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Asymptotics of the hard edge Pearcey determinant

Luming Yao* and Lun Zhang'
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Abstract

We study the Fredholm determinant of an integral operator associated to the hard edge
Pearcey kernel. This determinant appears in a variety of random matrix and non-intersecting
paths models. By relating the logarithmic derivatives of the Fredholm determinant to a 3 x 3
Riemann-Hilbert problem, we obtain asymptotics of the determinant, which is also known
as the large gap asymptotics for the corresponding point process.
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1 Introduction and statement of the result
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In a classical work [24], Dyson observed that eigenvalues of the process version of Gaussian
unitary ensemble share the same statistics with non-intersecting Brownian motions. Since then,
one dimensional Markov processes conditioned not to intersect have played an important role
in the studies of random matrix theory and a variety of problems arising from probability
and mathematical physics. An important motivation behind is that these models give rise to
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Figure 1: Simulation picture of 50 rescaled non-intersecting squared Bessel paths with @ = 4
that start at * =5 and end at = = 0.

universal determinantal point processes, which also appear in a wide range of interacting particle
Systems.

The hard edge Pearcy process is a concrete example related to a model of non-intersecting
squared Bessel paths. The squared Bessel process is a diffusion process depending on a pa-
rameter a > —1 with transition probability function constructed via the the modified Bessel
functions of the first kind; cf. [6]. If d = 2(a + 1) is an integer, it can be obtained as the
square of the distance to the origin of a d-dimensional Brownian motion. The model consists
of n independent copies of the squared Bessel process such that they all start at some fixed
positions at t = 0, end at some fixed positions at ¢ = T', and do not intersect one another for
0 <t < T. By [35], non-intersecting squared Bessel paths provides a process version of the
Laguerre unitary ensemble, and different types of initial and ending conditions are considered
in [19] 20}, 3T, 32} [33], 34}, 38, [39]. If all the paths start at the same positive value when ¢ = 0 and
end at © = 0 when ¢t = T, it comes out that as n — oo, after proper scaling, the paths will fill
in a region in the tx-plane; see Figure [1| for an illustration. It is readily seen from the numerical
simulation that there is a critical time such that the lowest path stays away from the hard edge
at © = 0 for any earlier time while stays close to 0 for any later time. The local statistics
are governed by classical Airy and Bessel processes from random matrix theory respectively;
see [39]. After scaling around the critical time, one encounters a determinantal point process
characterized by the following kernel (see [38, Equations (1.19) and (1.23)]):

K(wyp

ep/t—i—l/ (2t%)—p/s—1/(28%)+xt—ys t\ ¢
/ / - | dtds
tel ez s—t 8
Q//

_ —2)Q'(y) — pQWy)| = P'(2) [yQ'(y) — (a = 1)Q(y)] + yP"(x)Qy)
27i(z — y) (1.1)

for x,y > 0, where the parameters a > 1, p € R,
P)= [etet i Q) = [t (1.2)
r by

and the contours I' and ¥ are illustrated in Figure [2l The functions P and Q in (1.2 satisfy



Figure 2: The contours I' and ¥ in the definitions of P, @ and K.

the third order ordinary differential equations

2P"(z) + aP"(x) — pP'(x) — P(x) =
yQ"(y) + (3 =) Q"(y) — pQ'(y) + Qy)

0,
0,
respectively. Following the terminology in [2I], we call K, the hard edge Pearcey kernel, as it
appears at the cusp of non-intersecting squared Bessel paths model.

It was expected in [38] that K, also admits an alternative representation in terms of the
Bessel functions of the first kind, which was derived earlier by Desrosiers and Forrester in the
context of perturbed chiral Gaussian unitary ensemble [22]. This conjecture was later resolved
n [2I]. The universal feature of hard edge Pearcey process can be seen from its appearances in
the investigation of subjects as diverse as Jacobi growth process [9], non-intersecting Brownian
motions with walls [41], random surface growth models [5, [§], etc.

Let K, be the integral operator acting on L2(0, s), s > 0, with the hard edge Pearcey kernel
K, given in (L.I). Due to the determinantal structure, the Fredholm determinant det(f — Ky)
can be interpreted as the gap probability for the hard edge Pearcey process over the interval
(0, s). Intensive studies of various Fredholm determinants arising from random matrix theory
have exhibited their close connections with integrable systems and elegant forms of the large
gap asymptotics. The relevant results can be found in [I8, 23, 26, 30, 37, 45] for the sine
determinant, in [2| 5] [44] for the Airy determinant, in [I7, 25, [43] for the Bessel determinant,
in [1L 3,7, 12} [13] for the Pearcey determinant, among others. For the gap probability of the hard
edge Pearcey process, it has been shown in [I1] and [28] that det(I — Ks) can be connected to
two different integrable systems, although the precise relationship is not clear yet. In addition,
asymptotics of the deformed case, i.e., det(I —vyKs), 0 < v < 1, is also obtained in [I1]. This in
turn gives us large gap asymptotics of the thinned process. We contribute to these developments
by establishing large gap asymptotics for the hard edge Pearcey process stated below.

Theorem 1.1. Let
F(s;p) :=Indet( — Ks). (1.5)

As s — oo, we have

9 p 3a—p? 2 ap %712042—1—1

4 :
F(SQP):*WS“’JF?SJF 57 50 T 7 = Ins
4 2
p ap _1
—+—+C+0 1.6
+ig T g TOTOT), (1.6)

uniformly for p in any compact subset of R, where C' is an undetermined constant independent
of p and s.



Some remarks about the above theorem are the following. Our asymptotic formula supports
the so-called Forrester-Chen-Eriksen-Tracy conjecture; cf. [10, 27]. Based on a Coulomb fluid
approach, this conjecture claims that the probability F(s) of emptiness over the interval (0, s)
behaves like exp(—pus+?) for large positive s with u being some constant, provided the density
of state n(x) satisfies n(z) ~ x" as * — 0. The present case corresponds to K = —1/3.
Asymptoics of det(I — vKy) exhibit significantly different asymptotic behaviours for v = 1 and
0 < v < 1. Indeed, by [1I, Theorem 2.2], it follows that In(det(I — vKs)) ~ (’)(372/3). Finally,
we cannot evaluate explicitly the constant C in with our method, which in general is a
challenging task; cf. [36].

The proof of Theorem relies on the integrable structure of hard edge Pearcey kernel.
This special structure enables us to relate various derivatives of F' to a 3 x 3 Riemann-Hilbert
(RH) problem under the general framework [4, 16]. In Section [2, we recall this RH problem
derived in [II] and further establish its connection with dF/Jp. A key step in our analysis is
the construction of A-functions defined on a Riemann surface with a specified sheet structure,
which is given in Section 3] With the aid of these auxiliary functions, we perform a Deift-Zhou
steepest descent analysis on the relevant RH problem as s — oo in Section [l The proof of
Theorem is an outcome of our asymptotic analysis, which is presented in Section

Notations Throughout this paper, the following notations are frequently used.

e If Ais a matrix, then (A);; stands for its (4, j)-th entry and AT stands for its transposition.
An unimportant entry of A is denoted by *. We use I to denote the identity matrix, and
the size might differ in different contexts.

e We denote by D(zp;7) the open disc centred at zp with radius r > 0, i.e.,
D(zo;7) :={2 € C| |z — 20| <1}, (1.7)
and denote by 0D(zp,r) its boundary.

e As usual, the three Pauli matrices {0} }?:1 are defined by

w00 e (0) (P 0) oy

2 Preliminaries

It has been shown in [I1] that 9F/Js is related to the local behavior of a 3 x 3 RH problem. In
this section, we will recall the derivation of this RH problem and further establish its connection
with OF/0p.

We start with a 3 x 3 RH problem which characterizes the hard edge Pearcey kernel K, as
given in [38] and stated next.
RH problem 2.1.

(a) U(z) =V(z;p, ) is analytic in C\ Xy, where « > —1 and p are real parameters,

Yy = UP_o Xk U {0}, (2.1)
with . N
Yo = (0, 00), Y1 =ei'(0,00), Yo =e1(0,00), (2.2)
and
23+k = —Ek, k} = 0, 1, 2; (23)

see Figure[3 for an illustration.
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Figure 3: The jump contours ¥, £k =0,1,...,5, in the RH problem for W.

