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THE NATURAL MATROID OF AN INTEGER POLYMATROID

JOSEPH E. BONIN, CAROLYN CHUN, AND TARA FIFE

ABSTRACT. The natural matroid of an integer polymatroid was introduced to show that a
simple construction of integer polymatroids from matroids yields all integer polymatroids.
As we illustrate, the natural matroid can shed much more light on integer polymatroids.
‘We focus on characterizations of integer polymatroids using their bases, their circuits, and
their cyclic flats along with the rank of each cyclic flat and each element; we offer some
new characterizations and insights into known characterizations.

1. INTRODUCTION

A polymatroid is a pair P = (E, p) where E is a finite set and the real-valued function
p : 2F — R, the rank function of P, has the following properties:
(1) pis normalized, that is, p()) = 0,
(2) pis non-decreasing, thatis, if A C B C F, then p(A) < p(B), and
(3) pis submodular, thatis, p(AUB) + p(ANB) < p(A) + p(B) forall A,B C E.
Less formally, we often talk about a polymatroid p on E. A k-polymatroid, where k € R
and k > 0, is a polymatroid (E, p) for which p(e) < k for all e € E. For much of this
paper, we are concerned with integer polymatroids (also called discrete polymatroids), that
is, polymatroids p where the rank p(A) of each set A is in the set N of nonnegative integers.
Intuitively, a matroid (an integer 1-polymatroid) can be thought of as a configuration of
points, lines, planes, and so on, in which each of the elements that make up these objects
has rank 0 (loops) or 1 (points). An integer polymatroid is the natural generalization in
which the elements are not limited to points and loops; we also allow, as the elements,
lines (elements of rank 2), planes (elements of rank 3), and so on. Not surprisingly, every
integer polymatroid comes from a matroid, as the following result of [14, 18, 20] states.

Theorem 1.1. A function p : 2¥ — N is an integer polymatroid if and only if there is a
matroid M on a set E' and a function ¢ : E — 2E" with p(A) = ) (Ueen @(e)) for all
ACE.

Helgason [14] introduced the natural matroid to prove this result. Geometrically, we get
the natural matroid by, for each element e of E, replacing e by a set ¢(e) of p(e) points
that are placed freely in e; thus, a line is replaced by two points that are put freely on the
line, and a plane by three points that are placed freely on the plane, and so on. (Section
2 has a precise definition of the natural matroid.) Many important properties of integer
polymatroids are closely linked to properties of its natural matroid. For instance, Oxley,
Semple, and Whittle [22] showed that an integer 2-polymatroid is 3-connected if and only
if it has no loops and its natural matroid is 3-connected. We study the natural matroid in
its own right.

In Section 2, we review the definition of the natural matroid and prove two results that
make it easy to verify that a matroid M is the natural matroid of an integer polymatroid p.
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We show that, for an integer polymatroid p on E that is the sum of the rank functions of
matroids My, Ma, ..., My on E, the natural matroid of p is the matroid union of certain
extensions of M1, My, ..., M} by loops and elements parallel to those in these matroids.

Herzog and Hibi [15] treat characterizations of integer polymatroids using bases and
exchange properties. In Section 3, we show how these results follow easily by observing
that the bases of an integer polymatroid are the type vectors of the bases of its natural
matroid.

Viewing the bases of an integer polymatroid as the type vectors of the bases of its natural
matroid suggests developing an analogous theory for circuits. We do this in Section 4,
where, in Theorem 4.3, we introduce circuit axioms for integer polymatroids.

Cyclic flats of matroids, along with their ranks, provide relatively compact descriptions
of matroids that allow one to focus on crucial features when, for instance, defining certain
matroid constructions (e.g., see [1, 2, 7, 11]); this perspective is also useful in applications
such as coding theory (e.g., see [13]). In Section 5, we show that some results about cyclic
flats lift from the natural matroid of an integer polymatroid to the polymatroid. In the
case of integer polymatroids, this gives another perspective on recent work by Csirmaz
[10] characterizing all polymatroids via their cyclic flats and the ranks of these flats and of
singleton sets. A key result behind this characterization is the formula that gives the rank
function of a polymatroid p on E using only its values on cyclic flats and singleton sets,
namely,

p(A) = min{p(X) + 3 pli) : X € Z,),
i€A—-X

where Z,, is the lattice of cyclic flats of p. For a subset A of F, we consider the set R,(A4)
of cyclic flats X that yield this minimum. We show that R,(A) is a sublattice of Z,, we
identify its least and greatest elements, and we show that each pair of flats in R,(A) is a
modular pair.

Our matroid notation follows Oxley [21]. For a positive integer n, let [n] be the set
{1,2,...,n}. We often take the ground set of an integer polymatroid p to be [n] since this
provides a natural correspondence between the elements of p and the entries in n-tuples.
For n € N, the set of nonnegative integers, let [n]o be the set {0,1,2,...,n}.

For a polymatroid p on E and for A C FE, the deletion p\ 4 and contraction p, 4, both
on I/ — A, are defined by p\ 4(X) = p(X) and p/a(X) = p(X U A) — p(A) for all
X C E — A. The minors of p are the polymatroids of the form (p\ 1), (equivalently,
(p/B)\a) for disjoint subsets A and B of E. The k-dual p* of a k-polymatroid p on E is
the k-polymatroid that is given by p*(X) = k|X| — p(E) + p(E — X) for all X C F.
The direct sum p; @ p2 of polymatroids p; and p» on disjoint sets £ and Es is defined by
(p1 ® p2)(X) = p1(X N Ey) 4 p2(X N Ey) for X C Ey U Es. A polymatroid that is not
a direct sum of two polymatroids on nonempty sets is connected.

2. THE NATURAL MATROID OF AN INTEGER POLYMATROID

The construction of the natural matroid uses Theorem 2.1 below, due to McDiarmid
[20], which strengthens an earlier result of Edmonds and Rota. (Theorem 2.1 is treated in
[21, 28].) Consider a collection L of subsets of a set E that includes E and (), and that is
closed under intersection; thus, under inclusion, L is a lattice, and for A, B € L, their meet
AN Bis AN B, but their join A V B need not be AU B. For such a lattice L, a function
o : L — Nis submodularif 6(AV B) + 0(ANB) <o(A) +0o(B)forall A,B € L.
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Theorem 2.1. Let L be a lattice of subsets of E that contains () and E, and is closed under
intersection. Let o : L — N be submodular with o(()) = 0. Define r : 2 — N by

(2.1 r(Y) =min{o(S)+ Y -S| : Se L},

forY C E. The function r is the rank function of a matroid on E; its independent sets are
the subsets I of E for which |INS| < o(S) forall S € L.

Given an integer polymatroid p on a set F, its natural matroid M, is defined as follows.
For each i € F, let X; be a set of p(i) elements so that the sets X;, for all i € F, are
pairwise disjoint. For A C F, set

Xa=|JX
i€A
andlet B/ = Xg. Let L = {X4 : A C E}. Now L is a lattice of subsets of E’ with
@,E’ €L, XaVXp=XaUXB =Xaup,and XpaAXp = XaNXpB = Xanp. Define
o:L — Nbyo(X4) = p(A). Since p is submodular, so is o. The natural matroid of
p, denote M, is the matroid on E” whose rank function is given by Equation (2.1). The
choice of the sets X is not unique, but the natural matroid is well-defined up to relabeling
the elements in E’.

