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EXISTENCE OF SOLUTIONS TO A SLIGHTLY SUPERCRITICAL PURE
NEUMANN PROBLEM

ANGELA PISTOIA, ALBERTO SALDANA, AND HUGO TAVARES

ABSTRACT. We show the existence and multiplicity of concentrating solutions to a pure Neumann
slightly supercritical problem in a ball. This is the first existence result for this kind of problems in
the supercritical regime. Since the solutions must satisfy a compatibility condition of zero average,
all of them have to change sign. Our proofs are based on a Lyapunov-Schmidt reduction argument
which incorporates the zero-average condition using suitable symmetries. Our approach also guarantees
the existence and multiplicity of solutions to subcritical Neumann problems in annuli. More general
symmetric domains (e.g. ellipsoids) are also discussed.

1. INTRODUCTION

Let ©Q = B1(0) be the unit ball in R™ (n > 4) centered at the origin, ¢ > 0, ¢ # 1, and consider the
pure Neumann semilinear problem given by

— Au = |u|?T ' in Q, Oyu = 0 on 0. (1.1)
Solutions of this problem for a general smooth domain are known to exist only for ¢ < p, where
~n+2
=2

is the critical Sobolev exponent. The sublinear case ¢ € (0,1) is studied in [18] via a minimization
problem with a nonsmooth constraint, while the superlinear-subcritical case ¢ € (1,p) can be handled
with a standard Nehari approach, see [28]. Finally, in contrast to the Dirichlet counterpart of (1.1)
(which does not have solutions for ¢ > p because of the Pohozaev identity), the pure Neumann problem
allows the existence of smooth solutions at the critical exponent ¢ = p. For instance, one can find a
least-energy solution using the dual method [7]; this solution is classical and can also be obtained as
a C%°limit of slightly subcritical least-energy solutions [27]. These solutions must change sign, since,
integrating (1.1) over 2, we have that

/ lu|" " udx = / —Audx = Oyudo = 0. (1.2)
Q Q o9

In particular, this implies that for p = ¢ there cannot be any radially symmetric solution (because
this would imply the existence of a radially symmetric solution to the Dirichlet problem in the nodal
component containing the origin).

In addition to the least-energy solution, one can also construct symmetric solutions with a gluing
approach, see for example [8].

The proofs of these results are non trivial, since one has to overcome the lack of compactness inherent
of critical problems. This difficulty is even greater in the supercritical regime ¢ > p, for which no
existence result for (1.1) was previously known.

This is the question that motivates the present paper. In particular, we wish to answer the following
questions. For € > 0, does the problem

—Au=uf " uinQ,  d,u=0on o, (1.3)

admits a solution? Can one obtain multiple solutions? Is it possible to have solutions in other domains
which are not the unit ball?

We answer all these questions affirmatively in case the domain is either a ball or an annulus. For
this, we use a Lyapunov-Schmidt reduction strategy, which has several differences with respect to its
implementation in the study of Dirichlet problems. For instance, in Neumann problems the maxima
and minima of the solutions can be located at specific points on the boundary (and not necessarily in
the interior of the domain, as in the Dirichlet case). This difference implies important changes in the
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method, since the curvature of the boundary now plays an important role and the blow-up analysis in
the Neumann case leads (after a rescaling) to a limiting problem in the halfspace (see Lemma 2.2).

The Lyapunov-Schmidt reduction strategy has been used previously to construct positive solutions
with bubbling behavior around one or more critical points of mean curvature, with positive mean cur-
vature, to the Neumann problem

—Au+pu=u?in ¥, O,u =0 on 0%, (1.4)

when the parameter y — +o0o0, ¢ = p in [2, 3, 14, 15, 24, 29], and ¥ C R¥ is a general bounded
smooth domain. A similar approach has been also used to obtain solutions to (1.4) when p > 0 is fixed
and ¢ = p & ¢ with e sufficiently small, which blows-up at critical points of the mean curvature of the
boundary with positive mean curvature if ¢ > 0 and negative mean curvature if ¢ < 0, see [11, 25, 26].
In all the previous cases, the presence of the linear term pu allows to use as building block the single
bubble. In the pure Neumann case, namely, with p = 0, the natural constraint (1.2) forces the solutions
to be sign changing. It is natural, therefore, to look for solutions which are the sum of two single bubbles
with different signs concentrated at two suitable different points. We do not known if a construction
with a single bubble with a small negative part can be done. In symmetric domains, we show below
that the blow-up points can be positioned at points on the boundary that are critical points of the mean
curvature and that preserve a particular symmetric arrangement after a translation, see Remark 3.3. The
symmetry of the domain simplifies the choice of the two concentration points and reduces the number
of unknowns in the Lyapunov-Schmidt reduction. As a side result of independent interest, we also show
the existence of new (concentrating) solutions in the slightly subcritical regime in an annuli.
Before we state our main results, we need to introduce some notation. Let

5 .
Uselx) = an —, where ¢ €RY, § >0, = [n(n— 2)]Tz (1.5)
(02 + [z —£?) ="
This family of functions are called bubbles and represent the unique positive solutions in D2(RY) of

—AU =UP? in R".
For every t > 1 and h € L*(Q) satisfying [, h = 0, we denote by
K(h) =u e W>Q) (1.6)

the unique solution to the (pure) Neumann problem
—Au=h inQ, O,u=0 on 99, / u=0. (1.7)
Q

Furthermore, for € W' (R") such that [, AT = 0, we write
Pu = K(—Au).
Let Ws := Us,e,, — Us,—e,, , where e, := (0,...,0,1) € R”. Then PWj is the solution of

~APWs = —AW; =UE, —UL_

€n

in Q, 0, PWs =0 on 0, /PW(; =0.
Q

Observe that fQ(Ugen - Ugien) = 0 is satisfied. Set

2n

1.8
— te (1.8)

Se=p+14e=

and let
H.:={uc H'(Q)NL*(Q) : uisodd in x, and even in x; fori = 1,...,n — 1}

= 1 Se . U’(‘Tl) sy Tp—1, _:L"n,) = _U(.Tl, .. -axn—la-rn)
{uGH (NL*(Q) : W1y, —Tiy ooy Tn) = W(T1y e Ty ey Tp)y i =1,..,m—1 [

endowed with the norm
lull, = llull + |uls. -

Our main existence result is the following.



Theorem 1.1. Let n > 4 and let Q = B1(0) C R™ be the unit ball centered at the origin. Then there is
g0 > 0 such that, for e € (0,¢¢), the problem (1.3) has a solution u. € H. of the form

Ue = PWSE,en + ¢sa
where
de = d(e)e,

with d(g) — dx as € — 0, for d. > 0 given explicitly by (5.1) below. Moreover, ¢. € H. is such that
H(bEHHl(Q) — 0 ase— 0.

As mentioned before, Theorem 1.1 is proved using a Lyapunov-Schmidt reduction method in the space
H.. In particular, these solutions are odd and therefore we have that

/u8:/|ug|tu8:0 for any 0 <t < p+e.
Q Q

Of course, the problem (1.3) could have solutions which do not belong to H.. For instance, we do not
know if a solution can be constructed using only one bubble.

We believe that our techniques can be adapted to other situations, which we describe next. Theorem
1.1 is concerned with solutions which look like the difference of two bubbles. In the same spirit of [10]
and [19], it is natural to guess the existence of solutions on the unit ball that look like the sum of 2k
bubbles with alternating signs. More precisely, for £ = (£1,...,&,) € R™ and 6 € [0, 27), let

Ry :R" - R™ Dbegiven by Rp = (&1c080 —&,sinb,&a,. .., 61,61 800 + &, cos),

namely, Ry is a rotation through an angle 6 in the plane generated by e; = (1,0,...,0) and e, =
(0,...,0,1). Then, for small € € (0,&¢), the supercritical problem (1.3) should have a solution u. € H,
of the form

2k—1
u. = P <Z (—1)ZU55,&> + ¢, (1.9)
i=0
where §; := Rizen, 6c = d(€)e, d(¢) — d* as ¢ — 0, and ¢ € H. is such that [|¢c| g1 — 0 ase — 0.
In Remark 3.3 we explain why the blow-up points z; require these particular arrangement. Comparing
with Theorem 1.1, the proof of this result should be more technical and we leave it as an open problem.
It would be also interesting to investigate the existence of solutions exhibiting a clustering phenomena
as in [30].

We also mention that our approach should be easily adapted to other symmetric domains. For instance,
in an ellipsoid in R™ (n > 4) one can center two bubbles with opposite signs at the two antipodal points
with the largest mean curvature (the vertex) and also other two bubbles with opposite signs at the two
antipodal points with the smallest mean curvature (the co-vertex). In fact, the n—dimensional ellipse
may have n different solutions blowing up at the critical points of the mean curvature which lie on
opposite axis. A similar approach can be used to consider symmetric bounded smooth domains (not
necessarily convex). For instance, let

Q) be symmetric with respect to x; for every i = 1,...,n, (1.10)

that is, (Z1,...,%i—1, —Zi, Tit1,.--,Tn) € @ <= (T1,...,Ti—1,Ti, Tit1,.-.,2Tn) € Q. Furthermore,
given k € N and Ry as before, assume that () is invariant under the rotation Rz. If £ € 082 is a
critical point of the mean curvature with positive mean curvature, then (1.9) holds with & = R;= with
1=0,...,2k —1. We refer the reader to Remarks 3.3 and A.3 for more details. This shows an important
difference between our approach and the one in [26], where the concentration point must be at a point
maximizing the main curvature. In our case, the symmetries imposed on the domain allow for different
configurations.

In the case of a general C'! domain (without symmetries), however, it remains an open question the
existence of solutions to (1.3). The main difficulty is that, without the symmetries, it is not clear where
to position the concentration points in order to maintain the zero average constraint needed to solve
Neumann problems.

Finally, we mention that the techniques presented in this paper can also be used to guarantee the
existence of blowing-up solutions to slightly subcritical problems in symmetric domains, but in the
subcritical case the blow-up points must be positioned at points of negative curvature. For example, we
have the following.



Theorem 1.2. Letn >4, k € N, and let 2 C R™ be a an annulus centered at the origin
Q:={xeR" : a<|z| <b} for some 0 < a <b.

There exists g > 0 such that, for e € (0,eq), there is a solution u. € H. of the form (1.9) for
(1) the suberitical problem

—Au = |u|p7175u n Q, Jdyu=0 on 09,

where & = aRizen, 6° = d°c, d° — d* ase — 0, and ¢ € Hc is such that |6l 1) — 0 as
e — 0.
(2) the supercritical problem

~Au = |u|p_1+5u m Q, Jyu=0 on N,

where & := bRz ey, 6° = d°e, d* — d* as e — 0, and ¢ € H. is such that ||¢c| g (o) — 0 as
e — 0.

These solutions would be the pure Neumann analog of the positive solutions of (1.4) found in [26].

