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Fast metric embedding into the Hamming cube

Sjoerd Dirksen* Shahar Mendelson! Alexander Stollenwerk?

Abstract

We consider the problem of embedding a subset of R™ into a low-dimensional Hamming
cube in an almost isometric way. We construct a simple, data-oblivious, and computation-
ally efficient map that achieves this task with high probability: we first apply a specific
structured random matrix, which we call the double circulant matriz; using that matrix
requires linear storage and matrix-vector multiplication can be performed in near-linear
time. We then binarize each vector by comparing each of its entries to a random threshold,
selected uniformly at random from a well-chosen interval.

We estimate the number of bits required for this encoding scheme in terms of two
natural geometric complexity parameters of the set — its Euclidean covering numbers and
its localized Gaussian complexity. The estimate we derive turns out to be the best that
one can hope for — up to logarithmic terms.

The key to the proof is a phenomenon of independent interest: we show that the
double circulant matrix mimics the behavior of a Gaussian matrix in two important ways.
First, it maps an arbitrary set in R™ into a set of well-spread vectors. Second, it yields a
fast near-isometric embedding of any finite subset of £ into ¢7*. This embedding achieves
the same dimension reduction as a Gaussian matrix in near-linear time, under an optimal
condition — up to logarithmic factors — on the number of points to be embedded. This
improves a well-known construction due to Ailon and Chazelle.

1 Introduction

In modern data analysis one is frequently confronted with sets that contain a large number of
points, and each point is represented by a high-dimensional vector. This high-dimensionality
causes significant storage consumption and comes at a high computational cost. In an attempt
of addressing those issues, dimension reduction techniques have been used, for example, in
clustering schemes [36]; computational geometry [21]; and numerical linear algebra [43], [45]
(see, e.g., [0] and the references therein for many more examples). The idea is to map the
given set into a lower-dimensional space, while preserving its key features. And obviously,
what counts as a key feature changes according to the application one has in mind.

The Gaussian random matrix A € R™*" whose entries are independent, standard Gaus-
sian random variables, is a surprisingly powerful and versatile tool that is frequently used in
dimension reduction methods. The most basic result of that flavor is the (Gaussian formula-

tion of the) Johnson-Lindenstrauss Lemma [30]: if f : R™ — R™ is defined by f(x) = \/—%Ax,
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then for any finite set 7" and € > 0,
L=ollz—yl3 < If(@) = fWI; <+ o)le—yl3,  forallzyeT (1.1)

with high probability, provided that m 2> e 2log|T'|. Here, and throughout this article, |T|
denotes the number of points in T, a < b means that a < ¢b for an absolute constant ¢ > 0
and a ~ b means a < b and b < a.

The Johnson-Lindenstrauss Lemma is remarkable in at least two respects. First, the
map f is data-oblivious, i.e., it is constructed without any prior information on the set one
wishes to embed. This property is crucial in certain applications, e.g., one-pass streaming
applications [§] and data structural problems such as nearest neighbor search [I8]. Second,
the Johnson-Lindenstrauss embedding is in general optimal: Larsen and Nelson [34] showed
that if € > min{n, |T|} %4, then any map f : T — R™ that satisfies (II)) must also satisfy
that m > e 2log |T|.

Despite this general optimality, the embedding dimension achieved by the Gaussian matrix
can be substantially lower. Indeed, for a set T, let

T’:{ﬂ:aﬁéy, x,yGT}, (1.2)
[z =yl
denote by G the standard Gaussian random vector and let
£.(8) = Esup (G, )| (1.3)
zeS

be the Gaussian mean width of a set S. A result due to Gordon [17] shows that for 7" C R", f
satisfies (LI)) with high probability if m > €=2¢2(T"). Gordon’s result is an instance-optimal
version of the J-L lemma: if 77 is as in (I2), then ¢2(1") is always upper-bounded by clog |T'|
for an absolute constant ¢ > 0, and it may be substantially lower if T has a low-complexity
structure, e.g., if it consists of sparse vectors or if it belongs to a low-dimensional subspace
or manifold.

It is also known that the Gaussian random matrix can be used to define dimension re-
duction schemes that go beyond the Euclidean setting. Most relevant to this work is the
fact that it is possible to embed subsets of ¢4 into the Hamming cube {—1,1}™ in an almost
isometric way—by combining a Gaussian matrix with a straightforward binarization scheme
(see [38, 41] when T'C S"~! and [13] for T C R™).

At the same time, using the Gaussian matrix in dimension reduction schemes is prob-
lematic from a computational perspective. Firstly, a typical realization of the matrix is fully
populated and unstructured; thus, simply storing it requires plenty of memory (O(mn)). Sec-
ondly and more importantly, it takes significant time (O(mn)) to compute a matrix-vector
product Ax. It is therefore highly desirable to find an alternative to the Gaussian matrix:
specifically, some structured random matrix that requires less storage space and supports fast
matrix-vector multiplication. Obviously, one would want that matrix to be as effective in
dimension reduction as the Gaussian matrix, resulting in the best of both worlds: an optimal
data-oblivious embedding that is computationally efficient.

Our main result achieves this goal for binary embeddings: we identify a computationally
friendly replacement for the Gaussian matrix that leads to a near-isometric embedding
of an arbitrary subset of R” into a low-dimensional Hamming cube.




The heart of the proof of this result is to show that the matrix we define - the double
circulant matrix - mimics the behavior of the Gaussian matrix in two important ways: it
yields an almost isometric embedding of any subset of £ into (7" and, at the same time, it
maps an arbitrary set in R™ into a set of well-spread vectors. We will make these statements
precise in Section This behavior is remarkable because the double circulant matrix has
limited randomness and its entries are strongly dependent. Although this may be somewhat
speculative, we believe that the Gaussian behavior exhibited by the double circulant matrix
will have many additional applications—well beyond the scope of binary embeddings.

1.1 Main result

Before stating our main result, we recall a binary embedding that is based on the Gaussian
matrix and was studied in [I3]. For a matrix A € R™*" we consider the map f : R" —
{—1,1}™ defined by

f(z) =sign(Az + 1), (1.4)

where 7 is uniformly distributed in [—\, \]"* and is independent of A, and the sign-function is
applied component-wise. In what follows, ¢,(7T") denotes the Gaussian mean width of a set T’
(as in (L3)) and N (T,0) is the Euclidean covering number of T" at scale 6, i.e., the smallest
number of open Euclidean balls of radius 6 needed to cover the set T. Our starting point
is the following fact, which was established in [13]. Here and throughout, dy denotes the
Hamming distance on {—1,1}".

Theorem 1.1. There exist absolute constants cg,...,c3 such that the following holds. Let
T C R™ and put R = super ||t[l2. Set 0< 6 < & w>1 and let

0<6<c A > c1Ry/log(R/9).

8
/log(eX/d)’

Suppose that

m> <)\210gN(T, 0) N Aei((T -T)N 933)) . (15)
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If A € R™*" s the standard Gaussian matriz and T is uniformly distributed in [—X, \]™
and independent of A, then with probability at least 1 — 2exp(—c36?m/A?), the map f(t) =
sign(At + 1) satisfies

V2T

m

sup du(f(x), f(y)) = llz —yll2| < 0. (1.6)

z,yeT

Although the bound on the dimension m in (L3 seems unnatural, it is, in fact, optimal.
We refer the reader to [13] for the proof of this surprising fact.

In what follows we show that a version of Theorem [[.Tlis true for a certain computationally
friendly matrix - the double circulant matrix. To define that matrix, let I C [n] with [I| =m
and set Rjx = zig x;e;. For vectors z,y € R", let 'y = = ® y; thus T’y € R™ " is the
discrete convolution operator with x. Let D, = diag(xi,...,x,) € R™ "™ be the diagonal
matrix defined by z, let G € R™ be the standard Gaussian vector, and set €”,&’,e € R™ to be
Rademacher vectors, i.e., vectors consisting of independent random variables taking values 1
and —1 with equal probability. We assume throughout that G,&”,¢’, and e are independent.



Definition 1.2. The double circulant matrix A € R™*" is defined by

1
A=—RI'¢DTDe. 1.7

Clearly, A requires O(n) storage capacity, and it is well known that matrix-vector multi-
plication for a circulant matrix can be carried out in time O(nlogn) by exploiting the fast
Fourier transform.

Our main result is that the binary embedding endowed by the double circulant matrix
performs as well as the Gaussian embedding (up to logarithmic factors in n and with a worse
success probability).

7

Theorem 1.3. For any v > 1, there exist cy, . .., cs that are polynomial in log(n) and
~ such that the following holds. Fix 0 < 0 < R/2 let T'C RBY, and set

0 = ¥, A > c1Ry/log(R/9).
Co

log(eA/d)
Suppose that n > com and

m> e (AglogN’(T, 0) +)\£§((T—T)HHB§)>. (18)
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Let A € R™™ be the double circulant matriz. If T is uniformly distributed in [—X, A"
and independent of A, then with probability at least 1 —n~", the map f(t) = sign(At+7)
satisfies

V2T

m

sup
z,yeT

du(f(2), f(y)) =z —yll2| <6

1.2 The Gaussian behavior of the double circulant matrix

The proof of Theorem [I.1] is based on two well-known properties of the standard Gaussian
matrix.

First, if A € R™*™ is the Gaussian matrix, then for any 7" C R™, with high probability, A
is an embedding of T into (7", in the following sense: for any u > 0

<sup1—\f 4zl — el < 2250 + )gze—m“2/<2R<T>2>, (19)

where R(T") = sup,cr ||z||2. The proof of this fact can be found in [41] (see Lemma 2.1 there).

