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Stochastic algebraic Riccati equations are almost as easy as deterministic
ones theoretically
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Abstract

Stochastic algebraic Riccati equations, also known as rational algebraic Riccati equations, arising in linear-
quadratic optimal control for stochastic linear time-invariant systems, were considered to be not easy to solve.
The-state-of-art numerical methods most rely on differentiability or continuity, such as Newton-type method, LMI
method, or homotopy method. In this paper, we will build a novel theoretical framework and reveal the intrinsic
algebraic structure appearing in this kind of algebraic Riccati equations. This structure guarantees that to solve
them is almost as easy as to solve deterministic/classical ones, which will shed light on the theoretical analysis and
numerical algorithm design for this topic.
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1 Introduction

Algebraic Riccati equations (ARESs) arise in various models related to control theory, especially in linear-quadratic opti-
mal control design. The deterministic/classical ones are considered for the deterministic linear time-invariant systems,
including discrete-time algebraic Riccati equations (DAREs)

X=ATXA+Q - (ATXB+L)(R+B"XB)"'(B*XA+ L"),
and continuous-time algebraic Riccati equations (CARESs)
ATX + XA+ Q- (XB+L)R'BTX + L") =0.

During many years, people have developed rich theoretical results and numerical methods for the DAREs and CAREs.
Readers are referred to [24, 23, 20, 3, 18, 2] to obtain an overview for both theories and algorithms. In comparison, the
stochastic/rational ones are considered for the stochastic linear time-invariant systems, including stochastic discrete-time
algebraic Riccati equations (SDARESs)

r—1
X =AJXA+ ) ATXAi+Q
=1
r—1 r—1 r—1
—(AJXBy+ Y ATXB;+L)(ByXBo+ Y BIXBi+R) '(Bf XAo+ Y BIXA;+L"), (L1)
i=1 i=1 i=1

and stochastic continuous-time algebraic Riccati equations (SCARESs)

r—1 r—1 r—1 r—1
ATX + X Ao+ > ATXAi+Q— (XBo+ Y ATXB;+ L)Y BfXBi+ R Bf X+ BI XA+ L") =0. (1.2)
1=1 1=1 1=1 =1

Here r — 1 is the number of stochastic processes involved in the stochastic systems dealt with, and it is easy to check
that for the case r = 1 SDAREs and SCAREs degenerate to DAREs and CAREs respectively. Due to the complicated

*Department of Mathematics, Nanjing University, Nanjing 210093, China. (e-mail: guozhenchen@nju.edu.cn). Supported in part by
NSFC-11901290.

fCorresponding author. Yau Mathematical Sciences Center, Tsinghua University, Beijing 100084, China, and Yanqi Lake Beijing Institute
of Mathematical Sciences and Applications, Beijing 101408, China. (e-mail: liangxinslm@tsinghua.edu.cn). Supported in part by NSFC-
11901340.


http://arxiv.org/abs/2207.11220v3

forms, one may recognize it would be much more difficult to analyze their properties and obtain their solutions. There
are still literature, e.g., [9, 10, 11], discussing the stochastic linear systems and the induced stochastic AREs.

As we can see, the stochastic AREs are still algebraic, and it is quite natural to ask whether algebraic methods
could be developed to solve them. However, limited by lack of clear algebraic structures, to the best of the authors’
knowledge, nearly all of the existing algorithms are based on the differentiability or continuity of the equations, such
as Newton’s method [9, 8], modified Newton’s method [15, 21, 7], Lyapunov/Stein iterations [12, 22, 26], comparison
theorem based method [13, 14], LMI’s (linear matrix inequality) method [25, 19], and homotopy method [28].

The key to the problem is the algebraic structures behind the equations. In this paper, we will build up a simple and
clear algebraic interpretation of SDAREs and SCAREs with the help of the so-called left semi-tensor product. In the
analysis we find out the Toeplitz structure and the symplectic structure appearing in the equations, and illustrate the
fact that the fixed point iteration and the doubling iteration are also valid for them. The algebraic structures found here
will shed light on the theoretical analysis and numerical algorithms design, and strongly imply that stochastic AREs
are almost as easy as deterministic ones.

The rest of the paper is organized as follows. First some notations and a brief description of the left semi-tensor
product are given immediately. Section 2 and Section 3 are devoted to describe the algebraic structures in SDAREs and
SCARES respectively. At last some concluding remarks are given in Section 4.

1.1 Notations

In this paper, R is the set of all real numbers. R™”*™ is the set of all n x m real matrices, R” = R**!, and R = R'. I,
(or simply I if its dimension is clear from the context) is the n x n identity matrix. ~ Given a matrix X, X7, | X]|,
and p(X) are its transpose, induced norm, and spectral radius respectively. Given a linear operator Z°, Z*, || Z’||, and
p(Z") are its adjoint, norm, and spectral radius respectively. For a symmetric matrix X, X > 0 (X > 0) indicates its
positive (semi-)definiteness, and X <0 (X <0)if —X >0 (—X = 0).

Some easy identities are given:

UI+vtu)=a+uvvhu, vIr+vto)yt=a+uvhTu (1.3)
Here is the Sherman-Morrison-Woodbury formula:
(M+UDVH =M - MUD + VMUY VML (1.4)

The inverse sign in (1.3) and (1.4) indicates invertibility.

1.2 Left semi-tensor product

The left semi-tensor product, first defined in 2001 [4], has many applications in system and control theory, such as
Boolean networks [6] and electrical systems [27]. Please seek more information in the monograph [5].

By A ® B denote the Kronecker product of the matrices A and B. For A € R™*" B € RP*9  define the left
semi-tensor product of A and B:

Ax B:= (48 L,)B %fn|p,
AB®I,,,) ifp|n.

This product satisfies:
¢ (Ax B)x C'=Ax (B xC) (so the parenthesis can be omitted);
e (A+B)xC=AxC+BxC,Ax (B+C)=Ax B+ AxC;
e (AxB)'=B"1!x AL
o (Ax B)T =BT x AT;

. A A 9 Bi1 By
Asr Ago Ba1 B

A1 X Bi1 4+ Ao X Bar A1 X Bia + A X Bag
A1 X Bi1 + Ago X Bar Aai X Bia + Ay X Bag|

The left semi-tensor product, which satisfies the same arithmetic laws as the classical matrix product, can be treated
as the matrix product in the following sections. Briefly, we write A% = A x Ax --- x A.
—_———

k



2 SDARE

L
R
to see that X is a solution if and only if X7 is a solution. In control theory, usually only symmetric solutions to (1.1)
are needed. Hence in the paper, we only consider the symmetric solutions.

