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EXACT CONTROLLABILITY AND STABILIZATION FOR LINEAR
DISPERSIVE PDE’S ON THE TWO-DIMENSIONAL TORUS

FRANCISCO J. VIELMA-LEAL AND ADEMIR PASTOR

ABSTRACT. The moment method is used to prove the exact controllability of a wide class of
bidimensional linear dispersive PDE’s posed on the two-dimensional torus T2. The control func-
tion is considered to be acting on a small vertical and horizontal strip of the torus. Our results
apply to several well-known models including some bidimesional extensions of the Benajamin-
Ono and Korteweg-de Vries equations. As a by product, the exponential stabilizability with
any given decay rate is also established in H (T?2), with s > 0, by constructing an appropriated
feedback control law.

1. INTRODUCTION

The controllability and stabilizability for the linear Schrodinger equation on higher dimensions
have been intensively studied during the last years, see for instance [9, [19] 23] [38],[46] and references
therein. When the problem is posed on a periodic domain, there are pioneering works on this
issue developed by the authors in [8 2], [32] for the linear and nonlinear Schrodinger equations in
dimensions 2 and 3 (see also [22]). However, as far as we know, there are a few works addressing the
problems of exact controllability and asymptotic stabilization for bidimensional linear dispersive-
type equations on a periodic setting. To the best of our knowledge, the only work dealing with
this problem for a different dispersive model is the recent one in [43], where the authors study
the internal controllability of a non-localized solution for the linear and non-linear Kadomtsev-
Petviashvili II equation.

As is well known, the first step to study the controllability of a nonlinear equation is to under-
stand the controllability of the corresponding linear equation. So, our main goal in this paper is
to investigate the control properties of a quite general class of linear dispersive equations on the
two-dimensional torus T? := R?/(27Z)2. More precisely, we are interested in the equation

O — 0 Lu =0, (x,y) € T? t € R, (1.1)
where u = u(x, y,t) denotes a real-valued function of three real variables x,y and ¢, and £ denotes

a linear Fourier multiplier operator. We assume that such multiplier £ is of “order” r — 1, for
some r € R, with » > 1. This means that the symbol b : 72 — R satisfies

Lu(k) = b(k)i(k), Vk = (ky, ky) € Z2, (1.2)
where @ stands for the (periodic) Fourier transform of u (see (2.2)), and
[b(k)| < Clk|™, (1.3)

for some positive constant C and |k| := \/k? 4+ k3 > Ny, for some Ny > 0. In view of the Parseval
identity, it is easy to see that L is a self-adjoint operator on L%(']IQ) (see Section [2| for notations)
and commutes with derivatives.

There are several models that fit in the abstract form . For instance, the bidimensional
versions of the Benjamin-Ono (BO) and Korteweg-de Vries (KdV) equations on a periodic set-
ting. Specifically, the 2D Benjamin-Ono (£ = H@)ay) and the Zakharov-Kuznetsov (£ = —A)
equations, where () denotes the Hilbert transform with respect to the z-variable and A is the
bidimensional Laplacian operator. More general equations can also be written in the abstract form
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, for example, the Benjamin-Ono-Zakharov-Kuznetsov (£ = H(*) 9, — 85) and the dispersion
generalized BOZK (£ = Dg — 83 ) equations, where D2 is defined for o > 0. As we will see below,
all these equations may be treated in a single way.

As usual, the idea to study the controllability of is to add a forcing term f = f(z,y,t) as
a control input. So, we shall consider the following non-homogeneous initial-value problem (IVP):

ou — 0 Lu = f, u(x,y,0) =ug(z,y), (r,y)€T? teR, (1.4)

for some suitable control f. Here, we will assume that f is acting on a small set composed by the
union of a vertical and a horizontal strip; this means, f is assumed to be supported on a set of the
form ((w; x T) U (we x T)) C T2, where w; and wo are small open intervals in T (see Figure [1).
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FIGURE 1. Region where the control f is acting.