Second, a Gaussian matrix maps any T into a set of ‘well-spread’ vectors: for any
1 <k <m and u > 1, with probability at least 1 — 2 exp(—cu?klog(em/k)),

sup | Az||p < C (E*(T) +uR(T) k‘log(em/kz)) , (1.10)
z€T



where

1/2
2]k = sup (Zﬂf) :
1=k \ier
The proof can be found, for example, in [I3] (see Theorem 2.5 there).
Together with a generic binary embedding result, stated in Theorem 2.1] these two facts

imply Theorem [L.11

With that in mind, the heart of the proof of Theorem [I.3] is to show that the double
circulant matrix ‘acts as a Gaussian matrix’; specifically, that it satisfies suitable versions of
(L9) and ([I0). This behavior is surprising in view of the limited randomness in the double
circulant matrix and the strong dependence of its entries. As a result, the approaches used to
prove (L9) and (II0) fail in case of the double circulant matrix. We will develop an entirely
new approach to establish those properties.

We first develop a general recipe for constructing a matrix that maps an arbitrary set to a
collection of vectors that are well spread. The key feature that we introduce for this purpose is
the notion of strong regularity. Intuitively, a matrix B € R™*™ is strongly regular if it acts as
a FEuclidean almost-isometry on sparse vectors, and also maps sparse vectors into well-spread
ones (see Definition B1] for a formulation of the strong regularity property). We prove that
the matrix BD,., obtained by randomizing the column signs of a strongly regular matrix B,
satisfies an estimate similar to (LLI0) for an arbitrary set 7' and with high probability with
respect to . The accurate formulation of this statement can be found in Section Bl

Next, with the notion of strong regularity in mind, the second component of the proof of
Theorem [[.3] is to show that

B = \/%RIPGDE//Fd
is strongly regular (obviously, A = /mBD,). That fact is established in Section [4] by using
known (but nontrivial) tools, developed in [32] and [12].

Combining those facts, it follows that a typical realization of the double circulant matrix
A maps an arbitrary set to a collection of well-spread vectors, thus leading to an estimate as
in (LI0).

Once a version of (LI0) is established, we turn our attention to (LY): showing that
just like the Gaussian matrix, a double circulant matrix satisfies a uniform #;-concentration
phenomenon. To that end, we first prove that for a fixed vector y, the random variable

|IRTcy|l1 concentrates sharply around its mean m\/g ly||2 if the discrete Fourier transform

of y is well-spread — see Section [B. The exact notion of ‘well-spread’ needed here is clarified
in what follows. Next, recalling that

1
A= %RIFGDa”Fa’Dsa

we prove that ||At||; concentrates by showing that the discrete Fourier transform of D T Dt
is well-spread. The concentration for any fixed vector ¢ € T is sufficiently strong to derive a
uniform concentration estimate in a straightforward manner — see Section

1.3 Fast /,-¢; dimension reduction of finite sets

As a side product, our analysis yields a result of independent interest: a new fast embedding
of any finite set of points in ¢4 into ¢}". The embedding has runtime O(nlogn) and achieves



the same dimension reduction as a Gaussian matrix. This improves a well-known construction
by Ailon and Chazelle [2]; most significantly, we remove a strong restriction on the cardinality
of the set that one wishes to embed. The condition obtained here is optimal up to a poly-
logarithmic factor if the goal is maximal dimension reduction — see the next section for a
detailed discussion. Note that the embedding dimension |I] lies between m /2 and 3m/2, say,
with probability at least 1 — e™“™.

Theorem 1.4. For any v > 1, there exist cg,c1 that are at most polynomial in v such
that the following holds. Consider the scaled double circulant matriz C = %\/gA,
where I is chosen using random selectors: I = {i € [n] : 60; = 1}, where 01,...,0,
are independent and 1 —P(0; = 0) = P(§; = 1) = m/n. Let T C R" be finite and let
¢ <log=/%(n). Then, C satisfies

1—e|z—yllz <||Cz—Cy|1 < A+ €|z —yl2, for allz,y €T (1.11)

with, probability at least 1 —n~" if m > coe 2log |T| and |T| < exp(c1e*n/logb(n)).

Remark 1.5. If T is finite, then one can similarly improve Theorem[L.3 by selecting I using
i.1.d. random selectors. In this case, one can show that this result remains true under the
optimal condition m > 62 log|T| if n > cd~2log |T| and c is polynomial in log(n) and . We
omit the details of this argument.

1.4 Related work

Fast /5-¢5 dimension reduction with circulant matrices. Numerous works have pro-
posed and analyzed computationally efficient random matrices for fo-¢5 dimension reduc-
tion (see, e.g., [1l 2, B 6, O, 15, 16, 19, 29, B, B3, 44] and the references therein). We
will only highlight the successful use of random circulant matrices for this task — an ap-
proach that was first considered by Hinrichs and Vybiral [19]. They proved that the matrix

C = ﬁijang satisfies (ILI) with large probability if m ~ e 2log3(|T|). This was later

improved to m ~ e 2log?(|T|) [44] and shown not to be improvable further if m|T'| < n [16]
— however, it is possible to improve the scaling in terms of |T'| to log |T'| at the expense of
additional logarithmic factors in the dimension (by combining [32] and [33]). In fact, the main
result of [39] (see also Theorem from [37] below) shows that C satisfies (I.1]) with high
probability under the refined condition m > e=2¢2(T")log*(n). These results show that C' can
serve as a computationally efficient replacement of the Gaussian matrix for £»-¢5 dimension
reduction.

Fast /(5-¢; dimension reduction. In their groundbreaking paper [2], Ailon and Chazelle
initiated the study of fast Johnson-Lindenstrauss transforms that use structured random ma-
trices that support fast matrix-vector multiplication. Although most subsequent works have
focused on alternative fast transforms and improved guarantees for ¢5-f5 dimension reduction
(see, e.g., [15], 191 29, 33}, [44]), the original work [2] also studied computationally efficient ¢5-¢1
dimension reduction of finite point sets, motivated by approximate nearest neighbor search.

Ailon and Chazelle’s original transform takes the form C' = %\/gPH D., where D, is as
before, H € R™ " is a normalized Hadamard matrix, and P € R"*" is a sparsified Gaussian
matrix: it has i.i.d. entries which are equal to 0 with probability 1—¢ and equal to a Gaussian



with mean zero and variance 1/q with probability ¢, where ¢ needs to be picked appropriately.
It satisfies (LII)) if ¢ ~ min{log(|T'|)/(ne),1} and m ~ e~ 2log(|T|). The runtime is

O(nlog(n) + min{ne_2 log(|T), 3 log2(|T|)})

so that it achieves O(n log n) runtime under an appropriate restriction on the number of points
in T: |T| must be O(exp(n'/?)). Essentially the same bottleneck appears in the alternative
construction in [3]. This bottleneck was recently improved to O (exp(n!'~¢)) by the method of
[5], but this improvement applies only for the related problem of simultaneously embedding a
subset 7" of T in time O(|T"|nlogn), where T has at least polynomial size n9(¢) (for a certain
function g). We improve these results in two steps.

In the case of £5-f5 dimension reduction, it is well known that one can construct structured
random matrices with improved runtime O(nlogn) (without a restriction on the number of
points) if one is willing to raise the embedding dimension by a polylogarithmic factor in |T'|
and/or n (see, e.g., [19] 291 B3, 44]). As a first step, we make an analogous contribution for
fast £9-¢1 dimension reduction: we show that the scaled double circulant matrix C' = %\/gA
satisfies (LII]) with high probability if m > ¢=2log(|T'|) log®(n) (see Corollary 6.2 for T" as in
2).

Theorem [[.4limproves this further by using a double circulant matrix with I picked using
random selectors: it achieves the same dimension reduction as the Gaussian matrix (m ~
e 2log |T'|) under the significantly relaxed restriction that |T'| = O,(exp(n/log®(n))) — which
is nearly optimal if one is interested in dimension reduction (i.e., ensuring that m < n).
Note that beyond the dimension reduction setting, Indyk [22] showed that for any distortion
€ > 1/logn there is an embedding of all of £} into £* with m = O(n'*°(M) and runtime
O(?’L1+O(l)).

Finally, let us mention for completeness a less closely related result on fast £5-¢1 dimension
reduction derived in the context of one-bit compressed sensing [I1]. It was shown there that
the matrix C' = %\/gRIF(;, where [ is picked using i.i.d. random selectors, satisfies (LII])
with high probability on the set of all s-sparse vectors if m > e 2slog(n/se), provided that
the sparsity level s is small enough (e.g., if s < ey/n).

Binary encoding of Euclidean distances. Theorem [[3] fits into a more general line of
work [14] 20, 23], 24], 25| 26, 27, 28|, [40], [46, [47, 48] that strives to create an efficient binary
encoding of all Euclidean distances in a given set T (see also [4], which focuses on inner
products and squared distances). This task consists in constructing a computationally efficient
embedding map f : T — {—1,1}" and reconstruction map d : {—1,1}" x {-1,1}"* - R
such that for any pair xz,y € T, d(f(x), f(y)) is an accurate proxy of ||z — y||2. The binary
encoding in Theorem [I.3] stands out in comparison to the aforementioned works in achieving
all of the following properties simultaneously:

(i) The embedding map f is a metric embedding into the Hamming cube, i.e., the recon-
struction map d is (a constant multiple of) the natural Hamming distance, as in [40} [47].
Consequently, the number of bit operations needed to compute d(f(x), f(y)), is minimal
- one only needs to directly compare two bit strings;

(ii) The embedding time O(nlogn) of our construction, i.e., the time needed to compute
f(x) for a given z, is on par with the best existing results [4] [14] 20, [40], 46 [47];

(iii) The construction is data-oblivious, as in [4} 14} 20] 25l 26, 27] 28], [40} 146, 47, [48];



(iv) The bit complexity of our encoding, i.e., the number of bits (or dimension of the Ham-
ming cube) required to encode the Euclidean distances within the given set of points, is
optimal for finite sets (when picking I using random selectors, see Remark [[L5]). Indeed,
any oblivious random binary encoding scheme ( f, d) that embeds, with some given prob-
ability, any given finite set of N points into {—1, 1} with an additive error of J, must
satisfy m > C5 2log N (see [13], whose proof is based on [4]). Similar (near-)optimal
bit complexity estimates were achieved in [14] 20, 25] 26] 27) 406, 48] (see also [24] and
[4] for methods with optimal bit complexity for the related tasks of encoding distances
up to a multiplicative error and encoding squared distances up to an additive error,
respectively).