The SDARE (1.1) arises from linear time-invariant stochastic discrete-time control systems:

Consider the SDARE (1.1) where A4;,Q € R**"™ B, € R**™ [ € R™™ and R € R™*"™ with LC’QT } = 0. It is easy

r—1
Te1 = Aoxy + Boug + E (Aizy + Biug)w; ¢,
; (2.1)
=1
zt = Cyxt + Douy,
. . T, . .
where x, u, z¢ are states, inputs, measurements, respectively, and {w; = [wl,t wT_l,t] } is a sequence of inde-

pendent random vectors satisfying E{w:} = 0, E{w,w!} = I,_1. Let {o(wo,w1,...,w) |t =0,1,...} be the related
o-algebra filtration. Write u = {uy}ren. Considering the stochastic discrete-time control system (2.1), the goal is to
minimize the cost functional with respect to u when xg is given:

(1" TQ L[z

— t t

J(xo,u) = E{;_O [UJ [LT R} [UJ } (2.2)
Assume the following conditions hold throughout this section:

(D1) R > 0;

(D2) the pair ({A; 2;01, {B; 2;01) is stabilizable, namely there exists F' € R™*" such that the linear operator .7z : R"*"™ —
R S
[AO + BoF A1+ BiF -+ A._1+ BT,1F} (I,®59) [AO + BoF A1+ BiF --- A._1+ Brle]T is exponentially
stable, or equivalently,
r—1
p(SF) =p (Z(Ai +BiF) ® (A; + &F)) <1
i=0
(D3) the pair ({4;}/=,C) is detectable with C' € R>" satisfying CTC = Q — LR™'L", that is, ({AT}/ =, {CF =)
is stabilizable for Co = C and C; =0 fori=1,--- ;r — 1.

It is known that if the assumption above holds, then (1.1) has a unique positive semi-definite stabilizing solution X,

see, e.g., [10, Theorem 5.14] . Here, X is called a stabilizing solution if #, is exponentially stable with
r—1 r—1
Fx =-_BI'XBi+ RO _ATXB;+L)". (2.3)
i=0 i=0

In fact, X, is a stabilizing solution if and only if the zero equilibrium of the closed-loop system

r—1
xi41 = (Ao + BoFy)xy + Z(Aixt + BiFoxy)w; ¢
i=1
is strongly exponentially stable in the mean square [10, Remark 5.11] , where F, = Fx, is as in (2.3) with X = X,.

Moreover, the cost functional (2.2) has an optimal control u; = Fyay.

2.1 Fixed point iteration and Toeplitz structure

AQ By
- Ay - B4
We first compute the equivalent form of (1.1). Define A = ) ,B = ) , then (1.1) is equivalent to
Ar—l Br—l

X=A"I, @ X)A+Q— (A"(I, ® X)B+ L)(B"(I, ® X)B+ R) " (A"(I, ® X)B+ L)".

Let IT be the permutation satisfying II'T(X ®I,)IT = I,® X, and define A = II(A— BR~'LT), B = IIBR~*/2. Noticing
CTC =Q— LR™'L"Y, (1.1) is further equivalent to

X=ATx XxA+CT"C - A"x X x BB x X x B+1,) 'BT x X x A, (2.4)



Also F, is rewritten as
F,=—R'LT"— R V2B x X, x (I,n + BBT x X,)" ' x A,

leading to o
A+ BF, = II"(I,, + BB x X,)"! x A. (2.5)

By (1.4) the equivalent form (2.4) leads us to consider a standard form of SDARE:
X=AT"x X x (I, + BBT x X)"' x A+ CTC := 9(X), (2.6)

where A € R™*" B € R™*™ (' € RX" and 2: R™*" — R™ " | It is clear to see that (2.6) is exactly the same as
the classical DARE except that the matrix product is replaced by the left semi-tensor product, and it is reduced to the
DARE if r = 1.

Encouraging by the theory of DARE, one may solve the SDARE (2.6) by the fixed point iteration:

Xy =0, X, =cCTc,

2.7
Xt+1 = @(Xt) = AT X Xt X (Irn + BBT X Xt>71 x A + CTC ( )

Theorem 2.1 analyzes the convergence of the fixed point iteration (2.7).

Theorem 2.1 (Convergence of fixed point iteration for SDAREs). 1. The operator 2 is monotonic on the set con-
sisting of all positive semi-definite matrices with respect to the partial order “>7. In detail, if Z1 = 0,Zs = 0,
then Z1 = Zy = @(Zl) - @(ZQ)

2. The sequence {X;} generated by the fized point iteration (2.7) is monotonically nondecreasing, and converges to
the unique positive semi-definite stabilizing solution X, of the SDARE (2.6). Moreover, the sequence is either
finite or monotonically increasing (i.e., for any t, Xi11 = Xy, Xey1 # Xi) .

3. The sequence {X;} generated by the fixed point iteration (2.7) converges R-linearly. In detail, there exists Y €
R" " Y = 0 such that
X=X — (S5 (Xl - YX,]7Y), (2.8)

1/t
which implies tlim (%) < p(LF,) < 1. Here (S )t is the t compositions of the adjoint of the operator
—00 * *
S, .

*

Proof. First prove Item 1. Suppose Z5 > 0 and thus Z5 is nonsingular. Then
W= Ty 27 = 25!
& ((Zrte L)+ BB = ((Z;'® 1)+ BBY)~

<~ (Zl & Ir) (Irn + BBT(Zl ® Ir))il t (Z2 & Ir) (Irn + BBT(Z2 ® Ir))7
= 9(Z1) = 9(Zs).

1

1

If Z5 is singular, then Z5 + I > 0 for any € > 0. Thus, taking limits yields
Iy m oy Ly el =2y +el = @(Zl +€I> ~ .@(ZQ +€I> = .@(Zl) ~ .@(ZQ)

Then turn to Item 2. Since X; = CTC = Xy = 0, by Item 1 we have Xy = 2(X1) = 2(Xo) = X;. Similarly
0=Xo=2X1 XXy =+ =<XX; <+ namely the sequence { X;} generated by (2.7) is monotonic. On the other hand, let
X, = 0 be the stabilizing solution of the SDARE (2.6). Then it follows from Item 1 that X, = 2(X,) = 2(Xo) = X1,
and similarly X, > X; for any ¢, implying that X, is an upper bound of {X;}22,. Hence X; converges. Since the limit
of X; is a fixed point of (2.6), namely a positive semi-definite solution of SDARE, by the uniqueness of the positive
semi-definite solution, X; — X,. On the other hand, if for some ¢, X; = X;11 = 2(X:), then X; is a fixed point, namely
a positive semi-definite solution, which forces X; = X,. In other words, the iteration terminates in finite steps.