To close this introduction, we point out some closing remarks. In this work, we have only considered
dimensions n > 4. Dimension n = 3 requires more delicate computations (cf. [24] for the correction term
in a similar problem) and we do not pursue this here. Furthermore, here we have only considered smooth
domains, but we believe a similar approach could also be used in symmetric domains with corners such
as a cube {z = (z1,...,2,) € R™ : |z;| < 1fori =1,...,n} with concentrating points e, and —e,,.
Other polygonal domains could also be considered. If the concentration points are placed at the corners,
we point out that the expansion given in Lemma 2.2 would need to be adjusted with a different limiting
profile for ¢g.

The paper is organized as follows. In Section 2 we give some preliminaries and construct the Ansatz
that we use in our proofs. In Section 3 we reduce the problem of finding a solution of (1.3) to finding a
critical point of a functional in a space of dimension one. Finally, in Section 4 we show that the reduced
problem does have a critical point and in Section 6 we discuss some open problem.
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2. PRELIMINARIES AND THE ANSATZ.

Recall that, from now on, we take Q = B:= B1(0) CR", n >4 and p= (n+2)/(n —2). For t > 0,

let
¥ 3
fuly = (/ |u|t) (i, v) 1= / Vu-Vo  and  fuf = (/ |Vu|2) .
B B B
In particular, || - || is an equivalent norm in the Hilbert space {u € H'(B) : [, u = 0}.
It is well known (see [6]) that the space of solutions of the linearized equation

— AV =pUL'V,  V eDW(R") (2.1)
has dimension n + 1, being spanned by

n—2 n—4 |.T—€|2—(52 an(snTJ(-Ti_Ei)

OsUs ¢(x) = ay, =, OgUse(x) =———————"%,1i=1,...,n,
aela) =570 T e gpyr e = G e
where Us ¢ is given by (1.5).
Therefore, the space of solutions of
—Av=pUlg'v,  veDYARY), (2.2)

which are even in x1,...,x,_1,
n—2 |z|? -1
2 (1+z2)%

is spanned by V := 35U6,0‘5:1 =an

4



For future convenience, we observe that
610sUs ¢ (x)| < Use(x). (2.4)
Lemma 2.1. The operator K (given in (1.6)) satisfies the following.
(1) Let h e an_f?(B) with [ h = 0. Then there exists ¢ > 0 such that
] < clh] (2.5)
(2) Let s > "5 and h € L#+% (B) with Jzh=0. Then Kh € L*(B) and
|Kh|s < C|h|ﬁ (2.6)
for some positive constant ¢ which depends only on n, s and B.

Proof. Proof of (a). By using integration by parts, Holder’s inequality, and Sobolev embeddings,
1KhIE = [ 9(n)- ) = [ ()b < bl g 1], < N B2,
B B n—2 n+42 n—2

from which (2.5) follows.

Proof of (b). The assumptions imply that -25- > 1, so that L7 (B) ¢ LY(B) and [, h is well

defined. By elliptic regularity theory (see [23, Theorem and Lemma in page 143] or [4, Theorem 15.2])
there exists C = C(B,n,s) such that |[Kh|s,»s_ < C|h| , and (2.6) follows from the Sobolev

ns
n+2s n+2s

embedding W% (B) < L*(B). O

We also use the following notation:
wy = BN Bi(en) and w— = BN Bi(—€n). (2.7)

As in the previous section, we let W5 := Us ., — Us —., and let PW;s be the solution of

—APWs; = —AWs = Ugen - Uf in B, 0,PWs =0 on 0B, /PW5 =0.

B
That is, PWs = K(—APW;) = K(Ug’en - Ug_en). Observe that, since Ug’en - Ug_en is odd in z, and
even in x1,...,o,_1, then so is PWs. Let R?} := {x € R™ : x,, > 0} and let ¢y be the solution of
ol n—2 |2’|?
o, an— DR on OR"} ©o as |z| — oo (2.8)

We then have the following expansion, whose proof can be found in Appendix A.

—Apo =0 in R,

Lemma 2.2. For n > 4, it holds that, for x € B,

P = )57 ((257) - o(2)) s

where
C(;:O(éGan) and 65(520(5%) as 6 — 0 forn > 5,
¢ =0(dlogd) and 05¢s = O(logd) as d — 0 for every e € (0,1) and n = 4,

uniformly in B. Moreover, there exists C' > 0 such that

o ol hn
P - <
G5 ()], [PWs(2) — Ws(x)] < Gtz —en)—? + Gtz ten)?
o5z o5
= — + — . (2.9)
(1455 )r=3 - (1 + [Ee=|)n—3
o5 o5
P - <
105Cs ()], [0s(PW5(x) — Ws(x))| < Gtz — o) + Gt o)
. Coer L G0 (2.10)

(1+|%|)n73 (1+|I+%|)n73

A straightforward consequence of the estimates (2.9) and (2.10) is the following.
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Corollary 2.3. For every T € [ﬁ 1] , there exists k = k(1) > 0 such that

n—2"
|PWs — Wsl, [00s(PW5 — W;5)| < k(Use,, + Us —e, )" for every x € B,
and there exists C > 0 such that |PWs|, |00sPWs| < C(Us,e,, + Us —e,,)-
By performing the rescaling
T+ e,

y=— for z € w™ = BN By(—en)

and

y:ené—x for x € wt = BN By(en),

we have that the rescaled projections have remainder terms that go to zero.
Corollary 2.4. As § — 0, we have
7% PWis(dy — en) = —Uro(y) + 00(y) + O(5%),
57 PW5s(8y + en) = U o(z) — 6po(—2) + O(5%),
uniformly iny € B1(0) N B1(%).

—~~

2.11)
2.12)

—~

Proof. Let x € w™ and let * = dy — e,,. Then y € B1 (0) N B%(%), ly— 2| > 2 and

L
26

n-2 2671
0= PWs(y —en) = Uy _2ea (y) = Uro(y) + 0 (y) — 5@0(7 - y) +0(67).
Then
Qn n—2
Uy 2 (y) = = = 00",

B

(e bsel)

50 (y) —5900(% - ) =0 <(1 n ‘y_é%‘)ne,) =0(6"?),

where we used the estimate (A.2) in the second identity. Since n > 4, then O(6"~2) = O(6?) and (2.11)
holds true. The estimate (2.12) follows in an analogous way. O

2.1. The Ansatz. Let ws = PWs(x) and f.(t) := |t|P~1T5t. We search for a solution of (1.3) of the
form

U:PW5+¢:’UJ§+¢,

where
0 = de,
de{ceR: n<e<1/n}forasmall 0 <n<1,¢e H.. Using this Ansatz in the equation, we obtain
ws + ¢ = K(fe(ws +9)), (2.13)

or, equivalently,

¢ — K(fl(ws)p) = K(f-(ws + ¢) — fe(ws) — fL(ws)p) + (K (fe(ws)) — ws).

Observe that fl(ws), fe(ws + ¢) — fe(ws) — fL(ws)¢p and f.(ws) are odd in z,, and even in xq, ..., 2n_1,
s0 ¢ — K(fl(ws)d), K(fe(ws + ¢) — fe(ws) — fl(ws)p) and K (fe(ws)) — ws have the same symmetries.
The fact that they belong to H'(B) N L*:(B), and hence to H., will be checked in the next section.
Define

O4, :=span{ddsws} and @é‘,a ={¢p e H.: (¢,005ws) =0}

and let I, : H. = Og, II. : H. — @is be the orthogonal projections:
I (¢) := ||0sws|| = (¢, Osws) Osws, 1 (¢) = ¢ — T1(8).

The following estimate will be used in the next section.
Lemma 2.5. Let 0 < n <1 and take 6 = de withn < d < % There exists C = C(n,n) > 0 such that,

as e — 0,

12 ¢l < Cloll +16ls.) for every ¢ € He,
where s is defined in (1.8).



Proof. Since I is a projection, it is clear that ||[[IZ¢|| < ||¢|| for every ¢ € H.. As for the L*:—norm,
by Cauchy-Schwarz inequality we have

|685w5 |SE

€ < < ; —_— .
|HE ¢|55 —_ |¢|55 + |HE(¢)|55 — |¢|55 + H535w5|\ ||¢H

By Lemma B.10, there exists ¢ > 0 such that ||60sws|| > ¢. On the other hand, by Corollary 2.3,
|00s5ws(x)| < (Us,e,, + Us,—e, ). Combining this with Lemma B.3, we deduce that, as e — 0,

2

_ (n—2)
|60sws|s, < C(|Use, |s. +|Us —e,ls.) < Ce FintzEn-2) = o(1)

and the proof is finished. (I

We then decompose (2.13) in

e (ws + ¢) = e o K(fe(ws + ¢)), (2.14)
I (ws + ¢) = 1 0 K (f(ws + ¢)), (2.15)

and rewrite (2.15) as
Lgcop= Nd,6(¢) + Ry, (2.16)

where
Ld,6¢ = Hj (¢ - K(fé(w5)¢)) )

Nae(¢) =11 o K (fo(ws + ¢) — fo(ws) — fL(ws)9) ,
Rae =7 (K(f(ws)) — ws) .

3. REDUCTION TO A FINITE DIMENSIONAL PROBLEM

This section is dedicated to the treatment of (2.15), more precisely to the proof of the following result.

Proposition 3.1. For every 0 < n < 1 sufficiently small there exists g > 0 and C > 0 such that,
whenever € € (0,e0) and d € (n,1/n), there exists a unique function ¢ = ¢q. € @is solving the equation

Ld,sd) = Nd,s(¢) + Rd,s;

and satisfying
baclla. By = o(er™7) for every small v > 0, (3.1)

as € — 0, uniformly in d € (n,1/n). Moreover, the map (n,1/n) — @ig, d > ¢a. is of class CL.

The proof of this result has the following structure: first, in Subsection 3.1, we check that L4 is an
invertible operator with continuous inverse in @i .- Therefore, (2.16) can be written as

¢ = L;l(Nd,a((b) + Rd,a)
and
16l < C(INae(d)lla. + |1 Raela)-

In Subsection 3.2 we prove the estimate |Ryc|ln. = O(e77) for every v € (0,1), and in Subsection
3.3 we conclude the proof of Proposition 3.1, showing that the operator Ng. is of higher order with
respect to ¢, which allows the use of a fixed point argument and the implicit function theorem. The
main difficulties in these steps arise from the fact that we are dealing with a superlinear problem, which
require delicate estimates in L®c-norms; moreover, the symmetry assumptions on both the domain and
the functions play a crucial role in the proof of the invertibility of the linear operator Lg.; see, for
instance Remark 3.3 below.
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3.1. Estimates for the linear part Lg..

Proposition 3.2. For every n € (0,1) small enough there exists €9 > 0 small, and C > 0, such that if
e € (0,e0) then
ILac(@)la. = Clolla. Vo €Oz, de(n,1/n). (32)

Moreover, Lq . is tnvertible in @é‘g, with continuous inverse.

