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ABSTRACT. In this paper, we consider the numerical solution of a nonlinear Schrédinger
equation with spatial random potential. The randomly shifted quasi-Monte Carlo (QMC)
lattice rule combined with the time-splitting pseudospectral discretization is applied and
analyzed. The nonlinearity in the equation induces difficulties in estimating the regularity
of the solution in random space. By the technique of weighted Sobolev space, we iden-
tify the possible weights and show the existence of QMC that converges optimally at the
almost-linear rate without dependence on dimensions. The full error estimate of the scheme
is established. We present numerical results to verify the accuracy and investigate the wave
propagation.
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1. INTRODUCTION

In this paper, we consider the following one-space-dimensional nonlinear Schrédinger
(NLS) equation with a spatial random potential on the torus:

10, = —%Qfgb + V(w2 +alyfy, zeT, weQ, t>0,
Yt =0,w,2) =¢in(zr), z€T, we

(1.1)

Here t > 0 is the time variable, x € T is the space variable with T the one-dimensional torus
(periodic boundary condition in ), w € € is the random sample with € the sample space,
¥ = (t,w, ) is the complex-valued unknown with v;, the given initial data, V' (w,x) is a
given real-valued random potential, and a € R is a given parameter describing the strength
of the nonlinearity. We refer to the NLS equation (L)) as the random NLS.

It is well known that in the one-space-dimensional case in the presence of a random
potential and in the absence of nonlinearity (i.e., a = 0) with probability one all the states
are exponentially localized [I}, 2, Bl 17, B8]. With o = 0 the equation in (LI]) is a linear
Schrodinger equation with random potentials, which belongs to the family of the Ander-
son models named after P. Anderson. In 1958, P. Anderson considered the discrete linear
Schrodinger equations and discovered the localization of waves due to the disorder induced
by the random potential [3]. Ever since then, the Anderson localization effect has been

widely considered in many applications such as semiconductors and acoustic waves.
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When a # 0, the interplay between disorder and nonlinear effects leads to new interesting
physics. In spite of the extensive research, many fundamental problems still remains open.
A long-lasting question in mathematics and physics is whether a nonlinearity especially
the defocusing nonlinearity, i.e., @ > 0 in (L], could break the localization [19]. Many
analytical and numerical investigations have been done to address this question. The study
of the long-time behavior of wave propagation so far still relies on numerical simulations,
which are performed on the discrete NLS models [I8] [44]. Our model problem (L)) is the
continuous version of the random NLS. It has been considered physically for modeling the
Anderson localization of Bose-Einstein Condensates |40l 45] and for the study of nonlinear
dispersive wave dynamics in a disordered medium [9, 22| [33]. For theoretical results, we
refer readers to [13] [14] for the well-posedness results of (1) and to [15] 20, 27] for other
related mathematical properties. Here we consider the one-space-dimensional case and the
torus domain in (IL1]) for simplicity.

In this work, we consider the parametrization of the random potential in the manner of
the Karhunen-Loeve expansion [25] 26, [37, [54]:

V(w,x) = vo(x) + Z VA (W(z), €T, we, (1.2)

where vp(z) is a deterministic function, {v;(z)};>1 are the physical components, A\; > Ay >
-++ > 0 are the corresponding strengths and &(w) = (& (w), &2(w), .. .)T are independent and
identically distributed (i.i.d.) uniform random variables on [—3,1]. Thus,

117"
—, = =:U.
ec|-53
According to the Doob-Dynkin lemma [32], the solution ¢ can be represented by parametric
functions parameterized by €. Hence, (ILI]) can be rewritten as the following parametric
nonlinear Schrédinger equation with a random potential V (€, x) given by (L2):
1
0 = =50 + V(& 2) +ofdd, zeT, €U, t>0,
Pt =0,§2) =vm(r), v€T, §cU,
with ¢ = (t, €, x), ¥;, being deterministic, and we shall consider that a # 0.

(1.3)

Along the numerical aspect of (II]) or (IL3]), let us mention several related works. The
work of Henning and Peterseim [29] considered the fully deterministic case of (II]) and
addressed the convergence issue of a Crank-Nicolson finite element discretization. Zhao
later addressed the corresponding convergence of an exponential integrator spectral method
in [55] and numerically investigated the stochastic case. The work of Kachman, Fishman
and Soffer [33] proposed an iterative integrator in time for the linear model. However, to
our best knowledge, the existing studies on ([LT]) so far are yet to address the discretization
in the random variable. The sampling method in the aforementioned works as well as in the
physical works [18] 40}, [44] all consider the classical Monte-Carlo method. It is known that the
classical Monte-Carlo offers only a half-order convergence rate and so practical computing
would require a large number of samples for accurately capturing the statistical quantities of
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interest. To increase the efficiency and accuracy of quantifying the uncertainty, methods like
the quasi-Monte Carlo sampling [8] 12}, 53], polynomial chaos expansion [10} 21], B0, 54] and
stochastic collocation method [6], 42] 52] have later been developed for PDEs with random
inputs.

In this work, we shall consider the quasi-Monte Carlo (QMC) sampling method for
the NLS (L3]). The origin of QMC dates back to around 1960, which proposes to sample
deterministically by using the low-discrepancy sequences [28] [48]. The convergence order
of QMC with respect to the number of samples is higher than that of the classical Monte
Carlo method; however, it is dependent on the dimension of the random variable [8] [41].
To overcome this problem, some state-of-art randomization techniques of different kinds
have been further introduced to the QMC. We refer the interested readers to [12, 6] and
the references therein for a detailed review. In this work, we would follow the randomly
shifted QMC lattice rule [I1], 43|, 47]. In such a way, Graham, Kuo, Schwab and Sloan et
al. proposed the QMC method with finite element discretizations to solve linear elliptic
equations [23], 25] 26] [37]. Via the technique of the weighted Hilbert space with the carefully
chosen weights [25], [37], they established the almost-linear convergence rates in N without
dependence on the dimension.

By combining the randomly shifted QMC lattice rule with the popular time-splitting
Fourier pseudospectral (TSFP) method [4] [7, 31], we propose an efficient numerical method
to solve (L3)). Moreover, we aim to analyze for the full convergence result of the scheme. The
difficulty /novelty of the analysis mainly come from the following facts: i) the nonlinearity
in the equation (I3]) makes it complicated to estimate of the regularity of the solution
in the parametric space; ii) the physical observable of interest is a nonlinear functional of
the solution; iii) the full scheme involves the discretizations in time, physical space and
parametric space. Under suitable assumptions on the decaying rate of the potential (I.2l),
we point out the possible choice of the weights in the framework of the weighted Sobolev
space, and we show the existence of a randomly shifted QMC lattice rule which can achieve
an almost-linear convergence rate without dependence on dimensions for the expectation of
the physical observable. The optimal root-mean-square error estimate of the QMC-TSFP
scheme in time, physical space, and random space will then be established and verified
numerically. Finally, we numerically investigate the wave propagation in the random NLS
models.

The rest of the paper is organized as follows. In Section 2, we present the detailed QMC-
TSFP scheme and our main result about its convergence theorem. Section Bl and Section [4]
are devoted to rigorously establishing the theorem by analyzing the error on the PDE and
on the scheme in a sequel. Numerical results are presented in Section Bl Concluding remarks
are made in Section [6l

2. NUMERICAL METHOD

In this section, we shall first present the numerical discretization of the NLS (I.3)). Then,
we shall give the convergence result of the scheme.
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2.1. Dimension truncation and discretization. First of all, for practical computation
we need to truncate the Karhunen-Loeve expansion (2] of the random potential V' (&, x)
into a finite sum. That is to say, we choose an integer m > 0 large enough and truncate the
parameterized random potential as:

Viu(&,2) = vo(x +Z\F5j i(2), xe']l“,52(51,...,£m)T6Um::[—%,%} :

(2.1)
We emphasize that the approximation of the truncated random potential V,,,(&, x) to V (€, x)

depends on the decaying rates of the strengths. With the above finite dimensional random
potential, we consider the following truncated NLS problem:

1
10y, = —§8§wm + Vi (&, ) + b [* UV, x €T, € €Uy, t>0,
wm(tzof,l’) :wzn(x)a VS ’]Ta
which is an approximation to (L3). Here we have ,,(t,&,x) = (¢, (§{1:m},0), ) with
5 = é{l:m}-
With one precise sample for £, (22) reads as a cubic NLS with the given potential V,,,, and

so it can be numerically solved by any of the classical algorithms. Concerning the periodic
boundary condition, we shall consider in this paper the time-splitting Fourier pseudospectral

(2.2)

method, which is simple to begin with but undoubtedly one of the most popular numerical
methods for NLS [7, 31} [49]. It begins by splitting ([2.2)) into two subflows UX and UP as

Uk 0, = —%agwm, t € (0, s]; (2.3a)
WP 2 i04th = Vinthm + || *m,  t € (0, s]. (2.3b)

Note that V,,, and « are real-valued, so both of the above equations can be integrated exactly
in time, and then the scheme composes as ¥, (tpy1,&, ) ~ \If% oUPo \I/% (Y (tn, €, 1)), where
T =t,41 — t,, is the time step. Let us briefly present the detailed scheme below.