Finally show Item 3. Write

A, = (Irn + BBT x X*)71 X AcR™" B, = (ITn + BBT x X*)*lBBT c RTVXTT

Note that B, = B(I, + BT x X, x B)™'BT = 0 by (1.3). Then the adjoint of S, is .77 : R™" — R™*" S s
S0 (Ai + BiF)TS(A; + BiF,) = AT(S @ I,)A, = AT x S x A,, and p(S%) = p(Lr,). For Z € R mxr'n
define a family of operators % : Rrnxrin _y et Hl",Z — B, ® I« + A, x Z x AT. It is easy to verify that
I Z 1) =S(Z) @1, and Z1 = Zs = S (Z1) = S« (Z2), namely .7, is monotonically nondecreasing.

For any t, write A; := X, — X}, and then

nxr

At = X* - Xt = @(X*) - @(Xt—l)



AT o (L + X, x BBY) X, x A— AT & X,_1 (I + BB® x X;_1) "L x A

= AT (I, + X, x BBY) "' w(X, = Xy 1) X (In + BB x X; 1) "' x A
AT A

=ATx Ay x (I + BB x [X, — A1) (In + BBT x X,) x A,

T Ayoy % (I — (I + BB x X,) " 'BBT x A1) x A,

T Apoy X Iy — By x Ay_1) ' A,

Then we may obtain the relation between A; and A;_o:
A=Al x [A] X Ay_o X (I, — Be X Ap—2) 7' ) A] & (L — B % [AT X Ap—o X (I, — Be x Ay—2) ™' 14*])_1 X A,
(13) (AT ) Apg x (L2, — (Be X Ap—o) @ I, — Ay x By x A x At,g)fl x A%Z,
Since (By X At—2) @ I, = (By(At—2 @ 1)) @ I, = (By ®@ I;)(At—2 ® I,2) = (B @ I;) X Ay_o,
A= (AT Ay X (L2, — T (By) X Ap_) ' x AX2,
Similarly, substituting A;_o with its expression of A;_3, we also have
Ar = (AT 6 Ay_g x (Lay — F2(By) x Ap_g) " x AX3,
where .2 = .. is the composition. By induction,
A = (AT x Ag 5 (Ten — LB x Ag) ™ x AX
= (AT & X, % (L — L (Xo) X X,) 7 AXE

for Xo = Onxn, Ay=X,—Xo= X, S x (XO) = B,.
We claim that the following holds, which will be proved soon later:

Y = 0 € R™" st (Y)Y ®I,. (2.9)

Then by the properties of #, from Xy < Y we infer 7% (Xo) <= ZL(Y) < LY L) = WYV < - Y ®I,4.
Thus,

-1
Ay = (AT w X2 (Irtn — X1 % FE(Xo) X X*I/Q) x X1/ x A

< (AT % X2 (In - Xi/QYXj/Q)_l M X2 x ARt
= (AT & X, (I, — Y X,) ' x A%
= (S5) (Xl =Y X)),

namely (2.8). Then by the Gel'fand Theorem,

A /t
: H tH ' : * \t(1/t —11/t *
< = - :
thm (| n thm H(,jﬂF*) H H([n Y X,) H p(;ﬁF*) p(%*)

Afterwards consider the claim (2.9). Since X, is the unique positive semi-definite stabilizing solution, the linear
Lyapunov operator 7 is exponentially stable, leading that the zero equilibrium of the system

r—1

Yir1 = (Ao + BoF) Ty + Z ((A; + BiF) T yy) wig
=1

is strongly exponentially stable in the mean square [10, Definition 3.1]. Then by [10, Corollary 4.2], there exists
Z = 0 € R™" satisfying

-z (A+BF)"(I, ® Z)

0 2
" (1, © 2)(A + BF.) -1,®7

Z®I1)A, —IT(Z®I)IT|

(2.5) -7 ATz e I)II
=7

Thus, considering the Schur complement gives
0--I"ZIL)I+1I"(ZRI)AZ'AT(Z @ 1)1
= 7HT(Z ®Ir) [Z71 ®Ir - A*ZﬁlAI} (Z ®IT)H,

and hence Z7'® I, — A, Z AT = 0. Since B, > 0, there exists a > 0 such that Z='® I,, — A,Z"'AT = aB,. Then
Y = 17~ guarantees the claim (2.9). O

T«



Moreover, the sequence {X;} has a closed form, namely a non-iterative expression, as is shown in Theorem 2.2. Just

like what happens in DAREs [17], the key to the form is the Toeplitz structure, defined as follows.
Given A; € R"'P1XP2 for § =0,1,--- ,m — 1, write the p; T;n:ll X Do T:L_’ll matrix
- A, -
A Ag® I
Ao 1 0®
Ay Ay A,
‘CT7P17;D2 : = . .
Am—
! . Al ® I,,.'m.fB AO 39 I7.m72
_Am_1 cee e A ® I,,,mf.?» A ® Irm72 AO 39 Irmfl_
Ao Ao
Ay 1
For ease, Ly p,.ps(A) = Lo pps i if A= i , and this notation makes no confusion for the subscript
Am—l Am—l

“r.p1,p. demonstrates how the matrix is composed. Note that £, ,, »,(A) degenerates to a block-Toeplitz matrix in the
case 7 = 1. In this paper it is called a x-block-Toeplitz matrix.

Theorem 2.2 (Toeplitz structure in SDAREs). Write

C 0l><7n
Cx A Cx B
2
V= | OxAX R CxAxB , Ty = 0. (2.10)
CD(A[X(til) %lX’n CD(AIX(t?Q) D(B %lx%m

Then the terms of the sequence {X;} generated by the fized point iteration (2.7) are

X, =V I +T,05 Vs, t=1,2,.... (2.11)
As a result of Item 2 of Theorem 2.1 and (2.11), the unique stabilizing solution X, has an operator expression
C 0
Cx A Cx B
X, = VI +TT) Y, where v = |CX A g—r, || CxAxB
C x A%3 Cx A*?x B

Proof. Clearly X; = CTC. Assuming (2.11) is correct for ¢, we are going to prove it is also correct for ¢t + 1. By the
fixed point iteration (2.7),

Xip1 = AT x X; % (I + BB x X,) 7' x A+ C™C
=ATx VI x T+ T P x Vix (I + BBY x VI x I+ T,TS) ' x V)P x A+ CTC
AT VI x T+ TT) " x (T4 Vi x BBT x VI x (I + TTF)™) " x Vi x A+ CTC
=ATx VI (I 4+ (TTY) @I, + Vi x BBY x VI I xV, x A+ CTC

T c 1L e
T Vix A I+ (LTY)® 1.+ V, x BBT x VT Vi x A

T T\ ~1
_ C I+ 0 0 C
T lVix A VixB Ty QI.| |VixB T:®I, Vix A

= Vi + T Th )™ Wi

Once (2.11) is obtained, the validity of the operator expression is essentially the same as that of the DARE, see [17].
O

Note that T} in (2.10) is a x-block-Toeplitz matrix. In particular, for the case r = 1, the structure in (2.11) coincides
with that of the DARE [17].