(b) Forz e Xk, k=0,1,...,5, ¥ has continuous boundary values V4 (z), where the +/—-side
of ¥, is the side which lies on the left/right of ¥, when traversing ¥y according to its
orientation. These boundary values satisfy

Uy (2) =T _(2)Jg(2), 2z€Up_oSk, (2.4)
where
0 10
-1 0 0], z € X,
0 0 1
100
11 O) ; z € 31,
0 01
10 0
0 1 e |, 2 € Xo,
00 1
Jy(z) = . 0 0 (2.5)
0 0 eom || z € X3,
0 eom 0
10 0
0 1 e o™ |, z € Xy,
0 0 1
1 00
11 01, z € Xs.
0 01

(c) As z — o0 with z € C\ Xy, we have

i,—a/3 N
U(z) = 12\/§ U <I + 71 + O(zQ)) diag (z%, 1,,27%)
x Ly diag (e*571eT511)e®3) +£Imz >0, (2.6)
where
1 m3(p)  m6(p) * * ok
Uo=|0 1 m3(p)+p/3]|, Uy = * * % (2.7)
0 O 1 m3(p) +2p/3 x *



with
_ p(p* +9a —18)

a(0) —, (28)
p® + (18 — 45)p* + (81a? — 405 + 405)p? — 24302 + 729« — 405
7T6(p) = 9. 36 ) (29)
w o w? 1 w —w 1
Ly=(1 1 1|, L.=[1 -1 1}, (2.10)
w? w1 w —w? 1
with w = e2™/3 and
diag (¢ ,02(z;p),03(2;p)), Imz >0,
0(z) = O(z; p) = | 18 (O1(=:0). ba(z:0). bs(=0)), Iz (2.11)
dla'g (92(Zap)791(2§/) ,03(2,/))), Imz <0,
with 3
Or(z; p) = 5&1%2% + pwkz%, k=1,23. (2.12)
(d) As z — 0, we have
z 0 0 -
Uz)[ 0 2% 0] =0(1), 0<largz| < —, (2.13)
4
0 0 1
1 0 0 . 3
Uz) [0 2> 0] =0(), — < |argz| < —, (2.14)
4 4
0 0 1
L 0 37
U(z) |0 2z 0 | =0(1), o= < |arg z| < . (2.15)
0 0 =2¢

By [38, Theorem 1.4 and Proposition 5.2], RH problem [2.1|for ¥ has a unique solution which
can be constructed through the functions

J, b i e ap, 1 k=1with T <argt < %,
. Py 1
Pelz) = e“”rf f% ta_36Zt+Z+2iQ dt, k=2 with § <argt < 3{, (2.16)
e”om ka e3¢t itz ¢, k=3 with 0 < argt <,
e ka to‘_gezt+§+ﬁ dt, k=4 with —m < argt < 0,

where the contours v, k = 1,...,4, are illustrated in Figure [4f We refer to [38] for the precise
descriptions of the contours ~; and the construction of ¥. It is worthwhile to mention that
Pr, k = 1,2,3,4, satisfies the differential equation (1.3) and any three of them are linearly

independent.
Define
B 6p2/6 PQ(Z) 735 Z) 731(2’)
U(z) = 5 Py(z) Pi(z) Pi(z) |, ze C\iR_. (2.17)
VI \Ps(2) P(z) Pi()
It is shown in [38] that
~ m 3T
U(z) =¥(2), g SasE< (2.18)
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Figure 4: The contour of integration 'y in the definition of Pr(z), k = 1,2, 3, 4.

and the hard edge Pearcey kernel (1.1)) admits the following representation in terms of U

1
Ko(z,y;p) = —— (0 1 0)U(y)~ T 0|, =zy>o. 2.19
(z,9;p) 27ri(x—y)( ) U(y) " (x) 0 z,y > (2.19)
From ([2.19)), it is easily seen that
f(z)"h(y
Kala,ip) = D020, (2.20)

where recall that the superscript T denotes transpose operation,

A@\ [ mw)\ (0
f(z) = | fol2) | = V(@) [0 ], hly)=|hay) | =50y " [1]. (2.21)
fg(x) O hg(y) 0

This integrable structure of K, (in the sense of [29]) particularly implies that the associated
resolvent kernel is also integrable. Indeed, let R be the kernel of the resolvent operator (I —
Ks)~1Ks. It then follows from [16, Lemma 2.12] that

R(u,v) = W, (2.22)
where
Fl(u)
F(u) = | Fo(u) | := (I = Ks) f(u) =Y (u)f(u) (2.23)
Fg(u)
Hl(v)
H(v) = [ Hy(v) | :== (I = Ks)"'h(v) = Y (v) " Th(v), (2.24)
H3(v)
o *F(Oh()"
Y(2)=1- /0 — (2.25)

Moreover, Y is the unique solution of the following RH problem.



b)) ng)

B}
D3 Dl
- (s)
s - - - - -8 =
D4 D6
Ds
Sy I

Figure 5: Regions D;, i = 1,...,6, and the jump contours for the RH problem for X.

RH problem 2.2.
(a) Y(z) is analytic in C\ [0, s].
(b) For z € (0,s), we have
Yy (z) =Y_(2)(I — 2rif(z)h(z)"), (2.26)
where the functions £ and h are defined in .
(¢) As z — oo, we have
Y(2)=1+ % +0(z7?), (2.27)
where the function Y1 is independent of z.

(d) As z — 0, we have

y(2) = {(’)(za In 2), a € NU {0}, (2.98)

O(z%), a ¢ Z.
(e) As z — s, we have Y (z) = O(In(z — s)).

The RH problem that is related to the partial derivatives of F' is then constructed by using
the functions ¥ and Y. Let

Z(()S) = (s, +00), ng) = s+ eil(0,400), ng) =s+e 7(0,+00), (2.29)
which are parallel to the rays X;, i = 0, 1,5, respectively. Clearly, the rays Egs), Yo, 24, Eés)
and R are the boundaries of six regions D;, ¢ = 1,...,6; see Figure [5| for an illustration. We
now define ) _

Y (2)¥(z), z € Do,
1 -1 0
X(z)=Y()¥(:)|o 1 o], zeDs, (2.30)
0 0 1
Y (2)¥(z2), z€ C\{D2UDs},

where U(z) is given in (2.17). With the aid of RH problems and it is readily seen that
X solves the following RH problem (see [11l Proposition 3.5]).

RH problem 2.3.



(a) X(z) is analytic in C\ Xx, where
Yx = Ui:2,37421‘ U {0} Ui=0,1,5 Egs) U {S}, (2.31)
see the solid lines in Figure[5,

(b) For z € ¥x \ {0,s}, we have

Xi(2) = X_(2)Jx(2), (2.32)
where
Jy(2), z € U,%,
0 10
10 0|, zex{,
0 01
Tx(z) = 1 (1’ 8 e, (2.33)
00 1
100
11 0], zexn®,
00 1

with Jy given in (2.5)).
(c) As z — oo with z € C\ Xx, we have

iz‘a/?’ 1

X(z) = 7 U, <I + % + 0(2_2)> diag (z%, 1,273)

x Lt diag (eT51,eT51 1)), +Imz >0, (2.34)
where Wy, Ly and ©(z) are given in , and , respectively, and
X1 =", + 9,717, (2.35)
with ¥y and Y7 given in and .

(d) As z — 0, we have

X(2) =< 0O(nz), a=0, (2.36)

(e) As z — s, we have X (z) = O(In(z — s)).

The relationship between X and F' is given in the following lemma through some differential
identities.

Lemma 2.4. Let F' be the function defined in (L.5). We have

9 Ps;p) = ==L tim (X ()" X(2))

- - lim y»  Z€Ds, (2.37)
0 2+ 9a
o F(s;p) = —(X1)a1 + Pl + 9a) (2.38)

dp
where X1 is given in (2.34)).