Corollary 2.2. A subset I of E' is independent in M, if and only if |I N X 4| < p(A) for
every AC E.

Since p is submodular and non-decreasing, if A, S C F, then

p(A) <p(ANS)+ > p(i) <p(S)+ D pli).
i€A—S i€A-S
It follows that 757, (X a) = p(A) forall A C E. Theorem 1.1 follows by letting M be M,
and defining ¢ : E — 25 by ¢(i) = X;.

The next lemma simplifies proving that a matroid is the natural matroid of p. Recall that
two elements a and b of a matroid M on E are clones if the permutation of E given by the
2-cycle (a,b) (i.e., switching a and b) is an automorphism of M. We say that X C E'is a
set of clones if a,b € X are clones whenever a # b. A cyclic set of M is a set X that is
a union of circuits, that is, M|X has no coloops. A cyclic flat is a flat that is cyclic. It is
easy to prove that, for the set Z), of cyclic flats of M, we have, forY C F,

2.2) T]\4(Y):min{T‘M(Z)+|Y—Z| : ZEZM}
Lemma 2.3. Let p, E, E', X;, and X 5 be as above. A matroid M on E’ is the natural
matroid M, of p if and only if Zyp C {Xa : A C E} and ry(Xa) = p(A) whenever
XA € Zpy.
Proof. Above we showed that 77, (X 4) = p(A) forall A C E. Also, X; is a set of clones
of M, soif C'is a circuit of M, and a € C'N X, then (C —a)Ub, foreachb € X; — C,
is a circuit of M), and so X; C cly, (C). Thus, 2y, € {X4 : AC E}.

To prove the converse, assume that Zy; C {X4 : A C E} and rp(X4) = p(A)
whenever X 4 € Z);. By construction, the rank function of M, is given by

ru,(Y) = min{p(A) +|Y — Xu| : ACE}
= min{ry (Xa)+ 1Y — Xau| : ACFE}
forallY C E’. Now
o if Y, W C E, thenras (Y) < rag(W) + Y — W,
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e for each Y, some cyclic flat I yields equality in that inequality, and
e Zy C{X,4: ACFE}.

Thus, Equation (2.2) gives
rav(Y) = min{ra (Xa) + 1Y — Xu| : AC E}.
Thus, M and M, have the same rank function and so are equal, as claimed. O

The containment Z;, € {X 4 : A C E} is proper since each set X; is independent.
Two elements are clones in M if and only if they are in exactly the same cyclic flats of
M, so we get the following corollary.

Corollary 2.4. Let p, E, E', X;, and X 4 be as above. A matroid M on E' is M, if and
only if each set X; is a set of clones and rp; (X 4) = p(A) forall X4 € Z;.

With Corollary 2.4, it follows that the natural matroid defined above is the same as that
obtained by the construction of iterated principal extensions followed by deletion that is
given in the proof of [21, Theorem 11.1.9], and which justifies the geometric view of the
natural matroid that is mentioned after Theorem 1.1.

It follows easily from Corollary 2.4, or from the rank functions, that the operations
of deletion and taking the natural matroid commute: if ¢ € E, then M = p\XZ-.
The same is not true of contraction. For ¢ € E and each j € E — 4, fix a subset Y}
of any p({i,j}) — p(i) elements of X, and let £, be the union of all such sets Y;. It
follows from Corollary 2.4 that M, , = M, /X1|E;l From Corollary 2.4, we also get
M, ¢p, = M,, ® M,, for integer polymatroids p; and p; so an integer polymatroid p
on E with |E| > 1 is connected if and only if p has no loops and M, is connected. The
number of elements in the natural matroid is the sum of all terms p(7) for ¢ € E, so, for a
positive integer k, the natural matroid of the k-dual of an integer k-polymatroid p can have
fewer, the same number of, or more elements compared to the natural matroid of p.

Theorem 2.1, which we used to construct the natural matroid, is the key to defining an
important matroid operation, namely, matroid union (see [21, 28]). Let My, Mo, ..., M
be matroids on E. Their matroid union, denoted My V My V - - -V M, is the matroid on
E having the rank function 7’ where, forY C F,

(V) = min{ry, (X) +ran(X)+ -+, (X)+ Y = X| : X CY}.

The independent sets of MV My V- - -V M, are the sets of the form I3 U5 U- - -U I, where
I; is independent in M. The matroids My, Mo, ..., M}, also give an integer polymatroid
on F: the function p on 2F where, for X C E,

p(X) =70, (X) + 705, (X) + -+ 4 rar (X)),

is an integer k-polymatroid on E. We write this as p = ra, + 7, + -+ + 70, for
brevity. We call the multiset { My, Mo, ..., My} a decomposition of p and we say that
p is decomposable. Not all integer polymatroids are decomposable. (See [3] for more
on this topic.) The next theorem identifies the natural matroid of a decomposable integer
polymatroid as a particular matroid union.

Theorem 2.5. Let {M;, Ms, ..., My} be a decomposition of an integer polymatroid p on
E. Let the sets E', X;, and X 4 be as above. For each j € [k], construct MJ’ Sfrom M by,
foreachi € E, adding the elements of X; parallel to i, or as loops if g, (i) = 0, and then
deleting i. Then the natural matroid M, is the matroid union M{ N My \/ - -\ M.



THE NATURAL MATROID OF A POLYMATROID 5

Proof. For X, Y C F’, note that rp;/ (Y N X) < rpp(X) for each j € [k], and that
Y — (Y NX)| =|Y —X]|. Given how ]]\4; is defined, if )J(A is the union of all sets X; such
that X; N.X # 0, then 7y (Xa) = rary (X), foreach j € [k]; also, [V — X4 < [V = X|.
It follows that the rank r'(Y") of Y in M7 V M3 V - -V M is given by

r'(Y) = min{ryy (Xa) +rag (Xa) + -+ rag (Xa) Y — Xa| - ACE}.

Since p=rm +rMm, + -+ T, WE get T/(Y) = min{p(A) + |Y — XA| 1 AC E},
that is, (V) = raz, (Y). Thus, M,, is M{ vV M4V -V M}, O

An integer polymatroid and its natural matroid may have very different connections to
important classes of matroids. For instance, for the binary integer polymatroid on the set
of seven lines of the projective plane PG(2, 2) using the construction in Theorem 1.1, the
natural matroid is Us, 14, which is not binary. (The integer 2-polymatroids having natural
matroids that are binary are characterized in [8].) In contrast, the next example and result
give links between transversal, or Boolean, polymatroids and transversal matroids.