Note that (1.1 conserves the total mass, that is, the quantity

[ ety dody
‘]1‘2

is conserved by any solution of (1.1). In order to keep the mass conserved in the control system
(1.4), we demand the function f to satisfy

/ f(z,y,t) dedy =0, VteR. (1.5)
T2

In this regard, we consider the control f of the form Gh, where h is a function defined in T? x [0, T
and the operator G : H3(T?) — H3(T?), s > 0, is defined in the following way: let g1 and go be
non-negative real-valued functions in C*°(T) such that

27G1(0) = /Tgl(x)dx _1, (1.6)

273(0) = / ga(y)dy = 1. (1.7)

Assume supp ¢1 = w1 C T and supp g2 = W C T, where w; = {z € T : ¢g1(z) > 0} and
we = {y € T : go(y) > 0} are open intervals. Now, we define the operator G as

G(9)(w,y) = g2(y) G1(9)(x,y) + g1(x) G2(9)(w,y), ¢ € Hy(T?), s >0, (1.8)

where
1 271'

W ¢($l,y)dxla (1.9)

Gl(d))(mvy) = %Qb(xay) -
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and
2

1 1
Ga(d)(2,y) = =02, y) — -3 o(x,y")dy'. (1.10)
27 2m)? J,

It is easy to see that G is linear and self-adjoint as an operator from Lf,(']IQ) into L%('HQ). In
addition, it is bounded in Hy (T?), that is, there exists a constant C' depending only on s, g1, and
go such that

IG(@)ls w2y < Clllargae)- (L11)

Since we are setting f = Gh, the function h can now be considered as the new control function
and for each t € [0,T] we have that (1.5)) holds.

Next, we specify the problems that we address in this work, which are fundamental in control
theory:

Exact controllability problem: Let s > 0 and 7" > 0 be given. Assume ug and u; belong to
H3(T?) with ug(0,0) = u1(0,0). Can one find a control input / such that the unique solution of
the initial-valued problem (IVP)

_ _ 2
{ﬁtu Oz Lu=G(h), (z,y) € T? teR, (1.12)

u(x,y, O) = Uo(ffay)»

is defined until time T and satisfies u(z,y,T) = u1(z,y), for all (z,y) € T??

Asymptotic stabilizability problem: Let s > 0 and ug € H, (T?) be given. Can one define a
feedback control law f = G(Kwu) for some linear operator K, such that the resulting closed-loop
system

(1.13)

Ou — 0. Lu = G(Ku), (x,y) €T?, teR,
U(l‘,y,O) = UO(xay)a

is globally well-defined and asymptotically stable to an equilibrium point as ¢ — +00?

Let us now describe our results. First, we state a result regarding controllability of equation
(1.12). Similar to the criteria in [47], the following results directly link the problem of controlla-
bility with some specific properties of the eigenvalues associated to the operator 9,L. To derive
our first result, we assume that 0, L has a countable number of eigenvalues which, except on the
coordinates axes, have finite multiplicity. Specifically, we will assume the following hypothesis
hold:

(H1) 0,Lx = iActbk, where ¥y is defined in (2.3)) and A\ = k1b(k), for all k = (ky, ko) € Z2.

The eigenvalues in the sequence {i\y }xez2 are not necessarily distinet and we need to distinguish
simple and multiple eigenvalues. Therefore, for each k’ € Z2, we set I(k') := {k € Z? : \x = A\ }
and m(k’) := #I(k’), where #I(k’) denotes the number of elements in I(k’). In particular,
m(k') = 1if iA\g is a simple eigenvalue.

(H2) For any k = (kq,ks) € Z?, A is even in the first variable and odd in the second one, it
means, Agk, k) = A=k ks)> A N(ky —ky) = —A(ky k) Furthermore, for any k = (k1, k2) €
72, with k; # 0, we have that the unique entire solution j, € Z of equation Ak gs) =
(k1 k) 18 Jo = ko. Also, for any k = (k1, ko) € 72, with ko # 0, the unique entire solutions
of equation A¢j, x,) = Ak, ko) are j1 = k1.

Assumptions (H1) and (H2) allows the eigenvalues iAx to have infinite multiplicity on the coordi-
nate axes. Also, it may occur that m(k’) — oo as Axyr — o (see Subsectionwhere a particular
example involving the 2D-BO equation is given). Both properties make the problem of exact
controllability associated to a great challenge and require us to find strong control functions
f acting not only on a small open subset of T? but on small subsets of vertical and horizontal
strips of the 2-torus (see Figure [1)).
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If we count only the distinct eigenvalues, we obtain a countable (maximal) set J C Z? and a
sequence { Ak }key, with the property that Ay # A\ for any k, k’ € J with k # k’. Now we are able
to state our first result.