Based on the iterative formula (2.7) (or, the equivalently non-iterative form (2.11)) and the convergence result in
Item 3 of Theorem 2.1, one can solve the SDARE (2.6) directly by fixed point iteration method, or an analogous FTA
method as that for DAREs [17].



2.2 Symplectic structure and doubling iteration

The fixed point iteration {X;} from (2.7), or equivalently (2.11), converges to the unique positive semi-definite stabilizing
solution X, linearly. As the doubling iteration is an acceleration of the fixed point iteration for DAREs and CAREs
in the sense that the doubling iteration only computes the terms X7, X5, X4, ..., Xok, ... generated by the fixed point
iteration, we will show the same acceleration is also valid for SDAREs (2.6).

As the symplectic structure plays a fundamental role in the theory of doubling iteration for DAREs, the symplectic-
like structure is also necessary for SDARES, of which the related concepts are defined in the beginning.

Definition 2.1. 1. The matrix pair (M, L) with M € R™*2nin [, ¢ R™™*2p2n jg called a symplectic pair with
respect to the left semi-tensor product, or a x-symplectic pair for short, if M x J x M™ = L x J x LT, where
0o I,
J= { o ]
2. For M € RUr+Dnx2n [ ¢ Rr+Dnx2rn the w_symplectic pair (M, L) is called in a first standard symplectic form
with respect to the left semi-tensor product under the dimension partition (1,r), or a x-SSF1 pair for short, if

A OT’Ian a,ndL: [ Irn G

T , with G, H symmetric.
H In Onxrn A :|(r+1)n><2rn

=l
(r+1)nx2n

3. For M € RUr+1nx2n 1 ¢ RIr+1)nx2rn - asquming

= ]R(errl)nX(rJrl)n7 L' e R(r2+1)n><(r2+r)n7 } 7& 0

M,L)={ (M, L
N(M, L) {( L) [M’ L’}hasfullrowrank,L’b(M:M’IXL

the action (M,L) — (M’ x M,L' x L) is called a doubling transformation of (M, L) with respect to the left
semi-tensor product, or X -doubling transformation for short, for some (M’, L") € N (M, L).

Clearly, in the case r = 1 the x-symplecticity and the x-doubling transformation degenerate to the classical sym-
plecticity and the doubling transformation respectively.

Now we are ready to state the parallels for SDAREs.

Following (2.6), it is easy to see

[5’1?0 Iﬂ X [IX"] = [16” BABFT:| X [IX"] % (I, + BBT x X)71A). (2.12)

Write
(2.13)

3

A 0 I BBT
ool D) 5
—C°C In (r+1)nx2n 0 A (r+1)nx2rn

and then © x J x OT = [ZT 61] =& x J x T, namely (O,®) is a x-SSF1 pair. Let
Ax (I, + BBT x CTC)~! 0

e = |: T T T\— T :|
—A" x (Irn+0 Cx BB ) 'x CTCO In (r24+1)nx(r+1)n

& = [Irzn Ax BB x (I + CTC x BBT)l}
= T T Ty—1
0 A x (Irn +C ' Cx BB ) (r2+1)nx(r2+r)n

)

?

then [©' @] has full row rank, and @' x & = & x O, which implies (6',9') € N(6,9), and (0, ) — (é,@) =
(@' x O,9" x ?) is a xX-doubling transformation. Simple computations give

5 Ax (I, + BBT x CTC)~' x A 0] | A o
T |-CTC - AT X (I, +CTCx BB ' x CTCx A I,| " |—H I ’
(r241)nx2n (2 14)
G [len (BBT®1) + Ax BB & (I, + CTC x BBY) ™ AT] _ |1 G
10 AT % (I, + CTC x BBT)™1 x AT o AT )
(r241)nx2r2n
where
A=Ax (I, +BBT"xCTC) ' x 4 c R xn
H=C"C+ A" x (I, + CTC x BB")"'x CTC x A € RV,
G =(BB"®1I)+ Ax BB" x (I, + C"C x BBT)™! x AT e R7"*""n,



Clearly, O and & possess the same structures as @ and @, respectively. Without surprising, (é,qg) is also a x-SSF1
pair. Hence one can pursue another x-doubling transformation on (é, 5), and obtain some new X-SSF1 pair. Finally
a series of x-doubling transformations can be defined to obtain a sequence of x-SSF1 pairs.

Since those x-symplectic pairs are composed of the triples (A, G, H)s, only the iterative recursions of (A, G, H) are
necessary in practical computations rather than the x-symplectic pairs (6, @), whose details are given in Lemma 2.1.

Lemma 2.1. Consider the following iterative recursions:

o1
Ak+1 = A, x (ITan + G X Hk)71 X Ay, cR" n><n, (215&)
okt gkt1
Gk+1 =GE® ITZk-Jr A X (ITan+ G X Hk>71 X G X AE cR"” nxr n, (2.15b)
Hyp1 = Hy+ A % Hy % (I e, + Gr x Hy) 7! x A e R™Xn", (2.15¢)
initially with Ag = A, Gy = BBT and Hy = CTC. Let O, = [ Aﬁ IO] and &), = [Irakn Ejﬂ
—HE ] (r2¥ £ 1)nx2n k1 (r2* f1)nx2r2®

Then the following statements hold:
1. (O, Pr) is a X-SSF1 pair;
2. (O, Pr) = (Oki1, Pit1) = (0}, X O, D). X Dy) is a x-doubling transformation, where

o — Ap X (Irzkn + G X Hk)_l 0
k= —AE X (I 2k, + Hj X Gk)_l X Hy I,

T

3

:|(7‘2k+1+1)77/><(7‘2k+1)77/
P — IT2k+1n A X G X (ITzkn + Hj, X Gk)71
k 0 Ag X (I 2k ) + Hj x Gk)il