(v) The bit complexity estimate is in terms of more refined complexity measures of the
dataset than the cardinality of the set, which in particular makes the result applicable
to arbitrary infinite datasets in R™ (as in [20], 25| 26} 27]).

Let us comment in more detail on prior works [14] [40] 46, [47] that have the same goal of
constructing a fast metric embedding into the Hamming cube. These works all considered
finite sets of vectors on the unit sphere and strived to find a structured random matrix
A € R™*" that supports fast-matrix vector multiplication so that with high probability

|dr (sign(Az), sign(Ay)) — ds,_, (z,y)| <6,  forallz,y €T, (1.12)

where dg,, , (x,y) is the normalized geodesic distance on the sphere. If A is standard Gaussian,
then it is straightforward to see that this holds under the optimal condition m > 6=21log |T|.
As was remarked in [14], [46], by simply applying a fast or sparse Johnson-Lindenstrauss
transform before applying the Gaussian matrix, one obtains (I.I2]) under the same condition
with runtime O(nlogn) if the number of points is small (e.g., if log|T| < §%y/n in case
of a fast Johnson-Lindenstrauss transform). It was observed empirically in [47] that A =
RI'yD, performs well and that performance deteriorates if D, is left out. The latter was
rigorously established in [I4]: it exhibits a two-point set for which (ILI2]) fails with positive
probability if A = R;I'y. The best result in the former direction stems from [40]: it considers
A= RiI'yDy HD,,, where I consists of m indices selected uniformly at random and g, g1, g2
are independent standard Gaussians, and shows that (LIZ) holds if m > § 3log|T| and
log |T| < 6>n'/3. Even though the embedding time of this transform is O(nlogn) without
restrictions, the guarantee is worse than for the simple combination of a standard Gaussian
matrix and a fast or sparse Johnson-Lindenstrauss transform. Finally, let us mention that [14]
(which fixed a proof gap in [46]) established a binary encoding with optimal bit complexity
and runtime O(nlogn) under the relaxed condition log|T| < dv/n/+/log(1/6). However,
this encoding is not a metric embedding, as it no longer uses the Hamming metric as the
reconstruction map. Nevertheless, it illustrates that it is nontrivial to overcome the bottleneck
on the number of points to be embedded.

Our work improves over these earlier attempts to create a fast metric embedding into
the Hamming cube. We do not require an artificial restriction on the number of points to
be embedded, achieve embedding time O(nlogn), and a bit complexity that is optimal for
finite datasets. Moreover, our bit complexity estimate is in terms of more refined complexity
measures than the cardinality of the dataset and in particular allows for the embedding of
infinite sets. This bit complexity estimate matches (up to logarithmic factors) the one for the
Gaussian embedding in Theorem [T which is known to be optimal [13]. These improvements



are made possible by the novel Gaussian behavior of the double circulant matrix established
in this work (uniform ¢;-concentration and mapping into well-spread vectors), together with
the use of the uniformly random shifts in (L4)).

Let us finally mention two binary encodings that improve over our construction at the
expense of some of the listed properties (i)-(v). First, the dependence of m on the additive
error parameter § can be improved (beyond the lower bound mentioned under (iv)) if an
additional relative error term is present: this was achieved in [20] using a binary encoding that
combines a fast Johnson-Lindenstrauss embedding with a so-called noise shaping method (see
also [48]). A downside of this encoding is that it is not a metric embedding into the Hamming
cube. Second, it is possible to preserve distances up to (only) a multiplicative error. This is
the goal of a different binary encoding scheme developed by Indyk and Wagner [23], 24], which
achieves the minimal bit complexity for a finite set for this setting. This scheme is, however,
not a metric embedding, data-adaptive rather than oblivious, and has a higher computational
complexity.

2 A generic binary embedding result

The starting point of the proof of Theorem [[.3]is a generic embedding result from [13], which
we now outline. Let A € R™*™ be a matrix and for a parameter X\ > 0, let 7 be uniformly
distributed in [—A, A]"™*. Consider f: R™ — {—1,1}", defined by

f(x) =sign(Ax + 1), (2.1)

where the sign-function is applied component-wise, and denote the normalized Hamming
distance on {—1,1}"™ by
~ 2)K
dlz,y) = —dg(x,y).
(@,y) = —=dn(z,y)
The constant x turns out to be an absolute constant in our application, and its value is
specified in what follows.

Let 0 < 0 < 6, and set Ty C T to be a #-net of T' of minimal cardinality. Finally, assume
that A ‘acts well”’ on T in the following sense:

(a) A satisfies uniform ¢;-concentration on Tp:

K
sup | —[[A(z —y)l = [lz —yll2| < 6. (2.2)
xvyeTQ m

(b) A maps T to ‘well-spread’ vectors: For k = [dm/\| we have that

1
— sup |[Az||jm < A, 2.3
T sup |l < (2:3)

and ]
— sup Ax < 4. 24
Vk ve(r—T)n0By A=y 24

Then one has the following:



Theorem 2.1. [13] There exist absolute constants c1,ca and cs3 such that the following

holds. Let
5 log N(T, 6)

52
and assume that A satisfies 2.2), (23), and 24). Then with probability at least
1 — 2exp(—c262m/N\2k2),

m > i N2k

sup |d(f(x), £(4)) = lle = yll2| < calrs + 1)3.
z,yeT

If A is a standard Gaussian matrix and the conditions of Theorem [I[1] hold, then (Z2]),

23), and [24) (with k = y/7/2) are immediate outcomes of (L.9) and (L.I0).

Thanks to Theorem 2] it is clear that proving the analogs of (Z2]), (23]), and (Z4]) would
yield a binary embedding estimate—and the proof of Theorem [[.3l The rest of the article is
devoted to the proof of those estimates for the double circulant matrix.

3 Strong regularity

For x € R", set ||z|lo = [supp(z)|. The vector x is called s-sparse if ||z|p < s. Denote by
U, C S™1 the set of all s-sparse vectors on the Euclidean unit sphere and let

Vs ={r €R" : |zflo <, [Jzf2 <1}

be the set of s-sparse vectors in the Euclidean unit ball.
A matrix B € R™*" satisfies the (s,0)-Restricted Isometry Property if

sup | || Bal|3 — [l«l3 | <o,
ZBEUS

and we denote this property by RIP(s, ).

The following definition is of crucial importance in the context of the proof.

Definition 3.1. Let p > 0 and set s, = [p~%]. A matriz BE R™*" is p-regular if it
satisfies RIP(r, py/r) for all 1 <r <'s,. It is p-strongly regular if it is p-regular and,
in addition, satisfies

sup || Bzl < pvr, foralll <1 <s,.

BE n

In other words, thinking of the case where p is small, B is regular if it is an almost
Euclidean isometry on sufficiently sparse unit vectors, and it is strongly regular if additionally,
for any sufficiently sparse unit vector x, Bx is relatively well-spread: if x is r-sparse, then
1 — py/7r < ||Bz||2 < 1+ py/r but the contribution of the 7 largest coordinates of Bx to its
Euclidean norm is at most p+/r.

To put this notion in perspective, consider the standard Gaussian matrix A € R™*",
Then for any u > 1, with probability at least 1 — 2 exp(—cou?r log(em/r)),

rlog(em/r)

<cu

1 2 2
sup | —|[|Azl; — ||z|
zeUy m 2 2

10



and
1 rlog(em/r)
sup ——||Ax < cuy\| —————~.
e \/m” H[T] m
Hence, by taking the union bound over 1 < r < m we find that with nontrivial probability,

logm

the Gaussian matrix \/LEA is strongly p-regular for p ~ e

The main result of this section is that by randomizing the columns of a strongly regular
matrix B using independent random signs, one obtains a matrix that is ‘well-behaved’ on an
arbitrary set. To formulate this claim, let D, be a diagonal matrix whose diagonal entries are
independent, symmetric random signs €1, ..., &, and for 7" C R" set

0.(T)\?
d (T) = .
"= (%1)
Theorem 3.2. There exists an absolute constant ¢ such that the following holds. Let

0 < p < 1/y/log(m + n) and consider 1 < k < m. Assume that B € R"™*"™ is p-strongly
reqular. If T C R", R > R(T), and u > 1 then with probability at least

1—2exp (—cu® [2(T) + R*klog(em/k)] /R?)
with respect to €, we have that

sup || BDex ||y,
zeT

<u? [,0 (E*(T) +R- \/klog(em/k)> +p?R7 ((T) + R? - klog(em/k))] .

The proof of Theorem is based on the following analogous result on column random-
ization of a regular matrix, which was established in [37].

Theorem 3.3. There exist absolute constants ¢,C > 0 such that the following holds. Let
0 < p<1/ylogn. Assume that B € R™*" is p-reqular. Then for any T C R™ and u > 1,
with probability at least 1 — 2exp(—cu?d*(T)) with respect to e,

sup [ BD-x [} el < ClRA(T) - (o /" (T) + " (1))
The following simple lemma is the key to the proof of Theorem In what follows,
Id,,, € R™*™ denotes the identity matrix.

Lemma 3.4. Let B € R™*™, p > 0. If B is p-strongly regular, then [B 1dp,] € R (ntm)
s 3p-reqular.