Theorem 1.1. Let s > 0 and assume (H1) and (H2). Suppose that
v:= inf |Ax — M| >0
'eJ

Kk (1.14)
k#£k’
and define
"‘=sup inf Ak — M|,
K Scpj k,k’eJ\S' k= A (1.15)
k#£k’

where S runs over all finite subsets of J. Then, for any T > 277 and for each ug,u1 € Hy (T?) with
u6(0,0) = u1(0,0), there exists a function h € L*([0,T]; Hy(T?)) such that the unique solution u
of the non-homogeneous system

we (0.7 H(T2)

Oyu = 0, Lu+ G(h)(t) € H37"(T?), te(0,T), (1.16)

u(0) = up.

satisfies u(T) = uy. Furthermore,
12 o, mymgcreyy < v (Iluoll g + et g ) (1.17)
for some positive constant v = v(s,¢1,T).

Using symmetry, we can replace (H2) by the following hypothesis and still have a similar result
of exact controllability for system (|1.12)):

(H3) For any k = (k1, ko) € Z2, Ay is odd in the first variable and even in the second one, that
1S, AN(—ky k) = —Alkr ko) A0 A ko) = A(ky,—ko)- Furthermore, For any k = (ky, k2) € 72,
with k1 # 0 we have the unique entire solutions jo € Z of equation A, j,) = Ak, ,k,) are
jo = *ks. Moreover, for any k = (k1,ke) € Z2, with ko # 0 the unique entire solution
J1 € Z of equation A(j, k,) = Ak, k) 18 J1 = k1.

In this case, we denote by I the (maximal) subset of Z? such that the sequence { )\ }xer have the
property Ax # A\ for any k, k’ € T with k # k’. We now estate our second result.

Theorem 1.2. Let s > 0 and assume (H1) and (H3). Suppose that

= inf |[Ax — M| >0
7= b = A (1.18)
k£k'
and define
"‘=sup inf |k — A,
V=D gl e Al (1.19)
Kk£k/

where S runs over all finite subsets of I. Then, for any T > %/—’,T the same conclusions of Theorem

[Z1 hold.

The idea to prove Theorems|[1.1]and[L.2]is to use the moment method (see, for instance, [40,47]).
Combined with a generalization of Ingham’s theorem (see [I7]), the construction of the function
h reduces in analyzing the solutions of an algebraic equation or system of equations.

Remark 1.3. Note if A € Z, for all k € J (or I), then we always have v,7’ > 1. This situation
occurs, for instance, when £ is a differential operator. See Section [f] for some examples.

Attention is now turned to our stabilization result. Choosing an appropriate linear bounded
operator K one is able to show that the resulting closed-loop system is exponentially stable with
an arbitrary exponential decay rate. More precisely,
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Theorem 1.4. Let g1, g2 be as in (1.6)-(1.7) and let s > 0, and X > 0 be given. Under the
assumptions of Theorem or Theorem there exists a bounded linear operator Ky from
H3(T?) to H3(T?) such that the unique solution u of the closed-loop system

u € C([0, +00); H3 (T?)),
dyu(t) = . Lu(t) + GKu(t) € H3 "(T?), t>0, (1.20)
U(O) =ug € H;(T2)7

satisfies
JaCer ) = (0, 0) L5 ey < Me tg — (0, 0) 75z,
for allt > 0, and some positive constant M = M (g1, ga, A, S).

Remark 1.5. Using a simple feedback control law Ku = —G*, where G* denotes the adjoint
operator of G, we can prove that the closed-loop system (|1.13)) is exponentially stable in L%(’]Tz)
for some exponential decay rate by using similar arguments as in [37, Theorem 5.4] (see also
[25], [41]).

The paper is organized as follows. In Section [2] we introduce the basic notation and review
some definitions related to periodic functions. In Section [3|we just prove the well-posedness of our
associated IVPs. Theorems[I.1 and [I.2]is then proved in Section[d Section [f]is dedicated to prove
the stabilization result. Finally, in Section [6] we apply our results to prove the exact controllability
and exponential stabilization for some well known models.

2. PRELIMINARIES

In this section we introduce some basic notation and summarize some important results related
with the theory of distributions on the two-dimensional torus (2-torus, for short). We will use k
and j for generic points (k1, k2) and (41, j2) in Z2. For multi-indices a = (a1, a2) and B = (B, 32)
in N2 we say that 8 < o if and only if 3; < «, @ = 1,2. Also, we define a! = alas! and
|a| = a1 + ag. Given two vectors x = (71,%1) and x’ = (29, y2) in R?, x-x’ = 2129 +y1y2, denotes
the usual inner product. Also, |x| denotes the usual Euclidean norm of x.