Denote T = [—L, L] with some L > 0 and choose some even integer M > 0. The physical
space is discretized as xy = —L + kh with h = 2L/M for k =0,1,..., M. For the time axis,
we take 7 = At > 0 and denote t,, = n7 for n = 0,1, .... Denote the numerical solution as

noo=Ur (&) & Uy (ty, &, xy) with @DSM = Yin (1), the scheme of the time-splitting Fourier

m,k m,k

pseudospectral method (TSFP) for solving (2.2)) reads for n > 0,

M/2-1

—_—~— l
w:zn—’i-kl = Z (¢n+1) 1y SCk‘f‘L)’ (wn-‘rl) = _ZU%T/4(¢::,k)l’ u = %’ (2.4&)
I=—M/2
ity = e WmEmtalbniryn (g ) = ey ) 0< k< M, (2.4b)

with (¢ ( )= 37 Z Py ! pre @) heing the discrete Fourier coefficients of a discrete function
. With the discrete values, we can define a continuous version of the numerical solution
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as the interpolation:

Iyt (x) = Y (w0 ,) ez e T, n>0. (2.5)
I=—M/2

The TSFP (2.4) is fully explicit in time and efficient with the computational cost O(M log M)
per time level under the help of fast Fourier transform. Moreover, it is time symmetric and
preserves the discrete [2-norm of the solution. These properties offer it unconditional stability
and the reliable long-time performance [16]. Thus, it has been used in [19, [44] to simulate
the nonlinear Anderson models. For simulating wave propagation, the torus domain setup
for (IL3)) or (2.2]) is a valid truncation of the whole space problem provided that the domain
size L > 0 is taken large enough and the initially localized solution in T is away from the
boundary within the time of computation.

2.2. Quasi-Monte Carlo sampling. With the solution ¢ of (I3]), the physical observables
in applications are some functionals of ¢, i.e., G(¥(t,&,-)), t > 0, & € U, for some functional
G in the energy space of the solution. Then, the expected value with respect to the random
parameter is given by the following integral in infinite dimensions:

with the truncated solution wm of (IQZI) Therefore, for some sufficiently large m > 0, E[G] can
be approximated by E[G](t) ~ [, G(¢m(t,§,-))dS. Note that [¢|* represents the probability
density function in quantum physics. Many widely concerned physical observables are linear
functionals of |1|%. One typical example is the center of mass, which is frequently considered
in the context of Anderson localization [19]. Therefore, in the following, we shall focus
on the expected value of G(|1)|?), where G is a linear functional. In order to estimate the
convergence of QMC for computing the expected value of G(|1|?), we shall analyze the
parametric regularity of G(|1|?) or equivalently the parametric regularity of |¢)|? in Section
3.3, which is one of our main contributions in this work. Let us denote

g(tv €) = G(‘w(tv 57 ')‘2)7 gm(t’ 5) = G(‘wm(tv £, ')‘2)7 (27>
for short in the following, and so we look for E[G](t).

To evaluate the expectation of a general function F(§) under a fixed m, the strategy of
a quasi-Monte Carlo (QMC) method is an equal weight quadrature rule, i.e.,

E,[F] := / m NZF = Qu[F) (2.8)

where ¢®) € U, is the quadrature point and N > 0 is the total number of samples. Classical
QMC is done by constructing some deterministic quadrature points, such as the Halton
sequence [28] or the Sobol sequence [48]. However, a drawback is that the approximation
error of (2.8) depends on the dimension m. When m is large, the QMC might lose its
efficiency over the standard Monte Carlo method.
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To provide a practical error estimate and reduce the biased error, some randomization
techniques have been developed to construct the quadrature points. Here, we adopt the
so-called shifted rank-one lattice rule [12] to get ¢®). That is

f(p):frac<%+A)—%, p=1,...,N, (2.9)
where frac(w) means to take the fractional part of each component of a vector w, A € [0, 1]™
is a uniformly distributed random shift and z € Z™ is known as the generating vector. A
specific generating vector z can be constructed by the component-by-component construction
(CBC) approach [12] to minimize the shifted-averaged worst-case error function, which will
be detailed in our analysis later in Section B4l For every &), we solve the NLS (2.2)
using the TSFP scheme (2.4]). Then, we obtain {@Dﬁl(f(p))}i,vzl to compute the numerical
expectation of some quantity of interest. The whole numerical scheme shall be referred to
as QMC-TSFEP in the rest of the paper. The practical computing of E[G] via the randomly
shifted QMC-TSFP method is then implemented as:

(1) Given the truncated dimension m in (2.1]), choose M, 7 for discretizations in TSFP,
and take N as the number of samples for one random shift and R as the number of
random shifts;

(2) Construct the generating vector z using the CBC approach;

(3) Generate i.i.d. random shifts A, ..., Ag from the uniform distribution on [0, 1]™.
For each A, with r = 1,..., R, obtain the sample set {¢{""?) = frac (% + Ar) — % :
p=1,...,N};

(4) For each £€P) with r = 1,...,Rand p = 1,..., N, solve (Z2) via (Z4) and obtain
Iy, (§7°F, ) in (.0);
(5) Compute {Q\)\ (G(|Iy]?) : ¥ = 1,..., R}, where

N

QG ) = 5 32 D e, )P) (2.10)
p=1

is the approximation of E,,[G (|11 ]?)] with one single shift A, in the QMC rule;
(6) Take the average over all the random shifts to get

_ 1< o,
Qo (Gt 2) = 5 > Qi (Gl I ) (2.11)
r=1

as the final approximation of E[G([¢(t,, -, -)|?)]-
With a precise shift A, the total computational cost of QMC-TSFP is O(NM log M). The
number of shifts R is usually kept small in practice, e.g., 10-50 [12].

2.3. Main result. We shall present here the main convergence result. We first introduce
the Bochner spaces we will consider for the potential V' and the wave functions 1. For the
potential V| we will consider the Bochner space L>(U; H*(T)) with the norm

V|| Lo w5 (my) = sup ||V (&) ] s (1)
EcU
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For the wave function 1, we will consider the Bochner space L>((0,7") x U; H*(T)) with the
norm

||¢HL°°((0,T)xU;Hs(T))= sup ||1P(t=€)|
te(0,7),£€U

Assume that the functional, the potential and the initial data of (IL3]) satisfy the following
conditions.

Assumption 2.1. Assume the linear functional G € (H'(T))’, which is the dual space
of HY(T). For some fixed s > 1, assume that vy, € H*(T), V € L>(U; H*(T)) and
Vil e @:msy < ||V ||Loo;msy for any m > 0. Concerning the relevant physical context,
assume further that 4);, is localized in the torus domain T = [-L,L] and L > 0 is large
enough such that the wave is yet to reach the boundary within the time of interest.

In addition, to achieve the optimal convergence rate of QMC, we would further ask for
the following technical assumption on V', which shows the property of the decaying rates of
the terms in the series (Z1]).

Assumption 2.2. Assume that the potential V' in the form of (I.2]) satisfies:
- ° _ 1/2
Vi = Vg < Cm™, 3 [3A/Aj||vj||H1} < 00, (2.12)
j=1

for some constants C, x > 0.

Then, we have the following error estimate result for the QMC-TSFP method.

Theorem 2.3. Assume that Assumption [21], Assumption [2.2 hold and 1y, € H*(T) with
s > 5. Then, a randomly shifted QMC lattice rule can be constructed to solve (2.3) till
any fired T > 0, and there exist constants 19, hg > 0 independent of m so that with the
numerical solution Iy)7 from the QMC-TSFP scheme (2.4) for 7 < 19 and h < hy, the
root-mean-square error satisfies: for any § € (0,1/2) and N < 10%,

\/EA [‘E[g](tn) — Qu.n[G(|Tym |2)] ﬂ <C(2+h Fm X 4 N7, (2.13)

for all t,, € [0, T] and some constant C' > 0 independent of m, 7, h, N, where E® denotes the
expectation with respect to the random shift.

