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Abstract

We present and analyze a discontinuous Galerkin method for the numerical modelling of the
non-linear fully-coupled thermo-poroelastic problem. For the spatial discretization, we design a
high-order discontinuous Galerkin method on polygonal and polyhedral grids based on a novel
four-field formulation of the problem. To handle the non-linear convective transport term in
the energy conservation equation we adopt a fixed-point linearization strategy. We perform a
robust stability analysis for the linearized semi-discrete problem under mild requirements on
the problem data. A priori hp-version error estimates in suitable energy norms are also de-
rived. A complete set of numerical simulations is presented in order to validate the theoretical
analysis, to inspect numerically the robustness properties, and to test the capability of the
proposed method in a practical scenario inspired by a geothermal problem.

Key-words: discontinuous Galerkin, geothermal energy production, polytopal grids, porome-
chanics, robust estimates

1 Introduction

Poroelasticity inspects the interaction among fluid flow and elastic deformations within a porous
medium and finds its origin in the works of Biot [I0] and Terzaghi [39]. In several applications
in the context of human geological activities, such as geothermal energy production and COs
sequestration, the temperature plays a key role in the description of the physical phenomena. In
order to correctly describe these subsurface processes, the model should also take into account the
influence of the temperature on the fluid flow and mechanical deformation, leading to a fully-coupled
thermo-poroelastic (TPE) system of equations.

In the framework of geosciences applications, the subsoil is modelled as a fully-saturated poroe-
lastic material under the additional assumptions of small deformations and quasi-static regime. The
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TPE model derived in [19] through a two-scale expansion [31] consists of three equations expressing
the conservation of mass, momentum, and energy. For what concerns the first two equations, we
can recognize the structure of the Biot’s system with an additional contribution of the temperature.
In the conservation of mass, the temperature affects the fluid content, i.e. the amount of fluid that
can be injected into a fixed control volume. In the momentum conservation equation, we observe
the interplay among the Cauchy stress for the elastic skeleton and the isotropic terms coming from
the pressure and the temperature. A complete study on the constitutive laws for the total stress
tensor, the rate of change of fluid mass, and the rate of change of energy are presented in [23]. An
alternative formulation of the TPE model is discussed in [40] under different assumptions on the
deformations rates. In the general case, the energy conservation equation takes into account both
the conductive and convective contributions. Properly handling the convective term is one of the
main challenge, since it yields an additional non-linear coupling between fluid flow and heat flux.
We highlight that, for small values of the Péclet number, this term can be neglected, e.g. [28] [33],
where it is assumed that the energy is balanced only by conduction. In our analysis, we tackle this
term by the use of a proper iterative linearization procedure.

In [18], the well-posedness of the fully-coupled TPE model is proved by writing the problem in
a six-field mixed form. The aim of this paper is to present and study a novel formulation with the
introduction of only one additional (scalar) equation, leading to a numerical method that is more
appealing from the computational point of view. Moreover, the introduction of the pseudo-total
pressure variable ensures inf-sup stability and robustness with respect to locking phenomena in the
quasi-incompressible limit. In [12] 34 [35] an analogous approach is considered for the poroelastic
problem. Note that, a further possibility for dealing with the quasi-incompressible case in the
analysis of the Biot’s system is the introduction of the solid pressure (cf. [29, 37]). In [32], a
theoretical investigation on the advantages of considering the pseudo-total pressure is presented.

The spatial discretization of the aforementioned problem is set into the framework of the dis-
continuous Galerkin (DG) finite element methods. Examples of the application of DG schemes
can be found for second-order elliptic problems [4] [9], parabolic equations [20], and poroelasticity
problems [3| 11} 24]. The DG methods are appealing since they guarantee both a high level of pre-
cision and flexibility. Moreover, as they can be recast in the context of polygonal and polyhedral
grids (PolyDG [22]), they can seamlessly handle complex geometries. The analysis of the proposed
four-field semi-discrete problem is carried out in the spirit of [2] and [I3]. We establish a stability
estimate under mild requirements on the problem data and tracking the dependencies on the model
coeflicients and final simulation time. We also show that the PolyDG formulation satisfies a priori
hp-version error estimates in a suitable energy norms. The theoretical results are supported by
numerical experiments on both benchmark and practical test cases.

The remaining part of the paper is structured as follows: in Section [2] we present the model
problem, its four field formulation, and the linearization procedure to deal with the non-linear
convective transport term. In Section [3| we derive the semi-discrete discontinuous Galerkin formu-
lation. Then, in Section [] and Section [f] we derive the stability estimate and a priori hp-version
error estimates for the semi-discrete problem, respectively. Finally, in Section [6] we investigate the
convergence performance and the robustness of the proposed method through a complete set of
numerical tests with manufactured solutions. Moreover, a simulation inspired by a real case of
geothermal energy production is presented.



2 Model problem and its weak form

Before presenting the differential problem, we introduce the notation for functional spaces. Given
a bounded Lipschitz domain w € R?, d € {2;3}, we denote by LP(w) the standard Lebesgue spaces
on w of index p € [1,00] and by H™(w) the Sobolev space of real-valued functions having weak
partial derivatives of order up to m > 0 in L?(w). For sake of brevity, through the article we
often adopt the notation: (-,-)u = (*,")r2(w), |- llo = || - ||£2(w). Finally, for a final time Ty > 0
and a Banach space X, we denote by L?((0,7%]; X) the Bochner space of X-valued functions in
LP((0,Ty]) endowed with the norm

. .
al Lo o.m1x) = [;Hmm&w .

Let Q c R?, with d € {2,3}, be an open bounded Lipschitz polygonal /polyhedral domain. The
thermo-poroelasticity (TPE) problem [I7, 19, 18] reads: Find (u,p,T) such that in Q x (0,Ty] it
holds:

O¢(apT — bop+ BV -u) — ¢y VT - (KVp) =V - (OVT) = H, (1a)
Du(cop — boT +a¥ -u) ~ V- (KVp) = g, (1b)
—V-o(upT) ="t (1c)

Here the variables (u,p,T) denote the displacement, the fluid pressure and the temperature dis-
tribution respectively, while H, g, f are the source terms, i.e. H is a heat source, g is a fluid mass
source, and f is a body force. We assume that g, H € L?((0,T¢]; L*(2)) and £ € H*((0,T¢]; L*(Q)).
Note that in problem , T represents the variation of the temperature distribution with respect
to a reference value [23]. Equations , 7 and express the conservation of energy, mass
and momentum, respectively. We refer the reader to [19] for the detailed derivation of model .
The total stress tensor o is expressed in terms of the primary variables (u,p,T) according to the
constitutive law

o(u,p,T) =2ue(u) + AV - ul — apl — BT1, (2)

where I is the identity tensor and €(u) = (Vu+Vu”) is the strain tensor. Problem (1)) is endowed
with suitable initial conditions (ug, po, Tp), for which we assume the regularity po, To € Hg (£2) and
V-ug € L2(). For simplicity, we close the problem by considering homogeneous Dirichlet boundary
conditions.

2.1 Thermo-poroelastic coefficients

The physical meaning and the unit of measure of the coefficients characterizing problem — are
reported in Table



Notation | Quantity | Unit

ag thermal capacity Pa/K?

bo thermal dilatation coefficient K1

co specific storage coefficient Pa~!

a Biot—Willis constant -

B8 thermal stress coeflicient Pa/K

cy fluid volumetric heat capacity divided by reference temperature | Pa/K?
Ly A Lamé parameters Pa

K permeability divided by fluid viscosity m?/(Pas)
) effective thermal conductivity m? Pa/(K?s)
K matrix bulk modulus Pa
Ky fluid tangent bulk modulus Pa

af fluid tangent coefficient of volumetric thermal dilation K1

¢ porosity -

Table 1: TPE coefficients appearing in , , and

Following [I8], we introduce suitable assumptions on the TPE parameters:
Assumption 1 (Model coefficients).