27 ’



To prove Lemma [2.4] we need the following proposition.
Proposition 2.5. Let ¥ be the unique solution to the RH problem[2.1. We have
—-2p/3 a—1 =z

1 p/3 0 | W (2.39)
0 1 p/3

Proof. Since the jumps of ¥ are constant matrices, by (2.18)), it suffices to show ([2.39) holds for
U. Recall that Py, P, and Ps are three linearly independent solutions of (|1.3)), by differentiating
both sides of (|1.3)) with respect to p, it follows that for k = 1,2, 3,

P, _ 0P 0P} P}

ov _
op

= — P — 2.40
By (2.16), it is readily seen that
orPY " oPy , oP;,
= I = P. 2.41
Thus,
oP
0pk =2Pp + (a— )P, — pPy. (2.42)
A combination of the above two formulas and ([2.17) gives us (2.39) for V.
This finishes the proof of Proposition [2.5 O
Proof of Lemma The proof of (2.37)) can be found in [I1, Proposition 3.6].
To show ([2.38]), we note from (2.21)) and (2.39) that
of —2p/3 a—-1 =z oh —2p/3 1 0
D= 1 s 0t Dw=-[a-1 p3 1 |he) (@)
P 0 1 p/3 P y 0 p/3
This, together with (2.20]), implies that
ofT Toh 0 0O
9 Dy (@)h(y) + £(x)" 5, (y)
- Ka(z,y;p) = =F = =f(x)" [0 0 0|h(y) = fa)hly). (244)
o vy 100

Thus, it is readily seen from ([1.5)) and (2.23) that

d d d s
—F(s;p)= =—Indet (I —Ky)=—tr | (I —K,) '=—K, | =— | F(v)hi(v)dv. (245
SoF(sip) = et (1K) = o (1= K) 7 K ) = = [ R@m)ao. (245
On the other hand, it follows from (2.27)) and (2.25)) that
s s Fl(w)
m:/mewfmc/'me(mw)@m)mm»mk (2.46)
0 0 Fg(w)
The above two formulas gives us
d
——F(s;p) = —(Y1)31. (2.47)

dp
We finally arrive at the differential identity (2.38) by combining (2.47)), (2.7), (2.35) and a

straightforward calculation.
This completes the proof of Lemma [2.4 O

10



3 Meromorphic A-functions on a Riemann surface

It is the aim of this section to introduce the so-called A-functions and to investigate their
properties. These auxiliary functions will be used to ‘partially’ normalize the large-z asymptotics
of the scaled RH problem for X. In particular, the analytic continuation of A-functions
defines a meromorphic on a specific Riemann surface. This Riemann surface consists of three
sheets R;, j = 1,2,3, given by

R1=C\[1,+00), Ro =C\ ((—00,0] U [1, +00)), Rs=C\ (—00,0].

The sheet R, is connected to the sheet Ry through [1, +00) and Ry is connected to Rg through
(—00,0]. All these gluings are performed in the usual crosswise manner; see Figure @ By adding
a common point at co to the three sheets, we obtain a compact Riemann surface of genus zero
denoted by R.

[u—

&

\\\
&

i

Figure 6: The Riemann surface R.

For each j = 1,2, 3, we will construct a function A;, which is analytic on R; and admits an
analytic continuation across the cuts. The construction, however, is indirect in the sense that
the A-functions are built in terms of the w-functions introduced next.

3.1 The w-functions

The w-functions are three solutions of the algebraic equation

3
w(z)® — Zw(z)? + Z_o. (3.1)
2 2
It is straightforward to check that the discriminant of (3.1) is —27(z — 1)z/4. Its two roots
along with the point at infinity constitute the three branch points of the Riemann surface R.
By using Cardano’s formula, the three solutions of (3.1)) are explicitly given by

wi(z) = 3 (n(2)% + ()7 +1), (32)
ws(z) = 3 (w72 +un(z) 3 1), (3.3)
ws(z) = 3 (wn(2)3 +w (=) 3 1), (3.4)

2mi/3
)

n(z)=2yz(z—1)+1-2z, zeC\ ((—o0,0] UL, +00)), (3.5)

where w = ¢

11



with
argn(z) € (0, 7). (3.6)
Indeed, it is readily seen that 7(z) satisfies the quadratic equation
n(2)* + 4zn(z) — 2n(z) + 1 = 0. (3.7)
Thus, for j = 1,2, 3, we obtain from — that

wi(2) — Sw (e + & = 5 (=) + () 42 - 2) =0, (3.8)

where we have made use of (3.7) and the fact that n(z) # 0 in the last step. The condition
(3.6]) follows from the observation that Imn(z) > 0 for z € C\ ((—o0,0] U [1,+00)).
Some properties of the w-functions are collected in the following proposition.

Proposition 3.1. The functions w;(z), j = 1,2,3, given in (3.2)(3.4) satisfy the following
properties.

(i) wj(z) is analytic on the sheet R; and satisfies

w4+ () = w3 +(z), x € (—00,0), (3.9)
wy 1 (x) = wy £ (), z € (1,00). (3.10)

Here, we orient (—00,0) and (1,00) from the left to the right. Hence, the function
w U?ZIR]- - C, wlgr, = wj, (3.11)
extends to a meromorphic function on the Riemann surface R. This function is a bijection.

(ii) As z — oo with —m < arg z < w, we have

(2) —275w223 + % - 2;”%2_% + 6“;%,2_5 - 62“’—5/3,2_% + (’)(z‘g), Imz >0,
wa(z) = ‘ ‘
? —27 3wz + 5 — ;g%z_§ + 5212 3 — 6;’%2_% + O(z‘g), Imz <0,
(3.12)
and
_1 1 1 1 1 _z2
’11)3(2'):—2 3Z3+2—ﬁ23+m23
1 _4

V3 1 oz 53 s 5
wa(z) = 5 tgt 1 + O(z2), (3.14)
and 3
31 2z b5vV3 s 5

. 1 i 3
1—%(2—1)2—i—%(z—l)—g‘r’l‘g(z—lﬁ
— B (=12 +0((z—1)2 I 0
wl(Z): 2%3(2 )l+ 1((2 )2)5’,\/?:1 3 me =0 (316)
1+%(2—1)2+§(2—1)— 162(,2—1)2
— Sz -124+0((z-1)3), Imz < 0,



and

i 1 i 3
1+%(z—1)2+%(z—1)—551\£’(z 1)2
— 53 (z— 1)+ O((z — 1)2 Imz >0
’LUQ(Z) = 2%3 (Z )l+ 1 ((Z )2 )5’,\/?:1 3 e ’ (317)
1—%(2—1)2 —i—g(z—l)—i; ey (2 —1)2
— 53 (z—1)2+ O((z — 1)2), Imz < 0.
Proof. To prove (3.9), we see from the definition of n(z) in (3.5 that for z < 0,
ne(z) =1-2xFz(x—1) and ny(x)n_(zx)=1 (3.18)
Thus, from the definition of wq(z) in (3.3)), it follows that
1/ 4 1 _1 1/ 4 _1 1
wa(2) = 5 (w70 (@)5 +wns(@) 5 +1) = 5 (w7 (@) 75 +wn-(@)5 +1) = wy ().

Similarly, we can obtain ws _(z) = w3 +(z) for x < 0 and (3.10).
Next, we come to the asymptotics of w;(z),j = 2,3, as z — oco. From (3.5)), it is easily seen
that as z — o0,

115 ot Imz >0
n(z) — 4z 822 . 6423 i (25 )7 » mz 3 (319)
—4Z+2+TZ+@+W+O(Z ), Imz < 0.
Substituting the above formula into (3.3)), it is readily seen that, as z — oo,
1
wa(z) = 3 <w’1n(z)% +wn(z)*% + 1)
1 [ e 15 5 1 5 -3
L[ e™ 1 3y, mia2 1 1 I
=3 (22/321/3 <1+2z+1622+0(z )> +e32323 <1+22+1622+(9(z )) +1>
2
-1 91 1 w 1 w _2 w _4 _5
=-2"3w 23+§ 55737 —|—6 5173 6 9537 +0(z73), Imz>0,
and
1 -1 1 _1
wa(2) = 5 (w™n(2)F +wn(=) 75 +1)
1 w2 1 1 1 3 % 671—1/3 1 ]. 3 _%
:5 e 323Z3<1—2Z—1622+0(Z )> +22/321/3(1_22_1622+O(Z )> +1

1 w? 1 w 2 w?

