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BLACK BOX APPROXIMATION IN THE TENSOR TRAIN FORMAT
INITIALIZED BY ANOVA DECOMPOSITION*

ANDREI CHERTKOVT, GLEB RYZHAKOVT, AND IVAN OSELEDETST

Abstract. Surrogate models can reduce computational costs for multivariable functions with an
unknown internal structure (black boxes). In a discrete formulation, surrogate modeling is equivalent
to restoring a multidimensional array (tensor) from a small part of its elements. The alternating least
squares (ALS) algorithm in the tensor train (TT) format is a widely used approach to effectively
solve this problem in the case of non-adaptive tensor recovery from a given training set (i.e., tensor
completion problem). TT-ALS allows obtaining a low-parametric representation of the tensor, which
is free from the curse of dimensionality and can be used for fast computation of the values at arbitrary
tensor indices or efficient implementation of algebra operations with the black box (integration, etc.).
However, to obtain high accuracy in the presence of restrictions on the size of the train data, a good
choice of initial approximation is essential. In this work, we construct the ANOVA representation
in the TT-format and use it as an initial approximation for the TT-ALS algorithm. The performed
numerical computations for a number of multidimensional model problems, including the parametric
partial differential equation, demonstrate a significant advantage of our approach for the commonly
used random initial approximation. For all considered model problems we obtained an increase in
accuracy by at least an order of magnitude with the same number of requests to the black box. The
proposed approach is very general and can be applied in a wide class of real-world surrogate modeling

and machine learning problems.
Key words. ALS, ANOVA, black box approximation, low rank representation, tensor train
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1. Introduction. Many physical and engineering models can be represented as
a real function (output of the model), which depends on a multidimensional argument
(input of the model) and looks like

(1.1) y=f(x) eR, x=I[r1,22,...,24" €QCR

Such functions often have a form of a black box (BB), i.e., its internal structure and
smoothness properties remain unknown. The time and/or required resources for one
computation of the function f may be significant, and it is relevant to train some
surrogate model g (low-parametric approximation) that can be evaluated quickly, but
at the same time remains sufficiently close to the original function. Then such a
simple model g can be used instead of the original BB for faster computations of its

outputs from given inputs. Moreover, the statistical characteristics of the BB may be
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approximately recovered from this model g by fast Monte-Carlo sampling or with the
usage of the known specific internal structure of the function g.

The model g may be a decomposition by some basis functions, for example,
Chebyshev polynomials [32], but in many cases, it is more natural to directly discretize

the target function (1.1) on a multidimensional grid
(1.2) {x&nl), xgnz), cee xfind)}, ng=12,...,N, for k=1,2,....d,

and then represent the BB as implicitly specified multidimensional array (tensor)!
Y € RN N2x...xNa that, collects all possible discrete values of the function (1.1) inside

the domain €2, i.e.,
(13) Qy[nl’ n2, ..., nd] = f(mgn1)7 Ignz)a ceey x((jnd)).

Undoubtedly, the task of explicitly constructing and storing such a tensor is too
computationally expensive, and for large values of the dimension d, this is completely
impossible due to the course of the dimensionality. However, the usage of the low-rank
tensor approximations, namely the tensor train (TT) decomposition [21], makes it
possible to approximately represent the tensor in a compact low-parameter format
using only a small number of explicitly computed elements. The TT-decomposition
is a common approach for compact approximation of multidimensional arrays and
multivariable functions [8, 9, 24]. The approximation in the TT-format allows subse-
quent usage both for quick calculation of BB values and for constructing its various
statistical characteristics. It is possible to effectively perform algebraic operations
(element-by-element addition and multiplication, convolution, etc.) over tensors in the
TT-format [21]. Thus, for example, it turns out to be more efficient in some cases to
construct a surrogate model of a multidimensional tensor in the TT-format first, and
then perform summation with it (see, e.g., [3, 26]).