1. the hydraulic mobility K = (K)g{jzl and heat conductivity © = (@)ﬁjzl are symmetric tensor
fields which, for strictly positive real numbers kyr > kp, and 0pr > 0,,, satisfy for a.e. x € Q)

and V¢ € R?

kin|C? < (TK(2)¢ < karl¢]? and  0,]C* < ¢TO(2)¢ < OaalC]

2. the shear modulus pv and the fluid heat capacity ¢y are scalar fields such that pv: Q — [fim,, prs]
and ¢y : Q@ — [0, ¢ with 0 < py, < par and 0 < cppr;

3. the constants «, B, A are strictly positive;
4. the constants cg, by, ag are such that ag,co > by > 0.

In what follows, starting from the analysis carried out in [23] and taking into account Assumption
[} we comment on the relations between the model parameters. First, we point out that the quantity
K = d~'(dX\+2pu) denotes the bulk modulus of the porous material and that the porosity ¢ € (0, 1)
represents the percentage of void space in the medium. The following relations hold:
Bla —¢) a—¢ ¢ K

= 7 — . =1—- —
bo K "‘F(b&f, Co Ks +Kf, (0% KS, (3)

where the parameters have the physical meaning summarized in Table Note that from the
definition of o we can derive the value of K, and substitute it into the definition of ¢y to get
K (I-a)la—¢) ¢
K = = == .
*T1-a 0 K &,
Owing to the previous definition of the thermal dilatation coefficient by and the storage coefficient
co, it follows from the assumption ¢y > by that

Ko(1 - afo)_

B<1l—a+ry, with vy = K a=9)

(4)



Moreover, observing that K and K are positive constants satisfying the Hashin—Shtrikman bounds
[30], we can obtain a sharper bound for the Biot—-Willis coeflicient o (see also [43]), reading
p<36(2+¢) ' <a<l

For the sake of brevity, in what follows we use the symbol z < y to denote z < Cy, where C
is a positive constant independent of the thermo-poroelastic model’s parameters. Without loss of
generality and in accordance with the physical interpretation of the model coefficient, we assume
that vy defined in satisfies vy S 1.

2.2 Four-field formulation

In this section, the four-field formulation of the quasi-static TPE problem is presented. The ad-
ditional scalar equation is meant to ease the stability analysis of the problem without compromising
the efficiency of its discretization in terms of computational cost. Following the idea of [12, 35], we
introduce the auxiliary variable ¢ = AV -u— ap — ST, that represents a volumetric contribution to
the total stress. We will refer to this variable as the pseudo-total pressure. Then, we can rewrite
the divergence of the displacement and the stress tensor as functions of ¢, obtaining the following
four-field formulation:

<a0+/32)T'+ (O‘ﬂ_bo)p+f¢—CfVT-<KVp>—v-<GVT>=H,

A A
2 .
<co+og)p+(afbo)T+i¢V-(KVp)g, (5)

— V- (2ue(u) + ¢I) =1,
p—AV-u+ap+pT =0

in Q x (0,7Ty]. We introduce the functional spaces V = [H&(Q)]d, V = H}(Q), Q = L?(Q) and
derive in time the last equation in . Multiplying with appropriate test functions, and summing
all the resulting contributions, we obtain the total weak form of ({)): For any time t € (0,T}], find
(u,p, T,0)(t) € VXV XV xQ such that

(bol — T),a — 8) + (a0 ~ bo) T, 8) + ((co — bo)f.) + (& + ap+ BT, + g + 55)

+ (OVT,VS) — (¢;VT - (KVp), S) + (KVp, Vq) + (2ue(u), e(v)) + (9, V - v) (6)
—(Vou¢)=(H,s)+ (9,9 +(£,v)  V(v,q,5¢) e VXV XV xQ.

Problem @ is completed with suitable conditions on the initial pressure field p(t = 0), temperature
field T'(t = 0), and divergence of the displacement V - u(¢t = 0). Indeed, the initial condition on the
pseudo-total pressure (¢t = 0) is inferred from the previous ones according to the fourth equation

in .

2.3 Linearization and well-posedness

We now propose a linearization procedure to deal with the non-linear convective transport term
(cyVT - (KVp), S) in the weak formulation (). Our strategy follows the lines of [18] where the well-
posedness analysis of the thermo-poroelastic non-linear problem is carried out for the fully-mixed
variational formulation. Denoting by m > 1 the number of iterations, the fixed-point iterative



scheme reads: for all time t € (0,T}], given the temperature gradient at the previous iteration
VI™=L(t), find (W™, p™, T™, ™) (t) € VXV x V x Q such thatV (v,q,S,9) € VXV xV xQ it
holds:

bo(P™ —=T™,q—S)+ ((ap — bo)T™,S) + ((co — bo)p™, q) + X(‘Pm +ap™ + BT™,
)+

b+ ag + BS) + (OVT™,VS) — (¢;VT™ L - (KVp™), §) + (KVp™, V) (7)
+ (2ue(u™), e(v)) + (¢™,V-v) = (V-u",¥) = (H,S) + (g9,9) + (f,v),

together with initial conditions as in @ This algorithm must be initialized by an initial guess VT.
Note that, in order to ensure that problem is well-defined, we have to introduce a regularity
hypothesis:

Assumption 2. We suppose that c;VT™ € (L>=(Q))¢ for all m >0, t € (0,T}].

Remark 3. As pointed out in [18], the fized-point iterative procedure and its convergence analysis
can also be conducted by linearizing the Darcy fluz. In this case we would have

(cpVT™ - (KVp™~1),S) in @ and Assumption @ would be on the regularity of Vp™. We addi-
tionally observe that Assumption@ can be weakened to cgNVT™ € (L3(2))¢ by using the generalized
Holder and Poincaré—Sobolev inequalities to infer the continuity of the convective transport term,
i.e.

(e, VI~ (KVp™), 8) < leyVT™ | 1s0)a [KVD™ |20yl 1o ()
< kalley VT | ps el lp™ v ISy -

However, we prefer to adopt Assumption[din order to avoid additional technicalities in the numer-
ical analysis of the proposed discretization method.

The convergence of the fixed-point iterative scheme can be obtained by adapting the argu-
ment of [I8] (see also [41] where a similar technique is used for crystal dissolution and precipitation
in porous media). First, the well-posedness of a linearized version of the weak formulation @
corresponding to one iteration of is established. The linearized variational formulation reads:
For any t € (0,T%], find (u,p,T,p)(t) € VXV xV x Q such that:

bo(p—T,q—S) + ((ao — bo)T, S) + ((co — bo)p, q) + %(@ +ap+ BT, + ag+ BS)

4 (OVT,VS) — (KVp,nS) + (KVp, Vq) + (2ue(u), e(v)) + (0, V-v) — (V-a,00) ()
=(H,s)+ (g,q9) + (f,v) YV (v,q,5,%) e VXV XV xQ,

where, for some given 5 € (L(Q))?, the term (KVp,nS) replaces the non-linear transport term
(¢fVT - (KVp),S). Then, the convergence of the iterative procedure @ to the weak solution of
the non-linear problem follows by applying the Banach fixed-point Theorem [27] and the results
obtained for the linearized problem .