5 T ppt Pt e st YT g st
which is (3.12). The asymptotics of ws(z) in (3.13)) can be obtained through the same fashion.

We then show the asymptotics of w;(z), j = 2,3, as z — 0. It follows from (3.5) that, as
z — 0,

5 4 (’)(z_%), Imz <0,

n(z) =1+ 2i2% — 2z — iz5 — iz% +O(25). (3.20)
Inserting the above formula into (3.3) and (3.4]) gives us
1
wa(e) = 5 (w7'n()3 +en(x)75 +1)
1 i 2i 2 5i i 2i 2 i
= (e_23 <1 + glz% - 52 + S—iz% + O(z§)> +e <1 - glz% = g - S—iz% + O(z3)> + 1)
3 5V 3
= \3[25 + g + 1\6gzg + O(zg),

13



V3 1.z 5/3 s 5
B T T R
which is (3.14) and (3.15)).

Finally, we move to the asymptotics w;(2), j = 1,2, as z — 1. We note that, as z — 1,

) -142(2 1)
n(z) = {—1 —2(z—1)

(z—1)+(z—1)§+0((z—1)
(z—=1)—(2=1)24+0((z—-1)

), Imz >0,

3.21
)s Imz > 0. (3.21)

SIS NI

-2
-2

Nl N=

Substituting the above formula into (3.2)) and (3.3)) gives us (3.16|) and (3.17) after direct cal-

culations.
This finishes the proof of Proposition [3.1 O

It is easily seen from the above proposition that the branch points of R-0, 1, co, are mapped
to the points 0, 1, 00, on the w-sphere. Bijection (3.11)) between the Riemann surface R and the
extended w-plane are illustrated in Figure [7}

A

B,

Figure 7: Image of the map w: R ++ C. The solid lines %.i, i = 1,2, are the images of the cuts
in the Riemann surface R under this map. More precisely, vi¥ = wy 1 (—00,0), 75 = wa (1, 00)
and w(Rg) = Ry, k=1,2,3.

3.2 The A-functions
With the w-functions given in (3.2)—(3.4)), the A-functions are defined by

3 ) 3 23 3 p ,
Aj(z) = mwj(z) - (21/3 YRl w;(z) — i3 T omgs J=L23 (3.22)

which depend on the parameters s > 0 and p € R. In view of Proposition the following
properties of the A-functions follow directly from (3.22)) and straightforward calculations.
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Proposition 3.2. The functions \j(z), j =1,2,3, defined in (3.22)) have the following proper-

ties.

(i)

(i)

(iii)

A\j(z) is analytic on R; and satisfies

Ao () = Ng2 (), 7 € (~o0,0),
Ao+ () = A+ (2), z € (1,00).

Hence, the function
AULLR; = C, g, = A,

extends to a meromorphic function on the Riemann surface R.

As z = o0 with —m < arg z < w, we have

No(z) = {?uji—i— %Zé1+ wd;z_é_—li— wzdgz__i—i— O(z‘i), Imz >0,
qw?2s 4 f725 + W d1275 +wdaz 5 4+ O0(2 b, Imz <0,
and
A3(2) = gz% + 3532% Fdiz7 +dozE + Oz, zeC\ (~o0,0],
where 1 ) 3 )
W=yt s 2= g

As z — 0 with —m < argz < m, we have

Xo(2) =co+ clz% + coz + 032% + (’)(zQ),

and ) ,
A3(2) = co — €127 + oz — 322 + O(2?),
where
3 p V3 23
CO=—"7m t+ 5= 7 Cl=—— — ———,
27/3 92/351/3 21/3 \/381/3
22/3 21/3P 7.22/3 521/3[0
2T T T sl “ 7 36v3  54v3s1/3

As z — 1 with —7 < arg(z — 1) < 7, we have

M(z) = ¢o—ic1(z—1)2 + (2 —1) —ics(z — 1)
fo+it1(z = 1)2 + (2 — 1) +it(2 — 1)

=N

and
ra(z) = J0 Fit(z— 1) + (2 — 1) +ic(z— 12 +O((z = 1)?), Imz>0,
z) = ;
? Go —it1(z — 1)% + &9z — 1) —ie3(z — 1)3 + O(( — 1)),  Imz <0,
where
. 3 p . \/g 21/3p
OF T3 T gsgs VT 91 V3s1/3°
22/3 91/3 7. 22/3 5. 91/3
Cg = —+ J, Cc3 = + p .
3 9sl/3 36v/3  54y/3s1/3
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O((z —1)?), Imz >0,
O((z —1)?), Imz <0,

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)



In view of items (i) and (ii) in Proposition [3.2)and (2.12), it is readily seen that, as z — oo,

_2 1
M(z) = 87;91(52) + O(Z,i)7 Imz > 0, (3.35)
s 362(sz) +O(273), Imz <0,
_2 _1
No(2) = 87;92(82) + 0(2,1)7 Imz > 0, (3.36)
s 361(sz) +O(273), Imz <0,
and , .
A3(z) = s 303(s2z) + O(273). (3.37)

4 Asymptotic analysis of the RH problem for X

In this section, we will perform a Deift-Zhou steepest descent analysis [14] for the RH problem
for X. It consists of a series of explicit and invertible transformations and the final goal is to
arrive at an RH problem tending to the identity matrix as s — oo.

4.1 First transformation: X — T
The first transformation is a rescaling of the RH problem for X, which is defined by
T(z) = X(s2). (4.1)

It is then easily seen from the RH problem for X that T'(z) satisfies the following RH
problem.

RH problem 4.1.
(a) T(z) is analytic in C\ Xp, where
S = Uia.345: U {0} Uimo15 S U {11, (4.2)
see the solid lines in Figure [5 with s = 1.

(b) For z € ¥7\ {0, 1}, we have

Ty (z) = T-(2)J7(2), (4.3)
where )

J\p(z), S U?:QE%
0 1

10 0|, zexV
0 01

=111 o) " (4.4)

00 1

100

11 0], zexh,

00 1

with Jg given in (2.5)).
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(c) As z — oo with z € C\ X1, we have

—a/3

V3

1

X

o (1451 + 06 ) ding ((52)}.1,(52) )
2

x Ly diag (eT57,eT51,1)e26?) +Imz >0, (4.5)

where Wy, X1, Ly and O(z) are given in (2.7), (2.35), (2.10) and (2.11)), respectively.
(d) As z — 0, we have

T(z) =

O(z79), a >0,

T(z) =14 O(lnz), a=0, (4.6)
o(1), -l<a<.
(e) As z — 1, we have
T(z) =O(In(z —1)). (4.7)

4.2 Second transformation: T — S

On account of (3.35)—(3.37)), we use the A-functions to ‘partially’ normalize the large-z asymp-

totics of T" in the second transformation. It is defined by

S(z) = —iV/3s5 Sy diag (s73, 1, s3) Wy ' T(2) diag (¢ =+ M) =57 0a() =5 2a(2)y - (48)

where , s ,
1 s3d; sTd% + s3dy
So=10 1 sid (4.9)
0 O 1

with d; and dy being the constants given in (3.28), ¥y and the functions \;, i = 1,2,3, are

defined in (2.7) and (3.22)), respectively. With the aid of Proposition and RH problem
for T, it is straightforward to check that S(z) defined in (4.8) satisfies the following RH problem.

RH problem 4.2.
(a) S(z) is analytic in C\ Xp; where X is defined in (4.2]).

(b) For z € ¥\ {0,1}, we have
S1(2) = 5-(2)Js(2), (4.10)
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where

0
10 0], 26261),
0 1
1 0 0
e PaE-ME) 1 o zexl,
0 0 1
10 0
0 1 eomes”?(Ma(2)-2s(2)) | z € Yo,
0 0 1
PRI ) (4.11)
0 0 _e—ami , 2623,
0 e om 0
10 0
0 1 e—ami ps?3 (A2 (2)=A3(2)) , Z € Yy,
0 0 1
1 0 0
0a-nE) 1 g zexf).
0 0 1

(c) As z — oo with z € C\ X, we have

S(z) = 275 (I + ﬂ + (9(22)> diag (z%, 1, z*%)
z

ami ami

x Ly diag (et75 ,eT s

1), +Imz>0, (4.12)

where
* * ok

2 1
—s3dy + S_§<X1)31 * ok

with di and Xy given in (3.28)) and (2.35)), and L1 are given in (2.10)).
(d) S(z) has the same local behaviors as T near z =0 and z = 1; see (4.6 and (4.7).
A close look at the A-functions defined in (3.22)) gives us the following estimates.