The TT-ALS (alternating least squares in the TT-format) [15, 14] is a tensor
completion method that constructs the TT-approximation from a given set of tensor
elements (e.g., random samples may be used), alternately optimizing the current
approximation for each mode, with fixed values of the parameters corresponding to
the rest of the modes. The TT-ALS is a powerful tool for tensor approximation, and
it has found a wide range of practical applications [34, 28, 5]. To use the TT-ALS, it
is necessary to set an initial approximation, which can, for example, be given in the

form of a random TT-tensor. However, the choice of this initial approximation plays

1By tensors we mean multidimensional arrays with a number of dimensions d (d > 1). A two-
dimensional tensor (d = 2) is a matrix, and when d = 1 it is a vector. For scalars we use normal
font, we denote vectors with bold letters and we use upper case calligraphic letters (4,%,%,...) for
tensors with d > 2. The (n1,na2,...,nq)th entry of a d-dimensional tensor ¢ € RN1XN2x...xNa g
denoted by d[ni,ne2,...,ng], where ng, = 1,2,..., N (k=1,2,...,d) and Ni is a size of the k-th
mode, and mode-k slice of such tensor is denoted by d[ni,...,nk_1,:,Ngt1,..., N4l
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an important role in the quality of the resulting representation in the TT-format and
often the use of a random TT-tensor turns out to be unsatisfactory [17, 25, 12, 6]. So,
in particular, with an unsuccessful initial approximation, too many iterations of the
method may be required, or the resulting solution may converge to a local optimum
that is not good enough. In this work, we propose the modified version of the ANOVA
(analysis of variance) representation [29] in the TT-format as an initial approximation
for the TT-ALS algorithm. The interdependence of the model inputs utilizing a
split representation corresponding to the ANOVA decomposition allows significantly
increase the stability of the TT-ALS approach for constructing a TT-tensor from
restricted observations.

As a practically significant numerical example, we consider a parameter-dependent
partial differential equation (PDE). Equations of this kind have a wide range of appli-
cations [10, 1] such as those associated with optimization or uncertainty quantification
after random field discretization. These include groundwater heights in geotechnical
engineering, soil parameters, wind loads and snow loads in structural engineering,
the amount of precipitation and evaporation in hydrology, etc. We consider the
mean value of the PDE solution as a multivariable function of PDE parameters and
construct its compact representation in the TT-format using the proposed approach.
The performed numerical computations for this problem, as well as for a number of
model analytical multivariable functions, demonstrate a significant advantage of our
approach concerning the commonly used random initial approximation.

To summarize, our main contributions are the following:

e we construct the ANOVA expansion in the form of the TT-tensor (TT-ANOVA)
and we propose to use it as an initial approximation for the TT-ALS algorithm
to approximate the multidimensional BB (TT-ANOVA-ALS method);

e we implement the proposed algorithms as a publicly available python package?;

e we apply our approach?® for several multidimensional model problems, includ-
ing the approximation of the parametric PDE solution, to demonstrate its

robustness and performance.

2. Tensor train format. There has been much interest lately in the development
of data-sparse tensor formats for high-dimensional problems. A very promising tensor
format is provided by the TT-approach [21]. It can be computed via standard
decompositions (such as SVD and QR) [23], but does not suffer from the curse of

dimensionality.

2We implemented basic operations in the TT-format, as well as TT-ALS and TT-ANOVA
approaches within the framework of the software product teneva, which is available from https:
//github.com/AndreiChertkov/teneva.

3The program code with numerical examples, given in this work, is publicly available in the
repository https://github.com/AndreiChertkov/teneva_research_anova_and_als. For all considered
model problems, including parametric PDE, we obtained an increase in accuracy by at least an order
of magnitude with the same number of requests to the BB.
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Fig. 1: Schematic representation of the low-rank TT-decomposition. The tensor
Y € RN1xN2x..xNa g represented in the low-rank TT-format as an ordered list of
three-dimensional tensors G € RFx-1*NexBe (=1 2 ... d), which are named TT-
cores. To compute an arbitrary element (n1,na,...,nq) of the tensor %, the product
of the TT-cores according to the formula (2.1) or (2.2) should be performed.

A tensor Y € RN >XNaxXe-XNa jg gaid to be in the TT-format, if its elements are

represented by the following formula (see also illustration on Figure 1)

Rl R2 Rd—l
(21) Cy[Tll,ﬂQ,. .o ,Tld] = Z Z e Z Cgl[l,nl,rl]cﬁﬂrl,ng,m] e
ri=1rey=1 rq—1=1
Ga-1[ra—2,ma-1,74-1]%a[ra-1,naq,1],
where n, =1,2,..., N, (k=1,2,...,d) represent the multi-index, three-dimensional
tensors €, € R —1XNexXBi are named TT-cores, and integers Ry, Ry, ..., Rq (with

convention Ry = Rq = 1) are named TT-ranks. The latter formula can be also

rewritten in a more compact form

(22) Gy[nl,ng, e ,nd] = Gl(nl)GQ(ng) e Gd(nd),

where G (ny) = Gi[:, nk, ;] is an Ri_1 X Ry, matrix for each fixed ny (since Ry = Rq = 1,
the result of matrix multiplications in (2.2) is a scalar).