In what follows, we construct approximate PolyDG solutions to problem (8], for which we
derive suitable a priori estimates. We apply the fixed-point iterative scheme to the PolyDG
discretization of the TPE non-linear problem and assess numerically its convergence performance.
The theoretical analysis of the linearization method and the proof of the convergence to the weak
solution of problem @ will be the focus of a future work.



3 Discontinuous Galerkin semi-discrete problem

To derive the semi-discrete PolyDG approximation of the TPE problem we introduce a polytopic
subdivision 7T, of the computational domain 2. An interface is defined as a planar subset of the
intersection of the boundaries of any two neighbouring elements of 7,. We remark that if d = 2
an interface is a line segment, while if d = 3 an interface is a planar polygon, that can be further
decomposed into a set of triangles. We denote with Fp and F; the set of boundary and interior
faces, respectively, and we set F = Fp U F;. In what follows, we introduce the main assumptions
on the mesh 7y, (cf. [21], 22]).

Definition 4 (Polytopic regular mesh). A mesh Ty, is polytopic regular if for any k € T, there
exist a set of non-overlapping simplices contained in r, denoted by {SE}pco., such that, for any
face F' C Ok, the following condition holds:

he S d |SS]IFIT
with h, denoting the diameter of the element k.
Assumption 5. The mesh sequence {Tp}n satisfies the following properties:
A.1 {Tp}n is uniformly polytopic-regular;

A.2 For each Ty, € {Tn}n there exists a shape-reqular, simplicial covering T,* of Tr such that, for
each pair K € T, and k € T with k C k it holds

(Z) hkshﬁ;
(i) maz card{x' € T : k' Nk#0,ke TS,k Ck} S1;
KETh

We remark that, under the following inequality holds [20]:
L
[vllL20m) < WHUHLZ(H) Vo € P!(r), (9)

where P¢(k) is the space of polynomials of degree less than or equal to ¢ in x and the hidden
constant is independent of ¢, h,, and of the number of faces per element. We refer to @D as discrete
trace-inverse inequality. Then, we introduce the average and jump operators on each interior face
F € Fp shared by the elements x* as in [§]:

[a] =a™n* +an", [a]=a"@n"+a on", [a],=a"-n"+a -n",

fop =10 ey = qay-2EA

where a ®n = an”, and a, a, A are scalar-, vector-, and tensor-valued functions, respectively.
The notation (-)* is used for the trace on F taken within k¥ and n is the outer normal vector to
Or*. Accordingly, on boundary faces F € Fp, we set [[a]] = an, {a}} = a, [[a] =a®n, {a}} =a,
[a]],, =a-n, {{A}} = A. For the sake of simplicity, we assume that the parameters ®,K, and y are
element-wise constant. Then, we can introduce the quantities ©,, = |\/®|.|3, K. = |/K|«|3, and
i = fi|x, Where | - |2 denotes the £2-norm in R*9.



We now proceed deriving the semi-discrete formulation of problem . First, for m,¢ > 1 we
introduce the discrete spaces

Qn = {vn € L*(Q) : vp|x €P™(k) V€ T},
Vi ={v, € L*(Q) : vyl € P(k) VE €T},
Vi = {vh € L2(Q) : vile € [P(n)]" Vr e Th}.
In the following discussion, we focus on a Symmetric Interior Penalty formulation [7, 26] [42]. Thus,

the PolyDG semi-discretization of problem @ reads: For any t € (0,Ty], find (an,pp, Th, on)(t)
€ Vf; X V,f X V}f x Qp such that

bo(Pr — Thyqn — Sw) + ((ao — bo)Th, Sn) + ((co — bo)pn, qn) + X(% + app + BTh,

Un + aqn + BSh) + AL (Th, Sn) + Ch(Th, phs Su) + AL (s, qn) + A5 (up, vi)
- Bh(ﬁph,Vh) + Bh(whvuh) + Dh(‘ao.ha Zfih) = (Hv Sh) + (gu qh) + (fvvh)

Y(Vh, qn, Sh, on) € Vi xVEXVEXQM, with initial conditions (up 0, Ph.o, Th.o, ¥n0) that are suitable
approximation of the initial data of the model problem and bilinear/trilinear forms defined by

AL (T, ) = (OVLT, ViS) =y /F({{@VhT}} ST+ [7]- e vrsh + o [T]-[ST) ,

FeF

AP (p,q) = (KVip,Vig) > /PE{{KVMU}} gl + [P]- 4KV ra} + £ [p] - [la])

FeF

Af (u,v) =(2uen(u), €p(v)) — Z / ({{Q,ueh(u)}} V] + [u]): {2uen(v) B
rer’F
+CTul: IV ). (10)

Baev) = —(0, Vi V) + 3 /F (e} [¥],.

FeF
Ch(T,p,S) = —(c;ViT - (K Vip), S),
Dalp )= 3 / o[l ]
Fer VF

Here, for all w € V;f and w € Vﬁ, Vyw and Vi, - w denote the broken differential operators
whose restrictions to each element k € 7, are defined as Vwy, and V - wy, respectively, and
en(u) = (th + thT) /2. The stabilization functions o,¢,(, 0 € L (F}) are defined according

to [20]:
6,02 K,.0?
a1 max (9 > F e Fyp, Q9 max ( ) F e Fy,
o= re{rkt,k™} hy f = ke{rt,k"} hy
10, 2h F € Fg, K 2h ! F e Fg, )
N’€2 hka
3 max (,u ) F e Fy, oy  min <> F e Fr,
(= re{rt, o=} \ Py 0= re{st,k—} \ M
s lPh F e Fg, agh,m™t F € Fg,



where oy, ag, a3, 4 € R are positive constants to be properly defined. We point out that in the
formulation above, we have decided to consider the same polynomial degree for the spaces V,f and
V¢, because we are mainly interested in approximation schemes yielding the same accuracy for the
pore pressure, temperature, and displacement.

Finally, as done for the continuous case in Section we introduce the linearized version of
the PolyDG formulation consisting in replacing the non-linear convective term Cp, (T}, pp, Sn) by
the bilinear form

Ch(pn,Sn) = —(K Vupp, nSh),

defined for a given vector field n € (LOO(Q))d. In order to ease the notation, we introduce
Xh = (uh,ph,Th,@h),Yh = (Vh,qh,sh,¢h) (S Xh = Vfl X Vhé X th X Q;ln and we write the lin-
earized semi-discrete variational formulation as: For any time t € (0,T], find X, € X, such
that:

Mp(Xn, Yu) + An(Xn, Ya) = Bu(on, vi) + Bu(n,an) = F(Ys) VY, € Xy, (12)

where the bilinear form My, Ay : X5, X X, — R are defined such that
Mp(Xn, Yn) = bo(ph = T, gn — Sn) + (a0 = bo)Th, S) + ((co — bo)pn, qn)
+ A" (on + apn + BT, ¥n + agn + BSk) + Dr(en, ¥n), (13)
An(Xn, Yn) = Ap (Th, Sn) + Cu(phs Sn) + AL (Ph, an) + A5, (W, va);
and the expression of the linear functional in the right-hand side of is given by
F(Yn) = (H,Sh) + (9, qn) + (£, va).

Remark 6. Note that, following the DG discretization of the Stokes problem analyzed in [3)], in
the semi-discrete formulation — we have added an additional weakly consistent stabilization
term for the pseudo-total pressure.

