×10−8 5.9×108

8 3.1×10−7 1.0×103 5.28×10−4 9.8×10−5 9.8×10−8 4.9×107∑
9.96×10−1 5.5×10−7 3.0×109

Table 124: ε = 0.05, ∆t1 = 1.95× 10−5

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 9.6×108 9.97×10−1 2.0×100 2.1×10−9 1.9×107

1 2.0×10−5 1.1×106 −6.45×10−3 6.9×10−2 6.2×10−8 5.7×108

2 9.8×10−6 3.3×105 1.89×10−3 1.8×10−2 5.5×10−8 5.1×108

3 4.9×10−6 1.6×105 1.06×10−3 9.4×10−3 5.8×10−8 5.0×108

4 2.4×10−6 7.7×104 4.14×10−4 4.9×10−3 6.4×10−8 4.7×108

5 1.2×10−6 4.3×104 2.92×10−4 2.4×10−3 5.5×10−8 5.3×108

6 6.1×10−7 2.6×104 5.23×10−4 1.4×10−3 5.5×10−8 6.3×108

7 3.1×10−7 2.8×104 −2.19×10−4 5.6×10−4 2.0×10−8 1.4×109

8 1.5×10−7 1.0×103 −6.50×10−5 4.4×10−5 4.4×10−8 9.8×107∑
9.95×10−1 4.2×10−7 4.7×109

Table 125: ε = 0.05, ∆t1 = 9.77× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 6.9×108 9.97×10−1 2.0×100 2.9×10−9 1.4×107

1 9.8×10−6 5.7×105 −4.60×10−3 7.1×10−2 1.2×10−7 5.9×108

2 4.9×10−6 1.2×105 1.02×10−3 9.0×10−3 7.6×10−8 3.7×108

3 2.4×10−6 6.3×104 7.15×10−4 5.0×10−3 8.0×10−8 3.9×108

4 1.2×10−6 2.9×104 1.76×10−4 2.3×10−3 7.8×10−8 3.6×108

5 6.1×10−7 1.7×104 1.27×10−4 1.5×10−3 8.7×10−8 4.2×108

6 3.1×10−7 5.6×103 −6.95×10−5 3.0×10−4 5.3×10−8 2.8×108

7 1.5×10−7 1.0×103 1.46×10−4 4.3×10−5 4.3×10−8 9.8×107∑
9.95×10−1 5.4×10−7 2.5×109
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Table 126: ε = 0.05, ∆t1 = 4.88× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 5.1×108 9.98×10−1 2.0×100 3.9×10−9 1.0×107

1 4.9×10−6 3.0×105 −3.60×10−3 6.9×10−2 2.3×10−7 6.1×108

2 2.4×10−6 4.4×104 −9.33×10−7 4.3×10−3 9.9×10−8 2.7×108

3 1.2×10−6 2.3×104 5.32×10−4 2.4×10−3 1.0×10−7 2.9×108

4 6.1×10−7 6.0×103 3.15×10−5 7.8×10−4 1.3×10−7 1.5×108

5 3.1×10−7 1.0×103 −2.59×10−4 9.2×10−5 9.2×10−8 4.9×107∑
9.94×10−1 6.6×10−7 1.4×109

Table 127: ε = 0.05, ∆t1 = 2.44× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 6.5×108 9.97×10−1 2.0×100 3.0×10−9 1.3×107

1 2.4×10−6 2.7×105 −3.00×10−3 7.0×10−2 2.6×10−7 1.1×109

2 1.2×10−6 2.7×104 2.88×10−4 2.1×10−3 7.8×10−8 3.3×108

3 6.1×10−7 2.2×104 2.39×10−4 1.7×10−3 7.8×10−8 5.4×108

4 3.1×10−7 5.3×103 −2.66×10−4 5.6×10−4 1.1×10−7 2.6×108

5 1.5×10−7 1.0×103 5.52×10−4 4.5×10−4 4.5×10−7 9.8×107∑
9.95×10−1 9.7×10−7 2.4×109

Table 128: ε = 0.05, ∆t1 = 1.22× 10−6

` ∆t` P` E[F̂`−F̂`−1] V[F̂`−F̂`−1] V[Ŷ`] P`C`

0 5.0×10−1 7.2×108 9.98×10−1 2.0×100 2.7×10−9 1.4×107

1 1.2×10−6 2.1×105 −3.30×10−3 7.0×10−2 3.3×10−7 1.7×109

2 6.1×10−7 1.4×104 3.06×10−4 7.1×10−4 5.1×10−8 3.5×108

3 3.1×10−7 1.1×104 −7.21×10−5 4.6×10−4 4.3×10−8 5.3×108

4 1.5×10−7 1.0×103 −2.50×10−4 1.2×10−4 1.2×10−7 9.8×107∑
9.94×10−1 5.5×10−7 2.7×109
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