2.1. Distributions on the 2-torus. Here we recall some aspects of the Fourier analysis on the
torus as well as some properties of the periodic distributions. The details may be found in [T}
Chapter 3]. The space of test functions on the 2-torus is the space C°°(T?) of all C*° functions
that are 2m-periodic in every coordinate. The topology generated by the family of semi-norms
sup | D f(x)| allows one to see C°°(T?) as a locally convex topological space. We denote by G(Z?)
the space of the rapidly decreasing sequences on Z? of all complex-valued sequences p = {bacteze
such that

> k| || < o0, for all multi-index o € N2, (2.1)
kez?

Recall that k& = (ky, ko)(@192) = k01 k52, The space G(Z2) is a Hausdorff locally convex topolog-
ical space with the topology induced by the family of semi-norms

[14lloo,a == sup ([k*| [pcl)
keZ?

where o ranges over all multi-indices in N2. The dual spaces of C°°(T?) and G(Z?) under these
topologies are denoted by D’(T?) (the space of all distributions on T?) and G’'(Z?) (the space of
sequences with slow growth on Z2), respectively. C°°(T?) is dense in D’(T?) and we can define
the usual operations of differentiation, translation, reflection, convolution and multiplication. The
Fourier transform of u € D'(T?) is the sequence {U(k)}, o2 defined as

u(k) = ﬁ (u,e™™ ) k= (k1, ko) € Z%, x = (2,y) € T?, (2.2)
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where (-,-) denotes the pairing between D’(T?) and C*°(T?). The map " : D'(T?) — G'(Z?) is a
linear bijection with inverse ¥ : G/(Z?) — D'(T?) (the inverse Fourier transform) defined by

n={m}rez — 0" (x) := Z e €%, ¥V x = (z,y) € T?,
kez?

where the series converges in the sense of D'(T?).
Recall that LZ2(T?) (the standard space of square integrable 27-periodic functions) with complex
inner product

(1:0) sy = [ ol y)dody
T2
is a Hilbert space. If u € L2(T?) then
~ 1 Cikex
u(k) = W ~/1r2 e~ Xy (z, y)dzdy.

2.2. Sobolev spaces and Fourier series. (See [45, Chapter 3 & 4]) In this subsection we will
introduce the so-called Sobolev spaces of L?-type on the 2-torus. Given s € R, the (periodic)
Sobolev space of order s is defined as

Hy(T%) 1= { = 3 k) € € D(T)lulldy oy = (20 3 (14 KPR < oo}.

keZ2 kezZ2

The space H3(T?) is a Hilbert space endowed with the inner product

(u, ) gz (r2) = (2m)? >+ |k)*ak) o(k), ve Hy(T?), u e Hy(T?).
kezZ?

For any s € R, (H3(T?))’, the topological dual of H3(T?), is isometrically isomorphic to H, *(T?),
where the duality is implemented by the pairing

<UaU>H,;~‘(11'2)><H;(11‘2) = (2m)? Z u(k) v(k), for allv € H3(T?), uc H,*(T?).
kez?

If 51, 53 € R with 51 > s then H3'(T?) < H$*(T?), where the embedding is dense. Also HJ(T?)
is isometrically isomorphic to L2(T?).
It is well-known that any distribution v € H, (T?), s € R, may be written as

where the limit is taken in the sense of D’(T?), S;(u) is the I-th partial sum of the Fourier series
associated to u, defined by

Si(u)(x) :== 27 Z u(k)x,

k=(ky,k2)€Z”
k| <i

and {9k} cz» is a complete orthonormal sequence in L2(T?) (see [II, Chapter 3 & 3.1]) formed

by the complex-valued functions

Y(x) = —e** ke 2% x = (z,y) € T (2.3)
T

3. WELL-POSEDNESS

Before establishing our main result concerning the exact controllability a we need a well-
posedness theory associated with (1.1). The following result states the well-posedness with initial
data in H3(T?), s € R.



CONTROL AND STABILIZATION FOR LINEAR DISPERSIVE PDE’S ON T2 7

Theorem 3.1. Assume L satisfies (1.2))-(1.3). Then for any and ug € H;(Tz), s € R, the IVP
u € C(R; H3(T?)),
Owu = 0, Lu € H;*T(’JIQ), teR, (3.1)
u(0) = uy,

has a unique solution.