Proof. Let 1 <r <[(3p)72] < [p~?]. Clearly,

w wa []-[C)

< sup |[|Bz|3 - |z]j3| +2 sup sup |(Bz,y)]

sup sup

2
(Eezr,n yGEr,m 2

TE2irn -'Eezr,n YE2ir,m
< sup [|Ball} - lo|3|+2 sup [|Bally < 3pv7,
Tre rn -'Eezr,n
and the result follows. []

11



Proof of Theorem Set R > R(T) = supser ||t]]2 and consider 77 = {t/R : t € T'}.
We shall use the fact that X ,, is an unconditional set: for any choice of signs (i, ..., (m,
D¢¥gm = Xgm- This allows one to introduce additional randomness. Indeed, let (i, ..., Gn
be independent, symmetric random signs that are also independent of (¢;)?_;. Then

sup || BD:x||) = R sup || BD:x||, (3.1)
z€T zeT’
and
sup ||[BDxl|, = sup sup |[(BDez,y)|=sup sup [(BD.z,Dcy)|.
xeT’ €T y€Xk m €T’ yEXk m

Moreover, by the polarization identity,

(BD.x, Dey)| = | IBDx + Doyl ~ | B — Deyll|
2 2
oo 2Bl - (= »a L)

D. 0]
[BD. D¢| =B Idp) [ 0 De

1
4

: R H [—:Ey]

)l

Clearly,

and hence

2] 2|7

- , 3.2
_y] 2 H [y] 2 @2)
where T = T x Ykm- Lemma [3.4] implies that [B Idm] is 3p-regular, and one may there-
fore invoke Theorem ~IBI{I for the set T. The result follows thanks to the straightforward
observations that £,(T) is equivalent to £u(T") + lu(Xgm); €a(Zk,m) ~ /klog(em/k); and
R(T) = SUpP; HtHg ~ 1. u

1
sup [|BD:z|[, < 5 Sup
o€’ (z.y)TeT

v uils 8

Remark 3.5. It is useful to present the estimate from Theorem[3. 2 in terms of the following
parameter. For a set T CR"™, R > R(T), and 1 < k < m define

Qu(T, R) = p ((X(T) + R2klog(em/k))""*. (3.3)
Theorem [32 implies that with probability at least 1 —2exp(—cou?[(2(T) + R?klog(em/k)]/ R?)

sug |BD:x|| < cru® max{Qw(T, R), R"'Q%(T,R)}. (3.4)
BAS

In particular, if Qx(T,R) < R, as will be the case in the situations that interest us, the
dominating term in the estimate from Theorem is ~ u?Qp(T, R).

3.1 Strong regularity and Theorem [2.1

Let us return to the last two conditions that are required in the generic embedding result
from Theorem Il If Ty is a f-net of T' of minimal cardinality and k = [dm/A], one has to
show that

sup [|Az||jy < MWk (3.5)
€Ty

12



and

sup [ Az|| < Vk (3.6)
z€(T-T)NOBY

hold for the matrix

1
A=RT¢Do \/ﬁralpg.
Set
B = ! Ri'¢D ! I
- \/m 11 Ge \/ﬁ £

and observe that A = /mBD.. We will spend considerable effort in showing that B is p-
strongly regular, where T :=pm!/? is independent of m and is at most poly-logarithmic in n

(see Theorem [.1]). Before going down that long road, let us first show its benefit: combined
with the following result, it will establish ([B.5]) and (B.6]).

7

Theorem 3.6. For u > 1 there exist constants ci,cy that depend only (polynomially)

on u and absolute constants c3,cq4 such that the following holds. Let 0 < p < ————
log(m+n)

be such that T = pm'/?2 > 1. Let B € R™*" be p-strongly regular, set 0 < § < R(T)
and consider

A > ¢ max {5?2 log(eY), YR(T)log!/? (TRT(T)) } .
Put : )\
0<6< CQ—TIOg‘l/2 (5> .
" A 22 22 0B}
> 63@ max{57’égf;2), (T _5:[920 BQ)}, (3.7)

then with probability at least 1 — 2 exp(—cqu?md/N), the matriz A = /mBD, satisfies

BA) and B.4).

\

Remark 3.7. To put the estimate [B.7) in Theorem in a more familiar form, observe
that

(Ty) S R(Ty)log |Ty| S R(T) log N(T',0).
Hence, by choosing 6 as large as possible, the second term on the right hand side of ([B.1)

leads to the (25 term in (L8) from Theorem [I.3—up to poly-logarithmic factors in n, while
the first term is dominated by the entropic term in (LS.

Proof. Set k = [dm/A] and define Ky = (T'— 1) N 6B5. We will apply the estimate in
Remark B35l for the sets Ty and Ky. To that end, observe that R(Tp) < R(T') and R(Kp) < 6.
Let use write Q(Tp) := Qr(Ty, R(T)) and Q(Ky) := Qx(Ty,0) and observe that

o~ min (g s ())

13



and

2(Ky) 6 A\ V2
Q(Kg) ~ p@ < (02 0) + Xmlog <%>> .

We begin by imposing conditions that ensure that
Q(Tp) < R(T), and Q(Kp) <4, (3.8)

so that both Q(Ty) and Q(Ky) are the dominant terms in the estimate (3.4]) for the sets Tp
and Kjy, respectively. Observe that (8.7) implies that

{855 o (3)

and hence (B.8]) holds if we ensure that

1) e\ VY21
= — < —,
ovm <)\log<6>> <7

Since T = py/m, the latter condition is satisfied if

A
5 > ;T log(eX). (3.9)
To summarize, if (37) and ([B.9) hold, then Remark B.5 implies that

sup || Azl = sup vVm|BD x| < u’v/mQ(Tp)
€Ty xz€Ty

and

sup || Az < uPvmQ(Ky).
zeKy

Thus, to establish ([3.5) and (3.6]), all that remains is to show that

W?mQ(Ty) < Wk and w?vmQ(Ky) < 6Vk,

i.e., that
5. (eA\\"?
WTR(T) (X log <7>> <VoVA (3.10)
and that 1o
J eA J
210 ~log | — <0/~ 11
w10 3 og 5 <d 3 (3.11)
A straightforward computation shows that (3I0) holds if
A > e1(u) YR(T) log!/? <TRT(T)> , (3.12)
and (3.I1) holds if
0 e
< log~ /2 [ =2, 1
0 < ()T og <5> (3.13)
This completes the proof. [ |
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4 Strong regularity features of the double circulant matrix

Recall that the double circulant matrix is

1
A= Rjrngu—PelDE = \/mBDa,
Vn
where I C {1,...,n} is a fixed set of indices of cardinality m, G is the standard gaussian
random vector in R™ and ¢, ¢’ and &” are uniformly distributed in {—1,1}". Moreover, G, ¢,
¢’ and &’ are all independent. Also, for every x € R", we have that

T'ge=G®z=T1,G

is the discrete circular convolution of G and x. And, denoting by F € C™*" the discrete
Fourier matrix, we have that I',G = \/nU Dy ,OG, where
F F!
O=W=— d U=—=W". 4.1
N 7 (4.1)
In particular, U, W and O are Hadamard-type matrices, i.e., they are unitary and all their
entries are bounded by %

In light of Theorem 2.1], a key part of the analysis of the embedding procedure is to show
that A maps an arbitrary set T into ‘well-spread vectors’, specifically, that (B.5) and (B.6])
hold. By invoking Theorem [3.6] that can be established by proving that B possesses the
following strong regularity property:

Theorem 4.1. There is an absolute constant cy and for v > 1 there are constants
c1 and co that depend only (polynomially) on ~ such that the following holds. If m <
n/(c1log*n), then with probability at least 1 — 2exp(—coylog®n) with respect to G &
e’ ®@¢&”, the random matriz B is p-strongly reqular for

log5/2 n

vm

p=C2

Note that T =py/m is poly-logarithmic in n, as required.
The idea behind the proof of Theorem [£1]is outlined in the next section. The full proof
is presented in Appendix

4.1 Highlights of the proof of Theorem [4.1]

The proof is based on two well-known facts that are formulated in what follows. The first fact
is an outcome of [32], on the behavior of second-order chaos processes (see also Theorem 6.5
in [10] for the refinement that is used here). The bound is based on Talagrand’s ye-functional.
For a detailed exposition on chaining methods and the ~-functionals in a general setup, we
refer the reader to [42].

Definition 4.2. Let A be a subset of a normed space. An admissible sequence of A is a
collection of sets Ay C A, where |Ag| =1 and for £ > 1, | Ay < 922 Forac A, let mpa € Ay

15



be a nearest point to a in Ay with respect to the underlying norm. Define

YA, || ) = infsup [ moall + 2% ||ma — m_sal |
acA >1

where the infimum is taken with respect to all admissible sequences of A.

In the setup we focus on here, A is a class of matrices. Denote by || - ||2—2 the standard
operator norm, let || - ||gs be the Hilbert-Schmidt norm and put
dus(A) = sup [|Allgs,  d2—2(A) = sup [|4]|2-2.
AcA AcA

Let 12(A) = 72(A, || - |]2—2) be the ~o-functional of A with respect to the operator norm.

Recall that a centered random variable £ is L-subgaussian if for every p > 2, £z, <
L\/pll¢lz,- A random vector X is L-subgaussian if it is centered and for any t € R", (X,t)
is an L-subgaussian random variable.

Theorem 4.3. Let £ be a random vector whose coordinates (&), are independent, mean-
zero, variance 1 random variables that are also L-subgaussian. Then for any u > 1, with
probability at least 1 — 2exp(—u),

jlég! 1A€]13 — E[IAE]3 | < C(L) (V3 (A) + dus(A)2(A) + Vudrs (A)das2(A) + uds 5 (A))

for a constant C(L) that depends only on L.

To see why Theorem [4.3] is useful for establishing regularity, let us return to the random

operator

1
B=——RTgD.n

1
T,
vm )

vn
Set
1

\I/ = D€H %]1517

then, for every x € R",

1
—RTy,G.