T

)
:| (r2P T pynx (2Rt 2k,

3. it holds for k=0,1,2,... that
)><2’C

Ok X [In] =&, X [In} x ((In + BB" x X)™'A (2.16)

X X

Proof. Ttems 1 and 2 holds by the same discussion as (2.13) and (2.14). Now we prove Item 3 by induction. The
case k = 0 holds by (2.12) and (2.13). Suppose it holds for k and consider k + 1. By O} x &, = &} X O, Op1 =
O}, X Ok, 1 = D} x Py, writing Ax = (I, + BBT x X)7' A, we have
Op11 X [)I(}: e X O X |:)I(:|:@;€[><¢kb< [)I(] [><A§2k
/ I x2F
=P, X O X x| X A%

= @) X Py, ¥ [)I(] X A;K(Qk“ =1 X [)I(} X A}K(QHI,

that is, the result holds for £ 4+ 1. Then Item 3 is a direct consequence. |

For the case that » = 1, Lemma 2.1 degenerates into the doubling method for DAREs (see, e.g., [18]), where (O, Py)
are symplectic pairs in the first standard form.

Then we prove that Hy, Hy, Ho, ... is the subsequence X7, X5, X4, ... of the sequence generated by the fixed point
iteration (2.7).

Lemma 2.2. For k=0,1,2,..., let
Uy = [A“(Qk*” xB (A DB - (AXB)®IL ., B,

and Vo, Tor as in (2.10). Then it holds that

Ap = A% — Uy (I + TR To) " T Vi, (2.17a)
Gr = Ugi (I + Toh Tor) 1 U, (2.17b)
Hy = Vo (I 4 Tor T )™ Vi, (2.17¢)

and so Hy = Xor as in (2.11).



Proof. Induction will be used to obtain (2.17). The case k = 0 is obvious. Now assume that (2.17) holds for k and

observe the case k + 1. For ease, we omit the subscript -ox for U, V,T. Write W =V x U, and then

T 0

Torrn = [W TR I

v
] ,  Usk+1 = A2 U UL ok Varr1 = [V X Ab<2k:| :

Write M = +T™T, N=T+TT", K=M+WT x N"'x W, L=N® I, + WM~'WT, and also

M YY) = 1 - TN,
N T T = - T
1(2.18b)

K~ (M+WTW —WT x TM'TT x W)™,

L BN @ 1 + WWT — WITN T T) L,
Thus, Gy = UM~UT, H, = VIN~V, Ay = A2 —UM~'TTV, and
(I+Grx Hy) ' =T +UM*WT x N71V)~!
O UMW K NI+ WM Wk NY) V=T - UMTTWTL w Y,
Then, by (2.19),

Hyx (I+Grx H) ' =VINWx (I -UM*WTL™! x V)
=VIN I (I -WM'WILTYxV=VTxL &V

Thus,
T 0 T o 1™\
T -1 _
(I+T2k+1T2k+1) = <I+ {W T® [r2k] {W T® [TQJ )
[N TWT -
T WTT N@IL +WW7T
@isd)[I —N-TWT] [N~! I
a 1 LY |-WTTN-L I|-
I v \%
Note that {WTTNl I] Vo1 = [V o Ax2" —WTTN_lV] = [V " AJ. Then

T
_ \%4 Nt 1%
Vaiews (I + Tort1 T ™ Vs = [V X Ak:| [ Ll] [V X Ak:|
(QiO)Hk + AE X Hy X (In + Gy X Hk)_l X Agjg(:)H}v.’_l,
which implies (2.17¢) holds for k + 1. On the other hand, similarly, we have

(I+Gyx H) ' =T -UK'WT x N7V,
(I+Gpx Hy) ' xG,=UK'U",

- I K1 I —WTxTM™!
(I + Tyos Toren) ™ = [MlTT x W I} [ M1 ®Ir2k] [ 4 ’
I
Usr+1 MWW Il T [Ak x U U®IT2k] ,

Usk+1 (I + T;+1T2k+1)_1U;+1 = Gg+41,
which implies (2.17b) holds for k& + 1. Similarly,

A Ugid (T 4 T i Toesn) ™ TR Vs
K1 I -WTxTM[TT W7 1%
M=1® 1 I TT &I ||V x A2

ok+1

T Y U@IM[

_ Ax2k+1 . Ak [)( UK—l(TTV + WT X N—IV X Ab<2k) _ UM—lTTV X Ab<2k

(2.18a
(

(2.18d

(2.19)

(2.20)



= A x [A%2 —UK'T™V - UK'WT x N7V x A2
= Ay x I—UK"'WT x N"'W) x [4*2 — (I ~UK"'WT x N"'V)"'UK~'TTV]

2.15a)

= A x (I 4+ G x Hy)™ ' x Ai = At
which implies (2.17a) holds for &k + 1. O

For the case r = 1, (2.16) coincides with the decoupled formulae of the dSDA for DAREs introduced in [10].
Theorem 2.3 is a direct consequence of Theorem 2.1 and Lemma 2.2.

Theorem 2.3 (Convergence of doubling iteration for SDAREs). The sequence { H} generated by the doubling iteration
(2.15) with Ay = A,Go = BBT,Hy = CTC is either finite or monotonically increasing, and converges to the unique
positive semi-definite stabilizing solution X, of the SDARE (2.6) R-quadratically, namely

Hy = X, — (L)% (XL, — Y XY, (2.21)
1/2%
where Y and (y}‘*)Qk are as in (2.8), which implies tli}m (W) < p(FF,) < 1.

Based on the doubling iteration (2.15), one can solve the SDARE (2.6) directly by doubling iteration method, or
equivalently an analogous SDA method as that for DAREs [1, 18].

3 SCARE

LT R
to see that X is a solution if and only if X7 is a solution. In control theory, usually only symmetric solutions to (1.2)
are needed. Hence in the paper, we only consider the symmetric solutions.
The SCARE (1.2) arises from the stochastic time-invariant control system in continue-time subject to multiplicative
white noise, whose dynamics is described as below:

Consider the SCARE (1.2) where A;,@Q € R"*"™ B; € R"*™ [ € R"*™ and R € R™*™ with {Q L} = 0. It is easy

r—1
da(t) = Aox(t) dt + Bou(t) dt + > _(Asa(t) + Biu(t)) dw;(t), 51)
i=1 :
z(t) = CLx(t) + D u(t),
in which x(t), u(t) and z(t) are state, input, measurement, respectively, and w(t) = [wi(t) -+ wr_1(t)] T is a standard
Wiener process satisfying that each w;(t) is a standard Brownian motion and the o-algebras o (w;(t),t € [tg,00)) ,i =
1,...,7 — 1 are independent [I1]. Considering the cost functional with respect to the control w(t) with the given initial

Zo:-

oo =of [~ [ [ 7] [ 2

where Xt 4. (t) is the solution of the system (3.1) corresponding to the input u(¢) and having the initial x4, 444 (t0) = Zo,
one goal in stochastic control is to minimize the cost functional (3.2) and compute an optimal control. Such an
optimization problem is also called the first linear-quadratic optimization problem [11, Section 6.2] .