4 Stability analysis

The aim of this Section and Section [5]is to perform a complete numerical analysis of the linearized
PolyDG semi-discretization . Before establishing an a priori estimate we define the energy
norms and present some preliminary results. For carrying out our analysis we first define, for an
integer [ > 1, the broken Sobolev spaces

H'(T) = {on € L*(Q) : vnls € H'(x) Vi€ Th},
H'(T;) = {vh € L*(Q) : v4|. € H'(k) Vu € Tp},

[N

and we introduce the shorthand notation ||-|| = ||-||q and ||-||z = (3 per | - [I%)?. The DG-norms

that will be used in the analysis are defined such that
15I[per = VO VAS|IP+ Vo [STZ VS eV,
lallbe,p = VK Vagll* + [[VE gl 115 VqeVy,
IVlbe.e = V20 en()P + VIV I ¥ ve Vs

We can now state the boundedness and coercivity of the bilinear forms in . Since the proof
hinges on standard arguments on DG discretizations, we refer the reader to [6, Section 3] for all
the details.



Lemma 7. Let Assumption[]] and Assumption[5 be satisfied. Assume that the parameters ai, as,
and o appearing in are chosen sufficiently large. Then

AT, S) S IT)perllSllper,  ALT.T) 2 T ber VY T.S €V,
4
AP (p,q) < lpllpeplldllpey,  Ah(p.p) 2 oD, Vp,qeVy,
A5 (w,v) S Hallpeellvlpge,  Ai(wu) 2 |ullbg, VuveVy,

The next Proposition establishes the positivity of the bilinear forms M) and Aj in and
the inf-sup stability of the hydro-mechanical coupling given by By,.

Proposition 8. Let Assumption[]] and Assumption[5 hold and assume that the parameters a;, as,
as, and oy appearing in are large enough. Then

(i) for allYn, = (Vi,qn, Sh,¥n) € Xy, it holds

My (Y, Ya) 2 [V a0 = bo Sull* + [[v/eo = bo anl* + [V do ¥nl]* + Du(wn,von),  (14)
with dy = (1 4+~ —a — B)(a — ¢)K 1 and v defined in ({);

(i4) under the additional requirement ||| Lo (qye S \/Omkyt s for all Vi, € X,
An(Yn Ya) 2 1Sullpe.r + llanlbep + [IVallba.es (15)
(iii) assuming that the polynomial degrees £ and m satisfy £ + 1 > m, the bound

Br(Vh, ¢n 1
Sup Bulvn, &1) + Dulpn,on)? 2 Bllon||  Vou € QF (16)
O;év;,,GVf; thHDG,E

is valid with B > 0 depending on ¢ and m but independent of the mesh size h.

Proof. (i) Let Yi, = (vp,qn, Sh,¥n) € Xp. In order to prove , we recall the definition of the
thermal dilatation coefficient by and bulk modulus K to infer

Mu(Ya, Ya) = |IN"% (s + ag + BS3)|I + |[v/a0 — bo Sull?
+11v/co = bo gnll* + 11v/bo (Sh = @u)I” + Di(¥n, )
> ||K 2 (n + agn + BSw)I1? + [V ao — bo Sal|* + Da(vn, ¥n)
+[Veo —boanll* + ||/ Bla — ¢) K—1(Sh — qn)||*.

Then, we let dg = (1 +vf —a — )(a — ¢)K~! > 0 and we express 9y, as a linear combination of
the terms appearing in the right-hand side of the previous bound, i.e.

Jdown = &1 <¢h+a\t/]%+55h> JrCQ\/BE/OéE—(b)

with coeficients ¢; = /(1 +v;—a—B)(a—¢) <1, 0= /Bl +7 —a—B) <1and
cs = a+ 8 < 1 according to . Hence, using the triangle inequality one has

1V do ¥nl* <

(17)

(Sh —aqn) + c3v/co — bo qn,

2

Bla—¢)

VR

2
+ agy, + S
(Sh — an) JrHﬂ)h oqn + BSh

VK

2
co — bo
g ahn

10



Finally, plugging the previous bound into yields the conclusion.

(#1) We now proceed with the proof of property . First, we observe that we can bound the
transport term Cj, from below by using a discrete Poincaré inequality (cf. [I5] and [25 Corollary
5.4]) together with the Young inequality to obtain

kMHnH%oo(Q)d

1
> |/ 2_
Cnlqn, Sn) 2 2|\ KVipnl| 20,

VO V,Th| .

Thus, owing to the coercivity properties stated in Lemma [7| it is inferred that

kMHT]H%OO(Q)d
An(Yn: Ya) 2 <1 — 5 | ISullber + llanllbe. + lvallpg e

which corresponds to under the assumption that 6,, 2 k‘M||n||%m(Q)d.

(#42) The proof of condition follows from [B, Proposition 3.1], which hinges on the inverse
trace inequality @ and the fact that Vo, € VfL for all 5, € QF". O

Remark 9. The theoretical requirement on ||n|| (o) introduced to prove s meant to simplify
the stability analysis but, as we observe in the robustness test cases of Section s not needed
in practice. Indeed, it is possible to weaken the assumption by controlling the convective term Cp,
using the generalized inf-sup condition and the positive terms in .

4.1 Stability estimates

In this section we derive the a priori estimate for the semi-discrete problem . To ease the
notation we define the norm

1
[1Xnl[2 = 1B + do)Zon* + (a0 — bo)||Twll* + (co = bo)llpall* + [[unlHe e

for all X;, = (apn,pn,Th,on) € Xp, with dg and B defined as in Proposition We remark that
the stability estimate below shows a linear dependence on the final time 7% since we are able to
establish the result without resorting to the Gronwall Lemma.

Theorem 10. Let the assumptions of Proposition@ be satisfied and let Xy, = (an, ph, Th, on)(t)
€ Xy, be the solution of for any t € (0,T¢]. Then, it holds

Ty
sup (|| Xnl[2) + / (I Tw () Be.r + o)l be,p) ds S Ro +
tG(O,Tf] 0

9;@1\|H\|%2((0,Tf];m(9)) + k7:11”g||%2((0,Tf];L2(Q)) + (Ty + N;ql)‘|f||§-11((O,Tf];L2(Q))a
with Ry = Mn(Xn,0, Xn0) + [[unollbe.e + (1 + p)IIE0)|[> depending on the initial condition

X0 € Xy, and where the hidden constant does not depend on the final time Ty, the mesh size h,
and the polynomial degrees £, m.

Proof. We divide the proof into four steps. First, we use the inf-sup condition to obtain a
robust estimate on ¢ which holds also when dy vanishes. Then, we derive the total energy balance
associated to . In the third step, we estimate the right-hand side of the previous energy balance
and in the fourth step we conclude.

11



Step 1: Taking Y}, = (vh,0,0,0) as test function in one has
Bh(@havh) = A}eL(uhavh) - (fa vh)~

Plugging the previous identity into , using Lemma , and applying the discrete Poincaré—Korn
inequality [14 [16] it is inferred that

2
AS (ap, vy) — (f,v
BZ|%||257>h<soh,eoh>+< sup 2 Va) — ( “)

04vhEVY, IVallpa.e (18)
S Dilens on) + |lunllpe.e + ' [1E11%
Therefore, it follows from the estimates and that
2 2 |I£]1?
1 Xnllg S Mn(Xn, Xn) + [[un]lDg,e + (19)
Step 2: Let t € (0,Ty]. We test with Yy, = (Qp, pr, Th, pn) to get
My (X, Xp)+AS (up, 0) + AE (T, T) + Co(pn, Tn) + A% (p, pr) (20)

— Bulmtiy) + Bl @) = (H, Th) + (g, pn) + (£, 0n).