The benefit of the TT-decomposition is the following. Storage of the T'T-cores
€1,%6, ...,6, requires less or equal than d x maxj<x<q (NkR%) memory cells instead
of N=N{Ny...Ng~ Ng cells for the uncompressed tensor, where Ny is an average
size of the tensor modes, and hence the TT-decomposition is free from the curse of
dimensionality if the TT-ranks are bounded. The detailed description of the TT-format
and linear algebra operations in terms of this format is given in works [23, 21].

An exact TT-representation exists for the given full tensor zz}, and TT-ranks of
such representation are bounded by ranks of the corresponding unfolding matrices [21].
Nevertheless, in practical applications, it is more useful to construct TT-approximation

with a prescribed accuracy err, and then carry out all operations (summations,
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Fig. 2: The proposed TT-ANOVA-ALS computation approach for the discretized BB
approximation based on a random training dataset.

products, etc) in the TT-format, maintaining the same accuracy epr of the result. For

a given tensor ng in the full format and desired accuracy epr in the Frobenius norm

(2.3) 1Y = Yllr < err - [1Y]]r,

the TT-decomposition (compression) can be performed by a stable TT-SVD algorithm,
but this procedure of the tensor approximation from the full format is too costly and
is even impossible for large dimensions since it requires the calculation of all elements
of the original tensor. Therefore, more efficient algorithms, that allow constructing
the TT-decomposition from a small part of the tensor elements (i.e., allow to perform
tensor completion), are used in multidimensional applications. We consider below the

TT-ALS approach, which is one of the most popular such algorithms.

3. Black box approximation. The proposed TT-ANOVA-ALS approach to im-
prove the stability of the BB approximation in terms of the TT-format is schematically
shown in Figure 2. We build the rough approximation for the BB by TT-ANOVA
algorithm (which is presented below in subsection 3.1), using K random samples from
the BB, and then apply the well-known TT-ALS algorithm (it is briefly discussed below
in subsection 3.2) on the same K samples using the result of the TT-ANOVA as an
initial approximation. Note that in this model, there is no need to access the BB
during iterations of the algorithm, just a random training dataset is sufficient. We show
by numerical examples, that this approach significantly increases the final accuracy of
the approximation with virtually no increase in the computational complexity and
eliminates the possibility of an accidental failure of the TT-ALS when the random

initial approximation is chosen poorly.
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3.1. ANOVA decomposition in the tensor train format. We assume that
our model function (1.1) is defined in the hypercube 2 = [0, 1] and integrable.
Consider its ANOVA representation (or decomposition into summands of different

dimensions) [29]

d
(3.1) f(.%'l,...,!Ed) :f()—l—ZfZ(.’El)—f— Z fij(.’L‘i, .%‘j)—‘r...—l—flggmd(xl, ceey .’L‘d),
i=1

1<i<j<d

where for all the functions f;,;, ;. (1 <4 <ia < ...<is<d, s=1,2,...,d) the
following equality holds

(32) / filu.ik...is(xila ey Lggy weey xis) d.]?ik = 0, for k= 1, 2, ...y S
Q

It can be shown from the definition of ANOVA (3.1) and (3.2) that this decomposition
is unique and all the members are orthogonal, hence the zero and first-order terms

can be expressed as follows

(3.3) foz/f(a:)da:, fi(xi):/f(w) [[doe—fo, for i=1,2,....d
Q Q

ki

The ANOVA representation (3.1) is often used to estimate the sensitivity of a
function to input variables or their combinations (Sobol indices) and to understand the
relationship of variables or their effect on the model output [29, 4]. This information
may be useful to eliminate uncertainty or simplify the model, i.e., the variables on
which the output depends weakly can be fixed (“frozen”). However, in our case, the
attractiveness of ANOVA lies in the possibility of its fast and efficient representation
in the form of a TT-tensor using some samples from the objective function f.