Assume the following conditions hold throughout this section:

(C1) R = 0;

(C2) the pair ({A4;};=,{Bi}i=y) is stabilizable, i.e., there exists ' € R™*" such that the linear differential equation

r—1
d
50 = ZpS(t) := (Ao + BoF)S + S(Ao + BoF)" +> (A + BiF)S(A; + BiF)"
i=1
is exponentially stable, or equivalently, the evolution operator e£7(#=%) is exponentially stable with e%rt =

oo LRtk
k=0 —%r—; and

(C3) the pair ({4}, C) is detectable with CTC = Q — LR™'LT, or equivalently, ({AT}/—, {CF}iZ;) is stabilizable
with Co =C and C; =0 fori=1,--- ,r—1.
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It is known that if the assumption above holds, then (1.2) has a unique positive semi-definite stabilizing solution Xy, see,
e.g., [I1, Theorem 5.6.15] . Here, X is a stabilizing solution if the system (Ag+ BoFx, A1+ B1Fx, -, A1+ B,-1Fx)

is stable with
r—1 r—1

Fx =—()_BIXBi+R)7'(BJ X+ B XA+ L"), (3.3)
i=1 i=1
or equivalently, Zp, is exponentially stable with the associated F, = Fx, taking the feedback control specified in (3.3)
with X = X,. In fact, X, is a stabilizing solution if and only if the zero equilibrium of the closed-loop system

r—1
da(t) = (Ao + BoF)z(t) dt + Y (A; + BiF,)x(t) dw;(t). (3.4)
i=1
is strongly exponentially stable in the mean square [l11, Chapter 5] . Furthermore, the cost functional (3.2) has an

optimal control u(t) = FyZt, 4, (t) where x4, 4, (t) is the solution to the corresponding closed-loop system (3.4).

3.1 Standard form and symplectic structure

As we have done for SDARES, first we make an equivalent reformulation for (1.2) for the sake of simplicity.
A1 Bl

Write A = © |,B=| : |,and then (1.2) will be rewritten as
Ar—l Br—l

ATX + XA+ AT (I @ X)A+Q — (XBy+ A"I® X)B+ L)(BY(I® X)B+R) " (Bf X + B*I @ X)A+ L) =0.

Let IT be the permutation satisfying T (X ®I,_1)IT = I,_y® X, and write A = II(A— BR~'LT), B = IBR~/2. Also
write A = A9 — BoR™'L", B = ByR~'/? . Noticing CTC = Q — LR™'LT, after some calculations (1.2) is reformulated
in the standard form of SCARE

ATX + XA+CTC+ A" x X x A— (XB+ A" x X x B)(B" x X x B+ 1) " (B"X + BT x X x A) =0, (3.5)

where A € R"*", B € R"X™ Ac R(r—Dnxn, B € RO—Unxm_ Alsg the feedback control Fx and the closed-loop matrix
are reformulated as

Fx = —R'LT + R7'/2Fy,
Ao + BoFx A B 1~
5] = L) + 7] P

A+ BFx
where Fy = —(ET x X x B+ IH~Y(XB+ AT x X B)T is the feedback control of the standard form (3.5).  Then
(3.5) can be rewritten as

~

0=CTC+ATX + XA+ A" x X x A+ (XB+ A" x X x B)Fy
— T T I, T X 4 o7 X 5 ~
~ [cTC A][XJF{IHA} ver lal* A xer |5 Bx

} _ [I™(X ® L)IT, and write Ap — A+ BFy, Ap — A+ BFy.

Let II be the permutation satisfying [X Xl
r—1

Then (3.5) becomes

[CTC AT] x B’g] = |1, A" I"wx Il L%ﬂ =~ [0wrn I A7

g I,] =~ [Ar
ﬁT‘| X [X} x IT |:A\F:| . (3.6)
Note that (1.2) is equivalent to (3.6) and

A A B| 5 =~ ~ ~
=S o 2B X x B+ 1) Y(BTX + BT x X x A). (3.7)
Ap A B
We can somehow treat (3.6) as an invariant subspace form, which urges us to transform (3.7) into that kind.

By left-multiplying the nonsingular matrix

I,
I, BBT x X |, 0o 0 BBT Iir—1yn
Ity + BB x X| |0 Ip_yy, 0 BBT||X
X®Ir—1
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~ A~

|, 0 0 BBT
|0 Ip_yy, 0 BBT

T 17 =~
ﬁT} X [X} x I

on both sides, (3.7) is equivalent to

I, 0 0 BBT| |IT 11, 7 [Ar
T X Ap

0 Ip-y. 0 BBT

AT A nT Bl -~ ~ ~ ~
In BB x X H _ | BB x X [A} (BT X x B+ )" (B™X + BT & X x A)
I(r—l)n + BBt x X| |A I(r—l)n +BB' x X| |B
_ A—BBTX _ A —BBT) 1
~ |A-BBTX| |A —-BBT| |X|®

(3.8)
Combining (3.6) and (3.8), now (1.2) is equivalent to

=i« (7[5])

where ~
cTc ATT 0 0 ~I, —AT 7T
A=| A -BB"|, B=|I, 0 0 BBT Tl
A —-BBT 0 Iy—1y, 0 BBT

which shows that the solution to the SCARE is equivalent to an invariant subspace R ({ )I(]> of the pair (A, B) with

respect to the left semi-tensor product.

As continuous-time algebraic Riccati equations can be transformed to discrete-time ones by Mobius transformation
and then symplectic systems are attained, stochastic continuous-time algebraic Riccati equations can also be transformed
to stochastic discrete-time ones, which is clarified in the following.