Proof. We adapt the proof of [17, Lemma 3.1] to our setting. We argue by contradiction, assuming there
exists n € (0,1), dy, € (n,1/n) with d, — d., e, — 0 and ¢, € ©F _ such that

di,er,
lonlla., =1, lhlla., — 0, (3.3)
where
hi := La, =, (¢%) € OF ., (3.4)
Denote also 0y, := dier, — 0 and Zs := §0sW;5. By (3.4),
or — K (fL, (ws,)pr) = i + 2 (3.5)
with zi, € ©g4, ¢, , which means there exists ¢, € R such that
2k = e PZs, . (3.6)

Step 1. Check that ||zx|m., — 0.
We test (35) with zp. Since <q§k,zk> = <hk,zk> =0,

o)) = — / £ (s, ) bu 2.
B
Using that zp = ¢, PZs,,
E|PZs|? = —cx / 1!, (ws,)onPZs,. (3.7)
B

Now, by Lemma B.10,
1P Zs, |1 = 5+ o(1), (3.8)

for some k > 0, while
0= (21, P) = /B Ok (fo(Usy e )06Usy e, — fo(Usy,—e,)95Usy —e,, )bk
where 95Us, +e, := O5Us e, |s=s,. Then,
[ ftws)onpzs, = [ 1 (s onP2s, ~ 2s) + [ (7 (ws) = Fitws)onZs,
+ /B(fé(wak)Zék = f0(Usy.e,)0k05Usy e, + f0(Usy, e, )0k O5Usy —e, ) (3.9)
Note that, by Corollary 2.3, Lemmas B.3 and B.13, (3.3) and by (3.8),
[t ws)on Pz, - 20)| <112, (ws)l 510
Similarly, by Lemmas B.3 and B.13, (3.3), and (2.4),
Ty := ‘/B(fék(wak) = folws, )bk Zs, | < |fZ, (ws,) = fo(ws, )2 |Pkl2- | Zs,

Finally, recalling that ws, = PW;, = P(U(;kyen — U(;k’,en) and that Z5, = 51685U5k76n — 5}@(95U5k1,en,

T1 =

2% PZ(;k — Z§k|2* = 0(1)

% = 0(1).

T3 := ’/ (folws,) Zs, — fo(Usy e, )0k06Usy, e, + fo(Usy, —e, )0k 05Us, —c,, )
B

S/ |f6(w5k)*fé(Uak,en)H(ska&Uak,en|I¢k|+/ [fo(ws,) = fo(Usy,—e )10k 0 Usy., —e.. 10k |
B B

< 2|Usy e |20 [Dk]2- | fo (ws,) = fo(Usy e )13 = o(1),
where we used (2.4), (3.3) and Lemma B.13.
Then, by (3.7), (3.9), and the fact that T3 + T + T35 = o(1), we have that ¢;, — 0. Therefore, by (3.6)
and (3.8), we conclude that [|2x||n., — 0.
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Step 2. Prove that
lim inf / fL (ws, )uj > 0, (3.10)
B

k—o0

where uy, := ¢ — hyx — 21, which satisfies

uy = K(f., (ws,)ox) = K(fL, (ws, Jur + fZ, (ws, ) (b + 2x)) (3.11)

or, equivalently,

7A’U,k = f&{k (w(sk)(bk = f&{k (wak)uk + fcik (U}&k)(hk + Zk) in Ba (312)
fB up =0, Jyur =0 on JB,
and [lug|lp., — 1 (by Step 1). We claim that
lim inf |Jug|| > 0. (3.13)
k—o0
Indeed, by using (3.3), (3.11), Lemmas 2.1 and B.13, and Step 1,
ukls., <C <|fék (way Jur|_noes + |f2, (wa, ) (h + Zk)|’f#>
7T Zeey, nT2eey,
SOl (ws )l avvnse,  Juglpsr + CIfL (ws)| 2 |he + z1ls., < Cllug|| 4 o(1),
GFD(nF2ae,)—neey
1)nse n
where we have used that (pH)((ZiQ)SEk){nS% = 5+ O(er) and |fL, (ws,)| (p+Dnse =0(1) as k —

BT D (nT2ec, ) —nsey,
o0, by Corollary 2.3 and Lemma B.3. Therefore, if ||u| — 0, then also |uk|55k — 0 and HukHHak —0,a
contradiction. Hence, the claim (3.13) is true.
Next, testing (3.12) with ux, we obtain

gl = /B £ (s, )ul + /B £ (8, ) (o + 2. (3.14)

Since

< L (we) 21l + 2el2-Julas < Cllhe + 2illm., Jukls., — 0,

‘/ fL (ws, ) (hi 4 z1)u
B

combining this with (3.13) and (3.14) yields directly (3.10), which is the goal of Step 2.

Step 3. Since B is a smooth domain, there is an extension operator £ : H'(B) — H*(RY) such that
Fu, = u in B and

IVEug| L2y < [|EBukllmgn) < Cllukl i s),

for some constant C = C(B) > 0. Since uy has zero average in B, the Poincaré-Wirtinger inequality
implies that

||VEuk ||L2(]RN) < C’||Vuk||L2(B),

for some constant C' = C’'(B) > 0.
We identify uj with its extension. Define

B —e,
:B1 _— 1
5](: W( 5](;), (3 5)

/ Vg2 < c’/ Vg 2 :c’/ IVitg 2.
R B Qe

Therefore, (i) is a bounded sequence in D1:2(R™) and, passing to a subsequence, there is ug € D1:2(R")
such that

n—2
ur(y) = 0,2 up(Oky +e,), and Q=

which is such that

i — ug  weakly in DV2(R™), strongly in L (R™) for all g € [2,2%). (3.16)

We want to prove that ug = 0.
We have, for z = dpy + €, € B and y € §y, that

— Ay (y) = G fL, (ws, (@) (y) + 6L, (ws, (@) (e (y) + 26(y)),
ka g, =0,



where ﬁk(y) = 5]:%hk(6ky +en), Zk(y) = (5,:% hi(0ry + €,). Moreover, for y € 0,

Opy + en T
ST 529 (2) - — = 0.
ey tea 0 g

Let ¢ € C°(R}). Then, by dominated convergence, Corollary 2.3, (3.16), and by ||hxl|, ||zx| — 0,

/ VugVp = hm / ViV = hm/ 6kf6k (ws, (Ory + en)) ik (y)e(y) dy
n Qi

Byt (y) = 67 Vur(xy + en) - v(y) = 67 Vur(0ky + €n) -

+ lim [ 0RfL, (ws, (Oky + €n)) (hie(y) + 2u(W))eW) dy = [ fo(Ur0)uop.

k—=oo Jo, R
Then uy would be a solution of
—Aug = f{(Ur0)up in RY, Oyug =0 on IRY.
Identifying ug with its even reflection with respect to OR"}, we obtain that wg is a solution of
—Aug = fy(Uro)ug inR™,  wug€ DV2(R™). (3.17)

Since uy € H,,, then uy is even with respect to x1,...,2,—1. This is preserved under the change of
variables y + 0y + €, and under the even reflection with respect to dR"}, so we have that

1), is also even in the coordinates x1,...,Zn_1. (3.18)

Therefore, ug is also even with respect to x1,...,2,-1. By (2.3), we have that ug = ¢V with V as in
(2.3). We claim that ¢ = 0. Indeed, since uy, is odd with respect to x,, and B = B;(0), we have that

/kaé(Uék,en)(Sk@éUak,en = —/ u fo(Usy,—e,, )0k05Us,, —e,.
B B

and therefore,

c/ |VV |2 :2/ VV Vg :2/ VV Vi, + o(1)
n i Qk
:2/ i (ULo)V + o(1) :2/ W (Use e )5405Usp.cn + o(1)
Qe B

= / wk[f0(Usye0 )0k 05Us, e, — [0 (Usy,—e, )0k05Us, —e,.] + o(1)
B
= (ug, PZs,) + o(1) = (2, PZs,) + o(1) = o(1),

where we used that up = ¢p — hi — 2 in B and that ||ZkHHEk — 0, by Step 1. Therefore, ¢ = 0 and
ug = 0

Step 4. Finally, we check that
hmlnf/ fL (ws, Juj =0, (3.19)

which contradicts (3.10) and concludes the proof of the proposition. Observe that, using Corollary 2.3,

\ [ st
B

We split B=wTUw~ U(B\ (wrUw™)). On B\ (wT Uw™), we have

4464 (n—2) 44ep(n—2)

<c / PW;, [755 7 g2 < © / Uy 74U, 7 unf?
B

s~ €n

dtep (n—2) 4te(n—2) d4ep (n—2) 4+5k(n 2)
n—2 n—2 n—2
/ Usy e +Us, "2 Jup < Oy / up = 0(9y, ) = o(1).
B\{wtUw_}

On w™, considering the extension of uy, to the whole R and considering the blowup sequence 4, defined
n (3.15), we have

d4ep (n—2) dte(n—2) 4+aE (n—2) ddep(n—2)
/+(U "+ Us T Yui = / "2 ui 4o(1) < C/ U™ a3 4 o(1)
w Qk

Ok yen Oksen

1
<C| ————a2+0(1)=o0(1),
e TP ¢ o) =
since 47 — 0 in L72 (R™) and (1+|y| )2€L (R™).
10



n=2
Considering now the blowup sequence at —e,, given by y — 6, > uy(0ry—ex), we prove in an analogous
way that

dtep(n—2) dde(n—2) )
/ Uspen ™ +Us, "2 g = o(1). U
-

€n

Remark 3.3. In the previous proof, a key ingredient is that (3.18) holds, namely, that if ¢ € H. then
o(y) == 5 ©(0ky+en) is even in the coordinates x1, . ..,xn—1. This property imposes some restrictions
when considering the more general case of (1.9) where 2k bubbles are considered. In particular, it explains
why the blow-up points x; need to be positioned at reqular angles and why the signs must be alternating.

3.2. Estimates for the zero order term Rq .. In this subsection we prove the following asymptotic
bound for R ..

Proposition 3.4. Let v € (0,1), 0 <n <1 and 6 = de. Then
[Raell. = O(e7)

as € — 0, uniformly in d € (n,1/n).
Observe that
Ry, = I (K (f-(ws)) — ws) = Mz (K (fo(ws) — fo(ws) + fo(ws)) — ws)
= T (K (f=(ws) = fo(ws))) + Tz (K (fo(ws)) — ws).

Since || - |z, = || - || + |- |s. and using Lemma 2.5,
[Raella. <C (1K (fe(ws) = folws)) ]| + 1K (folws)) — ws]|
+ K (fe(ws) = fo(ws))ls. + K (fo(ws)) — wsls.) - (3.20)
Thus we need to estimate
K (fo(w)) —wsll, K (fe(ws) = fo(ws))I],
(see Lemmas 3.5 and 3.6 below) as well as
(K (fe(ws) = fo(ws))ls., K (folws)) —wsls.