Proof. This follows from the standard semigroup theory. For the sake of completeness we bring
some steps (see for e.g. [3] 13, B36] for more details). We consider 0,L : D(9,L) C H*~"(T?) —
H*7"(T?), where D(9,L£) = H®(T?). Note that D(9,L) is dense in H*~"(T?) and, using the
definition of 9, L and the properties of the Fourier transform, we see that it is skew-adjoint, that
is, for any ¢, € H*(T?),

(0L, V) pror 2y = = (03 02LY) prav (2 -

Hence, by Stone’s theorem it follows that 0, L generates a strongly continuous unitary group of
contractions, say, {U(t)},cg on H*~"(T?). Theorem 3.2.3 in [3] now implies the desired result. [

Remark 3.2. Using the Fourier transform, we may deduce that the unique solution given in The-
orem [3.1] satisfies -
u(t)(k) = e*F1PMM5(k), k= (ki ko) € Z2,

or by taking the inverse Fourier transform,
, v
u(t) = (emlb(k)tﬂa(k)) , teR.

It means that
t) — Z eiklb(k)taa(k)eik'x7 . (m7y) c TQ,
kez?
must be the unique solution of IVP (|1.1]) with initial data ug € H; (T?), where the series converges
in the sense of D’(T?). In particular, the unitary group U(t) is given by

. \4
to Ut)p i= el = (MP0915(0) ), k= (ka,ke) € 22,

in such way that the solution of IVP with initial data ug € Hj(T?), becomes u(t) = U(t)uo,
for any ¢ € R. Also, recall that accordlng to [, Corollary 3.2.6] the adjoint operator U (t)* of U(t)
is linear bounded and satisfies U(t)* = U(—t), for all ¢ € R.

Next, we deal with the well-posedness of the non-homogeneous linear problem ((1.12)). The
following lemma is needed.

Lemma 3.3. Let s >0 and G be defined as in (L.8]). Given any T > 0, the operator
G+ L*([0, TT; Hy(T%)) — L*([0,T]; H(T?))
is linear and bounded.

Proof. Tt is clear that G is linear. In addition, for any h € L*([0,T]; H3(T?)), it follows from

[CTT) that

T
IGHIE o raceny = | IGR() eyt

T
< 02/0 ||h(t)||%1;(1r2)dt
= 02||h||2L2([o,T];H;(1r2))a

which yields the desired. O

Theorem 3.4. Let T > 0, s > 0, ug € H5(T), and h € L*([0,T}; H3(T?)). Then there exists a
unique (mild) solution u € C([0,T]; H3(T?)) of the IVP (L.12).
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Proof. As in the proof of Lemma we infer that Gh € L'([0,T]; H3(T?)). Corollary 2.2 and
Definition 2.3 in [36, Chapter 4] imply that

¢
u(t) =U(t)up + / Ut —t")Gh(t")dt
0

is the unique (mild) solution of

ue C([0,T]; Hy(T?)),

dyu = 0, Lu+ Gh(t) € H:"(T2), t € (0,T),

u(0) = up € H3(T?),
which in turn provides the solution of (1.12)). O

4. EXACT CONTROLLABILITY RESULTS

This section is devoted to prove Theorems[I.1]and[I.2] as an application of the classical moment
method (see [40]). Before starting with the results, note that by replacing u; by u; — U(T)ug if
necessary, we may assume without loss of generality that ug = 0. Consequently, in view of our
assumptions, we may assume u7(0,0) = ug(0,0) = 0.

Let us start by writing the terminal estate u; € Hj(T?) as

) = 3 TR = 2r 3 @) (), (4.1)
kez? kez?
where the series converges in the distributional sense and vy is defined as in (2.3). Next result
characterizes the exact controllability of the linear non-homogeneous system q& . The idea of
the proof is similar to that of [37, Lemma 4.1], passing to the frequency space when necessary; so
we omit the details.

Lemma 4.1. Let s >0 and T > 0 be given. Assume uy € H3(T?) with u;(0,0) = 0. Then, there
exists h € L*([0,T]; H3(T?)) such that the solution of the IVP (L.16) with initial data uo = 0
satisfies uw(T) = uy if and only if

T
/0 (Gh(- 1), (-, 'at)>H;(1r2)x(H;(1r2))/ dt = (ui (), o, ‘)>H;(T2)X(H;(1r2))/ ) (4.2)
for any g € (H;(’]I‘Q))', where ¢ is the solution of the adjoint problem

peC(10,1]: (H(T2)'),
Oup = 0, Lep € H*~"(T2), >0, (4.3)
¢(T) = «o.
The following characterization to show the existence of control for the linear system (with
initial data ug = 0) is a direct consequence of Lemma It provides a method to find the control

function h explicitly. For a proof in a very similar situation, we refer the reader to [47, Lemma
4.3].