Proposition 4.3. Let € be any fixed, small positive number, there exist positive constants ci
and co such that

Re(\a(2) — M(2)) < —ail2]3,  ze W us)\ D(1,e), (4.14)
Re (A2(2) — A3(2)) < —cal2|3, 2z € (32 USy)\ D(0,¢). (4.15)
for s large enough, where the discs D(1,¢) and D(0,¢) are defined in (1.7)).

Proof. Let
A5 ‘:—3 2——3 ——3 ) =1,2,3 4.16
i(2) 513 wj(z) 5173 wj(z) 573" J ,2,3. (4.16)
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In view of Proposition and (3.22), it is readily seen that

* Y 2
’)\j(z)—)\j(z)|§ﬁ|2|3, z€ C\ D(0,¢),

for some positive p. Thus, by the triangle inequality, it suffices to show (4.14)) and (4.15) hold
for AL
We see from (3.2)) and (3.3)) that

Aa(2) = Ai(2)

2

(w2(2)* — wa(2) — wi(2)? + wi(z))

3
T 91/3
2mi 2

= o (@ + e T et a7 F).

For bounded z € (Egl) U Eél)) \ D(1,¢), by writing n(z) = rel, where r > 0 and 6 belongs to a
compact subset of (0,7), it follows that

Re05(0) -0 = 2t 076 (o (2552 o (7))

20
ri +r*§)sin <7T+ > sin <E> < —c1’z\%a

3
= g7

3 3

where ¢; > 0 is independent of z. For large z € (Egl) UEél))\D(l, e), the above estimate follows
from asymptotics of A7, which can be readily obtained from item (ii) of Proposition

The proof of (4.15)) is similar, we omit the details here. This finishes the proof of Proposition
(4.3 O

The following corollary is an immediate consequence of Proposition

Corollary 4.4. For s large enough, there exists a constant ¢ > 0 such that

2/3|Z|2/3)
)

Js(z) =T+ O(e“* (4.17)

uniformly for z € (Egl) U Zél) Udo UXy)\ (D(0,e) UD(1,¢)).

4.3 Global parametrix

By Corollary we could ignore the jump of S for z bounded away from the intervals (—oo, 0)U
(1,+00) and large s, which leads to the following global parametrix.

RH problem 4.5.
(a) Nq(2) is analytic for z € C\ ((—o0,0] U[1, +00)).

(b) For z € (—o0,0] U [1,+00), we have

Na,Jr(x) = Na,*(x)JNa (x)a (418)
where )
1 0 0
0 O —e—am | z € (—00,0),
0 efomi 0
Iy (x) = 4.19
=4 (1.19)
-1 0 0], x € (1,400).
0 0 1




(c) As z — 00 and £Imz > 0, we have

No(z) =275 (I+0(z71)) diag (2%, 1, z_%)Li diag (eiaTﬂ,e:F 5, 1), (4.20)

where the constant matrices Ly are given in ([2.10)).

The RH problem for N, can be solved explicitly in two steps. As the first step, we construct
a solution for the special case a = 0.

Lemma 4.6. Let w;, i = 1,2,3, be three solutions of the algebraic equation (3.1) given in
(13-2)—(3.4). A solution of the RH problem with o = 0 is given by

5275 —7.25 275\ [Ni(wi(2)) Ni(wa(2)) Ni(ws(z))
No(z) = = 4 -2 -2 No(w1(z)) No(wae(z)) Na(ws(2)) |, (4.21)
95 25 —25 ] \Ms(wi(z)) Ns(wa(z)) N

w
—~
S
w
—
I
~—
~—

where
w? w(w — 3/2) (w—3/2)?

— MNo(w) = ———L2, _—
Vow—n T ey Votw—1

Here, the branch cut for the square root is taken along v; U vy, t.e., the curve defined by
wy,—((—00,0] U [1,400)); see Figure[7 for an illustration.

M (w) =

Ni(w) = (4.22)

Proof. By item (i) of Proposition and the definition of Nj;(w), j = 1,2,3, in (4.22), it is
easily seen that if x < 0

Nij+(wi(2)) = Nj(w1,4(2)) = Nj(w1,-(2)) = N~ (w1 (2)),
Nijt(wa(2)) = Nj(wa 1 (2)) = Nj(ws —(2)) = N (ws(x)),
Nj—(wa(@)) = Nj(ws,— (2)) = =Nj(ws 1 (z)) = =N+ (w3(2)),

and if x > 1,

These are exactly the jump condition (4.18]) and (4.19) with a = 0.
To show the asymptotic condition (4.20) with o = 0, we obtain from items (i) and (ii) of
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Proposition (4.22) and straightforward calculations that, as z — oo,

9 B 4 1 — B2 g g 52 g
24
RIS 35:21/3w? 3 +0( —g) I >0
Ni(wi(2)) = 647 192 z mz >,
s ) -2 5w 41— 22 2;/ w7 5222/43 223
+6%Z 1 _ 3521/3w —7_’_0(2 3) Imz<0,
—2*%w2z§+1 521/3w ,,_i_ 522/3 w? —3
8
5 ,—1 _ 3523w —4 5
Nl(WQ(Z)) = +(?4Z 1 h 192 ui/s 2 +O(z 32)/3 2 tmz > 07
—273wz3 +1— 5.28 —z +52 w,—3
\ +6%z_1 — 35'21;/23‘”2 278+ Oz~ 3)7 Imz <0,
5-21/3 5. 22/3 5 35 - 21/3
Ni(ws(2)) = —27525 +1 — TS 2T e 4 0,
—273wzE — 5 + 721/3 2275+ 221; 273
7 23- 21/3 -4 2
Ny (2)) = —61—42 1+ T 3 +(’)(z 3), ) Imz >0,
—273w%23 — 2 42w / w,—3 4 227w 22/83 2%
\ —6142_1%—23??# _7+(’)(z 3) Imz <0,
9 3w23 — L4 21/% -3 +522/3w22 2
2 18
7 - 23. 21/3 -4 2
No(ws(z)) =4 _8° L+ BErs +O( 3), Im 2 >0,
2{W2 — 9 dwzs—7+2l/3 w2 +22/3w _%
3
\ —6142_14—% 754—(’)(2' g), Imz <0,
L1 1 23, 5.928 5 7 23.21/3 4 5
— 9278323 4+ 2,73 P TS BNRN( [P P 1
No(ws(2)) z 2—i— g T 61” + TR +0(z73),
and
—2_%wz% _9_ 11-21/342 z_% + 2%/3y 2
6
Ny(un()) = 4 2~ e 4 0GT), Imz > 0,
3\wilz2)) = o 3w 2:3 o 11- 21/3‘02_7 n 22/3, 22 %
g, 6
+3271 — 721/3“’ -5+ Oz~ g) Imz <0,
(93025 — 9 — 20w —5 | 2282 3%
g,
_ /3 _4 5
Nyun(e)) = 4 2= T e s+ 0GT), fmz >0
3 2 - _9- 30.)23 _9_ 11.21/3 2275 22/3“}27%
g 6
—i—éZz*l 77'2;/63”2 273+ (’)(z_%), Imz<0
11-21/3 22/3 17 7.21/3
N3(ws(z)) = 27523 —2— Tz_% + Tz_% 6—4z_1 ~ 96 2754 O(z %)
Inserting the above formulas into (4.21)), we have
No(z) = (I +O(z"1)) diag (23,1,275) Ly,  +Imz >0, (4.23)
as required.
This completes the proof of Lemma [£.6] O
For general a # 0, we define, with the aid of Ny in (4.21)),
No(z) = CoNo(z) diag(D1(z), Da(z), D3(2)), (4.24)
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where
2 7
1 —275a 27 5a(a+1)

Co=2"5[0 1 B (4.25)
0 0 1
and .
Di(z) =wi(2)79, Dy(z) = wa(2)™ 7, Ds(z) = e ws(2)” 7, (4.26)

and the branch cut for z% is taken along 7; = wg _(—00,0). The functions D;(z), i = 1,2,3,
can be viewed as an analogue to the Szeg6 function; cf. [40].