Example 1. If p = rpp, 47, +- - -+rar, where (M) < 1forall h € [k], then p s called
a Boolean polymatroid. Helgason [14] introduced Boolean polymatroids, calling them
covering hypermatroids. Some authors call them transversal polymatroids [9, 16, 27]. The
class of Boolean polymatroids is closed under minors; Matds [19] found their excluded
minors. By Theorem 2.5 and the result that a matroid is transversal if and only if it is a
matroid union of rank-1 matroids (see, e.g., [21, Proposition 11.3.7]), it follows that the
natural matroid of a Boolean polymatroid is transversal.

Another way to see this is via graphs. A Boolean polymatroid p = rps, +7n,+- - 4711,
has the following reformulation using a bipartite graph G,. Assume that £ N [k] = (). The
vertex set of G, is EU[k], and G , has an edge eh if and only if 757, (e) = 1. The rank p(A)
of aset A C F is the cardinality of the set N (A) of neighbors of A. The natural matroid is
the transversal matroid that is obtained from G, by replacing each element e € E by p(e)
elements, each of which is adjacent to all neighbors of e. (See Figure 1.)

Loopless Boolean 2-polymatroids have received much attention, in part due to another
connection with graphs. Given such a polymatroid p = s, + 7, + - - - + s, , the graph
G has an edge e € F incident with a vertex h € [k] if and only if 75, (¢) = 1. Then p(A),
for A C F, is the number of vertices that are incident with at least one edge in A. The
natural matroid of p is the bicircular matroid of the graph G’ that is obtained from G by
putting a new edge parallel to each nonloop edge of G.

Using G, we see that an integer polymatroid (£, p) is Boolean if and only if, for some
k, there is amap N : E — 2 with p(X) = |U,cx N(z)| forall X C E. (This is
Helgason’s definition in [14].) Given a set of subsets of [k], there is an isomorphism from
the lattice of all unions of those sets onto the lattice of cyclic flats of a transversal matroid
so that the size of each union is the rank of its image. This gives the following variant of
Theorem 1.1.

Theorem 2.6. A polymatroid p on E is Boolean if and only if there is a transversal matroid
M andmap ¢ : E — Zyr with p(X) = ray(U;e x (7)) forall X C E.

Most transversal matroids, such as Us 3, are not Boolean polymatroids, so the codomain
of the map ¢ : E — Zj; cannot be extended to the lattice of flats of M.
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FIGURE 1. For the Boolean polymatroid p shown in part (c), part (a)
shows its associated bipartite graph G, as in Example 1. Part (b) shows
the bipartite graph that gives the transversal matroid that is the natural
matroid M, which is shown in part (d).

3. BASES OF AN INTEGER POLYMATROID AND ITS NATURAL MATROID

Independent vectors and bases of integer polymatroids are discussed, for instance, by
Herzog and Hibi in [15]. In this section, where we focus solely on integer polymatroids,
we show how relating the bases of an integer polymatroid to the bases of its natural matroid
makes transparent some characterizations of integer polymatroids that use bases.

A basis B of a matroid M on E = [n] is a subset of [n] and so can be represented by
its characteristic vector b, the n-tuple of Os and 1s in which entry ¢, denoted b;, is 1 if and
only if ¢ € B. No basis contains a loop, so b; < r(i). Let e; be the characteristic vector of
the singleton {7}. For the characteristic vector b of a basis B and a basis B’ = (B—1i)Uj
obtained by an exchange, the characteristic vector of B is b — e; + e;.

The normof ve N*is |v| =v; + vo + -+ 4+ v,,. Foruand v in N, we write u < v
if u; < w; forall i € [n]; also, u < vif u < v and u # v. With this order, N” is a lattice;
meet and join are given by component-wise min and max, respectively.

A definition of an integer polymatroid that is equivalent to the definition in Section 1 is
that an integer polymatroid P is a nonempty finite subset I of N”, for some n, for which

(I1) if veTandu € N™ withu < v, thenu €1, and
(12) ifu,v € I'with |u| < |v|, thenthereisawinIwithu<w <uVwv.

(To extend this to all polymatroids, replace N by R>¢g = {z € R : z > 0} and require
I to be compact, rather than finite.) The vectors in I are the independent vectors of P. A
basis of P is a vector v € I for which there is no u € I with v < u. Property (I2) gives
|v| = |u] for all bases v and u of P.

We now relate this notion to the definition given in Section 1. Let F = [n]. Forv € N”
and X C E, let [v|x be >, v;, the sum of the entries in v that are indexed by the
elements in X . The rank function p : 2 — N of an integer polymatroid P on E whose
set of independent vectors is I and whose set of bases is B is given by

3.1) p(X) = max{|u|x : u €I} =max{|julx : ue B}
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FIGURE 2. A lattice path diagram for the Boolean polymatroid in Figure
1. In the notation of Example 2, we have a1 = 1, a2 = 3, a3 = 5,
by = 4, by = 6, and b3 = 7. The highlighted path corresponds to the
basis (0,0,0,2,0,1,0).

for X C E. The function p satisfies properties (1)—(3) in Section 1 and so is the rank
function of an integer polymatroid. Conversely, given an integer polymatroid p : 2F — N,
the set

(3.2) I={ueN": |ulx < p(X)forall X C E}

satisfies properties (I1) and (12). (For a proof, see [28, p. 340, Lemma 5].) Also, the maps
I — pand p — I are inverses of each other. (See [23, Corollaries 44.3f and 44.3g].)

Given an integer polymatroid p on E = [n], let ', X;, and X 4, fori € Eand A C F,
and the natural matroid M, be defined as above. The fype vector of a subset V of E’ is the
vector v € N” with v; = |V N X;| forall i € E. We use T(V) to denote the type vector
of V. By Corollary 2.2 and Equation (3.2), a subset V of E’ is independent in M, if and
only if T(V) is an independent vector of p, and so V' is a basis of M, if and only if T(V)
is a basis of p.

Example 2. Consider a Boolean polymatroid p = 77, + rar, + -+ - + 7ar, on [n] where
each M}, has rank 1 and its rank-1 elements are consecutive integers ay,ap + 1,...,bp,
witha; < ag < -+ < arpand by < by < --- < bg. The matroids My, Mo, ..., My
correspond to the rows in a lattice path diagram, where north steps are labeled by their first
coordinate, the lower left corner is (1, 0), and the upper right corner is (n, k). (See Figure
2.) Bases correspond to lattice paths: entry u; in a basis u is the number of north steps in
the corresponding path that are labeled i. An elementary argument (as in the proof of [5,
Theorem 3.3]) shows that the correspondence between bases and lattice paths is bijective.
Schweig [24, 25] introduced these lattice path polymatroids. The description of the natural
matroid of a Boolean polymatroid in Example 1 along with the ideas in [6, Section 6.1]
show that the natural matroid of a lattice path polymatroid is a lattice path matroid (see [5]
for these matroids). Like the class of lattice path matroids, that of lattice path polymatroids
is closed under minors; the excluded minors for lattice path polymatroids are found in [4].
Unlike the class of lattice path matroids, that of lattice path polymatroids is not closed
under duality. Also, most lattice path matroids are not lattice path polymatroids.

The following characterizations of integer polymatroids by bases are known (see, e.g.,
[15]). We provide a transparent way to see this and similar results using the natural matroid.