Owing to the symmetry of the bilinear forms M, and Aj we observe that

1d

(M (s X0) + AG (30 ) (8) = 52 (Mo (X Xn) (1) + A (wns w) (1)

Using the previous identity and integrating in time between 0 and ¢, we have

N =

(Mn(Xn, Xn) + A (un,up)) () + /0 (A% (Th, Tw) + Crpn, Tn) + A} (ph, pr)) (s) ds
= [T 0.0+ (€.80)) (3) s+ 5 (M (X0 Xi) + A (01, 00)) (0)

We can bound from below the left-hand side of the previous energy balance by using and
to obtain

t
I\Xh(t)IIZJr/O (1w ($)IDe.r + llpn(s)l[Da.p ) ds S Mi(Xn,0, Xn.o)

S hunalibee + SO L [T + (0. + 500) () as
Hm 0

< Mp(Xn,0, Xn0) + |[unollbae + Ri+ Ro + R,

(21)

with X5, 0 = (Un,0,P1,0, Th,0, ¢r,0) corresponding to the initial condition of the semi-discrete prob-
lem and

t

R = i |IE@)II%, R2=/0 ((H,Th)(s) + (9,pn)(s)) ds, and R3=/0 (£, 1n)(s) ds.

12



Step 3: We proceed by bounding the terms in the right-hand side of starting with R;.
Recalling the regularity assumption £ € H'((0,7y]; L*(2)) and using the fact that

F(t) —|—f0 s)ds for all F € H'([0,t]), we have

Ry < g )2 < i (/ [E(s)]2 ds + [[£(0 >|2) (22)

In order to bound the term Ro use the Cauchy—Schwarz, discrete Poincaré, and Young inequality
inequality to infer that

t
Ra < [ (I + ol ) (o) ds
t 1 .
S [ (621 1Tl + kol o) (5 ds 28)
0
t

< / UITa () Ber + lon()loe,) ds + / 05011 + Elg(s)]2) ds
0 0

Concerning the term R3, since f € H((0,7y]; L*(2)), we are allowed to integrate by parts with
respect to time and obtain

Rs = /0 —(f,un)(s) ds + (£, un)(t) — (£, 1)(0)
< [ RN s + IO @]+ [EO) ol (24)

e B
S [ (iR + TR0 s s 0l + IEOIE + [onollhoe

where, to pass to the third line, we have used again the discrete Korn—Poincaré inequality followed
by the Young inequality and the second inequality in . Moreover, taking the supremum for
s € (0,t] in the second integrand in leads to

(25)

R3<t/ 1£(s)[[* ds + Sup [l (9)|[De . + [1EO)]*

Step 4: To conclude, we plug the estimates , , and into and we take the
supremum for ¢ € (0,], with 0 <t < T, to get

t
1
sup (|| XalI2) +/ (1T () o, + [In(s)l[bep) ds S 5 sup [[un(s)l[be.e
te(0,t] 0 t€(0,1]

7 t s)|[2 $)|12
+5 [ OB +lnebe,) as+ [ (THAE 4 1210 o

em m

m

T +1 [T . 1+
s JIE@I? ds + ) + b (X0, Xi0) + ol
m 0

13



Rearranging the previous bound, it is inferred that
T
2 2 2
sup (|| Xn|[2) + /0 (ITu(s)Dar + [Ipn(s)lDe ) ds

te(0,7)
T H 2 2 I 1 .
0

9m m m

(26)

where we have defined Ro = My (Xn,0, Xn,0) + [lunollbe.e + (14 p,,")][£(0)[|* only depending on
the initial problem data. Since holds for an arbitrary ¢ € (0, T%], this concludes the proof. [

5 Error analysis

In this section we establish an a priori error estimate for the solution of the PolyDG semi-discrete

problem . For the sake of simplicity, we decide not to explicitly track the dependencies of the

inequality constants with respect to the model coefficients. Hence, in what follows, the constant

hidden in the notation z < y might depend on the thermo-poroelastic parameters and on |[n]|¢ . ©)
We start by defining the DG-norms that will be needed in the error analysis

11S1her = 1SIhe.r +llo™2 {OVASHE VS e HA(T),
lalllbe,p = llallbe,p + 11672 {KVagh 5 Vg€ HX(Th),
IVllbe.e = IVIlha,. +11C72 fenWMBIIF Vv e HY(Th),
1ll[he,e = 1112 + 1102 {u} 113 vy € H'(Th).

Then, we introduce the interpolants X; = (uy,pr, 7, 1) € Xy, of the solution to the continuous
formulation . In order to properly bound the interpolation errors, we define the Stein extension
operator and state a result instrumental for the error analysis. For a polytopic mesh 7}, satisfying
Assumption the Stein operator £ : H" (k) — H™(R?) is defined for any x € 7;, and m € Ny
such that

S

Evlw = v, |€v][gm@y Slvllamey Yo € H™ (k).

The corresponding vector-valued version acts component-wise and is denoted in the same way. In
what follows, for any x € 7T}, we will denote by K\, the simplex belonging to 7, such that ~ C K.
Then, the following approximation properties hold (see [6, Lemma 3.6], [20, Theorem 36], and [5]
Corollary 5.1] for the detailed proof):

Lemma 11. Let Assumption [§ be fulfilled. For any S € H™(Ty), ¢ € H"(Tn), w € H™(Ty,) with
n > 2, there exist Sy € V,f, qr € V,f, Wy € Vf; such that

h2 min{l,+1,n}—2

1S = Silllbe.r+llla = arlitbe. S > s (1€8Impc,) +l€lmer,)

KETh
h2min{€,€+1,n}72
W =willlbee S 30— IEWlEnpc,-
KETH e
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Moreover, let 1 € H'(Ty,) be such that (E¢)|,. € H" (k) for some r > 1 and for all k € Tp,. Then,
there is Y1 € Q7" such that

h2 min{m,+1,r}

119 = rllibp + Puler = 1,80 = 91) S 32— 1101

KETh f

5.1 Error equations

We continue the error analysis with the derivation of the equations satisfied by the discretization
errors E = (e%,eP, el e?), where

e“(t) = u(t) —un(t), e’(t) =p(t) —pn(t),
() =T(t) —Th(t), €?(t) =p(t) — @n(t),

with X, = (up,pn, Th, on)(t) and X = (u,p, T, ¢)(t) denoting for all t € (0,Ty] t he solutions to
and (§)), respectively. We remark that the errors can be splitted as E(t) = Er(t) — Ej(t),
where Ej(t) = X(t) — X[(t) and Eh(t) = X[(t) — Xh(t).

In order to extend the bilinear forms defined in to the space of continuous solutions we
need further regularity requirements on X = (u,p,T, ). In particular, we assume element-wise
H?-regularity of the displacement, temperature, and pressure together with the continuity of the
normal stress, fluid flow, and heat flux across the interfaces F' € F; for all time ¢ € (0,7]. We
also require ¢ € H'((0,T%]; H'(9)), so that the stabilization term D}, in vanishes when tested
with the exact solution. This further hypothesis on the regularity of the pseudo-total pressure can
be inferred from the continuous formulation by reasoning as in [13, Section 2.3.3].

Under the previous regularity assumptions, we can insert the exact solutions (u,p, T, ) into
(12)) obtaining a formulation equivalent to . Subtracting the resulting equation from problem
defining the discrete solutions, we infer

Mu(E,Yn) + Au(E, Y1) — Br(e?,vi) + By (v, %) =0 (27)

for all Yy, = (vh,qn, Sh, ¥n) € Xp,. Here we assume that problem is supplemented by initial
conditions X0 = (uz(0),pr(0),77(0),91(0)), where ur,ps, Tr,pr are the interpolants given by
Lemma so that the error equation is completed by the condition Fj,(0) = 0. We now test
against (é}j, eb, el ef) and use the linearity of the bilinear forms to obtain

M(Ef“ Eh) + AT(eg, 6%) + Ch(ei)w eg) + 'A;Z(e% efl) + Ai(e;iﬂ e’,i) = M(Efv Eh)

e/ U Au T . w (28)
+Aj (e, e) + Crlel, e) + Ab (e eh) + Aj (e}, éf) — Bi(ef, €f) + Bi(ef, €f)

The previous identity is the starting point for the error estimate of the next section.