(Lemmas 3.7 and 3.8 below). The proof of Proposition 3.4 will follow directly from this.
Lemma 3.5. Letn € (0,1), d > 0 and 6 = de. We have that, for every v € (0,1),

Ol1ogdlt) ifn=4 _ 1
(0]

o)) — wsl < Clfo(ws) — foUsen) + folUse ez = 4 500 P ) s =

as € — 0, uniformly in d € (1/n,n).
Proof. Let vs = K(fo(ws)) and recall that ws = K(fo(Use, ) — fo(Us,—e,,)), that is, vs and ws solve

—Avs = fo(ws) = fo(P(Us,e, —Us,—c,)) in B, O,vs =0 on dB, / vs =0,
B

wa(; = fO(U(;’en) — fO(U&,eT) in B, &,w(; =0 on (9B, / ws = 0.
B

Then, recalling that p 4+ 1 = -2 and by (2.5) in Lemma 2.1,

lvs = wsl| < Clfo(ws) = foUs.e,) + fo(Us —en ) ps1- (3.21)
We have

[fo(ws) = foUs,e,) + fo(Us,—e, )| 1
< |fo(ws) = fo(Ws)|esz +|fo(Ws) = fo(Us.e,) + fo(Us,—e, )| ps1-
The claim now follows from Lemma B.11. O
Lemma 3.6. Letn € (0,1), d > 0 and 6 = de. Then, for every v € (0,1),
1 (f=(ws) = fo(ws))I| < Clf(ws) = fo(ws)|wss = O(e"™7).

as € — 0, uniformly in d € (1/n,n).
11



Proof. By (2.5) in Lemma 2.1,
1K (fe(ws) = fo(ws))I| < C|fe(ws) = fo(ws)ets,
and the statement now follows from Lemma B.12. O
Lemma 3.7. Let v,n € (0,1), d >0 and 6 = de. Then
K (fe(ws) — fo(ws))|s. = O('™7)
as € — 0, uniformly in d € (1/n,n).
Proof. Let 5:=ss =p+1+¢& and € <& By (2.6) in Lemma 2.1 (observe that 5§ > n/(n — 2)):

[K (fe(ws) = fo(ws))]s. < |K(fe(ws) = fo(ws))[s|B
< Celfe(ws) — fo(ws)|_as_-

n+23

5—se
55

Taking now £ > 0 such that —

ns  _ (p+1)(1+6)
+25 D

, we can now conclude from Lemma B.12. O
Lemma 3.8. Let v,n € (0,1), d >0 and 6 = de. Then there exists C > 0 such that

K (fo(ws)) — wsls. = O 77)
as € — 0, uniformly in d € (1/n,n).

Proof. Let u:= K(fo(ws)), w = ws, and observe that v := u — w is a solution to
—Av = folws) — fo(Us,e, ) + fo(Us,—e, ) in B, d,v =0 on B, / v=0,
B

that is, v = K(fo(ws) — fo(Us,e,,) + fo(Us,—c,)). Take & > 0 small and § =p+1+£. By (2.6) in Lemma
2.1:

Sose
lu—wls, < |u—wls|B|

< CL fo(ws) = fo(Us.e,) + fo(Us,—e,)| —ng

n+23

< CL fo(ws) — fo(Ws)| ns_ + | fo(Ws) — fo(Us,e,) + fo(Us,—e, )| ns

n+25 n+2s

Writing nf% = (erl)p(lJr'Y), by Lemma B.11 we deduce that, for every o > 0 small there exists v > 0
such that

| fo(ws) = fo(Ws)| wrnasn + [fo(Ws) = fo(Us.e,) + fo(Us—e,)| wenasn = O(e'~7)
as € — 0, and the proof of the lemma follows. (I
Proof of Proposition 3.4. This follows from combining equation (3.20) with Lemmas 3.5-3.8 O

3.3. Estimates for the nonlinear part Ny .. Conclusion of the proof of Proposition 3.1. In
this subsection we conclude the proof of Proposition 3.1. By Proposition 3.2, we know that the linear
operator Ly . is invertible. Therefore, equation (2.15), that is,

Lac¢ = Nie(d) + Rae,
is equivalent to the fixed point problem
¢ =Lyi(Rae + Nae(9)) = Tae(9).
By Proposition 3.2 we have
1Ta,c(9) . < C(|Raclln. + [INae(d)]m.)-

In the previous subsection we have shown that, for every v € (0,1), |Rac|m. = O(e'™7). Next we
perform an estimate for the other term.
Lemma 3.9. Letn € (0,1), d > 0 and 6 = de. Then there exists C > 0 such that
+2¢ .
Vo (@)l < {cumﬁe + iz, *) ifn>6,
e c = +2 .
CllollE + ol ™ +l¢llE.)  ifne[4,6)

as € — 0, uniformly in d € (1/n,n).
12



Proof. Combining Lemmas 2.1 and 2.5 yields the existence of C' > 0 such that

INac(@)m. < Cfe(ws + ¢) = fe(ws) = fi(ws)dlorr + [fe(ws + ¢) — fe(ws) = fi(ws)@| 2 )-

n+2se

By Lemma B.1, there exists C' > 0 such that, for e sufficiently small,

C(lws P72 + [g[P+e)  if n € [4,6],

| fe(ws + @) — fe(ws) — fL(ws)g] < {C|¢|P+5 fn>6

Therefore, for n > 6, we see that

n+2seg

n+42se
| Tae (@) m. < CUISPT e +|I¢|”+8| nse ) < C(1Ol 0 rnpen + 1957 )

< O (gl + I8 ) < 'l + el ™).

For n € [4, 6], one should also take into account the terms

[lws[? =242 6% | nr < Jws [, 5500, [S12,
p (n+2)se —4n
and
24
||w6|p 2+€¢ |n15255 < |w5|1()p 22+i)n55 |¢|
e
Since L=ZEE203 — 54 O(e) and E2EE1 — 2 4 O(e), we have that [ws|f, 55, lws[f, 500 .. =
(nt2)se —4n Zse—n
O(1), by Corollary 2.3 and Lemma B.3. This ends the proof. ’ O

Conclusion of the proof of Proposition 3.1. Let k be such that |R4.| < 2k+/e (take v = 1/2 in Proposi-
tion 3.4). Therefore, by taking

B:={pcOp. : |9lu <nvE},

we have T, .(B) C B for sufficiently small £ > 0. Moreover, reasoning as in, for instance, [17, pp. 18-19],
we obtain the existence of L € (0,1) such that

1 Tae(d1r — d2)|lH. < Ll|dp1 — ¢2||m. for every ¢1, ¢ € B.

Therefore, by the Banach Fixed Point Theorem, given i € (0,1), d € (n,1/n), 6 = de, for € sufficiently
small there exists a unique ¢q4, fixed point of T, ., that is, a unique solution of 2.16. Now a standard
argument using the implicit function theorem (see for instance [22, Lemma 3.3] for detailed computations
in a related framework) yields that the map d — ¢4 is of class C*. O

4. EXPANSION OF THE REDUCED FUNCTIONAL
Consider the functional F; : H. — R defined by
Vul? u|pt1ite
- [Vl Juprtite

p+1l+e

and observe that critical points correspond to solutions to (1.3). For each small 7 fixed, let €9 > 0 be as
in Proposition 3.1. Then for € € (0,&9) (and recalling that § = de), we consider the reduced functional
Je 1 (n,1/n) — R given by

Je(d) = FE(PW§ + d)d,s) = FE(PWdE + d)d,s)a

where ¢q. € @i . is as in Proposition 3.1. The following results says that, whenever we find a critical
point of J., we obtain a solution of (1.3) having the form PWy. + ¢q ..

Lemma 4.1. For smalln >0, ¢ € (0,e9) and d € (0,¢), we have
J(d) =0 < F.(PWa:+ ¢a.) =0.

Proof. This a consequence of standard arguments, see for instance [17, Proposition 2.2] or [22, Proposition
3.4], [21, Lemma 4.1]. O
13



For n > 4, recall that a, = (n(n — 2))" and let

p+1

o 0 o T )
3= [ Wbl =ar [,
oy e T

lyl?
eman [
re-1 (14 [y2)nt
D :/ Ulpigl 1OgU110.
R

The main goal is to check that J. has an absolute minimizer in (7, 1/n) for sufficiently small ), therefore
a critical point. In order to prove this, we compute the expansion of J.(d) as ¢ — 0.

Theorem 4.2. Given 0 < n < 1 small we have

A (n—2)2
=—4+ —"Al v
J-(d) - + i Aeloge + ¥(d)e + o(e),
as € — 0 uniformly in d € (n,1/n), where
- n—=2(n-2 (n—2)? n—2 B
U(d) := 5 ( o Ql@) + n ﬂlogd( 5 ¢+ n>d. (4.2)

This section is devoted to the proof of this result, which we split in several lemmas.
Lemma 4.3. Given 0 <n < 1 small,
Je(d) = F.(PWs) + o(e)
as € — 0 uniformly in d € (n,1/n).
Proof. We argue as in [17, Lemma 6.1] to show that
F.(PWs + ¢q.c) — Fe(PW5) = o(e) as e — 0.
Note that, by (3.1),

1
FLPWs + 60.) = FL(PWs) =3 ll0ucl + [ (U2, U, )ou.
B
1
T P duab T P
B

— (o) + / (U2, — UL, — |PWsP~+) PWséa.
B L 1 Een

|PW5 + ¢|p+1+8 |PW6|17+1+8
B p+1l+4+e p+1l+e
Moreover, by (3.1) and Lemmas B.11 and B.12 with v = 0,

[z -, - 1w+,
B

On the other hand, by the mean value theorem, there is ¢ = ¢(x,¢) € [0, 1] such that
|PW;s + g|Ptite | PW;lptite

B p+1+e p+1l+e
< O'(|[PWsP 125 | @ael3 + |9aeli) = ofe),

where we used again (3.1) and that ||[PWs[P~!*¢|, = O(1) (by Corollary 2.3 and Lemma B.3). O

2

— |PWs|P~ e PWséha, .

<UL, ~ UL, — [Wsl?**| 2n [6a.cla = ofe).

I PWiP PWsdas| < C / \PW + ta. [P+
B

In the rest of the section we expand the leading term

PWs|?  |PWg[ptite
F.(PWs) =/ VW™ _ |PWs| dx
B 2 p+1l+4e

)

We compute separately the expansions for
/ |V PW;s|? | PWg|ptite
—_ and —_
B 2 B D+ 1+¢
14



in Subsections 4.1 and 4.2 respectively. We perform them in the § variable, recalling that § = de for
some d > 0.
Recall also that W5 := Us,,, — Us,—e,, and, by Lemma 2.2,

_n-—4 €n — X e, +x 6-n -
PWi(a) = Wa(@) =07 (w0 2= ) =00 (F) ) + @), Gola) = O(6"F* (1og 8)"),
where 7 =0ifn >5,and 71 =1 if n = 4.

4.1. Expansion of the gradient term. Note that

/ﬁvaﬁ:i/Pwu—mwwgz/znwaﬁ%glﬁﬂﬁ
B B B

:/B (Wa(x) - 5_7%4(900(6715_96) - @o(eng_x)) +C5(:v)) (U5, = Us—e,)

=1, — I+ I, (4.3)

where

I = / W)U, — U, ),
B

b= [ 677 (w257 — (U)W, - U2 ).

I = /B @)U, ~UP_, ).

Proposition 4.4. We have the expansion
/ VPWs|> =1 — Iy + I3 = A + (=B + (n — 2)@)6 + o(6), as 6 — 0,
B

where A, B, and € are given in (4.1).
The proof of this proposition follows directly from the following three lemmas.

Lemma 4.5. We have

11:/ Ws(2)(Uy,., —Us_. ) =%~ B+ 0(d), as 6 — 0,
B

where A and B are given in (4.1).

Proof. Note that
= [ W, v = [0 U, U, U
B B
The result follows from Lemmas B.4 and B.6. 0

Lemma 4.6. We have
In=—(n—-2)¢5+0(5), asd—0,
where € is given in (4.1).