The rest of the paper is devoted to rigorously establishing the above theorem. It will be
done in a sequel by analyzing the QMC error on the PDE in Section [3 and the error of the
TSFEP scheme in Section [l

Remark 1. The condition N < 10% is purely a technical condition since we use in the proof
of Theorem [2.3] the property that the Euler totient function ¢(N) satisfies 1/p(N) < 9/N
for N < 103 [25]; see also the proof of Lemma 3.7l In practice, the number of samples will
seldom exceed 10%.
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Remark 2. The Assumption basically requires that the eigenpairs in (L2) are exponen-
tially decaying, which is stronger than the usual algebraic ones in the literature for linear
model problems, e.g., [25, B7]. Such exponential decay assumption is a technical condition
for the rigorous proof by means of analysis in the weighted Sobolev space. It is essentially
raised by the nonlinearity. In practice, it could be satisfied if the random potential V (€, x)
is a smooth and periodic (or Schwartz for the whole space case) function in terms of x uni-
formly for all £&. Generally, the decaying speed of the eigenvalues depend on the regularity
of the covarivance kernel. We refer interested readers to [46] for more details.

Remark 3. Under weaker assumptions than those in Theorem 2.3, weaker convergence rates
can be established similarly. For instance, if we only have s > 3 then the temporal accuracy
of TSFP will drop down to one (see [39] for the deterministic case). On the other hand,
if the decaying rate in Assumption is slower, then the sampling error from QMC might
drop down to 1/2 [37]. Here we omitted these cases for simplicity.

Remark 4. The physical context of Anderson localization in NLS is associated with many
physical parameters, including the time interval, spatial domain size, strength of nonlinearity,
and randomness of the potential. Our primary focus in Theorem [2.3] is on the convergence
rates with respect to numerical parameters. The dependence of the error estimate on physical
parameters is encapsulated in the error constant C' > 0 in (2.I3)). Determining the explicit
and particularly optimal dependence of the constant C' on these physical parameters requires
substantial additional efforts and will be a subject of our future research.

3. QMC onN THE PDE

In this section, we aim to analyze the convergence of the QMC sampling for the NLS
model (3] or (2.2) on the continuous level. We shall largely follow the framework in [37].

3.1. Regularity in physical space.

Lemma 3.1. Under Assumption[21), for each & € U the solution 1(t, &, x) of {I3) is globally
well-posed and uniformly bounded in H'(T). Moreover, for any fized 0 < T < oo, we have
¥ € L((0,T) x U; H¥(T)),

Proof. Following the framework from [24], let us briefly go through the proof to check mainly
the effect from the random potential. For simplicity, we shall omit the spatial variable z in
the functions. By the Duhamel formula, (L.3) reads

W(t, &) = ey, —i /0 /P2 [V (€)1 (p, €) + alw(p, €)|*(p, €)] dp, t>0. (3.1)

Note that under condition s > 1, we have the algebraic property of the Sobolev space H® in
the 1D [5, Chapter 4]. Therefore, by taking the H*-norm on both sides of ([B.]), we get

Lo, ) e / IV E) a1, )l + 1000, €)]

for some constant C' > 0 from the Sobolev embedding which depends only on s. Then, a

HS

s < ||Vin] ?{} ds,

bootstrap-type argument [51] will give the local well-posedness of (IL3]) in H*(T) for each
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& (see Appendix [Al for details of the bootstrap-type argument). Moreover, there exists a
Ty > 0 such that ¢ € L*>*((0,7y) x U; H*(T)) owning to the fact that t;, is deterministic
and the assumption V € L*(U; H*(T)).

On the other hand, since V' is real-valued, the model (I.3)) enjoys the mass conservation

M(t) ::/TW(t,é,x)FdxE/Twm(x)\2d:c:M(O), t>0, (3.2)

where the mass is independent of €. Also, we have the energy conservation:
1 o
B1.6) = [ |30t P + VIE D060+ Slut6. )1 do
T

E/T B|3x¢m($)|2 + V(& @)t (2)]” + %Wm(x)\‘*} dv = E(0,€), t>0, £€U.
(3.3)

Note by the Sobolev embedding that H*(T) C L*>°(T), then the condition V' € L>*(U; H*(T))
guarantees a uniform upper bound of the initial energy for all the &, i.e.,

B(0,€)] < /

T

310 + IV a=wn @)+ 5 @) do = Bo < o0, v
(3.4)

In the defocusing case, i.e., &« > 0, it can be seen from the definition of E(t, &) in (3.3) that
1
B.6) > [ |30 6+ Vv ] do
T

1
> §||8m¢(t,€)!|%z — [Vl @xm e (t, €[z, (3.5)

which together with the mass conservation (B.2)), the energy conservation (3.3)) and the bound
of E£(0,&) in (B.4]) shows that

10230(t, )72 < 2| E(t, &)| + 2|V || oo wremy [0 (2, €) 1172
< 2By 4 2|V peewsm |[Yimll72, VE>0, € €U. (3.6)

In the focusing case, i.e., & < 0, we derive by the Gagliardo-Nirenberg inequality [[¢|7. <
C|10:| 22]]¢]]32 and the Young’s inequality that

1 —aC?
196 O)lze < ClOE &)l (E 22 < — N0 (t, €)Iz2 + C; It &)z, (3.7)
which together with the definition of E(t, &) in (33) shows that
1 202
E(t,€) 2 7110:0(6, €)1 = IV |z o 1(2, €) 172 = aTllw(EE)ll(iz- (3-8)

Then the inequality ([B.8) together with the mass conservation (3.2), the energy conservation
(33) and the bound of E(0,&) in (3:4) shows that

1024 (t, €)172 < 4B, &) + 4|V || e nm) [¢(E, E)l[72 + @*C?[14(t, €) |2
< AEy + 4|V pesm [Vl 72 + 2 C? [Yhin]|S2, V>0, € € U. (3.9)
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Thus, [|1(t, &) g for any t > 0, € € U is always bounded from above by a uniform constant
depending only on ||[¢;,]|2. , Eo and ||V =@ xt). Such generic upper bound for [|¢(t, &) | m
together with the local well-posedness leads to the global well-posedness of (L3) in H'(T)
for each &, and ¢ € L®(RT x U; H(T)) C L>®°(R* x U x T). Then, (3.I) by the product
lemma [51] (see Appendix [Al for details of the product lemma) gives

t
406, )llae < [l + € [V llmwirsy + 101w gesoren] [ 1606.€)

and the last assertion of the lemma follows from the Gronwall inequality for any fixed T >
0. O

Remark 5. For the truncated NLS problem (2.2]), note that the truncation does not change
the regularity of the random potential, as stated in Assumption 2.1l Therefore, by the same
procedure in Lemma [3.1], we can have v, € L>*((0,T) x U,,; H*(T)) for any finite 7" > 0

With [[thm || oo ((0.1)xUm:me) < 10| Lo (0.1 50 1)-
3.2. Error of dimension truncation.

Lemma 3.2. Under Assumption [21], the difference between the solution of (2.2) and the
solution of the parameterized approximation (1.3) is given by

|Um = Y| L0yt < Cl\Vin = V| oo,

with a constant C' > 0 depending on «, T, the norm of V in L>(U; H*(T)) and the norm of
b in L=((0,T) x U; H(T)).

Proof. Denoting 61 = 1,,, — 1 and taking the difference between (2.2)) and (L.3]), we get

10,00 = —%agcw + V6 + (Vi = V)0 + o [[Um]*Um — [W0]*0], 2 €T, t>0,
Sp(t=0)=0, =zcT.

The Duhamel formula gives

5u(1,6) = i [ <O [V(Q30(5.€) + (Val€) ~ VIE(r. €
+ alltn (0. €)Pm(p.€) = [V(p, €) (0. €) | dp, 20,

which by the product lemma gives

160 (t, &)l e

t
SC/O IV oo wimsy + 1N Lo oy xvsmy + 1mll Lo 0.y sy ) 109 (0, €)1 dp

+ tC[m || Lo (0.1) xUmsr) | Vi = VLo imry, 0 <t < T,
with some C' > 0 depending on « only. Note that the function

q(t) == tC||Yml Lo 0,1y x U ) || Vin = V|| Loo (1)

is non-decreasing in ¢ and the constant

K:=C [HVHL‘X’(U;HS) + ||¢||%°o((o,T)xU;Hs) + meH%OO((O,T)XUm;HS)} > 0.
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Then the Gronwall inequality leads to
t

I50(0,€) i <a(t) + K exp(Kt) | exp(~Kpla(o)dp
0

<alt) (14 5 exp(ct) [ expl=Kpidp ) = ato)exp(cr)

=tC|thm|| Lo (0,1) xUm:119) | Vi — V||Loo(U;H1)
X exp {tC [HVHLOO(U;HS) + ||¢||%°°((0,T)><U;HS) + ||wm||%°°((0,T)><Um;HS)} }’

where we use the fact that ¢(t) is non-decreasing in ¢ in the second inequality, and the
uniform right-hand-side in & gives the assertion. O

Under the condition ||Vy, = V|| peo(; 1y < Cm™X in Assumption 2.2, Lemma [3.2 tells that
Yy — ¥ in L®((0,T) x U; H(T)) as m — oo. Recall that with the given linear functional
G, we are interested in computing E[G] which after the truncation is approximated by

EnlG"] = [ G(lUn(t,g,)*)de.