Lemma 4.7. The function No(z) defined in solves the RH problem .
Proof. From the definitions with special choice of the branch cut, it is readily seen that
Dii(z) =D1—(2),  Doy(x) =e D3 _(z), Dsi(z)=e*"Dy_(z),  (4.27)
for z € (—0o0,0), and
Diy(x) = Do —(x),  Day(x) =Di(x),  Dzi(x)=Ds_(z). (4.28)

for x € (1,+00). A combination of (4.18)) and (4.19) with o = 0, (4.24)) and the above relations
implies that N,(z) is indeed analytic in C\ ((—o0, 0] U1, +00)) and satisfies the jump condition

and (1),

In view of (4.26]) and the asymptotic behaviors of the w-functions given in (3.12)) and (3.13]),
we have, as z — oo,

Jomge e <1 n 2;;3) 3 + oc(;c /1)0sz§ + a(a2_3o£24/3_4)z—1
i +a(a+ I S;ﬁ?;;/r3210/376)w2 573 + (’)(Z_%) , Imz >0, (4.29)
1 z) = aﬂ-i @ o7 — 2 2_ 4/3 _ :
2ez8 (1 + 5273 w7+ Q(C;le)w 275 4 2 30512 251
+a(a+1)(a9g.7202%210/3 0w, -5 + O(ng)) ) Imz <0,
(525278 (14 82 + ia@;:}ngzf% 4 2o B ?Pd) 1
o) +a(a+1)(azg7;7;210/3 6w ,—3 +0(z~ g)) , Imz >0, (4.30)
2\%) = ari _«a a — — :
795,78 (1 +owtomh oy Qo he—f | ala?Bad2 o) 1
+o¢(0¢+1)(0¢ 9_6?;2_}_3210/3 6)w? 27% + 0(27§)> 7 Imz < 0,
a _a 1oala—1) 2 ale®—=3a+2Y3—4)
Ds(z) =232 3(1—1-22/3 3+ 5773 273 + 51 z
ala+1)(a? = Ta+2'03 —6) 4 _s5
9. 22/3 z 34+ O(Z 3) . (431)
Inserting the above equations into (4.24)), together with (4.23)), gives us, if Imz > 0,
Na(2) = (I+0(27Y)) 2527 5C, diag (27,1,27 ) Ly (1+ 23? 3 diag(w?, w, 1)
-1 2_3a+2Y% -4
+ a(;/g)zg diag(w,w? 1) + a(o O;z: )zfl diag(1,1,1)
1 2 - 7 210/3 - 6 ami ami
et )(a96 : 23/: )z_% diag(w?, w, 1) + O(z‘g) diag ( s,
(4.32)
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and if Imz < 0,

No(z) = (I+0(z71)) 25275 C, diag (z%, 1,z*%)L_ (I + 22;.;327% diag(w,w?, 1)
ala—1) _2 2 a(a? — 3o+ 243 — 4)
+ —5is 2 diag(w*, w, 1) + o

~!diag(1,1,1)

ala+1)(a® =Ta+2193 —6) 4 9 5 ) _ami  ami
06 22/ z7 s diag(w,w?, 1) + O(273) | diag (e~ 3 ,e 3 ,1),
(4.33)
where C, and Ly are given in (4.25) and ([2.10]).
After a straightforward calculation, we have
Nl -2 _a 1 _1 . 4 ami ami
No(z)=(I+—+0O(z77) ) 273 diag (23,1,273)Lydiag (e* 3 ,eT 3 ,1), +Imz >0,
z
(4.34)
where
* * ok
N, = kokox ] (4.35)

a/Z% x %

as shown in (4.20)).
This completes the proof of Lemma [£.7]

O]

Finally, from the asymptotic behaviors of the w-functions given in items (iii) and (iv) of
Proposition [3.1} it is readily seen the following proposition regarding the refined asymptotic

behaviors of the global parametrix N,(z) near z =0 and z = 1.

Proposition 4.8. With N,(z) defined in (4.24), we have, as z — 0,

o —5.97F —7.95 273 0 0
1

No(z) = == 4 -2 2| lzsl0 o0
9 5 8 5 . 39/4
—923 23 —923 0 —1¥=

0 0 0 N
ot oyt ot soih) | ((3) 3

0 1 g 3
4 4

23

wlR

3V3
0 52000
09/4 +{1 0 00
3
A 0 00
z—%“,s%“z—‘%) (4.36)



If z— 1 and Im z > 0, we have

C ~5.975 _7.95 973 o 1 1 —i 0
Na(z) = ?a —2 =2 | |3tei(z-1)"1 | -1 1 0
—23 25 23 i
1 5 5
ga (00 3 o [ ila=35) —(a=3) 0
_7 0 0 2|+3 2ed(z—1)2 _j(%_l,_%) %+% 0
Poos G ) -G o
_a@Bats) 1 (_aBeth) 1)
1/4 [ 2 iz ! 2 12
+ 5 e%(z _ 1>§ a(3a4+13) _ %Z _i (a(3a4+13) _ ;) 0
(3a+31) 253 . (a(3a+31) | 253
B S T (a 5T T) 0
ga 00 2a —1§4
+—=-1)10 0 8a-—=3%
V3 0 0 320+
(2,3 _ 15 1 3_ 15 1
3-1/4 . *13(30‘ ;TQ*E) ot =5 3 0
e et (3 e o) (3 e ) o
_16a3+108a2+417a+269 603 +108a%+417a+269 0
8 8
+O((2 - 1)%)} . (4.37)

Since the jump matrices for S and N, are not uniformly close to each other near z = 0 and
z = 1, we next construct local parametrices at these two points, respectively.

4.4 Local parametrices near z =0 and z =1

In a small disc D(0,¢) centered at 0, we seek a 2 x 2 matrix-valued function P(¥)(z) satisfying
an RH problem as follows.

RH problem 4.9.
(a) PO)(z) is analytic in D(0,¢) \ L7, where Xp is defined in ([&.2)).
(b) For z € D(0,e) N X7, we have

10 0
0 1 eomies™?Me(2)=x(2) | z € D(0,6) NSy,
00 1
1 0 0
PO =PY=) 30 0 —eom], 2 eD0,6)NSs,  (4.38)
0 e@m 0
10 0
0 1 eomes??e(x)=XG) | 2 D(0,e)N Sy
00 1

(c) As s — 0o, we have the matching condition
PO = (1 + 0(3-%)) Na(2),  2€dD(0,e), (4.39)
where No(z) is given in (4.24).
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The RH problem [4.9|for P(O)(z) can be solved explicitly with the aid of the Bessel parametrix

<I>gBeS) described in Appendix Al To this aim, we introduce the local conformal mapping

1
f(z) = E(AQ(Z) —A3(2))2 =tz + O(2?), z—=0, (4.40)
where ¢; is given in (3.31)); see (3.29) and (3.30). We then define
1 0 0
o a B 4 B 4
PO(z) = B(z) diag (1, /()7 %, f(2) %) | 0 (2)) (sH£()) (@87) (s3f(2)
(Bes) 4 (Bes) 4
0 (o) (3£ (28)  (s3(2)
51/3 z)— z 81/3 z)— z
« ding (1’6_ (a(2)=2a( >>,e (2(2)=2a( >>) ’ (4.41)
where
N (V) t
B(z)= =22 | 0 —imisif(a)i nisTif(a) 7 | diag (1, /()8 f(2)F), (442)
\/5 l 1 1 R S | _1
0 wishf(a)i —imhemif()

and 5 solves the RH problem
Lemma 4.10. The matriz-valued function P©)(z) defined in ([@.41) solves the RH problem .

Proof. We first show the analyticity of F(z) near z = 0. According to its definition in (4.42)),
the possible jump is on (—¢,0). It follows from (4.18) and (4.40) that, if z € (—¢,0),

E_(2)"'Ey(2)

. V2 0 0
= Sdiag (L /()75 ()73 ) | 0 inEsTif(a)E mEsTif(2)
0 T35 f_ z)i —ir2s3 ,(z)i

1
x|{o 0 —eom 0
0 —ari 0 0

e

0 0 V2 0 0 )

x diag (1, f+(2)%, f1(2)%
= diag (1, /-(2) Fe ™ f ()8, f () Ferom L (2)%) = . (4.43)

Moreover, we see from (4.36) and (4.40) that

_5.97%F —7.25 9273

Ca
(0) = 2 -
9v2 —923 23 —23
90333 0 0
x 0 0 3175 |cy [ 2n 2578 |, (4.44)
0 —739/42+a/2|01|a+%7r%5% 1737/42+a/2|01|a_%7r_%3_%

where C, and ¢; are given in (4.25) and (3.31)), respectively. Thus, E(z) is indeed analytic in
D(0,€). It is then straightforward to verify P()(z) satisfies the jump condition (4.38) by using

(A.1), item (i) of Proposition and the analyticity of F(z).
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It remains to check the matching condition (4.39? . As s — oo, applying (4.41)), (4.42) and
the asymptotic behavior of the Bessel parametrix <I>a3es)(z) at infinity in (A.2)) yields

J
PO(2)Ny(z) L =T+ 312(/? +O(s73) (4.45)
with
1 0 0 0
Ji1(2) = ——575Nal(2) | 0 1+4a” —2i No(2)7L, (4.46)
8f (=) 0 -2 —1-4a?

which is (4.39)).