Proof. Note that

_n—4 en — T e, +x en — I en +x
L=oz /;wo( 5 )Ugal"wo( 5 )Ugal"¢0< 5 )Ug—en*’@°< 5 )Ug—ew

Therefore, the result follows from Lemmas B.7 and B.8 and the fact that n > 4. O

Lemma 4.7. Let 1=014ifn>5, and 7 =1 if n =4. We have

zyzéggmg%—q;ﬁzowm%aﬂzdﬁ as § — 0,

15



Proof. Let D := wy — e, and observe that, since (5 = O(6°z" (log 8)") uniformly in B as § — 0 (by
Lemma 2.2),

6-—n (SHT”
G6(&)IUF,., < Catd"s* (logo)” | -
/w+ hen wp (024 |z —e,|2)"2
= Ca%ﬁ%(log&f/ L = Coﬂ;a?(loga)f/ %
s-1p (1+ |z[?) ™ 51D (1+ |z[2)*
< Ca?§%(log ) wn (1 TR dr) = O(82(log 6)"). (4.4)
1

On the other hand,

[ le@ug,, < cazs's oy [ (10)F = 0(@*(ogo)). (45)
B\wy

B\UJ+

The claim follows from (4.4) and (4.5) and from the fact that

/ G (@)UE, / G)UE_, | 0

4.2. The nonlinear term. Next, we focus on an expansion for the nonlinear term

P, P

where we recall we are using the Ansatz § = de for some d > 0.

Proposition 4.8. Given n € (0,1), we have the expansion

;/ |pW6|p+1+8
p+1l+4+e/p

n—2 (n—2)2 n—2 (n—2)2
== (A —Bde + 2nCde) + <Tﬂslog|d5| + ™ De— e e ) + o(e),
as € = 07 wuniformly in d € (n,1/n).
We argue as in [26, Proposition A.1]. We start by noting that
1 1 1 n—2 (n—2)32
— _ = - ) 4.
P (p+1)2€+0(5) o e e+ o(e) (4.6)
Moreover,
/ |PWs[PHite = / |PWs|PT o |PWs [P (| PWs|E — 1) =: Jy + Ja. (4.7)
B B

We obtain expansions for each of these terms. For convenience, within this subsection we denote
¥(x) :=Ws(x) — PWs(x)
_n—4 en — X en +x _ -n
= (900( 5 )—900( 5 ))—C6($), G(x) =0(677).

Lemma 4.9. We have

/ W) — ()P = / W) — ()P =

B
+ (*5 +n€)d + o(d), (4.8)
where A, B, and € are defined in (4.1). In particular,

Ji = /|PW5|p+1 /|W5 )|p+1—91+(—%+2n€)5+0(6).



Proof. Let D := w4 — ey, then

[ Wst@) 0@l = [ W, @) = Use) = ()7

Wt
6_71,52 nijZ
= on——— — Y(dr + ep) 0" 4+ 0(9)
Jon P ¥ (
1 26n+5x) noz n3
Op——————=5 — —x) — EEEr— 0 —(s(dx+e,)d 2 + o(d
/HD (1 + [22)=2 (o) =0 ( 5 )3 -Gl ) (9)

_2n_ 2n_ 2n nt2
= /(rlD |U10 — wo(—2)d|"=2 + 0(d) = /5711) |Upo|"=2 =6 5 Uy0|™2 o(—2) + 0(5),

where we use Lemma 2.2, the decay estimates for ¢y and (s, respectively inequalities (A.2) and (2.9).
2n
The integral fé*lD |U1,0/"2 is expanded in the proof of Lemma B.4 and we have that

Moreover, since Uy g is even, 0., U;,0 = 0 on OR"} and

2n n+2 2n 2n
5 / U0l go(—) = 6 / (=AU oo (x) + 0(6) = 6 / 01,0000
TL72 §—1D n72 ]Ri n72 aRi
2n n—2 ly|? / |y|?
) / an +0(0) = —dnay, ———— +0(6).
n2 Je 2 G Byt ) s T Pyt o)

By symmetry, this establishes (4.8). Finally, note that, by Corollary 2.3,

/ W) — (@) P = / PWs(z)P! < C / (Usien | +1Us - )22 = 0(5).
B\(w4Uw_) B\(w4Uw_) B\(w4+Uw_)

d
Lemma 4.10. We have, as ¢ — 0,
n—2
Jy = —¢ log(6)2A + €D + o(e).
Proof. Let D := w4 — e, and recall that § = de. We start by claiming that
Jo = / | PWs|PTH(|PWs|F — 1) = 5/ |PW5|PT log | PWs| + o(6). (4.9)
B B

Indeed, by reasoning like in the proof of Lemma B.2,

[P = P et og [t + e (t),  where  [re(t)] < S (P + [HPHE) (log [t])*.

N =

Therefore,
Jo = 5/ |PW5|PT! log | PWs| +€2/ re (PWs);
B B

now the claim (4.9) follows by reasoning like in the proof of Lemma B.12, recalling that |PWs| <
\Us.e,.| + |Us,—e, | and using Lemma B.3.
17



Then

)

e / [PWs7+ log | PW;| = < / Ws — i log [Ws — o)
w+ w+

/ (W [P log [Ws| + o(e)

W+

- / |Us.e, |1 log |Us.c,,| + o(¢)
W+

—2

E/ 16755 Uro| 722 log [§ 7 Uy o]0"
61D

_ 5/ 1071 o[722 Tog 627 Uy o] + o(c)
1D

n —2
=< [ ol <" log5] +1og|Ul,o|> T ofe)
51D 2

_9
ey
2

e 0g|5|/ U |72 +g/ U0/ 72 log U o] + ofc),
5-1D 51D
where we have used the estimate (B.1) with ¢ = p + 1, together with Lemma 2.2, Corollary 2.3 and
Lemma B.3.
One can argue similarly for the integral over w_ and the integral over B\(w4 Uw_) is o(¢) as € — 0.
Therefore, since (by Lemma 2.2)

o A B
/7 [Ur,0["72 = 3~ 554—0(6)
and
2n_ 1 2n_ @
| 0wl g ol = 5 [ 1030l logUral + of1) = 3 + o(0),
6—1D R™

we have that

-2
Jy = —el 5 log |de|A + €D + o(e),
as claimed. O

Proof of Proposition 4.8. From (4.7) and Lemmas 4.9 and 4.10, we have
-2
/ |PWs[PT1He =2 — B de + 2n€de — nTﬂslog |de| + De + o(e).
B

Combining this with (4.6), we deduce

1 / |PW6|p+1+a
p+ 1+e¢ B
n—2 (n-—2)? n—2
— - - P T S
( 5 yFCRa + 0(5)) (A —Bde +2nCde 5 Aelog|de| + D e + o(e))
n—2 (n —2)? n—2 (n —2)?
= — 2 SRS, S | —
o™ (A —Bde +2nCde) + ( in Aelog |de| + 5 De p e ) + o(e),
ase — 07, O

Proof of Theorem 4.2. The expansion follows directly from Lemma 4.3 and Propositions 4.4 and 4.8. [

5. PROOF OF THE MAIN THEOREMS
Lemma 5.1. Let ¥ be as in (4.2). This function has a unique critical point at

(n —2)%A
2d(n(n — 2)€ + 2B)’

d, =

which is a global marimum.
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Proof. Note that ¥(d) — —oo as d — 0% and as d — +oo. Therefore, U achieves a global maximum.

Since ( 2
—2)°21 n—2 B
\p/d:ni_, -
(d) 4dn d ( 2 €+n>’

the point d. given in (5.1) corresponds to the unique critical point of ¥, which is a global maximum. O

Proof of Theorem 1.1. Let d, > 0 be the unique global maximum of ¥ and let n € (0,1) be such that
d. € (n,1/n). Then ¥(n), ¥(1/n) < ¥(d*). On the other hand, for such n we know from Theorem 4.2
that

A (n—2)?
=—4+ —2Al v
J-(d) - + i Aeloge + ¥(d)e + o(e),
as € — 0, uniformly in (n,1/n). Then there exists 9 > 0 such that
Je(n) < Je(d®) and  Jo(1/n) < Jo(d")

for e € (0,e0). Therefore, J. has an interior maximum in (7, 1/n), hence a critical point. We can now
conclude by using Lemma 4.1. O

6. OPEN PROBLEMS

We believe that the following are some interesting open questions.

(i) If B is a ball, is is true that (1.1) has a solution for all exponents ¢ > p or is there a Neumann
critical exponent after which there are no solutions?
(77) The solutions given by Theorem 1.1 are most likely not of least-energy type. Indeed, we believe
that the Morse index of our solution could be at least 2 (arguing as in [5, Theorem 1]). Is there
a least-energy solution in the supercritical regime?
Finally, we observe that our approach does not guarantee that the solutions given by Theorem 1.1 are
bounded (and therefore classical) solutions. However, if one uses weighted Holder norms as in [10] (the
pioneering paper concerning the slightly-supercritical problem), instead of the classical Sobolev norms,
one can most likely build, via the same Lyapunov-Schmidt reduction, regular solutions.

APPENDIX A. AN EXPANSION FOR PWj

Recall that B = B1(0), W5 := Us,e,, — Us,—e, and PW; is the solution of

—€n

—~APWj = —AUs., + AUs ., in B,  8,PWs =0 on 0B, /PW(;dx = 0.

B
Let R} := {x € R™ : 2, > 0} and let g be the solution of (2.8), that is,
: n 8900 n—2 |:L'/|2 n
—Apo =0 in R, a—xn:an T A+ )R on ORY, wo — 0 as |z| = oo.

Using the Poisson kernel for the halfspace and the fact that n > 4, we obtain the representation

Qn ly|?

P = S T PR Ay
where w,, denotes the measure of the unit sphere in R”, |-| is the Euclidean norm in R, z = (1, ...,2,) €
R%, and y = (y1,...,¥Yn-1,0), see for instance [9, Theorem 4]. We note, however, that the formula (27)
in [9] has a sign mistake (indeed, if po were positive, it would violate the maximum principle, since g
would be a positive harmonic function with an interior maximum). Moreover, observe that formula (A.1)
is consistent with the case n = 3 [16, p. 120], or with the case of a Neumann problem in a bounded C!
domain, see [13, p.165].

Rewriting (A.1) as

2
Qi z
@o(x) W/ |—| e 4z
n — (# n |z|2) -z
we deduce its asymptotic behaviour, which yields the existence of C' > 0 such that
c C C
)| < —m——, Voo(r)| < —————, D?py(z)] < ——————— A2
|900( )| = (1+|.’L‘|)"_3 | 900( )| = (1+|.’L‘|)"_2 | 500( >| = (1+ |$|)n—1 ( )
for x € R%}.

19



Before we proceed to the proof of Lemma 2.2, we present the following auxiliary result.