For the Mdbius transformation, it seems that we need to consider the transformation (A, B) — (A + vB, A — vB).
However, A, B are not of the same size so they cannot be added directly. Hence instead we check its equivalent effect on

. . 1 . . ~ o
the invariant subspace R }) On the other hand, since in the system the part related to A, B is somehow of the

K
discrete-time style, the shifts in the Mobius transformation are merely needed in the part related to A, B. Regarding
both, the transformation (A, B) — (A + vB| 4, Alg — ¥B) is considered, where

0 —I, rcTc o AT 0 7T
Bla=|I, 0|, As=| A 0 —§BT 0 [ ﬁT].
0 0 A 0 —-BBT 0

Note that

-~

I

. . ~I, —AT
Bu | Ll (| = IO 8 o pp7||° = B4 x !
X| of) " |'™m 22 x| T X
0

T T [ctc o AT 0 7
Alp x X x(ﬂ :): A 0 —-BBT 0 )*( :AK[X}
- - A 0 -BBT 0] |y
L X %

12



T et [{ (o5 7)
=B x Lf(] x IT (Eﬂ (Ap +~I) — v [AZEFﬂD (Ap —~I)~"

S o e e s

—(ls = 8)x || 7[5 27 (g -2
SRR R I RN PR EA Y el VPR
— (Als — 7B) {Q Q] X Lf(] x (ﬁ [%Fﬂ (AF—WI)_l), (3.9)

~ In ~ ~
where @ := I [ \/EI ] II" is nonsingular and Q! = IT {I"
F4(r=1)n

T, Writing
\/§I<r—1>n]

[ CTC AT — 41,
M =A++B|4 = |vln+A  —BBT |,
A —BBT
o [ cTc 0 AT 441,  J29AT T
L= (Alg—vB) |: Q:| = A _A’)/In 0 _§BT _v2’7§§T ﬁT‘|7
A —v2I,_1, -BBT —2yBBT

it can be seen that (M, L) is a x-symplectic pair, because M x J x M = L x J x LT.
To apply the doubling transformation to the x-symplectic pair (M, L), it is necessary to simplify it to a simpler
form, say, x-SSF'1 pair, whose existence is guaranteed by Lemma 3.1.

Lemma 3.1. Given v > 0 such that A, := A — ~I,, are nonsingular. Then (M, L) is equivalent to a x-SSF1 pair
v ¥ v p
(©,,9,), namely there exists a nonsingular matriz T such that

0, =TM = [ b}} OT}M] . & —TL-= {OIT" g%] , (3.10)
Ty n (r+1)nx2n nxXrn Y4 (r+1)nx2rn
where
~ [A, +2vI,+ BZTC
E, =0 " _ 5" I,+AZ'BZzTC)1AZ? RrXn 11
"= @A+ Bzro) (In+ A5 BZ, C) 7 A5 < ’ (3.11a)
Hy =2yA;"CY (I + 2,2]) ' CAS = 0 e R, (3.11Db)
- T
~ [ V2vA;'B [ V2AT'B ] ~
G,=11|- TN U+ 22 )7 2 RN B T RrXTT 11
v _AA;lB*B ( + y ’Y) AA;leB =0¢€ (3 C)

Here 7., = CA;lB.

Proof. Directly use block elementary row transformations to obtain (3.10). In fact, construct

~ I, AZ'BBT ] [,
7= 1 I Lk BT I
= Ji (r=1n a5 (r=1)n
n In 7W’y_1
-1
In I( 1) jiA—l _Lg( 1) |: Irn:|
T— n 2 04 2 T— n b
_ote 0 I, V2y V2y I I,

n

where W, = —AT—CTCAZ' BBT = —(I,+C" 2, BT A7 T) AT, and K., = AA7'B—B. Note that (I,+C" Z, BT A7 )=
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I, —CY(Ii+ Z,Z7)~'Z,BT A; T implies W, is nonsingular. Some calculation gives

[~ Iy —29yW T
TM = —~

1. 7T -7
\/27(14711— gZV QZWV ,
| 29W I CTC AT I,
I ~ [2yAZ'BBTW 1 VAW TBKT ] ~
I, —1I o] i v i g
[,/_QVKVBTW7 VK + 20 2,) K]
|:In —2yWl /W H(AT + CTZVBT)} nr

(3.12)

TL =

Then we show (3.12) is actually (3.10). For H,,
—2y W CTCAT = 27 A T (I, + CT 2, BT A T) T T CAT Y 20y AT TN (1 + 2,27) T C AT = Hy
for G, since BYW_ = —BTAZ (L, + CT 2, BTA; ") = —(I,, + 2] Z,) ' BTAJ T,

" -1 Ty —1 -T T - - -1 -131T o
BB W [V ey [ -

VIV, BTW Y K (I + 27 2,) T KT , ,

for E,,
2vI, —WT
— i g } (In+ AJ'BZJC)'AJ = E,.

~ I, — 27W,Y_T =
[ } . [m<2+§z;fc>

VZUA+ BZICOYW; T

Note that (3.9) and (3.10) give

In| _ Iy ~ [Ap +71n —1
0, x {X] =&, x [X] X <H [ VI AR ] (Ap —vIp) , (3.13)
Comparing (3.13) with (2.12), similar x-symplectic (or detailedly x-SSF1) structures appear in both SCAREs and

SDAREs, as CAREs and DARESs share similar symplectic structures.
Theorem 3.1. The SCARE (3.5) is equivalent to the following SDARE:

X=E x XX (I;n + Gy x X)"' x E, + H,, (3.14)

where E.,, G-, H., are as in Lemma 5.1 for proper v > 0. (Here that y > 0 is proper means A—~I,, Ap—vIpn, L +Gyx X
are all nonsingular.)

Moreover, the SDARE (3.14) satisfies (D1)—(D3), so it has a unique positive semi-definite stabilizing solution, which
is also the unique stabilizing solution of the SCARE (3.5).

Proof. Tt follows from (3.10) and (3.13) that

~ [AF +'Yln} —1
E,={U,+G X)II ~ Ap —~I,
vy ( Y X ) |: /Q’YAF ( F v )
~ [Ap +~1,
. o T F 1 n . 1
X—-H,= (E,Y x X)II { Ay } (Ap —~I,)" ",

yielding that X — Hy = (E x X)(I,n, + Gy x X)™'E,, which is equivalent to (3.14).

Here an issue is whether I,., + G, x X is nonsingular. Note that for the solution X to the SCARE, det(I,,, + G, x X)
is a nonzero rational function and hence the number of 7’s to make I,,, + G, x X singular is finite. Thus there must
be at least one 7 (in fact almost every real number) to meet the requirement.