1
Br=—RiI'q¥zxz = NG

NGD

Therefore,

sup | [|Bz[|3 — [|z[3 | < sup | [|Bz[3 —Eg|Bz|3 |+ sup | Eq|Bz|3—|z[3 |, (4.2)
TELirn TELrn TEXrn

and by a straightforward computation,

2

BolBelf = Eg | =RiTw,G)| = LITuali= LIT.e'l3 (43)
Hence, (A2]) becomes
SUP ‘ B3 - Hl’”ﬂ
2 1 2 1 )
_ngl;')n H Ry, G 2—EG \/—ERIP%G ) +x21£1:n H%FIE — [lz|l5 (4.4)
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and
2

1
—TI,¢
vl

The two terms in (44]) are exactly in the form that is dealt with in Theorem [£.3] Taking into
account the regularity estimates we are looking for, the classes of matrices of interest are

|13 = Ee

1
{ﬁR[F\pm tx € Enn} for r < m, (4.5)

and

1
{%Fx tx € Enn} for r < n. (4.6)
The key estimate in the case of (4.6]) was established in [32]:

Theorem 4.4. For L,y > 1 there are constants ¢y and ci; depending only on L and 7,
respectively, such that the following holds. Let £ be as in Theorem [{.3 and set 1 < r < n.
Then with probability at least 1 — 2exp(—c(wlog4 n),

sup
mezr,n

1
HIESI5 = ol | < pvF

for

log?n

p=ci(y) o

Obtaining a similar estimate for the class () is technically more involved but is based
on similar ideas. The details are presented in Appendix [Bl

Next, one has to establish the strong regularity of B. That is based on the following fact,
which is a straightforward generalization of Theorem 3.4 from [12]. To formulate the claim,
consider two unitary matrices O, € C™*" and let W € C™*". Set

dy = \/ﬁlg}%n Uij| and  dy = ﬁ@?’én Wil

and assume further that
sup [[Wezl2 < 2.
TEXyn
Note, for example, that if &/ and W are Hadamard-type matrices then dy;,dyy < 1 and the
condition on W is trivially satisfied.

Theorem 4.5. For L > 1 there exist constants ¢; and co that depend only on L such that
the following holds. Let { be an L-subgaussian random vector, set 1 < r < n, and let u > 1.
Then with probability at least 1 — e~ 1Y,

sup [[UDw Oy < 02\/gmax{du,dw} (log(n) log(r) + \/ﬂ) )

mezr,n
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The proof of Theorem is based on a straightforward modification of the argument used
to prove Theorem 3.4 in [12]; its details are omitted.

Let us return to the random matrix B. To establish p-strong regularity, one has to estimate
supyey,, . | Bx||y for every 1 <7 < m. Since

1

Bx = \/T_nR[F\pm

G,

and | BTy Gl < [TweG|py, it suffices to control
ITw2Gllpy = vol[UDww: OG|y

for the Hadamard-type matrices U, W, and O defined in (4I)). Thus, a high probability
(with respect to G) estimate on sup,cy,, . [[UDwwzOG|||;) follows from Theorem .5 once one
shows that

1
—D_Tax § 2. (47)
\/ﬁ & 15 )

The proof of (A7) is straightforward, thanks to Theorem .4l Indeed,

sup |[|[WUz|s = sup
Z‘EZ’,«,” Z‘EZ'P,n

5//F€/$

[aeree], = |

and by Theorem [£.4], with high probability with respect to &/,

)
2

sup | [Tae’[3 — E|Tae'| |

TELrn

is well-behaved.

5 Concentration of the (Gaussian convolution operator

Next, let us turn to the second ingredient needed for the application of the generic embedding
result, formulated in Theorem 2.1t proving the £i-concentration phenomenon for the double
circulant matrix.

Let G be the standard gaussian random vector in R™ and for a fixed x € R™ and I C
{1,...,n}, consider the partial convolution R;(x ® G). The first order of business is to study
the concentration of ||R;(z ® G)|| around its mean. An important ingredient in the analysis
is the following immediate consequence of the Gaussian concentration theorem for Lipschitz
functions (see, e.g., [35]).

Theorem 5.1. Let S C R" and set R(S) = sup,eg ||z||2. Then for v > 0,

"

where ¢ is an absolute constant.

sup(G, z) — Esup(G, z) ‘ > uR(S)) < 2exp(—cu?),
z€S z€S
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To formulate the concentration estimate for convolutions, recall that W = F/y/n, where
F is the discrete Fourier matrix.

r

Theorem 5.2. There is an absolute constant ¢ > 0 such that the following holds. Let
| - || be @ norm on R™, let B be the corresponding unit ball, and denote by B° the dual
unit ball. For any I C {1,...,n} and u > 0, with probability at least 1 — 2 exp(—cu?),

| IRr(z® Q)| - E[|Ri(z @ G| | < vAR(RB%)  inf  (u|W2loo + 2IW Gl lyll2) -

y,z:e=y+z}

\

Proof. Fix a decomposition x = y + z and observe that
r®G=y®G+2®G=y®G+/nUDy.O0G,
where, as before, O = W and U = W*. Clearly,
Y ® G = W*W(y ® G) = \/EW* (Z(Wy)z(WG)zez) s
i=1

R} = Ry, and hence, almost surely,

IR1(y ® G)| =v'n

RW* (Z(Wy)i(WG)iei) H
=1
> (Wy)i(WG)se;

=1 2
SVIR(R1B%) - [WG|oolyll2; (5.1)

<v/n sup [[RiW"al| -
ac€By

in particular, this estimate also holds for E||R;(y ® G)||.
Next, observe that

|z ® G|| = ||[v/nRiUDw.OG|| = v/n sup (G,O0* Dy, ,U*Rjt)

teB°

and

sup 10" Dy .U Rptll2 < [W2loo - R(R1B%).
teB°

Hence, by Theorem 5.1, for u > 0, with probability at least 1 — 2exp(—cu?),
[z @G| —Ellz® Gl | < uvn-R(RB°) - [W2| oo (5.2)

The claim follows by combining (5.1) and (5.2)). ]
To apply this result for the /7-norm, note that for every z € R",

2
By (o & G)lh = Bl - mlel = | 2mlal,

and R(RrB°) = supyepr [[tll2 = v/m. Hence, for u > 0, with probability at least 1 —
2 exp(—cu?),

2
IFite ® Ol — y Zmlel

< vnm it (uWzlloo + 2W G ollyll2) (5-3)
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With (5.3) in mind, let us show that when the Fourier transform of z is well-spread,
|IRr(z ® G)||1 exhibits sharp concentration around its mean. One useful notion of ‘being
well-spread’ is that there is some 1 <r <n and 1 < A < /n such that

W x| (5:4)

chHz
\/_
Corollary 5.3. There is an absolute constant ¢ > 0 such that the following holds. Let x
satisfy (B.4]). For any § > 0, with probability at least

1—2exp( 052A2>

IFuta ® @l 2ol | < Zmlele (54 VIR WGl ). 59

Proof. Let J be the set of indices corresponding to the largest r coordinates of (|(Wz);|),
Using the invertibility of W, one may write x = y+ z where Wy = RyWz and Wz = RjW.

By G.4),

A
[ylla=[Wyll2 = [Walp) < —=llzll2, and [Wzlle <
vn

we have that

(Wl

| |
NG r B

Hence, (5.3) implies that with probability at least 1 — 2 exp(—cu?),

2
IRite © Gy~ Zmlals

<vnm (ul|Wzlleo + 2[WGlloo|lyll2)

<lolev (e + 20WGlh ) (5.6)

The claim follows by setting u = \/gé(«/mr/j\). ]

It is straightforward to verify that a similar estimate holds if instead of (5.4]) we only have
an upper estimate on ||[Wz||. That is the form we use in what follows.

r

Corollary 5.4. There is an absolute constant ¢ such that the following holds. Let x
satisfy that ||Wz|,) < % Then for § > 0, with probability at least

mr
1—2exp (—ed? 77 ).
we have that

|Ri(z @ G)ll, - \/gmuxnz < \/gm (5+ \/%%uwanoo) NG

We will apply Corollary [5.4] to a finite set that is in a ‘good position—mnamely, consisting
of vectors for which there is enough control on ||[W - [|).

To put Corollary B.4] in some perspective, let us consider our benchmark—the Gaussian
matrix.
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5.1 The gaussian benchmark

Let ' =n~Y23"" | (Gy,-) ¢; be the normalized standard Gaussian matrix. Consider 7 C R”
and let us explore the outcome of Corollary 5.4 for points in the set I'T". To that end, pick
the largest 1 < r < n such that

en 0,(T)\?
1 — ) < =d*(T).
r0g<r>_<R(T)> (T)
Assuming that d*(T") > logn, r is well-defined and satisfies r ~ d*(T")/ log(en/d*(T)). By the
proof of [13], Theorem 2.5, for any u > 1, we have

(T
HWPtH[r] < CU%, (58)

with probability at least 1 — 2exp(—cu?d*(T)). Denote that event by €2, and let us invoke
Corollary (.4l where for every t € T' we set
d*(T)
" loglen/@ @) 0
It follows that conditioned on €2, for § > 0 and every ¢t € T, with probability at least

— z€eX —C 2 md*(T) = — 2 €X —C 2 m
b2 p< 00 f%(T)log(en/d*(T») b2 p< 00 R2<T>1og<en/d*<T>>>

with respect to G we have that

2,.(T)
vm

In the next section we will show that the double circulant matrix A satisfies an almost

2
BTt Gl — ) Zmir,

<cm <(5 + HWGHOO> :

identical inequality.

6 Uniform /;-concentration for the double circulant matrix

Fix 1 <r < n. Corollary (5.4l implies that for any ¢t € R", if

1 A
%HWDEI’FE’D&tH[T] S %7 (61)

then with high probability with respect to G, || At||; concentrates around its mean. Thus, the
key question is whether, with high probability, for every ¢ € T', (6.1)) holds for suitable values
of A and r. We will show that with high probability, one may set

&(1)
oz (7).