Corollary 4.2 (Moment Equation). Let s > 0 and T > 0 be given. If uy is written as in (4.1)
and satisfies u1(0,0) = 0, then the solution of (1.16) with initial data ug = 0 satisfies u(T) = uy
if and only if there exists h € L*([0,T]; H3(T?)) such that

T
/ (Gh(-, 1), e T (. -)) ooy =27 0), V= (1, ko) € 72, (4.4)
0

where A\ = k1b(k).

With Corollary in hand, we see that in order to prove Theorem (for instance) we only
need to construct a control function h satisfying relation . Before that, we need two additional
results. The first one, gives some properties of how the operators G; and G2 behave at complex
exponential functions.
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Lemma 4.3. For G; and Gy as in (1.9)-(1.10), define

. — 1 27 iy )
mP* = Gy (eli®) (k) = Py Gi(e")e ™ dy,  § k€ Z, (4.5)
0
) — 1 [27 g .
mi* = Gy(eiiv) (k) = o Ga(e"Y)e ™ dy,  j k € Z. (4.6)
0
Then
(i) m&® =0, forall j € Z and n =1,2;
(i) mO* =0, for allk € Z and n = 1,2;
(iii) m%0 =0, forn=1,2;
(iv) If j,k € Z with j # 0 and k # 0, then
mik = o5 ifj =k, (4.7
0, ifj#k,
forn=1,2.
Proof. The proof follows by direct calculations. O

The second result, gives the existence of a biorthogonal basis with respect to {e= <!} 7.

Lemma 4.4. Let H := span{e~ ! : k € J} in L*([0,T]). There exists a unique basis {qi hxey C H
such that

T
(e—i/\kt , Qk’)H _ / C_MktW(t) dt = Sy, k, K e J, (48)
0

where ki represents the Kronecker delta.

Proof. The proof is quite well-known by now (see, for instance, [25, Theorem 1.3] or [47, Thorem
1.3]). The main idea is to use Ingham’s Theorem (see [I7, Theorem 4.6, pag. 67]) to show that
{e7"xt}y 7 is a Riesz basis of H. Then, the existence of the biorthogonal basis follows from the
standard theory in Hilbert spaces (see [12]). O

We are now able to show the main results of this section regarding exact controllability.

Proof of Theorem[I.1, We prove this Theorem in three steps. Recall, we are assuming u1(0,0) = 0

in .

Step 1. Construction of h.

Let {qx }xey be the sequence obtained in Lemma As a first step we will extend the definition
of gy for all k € Z2. We do this following the rule: given k € Z? we know that there exists k’ € J
such that A\ = Ay, so we define

qk(t) = qk’ (t), t c [0, T} (49)
The control function h is now defined as

h(z,y,t) = > by g5(0) v(z,y), (z,y) € T?, (4.10)

jez2
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for suitable coefficients h;’s to be determined later by using the Moment equation. Therefore, we
note that for any k = (ki1, ka) € Z? the left-hand side of (4.4) can be rewritten as

(G, g, ), Ty (a,y) )

L2(T2)

~
Il
o\ﬂ

T
- / Z hJQJ % €z yvt)7 77‘Ak(T?t>¢k(I7y) dt
0

jez?
J L2(T?)

T
Sty [ @@ T (G 0). )

jEZ2

—.

0
T
= Sy e | [N G dt | (G0 ), ) e
jez? 0

where
z]gy i ezklz ikay
(G(wj)(xvy)a 7/’k($ay))L2(qr2) = 92(9) Gl( n )y ———
2 ) e
eijla: - eiklzeikzy
+ <g1(x) Ga(e'?Y), >
21 2 £2(T2)
3 . 1 2 ij1x\ —tkix
= g2(y) (k2 — Jj2) o Gi(e"'")e” " dx
™ Jo
— 1 (27 g .
@ - (5 @(emy)e*wdy)
™ Jo
— G2(y) (ks — j2) mP"** 4 gy (@) (ky — 1) mi".
Hence,

T
I = Z hj e MT / — ikt ( ) dt gz(y)(kz _ ]2) J1 k1
0

jez?