Theorem 3.1. A nonempty set B C N" is the set of bases of an integer polymatroid on
E = [n] if and only if either of the following equivalent conditions holds:
(B) ifu,v € B with u; > v; for some i € [n], then there is a j € [n] for which
u; <vjandu—e; +e;isin B,
(B) ifu,v € B with u; > v; for some i € [n], then there is a j € [n] for which
u; < vj and bothu — e; + e;j andv — e; + e; are in B.
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Proof. First let B be the set of bases of an integer polymatroid p. We prove property (B'),
which implies property (B). Fix u,v € B with u; > v; for some ¢ € [n]. Let U and V
be bases of the natural matroid M, of p with T(U) = u and T(V) = v. Since each set
X, is a set of clones, we may assume that V N X; C U N X; whenever v; < uy. Fix
z € (U - V)N X,. By the symmetric basis exchange property for matroids, there is an
elementy € V — U, say in X, so that both (U — ) Uy and (V — y) U x are bases of M,
sou—e; +e;jand v —e; +e; arein B. Now VN X; € UN X}, so, as needed, u; < vj.

To finish the proof, we show that a nonempty subset B of N" that satisfies property (B)
is the set of bases of an integer polymatroid. For each ¢ € F, set m; = max{u; : u € B}
and let X; be a set of m; elements where X; N X, = 0if ¢ # j. Set X4 = U;ea X, for
ACE,andE' = Xg. Let B={B : BC FE' and T(B) € B}. Take U,V € B with
x € U—V;say x € X;. If thereis an element y in (V — U) N X, then (U — z) Uy has the
same type vector as U and so is in B. Now assume that VN X; C UN X;. Letu = T(U)
and v = T(V). Thus, u; > v;. By property (B), there is a j € [n] for which u; < v; and
w=u—e; +e;jisinB. Thus, (V —U)NX; # (. Forany y € (V —U) N X}, the set
W = (U — ) U y has type vector w, so W € B. Thus, B is the set of bases of a matroid
M on E'. Define p : 2¥ — Nby p(A) = rp;(X 4). Thus, p is an integer polymatroid on
E. Also, X; is a set of clones in M. It now follows from the definition of p and Corollary
2.4 that M is the natural matroid of p. From the definition of M and the comments before
Example 2, we have that B is the set of bases of p, as needed. O

The strategy we used above adapts to prove integer-polymatroid counterparts of other
axiom schemes for matroids that use bases or independent sets. We cite just one example,
for the middle basis property.

Theorem 3.2. A nonempty set B C N" is the set of bases of an integer polymatroid on
E = [n] if and only if the following two conditions hold:

o ifu,ve Bwithu#v, thenu £ vandv £ u, and
o whenever X,y € N" with x <y and there are u,v € Bwithx <uandv <Y,
then there is some w € Bwithx <w <y.

For a positive integer k, certain properties of the k-dual p* of an integer k-polymatroid
p highlight how natural k-duality is. For instance, generalizing a result of Kung [17] for
matroids, Whittle [29] showed that the map p — p* is the only involution on the class of
integer k-polymatroids that switches deletion and contraction, i.e., (p\;)* = (p*),; and
(psi)* = (p*)\i forall i € E. The set of bases of the dual of a matroid M on E is given
by {E — B : B € B} where B is the set of bases of M the next result generalizes this to
the k-dual of an integer k-polymatroid.

Theorem 3.3. Let k be a positive integer and let p be an integer k-polymatroid on E = [n],
with B its set of bases. The set B* of bases of the k-dual p* is {u* : u € B} where
u* = (k,k,....k) —u

Proof. Note that |[u| = p(FE) if and only if |u*| = k|E| — p(E) = p*(F). With this, the
equivalence of the following statements shows that u € B if and only if u* € B*:

[uja < p(A) forall A C E,

[ulp—a < p(F—A)forall ACE,

p(E) —|ula < p(F—A)forall ACE,

k|A| — |u|a < k|A| — p(E) + p(E — A) forall A C E,

[u*|a < p*(A) forall A C E. 0
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FIGURE 3. The circuits of this rank-3 integer polymatroid are (2,0, 2),
(2,1,1), and (0,1, 2).

4. CIRCUITS OF AN INTEGER POLYMATROID AND ITS NATURAL MATROID

We next develop a theory of circuits for integer polymatroids that is analogous to that
for bases in Section 3. Just as the bases of an integer polymatroid p are the type vectors of
the bases of the natural matroid M, so the circuits of p are the type vectors of the circuits
of M,, with one exception: loops of p map to the empty set in M. This is addressed
by the ambient set U that we consider below. Another issue that we must address so that
the circuits determine the integer polymatroid is that we need the rank of each element ¢
for which X; is a set of coloops of M,; the set U also takes care of this. (In matroids,
such elements have rank one, but in integer polymatroids, the rank could be any positive
integer.) Recall that [n]q denotes the set {0, 1,...,n}.

The circuits of an integer polymatroid p on E = [n] are the vectors u in the set

U = [p(D)]o x [p(2)lo x -+ x [p(n)]o
that are not independent and each vector w with w < u is independent. Thus, from the set
C of circuits of p, the set of independent vectors of p is

4.1 I={ueU: thereisnoc € C withc < u}.

By the remarks before Example 2, a vector u € U is a circuit of p if and only if some
(equivalently, every) set C' in the natural matroid M, with u = T(C) is a circuit of M,,.
See Figure 3 for an example. The set C is an antichain in N™. Recall that all antichains in
N™ are finite.

While U gives the rank of each element, the next lemma shows how, from C alone, to
get the rank of any element ¢ for which there is a c € C with ¢; > 0.

Lemma 4.1. Let p be an integer polymatroid on E = [n]. Fori € E with p(i) > 0, the set
X is a subset of a circuit of the natural matroid M, if and only if p(E) < p(E —1) + p(3).
In this case, p(i) = max{c; : ¢ € C}.

Proof. First assume that p(E) < p(E —14) + p(i). Fix a € X;. Since X is independent in
M,,sois X; —a. Extend X; — a to a basis B of Mp\a, which, by the assumed inequality,
is a basis of M,,. Let C' be the fundamental circuit of a with respect to the basis B of M,,.
Then X; C C, forif b € X; — C, the subset (C' — a) U b of the basis B would be a circuit
of M, since a and b are clones, but that is a contradiction.

To prove the contrapositive of the converse, assume that p(E) = p(E — i) + p(i). Thus,
TM, (E/) =M, (E/ - Xl) + M, (Xl), from which we get Mp = (Mp\Xl) (&) (Mple)
With this direct sum decomposition and the fact that X; is independent in M, it follows
that X is disjoint from all circuits of M,,. (|

The following result will be used in the next section.