U’!?L

Its error is given as follows.

Lemma 3.3. Under Assumption 21 and Assumption 2.2, with G and G™ defined in (2.7),
we have the estimate

[E[G] — En[g™]]| < Cm™,

where C' is independent of m.
Proof. By the definition (2.0), E[G] — E,,[G"] = lim E,[G"] — E,,[G™]. Note that when
p—o0
p >m, E,[G"] = E,,[G™], so we have
[E[G] — Enl¢™]] = lim |E,[G" —G"]| (3.10)

By the assumptions and Lemma [3.2] we have for all ¢ € [0, 77,

1G7(t, &) — G (O SIGlla ey 11t Eripys )P = [t & )Pl (3.11)

With the estimates in Lemma [3.T] and Remark [5 we get by the triangle inequality and the
algebraic property of H',

|pr(t7 é{l:p}v )|2 - |¢m(t7 57 )‘2||H1 S C’|¢p(t7 €{1:p}7 ) - wm(tv 57 )HH1
Plugging it into (B.I11]) and then using triangle inequality and Lemma [3.2], we find

‘gp(tv €{l:p}) - gm(tv £)| SCHwP(t? 5{1:])}7 ) - ¢(t7 €7 )HHI =+ C’|¢(t7 €7 ) - ¢m(t7 57 ')HH1
<C([|Vp = Vlze@my + IVin = Vlze@;my) < C(m™ +p7%).

Note here C' > 0 is uniform constant in &, p, m. Then, we find
[Ep[G7 — G"]] S Ep[|G" — ™[] < C(m™ +p™),
and so by (B.I0) we have the assertion of the lemma. O
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3.3. Regularity in parametric space. As one key to determine the convergence of the
QMC method, we need the regularity of the solution in the parametric space. We now start
to estimate the mixed first derivatives of v, with respect to ;. In the following, we shall
denote
F={v=(,...,vpn)|v;=00r 1,j=1,...,m}
with |v[ =377 v, and the mixed first derivative reads
O Ym =0 ... 0" m, vET.
Lemma 3.4. Under Assumptionl2.1], for any fixed T > 0, m > 0 and multi-index 0 # v € T,

we have
m

1006, ) < 3T T (Al ) V€ € Uny £ €10,T), (312)

j=1
where Cr = max{C%, 1} with
CY :=2max{1, ||} CoT max {1, ||¢||Loo((0’T)XU;Hs)}
X exp (Tmax {17 Co [||V||L°°(U;HS) + 3‘05H|¢||%°°((0,T)><U;H5)} })

for some generic constant Cy > 0 independent of v and m.

Proof. We prove ([B.12) by an induction on |v|. When |v| = 1, we differentiate (L3 with
respect to ;. By denoting 0;1,, = 04, and 0;V,, = 0OV, for short, we get for j =
1,...,m,

1 -

i8t8j¢m = —583@1% + 8jvmwm + Vmaﬂbm +a (Q‘wm|2ajwm + wfnaywm) .

Omitting the spatial variable for brevity, the Duhamel formula of the above shows
t

0y (8.€) =00y, — i [ IR 0317, €5, €) + Vi ©Orm(p,6)
0
+ @ (2, ) POy (0,€) + Um0, By (9, €)) | .
Since the initial function is deterministic, so 9;1;, = 0. Then we find

05l < Co | [105Vin(E) i 9. ) + Vi) i 050, ) s

+ 3(a] [ (o, O30 1m0 ) 11 .

with a generic constant Cy > 0 coming from the Sobolev embedding. By the fact 0,V,, =
\/A;jv;, and the boundedness

| (6, O . < ol Loo 0,1y xUms 11y < ]| oo 0,0y <0315y, € [0, T,
as stated in Remark [, we further find for ¢ € [0, T,

10;0m (t, &)l <Cot/Ajllvj L 19l oo (0.1 x v

t
+ Co [IVIlzwins) +3|Oé|||¢||%oo((o,T)Xu;Hs)]/ 10;¢m (p, )|l 12 dp.
0
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By Gronwall’s inequality, we get for ¢t € [0,T], £ € Uy,

105 m (8, E) || a1
<exp (tCo [[IV llz=wins) + 3l Lo m)xv:m5)]) Cotll¥llzomyxumsy v/ Ajllvs

which verifies (312) for |v| = 1.
When |v| > 2, by the Leibniz rule we have

10,0" = avwm +3 ( )av—ﬂvmaﬂwm tay (:) 0" 1)y 20,

H=v H=v

- _ %awm + Vind o + @ (20?0 U + 020 U) + Y VR0 b,

lv—pl=1,p=v

ta Y Y 0T 0 O .
0Ap<v n=Sv—p

m

Here (Z) =[[_, ( ) Similarly as before, we can deduce
10" (8, E) || e

t
SCo/ IV Nz sty + 3lalllW Lo (0.0 xvse)] 107 %m (0, &)l dp

Gy / S 1 Vol 1046 (0, )l

II/ ul=1,u<v

+ Colal Z > 18, ) 10 (s )2 10" (0, €) | .

0 0#u<v nv—p

By the Gronwall inequality, we have

5 T
(0. Ol <[ 50 1 Vil [ 100 (3.13)

[v—p|=1,u<v
+ YD / 10 (0, ) 1 108 (0, E) | 10 10" () | 2|
O0Fp<v n=v—p

with
C = max{1, |a|}Cyexp (T max {1, Co [IV ||z w:me) + 3l |¥ 7o o0y xtrs) ] ) -

For the first summation term above, noting that |u| = |v| — 1 and using an induction
argument with the assumption (312]), we have

S 1Vl 10, )l < 3RS TT (gl

lv—p|=1,p<v j=1

(3.14)
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On the other hand, for the double summation part in (3I3), by the induction assumption

BI12) we find
Yo D 10 o Ol 0", )t 10"m (0, )

0F#p<v n=3v—p
m
2|v|-2 \+H 6 4|yl n|2— _ _
<> X A (Valle) 8 2=l =l =l
0Fu<v niv—p j=1
and it is direct to check here that

v? + v -6

]2 — v -2
— 1 + 0> = |vllpl = vlin] = ulin] <

2

So by noting that the double summation contains 3/¥! — 3 terms in total, we further get

Yo D 10 o )l 0", )t 10"m (0, )

0F#pu<v n<v—p

<M TL (VA sl ) 8022 (315)

J=1

By plugging (3.15) and (314) into (BI3), we obtain
1078 (£, ) || 1 <CTC2\V| 23(IvI+1)(lv|- 2/2 l/| _|_3\V| H( /)\jHUjHHl) !
7j=1

Further noting that CT < C%/2 and |v| < 3!, we find

10 Yo (t, )| mr <= C?\vl L3 (Ivl+1)(Iv|-2)/2 (Jv] + 3" H(N/Ajnvj”m) ’
7j=1

<213 +2) 1=/ H(\Fllvgllm)

Jj=

O

With the established regularity of the solution in the parametric space, we can now
estimate the mixed derivative of the physical observable G™(¢,&) = G(|{m(t,&,-)|?) with
respect to &.

Lemma 3.5. Under Assumption [2.1, for any multi-index v € T with the constant C, =
2‘V|C;‘V|_13(IV‘+2)(‘V|_1)/2; we ha/ve

6(1,6) < GO T (VAllsli ) Gy, Y€€ Un ted, T (3.16)
j=1

Proof. For any ¢ € Uy, and t € [0,T], we have
107G™(t,&)| = |G (0" 1¢ml*) | < NGllrr ey l|0” [0 |* | 111
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By the algebraic property of H' and Lemma B.4], we find
107G (8, ) < IGllmrcry D Co [0 W g 10"t a1

uv
< CoCGllarcay TT (VM)

J=1

U

3.4. Analysis of the QMC integration error. With the preparation before, we now
specify the QMC method, i.e., the quadrature points in (2.9]), and then we shall derive its
error bound on the PDE level.