. (4.11)
# 3 by et | [ e G e | ante) - )
jez? 0

with mJn-*» defined as in (4.5)-(4.6) for n =1, 2.

Step 2. Construction of the coefficients hj;.
First of all, note that in order to prove the first part of the theorem, identity (4.11)), Lemma
(ii), and Corollary [4.2] yield that it suffices to choose h;’s such that

T

2ﬂa(k) _ Z hj ei)\kT /eii)‘kt@dt ( )(k27‘72) J1 k1
JEZ* XL 0 412
. (4.12)
b Y hye ([ e Gt ) e~ ) mf
JEZLXTL* 0

for all k = (ki, ko) € Z?. Recall that Z* = Z \ {0}.
We will now show that we may indeed choose hj;’s satisfying (4.12). To see this, first observe
that, since u3(0,0) = 0, part (i) in Lemma implies that (4.12)) holds for (k1,k2) = (0,0)
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independently of h;’s. In particular, we may choose h(o 0) = 0. Next, from Lemma (i)-(iv), if
k= (ki,ko) € Z? with ky # 0 and ko = 0, we see that (| reduces to

T

nilh,0)= 37 hyetenot | [ et ) i) o)) mp
JEL* XZL 0 il
T (4.13)
= hipy gy €20107 /efu(’“l"))tmdt 9o (y) (—j2) my*r.
J2€Z s

According to (4.8)-(4.9), all terms of the series on the right-hand side of (4.13]) is zero, except for
those jo € Z such that

Alki,j2) = A(k1,0)-
In view of hypothesis (H2), this holds only for jo = 0. Hence,

— ; — 1
2 (11, 0) = e, ) €07 g2(0)(0) - (1.14)
and, in view of (1.7)),
hry,0) = (27)%u (K1, 0)e ™A 0T, (4.15)

Similarly, from Lemma ([.3)) (i)-(iv), if k = (k1, k2) € Z? with k; = 0 and ks # 0, we see that
(4.12) reduces to
T
211 (0, k) = > hijy k) €027 /e_i’\(o"”)t GG k) (8) dt | gr(@) (=) m5>*2. (4.16)
J1E€EL 0
In view of hypothesis (H2), we see that A(;, x,) = A(0,k,) only for j; = £0. Hence, from (4.8))-(4.9)),
and (1.6)) we deduce that

— ; — 1
211 (0, k2) = hio k) €271 (2)(0) o (4.17)
T
or, equivalently,
hoks) = (2m)%01(0, kz)e” AT, (4.18)

Finally, if k = (k1, ko) € Z* with k; # 0 and ke # 0, we get from (4.12) and Lemma ([4.3) (iv),
that

T
27Tu/\1(k17 /{32) = Z h(kl,jz) etk T /e_p\(kl'b)t q(kl,jz)(t) dt /(\)(kQ —j2)m khlﬂ
J2€Z 0
T
+ Z h(jl,kfz) etk k) T /e—”\(h,kz)t q(jl,kz)(t) dt g1(x)(k1 —j1)m kmkz
J1EZ 0

(4.19)

According to (4.8)-(4.9)), all terms in the sums are zero, except the ones where the entire variables
71, J2 solve the following equations:

)‘(khjz) = )‘(kl,kz)’
Alika) = Akr ka)-
In view of hypothesis (H2), we have the solutions jo = ko and j; = %k;, respectively. Hence,

1

2707 (K, ko) = Ry gy €015 T go () (0) ot Piter y) €215 gy (2)(0) o
1

- (4.20)
—+ h(*khkz) eZ)‘(kLkz)Tgl(x)(le) 57
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or, equivalently,

(2m)2e P T (i ko) = ity (92(0)(0) + 91 (2)(0)) + Ry k) 1 (@)(2h1). (4.21)

Note that in the left-hand side of (4.21) appear the coefficients h, x,) and h(_, r,); S0, in order
to determine them we will couple (4.21)) with another equation. To do so, observe that

T

27’(@}(71@1, ]{32) = Z h(—kl,jz) eiA(—klvkz)T /671‘)‘(—’“1»’“2)75 q(—kl,jz)(t) dt gg(y)(kg 7]2) m;kl’ikl
J2€7Z 0
T
+ Z h(j],kz) eiA(—h,kz)T /eii/\(—h,kz»)t Q(jl,kg)(t) dt gl(x)( kl 7‘71) kQ’kQ
J1EZ 0