Up to the factor of T, this is the same as in the gaussian case.

and A ~ YT0,(T), where T ~ log®/?n. (6.2)

T o~
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Theorem 6.1. For v > 1 there are constants cg,c1 and co and an event Q1 with probability
at least 1 — n~7 with respect to ' @ &” such that the following holds. Let T C R™ and
assume that logn < d*(T) < n/log’n. There is an event Qo1 with probability at least
1 — 2exp(—cou?d*(T)) with respect to e, such that, conditioned on Q0 and Qo 1, for every
t € T, with probability at least

1—2exp | —16?

with respect to G,

1 21
—||At||1 — \/ ——=||T'es Dst
Liaeh /2o,

where Y ~ log®/? n.

< ¢ <5 + ”WGH\‘;"%E*(T)> , (6.3)

Therefore, up to the factors of T in the probability estimate and in (6.3]), Theorem [G.1]
shows that the ¢1-concentration phenomenon exhibited by the double circulant matrix is the
same as exhibited by the standard gaussian matrix. The proof of Theorem [6.] is presented
in the next section.

Corollary 6.2. Lety > 1. There exists a constant ¢ depending only (polynomially) on
v such that the following holds. Let T be a finite set. If logn < d*(T") < con/log’n,

m <n, and

log [T’
m > 01R2(T’)% log®n

then with probability at least 1 — n~" with respect to G ® e ® &' ® £”,

1 2
S PNV ETS
m s

Proof. By Hoeffding’s inequality and a union bound, with probability at least 1 —n™" with

respect to G,
[WG|loo < coy/7logn.

Hence, by Theorem [6.1, we only need to establish uniform concentration of %HFgDatHg

sup <é.
teT’

\.

around ||t||; for all t € T". Set T = {t/||t|]z : t € T'}. Using that |a — 1| = %;11' < la® —1|
if a > 0, we find

1
sup | —=||Tr Detllz — [|£]]2

R AARVAD

1 t
= sup ||t ‘—‘F/D—H —1‘
| = sup tle| 7= [P Do

1
< R(T') sup ‘—\\F€/D5t|]§ - 1(.
teT '

By Theorem B4, with probability at least 1 —2exp(—c;log* n) with respect to ¢/, the matrix
n~Y2T, is p-regular for




On that event, Theorem [3.3] implies that with probability at least 1 — exp(—u?log |T”|) with
respect to g,

1 - - «(F
sup| 0 Datls 1| < e RU) (o () 47 )

teT
10g2 n \/IOg T 10g4 n IOg 1/
~ C4(’7)U2 ( ( ) ’ ‘ ( ) ‘ ‘) ’

Vn n

as R(T) =1 and d*(T) = £2(T) < log|T’|. Setting u? = c5ylog(n), we conclude that

sup

‘ 1
e 1/

with probability at least 1 — n~7 under the assumed bound on m (which then also holds for
n). [ ]

T Detllo — [tz < 6

Remark 6.3. The caveat that log(n) < d*(T) < n/log®n is there only for the sake of a
simpler presentation. In any case, since we are making no attempt of obtaining a result that is
accurate at the logarithmic level, that is not a real issue. Indeed, the condition log(n) < d*(T)
can be ensured by replacing T by T U {e;,i = 1,...,n} - this only leads to an additional
logarithmic factor. If d*(T) > n/log®n then replacing T by the Euclidean ball R(T)BY
comes at most at a logarithmic price, and the latter case can be analyzed directly, by noting
that Qi (rBY,r) ~ pry/n.

Corollary is the final ingredient needed in the proof of Theorem L3l

Proof of Theorem [I.3l Recall the three conditions required in Theorem 2.1} let Ty
be a #-net of T' of minimal cardinality and set £ = [ém/A|. One has to show that

(1) supger, |42k < AVE.
(2) supzer—ryreBy Azl < SVE.

(3) suPse(r,—1y) | Azl — flzll2 | <0

for the matrix

1
A= RiTDer— ;T De = VmBD..

The proof that the three conditions are satisfied with the wanted probability is an
immediate outcome of Theorem [3.6] combined with Theorem . T—used to establish (1)
and (2); and Corollary [6.2] which implies (3) (for k = /7/2). |

6.1 Proof of Theorem [1.4]

Let T” be the set of normalized differences defined in ([2)). Let A; = \/gA be the rescaled
double circulant matrix with index set I C [n]. Consider independent selectors 61,...,0,

23



satisfying P(6; = 1) = 1 =P(; = 0) = ™ and let Iy = {i € [n] : 6; = 1} be the set of selected
indices. Clearly,

1 1
EEGHAIQ»ZHl = E”A[n]z”l

for any z € R and hence

sup
zeT’

+ sup

1
L An 2l - 1' < s \—quezul ~Lgy)ay,

L) Agyelh - 1'

By Corollary 6.2 if n > ¢(v)e 2 log |T|log® n then

1
sup (—[| Azl - 1' <e
zeT! | T

with probability at least 1 — n™7.
To control the first term, set Xg, = || A7, 2|1 — 2 Eq| Ar, 2||1 and let ' be an independent
copy of 6. By a symmetrization argument (see (6.3) in [35]),

Py (Sup | Xp.2| > 4e> < Py o (Sup | Xp,. — Xor 2| > 2€> + sup Py(| Xp, .| > 2€). (6.4)
z€T’ zeT! zeT!

Observe that Xy . — Xy . has the same distribution as

_ZCZ ) CL“ >‘7

where the a; are the rows of Ap,) and ¢ is a Rademacher vector that is independent of all
other random variables. Hence, it is standard to verify that

zeT’ e M

Py o <sup | X, — Xor » ]>2e> <2]P’9<<sup—zge\ ai, 2 >\>e>.

Observe that the event {m/2 < |Iy| < 3m/2} holds with 8-probability at least 1 — e~ “"*. On
this event, Theorem [ Ilshows that with probability at least 1—n~7 with respect to G®¢&’' ®@e”

1 1
B T.

N Vi

is p-regular for p = ¢(y)log®%(n)/y/m. Since Ay, = \/|Iy|Bi,D., we can use Theorem 3.3 to
conclude that with probability at least 1 —n~7 with respect to G ® e ® ¢’ ® £”,

R[ergDE//

1
sup — Z@ [{ai, 2)|? = sup —||Az, 2|3 < c,
zeT! M zeT M

where c is an absolute constant, provided that

m > ¢(v) log |T|log®(n). (6.5)
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Clearly, ([G35) is satisfied when m > ¢(y)e 2log|T| and e < log=>/%(n). In particular, all of
the above events hold simultaneously with probability at least 1 — e™“" — n~" with respect
t0 0 @ G®e®e ®e”. Conditioned on that event, Hoeffding’s inequality implies that

1 — e
P (a;@em,zn > ) < 27

for any z € T'. Recalling that m > ¢ 2log |T'|, a union bound yields

1 me?
P | sup — > Gil{ai, 2)[ > € ] <27

In a similar, but simpler manner one can estimate the second term on the right hand side of
(64), which completes the proof.

6.2 Proof of Theorem [6.1]

As we noted previously, to prove Theorem it remains to show that (6.1]) holds with the
parameters specified in ([G.2). The random vectors ¢, €/, and &” each play a different role in
the argument, leading to the somewhat cumbersome formulation of Theorem [6.11

Firstly, we show that for a typical realization of &’ ® €”, the matrix W D.»T'.s is p-strongly
regular for p of the order of n='/2log? n. Clearly, that fact has nothing to with the identity of
the set T', but rather only with the way in which the matrix W D', acts on sparse vectors.
Secondly, given a set T', Theorem B.3] and Theorem imply that (conditioned on the fact
that W DT is p-strongly regular), with high probability with respect to ¢, WD.T'o D,
‘acts well” on T'. These two steps are formulated in Theorem [6.4] and Corollary

Theorem 6.4. For~ > 1 there is a constant c(y) that depends only on v such that the follow-
ing holds. With probability at least 1 —n~"7 with respect to € ® ", the matrix n Y 2W DT
is p-strongly regular for
B log5/ Zn
We prove Theorem [6.4] in the next section. We first show how it implies (6.1]) and, hence,
Theorem as well.

Corollary 6.5. Set T = py/n and let T C R™. Assume that logn < d*(T) < ¢yn/Y? and set
r to satisfy that d*(T) ~ rlog(en/r). Then on the event from Theorem with probability
at least 1 — 2 exp(—cou?d*(T)) with respect to €, we have that for anyt € T,
_ (T

g 1/2WD€”F€’D€t||[r} < C3U2T%
Proof. On the event from Theorem [6.4] Theorem [3.21and Remark B.5imply that for T C R",
with probability at least 1 — 2exp(—cou?[d*(T) + rlog(en/r)]) with respect to e, for every
ter,

Hn_1/2WD€”Pe’DEt”[r} < Clu2 max{Q(T),R_l(T)Q2(T)},
where
Q(T) = Qu(T.R(T)) = pR(T)(d"(T) +rlog(en/r))"/.
By setting r to satisfy that d*(T") ~ rlog(en/r), we have that Q(T) ~ pR(T)\/d*(T'). Note
that Q(T) > R™YT)Q*(T) provided that Q(T) < R(T). Since T = py/n, this condition is
satisfied if d*(T") < n/Y2. This yields the asserted estimate. ]
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6.3 Proof of Theorem 6.4l
The proof follows two steps:

Step 1: Proof of regularity.

The first step in the proof is to establish that with high probability with respect to &’ ®<”,
the matrix n='/2W D.»T'w is regular, i.e., it acts in a norm preserving way on sparse vectors.
Observe that for any ¢ € R™ and any realization of &”,

In 1AW DT o = [T

Thus, it suffices to establish the regularity of n=1/2T.,. This follows immediately from Theo-
rem 4], which implies that:

With probability at least 1 —2 exp(—cwlog4 n) with respect to €', the matrix n~Y2r,
is p-regular for

(6.6)

Step 2: Proof of strong regularity.
Recall that for any # € R"™ we have I'vx = I'ye/ and T, = /nU Dy, O, where U, W, and
O are as in (41]). Therefore,

n~YV2W DT ox = W DU Dy, O€'.