We adopt the weighted Sobolev space technique [37, [47] here. Consider the weighted
and unanchored Sobolev space W, , := {F(§) : U, = R | || F|lw,,., < oo} with the norm

R E -1
W,y f}/l/ / </
ver Up) \VUnm

where by the notation, £ is split into the active part &, for differentiations and the inactive

1/2

2
£ (9”F(€)d§i> g, |, (3.17)

=y

part £, i.e., £, consists of &; with j such that v; = 1 and &, consists of &, with k such that
vg = 0. The notation v, denotes the product-type weight, i.e., v, = II,,—17; with vo,,,,., = 1,
which will be chosen later, and v := {7, |v € I'}. With the chosen v; (j = 1,...,m) and
the following worst-case error function

N s
eV (z) == -1+ % ;]1:[1 [1+7,B (frac(pz;/N))|, z=1(z1,...,2), 1 <s<m,
where B(z) = —1/(27%) 37,5 10y €7"¢/1? is the Bernoulli polynomial, the generating vector
z in (2.9)) is computed by the CBC algorithm [12]. That is to set z; = 1, and then determine
each z, for s = 2,...,m in a sequel by minimizing e*(z) for z; € Uy = {z € Z|1 <
x < N —1, ged(z, N) = 1}. An explicit error bound of the QMC with such constructed
quadrature points can be established (see e.g., [30]). Here let us quote it as the following

lemma.

Lemma 3.6. (|36, Theorem 4.1]) With fized m, N, v and some F(§) € W, the QMC
method (2.9) given by the CBC' algorithm satisfies

1/(2))

vl
VERIER - ntFF s | 5 2 (Han) | e Nl

VGF\O{I:m}

(3.18)
for any X € (3,1]. Here p(N) = [Uy| is the Euler totient function and ((-) is the Riemann

zeta function.

The possible choice of the weight v to provide the optimal convergence rate for the QMC
is specified in the following lemma.
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Lemma 3.7. With fized m € N, and N < 10%°, choose A = 1/(2—24) for any 6 € (0,1/2).
Then under Assumption [21] and Assumption 22, a QMC method (2.9) can be constructed
by the CBC' algorithm which satisfies

VE2 [ Ea[Gm)(t) — Qualgm(t)] < ON*, ¢ € (0.7 (3.19)

where C' > 0 is some constant independent of m.

Proof. 1t is direct to compute from the definition of the weighted norm (B.I7) and Lemma
that

1/2

2
6™, Mw,, = [ D7 / (/ 8”Qm(t,€)d§i> dé,
ver Ui Um—|v|

1/2
<GollGllzp [Z%‘lCQHA”IIJII%’] :

vell

Meanwhile, it is known that the Euler totient function satisfies 1/¢(N) < 9/N for N < 10%°
[25]. Thus, by B.I8) and choosing A = 1/(2 — 2§) we find

\/IEA | En[G™] () — Quun[G™(#)]2] < 9C,Co|| G| gy N1,

with
1/(23)

/2 v
, _[vac?HA”’II AF”] [Zv(fgf)”) ]

vel vel

Denote b; = y/A;]|vj|lgr and p(A) = 2¢(2)X)/(27%)* for simplicity. Now we take

Y

] 2/(14)

m 1/(14))
Ay = chA/(1+A H [ 2AVJ }

vel j=1
It remains to show that A, is bounded Vv € I',m € N.

By the constant C,, from Lemma and using Holder’s inequality, we find

e el

vel

- 7 v/ (142
(203)2120(1)]”

3
Q
>

] 20/(14A)

i=1 L J A
1 v;/(1=X) (1=X)/(1+X)

(203242 9(0)

m 2X/(142)
(xfea) (e

vell j=1

T ’,:]3
Ql\D
>

J



QUASI-MONTE CARLO FOR NLS WITH RANDOM POTENTIALS 17

where s; := 3>7_ 1 and a; > 0 is chosen as follows. Note the fact that >ver 112 By <
exp() ;5 B;) holds for any m > 1 and any 8; > 0 with .., 8; < oo (see [37]), then we
have: Vv € ', m € N,

2\ , 1—A
Ay <exp (—23’%) exp
14+ A 1—1—)\],21

j>1

™ =: Anaz-
a;j

(20%)2>‘b3)‘p()\)] 1/(1=X)

By taking a; = 1/b;/37 and under Assumption 2.2] we have ) i1 3/a; < 1. Moreover, with
A € (3,1] we have 2+ > 1 and so

D (b eV =3 (3 VO < o,

j>1 j>1
Thus, we find the upper bound A,,,, is finite. O

Proposition 3.8. Under the same assumption of Lemma[53.7], there exists a constant C > 0
independent of m such that

\/1[“3A [E[G)(t) = Qun[Gm)(O)FF] < Clm™ +N°1),  te[0,T], (3.20)
for any 6 € (0,1/2).

Proof. Firstly, by triangle inequality we have
[E[G](t) = Qumn[G™](0)] < |E[G](E) = En[G™]] + |En[G™] — Qv [G™](1)]-
The first part of right-hand-side is independent of the random shift A, so
E* [[E[G)(t) — Qun[G™()P] <2 [E[G)() — En[G™](%)]"
+2E2 [|E[G7]() — Qm[GT](0)I7] -

Then by Lemma and Lemma [3.7] we obtain the result. O
Remark 6. We remark the choice of the weight v and the error constant given in our analysis
above may be far away from optimal. Our result theoretically serves to show the existence

of the randomly shifted QMC lattice rule that can converge at the desired almost-linear and
dimension-independent rate for solving the random NLS (L3]).

4. ERROR OF THE SCHEME

In this section, we continue the analysis to complete the full error estimate result given
in Section To do so, we first carry out the error estimate of the TSFP scheme on the
truncated problem (2.2)), which is stated as the following.

Proposition 4.1. Let ¢ be the numerical solution from the TSFP scheme (2.3)) for solving
the truncated problem (2.2) till any fired T > 0 with any m € N. Under the same assumption
in Theorem[2.3, there exist constants 1y, hg > 0 independent of m such that when T < 19 and
h < hg, the following error bound holds

H[wan - wm(tmga ')HH1 < 0(7—2 + h's_l)v V0 <t, < T, 5 € Umu

for some constant C' > 0 independent of &, m, T and h.
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Proof. The proof largely follows the framework of analysis for the Strang splitting in [7) [39].
Here we shall go through it mainly to check the impact from the parametric space. Let us
omit the variables x, £ and denote 1, (t) = ¥, (t, &, ) for simplicity.

We begin with the estimate of the temporal truncation error. Denoting v"(p) :=
e%iaﬂ%qum(tn) for short, by Taylor’s expansion we find
2

W20 Wk (Y1) = |1+ i7(Vin + alo"(7/2)P) = S (Vi + alu (/22| 7 (7/2) 17,
where r} depends on V;, and v". By Remark [5, we have ||77|z; < C73 with C' depending
on the H'-norm of V,,, 1,,. Then,

\If% oWPo 1111% (Y (tn)) =" (1) + iTezi0iT/? (Vi + alo™(7/2)?) "(7/2)
2

T i+ ol (/2R /2 1, (4.1

where

Y = oi0T/4y 1 / —d% i07s/4 V +a|v"(7/2)|2)2v"(7‘/2)ds

Under the assumption s > 5, we have ||ri||;n < O3 with C' depending on the H3-norm of
Vi and ,,,. On the other hand, by the Duhamel formula of (2.2)), we have

1

Un(tarn) = 5 () + /07g2<p>dp, 0> 0, (4.2)

with g7(p) := e3i(r=)% [Vin + a|tbm(tn + p)*]m (tn + p). By plugging ¥, (tn + p) = v"(p) +
i [7 gi(s)ds into ([E2) we find

nltss) =0"(0) 47 [ PRV ol ()] (o)
0
7 Li(r—p)o?2 o n 2\ . n (2 an( o) n
wi [0 [, 20l (o)) gp(s) — 0" (0G| dsdp -+ 3,
0 0

where clearly ||r}]|;n < C73 with C depending on the H'-norm of V,,,1,,. Note gy(s) =
(Vo + o™ (p)2]o™(p) + O(70?%) for 0 < s < p < 7, we further get

Un(tas1) =0"() + i / "D [V 1 al"(0) 7] o7 ()dp

= [ otV ale PP g+ 13 4
0

where 77|l < C7® with C' depending on the H3-norm of V;,,1,,. Subtracting the above
from (4.1)) and then using the quadrature error formula of the midpoint rule, we find

() — W% 0 W2 0 W (3, (1)

1
<lrg e + lrglla + [1rd{lm + 73/ K(O)If7(O7) | 1.db,
0
where k() is the Peano kernel of the midpoint rule and

f(p) = ie %[V, 4+ alv™(0) ] 0" (p) = p(Vin + alv” (p)*)*0" ().