Lemma A.1. Let
4—n X
25 := 0, {Ugﬁo(l‘) -0 2 (5)} , x € OB (en).
Then, as 6 — 0,

5" n2 .
z5 =0 <W> on OB1(e,) N B1(0), z5=0 (5 2 ) on dB1(en) N BS(0). (A.3)

and

2—n

Osz5 = O <(1+6T> on OB1(e,) N B1(0), Osz5 = O (5%4) on dB1(en) N BY(0).  (A.4)

Proof. We follow the ideas from [26, Lemma A.1].
Step 1. We start by proving estimates on 9Bi(e,) N B§(0). In this set, we have
—2 |:L'|

0,Usol < |VUsol = an(n —2)§ 7 —1
10, Us ol < [VUso| = an(n —2)d 2 (2 + [22)3

na |2 n2 |z| _ osigd
1050, Us ol < |VOsUspo| < C6 T 2)F +C4 W =0(0"7).

=0(5"7),

and, by using (A.2),
o (]|

(5 0 o ()] <570 [ )] 457

Therefore, zs = O (5”772) and 95z5 = O (5%4) on 0B (e,) N Bf(0).

Step 2. Next we focus on the (complementary) set Bj (e, ) N B1(0), which can be described through the
identity

el o

12
Tn=p@)i=1—+/1—|2/|2= % +O0(|2')?) as |z'| — 0. (A.5)

In particular, this shows that the principal curvatures for the unitary ball at any point of its boundary
are k; = 1 for ¢ = 1,...,n — 1. Moreover, the exterior unitary normal on this part of the boundary is
given by the expression

( - 771)
_ (vpa _1) _ 1—[a’[? /o D)
”@‘¢wa‘&uw - @, ~VI= ) (A6)

1—[a’]?

Combining (A.5) with (A.6), for x € dBi(ey,) N B1(0) we have

57 wez (2,0)
0Uso(z) =0ap————— = —an(n—2)2 —————
sol) (62 + [2]2) 3 =0 TPy
n—2 I27 n 17 712
Rty 17
GCEDE
72 /12 1— 2 1— /12
Rppeeey TR, 2T+ 1- |
02+ |2)
w2l — /1|22
GEDE
OGS N Y O
2 (021 p)? GEDE
an(n —2) 6|2/ 5 /3
— — O ————=51, A7
s it O\ @ (4.7)
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where in the last equality we have used the fact that
1 1

(62 +]z)E (82 +]af?)%

Let s : B1(en) — R be given by

nw
BRI NG D

n—4 X
ns(x) =0~ "% o (5) for § > 0.
By (2.8), for x € 9B1(e,,) N B1(0),

duns(w) = Vns(x) - v(z) (A.8)
= 0—c,m5(2",0) + (Vns(x) — Vs(2',0)) - v(x) + Vns(2',0) - (v(z) + en)) (A.9)
770471(71*2) (‘)'TLTi2|:E'|2 5"

T e <<6+ |x'|>n—3> | (A10)

as 0 — 0, since, by (A.2) and (A.6),

:L,/

3T Vs (2',0) - (v(x) + en))] < Voo (=5, 0)[ [v(z) + el
SOl 1= V1= 2P)] ( "2 )
- 1+ |5 )2 (6 + [a'])n—2
while, by (A.2) and (A.5), there exist ¢1,...,t, € (0,1) such that

n-2 T x’
57 1) — V(' 0)] = [V0( %) — Vol 0) (A1)
B 0% A 2 %py (2 ||
‘(Waxn <?“7>~~’ 922 (Wﬂ?)) > (4.12)
C|:Cn| ( 5n_2|1'/|2 >
S 7] R—OY i i A13
BT RN R P (413

From and we deduce that

54571,
=0|—7+—— 0B (ey,) N B1(0).
@ ((1+|%|>"3> on 8B1{en) N 51(0)

As for the first asymptotic estimate in (A.4), it is enough to follow the previous steps, taking the derivative
in (A.7) and (A.10) with respect to d in and estimating accordingly. One should use the fact that

T, 57
@+ o=z T\ @+ 23

and |D3pg(x)| < C/(1 4+ |z|)™ (the last one being used in the estimates corresponding to (A.13)). O

For the pure Neumann problem in a ball, there is an explicit Green’s function [33]. In particular, if u
is a solution of

—Au=0 in B, oyu = on 0B,

then
u@) = | G(z,y)e(y) dy,
OB
where
lyl - ﬁ -1
G(z,y) :cl|x—y|2_"+02/ y7yn+ ~ds — cz|z|? (A.14)
o |sz— m| s

for some explicit positive constants ¢y, co, and c3. Here, the second term can be decomposed in simpler
explicit expressions, see [33]. The function G is bounded by a multiple of the fundamental solution;
this follows from direct computations using the explicit formula (A.14) or from [12, Proposition 9 in
Appendix A] (which also covers general smooth domains), see also [31, Lemma 3.1]. In particular, there
is C' > 0 such that

|G (x,y)| < Clz —y/*" forallx € B, y € 0B, = #y. (A.15)
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For the proof of Lemma 2.2, we use the following estimate.
Lemma A.2. Let o € (0,n — 2), then there is C > 0 such that
1 C
dy < for all x € R
/Rn—l |z —y[" 2 (1 + [y 1+ (1 +[=[)” "
Moreover, when o = 0 and for a ball By /5(0) C R,

1
dy = O(log ) as 0 — 0.
/Bw@ g2y @ =

Proof. The proof follows closely the argument in [32, Lemma B.2]. We include a proof for the reader’s
convenience. Let z € R?, 0 € (0,n —2), d = 1|z| > 0, and let B4(0) C R"~!. Using polar coordinates,
1 C 1 C C

dy S —/ dy S dn7270' _

/Bd(O) [z —y[" 21+ [y))+o d"=? Jp,0) (1 + |y[)'*e =2 s

and

! ¢ 2—n C C
/Bd<z> o=y 21+ g S o /Bd(o) [y dy = —d = —
Next, let y € Rn_l\(Bd(O) U By(x)), then
|$—y|21|x|, |y|21|x|
2 2

If [y > 2|, then |z — y| > |y| — |z > §|yl; therefore,
1 - C
|z —y|" 2L+ [y +e = [yl 21+ [y

If |y| < 2|z|, then
1 C C
n—2 140 S n—2 140 S n—2 140 °
lz —y["2(1 + |y) |lz["=2(1 + [y]) ly["=2(1 + [y])
As a consequence,
1 < C
|z —y[" 2 (1 + [y~ Jym 21+ [y]) e

for all y € R"™\(B4(0) U Ba(x)).

Thus,
C

dy S/
/]R"l\(B,i(O)UBd(z)) |z —y["=2(1 + |y[) T Rr—1\(Ba(0)UBa(x)) [YI"2(1 + [y))1He

e rn=2 C
<C ———dr = —.
— /d 7‘"_2(1 + T)l—i—a' r de
If 0 = 0, the only difference in the proof is the next step: we use By,5(0)\(B4(0) U Bg(x)) instead of
R\ (B4(0) U By(x)), obtaining that

/ : L~ 00g9)
dySC/ —dr = O(logd).
By s (O\(Ba(0)UBa(2)) 1T — y[" (14 [y]) a T

dy

O

Proof of Lemma 2.2. We argue as [26, Lemma A.1], with some modifications due to the fact that we
project the difference of two bubbles and because our differential operator does not have a linear term?.
Let us write

Cs(x) = PWs(x) — Ws(x) +o T ((po(eng x) - goo(e";—x)) for x € B = B41(0),

which solves
—A(s =01in B, 0,Cs = Z21,6 + 22,6 ON 0B, / (s =0,
B

IThe operator —A + p with g > 0 is considered in [26, Lemma A.1], which with Neumann boundary conditions has
important differences with respect to the case p = 0.
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where
€n

4—n — 4—n n +
z1,5(x) = 0y [5 T ( 3 x) - Ué,en(-r):| , zo.5(x) = 0y |Us,—e, () =07 F o (e 3 x)} -

Let 7 (x) = e, — x, which satisfies 71(B1(0)) = Bi(en), m1(0) = epn, T(en) = 0. Moreover, for
x € 9B1(0), we denote by v(z) the exterior unitary normal on 0B1(0) at =, and by v(71(z)) the exterior
unitary normal on 0B (e,) at 71(z). Note that v(z) = —v(mi(z)). Let

Ps(y) = 52" oo (%) — Uso(y), for y € Bi(en).

Then

21,5(2) = Oy [Ws(11(2))] = Vibs [(11(2))] - v(@) = Vibs(11(2)) - v(71(2)).
Hence, by (A.3) in Lemma A.1,

5" -
216=0|——7—— | on 0B1(0) N By (en), 216 =0 (072 ) on dB1(0) N Bi(en).
((1+|7|)”3> ( ) 1

By using instead the isometry 72(z) = = + e, =z — (—e, ), we see in an analogous way that

5" n2

295 =0 — a5 | on 0B1(0) N B1(—ey), 29,5 =0 (6 2 ) on 0B1(0) N B{(—ey).
1+ 150D

Combining the previous estimates, we conclude that

4—n

d 2z

0,(s(x) = —_—
“ O<<1+|%|>n—3

) in 0B1(0)NB1(Ley,), 0,¢s(x) = 0(5%2) in B1(0)NB{(xe,) (A.16)
and, by the expansion (A.5), actually

4—n

) 2
(1+ \w§€n|)n—3

8,Cs(z) = O ( ) in 9B1(0) N By (£en),  8uls(x) = O™ ) in By (0) N B (Len).

In particular,

4—n 4—n

) 2z d 2z
o—ealyn—s | (1 o+ latenlyno3
(14 lemealyn=s © (1 4 Letealyn

8,¢s(z) = O ( ) in 9B, (0). (A.17)

We claim that

() =0 < o + o ) in B1(0), (A.18)

(1+ Irféenl)nfs (1+ Irtsen\)nfs
which, combined with the first estimate in (A.2) for g, yields the same estimate for |[PW;(z) — W5(z)|.
This way, (2.9) in Lemma 2.2 is proved.
To show (A.18), let Qs := 6~ (e, — By) and let (s(z) := 6% (s(en — 0) for x € Q5. By (A.17), we

have that

. 52 52

ey =0

60 =0 (e * v

If G5 is the Green’s function for the rescaled ball Qs := (e, — By), then

Gs(x,y) = G(en — 6z, e, — 6y)d" 2 for x € Qs, y € 005, y # .