Suppose we have a training dataset (X (trin) y (train))

x (train) _ {$(1),w(2)7._., w(M)}, z(™ e RY,

ylrein) — g0 @) 00y y™ = f(x™) e R,

obtained from a uniform distribution, or from any low discrepancy sequence (LHS,

Sobol, etc.). Note that for the tensor approximation problem each variable x; (i =
1,2,...,d) take only a discrete set of values v(*) = {vgi), v%i), . ,vj(\i,Z}, moreover, the

number of these values N; for different variables may be different*. Then, we introduce

4For simplicity, we will further assume that the number of different values present in the dataset
is the same as the size of the corresponding tensor modes Ny, Na,..., Ng. This can be achieved, for
example, by using the LHS distribution.
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the notation

xem = {a e xOrom g = o} for j=1,20 Ny =12 d,

In other words, the set X;

for which the i-th component coincides with its j-th possible value.

collects those and only those vectors from X (t7ain)

Taking into account the introduced notation, we can represent the zero and

first-order terms from (3.3) as

M
~ 1 )
(3.4) for o7 > f(@™) = mean{f(x) | x € X e,
m=1
T i 1 T rain i
35) H) e —re > f(x) —fo = mean{ f(z) [ x € X7 } ~ fo,

~ train
Deviusl

i meXi(.t;'u.in)

where j =1,2,...,N;,i=1,2,...,d and | - | denotes the cardinality of a set.
The resulting approximations (3.4) and (3.5) allow to construct the discretized first
order ANOVA representation for a given training dataset. In the following Theorem,

we consider a way to explicitly convert this representation to the TT-format.

THEOREM 3.1. Consider the TT-decomposition Y for tensor CQ € RN1xN2x...xNq
with the TT-cores € € RI*MN*2 g, ¢ R2XNix2 (forj =2.3,...,d—1) and G4 €
R2XNax1 gych that

(3.6) (1,5, = (1 ?1(1)](,”)), j=1,2,...,Ny,
(3 7) Cgl[:7j7:}_ <O (/l;:] )>7 .7_1727 7N7A7 2_2737 7d_17
B + %
(3 8) ng[:,j,l]: (d(vj 1)+ 0 ) .7:1,2a 7Nda
where f; (i=0,1,...,d) arethe zero and first order terms from (3.4) and (3.5). Then

the TT-tensor Y has the same values for all possible elements as the corresponding
first-order ANOVA decomposition.

Proof. Let directly calculate the matrix product of the TT-cores (3.6), (3.7), (3.8)

‘ , - 1 fo(w? - -
Gu[L, j1,:] Golis jo, ] = (1 fl(vﬁ)D ( 2(vj, )> _ (1 f(ol) +f2(v](,§)))7
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then
. ) . ~ ~ 1 fa(0l
Gl 1] Galis gz ] Galida il = (1 Hi0()) +002)) ( s )>

= (1 /f\l(vj(.i)) +/1E2(’UJ(~§)) —|—/f\3(v(»3))) ,

and so on by induction, up to the last TT-core

?1[17.7.17:] %2[:,_7.2,:] e ?d,l[Z,jd717:] ng[:?jda 1] —
T 7 = - Ta(0'?) + 1
(1 ) +R0P) 4.+ T 0D)) <d( DRy

o+ i) +ReP) + .+ fal?),

that is, the (j1, ja, ..., jq)th element of the TT-tensor (taking into account the formula
(2.1)) coincides with the ANOVA representation (3.1). |

Thus, the given scheme for choosing the elements of the TT-cores allows us
to obtain the ANOVA representation within the framework of the low-rank TT-
decomposition, and we call this representation TT-ANOVA. Note that this result can
be directly generalized to the case of arbitrary TT-rank if we take the corresponding

additional elements of the TT-cores equal to zero.

3.2. ALS algorithm for tensor completion. The idea of the TT-ALS tensor
completion algorithm [15, 14] is to successively refine each of the TT-cores by solving
an overdetermined system of linear equations with the right-hand side equal to the
given tensor values from the train dataset (X (train) Y(”‘””)) using the least-squares
method. The TT-ALS starts from some initial approximation, which is usually a
random TT-tensor, and successively refines the TT-cores in passes from left to right
(i.e., from the first TT-core to the last one) and back. One complete pass from left to
right and back is called a sweep, and the total number of sweeps is a hyperparameter
of the algorithm.