This completes the proof of Lemma O

Similarly, near z = 1, we intend to find a function P(l)(z) satisfying the following RH
problem.

RH problem 4.11.
(a) PW(2) is analytic in D(1,¢) \ X7, where Xr is defined in ([4.2).
(b) For z € D(1,e) N X7, we have

(

0
~10 0], zeD(1,e)nxsV,
0
0 0
PW)=PW ()¢ | e e@-26) 1 o,  zeD@,e)nz, (4.47)
0 0 1
1 0 0
PN 1 0|, zeDA,e)nsV.
\ 0 0 1
(¢) As s — oo, we have the matching condition
PO(2) = (I +O(s73 )) No(2),  z€dD(1,e), (4.48)

where Ny (z) is given in (4.24]).

The RH problem can be solved with the help of the Bessel parametrix <I>(()Bes), following
the similar spirit in the construction of P(O)(z). The conformal mapping now reads

f(z) = i()\g(z) —M(2)=-E(z—1)— 2863z —-1)2+0((z - 1)3), z—1, (4.49)

where ¢, and ¢3 are defined in (3.34)); see (3.32)) and (3.33)). We now define

es 4z es 4~
(@) ey (o) (i) o
PU(z) = E(2) (@gBeS>)22 (s3f(2) — (cpreS))m (s5f(2)) 0
0 0 1
31/3 z)— z 31/3 zZ)— z
« ding (e ()= ( >)7€_ EPOREM >>’1> ’ (4.50)
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where

i [P b
E(z) = /3 §§f(z)1 —fasfgf(z)*z \% (4.51)

and &5 solves the RH problem with a = 0.
Lemma 4.12. The matriz-valued function PU(2) defined in ([A.50) solves the RH problem|4.11]

Proof. By -, it is easily seen that E(z) is analytic in D(1,) \ [1,1+¢). For z € (1,1 +¢),

it follows from and - that

_1 _1 1 1 _1
) . (72 f{“_(z)l i —ir 21313~_(z2 i 0 0 10
E_(2)Ey(2) =5 | iresif (2)7 —m2s3f_(2)1 0 -1.00
0 0 V2 0 01
W%S% }(zrﬁ1 —iw‘%s‘%ﬂ(z)‘% 0
x |in2ssfy(2)7 —m3sTafy ()73 0 | =1, (4.52)
0 0 V2
and by (4.37),
2 1 2
] o (52 —Te2s 27E\ T /2 00
(1) = } 4 -2 —2 | |31¢imzss [-1 0 O
W2\ a3 25 23 3 00
1 5
ik 8 8 g + 21 8 P 8 (4.53)
B ~1/2 T2 .3 ) :
V3 o 0 ) 3/alr2ss\g o1 g

where C, and ¢ are given in (£.25) and (3.34), respectively. We thus conclude that E(z) is
analytic in D(1,¢). Note that

((I)(()Ees)lz (Sif(z)) B ((I)(()EGS))H(S ~
(@6°), 37— (@6™), (s37(=)

where the Pauli matrices o7 and o3 are defined in . It is then easy to check that P()(z) sat-
isfies the jump condition by applying (A , 1tem (i) of Proposmon and the analyticity
of E(z).

Finally, on account of (4.50), (4.51), (4.54) and the asymptotic behavior of the Bessel
parametrix (ID(aBeS) (z) at infinity in , we obtain after a straightforward computation that,
as s — 00,

= 3P (53 f(2)) o103, (4.54)

—

Ji(z
PO (2)Ny(z) =T+ 2(/3> +O(s73), (4.55)
s
with
) 1 -1 2 0
Ji(z) = —————=Na(2) | 2 1 0] Nu(2)™. (4.56)
8f(2)1/2 0O 0 0
This completes the proof of Lemma [4.12 O
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For later use, we need to calculate E'(1). The evaluation is direct and cumbersome by

combining (4.51) and the asymptotics of No(z) and f(z) near z = 1 given in ([£.37) and (4.49).
We omit the details but present the result below.

9¢: 1
3 o [5 275 —7.25 273 31/431/2 172 1/3 é%i_ a(Ba—5)—5 0 0
iy - Ca 4 9 _9 c TS _ 9 a(3a+13) 35 0 0
(1) = 92 . : . 9 o2 et gi2
2 e =2 C. a(ox
—23 23 —23 ﬁ_f_ﬁ 0 0
' 0 28 (2 —2a) — 60’ + 150+ 1 0
! 0 2253 (%+o¢)+3a3+27a2+%a—14 0
54 - 31/461/ 2 11/241/3 0 _20 (13 | o) _ 60°+1080%+417a+269
(5 +9) - 1
00 2a-%
2a+1/2 3 3
+27\[ 0 0 sa—d )], (4.57)
0 0 320+

where the matrix C, and the constants ¢;, i = 1,2, 3, are given in (4.25)) and (3.34)).

4.5 Final transformation

The final transformation is defined by

S(z)PO)(2)~1, z € D(0,¢),
R(z) = S()PD()),  2eD(le), (458)
S(2)Na(2)71, elsewhere.

It is then easily seen that R(z) satisfies the following RH problem.
RH problem 4.13.

(a) R(z) is analytic in C\ Xg; where the contour L is shown in Figure |8

(b) For z € ¥R, we have
Ro(2) = R_(2)Jn(2),

where
PO (2)N,(2)~1 z € 0D(0,¢),
Jr(2) = { PW(2)N,(2)~ ! 2z €dD(1,¢), (4.59)

No(2)Js(2)No(2) 1 z € Xg\ (0D(0,e) UOD(1,¢)),
and where Jg(z) is defined in (4.11)).

(c) As z — oo, we have
R1

R(z) =1+ -t 0(z7?), (4.60)

where Ry is independent of z.

On account of Corollary the matching conditions (4.39)) and (4.48]), it is readily seen
that Jg(z) — I as s — co. By a standard argument (cf. [I4]), we conclude that, as s — oo,

Ri(2)
$2/3

4 d (%)
+O(s73) and QR(Z): 273

R(z) =1+ +O(s73), (4.61)
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Figure 8: The jump contour X i for the RH problem for R.

uniformly for z € C\ ¥ r. Moreover, the function R;(z) in (4.61)) is analytic in C\ (9D(0,¢) U
0D(1,¢)) with asymptotic behavior O(1/z) as z — oo, and satisfies

[T (z), z€dD(0,¢),
Ri1(2) — R1-(2) = { ji(z), z € 0D(1,¢),

where the functions .Ji(z) and Ji(z) are given in (#.46) and (£.506), respectively. By Cauchy’s
residue theorem, we have

1 J1(¢) 1 J1(¢)
1(2) 271 Jap(oe) # = € " omi aD(1,e) # — 6 ‘
Resco©) | Resea 50 ¢ ¢\ (D(0,¢) U D(1, )
ResC:;) J1(€) + Resqzziljl((:) _ Jl(z)7 = D(O,E), (4.62)
Resczg J1(¢) + Resgzzii]l@) _ jl(z)’ = D(1,8).