The thing left to prove is the SDARE (3.14) has a unique positive semi-definite stabilizing solution. The three
matrices E.,G., H, play the role of A, BBY,CTC in the SDARE (2.6). Note that (D1) holds naturally; (D2) is
guaranteed by (I, + G, x X,)™! x E,|| < 1 for some induced norm ||-|| by (2.5); (D3) is similar to (D2). Therefore,
we will only show

_ ~ AFJr }/In _ AF + }/In _
+ 1 = < — 1 = e — 1
H(Irn G’Y X X*> X E’Y” HH |: \/_/7 :| (AF ’y[n) H|: \/_,y :| (AF ’)/In) <1 (315)

for some induced norm ||-|.
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Recall the assumption (C2). Note that the adjoint of the Lyapunov operator 25, for the standard form (3.5) is
rewritten as

% S =(A+BFx)"S+S(A+ BFx) + (A+ BFx)" x Sx (A+ BFx) = ApS + SAp + Ap x Sx Ap.  (3.16)

[9, Theorem 1.5.3] tells the fact that (C2) is equivalent to the spectra of the Lyapunov operator %7 being in the
interior of the left half plane, i.e., p(Z) € C_, and then for Z% in (3.16) there exists S > 0 such that Z% S < 0. For
X X

v > 0 to make Ar — I nonsingular, substituting
Ap =y(K —I)"Y K +1) o K = (Ap +~yI)(Ap — 1)~}

into the Lyapunov operator Z}; in (3.16) gives
X
VK 1)K+ DTS +4S(K +I)(K —I)"' + AR x S x Ap < 0.
By a congruent transformation, it is equivalent to
0K +DTS(K-I)+~v(K—-1)TS(K+1I)+ (K —I)TAL x S x Ap(K —I)
—~ T ~
= 2yKTSK — 2vS + (AF(K - 1)) X S (AF(K - 1))
by K —I=(Ap +7I)(Ap —vI)~' = I =2y(Ap — 1),
—~ T —~
— 2y KTSK — 275 + 442 (AF(AF . 71)*1) M S x (AF(AF - 71)*1)
~ T ~
— 2y [KTSK — 542y (AF(AF - 71)*1) x S x (AF(AF - 71)1)} ,
which implies
—~ T —~
KTSK + 2y (AF(AF - w)*l) x S x (AF(AF - 71)*1) <S.
Then for S = 0,

P(8) = (Ap — )" T(Ap + DT S(Ap + A1) (Ap — 4I) L + 2y (/TF(AF - 71)*1)T X S x (/TF(AF - 71)*1)

is exponentially stable [10, Theorem 2.12] , that is, p(.¥) < 1 or (3.15) holds. O

Following Theorem 3.1 one can solve SCARE (3.5) by any method solving the equivalent SDARE (3.14). One is the
fixed point iteration:
Xo =0, X1 =H,,

Xep1 = EJ X Xy X (In + Gy x X4) 7' x By + H,.
Another is the doubling iteration:

Ep=Ep_1 % (I, +Gro1 X Hy1) 7! X By, (3.17a)
Gr=Gr1® ITZk—l + B 1 X (Irgkfln 4+ Gr_1 X Hk,1)71 X Gr_1 X E];P_l, (317b)
Hy =Hp1+ E}_y % Hy—y % (Iar-1, + Gro1 X Hyp—1) 7! % Ej_y, (3.17¢)

initially with Ey = E,,Go = G, Hy = H, in (3.11).

Since the whole story from here on will be nearly the same as that for SDARESs, we will only briefly state the results
in the following. Besides, the properties of the fixed point iteration will also omitted, for it has been accelerated by the
doubling iteration.

E, O and &, — |:IT2kn -Gy,

Hk: In:| 2k 0 EkT :| 2k ok
(r2"4+1)nx2n (r2"+1)nx2r2"n
(3.17) with Ey = E,Go = G, Hy = Hy in (3.11), the following statements hold:

1. (O, Pyr) is a X-SSF1 pair;

Lemma 3.2. Let O = [ . Then for the doubling iteration

2. (O, Pr) = (Oki1, Pit1) = (0}, X O, D). X Py) is a x-doubling transformation, where

;L Ey x (ITzkn + G X Hk)_l 0
k= Eg X (I an-i-Hk X Gk)_l X Hy I,

T

3

:|(7‘2k+1+1)n><(7"2k+1)n
P — IT2k+1n —Fp X G X (Iﬂkn + Hj x Gk)_l
k 0 E];F X (I 2k ) + Hj x Gk)il

T

)
:| (r2P Ty x (2Pt 2k,
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3. it holds for k=0,1,2,... that

2
In o In T AF + '7[71 —1 .
@kD(|:X:|@kD(|:X:|K<H|:mA\F:|(AF’yIn) .
For the case that r = 0, Lemma 3.2 degenerates into the doubling method for CAREs (see, e.g., [18]).

Theorem 3.2 (Convergence of doubling iteration for SCAREs). The sequence { H} generated by the doubling iteration
(3.17) is either finite or monotonically increasing, and converges to the unique positive semi-definite stabilizing solution
X, of the SCARE (3.5) R-quadratically, namely

/2F
. |Hkx*|)1
lim <7 < pr, <1,
b\ [IXa]

r—1

where pp, == p( | (Ao + BoF + 1) ® (Ao + BoF +7I,) + 27 Y (Ai + BiF) @ (Ai + BiF) | (Aog+BoF—~1,) "t @ (Ao +
i=1

BoF — 1)),

4 Concluding Remarks

In this paper we demonstrate that the stochastic AREs are essentially the deterministic AREs in the sense that all the
matrix products are understood as the left semi-tensor products. As a by-product, the fixed point iteration and the
doubling iteration would play a role in acquiring the approximations to the solutions .

However, the two iterations could not be straightforwardly used as mature numerical methods to solve the equations,
because the left semi-tensor products make the size of involving matrices grow twice-exponentially (r2kn in fact), which
makes the storage an impossible task. Take the doubling iteration (2.15) or (3.17) as an example: if n = 1,7 = 2, then
the numbers of rows of first several terms Ay or Ej (also the number of rows/columns of Gy) are 2,4,16,256,65536.
Hence more work needs to be done on developing practical algorithms, though the algebraic structure is revealed as
clearly as the deterministic AREs.

Anyway, as we can see, many parallel theoretical results and numerical methods for DAREs and CAREs can probably
be generalized to SDAREs and SCAREs. Plenty of results are ready to be examined, and of course a lot of gaps are still
needed to be filled. = We believe that there must be efficient algorithms proposed under the philosophy of this paper,
and we leave it for future work.
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