Suppose at the current step we need to update the values of the i-th TT-core.
Consider a point @ from the train dataset in which the value is known and is equal
to y = f(x). In the discrete setting, this point corresponds to some multi-index
7 = (J1, J2, - -, ja) of the tensor. We denote by g; and g, the two vectors that are
obtained after the multiplication of the TT-cores to the left and right of the i-th
TT-core correspondingly and by G the slice of the i-th TT-core:

ng = %1[1, jlv :] 32[:, j27 :] e Cgifl[:v ji*la :}a g1 € RRiil,
gr = Qgi+1[:7 ji+17 :] Cgi+2[:7 ji+27 :] e ng[:’ jd7 1]7 ar S RR’L‘?
G =%, ji,:], GeRE-1xE
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Algorithm 3.1 TT-ALS algorithm

Require: input multi-indices J and related outputs Y of the BB; initial approximation
61, G, ..., Gy (@l € REi-1xXNixRi fo1. j — 1,... ,d)
Ensure: TT-cores of the tensor that approximate the given BB
1: while stooping criterion is not met do
2:  for i from 1 to d do
3 for ny from 1 to N, do
4: l+1
5: Allocate A € REX(Ri-1Ri) b ¢ RE where K is the number of samples .J
for which the i-th component equal to ny
for j from J such that its i-th component equal to ny do

7 All,:] + a, where vector a is defined in (3.10) and is based on the current
TT-cores and the components of the vector j

8: b[l] « the value from Y corresponds to input j

9: l<—1+1

10: end for

11: Solve Ag = b for g using least squares method

12: Update %;[:, ng,:] < reshape(g, (R;—1, R;))

13: end for

14: end for
15: end while
16: return €1, €, ..., Gy

where R;_; and R; are the corresponding TT-ranks. Given the explicit form of the

TT-decomposition (2.1), we need to achieve, at least approximately, the equality

(39> ng Ggr =Y,

by selecting the elements of the matrix G. Note that we can rewrite the left-hand side

of the equality (3.9) in a form of the scalar product

Ri"Riq1

Y alr]- (vee@)lr] =y,

r=1

alr] =g[|(r=1)/Ri] +1] - g;[(r—1) mod R; +1],

(3.10)

where vec G € RFi-1'Fi denotes vectorization of the matrix G, i.e.,

(VGCG)[T2+(T1—1)'R7;] :G[’f’l, ?"2], T1 :].7 2, ey Ri*lv T2 :].7 2, ey Ri,

“

operation “ mod -7 denotes taking the remainder of a division and || denotes
rounding down to the nearest integer.

Now we select all points from the training dataset with the value of the i-th
element of the multi-index equal to the selected value of j;. Let there be K such points

and K > R;_1R;. Thus we have K equations of the form (3.10) for the unknown G.
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Table 1: Benchmark functions for performance analysis of the proposed algorithm.

Function Ref. | Bounds Analytical formula

Ackley [16] | [-32.768, | f(z) = —Ae BV a X1l _ed Tinicos(Cmi) | g4 el
32.768] where A =20, B=0.2 and C =27

Alpine [16] [-10, 10] | f(z) = Ele |zisinz; + 0.1z

Dixon [16] | [<10,10] | f(z) = (z1 — 1)2 + 3% i+ (222 — 2i-1)®

. _ilyd 2
Exponential [16] -1, 1] flx) = —e 2 Zim1%
. d a? d z;

Grienwank [16] | [-600, | (&) = X0, g — [Ty cos (%) +1
600]

Michalewicz [33] [0, 7] f(z) = — S0, sin (z;) sin®™ (%)

Piston [35] See  Ta- | f(M, S, Vo, k, Py, Tu, To) =27 %,
ble 2 k+52 =12 %

where V = 5 (/42 + 4k 0T, — 4) and
A=PyS+19.62M — £

Qing (6] | 0,500] | f(@) =L, (#F i)

Rastrigin [11] [—5.12, fle) =A-d+ Zle (27 — A-cos (27 - z))
5.12] where A =10

Rosenbrock [16] | [-2.048, | f(z)=30") (100 (zip1 — 2?)? + (1 — 24)?)
2.048]

sin? z2 422 —0.5

Schaffer 6] | [~100, | fx) = 0.5 + (V=2 - ”12) 2
100] (1+0.001(2?+22, ))

Schwefel [11] | [-500, f(x) = 418.9829 - d — S| x; - sin (y/zi])
500]

We solve this overdetermined system using the method of least squares. We do so

consistently for all values of j; = 1, 2, ..., N; obtaining all slices of the TT-core

€;. And then we repeat this procedure sequentially for all TT-cores i =1, 2, ..., d,

making several such passes from left to right and back. We summarise the described

procedure in Algorithm 3.1. A stopping condition in the Algorithm may be the
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Table 2: Description of Piston function parameters. For each parameter, its description,
range of values and physical units are provided.