QUASI-MONTE CARLO FOR NLS WITH RANDOM POTENTIALS 19

Therefore, we find in total
[t (tass) = W5 0 W2 0 W (uin(t)) 1 < C7°, 0= < T/ (4.3

with C' depending on the H®-norm of V,,,%,,. By the uniform bounds of V,, and v, in H*
with s > 5 from the assumption and the result of Lemma [3.1l and Remark B we find the
error constant C' > 0 in (@.3) is eventually a constant depending only on ||| zee((o,r)xv:#)
and ||V'[| Lo, 15).-

Next, by the triangle inequality and the projection error (denote by Py, the projection
operator to cutoff the Fourier modes of a function larger than M /2) [50], we find

||IM¢IZ+1 - wm(tn+1)”H1 < ’|[M¢Zq,+1 - PMwm(tn+1)HH1 + Chs_lv

with C' here depends only on ||t || e ((0,7)xUp;+) and so only on [|1)|| e (o,m)xv;m+). Noting
that Iyt = \Illé oIy [¥Po \If%(IMzbfn)] and \If% is isometric in H', we find by the triangle

inequality and (Z.3),
1aron ™ = Pagthn(tusa) i < 1 1arW2 0 W (Tngt)yy) — Par®% 0 WS (4 (ta)) |l + C7°. (4.4)

Then by an induction on the boundedness of ;9" in H'-space and the difference between
the flows, we find with some C' depending only on ||9)|| e (0,7)xu;m+) and ||V || Lo a4,

| Evrwe o Wk (1awt) = Paw? o W n(t)|
< Iar3, = Pagtom(ta)llp + CTIart, = Partn(t)lln + CTh*.

Plugging it into (£4]), summing the inequalities up till n = 0 and noting Ip;¢°, = I3, (0),
the Gronwall inequality gives

o™ = Ym(tas)lm < C(72 + 27,

for some C' depending only on T, ||¢||Le(0,7)xv;ms) and ||V||peo;ms). Thus, there exist
constants 7p, hg > 0 uniformly in m such that for 7 < 79 and h < hg, |1y <
||| Loo(0,7) x5y + 1 for all £, < T a

With all the obtained results so far, we are now ready to get the full error bound stated
in our main theorem in Section 23] for the QMC-TSFP scheme (2.4]). The proof is given as
follows.

Proof of the Theorem[2.3: By the triangle inequality, we have
E [[E(G)(tn) — Qun[G( Tt P[]
<2E [[E[G)(ta) — Quun[G™)(t) "] + 2B [| Q¥ G (a3 )] = Qv [G7] (1)
<O+ N2 4 2B [|Qu Gt (€, )) = G(lom(ta & PN (@5)



20 Z. WU, Z. ZHANG, AND X. ZHAO

where we used Proposition B8 By (2.8)) and Assumption 2] we find

S;E%p |G Ty, (&, )F) = G(|$m(t, €, ))

SHGHHl(D)’ §S€Lllfp H|IM¢21(& )|2 - |¢m(tna ga ')|2HH1 :

Then, by the error estimate in Proposition 1] which is uniform in & and m, we plug the
above into (£3) to get

\/EA [E010) — QualGts P | < 0024 1 e+ 8, 1, € .7

for some constant C' > 0 independent of m. This completes the proof. O

5. NUMERICAL EXAMPLES

In this section, we carry out numerical experiments for the QMC-TSFP scheme. We
shall test its accuracy in the random space, physical space and time to verify the theoretical
result. The generating vector (2.9) for QMC is constructed by the code in [34] (see also [35]).
Some simulations on the wave propagation are provided in the end.

5.1. Convergence test.

Example 5.1 (Convergence in random space). Consider (2.2) with o = 1, T = [—m, 7|, the
initial data 1;,(z) = /8/7exp(—8z?) and the random potential

V(€)= 1+ 3 536 cosljia), (5.1)
j=1

where {¢;} are 1.i.d. uniformly distributed random variables on [—1, 1]. Firstly, we test and
compare the performance of the Monte Carlo (MC) method and the QMC method. One set
of the numerical solutions are computed by TSFP combined with MC under 7 = 107*, h = o
and Nyc samples {fﬁé :p=1,..., Nyc}. The other set of solutions are computed by QMC-
TSFP under 7 = 107* h = & and RNquc samples {fgl\ﬁ)c cr=1,...,R,p=1,..., Nouc},
where R is the number of shifts and Nqyc is the number of samples for each shift. To have
a fair comparison between these two methods, we set Nyt = Nvc = RNgume. We choose

R =10 and Nguc = 2'%,21 ... 2%, The final time is fixed as t,, = T = 1.

For m, we consider two choices: m = 6 and m = 16. For m = 6, we compute the
reference solution using TSFP combined with the multidimensional stochastic collocation
method [6] with 7 = 107% h = Z and 15 Gauss-Legendre points in each of the m dimensions
of £&. We consider the L? relative error of the expectation of the density

||Enum[|¢num(l’)|2] — Erof[|¢ref($)‘2] ||L2
| Eet[| et () |?]]] 2 ’

L? relative error =

(5.2)
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102 ¢ , 102 ¢
Qh

108"= ‘
10* 10° 10°
Ntot Ntot
(a) L? relative error (5.2)) for m = 6 (b) RMS (5.6) and (5.7)) for m = 16

Ficure 1. Convergence of QMC-TSFP in random space.

where for the MC method

B[ ()] = < > (€8, ) (5.3)
num num NMC g MY \SMC» )
and for the QMC method
R Nqmc (
B W (1)) = — 2; 2; Dt (Eie: 7)1, (54)

with n = T/ and M = 27 /h. The result for m = 6 is shown in Figure Tal For m = 16, a
reference solution is not easy to obtain. Here we consider a physical observable given by the
following functional G:

(It & 2)P) = / 22l(t, &, @) . (5.5)

Note that G(|+/|?) is the second spatial moment of the density function |¢|?, which is im-
portant in checking the localization phenomenon (see also Example 5.3]). For both MC and
QMC, we consider the root-mean-square (RMS) error

|

RMS := \/EA UE — Qun[G([Tary, )]

As given in [12], an unbiased estimator of the RMS for MC reads

Nyuc

2
RMS =\ | ot NMC—1 Z( (D ERRR) = QNS [GULP]),  (5:6)
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FiGURE 2. Convergence of QMC-TSFP in time and physical space.

where QNG (G I 1?)] = Z;V;“lc G(| Iy, (€21)[2), and the one for QMC reads

R
RMS =~ Z < n NQMC | wn | )] - @m,NQMC’R[G“[Mw%P)])za (57)

r=1

and Q

where Qn Nawmc m,Nqomc, R
= 16 is shown in Figure 1Dl

are defined in (2.10) and (2.I1]) respectively. The result for

From the results in Figure [I we observe approximately (9(]\@&1 / 2) convergence for MC
and approximately O(N,;!) convergence for QMC. We remark that the decaying rate of the
potential (5.I)) in this example is in fact weaker than what is imposed in Assumption 2.2]
The almost-linear convergence rate of QMC is still observed, and this indicates that the
condition on the potential for analysis might be relieved.

Example 5.2 (Convergence in time & physical space). Next, we test the accuracy of QMC-
TSFEP in time and physical space by considering the same setting in Example [5.1lwith m = 6,
where the reference solution is obtained as before. To investigate the convergence in time,
we fix R = 10, Nquc = 2%, h = & in QMC-TSFP and compute the numerical solution by
T = 410, 810, 1(130’ 350 For the convergence in space, we fix R = 10, Nguc = 2,7 = 107*
and take h = 7, £, {5, 35. We still consider the L? relative error (5.2) at t, = 1. Temporal
convergence is shown in Figure 2al, and spatial convergence is shown in Figure bl Clearly
from Figure 2, we can observe the second-order convergence rate in time and the exponential

convergence rate in space.