5.2 Error estimate

In this section we derive the a priori estimate for the semi-discrete problem . Before doing
so, we provide an instrumental result establishing the boundedness of the discrete bilinear forms

defined in .
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Lemma 12. Let Assumption [1] and Assumption [J be satisfied and assume that the polynomial
degrees of the PolyDG approzimation satisfy m < £+ 1. Then,

AL(T,9) < VT eH T, VSeV,
Ay (p.a) < lIplllpe.pllallpe.p VpeH T, YV qeVy,
Aj (0, v) S l[ulllpe.ellvlipe.e VueHX(T,), VveV],
Cn(p,S) < lIplllpepllSlpe,r VpeHXT), ¥V S eV,
Bu(,u) S |[Wlllpewllullpee Ve HY(Th), Vue Vi,
Bu(¢,u) S |[¢[ [[ulllp.e Vg eQn, VueHY(Th),

Proof. For the boundedness of the bilinear form A}, A7, A% we refer to [I, Lemma 3.1] and [2,
Lemma A.2]. The boundedness of Cj, directly follows from the application of Cauchy-Schwarz
inequality and the definitions of the norms ||| - |||pa.p, || - ||pg, 7. Concerning the first boundedness
property of By, we let ¢ € H'(T3), u € Vfl and apply twice the Cauchy—Schwarz inequality to

obtain
3 / (w3 v

FeF

< [[¢ll IVaull + <Z oll {3 |2F> (Z o'l HV]MI%) :

FeF FeF

Bu(¢,u) < (4, Vi - u)| +

Additionally, we remark that

e (1) 5 (2
R (- o (O Fre

where in the last inequality we have used the hypothesis m < ¢ 4 1. Therefore, as a result of
and the definition of the DG-norms we have

Br(y,u) S [[YllIpe.wllullpg.e-

Finally, we consider the boundedness of By, in the case 1) € Q", u € H?(7}). Proceeding as in
we obtain

Bh<w,u>s|w||||vhu||+<z "‘Wj}'F) (Z <|[[vﬂn|%> < 10 1l e,

FeF FeFr
where the final bound results from the discrete trace inequality @ O
We are now ready to state the main result of this section:

Theorem 13. Let the assumptions of Theorem hold. Let the solution X = (u,p, T, )
€ C%(0,T; V x V x V x Q) of problem satisfy the additional reqularity

X € CH((0,T); HY(T) x H¥(Th) x H™(T) x (HP(T,) N H*(2))),
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with j,k,n,p > 2 and let X}, = (ap,pn, Th, on) € CH((0,T];X},) be the solution of problem .
Then, for any t € (0,Ty], the error E(t) = (e}, e}, el ef) satisfies

t
B3 + (||e£<s>||%G,T n ||ez<s>||%g7p) s

h2min{£,;,+1,j}—2 t )
N Z ggj—,g [ngﬁy(/c) +/ ||5u(5)||%1j(m)ds}
KEThH r 0
p2min{let1,k}-2 .
23 [ leno e + 060 |
RETH r 0
h2min{€,€+1,n}—2 t )
Y / [||5T<s>||%n<,c>+||e:f<s>mm]ds

KETH
h2 min{m,+1,p} ) t ] )
i [H&onmﬁ / ||5so<s>||m<,qu]
KETH Mg 0

where the hidden constant depends on the time t and on the material properties, but are independent
of the discretization parameters.

Proof. Owing to the symmetry of M}, and A§ and moving the time derivative from the discretiza-
tion error to the interpolation one, we rewrite equation as

3 33 (M B + 5t 6) ) + AT o) + Coleh ) + A eh )
= M(E17 Ep) + AL (T el + Cn(ef, el) + AP (e, el) + %Ai(e?, ey)
%Bh(e?, ey) + Br(éf ep) + Br(ef, ef)

Then, integrating with respect to time between 0 and ¢t < T, recalling that E,(0) = 0, and
proceeding as in the proof of Theorem [0 we get

— Aj(é7,ep) —

IIEh(t)H%+Dh(6ﬁ(t),ef(t))+/0 (lek ()per + llen(9)l[ha ) ds

<) + /0 " (9Ra(s) + Ra(s) + Ra(s)ds,

where the terms in the right-hand side are given by

R = Ai(e?7ez) - Bh(6f7ez)7 R3 = Az@;”ﬁ:) + Ch(ejlg’ ez:) + A]}i(ejlg’ei)v
Ry = My (Er, Ey), Ry = —Aj (&7, ep) + Bu(é7, ep) + Brlef, ef).

We bound Ry, Ra, R3, Ry by the repeated use of standard inequalities (i.e. Cauchy-Schwarz, Young,
and triangle inequalities) and Lemma [12| to obtain

R < lleklba.e + (llefllbe.e + Mefllbe.e):

Ro < (IEnllz + Duef ef)) + (€71 + 717 + Ie7 1 + Du(ef . €7)) ,

Rs < (lefbep + llen lbar) + (Heflllba,p + et lIihe,r)
<

R < (lehllbe.e + lef 1) + (eflllba.e + 7 De.p)-
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Exploiting the previous bounds and applying Gronwall’s Lemma [36] we infer that
t
1ER(®)IIZ + Dr(ef (t), e (1) + /0 <||6£(s)||%G,T + IIG’;Z(S)I%G,p) ds S |llef(O)ll[be.e
t
+lllef OllIbe., +/0 <|||é}‘(8)lll%o,e IR+ [le7 ()7 + lleF (s)II?

+er ()b p + et (e +11E7 () ba.e + Palef (s), é?(S))>ds

Finally, the thesis follows by using Lemma [IT] to bound the interpolation errors. O

6 Numerical results

We now assess the performance of the method in terms of accuracy and robustness. In order to
observe the behaviour of the proposed scheme we design suitable problems starting from analytical
manufactured solution. We show the results for both a linear steady case (i.e., ¢y = 01in ) and for
the original non-linear TPE problem. In both the linear and non-linear cases the PolyDG spatial
discretization is coupled with the (implicit) #-method for the integration in time. We consider
6 > 1/2 and recall that the case § = 1/2 yields a second-order accurate scheme. The steady
problem is considered as one step of the time-integration method with At = 1. For the non-linear
problem we make use of the fixed-point iterative algorithm described in Section[2.3]in order to treat
the convective transport term.

Finally, the last numerical experiment deals with a fluid injection-extraction problem, inspired
by a geothermal energy production configuration. For all the numerical test we used polygonal
Voronoi meshes generated with the Polymesher algorithm [38]. In all the presented tests we consider
¢ = m as polynomial degree of the approximation for all the four variables of our formulation. Thus,
for the sake of simplicity, we make use only of the symbol ¢ to denote the polynomial degree.