Variable Name Range Units
M Piston weight (30, 60] kg
S Piston surface area [0.005, 0.020] m?
Vo Initial gas volume [0.002,0.010] m3
k Spring coefficient [1000, 5000] N/m
Py Atmospheric pressure [90000, 110000] N/m?
T, Ambient temperature (290, 296] K
To Filling gas temperature (340, 360] K
0.03900 Jsp| — PDE param = 0.01
0.03875 1 N PDE param = 0.05
< —— PDE param = 0.10
£ 0.038501 £ 2001 —— PDE param = 0.25
2 v —+— PDE param = 0.50
20.038257 ‘= 1504 —*— PDE param = 0.75
IS S PDE param = 1.00
@ 0.03800 2
s} ol |
c = 100
$ 0.03775 a
= 5
0.037501 O 207
0.03725| )
103 104 105 10° 103 104 10° 106
Number of the mesh vertices Number of the mesh vertices

Fig. 3: The PDE-VOI (on the left plot) and computation time (on the right plot) for
different numbers of mesh vertices and different values of the first PDE parameter
(p1), while the values of the other parameters (p2,...,pg) are fixed on the value 0.5.

reaching of a certain number of iterations (sweeps) or a threshold for changing TT-

cores components’.

4. Numerical experiments. To demonstrate the effectiveness of the proposed
TT-ANOVA-ALS approach, we consider twelve model 7-dimensional analytical functions
(benchmarks), which are presented in Table 1. Note that the list of functions includes

the Piston function, which corresponds to the practical problem of modeling the time

5Tt is necessary that the training samples contain all possible values of the indices, i.e., j; =
1,2,...,N; foralli =1, ..., d. Moreover, we need to have at least R;_1 R; of them for the least-
squares matrix to be a full-rank matrix. This can be achieved, for example, by using the LHS
distribution with a sample of sufficient size.
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Table 3: Relative error on the train and test data for all benchmarks. The reported
values for TT-ALS method (column “ALS”) are averaged over 10 independent runs.

ANOVA ALS ANOVA-ALS
ACKLEY TRAIN 1.3e-02 5.1e-01 2.6E-04
TEST 1.1e-02 7.4E-01 2.5E-03
ALPINE TRAIN 2.1E-02 8.0E-01 1.5E-08
TEST 2.1E-02 1.8E4-00 1.6e-07
DIXON TRAIN 4.7E-02 6.5E-01 3.0E-08
TEST 4.78-02 2.9+00 1.9e-06
EXPONENTIAL TRAIN 1.3e-01 6.6E-01 5.2E-10
TEST 1.3e-01 2.1E+00 1.9e-09
GRIENWANK TRAIN 2.0E-02 7.1e-01 1.1E-04
TEST 2.0E-02 2.0E+00 3.9e-04
MICHALEWICY, TRAIN 3.9e-02 6.6E-01 2.6E-08
TEST 4.0E-02 5.9+00 2.7e-06
PISTON TRAIN 9.3E-02 7.1e-01 9.6E-04
TEST 9.4E-02 1.6E4-00 1.6e-03
QNG TRAIN 1.5e+01 7.48-01 1.2E-08
TEST 1.48401 3.4E4+00 5.7E-05
RASTRIGIN TRAIN 7.9-03 8.4E-01 2.6E-09
TEST 8.1E-03 1.3E4-00 2.1E-08
ROSENBROCK TRAIN 2.0e-01 7.2B-01 1.1e-07
TEST 2.0E-01 4.3E4-00 2.3E-05
SCHAFFER TRAIN 3.9e-02 6.8E-01 2.4E-04
TEST 4.0E-02 9.9e-01 2.78-04
SCHWEFEL TRAIN 1.3e-02 6.6E-01 5.0E-09
TEST 1.3e-02 1.2E4-00 1.6E-08
TRAIN 3.3E-03 8.0E-01 1.0E-05
PDE-VOI TEST 3.4E-03 1.4E4-00 1.4E-05

that takes a piston to complete one cycle within a cylinder; the description of related
parameters and their ranges are shown in Table 2.