5.2. Simulation of wave propagation.

Example 5.3. Consider [2.2)) with o > 0, T = [—67, 67, 1, (z) = 1/y/7 exp(—2?) and

V(€)= 14 03 56 cos(jn), 58)
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F1GURE 3. Simulation of wave propagation in random NLS with o = 1.
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FIGURE 4. Sample variances of G(|¢(t, &, x)|*) with a = 1.

with {¢;} the i.i.d. random variables uniformly distributed on [—1, 1] and ¢ > 0 denoting the
intensity of the randomness. Here the NLS (2.2)) is equipped with a defocusing nonlinearity
and the initial density function is exponentially localized in the physical domain. We solve
[22) to simulate the wave propagations till the time t, = T = 10 by using the QMC-
TSFP method with R = 10, Ngye = 2'%,7 = ﬁ and h = 2‘9’—5%. The physical observable
G(|Y(t, & x)[*) in (BF) is now considered to measure the spreading of the density function in

the physical space at time ¢t € [0, 7], and the expectation of G(|¢(t, €, x)|?) is approximated

E[G](t) = A(t) := Qum noue o [G(ntn[))](1)
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FIGURE 7. Sample variances of G(|1(t, &, x)|?) with o = 4.

Fixing o = 1, the temporal behaviour of A(t) is shown in Figure Bal for different o, and

the quantity
R N
1 n
= i 2 2 B €

W ()
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FIGURE 8. Sample variances of |¢(T, &, z)|? with o = 4.

which approximates the expectation of the density | (T, z)|? at the final time T = 10, is

shown in Figure[Bhl In addition, the sample variances of the physical observable G (| (¢, €, )|?)
and the density (T, &, x)|? at the final time 7' = 10 are shown in Figures @ and [ respec-

tively. In this case, we observe pure diffusion when randomness is absent in the potential

(5.8), and we observe localization of the expected density function within the computational

time when randomness presents in the potential (5.8). When the randomness intensity o

increases, the profile becomes more localized. By fixing o = 4 in (2.2]), the corresponding

results for different o are provided in Figures [0 [ and R In this case, the profile of the

expected density expands more as « becomes larger. This shows the defocusing nonlinear

effect on the wave propagation.

6. CONCLUSION

We proposed to combine the randomly shifted QMC lattice rule with the time-splitting
Fourier pseudospectral method for solving the nonlinear Schrédinger equation with random
potential. We analysed the convergence in random space by using the technique of the
weighted Sobolev space. The nonlinearity in the equation introduces difficulties in estimating
the parametric regularity of the solution, and the physical observable considered here is
typically a nonlinear functional of the solution. We propose sufficient conditions to show
the existence of a QMC rule that can achieve the almost-linear and dimension-independent
convergence rate for the expected value of the physical observable. The full error estimate
of the scheme is established which also covers the convergence in time and in the physical
space. Numerical examples are presented to verify the theoretical result and simulations are
done to investigate the wave propagation in the random NLS.
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APPENDIX A. SOME USEFUL TOOLS FOR STUDYING NLS

To study the regularity of the solution of (L3 in the physical space and analyze the
error resulting from dimension truncation, we need two useful tools introduced in [51]. We
briefly review these two tools in this section.

The bootstrap-type argument. The bootstrap-type argument is an application of the
bootstrap principle or the continuity method, which can be viewed as a continuous analogue
of the principle of mathematical induction. The abstract bootstrap principle works in the
following way:.

Proposition A.1. Let I be a time interval, and for each t € I suppose we have two state-
ments, a “hypothesis” H(t) and a “conclusion” C(t). Suppose we can verify the following
four assertions:

(a) (Hypothesis implies conclusion) If H(t) is true for some time t € I, then C(t) is also
true for for that time t.

(b) (Conclusion is stronger than hypothesis) If C(t) is true for some t € I, then H(t') is
true for all t' € I in a neighbourhood of t.

(c) (Conclusion is closed) If t1,to, ... is a sequence of times in I which converges to another
timet € I, and C(t,) is true for all t,, then C(t) is true.

(d) (Base case) H(t) is true for at least one time t € I.

Then C(t) is true for allt € I.

The proof of this proposition can be found in [51, Chapter 1.3]. Moreover, for an illus-
tration of how the bootstrap-type argument is applied to proving the local well-posedness of
NLS, we refer readers to the proof of Proposition 3.8 in [51].

The product lemma. As a useful tool from harmonic analysis, the product lemma reads
as follows:

Lemma A.2. Forall f,g € H*(T) with s > 1, we have
1fgllrsmy < Cs (1]

where Cy > 0 is a constant dependent on s.

w19l ooy + || Fll ooy gl sy (A1)

Proof. Let T = (0,27) for simplicity, and the Fourier expansion reads f(z) = o, feil
where f; denotes the Fourier coefficient. For some [ € Z, we consider

Z fhglz

l1+12=1

(1+12)2(fa)l = (14 2)*2 < N LR b

l1+12=1

It is direct to check that
[1 + (I + 12)2}5/2 < 95/2 [\/1 + 112 + \/1 i 122]8 <C. [(1 " l12)3/2 +(1+ 122>s/2} :
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where the last inequality used the convexity of the function z* for x > 0, s > 1. In the
following, the constant Cy > 0 may be different at each occurrence. Combining the above,

we deduce (1 + 12)8/2‘(f9)1| < (s Zzl+12:l(1 + l%)s/z‘fllglz‘ + Cs Zlﬁ-lg:l(l + lg)s/2mlglz|- By
taking the square, we find

A+l <00 Y A+ B il +C Y 1+ B funl®
l1+l2=l li+la=l

By Parseval’s identity and note || fg||3. = >,cz(1 4 12)%[(fg),%, we get

1f9llEs < Culll f1I7r FIIZ2).

The assertion of the lemma is obtained by noting || f||zz < C||f||z~ and Sobolev’s embedding
| fllzee < Csl||f]|ms. For more general statement of product lemma, see e.g., [51]. O

gllzz + llgllz

REFERENCES

[1] R. ALTMANN, P. HENNING, D. PETERSEIM, Quantitative Anderson localization of Schriodinger eigen-
states under disorder potentials, Math. Models Methods Appl. Sci., 30 (2020) pp. 917-955.
[2] R. ALTMANN, P. HENNING, D. PETERSEIM, Localization and delocalization of ground states of Bose—
Einstein condensates under disorder, SIAM J. Appl. Math., 82 (2022) pp. 330-358.
[3] P.W. ANDERSON, Absence of diffusion in certain random lattices, Phys. Rev., 109 (1958) 1492.
[4] X. ANTOINE, W. Bao, C. BESSE, Computational methods for the dynamics of the nonlinear
Schrédinger/Gross-Pitaevskii equations, Comput. Phys. Commun., 184 (2013) pp. 2621-2633.
[5] R.A. Apawms, J.J.F. FOURNIER, Sobolev Spaces, Academic Press, 2021.
[6] 1. BABUSKA, F. NOBILE, R. TEMPONE, A stochastic collocation method for elliptic partial differential
equations with random input data, STAM J. Numer. Anal., 45 (2007) pp. 1005-1034.
[7] W. Bao, Y. Ca1, Mathematical theory and numerical methods for Bose-Einstein condensation, Kinet.
Relat. Models, 6 (2013) pp. 1-135.
[8] R.E. CAFLISCH, Monte Carlo and quasi-Monte Carlo methods, Acta Numer., 7 (1998) pp. 1-49.
[9] C. ConT1, Solitonization of the Anderson localization, Phy. Rev. A, 86 (2012) 061801.
[10] A. CoHEN, R. DE VORE, CH. SCHWAB, Convergence rates of best N-term Galerkin approzimations
for a class of elliptic sPDEs, Found. Comput. Math., 10 (2010) pp. 615-646.
[11] J. Dick, On the convergence rate of the component-by-component construction of good lattice rules, J.
Complexity, 20 (2004) pp. 493-522.
[12] J. Dick, F.Y. Kuo, I.H. SLOAN, High-dimensional integration: the quasi-Monte Carlo way, Acta
Numer., 22 (2013) pp. 133-288.
[13] A. DEBUSSCHE, J. MARTIN, Solution to the stochastic Schrédinger equation on the full space, Nonlin-
earity, 32 (2019) pp. 1147-1174.
[14] A. DEBUSSCHE, H. WEBER, The Schrodinger equation with spatial white noise potential, Electron. J.
Probab., 23 (2018) pp. 1-16.
[15] L. DumMmAz, C. LABBE, Localization of the continuous Anderson Hamiltonian in 1-D, Probab. Theory
Relat. Fields, 176 (2020) pp. 353-419.
[16] E. Faou, Geometric Numerical Integration and Schridinger Equations, European Math. Soc. Publishing
House, Ziirich 2012.
[17] M. FILOCHE, S. MAYBORODA, Universal mechanism for Anderson and weak localization, Proc. Natl.
Acad. Sci., 109 (2012) pp. 14761-14766.
[18] S. FLacH, D.O. KRIMER, CH. SKOKOS, Universal spreading of wave packets in disordered nonlinear
systems, Phys. Rev. Lett., 102 (2009) 024101.
[19] S. FisuMAN, Y. KRIVOLAPOV, A. SOFFER, The nonlinear Schrodinger equation with a random poten-
tial: results and puzzles, Nonlinearity, 25 (2012) pp. 53-72.