6.1 Convergence analysis

We consider a square domain 2 = (0,2)? and manufactured exact solution:

up(x,t) = (e! — 1) <sin(27ry)(cos(27rx) -1+ sin(mz) sin(7my)

A

)
)

us(x,t) = (! — 1) <sin(27rx)(1 — cos(2my)) + m i 5 sin(7z) sin(7y) | ,

p(x,t) = (e! — 1) sin(rx) sin(7y),
T(x,t) = (¢! —1)(cos(2mz) — 1)(cos(2my) — 1).

with initial conditions, boundary conditions, and forcing terms that are inferred from the exact so-
lutions. The model coefficients are chosen as reported in Table[2} For the linear case we have consid-
ered a sequence of polygonal meshes whose number of elements is N = {100, 310, 1000, 3100, 10000},
and ¢ = {1, 3}, while, for what concerns the non-linear case, we have considered the following dis-
cretization parameters: N = {20, 80, 320,1280,5120},¢ = 2,7 = 0.1, and At =5-107°.
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ap [GPa/K?] | 0.02 a -] 1 A [GPa] 5
bo [K1] 0.01 B [GPaK~1] | 0.8 K [dm? GPa—!h™1] 0.2
co [GPa™1] 0.03 u [GPa] 1 ©® [dm? GPaK~2h~!] | 0.05

Table 2: Problem’s parameters for the convergence analysis

In the following tables, h denotes the mesh size and roc stands for the computed rate of con-
vergence. In both the linear and non-linear test cases, we can observe by looking at Figure
Figure and Figure [1¢/ that our results are in accordance with the expected error rates, cf. The-
orem Indeed, in the energy norm we observe a computed convergence rate of 1 and 3 using
¢ =1 and ¢ = 3 approximations. Moreover, we observe a convergence rate of order 2 and 4 in L?
norm using £ = 1 and ¢ = 3 approximations, respectively. For what concerns the non-linear test
we observe that, as for the linear problem, we satisfy the estimates presented in Section For
the displacement and the temperature we also achieve ¢ + 1 accuracy in L2-norm, while for the
pressure we see that the order of accuracy overcome the estimate provided by the theory, but in
the last refinement we observe a slight loss with respect to the £ 4 1 order. In the non-linear case,
we observe that an average of 4 fixed-point iterations at each time-step are required to reach the
desired convergence, namely below a tolerance ensuring that the linearization error is smaller than
the discretization one.
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(a) Convergence test - linear steady problem - polynomial degree ¢ = 1.
1073 | | E |
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(b) Convergence test - linear steady problem - polynomial degree £ = 3.
T E E|
10721 ——u(x,t) o §
1073 1 —p(x,t) | 1072 ¢ E
% F g & F E
55 : —h— T(X, t) B 8 . B
£ 1074} 5 = i )
L1077 * S i ]
r B 4| |
1070} : 0
107" ‘ ‘ . : :
10° 1005 10! 10° 1005 10!

1/h

1/h

(c) Convergence test - nonlinear time-dependent problem - polynomial degree £ = 2.

6.2 Robustness analysis

In order to investigate the method’s robustness, we perform several convergence tests varying the
model coefficients. We focus on the cases listed in Table |3| with parameters «, 3, u chosen as in
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Table We recall that increasing the value of the dilatation coefficient A means going towards
the incompressible limit. As space and time discretization parameters we consider the ones of
Section In Table [4] Table [5] and Table [6] we show the computed convergence rate in the
DG-norm for u and in the L?-norm for p and T.

Coefficient | Test (i) | Test (ii) | Test (iii) | Test (iv)
ag [GPaK~ 7] 0 0.01 0 0

bo (K~ 1] 0 0.01 0 0

co [GPa™1] 0 0.01 0 0

) [GPa] 5-10° 5 5 5

K [dm? GPa—Th~1] 0.21 21071 0.21 2.1071
© [dm? GPaK—2h~T] 0.051 5-10=8T | 5.10~°1 0.051

Table 3: Problem’s parameters for the robustness analysis (Test (iv) is performed only for the
non-linear case)

First, comparing the results of Test (i) with the error estimate of Theorem [L3] we observe that
our method is robust with respect to the quasi-incompressible case and the limit case in which the
coefficients ag, by, ¢ are very small or even equal to zero (cf. [I7]). The robustness with respect to
A > 1 is a key advantage of the proposed four-field formulation. Second, we observe in Test (ii)
and Test (iii) that in both the linear and non-linear case we sometimes lose the ¢ + 1 order of
accuracy for p and T when lowering the values of hydraulic mobility and thermal conductivity,
respectively. Notice that, this results are in agreement with Theorem [13] and that, by increasing
the degree of approximation, we get better performances in terms of loss of accuracy. Looking again
at the result of Test (ii) and Test (iv) we can notice that, even if the model is fully-coupled, the
variations in K affect only the order of accuracy of the pressure. On the other hand, in Test (iii),
we observe that decreasing the value of ® deteriorates the ¢ 4+ 1 accuracy for the pressure. In
our opinion this is due to the fact that the non-linear convective term becomes more significant for
model coefficients as in Test (iii). However, we observe that in all the tests we have carried out the
convergence rate of the displacement error is never affected and the results are still in accordance
with Theorem We can conclude that the method is fully-robust with respect to the degenerate
cases listed in Table [l

Remark 14. In the case K,® < 1, we can achieve a global convergence of order £ by using the
(L+1,¢4,¢,0) degree of approximation for (u,p, T, ), respectively.
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Test 1/h  |le"|lpe  rochs  |leP]|p2 roc’i2 lleT|lL2  rocT

L2
0.377 2.882 — 0.201 — 0.223 —
0.214 1.056 1.779 0.075 1.745 0.074 1.961
(i) 0.130 0.415 1.867 0.022 2.428 0.025 2.154
0.074 0.190 1.398 0.007 2.158 0.008 1.939
0.040 0.100 1.048 0.002 1.993 0.003 1.887
0.360 2.851 - 0.177 - 0.177 —
0.217 1.085 1.912 0.062 2.069 0.062 2.069
(i)  0.127 0.420 1.769 0.017 2.385 0.017 2.385
0.070 0.201 1.241 0.006 1.885 0.006 1.885
0.041 0.104 1.241 0.002 2.281 0.002 2.281
0.381 2.844 - 0.199 - 0.223 -
0.221 1.079 1.781 0.076 1.766 0.082 1.842
(iii)  0.123 0.436 1.554 0.022 2.106 0.026 1.995
0.078 0.199 1.707 0.007 2.631 0.009 2.360
0.041 0.102 1.024 0.002 1.828 0.003 1.799
0.374 2.875 — 0.225 — 0.231 —
0.218 1.075 1.829 0.075 2.048 0.079 1.993
(iv) 0.130 0.428 1.788 0.022 2.384 0.025 2.203
0.073 0.199 1.325 0.007 1.985 0.008 1.914
0.040 0.103 1.094 0.002 2.084 0.003 1.928

Table 4: Robustness test - linear steady problem - polynomial degree ¢ = 1. The parameters are
chosen as in Table

Test  1/h lle"lpa roct [leP]| 2 roc?, lleT ]| 2 rocT,
0.377 0.108 — 4.805-10~% — 4.909-10~% —

0.214 0.018 3.140  4.402-107° 4.236 4.383-10"° 4.281

(i) 0.130 0.003 3.629  4.035-107% 4.780 4.085-10"%  4.747

0.074 5.373-10~%  3.062 3.816-10~7 4.203 3.926-10~7 4.174
0.040 9.102-10=%> 2910 3.619-10~8 3.861 3.906-10—%  3.782

0.360 0.108 — 3.941 1071 — 3.818-10~ 1 —
0.217 0.018 3.555  3.741-107°  4.660 3.447-1075  4.759
(i)  0.127 0.003 3.249  3.331-107% 4509 3.023-10"6%  4.537

0.070 5.439-10~% 2952  3.388-10"7 3.849 3.104-10~7  3.832
0.041 9.327-107% 3.320 3.342-10~% 4.361 3.158-10"%  4.303