) in 9Qs. (A.19)

In the following we use C to denote possibly different positive constants independent of §.
By (A.15), there is C' > 0 such that, for z € Qs,

(s(x) = Gs(z,9)8,C5(y) dy < C |z — > "8,C5(y) dy.
994 994
Let
2en,

U+ :89503%(0), U_ :anmB% <T) 5 UO :an\(WJer,),

then 0Qs = Uy UU_ UUy. We estimate each of these subdomains separately.
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Note that
/ |x — y|2_"aué}5(y) dy < Com ! / |x — y|2_” dy=C |x — 6_1z|2_" dz
Uo UO

§Uo
< 06" ? sup / lw— 2|>""dz = O(6"?). (A.20)
weB JOB
Moreover, if z € Uy, then 26~ > |z|, which implies that 1+|Z| > 2+5, therefore,
5 §n=3 gn—2

Tt @rems — @rop s

and thus

g 5
< . |
<C <(1 + |z — 26~ te,|)n—3 + i+ |$|)n_3> or x € Uy

Next we do the estimate for U, (the estimate for U_ is analogous and also follows by symmetry). For
T € Qg,

~ 52 52
|z —y|>7"8,(s(y) dy < C/ |z —y| " s dy = C/ |z —y|* " dy.
/U+ U, (1+[y)n-3 U, (1+ Jy[)r+n=4)
(A.21)

Then, by Lemma A.2,

52 C5%(log &)™
—y2 dy < , A.22
b G S T e A2
where 7 = 1 if n = 4, and 7 = 0 if n > 5. By (A.20), (A.21), and (A.22), we obtain that (s =
0(62(log §)7), which implies (s = O(6 =" (log §)7). On the other hand, since § <
by Lemma A.2 (since n > 4) we have

1+|y| for y € U4, again

é ()
T — 2—n C/ 2—n dy < ,
/U+| Y (T +[yht+=a o ~ L+ D=3 @ = W [z

Estimates (A.20), (A.21), and (A.23) yield (A.18). For the results regarding ds PW;, the proofs follow
precisely the previous reasoning, based this time on the boundary estimates (A.4) from Lemma A.1. O

(A.23)

Remark A.3. If, instead of B, we consider a general bounded smooth domain  with the symmetries
(1.10), then we may assume without loss of generality that e, = (1,0,...,0) € IQ is a point of positive
mean curvature. We let ¢y be the solution of

n—1

—Apg =0 in RY, %0 = oznn Z ( Pt on ORY, wo — 0 as |z| = co.  (A.24)
j=

O 2 1+|2/2)3

This function satisfies (A.2), and the expansion of Lemma 2.2 holds true, with a similar proof. See [26,
Lemma A.1] for a similar expansion related to positive solutions for a similar Neumann problem with a
potential. Using this expansion, it is possible to adapt the proofs of Theorems 1.1 and 1.2 to the case of
other symmetric domains. Some small changes are highlighted in Remarks B.5 and B.9.

APPENDIX B. ASYMPTOTIC ESTIMATES FOR L9 NORMS OF BUBBLES

In this appendix we collect several expansion for L? norms of the bubbles Us ¢ in different domains.
We start with the following auxiliary statement.

Lemma B.1. For every q > 1 there exists C > 0 such that
lla+87 — la|?| < C(lal*™"b] +[b]7)  Va,beR.
Moreover, for g(t) := [t|2"'t with q > 1, there exists C > 0 such that
l9(a+b) —g(a)] < C(la]"" "o+ [b]7)  Va,beR
while, for all a,b € R,
l9(a+b) — g(a) — g/ (a)b] < {gl(ﬁq 202 4+ [b|9) Zc‘? i z,< )
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Finally, for every ¢ > 1 and y € (0,1) there exists C > 0 such that
lla + b|?log|a + b — |a|?log |a|| < C(|a|?™ =7|b] + |a|T= 7 |b] + |b]97 + |b|7T7) Ya,b e R. (B.1)

Proof. The proof of the first three statements follows directly from a Taylor expansion with Lagrange
remainder. As for the fourth (the case 1 < ¢ < 2), it is equivalent to proving that the function

h(z) = [lo + 11" (@ + 1) — 2| " — glz|*™"|

is bounded in R. Since A is continuous in R, one just needs to check it is bounded at infinity. For z > 0
large, we have, by Taylor expansion, for some & € (z,z + 1) that

q(q—1)
2|21

h(z) =q(q—1)[¢]? < —0 asx— oo,

and similarly of x < 0 large, hence the claim follows. Finally, for (B.1) we take i(z) = |a|?log|a| and
have:

i(a+b) —i(a) =1i'(s)b, for some s between a and b.
Then
[i'(s)b] < |s77%(|s| + |slog |s[[)[b] < els|"™*(Is] + [s|' = + [s|"*7)[b]
< (s [sPTE) ] < C(lal " B+ [al T[] + (BT + [B]7H7)

(Il
For e > 0 and t € R, let
fe(t) = PP e.
Lemma B.2. Fort e R,
fo(t) = [Pt + et~ tlog [t| + €21 (2), (B.2)
and
FL@) = pltP=t ([t~ + pltP log [t]) + e%ra e (2),
where |11, (8)] < 5 (|t +[t[7*) (log [t])* and |rz-(t)] < 2(p+1) (Jt[P~" + [t[P~1+¢) (log [t] + (log [¢])?).
Proof. For every t € R, we make the expansion around ¢ = 0: there exists o € (0,¢) such that
Fo8) = olt) + £ felBlemo + 5 g (D)oo
= [t~ 4 elt|P~ e log [t] + £%t[¢[P~ 1 (log [¢]),
and use the estimate [¢|PT7 < |¢t|P + |t|°. The expansion for f/(t) is similar. O

Lemma B.3. Let a, := [n(n —2)]"5 . For £ € R and 6 > 0, recall that

5T 5
Uosle) = on e gy ™ e Vosle) = G
For R >0, as § — 07 we have
o(51"z") if0<q< =2,
[, Vie=06Hod) =2,
O(6"™9777)  if -5 < q < oo,
and
o(51"z") if0<q< 2,
[ V=0 ogs)  7q= 722,
o(n97=) if -5 < q < oo.

In particular, if € € B, |Us¢la- o5 = O(1) as § — 0.



Proof. The proof of the statement for Us ¢ can be found for instance in [20, Lemma A.3]. As for Vs, by
making the change of variables x = & + dy, we see that

n— 1
Vi, = gnatst SR —
/BR(E) o B (0) (14 Jyl)atn=3)

If ¢ > n/(n — 3), the last integral is bounded as § — 0, hence fBR(f) Vie = O(5"=9"7"). In case
g < n/(n—3), by using generalized polar coordinates,

n 3 057" if ¢ < 725
/ ‘/611g < Cv(snqu4 1+/ Tnflfq(n73) dr | = ( n(n72)) q n—3
Br(€) 1 O(62=3) [logd]) if ¢ = ;5
([
Recall that B := B1(0), and denote
wy =B N Bi(en) and w— = BN Bi(—€n).
In particular,
FHlrFe >0+ (3)?>1 for x € B\wx. (B.3)
Namely,
5T

< @p2n2T for x € B\w+.

n—2 —
2

|U6,:|:en| S (077
(02 + |z F en[?)

We follow the ideas in [1] to prove the following result. Since we use a different notation and for the
ball the computations are explicit, we include the proof for completeness.

Lemma B.4. Ifn > 4, then
2
/U§+1:/U§t1 :——§5+0(5) as§ — 0T,
B B T 22
where A and B are given in (4.1).
Proof. Note that

1
[oumi=g [ wree e (B4
w4 B% (en) >
Y (o

(€]

where
Y= B%_(en) \ wy, B;(en) ={ye B%(en) Dy < 1}

Let A := {2’ € R*1 : |2/| < V15/8} be the projection of the set 9B N Biy(en) in the variables
!/

' i=(x1,...,2p—1),s0that T ={2' € A: /1—|2/]2 <z, <1}
On the one hand, we have

p+1
(D= % /Rn U ~ % /Rn\B%(en) Ui = % /IR UTTW do 00 = % O,
Likewise,
(1) = / / 1 e
A @ T e el

1—xp

Using now the change of variables y, = ——%2— so that 62 + |z — e,|? = (6% + |2/*)(1 + y2), we see
/62+|m/|2’ n/
that

— dzpdz’.

1—+/1—[a’|2

ptlgn o 1

(= [ St [ Ly
A (02 +2')2)"2 Jo (L+y)"

Observe that

/|2

3 1
/7( dy, = s+ O(s*)  and 1_,/1_|ag/|2:|""”T
0
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uniformly for s € R and for 2’ € A, respectively. So

3

an / aPtlgn VA R T S S VA s o

= T _ T
A (62+|x/|2)n7§ /62+|$I|2 /62+|$I|2

- [y ( row) o
(a/=5y") /A/6 (féi+|1y(§|;l)" (62|;//|2 " 0(54|yl|4)) il
—+1 712 /14
=0 [T O [
+1 2 +1 2
= T+ [ TR 00

abt! ' B
=§= / dy’ +0(8) = =6 + 0(9),
e (L e @ 70N =500

where O(6%) Jays % dy' = o(6) since

/ |y7|jl2dy/%/ |y7|jl2dy’<oo for n > 4.
ass L+ 1Y12)" et (L [y2)"

The claim now follows, since

677,
urtt :/ < |Bl4"6™.
/mw Do e, (024 |z +enf?)

—e,, follows by symmetry. O

The proof for Us,

Remark B.5. If, instead of B, we consider a general smooth bounded domain Q0 and & € 0X), then we
would have the expansion
A B

/Ule———H(go)—(;nLo((;) as§ — 0%,
Q 0 2 2

where H(&y) is the mean curvature of O at &. The proof can be found in [1]: up to a rotation and
translation, we can assume that &y = 0 and that, for sufficiently small R > 0,

n—1 92 N_—l )
QN Br={(2,2n): z, >p(2')}, pa)= ijac? +0(|l2'1?), H(&) = %

With respect to the proof of the previous lemma, in the general case the quantity (I) has the same
expansion, while

w(z") aPtlgn ar g
1) = » dz, dr' = d’
) /A/o (02 + |z — e, |2)" T GF / 02 + |2/ 2)" ZP]ZE +0(2'P) | da

|z ’|2

Next, we focus on the interaction between bubbles centered at different points.

Lemma B.6. We have
/ Us,e U o, = / Us,—e, Us.e, = 06" ?) as 6 — 0.
B B

Proof. Note that

n+2

) P 5" ne2
/ Us.e, U(; e, — af;r / n_2 n—2 dx
B " B(02+|z—en?) 2 \(02+|z+e,|?) =

gn
= afz-i_l/ n—2 nt2 dz.
B (02 + [z —enl?) 2 (02 + |z +enl?) 2
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Let D := w; —e,. Then

/ 6 n+2 dr < n+2/ 7de
(02 + |o = enl?) "2 (82 + |2 + e ?) D (0% + |z[?) ="

n+2 5n+2 n+2 cn+2 2 Tnil
<2 ———dy < C2"7%§ 1+ —— dr
p/s (1+1yl?) "= 1 (147

< C2ntgnt? (1 + /26 r dr) = 2"t <1 + 8—(152> =0(d").
1

Reasoning in the same way,

1

n BT n—1
0 dr < o272 (14 [ —_ar) = o),
n+2 n+2
(2 |z = en]?) T (82 + |z + enf?) 2 1 (1472

and

57’7,
/ o o < [BIS" = 0(3"). 0
B\(wsUw_) (62 + |z — e,[2)" T (02 + |z + €, ]2)
Recall that, by (A.1) and (A.2), for x € R7,
an lyl® c
po(x) == —/ T dy, eo(z)| € T3 B.5
= o e Tr D ey @ PO T ()

Lemma B.7. We have

5—%“/3@0(6"5_ oz, —5—%L¢O(e";x)Ugen:0(5"—2) as & — 0.