We also consider the more complicated problem of approximating the mean solution
of the parameter-dependent PDE [2, 31, 17]

fdiv(k(m,p)Vu(m,p)) = f(.’l}), T = [x17x2]T €el= [07 ”23 U|QQ = up,
where

pu, fx €S, u=12,...,m?

1

flx)=1, up=0, k(z,p) =
,  otherwise,

P =[p1,P2,--.,Pmz] and {Su}:ﬁl is a set of m? disks of radius p = note that

1
4m—+2 (
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Table 4: Relative error on the train and test data for all selected benchmarks. Multi-
plicative noise (4.1) is applied to the training data. The reported values for TT-ALS
method (column “ALS”) are averaged over 10 independent runs.

ANOVA ALS ANOVA-ALS
ACKLEY TRAIN 1.6E-02 6.8E-01 8.9e-03
TEST 1.1e-02 9.8e-01 7.4E-03
ALPINE TRAIN 2.3E-02 8.1E-01 8.5E-03
TEST 2.1E-02 1.9E4-00 1.3e-02
DIXON TRAIN 4.8E-02 7.36-01 8.3E-03
TEST 4.7e-02 3.3E+00 1.3e-02
EXPONENTIAL TRAIN 1.3e-01 7.48-01 7.5E-03
TEST 1.3E-01 2.4E400 2.3E-02
GRIENWANK TRAIN 2.2E-02 7.1E-01 8.2E-03
TEST 2.0E-02 1.8E4-00 1.5E-02
MICHALEWICY, TRAIN 4.0E-02 6.6E-01 7.1E-03
TEST 3.9e-02 6.7E4+00 3.0E-02
PISTON TRAIN 9.4E-02 7.1E-01 8.8E-03
TEST 9.4E-02 1.6E4-00 1.2E-02
Qine TRAIN 2.7e+01 7.4E-01 7.9e-03
TEST 2.6e+01 3.4E4+00 1.8e-02
RASTRIGIN TRAIN 1.3e-02 6.7E-01 8.5E-03
TEST 8.1E-03 1.1E4-00 7.7E-03
ROSENBROCK TRAIN 2.0E-01 7.2E-01 8.0E-03
TEST 2.0e-01 4.2E4-00 2.86-02
SCHAFFER TRAIN 4.0E-02 8.5E-01 9.0E-03
TEST 4.0E-02 1.2E4+00 5.9-03
SCHWEFEL TRAIN 1.7e-02 5.8E-01 8.6E-03
TEST 1.3e-02 1.1E400 8.2E-03

these disks form m x m grid) with the centers located in the points (xf, %),

af =i-q+Q2i—1)-p, ah=j-q+(2j—1)-p,
_1—-2mp

1= 1 p=0G—-1m+j, 4,7=12....m.

As a scalar value of interest we consider the average temperature over domain 2

PDE-VOI (p) = / u(z,p)dz, pe€0.01, l]mz.
Q

We select m = 3, hence we have 9 independent parameters, and in discrete representa-

tion, the PDE-VOI is the 9-dimensional implicit tensor.

For the numerical solution of the PDE, we use a popular software product FEn-
iCS [19] with efficient implementation of the finite element method. In Figure 3 we
present the PDE-VOI and computation time for different numbers of vertices of the spa-
tial two-dimensional mesh. As can be estimated from the plots, for sufficient stability

and accuracy of the solution, at least 5 - 10* vertices are required (and we will use this
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number in our computations), while the time of one calculation is more than 5 seconds.
Thus, for this problem, it seems justified to search for a low-parameter approximation,
which makes it possible to carry out calculations an orders of magnitude faster.

For all benchmarks, including PDE-VOI, we consider the tensor that arises when
the corresponding function is discretized on a uniform grid with 10 nodes in each
dimension. We fixed the TT-rank value at 5 and the number of ALS sweeps at 50.
The calculations with a random initial approximation were repeated 10 times and the
averaged result was used. To train the model, we used 10* tensor elements, which are
randomly generated from the LHS distribution. To check the accuracy of the obtained
approximation, we used a set of another 10* random samples and calculated the mean
square error on it.