Note that this is a random vector of the form U Dy, O& for
U=WDU W=W, O=0 and £=¢.

Therefore, to establish strong regularity, we invoke Theorem[Z5l To that end, observe that the
matrix W = W is of Hadamard-type; in particular, dyy = 1 and trivially, sup,cy,  [|[Wz[2 <
2. To estimate ’

dy = v/n max |(WDnU)jl,

<i,j<n |

we use the following fact.

Lemma 6.6. There is a constant ¢ > 0 such that the following holds for any v > 1 : for any
Vi, Vo € C™*™, with probability at least 1 —n="

 ax |(ViDerVa)ij| < ev/ylogn max [[Viejllo max |(Va)i;].

The proof of Lemma is standard and is presented in Appendix [Al

Since W and U are Hadamard-type matrices, Lemma shows that there is an event
with probability at least 1 —n™7 (with respect to ”) such that

dy < c1y/vlogn.

On that event, it follows from Theorem that there is an absolute constant cs, such that
with probability at least 1 — 2 exp(—cou) with respect to &,

r
sup |[|[WDenTerz||fy) < 03\/;- V1ogn (log(n)log(r) + vu) . (6.7)

TEXyn
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In particular, setting v ~ v log*n and taking the union bound over 1 < r < n, we have
that with probability at least 1 — 2exp(—coylog* n) with respect to &,

sup Hn_l/QWDanFe/a;H[T} < C4(’y)\/§log5/2 n for every 1 <r <n. (6.8)

TEXyn

In particular:

a ~

On an event with probability at least 1 —n~7 —exp(—cs7y log? n) with respect to e’ @e”,
n~Y2W DT is p-strongly regular for

log5/2 n

p = ca(y) T

That completes the proof of Theorem [ |
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A Proof of Lemma
For any 1 <14,5 < n,

(ViDenVs)ij = (ViDenVaei, e5) = (€, Dy, Vi'e;).
Moreover,

1DV,e Vieillz < 1Dvae:l2—2lViTejllz = [[Vaeillo[ViTejll2 = max [[Viejfla max |(Va)g].
<jsn 1<i,j<n
By Hoeffding’s inequality, for any u > 0,

* * * 2
P<|<€/,7DVQei‘/1 ej)| = U max. 1Vie;l2 12’?§nl(‘é)ml> < 2exp(—u/2).

The result now follows by taking a union bound over all ¢ and j.

B Proof of Theorem [4.1]

The goal is to show that with probability at least 1 — n~7 with respect to G ® &/ ® £”, the
matrix B = m~/2R;T¢D.»n~ /2T is p-strongly regular for p ~ c(’y)m_l/2 log5/2 n.
Recall that ¥ = n~Y2D_»T'./, and thus, for every z € R",
1 1
—RIFG\I’.Z' = —R]Fq;xG.
m m

Br=7m Vi
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B.1 Regularity of B

As we have noted in ([44]), to establish regularity it suffices to estimate

sup | || B3 — ||z |

TEX 0
2 1 2 1 2
< sup H—RIF\M —Eqg||—=RT'v,G|| |+ sup ‘—I‘mel —lz|3]. (B.1)
TES, p, 2 m 2 TES, p, \/ﬁ 2

lo\g;—" is standard and was used

As it happens, the proof that n=1/2T is p-regular for p ~ c()
previously in this presentation (see (6.6])). Hence, all that remains is to estimate
2

—Eq
2

2

sup
(Eezr,n

1
H —RT'y,G —mRIF\IIxG

2

for 1 <r < m. To that end we invoke Theorem [4.3] for the class of matrices
.AT» = {R]Pq/x . x € Zr,n}

in the case £ = G. To estimate the quantities in Theorem [£.3] we follow an almost identical
argument to the one used in [32]. We will therefore only outline it here. Let x,y € R™. Then

|RTwe — RiTwyll22 < [Tw@_y)llzs2 = VRl ¥(2 = )0,

and in particular

sup ||RiTwyzll2—2 < sup vn| ¥z oo.
TEXr TEYr

Set ||z]| := v/n||Vz||o. Estimating the yo-functional by an entropy integral (see e.g. [42]), we
find that for an absolute constant ¢y,

Y2(Ars [+ ll2-2) < %2 (Erm, |- ) < Co/0 10g" 2 N (Zp, || - [, w) du. (B.2)

To estimate the right hand side, we use two entropic estimates. The first is based on Maurey’s
Lemma and is essentially due to Carl [7] (see also [32] for a proof).

Lemma B.1. There exists an absolute constant ¢ such that the following holds. Let || - || be
a norm on R™. Let U C R™ be a finite set and assume that for every 1 < k < |U| and every
subset {u1,...,ur} C U of cardinality k, E.|| Zle giug|| < a'k. Then for every t > 0,

tog N(conv(D), |- ,£) < ¢ (%) o U]

In our case, X, C conv(U), where U = {£2\/re; : 1 < i < n}, and ||z]| = vn|| V2| -
Note that for any z1,...,xx € R"

X 1/2
< cor/lomm (z\mna) .

1=1

k
E Z EiT;
i=1 )
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Hence, if J C {1,...,n} and |J| = k, we have that

E €i€i

icJ

E. =E.||)_eiv/nTe

icJ 00

< coy/logn max /n|W;;| - VE.
1<i,j<n

1/2
< co\/logn (Z ||¢H\Ifei\|§o>

ieJ

Now, condition on the event on which

max /n|¥;;| < ciy/vlogn. (B.3)

1<i,j<n

Since ¥ = n~Y/2D.T, Lemma (with V; =1d,, and V5 = %FE/) shows that this event

holds with probability at least 1 — n~7 with respect to €”. On that event, Lemma [B.I] with
a= Coﬁ\/@é@{?én V|| < ea(v)y/rlogn
implies that for every ¢ > 0
Log A/ (Srn, || - [,£) < e3(7) 75 log® n.

The second entropic estimate we require is volumetric: X, ,, is the union of the Euclidean
unit balls By that are supported on sets J C {1,...,n} where |J| = 7. If z,y € By then

[z = yll =vnl¥(z = )l < max [Vn(¥e;,z—y)| < max /n|¥lllz -yl

1<i<n 1<i,j<n

< max V¥ lVElz — gl < e ()vig e —
where we again used (B.3). Hence, for any t > 0

log N (Srn, || - [l )=1log N (U 51, B3, || - [, 1) < ‘I}fﬁglog/\/(Béﬂ I+ ll2,t") + rlog(en/r),

where
, t

" a()Viognyr

Now the entropy estimate follows from a standard volumetric argument.

Conditioned on the event (B.3) and using these two entropic estimates for large and small
u, respectively, in the entropy integral in (B.2)), it follows from a standard computation that
for any 1 < r < n,

Yo (A || - lam2) < e(7)V/rlog®? n.

A similar argument shows that da_2(A;) < ¢(v)v/rv1ogn.
Finally, let us estimate

dus(Ar) = sup |RiTye|ns < v/m sup |[[Pz|s.
ZBEEr,n -'Eezr,n

Observe that

1
sup [Uzls = —— sup [Tz,
Z‘EZ’,«,” nl'e n
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We have that E||T.¢'||3 = n|jz||3 < n, and if

a:= sup | |[ITue’3 — El|Tae'|3

TEXyn

)

then

1 1
—= sup ”PE"T”Q < % (CL =+ n)1/2 .

\/ﬁ xezr,n
Using Theorem @A4lit follows that with probability at least 1—2exp(—coy log*(n)) with respect
toe, foralll1<r<m
sup | [Tze’[l3 — ElTe'|f3 | < n,
e r,n

provided that n > c;ym log4(n), implying that

1
sup ||Vz|s = — sup ||[Tex|2 < 2. B.4
S [ W] NP IPer] (B.4)

Therefore, conditioned on the above event it follows that

dHS(Ar) < \/E

Combining these estimates with Theorem [£.3] and a union bound over all 1 < r < m, we
have that with probability at least 1 — 2exp(—csy log* n) with respect to G, the matrix B is

log®/2n

p-regular for p = C(’V)W.

B.2 Strong regularity of B

To complete the proof of Theorem 1] one has to show that for every 1 < r < m,

1

RiT'y,G

< pVr.
[r]

sup
(Eezr,n

To that end, it suffices to prove that

1
— Tya
vm v

Thus, the proof of Theorem 1] is completed once the following lemma is established.

n
=4/ 5w [UDww 0G|y < pv/r.

ZBEET,n

sup
(Eezr,n

[r]

Lemma B.2. For v > 1 there ezist constants ¢y and c¢; depending only (polynomially) on
~ such that the following holds. Let n > comlog*n. With probability at least 1 — n~" with
respect to G @&’ ®&”, for every 1 <r < m,

r
sup HUDW\IIQCOG”[T’} < Cl\/%10g5/2 n.

TEX 0

Proof. Using the notation of Theorem [£.5]

UDwy,0G = UDy, O,

30



where

U=U, W=Wv¥, 0O0=0 and {=G.

Just as in (B.4)), with probability at least 1 — 2 exp(—coylog*(n)) with respect to &', for all
1 <r<m,

1
sup ||[Wzlls = sup [|[WWzx|y = = Sup ITe |2 < 2.

TEXrn TELirn TE2irn

Moreover, by Lemma (with Vi =W and V5 = Lnfaz)

.
dw = max /n|(W¥);| < c1y/vlogn

1<i,j<n

with probability at least 1 — n~7 with respect to €”. The result now follows by applying
Theorem conditioned on those two events. [ ]

References

1]

2]

[10]

D. Achlioptas. Database-friendly random projections: Johnson-Lindenstrauss with bi-
nary coins. J. Comput. System Sci., 66(4):671-687, 2003.