Lemma 4.2. Let p be an integer polymatroid on E = [n]. For A C E andi € A, we have
p(A) < p(A —1i) + p(2) if and only if there is a circuit u € C with u; > 0 and u; = 0 for
allj e E— A
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Proof. Givenu € C withu; > 0 and u; = O forall j € £ — A, for each a € X there
is a circuit C' of M, with u = T(C) and a € C. Thus, a is not a coloop of M|X 4, so
p(A) < p(A — 1)+ p(i). The converse follows by applying Lemma 4.1 to p\ g 4. O

Lemma 4.1 and the remarks before it lead to the following setting for characterizations
of integer polymatroids via circuits, as in Theorem 4.3: the set of circuits is a subset of a
set of the form U = [m1]o X [mz]o X - -+ X [my]o where each m; is a nonnegative integer.
Recording m; is the only way we get p(i) when all elements of X; (if there are any) are
coloops of M. Two circuits in the natural matroid may have different type vectors or the
same type vector; therefore there are two circuit elimination properties, (C3) and (C4).

Theorem 4.3. Let m1, ma,...,m, be nonnegative integers and let C be a subset of
[mi]o x [m2]o X -+ X [mplo where, for each i € [n), if u; > 0 for some u € C, then
m; = max{u; : u € C}. The set C is the set of circuits of an integer polymatroid on
E = [n] if and only if C satisfies properties (C1)-(C4):
(C1) each vector in C has at least two positive entries,
(C2) ifu,v e Cwithu # v, thenu £ vandv £ u,
(C3) ifu,v € Cwithu # v and if u;,v; > 0, then thereisaz € C so thatz < uV v
and z; < max(u;, v;), and
(C4) ifueC andic Ewith0 <wu; <my, and j € E— 1 with 0 < uj, then there is
av € Cwithv; = u; + 1, with vy, < uy, for all h # i, and with vj < u;.
Thus, an integer polymatroid on [n] is a pair (U, C) where
(i) U =[my]o X [m2]o X -+ X [mp]o, for some my,ma, ... ,my inN,
(i) C C U and C satisfies properties (C1)—-(C4), and
(iii) ifi € FE and u; > 0 for some u € C, then m; = max{u; : u € C}.
If p is the rank function of the integer polymatroid given by the pair (U, C), then p(i) = m;
foralli € E.

Proof. Let C be the set of circuits of an integer polymatroid p on E. By Lemma 4.1, if
u € C and u; > 0, then m; = p(¢). Property (C1) holds since each set X is independent
in M,. If u,v € Cand u < v, then a circuit V of M, with v = T (V') and a subset U of
V with u = T(U) would be comparable circuits of M ,; this contradiction proves property
(C2).

For property (C3), take u,v € C with u # v and u;,v; > 0. Let U and V be circuits
of M, withu = T(U) and v = T(V). Each set X is a set of clones in M, so we may
assume that if u; < v;,then U NX; C VN Xj, andif v; <wjy,then VN X; CUNX;.
Thus, U NV N X; # 0. Forany a € U NV N X, circuit elimination applied to U and V'
gives a circuit C of M, with C' C (U UV') — a. The inclusions that we have assumed give
|C'N X;| < max(uj,v;) forall j € E, and |C'N X;| < max(u;,v;), as needed.

For property (C4), consideru € C andi € F with 0 < u; < p(#). Let C be a circuit of
M, with T(C) =u. Fixa e CNX;andb € X; — C,and set C' = (C —a) Ub, which is
a circuit of M, since a and b are clones. For j € I — ¢ with u; > 0, fix c € C N X;. By
circuit elimination, M, has a circuit D with D C (C U C’) — ¢ = (C U b) — c. Property
(C2) applied to u and T(D) forces (C Ub) N X; C D. Thus, |D N X;| = u; + 1 and
|D N Xp| < up, forall h # i, and the inequality is strict for h = 4, so property (C4) holds.

For the converse, assume that the pair (U, C) satisfies properties (i)—(iii). For each
1 € E, let X; be a set of size m; with X; N X; = () whenever i # j. We use X4 and E’
as above. Let C = {C : C C E'and T(C) € C}. Now () € C by property (C1). For
two sets C' and C’ in C, either (i) T(C) = T(C"), so for at least one i € E, the subsets
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C N X; and C' N X; of X; are different but have the same size, or (ii) T(C) # T(C"), so
by property (C2), there are 4, j € E with |[CNX;| < |C'NX;| and |C'NX;| < |CNX];
thus, neither C nor C’ contains the other.

We next show that C satisfies the circuit elimination property. Take two sets U,V € C
anda €e UNV;saya € X;. Letu= T(U) and v = T(V). If u # v, then by property
(C3), thereisaz € C withz < uV v and z; < max(u;,v;). Clearly (U UV) — a has
a subset C' with T(C) = z, as needed. Now assume thatu = v. U N X; # V N X,
then there is an element b € (V — U) N X, and the set C = (U — a) Ub has T(C) = u,
soC e€C,asneeded. fUNX; =VNX;thenUNX; #VNX,forsomei € E—j,
and so 0 < u; < m;. By property (C4), since u; > 0, thereis anx € C with x; = u; + 1,
with z, < uy, forall h # 4, and with x; < u;. Clearly (U UV') — a has a subset C' with
T(C) = x, as needed.

Thus, C is the set of circuits of a matroid M on E’. As in the proof of Theorem 3.1,
from M, we get an integer polymatroid p whose natural matroid is M. Since C is the set
of circuits of p, this completes the proof. ]

The set C = {(4,1),(2,2)} satisfies all properties except (C4), so property (C4) does
not follow from properties (C1)—(C3).

Let k be a positive integer. Let H be the set of the type vectors of the hyperplanes of
the natural matroid of an integer k-polymatroid. Let C* = {(k,k,..., k) —u : u € H}.
In contrast to Theorem 3.3, C* might not be the set of circuits of an integer polymatroid.
For instance, for the integer 2-polymatroid p in Figure 3, we have

C*=1{(2,1,0),(0,2,2),(1,1,2),(1,2,1)},

and properties (C3) and (C4) fail.
For an integer polymatroid p on £/ = [n] and any i € F, since p,;(j) = p({i,j}) — p(i)
forall j € E — 1, the circuits of the contraction p/; are contained in the Cartesian product

U= [T lo({i.53) = p()lo-
jEE—i
Let C’ be the set of circuits of p with the ith entry deleted from each vector. Since the
circuits of a contraction M/Y of a matroid M are the minimal nonempty sets of the
form C — Y as C ranges over the circuits of M, and the natural matroid M, . of p/;
is M,/ Xi|E;i (in the notation used after Corollary 2.4), it follows that the circuits of p/;
are the minimal vectors in C’ N U ; that have at least two positive entries.

We noted in Section 2 that an integer polymatroid p on E with |E| > 1 is connected if
and only if p has no loops and M, is connected. Thus, an integer polymatroid p on [n] is
connected if and only if for each pair of distinct integers i, j € [n], there is a circuit u of p
with u; > 0 and u; > 0.

5. FLATS, CYCLIC SETS, AND CYCLIC FLATS IN POLYMATROIDS

While some results in this section apply only to integer polymatroids, many apply to
all polymatroids. To describe what we do in this section, we first need some definitions.
Flats in a polymatroid p on E are defined as in matroids: a subset A of F is a flat of p if
p(AU) > p(A) foralli € E — A. Let F, denote the set of flats of p. Unless we are
focusing only on matroids, ., does not determine p since, for instance, p and c p, for any
positive real ¢, have the same flats.