We conclude this section with the calculation of Rj(1). Recall J1(z) in ([£56), we have from
the asymptotics of N,(z) and f(z) near z =1 in (4.37)) and (4.49)) that

- e 200

where Jy and J; are two constant matrices. This, together with (4.62]), implies that

Ry(1) = ~ i ~ Res 1), (4.64)

+Jo+ Ti(z—1)+0O((z — 1)?), z— 1, (4.63)

Although the explicit formula of 77 is available, we decide not to include it due to the compli-

cated form. For the term E{_eg J1(¢), combining (4.46)), (4.37) and (4.40]) together, we have

_5.27% _7.95 2% 0 0 0
l?zeg, Ji1(¢) = Ca 4 ) —82 —20 0 33/2(1?04271) 0
—23 23 —23 0 6] 0
5.27% 7.2 273\
X 4 -2 =2 cl, (4.65)

where C,, is given in (4.25)).
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5 Proof of Theorem 1.1l

We start with derivation of asymptotics of %F (s;p). By (2.37) and (4.1)), it follows that

8 1 . —1 v/ 1 . —1v
%F('S;P) = —%ll_)ms (X(Z) X (Z))21 = _%lﬂ (T(Z) T (z))21 (5.1)
Inverting the transformation 7' — S given in (4.8)), we have
T(Z) _ AS(Z) diag(682/3>‘1(z), 652/3>‘2(z), 652/3>\3(z))’ (5‘2)

where A is an invertible matrix that is independent of z. Thus,

lim (T(2)7'T'(2)) , = lim (diag(e™"/"1), = 7e(0) =) 5(2) 71 9'(z)
z—

z—1

% diag(es2/3>‘1(z),652/3)‘2(z),682/3’\3(Z))>21 = lim (S(z)_lS'(z))21 , (5.3)

z—1

where we have made use of (3.32)) and (3.33)) in the second equality. By further tracking back
the transformation S — R given in (4.58)), we obtain from (.1)) and the above formula that

%F(s;p) =5 lim (S(2)718'(2)),,
— _271i8 711—% (P(l)(z)—lR(Z)_lR/(z)P(l)(Z) + P(l)(z)_l(P(l)(z))’) . (5.4)

This, together with explicit expression of P(V(z) in (&.50)), estimates of R(z), R'(z) in (4.61)
and the local behaviors of \;(z), i = 1,2, near z = 1 in (3.32)) and (3.33)), implies that

iF(S;p)
=g <B<8§f<2>>‘1E<Z>‘1 ( i+ 0<s—§>) E(2)B(s3 ] (2))
+ B(s3 (=) B(2)'E'(2)B(s f(2)) + 53 f(2) B(s3 () B(s5 f(z))> C (55)
21
where
((I)(()BQS))H (2) = ((I)(()BeS))n (2) 0
By = | (o) () — (™), (=) 0] (5.6)
0 0 1

We next calculate the three terms on the right hand side of ([5.5)) one by one. To proceed,
we observe from (A.4]) and properties of the modified Bessel functions Iy and Ky given in [42]
Chapter 10] that, as z — 0,

1+ 0(2) O(lnz) 0
B(z)= | B2z+0(:?) -1+0(zInz) 0], (5.7)
0 0 1
and
(Bes) (Bes)
B(z)" = (@0 )22 (2) _(@0 )12 (z) 0| = Tz4+0(2°) —1+0(z) 0. (5.8)
0 0 1 0 0 1
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A combination of the above two formulas gives us

lim (B(2)"'B/(2)),, = —%i. (5.9)

In addition, it is straightforward to check that for any 3 x 3 matrix M, one has

lim (B~ (2)M B(z)),, = —(M)a1. (5.10)

z2—0

For the first term in (5.5)), we obtain from E(1) in and R{(1) in (4.64) that

i(40? —1)ém 3icsm i(8a2 + )

(5_§E~(1)_1R’1(1)E’(1))21:— e e (5.11)

where ¢;,i = 1,2,3 are given in (3.34) and c; is given in (3.31)). This, together with (5.10) and
(4.49), implies that
Ry (z z
(2 i)
21

lim <B(s§f(z))—1E(z)—1 < St 0(s—§)> E(2)B(s

(XIS

z—1

= —lim ( E(2)"! R,12§§>+0(s*%) E(z)
S 21

z—1

i(4a? — 1)ém 3icsm  i(8a? + )7 2
— O(s73). 5.12
o] Tem T oam TOW) (5.12)

Similarly, with the aids of F(1) and E'(1) in and (4.57)), we have

lim (B(s f()) " B(2) " E'(2)B <s%f<z>>) =~ lm (BG) (),

z—1 21 z—1

iV3aré 2
3

The third term in (5.5 can be evaluated directly by applying (4.49) and (5.9)), which gives

V2]
w

(5.13)

Tz

nm(s%f'm Ysif(2)B <%f<z>>) st (5.14)

2—1 21 2

Finally, substituting (5.12 and into ( ., we obtain

OJ

- F(s;p) = — ’ 8 s 3 = 573 —
0s 28/3 2 3.24/3 3.22/3 72

as s — 0o. Integrating the above formula gives us

p 3a—p2 1 ap  _2 12a2+13_1+(’)(s_%),

_ 2 2
9 4 p5+3a p° 2 ap 1 1207 41

_1
16.2235° T8 T o S T st T T Ins+ C(p)+O(s3), (5.15)

F(s;p) =~
uniformly for p in any compact subset of R, where C(p) is a constant that might be dependent
on the parameters o and p.

To find more information about C(p), we come to %F (s;p). From (2.38) and (4.13), we
have

0 p(p* + 9a) 1 p(p* +9a)
—F(s:p) = —(X = — —_ .16
op (5:0) = =(Xi)s1 + = s3(S1)a1 — sd + =, (5.16)
where S7 and d; are given in (4.13]) and (3.28])). Recall that
S(z) = R(2)Nu(2), z€ C\ (D(0,e) UD(1,e) UXrp), (5.17)

31



it follows (4.12)), (4.34) and (4.60]) that

S1 =Ny +R; (518)

where N; and R; are the coefficients of 1/z for R(z) and N(z) at infinity given in (4.34) and
[@60). It is clear from ([&.61)) that Ry = O(s~2/3). This, together with (#.35), implies that

«
(S1)31= (N1 +Ri)s1 = 5= + O(s™3). (5.19)
22/3
We then obtain from ((5.16]), (3.28]) and the above formula that
L5 p oz a1 p(p*+9a) 1
%F(s,p)—§—24/353—22/353+ o + O(s™3), s — 00. (5.20)

Comparing this approximation with the asymptotics of F(s;p) given in (5.15)), it is easily seen
that

2
C'(p) = M_ (5.21)
27
Hence,
C LTS 5.22
(p) = 108 + e +0, (5.22)

where C' is an undetermined constant independent of s and p. Inserting (5.22)) into ([5.15)) leads
to our final asymptotic result (|1.6]).
This completes the proof of Theorem O

A The Bessel parametrix

The Bessel parametrix <I>(aBeS)(z), which depends on a parameter o > —1, is the unique solution

of the following RH problem.
RH problem A.1.
(a) @g{Bes)(z) is defined and analytic in C\ (Ug?zll‘j U{0}), where the contours 'y, j =1,2,3,
are shown in Fig. [9,

(b) For z € U;-’Zlfj, we have

1 ami
0 61 ) R S Fl,
(I)(Bes) . (D(Bes) 0 -1 T A
i =afm (V). sem, (A1)
1 —ami
0 c 1 > s z €TI's.

(¢) As z — oo, we have

ool = T ()

V2
1 [1+40? —2i 1 /2,
% <I+ 821/ < —2i  —1- 4a2> o <z>> ‘ - (A2)

where o3 is defined in (1.8)).
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Iy

11

I's

Figure 9: The jump contours T';, j = 1,2, 3, and the domains I-TIT in the RH problem for &5

(d) As z — 0, we have

o [H? lzlz ’ @<,
|22 |2]2
1 1

o lnlz: ln}zl ’ a=0,

CI)((XBES)(Z) — nfg n Zg (A?))

2[72 [z]2

@ a E a>0 and z €1,
2]72 2|2

oAz T2 S0 e e oL
2[72 [2]72

where the domains I-111 are illustrated in Figure [9

Although the above model RH problem is slightly different from the standard Bessel parametrix
introduced in [40], they are actually equivalent. From [40], we have

0 1
) ) z € I,

1 0

I (21/2) ip (21/2) 0 1
(Bes) . a K,
DY (2) = (ﬂizl/ﬂg(zlm) _21/2Kg(z1/2) | _eom ] z €11, (A4)

1

" ) . zelll

1 6_0671'1

where I,(z) and K,(z) denote the modified Bessel functions [42] and the principal branch is
taken for z/2.
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