0.381 0.106 — 4.842-10~ % — 4.699-10—% —
0.221 0.019 3.190 4.390-107° 4.412 4.288-10°  4.400
(iii)  0.123 0.003 3.105 4.116-10% 4.054 3.945-10=%  4.086

0.078 5.546-10"* 3.712 3.945-10~7 5.122 4.118-10"7  4.935
0.041 9.363-107° 2710 3.553-10~% 3.667 3.836-10~%  3.615

0.373 0.106 — 4.490-10~7 — 4.308-10~% —
0.218 0.018 3263 4.278-107° 4.372 4.204-1075 4.327
(iv)  0.130 0.003 3.451  3.856-107% 4.671 3.947-10"%  4.592

0.073 5.502-10~% 2993  3.856-10~7 3.990 4.053-10~7  3.944
0.040 9.397-107% 2937 3.569-10% 3.955 3.868-10~%  3.904

Table 5: Robustness test - linear steady problem - polynomial degree ¢ = 3. The parameters are
chosen as in Table
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Test 1/h el pe roct [leP]| 1,2 roc’i2 leT|| .2 rocf2
0.792 0.041 — 0.001 — 0.002 —
0.409 0.012 1.930 1.106-10~% 3.667 1.492-10~* 3.636

(i)  0.220 0.003 2.165 1.054-10~° 3.786 1.439-10~° 3.7672
0.113 7.817-10~% 2.030 1.112-107% 3.385 1.712-10=%  3.204
0.056 1.959-10~% 1962 1.295-10~7 3.049 2.785-10~7 2575
0.792 0.041 — 0.024 — 0.024 —
0.409 0.011 1.916 0.004 2.758 0.004 2.758

(i)  0.220 0.004 2.165  7.047-10% 2.747 7.050-10% = 2.747
0.113 7.882-10~% 2.032 1.617-10~% 2216 1.620-10%* 2.214
0.056 1.977-10~*%  1.961 4.338-10~5 1.866 4.349-10"°  1.864
0.792 0.041 — 0.001 — 4.941 —
0.409 0.012 1.916 1.112-10~%  3.690 0.082 6.207

(iii)  0.220 0.003 2.165 1.132-107°  3.680 0.013 2.947
0.113 7.882-10~% 2032 1.786-10"% 2.780 0.001 3.372
0.056 1.977-10~% 1961 3.675-10—7 2.242 1.011-10—%  3.729
0.792 0.041 — 0.043 — 0.002 —
0.409 0.012 1.916 0.007 2.755 1.492-10~*  3.632

(iv)  0.220 0.003 2.165 0.001 2.745 1.394-10"%  3.818
0.113 7.882-10~% 2032 2911-10~% 2216 1.473-10°% 3.383
0.056 1.977-10~* 1.961 7.806-10~° 1.867 1.636-10~7  3.116

Table 6: Robustness test - non-linear time-dependent problem - polynomial degree £ = 2

6.3 Geothermal model problem

We show now the results for a realistic model problem inspired by geothermal energy production.
We consider a rectangular domain € = (0,4m) x (0,1m). As shown in Figure [2f we consider the
domain to be a 2D-slice of the subsoil and we build a polygonal mesh on it. We consider a uniform
mesh made of 1000 polygons with mesh size h ~ 0.13m.

& 5 x50
e
L

Srnsant

s

Figure 2: Representation of the computational domain (left) and example of Voronoi mesh with

500 elements (right).

In order to mimic the injection and extraction of a fluid (e.g. water) in the subsoil we impose
Dirichlet boundary conditions on I's, I'y. In the following description of the case test we will denote
by Tinj, Pinj, Lext, Pext, the temperature and pressure of injection and extraction, respectively. We
supplement our problem with zero loading terms f, g, h, zero initial conditions (ug, po, Tp), and with
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-1.3 -10 0.5 0.0 0.5 10 13

(a) Numerical solution of the horizontal displacement (b) Numerical solution of the vertical displacement [cm]
[cm]

-1.0 0.5 0.0 05 1.0 45.0 600 70.0 80‘0 90.0 100.0 1100 1250

(¢) Numerical solution of the pressure [MPa] (d) Numerical solution of the temperature [°C]

Figure 3: Simulation’s parameters: Tj,; = 60°C, Tuy = 120°C, pinj = 1IMPa, pexy = —1MPa.
(deformation magnified by a factor 5)

the following choice for the boundary conditions:

on =0, KVp -n=0, YT —Text) +OVT -n=0 on I'y

u=0, P = Pext, T = Texs on I's
on =0, KVp-n=0, YT —Text) +OVT -n=0 on I's
u=0, P = Dinj T:T’inj on 'y

where the parameter 7 is taken equal to 0.01. We perform the simulations with a realistic choice
of parameters, in particular they are taken identical to [17]. We show the results up to Ty = 3h of
simulation computed with At = 5-10~%h. The approximation degree is £ = 1. We consider and
compare two different scenarios where we vary the injection temperature. In both cases, we require
an average of 3 fixed point iterations in order to reach convergence.

In Figure [3| we show the displacement, pressure and temperature fields for a simulation with
Tinj = 60°C. First, we observe that the injected fluid is rapidly brought to the reference temperature
by the system (cf. Figure|3d]). Second, we see that the injection of cold fluid results in a negative
horizontal shift (Figure d a vertical shift that tends to tighten the region in the initial part of
the domain (Figure . Finally, we observe that the pressure decreases linearly along the domain
(Figure . In order to better understand the role of the temperature we compare the aforemen-
tioned results with the ones in Figure El where the fluid is injected at Ti,; = Texy = 120°C. We
observe that, due to the pressure-temperature coupling, we have a slight variation of temperature
in two macro-areas of the domain. In the initial part we have a swelling phenomenon (unlike the
previous case), while in the second part of the domain the temperature variations manifest their
effect. This can be observed particularly by comparing [4b] and [Adl Moreover, looking at the hori-
zontal displacement depicted in Figure [a] we notice that the domain tends to move towards the
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(a) Numerical solution of the horizontal displacement (b) Numerical solution of the vertical displacement [mm)]
[mm]

-1.0 05 00 0.5 1.0

(¢) Numerical solution of the pressure [MPa] (d) Numerical solution of the temperature [°C]

119.9 1200 1200 1200 1200
1

— e

Figure 4: Simulation’s parameters: Ti,; = 120°C, Towy = 120°C, pinj = 1IMPa, pexy = —1MPa
(deformation magnified by a factor 2500)

right, namely the opposite direction compared to Figure [3a] In the rightmost part of the domain
the deformations due to fluid extraction, for which we would expect shrinking of the domain, are
balanced by the slight temperature variation. To wrap up, we observe that with this choice of
the parameters, the variations of temperature are more significant than the variations of pressure.
This is confirmed by comparing the magnitude of the displacements in the two case tests. We
remark that, for the sake of representation, in Figure [3d]} Figure Figure [Ad] and Figure [q the
deformations of the domain are scaled by an appropriate factor (indicated in the figures’ captions).

7 Conclusions

In this work, we have presented a four-field PolyDG formulation for the non-linear fully-coupled
thermo-poroelastic problem. The stability estimate and error estimate in the semi-discrete frame-
work are carried out highlighting the arbitrary-order property of the analyzed method. Numeri-
cal simulations are performed to test the convergence and robustness properties of the proposed
method. The results confirm the theoretical estimates and show that the method provides a good
approximation also when considering limit cases in the ranges of physical parameters. Finally, a
geothermal model problem is presented showing that, with appropriate choices of the parameters,
the PolyDG discretization scheme can be appealing for real problems’ simulations.
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