There are various equivalent ways to say that a set X in a matroid M is cyclic, including:

(i) X is a union of circuits;
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(ii) M|X has no coloops;
(i) r(X) < r(X —y) + r(y) for each y € X that is not a loop.

As in [10], we adapt condition (iii) to define cyclic sets in a polymatroid p on E: a subset
Aof Eis cyclicif p(A) < p(A — 1)+ p(i) forall i € A with p(i) > 0. We let ), denote
the set of all cyclic sets of p.

Of greatest interest are the cyclic flats, that is, the flats that are cyclic. The set of cyclic
flats of p is denoted Z,, or Zj; for a matroid M. As in the case of matroids, Z,, is a lattice
under inclusion. (See the comment after Lemma 5.14.) The next result, from [26, 7],
characterizes matroids in terms of their cyclic flats and the ranks of those sets.

Theorem 5.1. For a pair (Z,r), where Z C 2F andr : Z — N, there is a matroid M for
which Z = Zy and r(Z) = ry (Z) forall Z € Z if and only if

(Z0) ordered by inclusion, Z is a lattice,

(Z1) 7’(()2) = 0, where 0z is the least element of Z,

(Z2) 0 < r(B) —r(A) <|B — Al forall sets A, B in Z with A C B, and

(Z3) r(AVB)+1(AANB)+ |(ANB) = (AAB)| <r(A) +r(B) forall A,Bin Z.

Csirmaz [10] extended this theorem. His result, stated next, characterizes polymatroids
using cyclic flats and the value of the rank function on each of those flats as well as on
each singleton set. The rank of each element must be given since, while in a matroid each
element that is not in the least cyclic flat (the set of loops) has rank 1, in a polymatroid,
such an element may have any positive rank.

Theorem 5.2. For a pair (Z,p'), where Z C 2F and p' : Z U E — R, there is a
polymatroid p on E with Z = Z, and p(x) = p'(z) for all x € Z U E if and only if

(PZ0) ordered by inclusion, Z is a lattice,
(PZ1) the least element of Z, denoted Oz, is {i € E : p'(i) =0}, and p'(0z) =0,
(PZ2) forall sets A, B in Z with A C B,

0<p'(B)—p'(A)< D /),
i€EB—A

(PZ3) forall sets A, B in Z,

PAVB)+p(ANB) + > ) <p(A)+0(B),
i€(ANB)—(AAB)

and
(PZ4) if A€ Zandi € A then p'(i) < p'(A).

We will show how, in the case of an integer polymatroid p, Theorem 5.2 follows from
Theorem 5.1; we do this by relating the flats of p to those of its natural matroid, and
likewise for cyclic sets and for cyclic flats. The proof of Theorem 5.2 in [10] has the same
general outline as the proof of Theorem 5.1 that Sims [26] gave. In particular, for the more
involved implication, assuming that the properties above hold for (Z, p’), one defines a
function p : 2¥ — R, checks that the defining properties of a polymatroid hold, and shows
that its cyclic flats are precisely the sets in Z, and that p and p’ have the same values on
the sets in Z and the elements of E. The function p is defined by

p(A) = min{p/(X) + Z p'i) : X € Z}.
i€A-X
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This makes it natural to consider, for a polymatroid p on E and subset A of F, the set

(5.1) Ro(A) ={B€ 2, : p(A)=pB)+ > pli)}.

i€A—B

For a matroid M, we write this set as R 57 (A). Our main new result is Theorem 5.17, where
we show that RP(A) is a sublattice of Z,, we identify its least and greatest elements, and
we show that each pair of elements in R,(A) is a modular pair. To prepare for that, we
develop basic results about flats and cyclic sets, and two operators related to them. (While
some of these results may be known, we include proofs for completeness.)

We start with flats. The flats of an integer polymatroid are related to those of its natural
matroid in the simplest possible way, as the next lemma states.

Lemma 5.3. For an integer polymatroid p on E, let 0, be {i € E : p(i) = 0}. A subset
A of E is a flat of p if and only ifOP C A and X 4 is a flat of the natural matroid M,,.

Proof. Assume that Op C A and that X 4 is a flat of M,. If i € E£ — A, then there are
elements b € X, and raz, (Xaui) > rar, (Xa Ub) > ra, (Xa), so p(AU4) > p(A), as
needed. We now prove the contrapositive of the converse. If 0 » £ A, then clearly A is not
a flat of p. Assume that X 4 is not a flat of M, so 7y, (X4 Ub) = rar,(Xa) for some
be E'—Xa;sayb e X;. Thenry, (XaUc) =y, (Xa) forall c € X since X is a set
of clones. From this, repeatedly applying submodularity gives ras, (X au:) = ras, (Xa).
so p(AU1d) = p(A), so A is not a flat of p.

Corollary 5.4. The set F, of flats of an integer polymatroid p, ordered by inclusion, is
isomorphic to a sublattice of the lattice Fp,. The meet of two flats of p is their intersection.

By [7, Theorem 2.1], every finite lattice is isomorphic to the lattice of cyclic flats of
a matroid. With that and the construction in Theorem 1.1, it follows that, in contrast to
matroids, every finite lattice is isomorphic to the lattice of flats of an integer polymatroid.

Lemma 5.5. For a polymatroid p on E, the intersection of two flats is a flat, so, ordered
by inclusion, F, is a lattice.

Proof. Fix A,B € F,ande € E — (AN B); say e ¢ A. From submodularity and these
assumptions, p((ANB)Ue) — p(ANB) > p(AUe) — p(A) > 0, as needed. O

This lemma justifies extending the definition of the closure operator from matroids to
polymatroids. The closure operator cl,, : 28 — 2F of a polymatroid p on E is given by

(5.2) cly(A) =({F : Fe Fand AC F}

for A C E; equivalently, cl,(A) is the minimum flat (with respect to inclusion) that is a
superset of A. Several results follow immediately: cl,(A) € F, by Lemma 5.5, the image
of cl, is F,, and cl, is a closure operator in the general sense, that is, (i) A C clp(A) for
al AC E, (ii)if A C B C E, then cl,(A) C cl,(B), and (iii) cl,(cl,(A)) = cl,(A) for
all A C E. The MacLane-Steinitz exchange property of matroid closure operators fails
for most polymatroids; for instance, in the integer polymatroid p in Figure 1, (c), we have
e € cly(es) —cly(0) but eg & cly(e2).

Lemma 5.6. Let p be a polymatroidon E. If A C E, thencl,(A) = {i : p(AUi) = p(A)}
and p(4) = plcly(A)).
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Proof. Let X = {i : p(AUi) = p(A)}. Now A C X. Repeated use of submodularity
gives p(A) = p(X). Ifi € E — X, then p(X Ui) > p(AU1%) > p(A) = p(X),s0 X isa
flat. Let F' be a flat with A C F. Now X C F'since, forany i € X, from p(AUi) = p(A)
we get p(F' U i) = p(F') by submodularity. Thus, cl,(A4) = X. O

We next give properties of the closure operator that are special to integer polymatroids.