The results of numerical calculations are presented in Table 3. We report the
error on the train and test data for each benchmark and the following approximation
methods: the TT-ANOVA algorithm, i.e., the 1st order ANOVA in the TT-format
(column “ANOVA”); the TT-ALS algorithm with random initial approximation®
(column “ALS”); the TT-ANOVA-ALS algorithm, i.e., the TT-ALS algorithm, which
uses the result of the TT-ANOVA as an initial approximation (column “ANOVA-ALS”).
As can be seen from the results, in the latter case (TT-ANOVA-ALS), the accuracy
improves by at least an order of magnitude concerning the TT-ALS method.

To test the robustness of the algorithm, we repeated the same calculations on the

noisy training data, i.e., we replace each train value y by
(4.1) g=(14+10"22) -y, z~AN(0,1).

The corresponding results are reported in Table 4. As follows, even in the presence of
noise, a high approximation accuracy is maintained when using the TT-ANOVA-ALS
approach.

Thus, the proposed TT-ANOVA-ALS approach significantly improves the accuracy
of the TT-ALS method with virtually no increase in the computational complexity”.
Also note that this approach is deterministic (on a fixed training set), which means
that it is not prone to random failures of the TT-ALS when the initial approximation

is chosen poorly.

5. Related work. Today, TT-decomposition is a popular approach for compact
approximation of multidimensional arrays and multivariable functions [8, 24, 27, 28],
including applications in the field of data analysis, machine learning, solution of PDEs,

etc. Various practical methods based on the TT-decomposition have been proposed

6We generate all TT-cores 6, (k= 1,2,...,d) from a random normal distribution.

"Calculations were conducted on a regular laptop. For our model problem, the time for building
the TT-ANOVA approximation turns out to be less than 10 milliseconds, and the average time for
building the TT-ALS approximation is about 6 seconds.



BLACK BOX APPROXIMATION IN THE TENSOR TRAIN FORMAT 15

to solve multidimensional [25, 6], parametric [12, 13] and multiscale [22, 7] PDEs, to
optimize multivariable functions [30, 20], etc. We note that in the works [25, 6, 12, 13],
special attention is paid to the choice of the initial approximation for constructing
the TT-decomposition for the PDE solution, and as such an approximation, the
solution obtained from the previous time step is used. At the same time, in the
works [22, 7, 30, 20], a random initial approximation is used.

Until now only a few works have been directly devoted to the selection of the initial
approximation in the TT-format. We note the recent work [17], where the authors
apply Gaussian process regression to construct a preliminary approximation of the
function, using a training dataset. After that, the initial approximation is generated
by the TT-cross method, which is applied to the regression model. This approach
is very promising, but it requires significant additional numerical computations to
run TT-cross and it also has all the limitations of regression methods when applied
to multidimensional problems. We also note that the authors conducted numerical
experiments for only one benchmark, which does not allow us to evaluate the general
robustness of the approach.

An interesting method was considered in [18] for constructing an initial approx-
imation in the framework of the proposed new completion method. The authors
perform a special interpolation based on the known tensor values, and then build an
initial approximation using the classical TT-SVD algorithm. However, this approach
was developed only for the problem of image and video processing, and it cannot be
transferred to essentially multidimensional problems due to the need to build a full
tensor for the TT-SVD algorithm. Also, we note that the ANOVA decomposition
was already used in combination with TT-approach, see, for example [36, 4]. But
in these works, effective methods for construction of the Sobol indices through the
calculation of multidimensional integrals by TT-decomposition were considered, and

this is a different problem than the one presented in our work.

6. Conclusions. In this work, we proposed the TT-ANOVA representation as an
initial approximation for the TT-ALS approach, which makes it possible to effectively
approximate functionally given black box. We have implemented the corresponding
method TT-ANOVA-ALS in software and demonstrated its effectiveness for the list
of model multidimensional problems, including the approximation of the solution to
the parametric PDE. For all considered model problems we obtained an increase in
accuracy by at least an order of magnitude with the same number of train samples
from the black box and with virtually no increase in the computational complexity.
The proposed approach is deterministic (on a fixed training set) and it is not prone
to random failures of the TT-ALS when the initial approximation is chosen poorly.
The TT-ANOVA-ALS method can be applied to a wide class of practically significant

problems, including surrogate modeling and various machine learning applications.
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