N. Ailon and B. Chazelle. The Fast Johnson—Lindenstrauss Transform and approximate
nearest neighbors. SIAM J. Comput., 39(1):302-322, 2009.

N. Ailon and E. Liberty. Fast dimension reduction using rademacher series on dual bch
codes. Discrete & Computational Geometry, 42(4):615-630, 2009.

N. Alon and B. Klartag. Optimal compression of approximate inner products and di-
mension reduction. In 2017 IEEE 58th Annual Symposium on Foundations of Computer
Science (FOCS), pages 639-650, Oct 2017.

S. Bamberger and F. Krahmer. Optimal fast johnson—lindenstrauss embeddings for large
data sets. Sampling Theory, Signal Processing, and Data Analysis, 19(1):1-23, 2021.

J. Bourgain, S. Dirksen, and J. Nelson. Toward a unified theory of sparse dimensionality
reduction in Euclidean space. Geom. Funct. Anal., 25(4):1009-1088, 2015.

B. Carl. Inequalities of Bernstein-Jackson-type and the degree of compactness of op-
erators in Banach spaces. In Annales de l’institut Fourier, volume 35, pages 79-118,
1985.

K. L. Clarkson and D. P. Woodruff. Numerical linear algebra in the streaming model. In
Proceedings of the 41st Annual ACM Symposium on Theory of Computing, STOC 2009,
Bethesda, MD, USA, May 31 - June 2, 2009, pages 205-214, 2009.

A. Dasgupta, R. Kumar, and T. Sarlés. A sparse Johnson-Lindenstrauss transform.
In Proceedings of the 42nd ACM Symposium on Theory of Computing (STOC), pages
341-350, 2010.

S. Dirksen. Tail bounds via generic chaining. Electron. J. Probab., 20:no. 53, 1-29, 2015.

31



[11]

[12]

[13]

S. Dirksen, H. C. Jung, and H. Rauhut. One-bit compressed sensing with partial gaussian
circulant matrices. Information and Inference: A Journal of the IMA, 9(3):601-626, 2020.

S. Dirksen and S. Mendelson. Robust one-bit compressed sensing with partial circulant
matrices. Annals of Applied Probability, to appear. arXiv:1812.06719.

S. Dirksen, S. Mendelson, and A. Stollenwerk. Sharp estimates on random hyperplane tes-
sellations. SIAM Journal on Mathematics of Data Science, to appear. |arXiv:2201.05204,
2022.

S. Dirksen and A. Stollenwerk. Fast binary embeddings with gaussian circulant matrices:
improved bounds. Discrete € Computational Geometry, 60(3):599-626, 2018.

O. N. Fandina, M. M. Hggsgaard, and K. G. Larsen. The fast johnson-lindenstrauss
transform is even faster. |arXiv:2204.01800, 2022.

C. B. Freksen and K. G. Larsen. On using toeplitz and circulant matrices for johnson—
lindenstrauss transforms. Algorithmica, 82(2):338-354, 2020.

Y. Gordon. On Milman’s inequality and random subspaces which escape through a mesh
in R™. Geometric Aspects of Functional Analysis, pages 84-106, 1988.

S. Har-Peled, P. Indyk, and R. Motwani. Approximate nearest neighbor: Towards re-
moving the curse of dimensionality. Theory of Computing, 8(1):321-350, 2012.

A. Hinrichs and J. Vybiral. Johnson-lindenstrauss lemma for circulant matrices. Random
Structures & Algorithms, 39(3):391-398, 2011.

T. Huynh and R. Saab. Fast binary embeddings and quantized compressed sensing with
structured matrices. Communications on Pure and Applied Mathematics, 73(1):110-149,
2020.

P. Indyk. Algorithmic applications of low-distortion geometric embeddings. In Proceed-
ings of the 42nd Annual Symposium on Foundations of Computer Science (FOCS), pages
10-33, 2001.

P. Indyk. Uncertainty principles, extractors, and explicit embeddings of 12 into 11. In
Proceedings of the thirty-ninth annual ACM symposium on Theory of computing, pages
615-620, 2007.

P. Indyk and T. Wagner. Near-optimal (euclidean) metric compression. In Proceedings
of the Twenty-Eighth Annual ACM-SIAM Symposium on Discrete Algorithms, pages
710-723. SIAM, 2017.

P. Indyk and T. Wagner. Optimal (euclidean) metric compression. SIAM Journal on
Computing, 51(3):467-491, 2022.

L. Jacques. A quantized Johnson-Lindenstrauss lemma: The finding of Buffon’s needle.
IEEE Transactions on Information Theory, 61(9):5012-5027, 2015.

L. Jacques. Small width, low distortions: quantized random embeddings of low-
complexity sets. IEEE Transactions on information theory, 63(9):5477-5495, 2017.

32


http://arxiv.org/abs/1812.06719
http://arxiv.org/abs/2201.05204
http://arxiv.org/abs/2204.01800

[27]

[28]

[29]

[30]

[31]

L. Jacques and V. Cambareri. Time for dithering: fast and quantized random embeddings
via the restricted isometry property. Information and Inference: A Journal of the IMA,
6(4):441-476, 2017.

L. Jacques, J. N. Laska, P. T. Boufounos, and R. G. Baraniuk. Robust 1-bit compressive
sensing via binary stable embeddings of sparse vectors. IEEE Trans. Inform. Theory,
59(4):2082-2102, 2013.

V. Jain, N. S. Pillai, A. Sah, M. Sawhney, and A. Smith. Fast and memory-optimal
dimension reduction using kac’s walk. larXiv:2003.10069, 2020.

W. B. Johnson and J. Lindenstrauss. Extensions of Lipschitz mappings into a Hilbert
space. Contemporary Mathematics, 26:189-206, 1984.

D. M. Kane and J. Nelson. Sparser Johnson-Lindenstrauss transforms. Journal of the
ACM, 61(1):4, 2014.

F. Krahmer, S. Mendelson, and H. Rauhut. Suprema of chaos processes and the restricted
isometry property. Comm. Pure Appl. Math., 67(11):1877-1904, 2014.

F. Krahmer and R. Ward. New and improved Johnson-Lindenstrauss embeddings via
the restricted isometry property. SIAM J. Math. Anal., 43(3):1269-1281, 2011.

K. G. Larsen and J. Nelson. Optimality of the Johnson-Lindenstrauss lemma. In 2017
IEEFE 58th Annual Symposium on Foundations of Computer Science (FOCS), pages 633—
638, Oct 2017.

M. Ledoux and M. Talagrand. Probability in Banach Spaces. Springer, 1991.

K. Makarychev, Y. Makarychev, and I. Razenshteyn. Performance of Johnson-
Lindenstrauss transform for k-means and k-medians clustering. In Proceedings of the 51st
Annual ACM SIGACT Symposium on Theory of Computing, pages 1027-1038, 2019.

S. Mendelson. Column randomization and almost-isometric embeddings. Information
and Inference: A Journal of the IMA, 02 2022. iaab028.

S. Oymak and B. Recht. Near-optimal bounds for binary embeddings of arbitrary sets.
CoRR, abs/1512.04433, 2015.

S. Oymak, B. Recht, and M. Soltanolkotabi. Isometric sketching of any set via the
restricted isometry property. Information and Inference: A Journal of the IMA, 7(4):707—
726, 03 2018.

S. Oymak, C. Thrampoulidis, and B. Hassibi. Near-optimal sample complexity bounds
for circulant binary embedding. In IFEE International Conference on Acoustics, Speech
and Signal Processing (ICASSP), pages 6359-6363. IEEE, 2017.

Y. Plan and R. Vershynin. Dimension reduction by random hyperplane tessellations.
Discrete Comput. Geom., 51(2):438-461, 2014.

M. Talagrand. Upper and lower bounds for stochastic processes, volume 60. Springer,
Heidelberg, 2014.

33


http://arxiv.org/abs/2003.10069

[43]

[44]

[45]

J. A. Tropp, A. Yurtsever, M. Udell, and V. Cevher. Streaming low-rank matrix ap-
proximation with an application to scientific simulation. SIAM Journal on Scientific
Computing, 41(4):A2430-A2463, 2019.

J. Vybiral. A variant of the Johnson-Lindenstrauss lemma for circulant matrices. J.
Funct. Anal., 260(4):1096-1105, 2011.

D. P. Woodruff. Sketching as a tool for numerical linear algebra. Foundations and Trends
in Theoretical Computer Science, 10(1-2):1-157, 2014.

X. Yi, C. Caramanis, and E. Price. Binary embedding: Fundamental limits and fast
algorithm. In International Conference on Machine Learning, pages 2162-2170. PMLR,
2015.

F. X. Yu, A. Bhaskara, S. Kumar, Y. Gong, and S.-F. Chang. On binary embedding
using circulant matrices. Journal of Machine Learning Research, 18(150):1-30, 2018.

J. Zhang and R. Saab. Faster binary embeddings for preserving euclidean distances.
arXiv:2010.00712, 2020.

34


http://arxiv.org/abs/2010.00712

	1 Introduction
	1.1 Main result
	1.2 The Gaussian behavior of the double circulant matrix
	1.3 Fast 2-1 dimension reduction of finite sets
	1.4 Related work

	2 A generic binary embedding result
	3 Strong regularity
	3.1 Strong regularity and Theorem 2.1

	4 Strong regularity features of the double circulant matrix
	4.1 Highlights of the proof of Theorem 4.1

	5 Concentration of the Gaussian convolution operator
	5.1 The gaussian benchmark

	6 Uniform 1-concentration for the double circulant matrix
	6.1 Proof of Theorem 1.4
	6.2 Proof of Theorem 6.1.
	6.3 Proof of Theorem 6.4.

	A Proof of Lemma 6.6
	B Proof of Theorem 4.1
	B.1 Regularity of B
	B.2 Strong regularity of B