28

[20]

Z. WU, Z. ZHANG, AND X. ZHAO

F. GERMINET, A. KLEIN, A comprehensive proof of localization for continuous Anderson models with
singular random potentials, J. Eur. Math. Soc., 15 (2013) pp. 53-143.

R.G. GHANEM, P.D. SPANOS, Stochastic Finite Elements, Dover, 1991.

N. GHOFRANIHA, S. GENTILINI, V. FoLLl, E. DELRE, C. CONTI, Shock waves in disordered media,
Phys. Rev. Lett., 109 (2012) 243902.

A.D. GILBER, I.G. GRAHAM, F.Y. Kuvuo, R. SCHEICHL, I.H. SLOAN, Analysis of quasi-Monte Carlo
methods for elliptic eigenvalue problems with stochastic coefficients, Numer. Math., 142 (2019) pp. 863-
915.

J. GINIBRE, G. VELO, On a class of non linear Schrodinger equations. III. Special theories in dimen-
sions 1, 2 and 3, Annales del'THP Physique théorique, 28 (1978) pp. 287-316.

I[.G. GraHAM, F.Y. Kuo, J.A. NicHoLs, R. SCHEICHL, CH. SCHWAB, [.H. SLOAN, Quasi-Monte
Carlo finite element methods for elliptic PDEs with lognormal random coefficients, Numer. Math., 131
(2015) pp. 329-368.

[.G. GranaM, F.Y. Kuo, D. NUYENs, R. SCHEICHL, I.H. SLOAN, Quasi-Monte Carlo methods for
elliptic PDEs with random coefficients and applications, J. Comput. Phys., 230 (2011) pp. 3668-3694.
Y. Gu, T. KoMmorowsKI, L. RYzHIK, The Schrodinger equation with spatial white noise: The average
wave function, J. Funct. Anal., 274 (2018) pp. 2113-2138.

J.H. HALTON, On the efficiency of certain quasi-random sequences of points in evaluating multi-
dimensional integrals, Numer. Math., 2 (1960) pp. 84-90.

P. HENNING, D. PETERSEIM, Crank-Nicolson Galerkin approximations to nonlinear Schridinger equa-
tions with rough potentials, Math. Models Methods Appl. Sci., 27 (2017) pp. 2147-2184.

J. Hu, S. JiN, D. Xi1u, A Stochastic Galerkin Method for Hamilton—Jacobi Equations with Uncertainty,
SIAM J. Sci. Comput., 37 (2015) pp. A2246-A2269.

S. JiNn, P. MARKOWICH, C. SPARBER, Mathematical and computational methods for semiclassical
Schrédinger equations, Acta Numer., 20 (2011) pp. 121-209.

O. KALLENBERG, Foundations of modern probability, vol. 2, Springer, 1997.

T. KACHMAN, S. FISHMAN, A. SOFFER, Numerical implementation of the multiscale and averaging
methods for quasi periodic systems, Comput. Phys. Comm., 221 (2017) pp. 235-245.

F.Y. Kuo, webpage, https://people.cs.kuleuven.be/ dirk.nuyens/qmedpde/

F.Y. Kuo, D. NUYENS, Application of quasi-Monte Carlo methods to elliptic PDFEs with random
diffusion coefficients-a survey of analysis and implementation, Found. Comput. Math., 16 (2016) pp.
1631-1696.

F.Y. Kuo, C. ScuwaAB, [.LH. SLOAN, Quasi-Monte Carlo methods for high-dimensional integration:
the standard (weighted Hilbert space) setting and beyond, ANZIAM J., 53 (2011) pp. 1-37.

F.Y. Kuo, C. ScHWAB, I.H. SLOAN, Quasi-Monte Carlo finite element methods for a class of elliptic
partial differential equations with random coefficients, STAM J. Numer. Anal., 50 (2012) pp. 3351-3374.
P. LEE, T. RAMAKRISHNAN, Disordered electronic systems, Rev. Modern Phys., 57 (1985) pp. 287-337.
CH. LuBicH, On splitting methods for Schrédinger-Poisson and cubic nonlinear Schrodinger equations,
Math. Comp., 77 (2008) pp. 2141-2153.

M. PirauUD, P. LucaN, P. BOUYER, A. ASPECT, L. SANCHEZ-PALENCIA, Localization of a matter
wave packet in a disordered potential, Phys. Rev. A, 83 (2011) 031603.

H. NIEDERREITER, Random number generation and quasi-Monte Carlo methods, STAM, 1992.

F. NoBILE, R. TEMPONE, C. WEBSTER, A sparse grid stochastic collocation method for partial differ-
ential equations with random input data, STAM J. Numer. Anal., 46 (2008) pp. 2309-2345.

D. NuvEeNns, R. CooLs, Fast algorithms for component-by-component construction of rank-1 lattice
rules in shift-invariant reproducing kernal Hilbert spaces, Math. Comp., 75 (2006) pp. 903-920.

A.S. Pikovsky, D.L. SHEPELYANSKY, Destruction of Anderson localization by a weak nonlinearity,
Phys. Rev. Lett., 100 (2008) 094101.



[45]

Z.

QUASI-MONTE CARLO FOR NLS WITH RANDOM POTENTIALS 29

L. SANCHEZ-PALENCIA, D. CLEMENT, P. LUGAN, P. BOUYER, G. V. SHLYAPNIKOV, A. ASPECT,
Anderson localization of expanding Bose-Einstein condensates in random potentials, Phys. Rev. Lett.,
98 (2007) 210401.

C. ScHwAB, R. TODOR, Karhunen—Loéve approzimation of random fields by generalized fast multipole
methods, J. Comput. Phys., 217 (2006) pp. 100-122.

[.H. SLoaN, F.Y. Kuo, S. JoE, Constructing randomly shifted lattice rules in weighted Sobolev spaces,
STAM J. Numer. Anal., 40 (2002) pp. 1650-1665.

[.M. SoBoL, On the distribution of points in a cube and the approrimate evaluation of integrals, Zh.
Vychisl. Mat. i Mat. Fiz., 7 (1967) pp. 784-802.

Y. Suzuki, G. SURYANARAYANA, D. NUYENS, Strang splitting in combination with rank-1 and rank-r
lattices for the time-dependent Schrédinger equation, STAM J. Sci. Comput. 41 (2019) pp. B1254-B1283.
J. SHEN, T. TanG, L. WANG, Spectral Methods: Algorithms, Analysis and Applications, Springer,
2011.

T. TAo, Nonlinear dispersive equations: local and global analysis, Amer. Math. Soc., 2006.

T. TanG, T. ZHou, Convergence analysis for stochastic collocation methods to scalar hyperbolic equa-
tions with a random wave speed, Commun. Comput. Phys., 8 (2010) pp. 226-248.

X. WANG, Strong tractability of multivariate integration using quasi-Monte Carlo algorithms, Math.
Comp., 72 (2003) pp. 823-838.

D. X1u, G.E. KARNIADAKIS, The Wiener—Askey polynomial chaos for stochastic differential equations,
STAM J. Sci. Comput., 24 (2002) pp. 619-644.

X. ZHAO, Numerical integrators for continuous disordered nonlinear Schrodinger equation, J. Sci. Com-
put., 89 (2021) 40.

WUu: DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF HONG KONG, POKFULAM ROAD, HONG

Kong, CHINA.

Z.

Email address: wuzz@hku.hk

ZHANG: DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF HONG KoNG, POKFULAM ROAD,

Hong Kong, CHINA.

Email address: zhangzw@hku.hk

X. ZHAO: SCHOOL OF MATHEMATICS AND STATISTICS & COMPUTATIONAL SCIENCES HUBEI KEY LAB-
ORATORY, WUHAN UNIVERSITY, WUHAN, 430072, CHINA

Email address: matzhxf@whu.edu.cn

URL: http://jszy.whu.edu.cn/zhaoxiaofei/en/index.htm



	1. Introduction
	2. Numerical method
	2.1. Dimension truncation and discretization
	2.2. Quasi-Monte Carlo sampling
	2.3. Main result

	3. QMC on the PDE
	3.1. Regularity in physical space
	3.2. Error of dimension truncation
	3.3. Regularity in parametric space
	3.4. Analysis of the QMC integration error

	4. Error of the scheme
	5. Numerical examples
	5.1. Convergence test
	5.2. Simulation of wave propagation

	6. Conclusion
	Acknowledgement
	Appendix A. Some useful tools for studying NLS
	References