Proof. Let D := wy — e,. Using (B.3) and (B.5),and making the change of variable z — x — e,:

n+42

n—4 en — n—4 en — T 072
T ey s _
w. ( 0 ) Wi ( 0 )(52+|x+en|2)%
— C
< p2n+253/ _ZE < p2n+26n+3/
S o D(‘DO( S ) S a, %D (1+ |1.|)n73
< CaP2m+25n+3y,, <1 + / ” 7«2) — oM,
1

where we recall that w,, denotes the measure of the unit sphere of R”. On the other hand, if K := w_+e,,

_n—4 en— p 1-n, 2ep, — 1
o [ (), =0 | (2 rearEE

:50ép/ @0(2&71'); con— QQP (2)71 3/ ; :O(5n72)
AT <1+|x|2 B "\3) ik (L Jaf)

since [2e,6" 1 — x| > 20671 — (26)"! = 267! for x € 'K and therefore, by (B.5),
2

2e C 9\ "3
Soe)ls <clz) o7 5TLK.
|<PO < 6 1‘> | - (1 + |2€n6_1 — $|)77/—3 - C (3) ’ RS
Finally,
_n—4 €n — P _n—4 n—3 sn—3 n+42 ¢ nt2 ») _ "
2 < 3 : _
’ B\(w+Uw-) 800( d )U Tén T (5 ) (02 0 ) <|B|2 4 an) o),

because, for z € B\ (w4 Uw_), we have |z + e,| > £ and

n+2

e, — T C 1) 2 n42
n < < Cn3anT3, Uy - <"t (B.6
“""( 5 )“(H%é DI (62+|x+en|2) = (B6)
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Lemma B.8. Asé — 0T,
o4 en — X _n—4 en + n—2 |y|2
6z / - \U? =9 2/ ur  =— 0nd — 2+ 0(6
BSDO( 5 ) 5.en BSDO( S ) 5,—en 2 ro—1 (14 [y[2)n—1 ( )
n—

2
= —T5 =+ o(6),

where we recall that € was introduced in (4.1).

Proof. Let D := w4 — e, and observe that, after a change of variables,

n_a4 en — T wo(—x) wo(z)
. 0( 5 ) 8ren 1p (14 |zf2)" ry (1+]2f2)™2 ©)

=0 wo(x)(—AUL0) +0(6) =0 (Ovpo)U 0 + 0(6)
R} OR?

-9 2 -2
o2 Jy' o) = — L Zes + o(6), (B.7)
Rn-1 2 (A+yPEa+ )= 2

where we have used the decay of ¢g,U; o to integrate by parts, together with the fact that 0,U; o = 0
on OR7. On the other hand, using that |z — e,| > 3 for € B\w,, we have that (B.6) holds true and

that Us,e, < 27+25"3*  Therefore,

=

n—4

0 2 /B\ ©0 (@n 5_ ZE) Ugen < (CQn—Bén—B) (2n+26n;2) _ O(5n+ n;4) _ 0(5) (BS)
wi

The final claim now follows by (B.7), (B.8), and by symmetry of the integrand functions. O

Remark B.9. If, instead of B, we consider a general smooth bounded domain £ with the symmetries
(1.10), then we may assume without loss of generality that e, = (1,0,...,0) € 9Q is a point of positive
mean curvature. Then similar versions of Lemmas B.7 and B.8 hold true for vo as in (A.24) (recall
Remark A.3), with the only difference that in the expansion of the second lemma one has —"T_QH(en)Q(H—
0(9).

Next we collect some asymptotic estimates for integral normal of
Ws :=Use, — Us,—e,, and ws := PWj,
which for convenience we recall to be the solution of
—APW; = =AUs., + AUs, ., in B, 0,PWs =0 on 0B, /Pngz =0.

B
Lemma B.10. We have, as § — 07T,

o 2 p+1 2 1\2
n&%waf(”/ 2>t/ of" (2P 12 .

2 (I+ [eP)

Proof. Integrating by parts,

1605ws|)> = —o2 / (Ads5ws)dsws = / 305 (Ugen - Ugfen) 305ws
B B

:p/(U£;:(565U5,en,)2+U§:in(5a5U6,—en)2)+w(6)’
B
where

w@:—%/aﬁ:+%QM%w%w&wﬂg
B

b [ (UL (605Us.,) ~ VP~ (90550, ))(005(ws — W),
B
Observe that, by Lemma 2.2 we have

[005(ws — Ws)| < C(Vsen, + Vs,—e. )

where Vs ¢ are as in Lemma B.3. Taking in consideration (2.4), we see that

9O < C [ U7} + UL~ W Use, Use, + Ve, + Vime,) = o),
B
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by Lemma B.3. Moreover,
2 2
_ n—2 alPtLsn(|o — e, |? — 62)2 n—2 alt(ly|? — 1)2
[t = (152) [ R (oY o,
B 2 B (P +|z—enl?)) 2 poen  (1+[y]?)

]
n—2\> [ art(jy? —1)2
= n 1).
(2 )/}<1HWWH dy +ol1)

+

The conclusion for the term

/ ULZL (605Us, —c,)”
and the conclusion of the lemma follows by symmetry. O
Lemma B.11. For v > 0 small we have, as § — 0%

O(8|logd|T) ifn=4, v=0,

| fo(ws) — fo(Ws)| wrnaty = 4 O(0) - ifn>5, v=0,
P n+2)y
O 2050 ifn >4, >0,
and
06" ?) if4<n <6, yv>0,
|fo(Ws) — fo(Us.e,) + fo(Us—e,) | winasn = O(6*logd|3) ifn=6, v =0,
O(énéz) ifn=6, vy>0o0rn>6,v>0.

Proof. a) Estimate of |fo(ws) — fo(W5)| wrnaryn for v > 0. Using the second statement of Lemma B.1
with ¢ :=p, a := Ws and b := ws — Wy, followed by Holder’s inequality,

( )( ) (p+1)(A+~)
/mea — o) 5 = [ st — )
B
(p+1)(A+~)

SC/ (IWslP~Hws — Ws| + [ws — Ws[P) 7
B

(P=D)(p+1)(A+4v) (p+1H)(A+v)
/ ! +1)(1+
<C / |[Ws| P |ws — W| P +C / |w6_]/]76|(P )(1+7)
B B

p=1 1
<" (/ IW,sl(p“)(””’) </ |w,;w,s|<p“><””>> +C’/ jws — W |+,
B B B

2n

Now, recalling that p + 1 = =5 and using Lemma B.3:

0(1) if v =0,

| (D (147) < c/ Us. [G+D0+0) 4 (g7 (000 =
/B| i = B(| el 1Us.—e. ) O(=™") if v > 0.

Moreover, a consequence of Lemma 2.2 combined with Lemma B.3:

O(6*|log d]) ifn=4, v=0,
/hw—wwﬁm””z O(57) ifn>4, y=0,
B

2n—ny(n—4)

O "5 ) ifn>4, y>0.

In conclusion,

O™ |logd|3) ifn=4, y=0

P+ (A+v) p+1 .
/thnfﬁm%n—ﬁf—: 0(6") ifn>5, 7=0,
b (p+ L) ifn>4, v>0.

b) Estimate of |fo(Ws) — fo(Us,e,.) + fo(Us,—e, )| @xnaty . We use the notation

wy = BN Bi(en) and w— = BN Bi(—€n).
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Observe that

(p+1)(1+7)
(p+1)(149) _ e
[ o) = oW, ) foUsoe )N 5 = [ wsptws — oz, v ur |
w4 w4
(p+1)(14+7)
<c [ |wipws-vg, | T o [ e )
w4 w4

Now, since |z + e1| > 1 in wy,

+1sn I+y
wy w r+epc)”

Applying the second statement of Lemma B.1 with ¢ := p, a := Uy, and b := —U;,_.,, we obtain

(p+1)(A+v)

P (P+1)p(1+’7)

| wilr-ws -z, <C [ (el Ve + Wsoeo ) (B.11)
w4 w4

, =D+  (+HA+y) , (p+1)(147)
P P p Y
<’ / Use. Us, +C / |Us,—e,|
w4 w4

< o= )/ |Us.o,, |03 4 O(570+), (B.12)
wy

By Lemma B.3 with R =2, q := %, and observing that 0 < ¢ < 2% and that ¢ < -5 if and

n—27
only if n > 6, we have

n(n

O™ ") if4<n<6,

s
/ Ué(;:z)(n—z) — 0(53| 10g5|) if n = 6, (B.13)
w4 0(5 nﬂlz) if n > 6.
while, for v > 0 sufficiently small:
prss [0 ra<n <, .
Sen = 4n(147) . (B.14)
Wt O »+2 ) if n > 6.

Going back to (B.12) and combining it with (B.13)—(B.14), we see that

pinaes [0 i3 <n <6, v > 0 small,
/ wsp=tws vz, vz | T ={0@ g ifn—6 =0
o O(5m(1+7) ifn>6,v>0o0rn>6,v>0.

Exchanging the roles of e,, and —e,,, we have precisely the same type of estimate for

(p+1)(A+y)
P

/ }|W6|P—1W5 —Ur, 4 UY

sy —€n

Finally, since |z — ey, |z + €, > 3 for z € B\(wy Uw_), we have

(p+1)(A+7v)

Lo qwsrrwi-vg, [ < (g0 )
B\ (wyUw_) B\ (wyUw_)

= om0+,

which concludes the proof. (I
Lemma B.12. For ¢ > 0 small, let n € (0,1), d > 0 and 6 = de. Then, for every v € (0,1),

|fe(ws) = fo(ws)| wenasn = O(='™).
as € — 0, uniformly in d € (1/n,7n).
Proof. Consider the case £ = 0. Let o > 0. Using the expansion (B.2),

fe(t) = folt) +elt|’~tlog [t] + *re (1),

[re(t)] < C(It” + [¢[779) (log [¢])?,
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where we take & such that (p +€)( +1)/p < (2n+20)/(n—2). Then (recall that (p+1)/p = 2n/(n+2)),
ptl
[ 18:00) = fotun) 5 = [ lewshusl?~ g s + 2r(us)|
<€ [ Jusl g s 5 + 025 [ o)
B B
< OV (1 +/ ws| 2 +5,f—$2/ |w6|zz+§a) -
B B
We can now conclude by recalling that |ws| < (Us,e, +Us,—e, ) - see Lemma 2.2 - and by applying Lemma

B.3, which yields
|w5| <C Use.”? +U"0 )= O(677). O

The case £ > 0 small is analogous, see the proof of Lemma B.11.

Lemma B.13. Let d > 0 and 6 = de. Then, for every v € (0,1),
[folws)lz =O@1),  |fi(ws) — folws)|z < o(e' 7).

Proof. The first estimate follows from Corollary 2.3 and Lemma B.3. For the second estimate, note that,
by Lemma B.2,

FL) = fo(t) = e(tPP~" + plt|P~ log [t]) + e*rae (1),
[r2.c ()] < 2(p+ 1) (|t~ + [¢P717) (log |¢] + (log[t])*)

and therefore,

/ |f w(s fO w(s % / ‘|w6|n 2+ |w6|n 2

< Ce (/ sl + sl Tog s | F + €3 (Jus| 757 + Jws| 75+) 3 (| og [ws]| + |log Jws1?) 2 d:c) .
B

Now the claim follows arguing as in Lemma B.12. O
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