Lemma 5.7. For an integer polymatroid p on E, let 0, be {i : p(i) = 0}. For A C F,
(1) cl,(A) = Bifand only if 0, C B and cly;,(X4) = Xp, and
(2) cl,(A) = AUO0, U Cy where Cy is the set of all i € E for which some circuit u
ofphasu; =landu; =0forall j € E— (AU%).

Proof. Each set X; is a set of clones of M, so cly, (X 4) is the smallest flat Xp that
contains X 4. Part (1) follows from this observation and Lemma 5.3. For part (2), clearly
AU0, C cl,(A). Fixi € C4 and acircuitu with u; = 1and u; = 0 forall j € E—(AUi).
The circuits C' of M, with T(C) = u show that X; C clys, (Xa); thus, i € cl,(A), and
so AU f)p UC4 C cl,(A). For the other inclusion, fix a basis D of M,|X 4, so D is also a
basis of M| clar, (Xa). If i € cl,(4) — (AU0,) and a € X;, then the type vector of the
fundamental circuit of a with respect to D shows that iz € C'4. O

We now turn to cyclic sets. We first focus on integer polymatroids.

Lemma 5.8. Let p be an integer polymatroid on E. For A C E, statements (1)—(3) are
equivalent:
(1) Ais a cyclic set of p,
(2) X4 is acyclic set of M,
(3) foreachi € A, either p(i) = 0 or there is a circuit u of p for which u; > 0 and
uj =0forallj € B — A

Proof. Assume that statement (1) holds. For any a € X 4, there is an i € A with p(i) > 0
and a € X;. If a were a coloop of M p|X A, then all elements of X; would be coloops of
M| X 4, contrary to having p(A) < p(A — i) + p(4). Thus, statement (2) holds.

Assume that statement (2) holds. Fix i € A with p(i) > 0. No a € X; is a coloop of
M,|X 4, so some circuit C' of M, has a € C' C X 4. Statement (3) now follows.

By Lemma 4.2, statement (3) implies statement (1). [l

We can expand the list of equivalent conditions for X being a cyclic set of a matroid M
(items (i)—(iii) in the second paragraph of this section):

(iv) X is a union of cocircuits of the dual M™*,

(v) E — X is an intersection of hyperplanes of M*, and

(vi) EF — X is aflat of M*.
The flats of M*, ordered by inclusion, form a geometric lattice, so the cyclic sets of M,
ordered by inclusion, form a lattice, the order-dual of which is geometric. Thus, we have
the following corollary of Lemma 5.8.

Corollary 5.9. For an integer polymatroid p on FE, its set ), of cyclic sets, ordered by
inclusion, is a lattice. The join of two cyclic sets is their union.

If p is not a matroid, then the order dual of ), need not be a geometric lattice, as one can
see from the 2-polymatroid counterpart of the Vamos matroid shown in Figure 4, where
the only sets not in ), are the singleton sets and {a, d}.
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d

FIGURE 4. A 2-polymatroid counterpart of the Vamos matroid. Each
pair of lines is coplanar except a, d.

Lemma 1 of [10] shows that every flat of a polymatroid contains a maximum cyclic flat.
By the next result and the discussion below it, a similar statement holds for all sets, and it
comes from a property that generalizes Corollary 5.9.

Lemma 5.10. Let p be a polymatroid on F.

M) If XY € Y,, then X UY € Y,. Thus, under inclusion, ), is a lattice.
(2) If X € Yy, then cl,(X) € Y, and so cl,(X) € Z,,.

Proof. To prove part (1), fix X,Y € V, and i € X UY with p(i) > 0;say ¢ € X. By the
assumptions and submodularity, p(X UY) — p((X UY) — i) < p(X) — p(X —1) < p(i),
so XUY € Y,. For part (2), take X € ), andi € cl,(X) with p(¢) > 0. Then, as needed,
p(cl, (X)) —p(cl,(X)—i) < p(i) since the left side is 0 if i & X (since p(X) = p(X Ui)),
and at most p(X) — p(X — 1) if i € X (by submodularity). O

This lemma justifies making the following definition. For a polymatroid p on F, its
cyclic operator cy , : 28 — 2F is given by, for A C E,
cy,(A) =D : DeY,and D C A}.

Thus, cy,(A) is the maximum cyclic subset of A. If A € F, then cy,(A) € F, since
cy,(A) Ccly(ecy,(A)) C Aand cl,y(cy,(A)) is cyclic (by part (2) of Lemma 5.10) and so
must be cy,(A). For a matroid M, the cyclic set ¢y, (A) is the union of the circuits that
are subsets of A. The operator cy,, plays roles in recent papers, such as [12]. Note that
the image of cy , is precisely V,. Also, (i)if A C E, then cy, (A) C A, G)ifACBCE,
then cy,(A) C cy,(B), and (iii) if A C E, then cy ,(cy,(A)) = cy,(A).
Lemma 5.11. Let p be an integer polymatroid on E. For any set A C FE, the set cyp(A)
is the union of all subsets of A of either of the following forms:

(i) {i} with p(3) =0, or

(i) S(u) ={i : u; # 0} where uis a circuit of pand u; = 0 forall j € E — A.
Also, cy,(A) = B if and only if B is the maximum subset of A with cy \; (Xa) = Xp.

Proof. The first assertion follows from Lemma 5.8 and the definition of cy,. That and the
connection between the circuits of p and those of M, give the second assertion. O

We state the next lemma, which is basic and well known, so that we can cite it.

Lemma 5.12. Let p be a polymatroid on E. Assume that A C E, that i € A, and that
p(A) =p(A—=i)+pl). fY CAandi €Y, then p(Y) = p(Y — i) + p(i).

Proof. By submodularity, p(z) > p(Y) — p(Y — i) > p(A) — p(A — i) = p(3). O
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The next lemma identifies the elements in A — cy,, (A) as the counterparts of coloops in
the deletion p\g_ 4.

Lemma 5.13. Let p be a polymatroid on E. For any set A C E,
(1) ey (A)=A—-{ie A: p(i) > 0and p(A) = p(A—i) + p(i)}, and
@) p(A) =pley,(A)+ > p(i).
ieA—cyp(A)
Proof. Let X = {i € A : p(i) > 0and p(A) = p(A — i) + p(i)}. By Lemma 5.12,
no cyclic subset of A contains any i € X, so cy,(A) € A — X. Part (1) will follow by

showing that A — X is cyclic. First note that repeatedly applying Lemma 5.12, adding one
element at a time to go from A — X to A, gives

(5.3) p(A) = p(A—=X)+ > p(i).

i€X
If there were a j € A — X with p(j) > 0 and p(A — X) = p((A — X) — j) + p(j), then
this equality, Equation (5.3), and submodularity would give

p(A) = p(j) = p((A = X) = j) + D pli) = p(A = j).

i€X
This inequality is contrary to having j ¢ X, so A — X is cyclic. Part (2) follows from part
(1) and Equation (5.3). (I

The next lemma is like part (2) of Lemma 5.10, but switches flats and cyclic sets.

Lemma 5.14. For a polymatroid p on E, if A € F, then cy ,(A) € F), socy,(A) € Z,.

Proof. Fix A € F,andi ¢ cy,(A). We must show that p(cy,(A) Ui) > p(cy,(A)). This
holds by Lemmas 5.13 and 5.12if i € A —cy,(A). If i ¢ A, then the assumption A € F,
and submodularity give p(cy,(A) Ui) — p(cy,(A4)) > p(AUi) — p(A) > 0. O
With Lemmas 5.10 and 5.14, we see that Z,, is a lattice: for A, B € Z,,, their meet is
AN B = cy,(AN B) and their joinis AV B = cl,(AU B).
The next lemma, along with Lemma 5.13, is a basic tool for investigating the sets
R,(A), which we defined in Equation (5.1).

Lemma 5.15. Let p be a polymatroid on E. For any subsets A and B of E, the equality
(5.4) p(A) = p(B)+ D pli)
i€cA—B

holds if and only if

(1) p(A) = p(A—1)+ p(i) foralli € A— B, and

(2) p(AN B) = p(B) (equivalently, cl,(AN B) = cl,(B)).
Proof. First assume that properties (1) and (2) hold. Applying Lemma 5.12 to add one
element at a time going from A N B to A gives

p(A)=p(ANB)+ Y p(i)
i€CA—B
and replacing p(A N B) by p(B), as (2) justifies, yields Equation (5.4).
Now assume that Equation (5.4) holds. Repeated uses of submodularity give

p(A) <p(ANB)+ Y p(i).
i€A—B
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Also, p(AN B) < p(B). These inequalities and Equation (5.4) give p(AN B) = p(B), so
property (2) holds. With this, for any i € A — B, we have

p(A) = p(ANB)+ (S () +pl0) = p(A =)+ pli) = p(A),
JEA—B,j#i

from which we get p(A) = p(A — i) + p(i), so property (1) holds. O

We now consider the operators cl and cy together. Note that if B is a basis of a matroid
M that has neither loops nor coloops, then cl(cy(B)) = 0 but cy(cl(B)) = E(M); thus,
cl and cy need not commute. Lemmas 5.3 and 5.8 give the following result.

Corollary 5.16. For an integer polymatroid p on E, let 0, be {i € E : p(i) = 0}. For
A C E, we have A € Z, if and only iff)p CAand X4 € Zy,.

For an integer polymatroid p, since all cyclic flats of M, have the form X 4 for some
A C Eand the map ¢ : Z, — Z)7, where ¢(A) = X 4 is a bijection, properties that can
be described via cyclic flats lift from matroids to integer polymatroids. With these ideas,
the case of Theorem 5.2 for integer polymatroids follows from Theorem 5.1.

Not all properties of cyclic flats for matroids extend to polymatroids. For instance, for
matroids, the cyclic flats of the dual M* are the set complements of the cyclic flats of M,
80 Zj~ is isomorphic to the order dual of Z,;. The same is not true for k-polymatroids
and their k-duals, as one can check using the example in Figure 3 or 4.

To conclude, we use Lemmas 5.12, 5.13, and 5.15 to show that RP(A) is a sublattice of
Z, (so the meet and join operations are the same as in Z,), identify the least and greatest
elements of R,(A), and show that each pair (B, B') of cyclic flats in R ,(A) is a modular
pair of flats, that is, p(B) + p(B’) = p(B U B’) 4+ p(B N B’). (That equality can fail if
only one of B or B" isin R,(A).)

Theorem 5.17. Let p be a polymatroid on E. For any subset A of E,
(M cly(cy,(A)) and cy,(cl,(A)) are in R ,(A),
(D) if B € R,(A), then cl,(cy,(A)) € B C cy,(cl,(A)),
(I R,(A) is a sublattice of Z,, and
(IV) if B,B' € R,(A), then (B, B') is a modular pair of flats.

Proof. When B is cy ,(A), property (1) in Lemma 5.15 holds by Lemma 5.13, as does
property (2) since B C A. Those properties then follow when B is cl, (cyp(A)) since
(cl, (cyp(A))) NA=cy,(A),socl, (cyp(A)) € R,(A). Those properties clearly also
hold when B is cl,(A). From this, when B is cy, (cl,(A)), we get property (1) by Lemma
5.12, and property (2) by applying Lemma 5.12 as elements of A — B are removed from
Aand cl,(A). Thus, ¢y, (cl,(A)) € R,(A), so part (I) holds.

Assume that B € R,(A). Property (1) of Lemma 5.15 gives cy ,(A) C B, so, since B
is a flat, cly(cy,(A)) C B. Property (2) of Lemma 5.15 and the fact that B is a flat give
B =cl,(ANB) C cl,(A), so, since B is cyclic, B C cy ,(cl,(A)). Thus, part (IT) holds.

For assertion (IIT), we start with an inequality that we will use below. Let A be any
subset of £ and let B and B’ be in Z,. We claim that

> pi)+ D> p)+ D pi)= D0 pi)+ D pli).
i€(BNB’)—(BAB’) i€A—B i€A—B’ i€A—(BVB’) i€A—(BAB)
This inequality holds since

e A—(BV DB')isasubsetof eachof A— (BAB’), A— B,and A — B’ (so terms
p(i) coming from its elements appear twice on each side of the inequality), and
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. (A—(B/\B’)) - (A—(B\/B’)) - ((BﬂB’)— (B/\B’)) UA-B)U(A-DB")
(so terms p(7) that appear once on the right side also appear on the left side).
Now assume that B, B’ € R,(A), so
p(B)+ > pli)=p(A)=p(B)+ > p(i).
i€EA-B i€CA—-B'
Then, using submodularity as formulated in property (PZ3) of Theorem 5.2, along with the
inequality above, we have

2p(A) =p(B)+p(B')+ > pli)+ > p(i)

i€A—B i€cA—B’
>p(BV B')+p(BAB)+ > p()+ Y pi)+ D> pli)
i€(BNB’)—(BAB’) i€A-B i€A—-B’
>p(BVB)+p(BAB)+ Y pli)+ Y, pli)
i€A—(BVB’) i€A—(BAB’)
Since
p(BVB)+ > pli)=p(A) and  p(BAB)+ > p(i) > p(A),
i€A—(BVB') i€A—(BAB')

the inequality above forces these inequalities to be equalities, which proves assertion (III).
Moreover, all inequalities in the argument above must be equalities, so equality holds in
(PZ3) for B and B". Now p(B U B’) = p(cl,(BU B’)) = p(B V B’) and

p(BNB')=p(BAB)+ > p(i)
i€(BNB’)—(BAB’)

by part (I) since BN B’ € F, and BA B' = cy, (BN B') € R,(B N B’), so assertion
(IV) follows. [l

While R, (A) is a sublattice of Z,, it might not be an interval in Z,, as taking A to be
a basis of the Fano plane shows. The corollary below is immediate from property (II).

Corollary 5.18. If A € Z,, then R,(A) = {A}.
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