As before, from (4.8])-(4.9)), all terms in the sums are zero, except the ones for which ji, jo solves
)‘(*klyjz) = )‘(*klakz)’
Al k) = A(—kyka)-

In view of hypothesis (H2) again, we must have jo = ks and j; = Fk;. Hence,

2707 (=K, k2) = h_py 1y €2 F152T go(3)(0) o F Aoy k) €7 FR T gy (2)(0) o

) — 1
+ h’(kl’kz) EZA(’klka)Tg1($)(—2]€1) %’

or, which is the same,
(2m)2e N mm TG (i ko) = Bty k) (920)(0) + 91(2)(0)) + Py ki 91(@)(—2h0). (4.22)
It follows from and (4.22) that we must solve the linear system
mhxﬂ(@<>m»+m<xm)+hhhkﬂéﬂaem»:@wfa”wwﬂﬁa@hbx
Btk (920)(0) + g1(@)(0)) + by ko) 91(2)(~2k1) = (2m) 26Nk TGy (<, k).

To see that such a system has a (unique) solution, using (1.6])-(1.7), we may write it as

1 —
- gl(x)(2k1) h(k ko) 2 M(kl k2>T’Uf1(k17k2)
/\ﬂ— 1 12 :(271—) 77,/\ kq .k T
gl($)(_2k’1) h(*kl,lm) Y G Ry
If we set
1 —
- g1(z)(2k1)
M = /\ﬂ— 1 )
91(x)(—2k1) -
then

1 — —_— 1 — 2
det(M) = — = g1(2)(2k1) 91(2) (2h1) = 5 — |g1(x)@k0)| =+ di.
Now, observe that since g; is a non-negative function, from (|1.6)), we deduce,
e~ 1 27 1
@ @k)| < 5= [ gr@)de = .
T Jo 2m

Hence,

1 1 3
di, >

T ae e el
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and the matrix M is invertible with

1 _ g1 (LU) (2/€1 )
md, dp,
M= : (4.23)
_gl(a?)(—le) 1
dk1 7Tdk1

This implies that the above system has a solution and, in addition, there exists a constant D,
independent of k1 € Z*, such that
M~ < D,

where ||M 1| is the Euclidean norm of the matrix M 1.

Step 3. The function h defined by (4.10) with A o) = 0, h(x, 0y given by (4.15), h(o,x,) given by
(4.18), and Ay, x,) given as the solution of

h(khkz) _ -1 (27T)2eii/\(k1)k2)TﬂI(kla kQ) * *
(h(—kl,kz) =M (2726~ Ak Ty (—hy, Kp) ) for all (k1,ke) € Z* x Z*. (4.24)
belongs to L*([0, T]; Hj(T?)).

Indeed, recall from Lemma that {gx }xey is a Riesz basis for H. Thus, from [12] Theorem
7.13] and the definition of i, k € Z? it follows that {qi }xez> is a bounded sequence in L%([0, T).
Hence, in view of (4.10)), we deduce the existence of a positive constant C' such that

T
Al o gy = 3 (1 KD Vind? [ facle) e
kez? 0

<O Y (14 k)|

kez?
=C Y (14 (k1,0)))* ey ) (4.25)
ki1€Z*
+C Y (L41(0, k) )** oo,k |
ko€Z*

+C S Ik k) g e

(k1,k2)€Z* X Z*

From , we infer that
oy 2 < IMTHP@m)* ([ (R, ko) P + [0 (=Ko, k2)?) V(K ko) € 27 < 27
Therefore,
(L4 [k k2) ) Vhry oy P < D2 (2m) (14 [ (R, o) ) [a1 (ke ko)

D1+ h k) Pk kP,
for all (k1,k2) € Z* x Z*. Thus, identities (4.15)), (4.18) and (4.26) imply
Hh||%2([o,T];H;(1r2)) < C(27)° Z (1 + |(k1,0))**[uz (K1, 0)[?
Ky €Zr
+C@2m)° Y (14 1(0, k))** [u1(0, ko)
ket (4.27)

+202m)'D* Y (L (ko) )Pk ko) P
(kl,kz)GZ* X L*

<2y (1 [k [ k))%
kez?

where 12 = 3max{C(27)%,2C(2r)*D?}. Since u; € Hj(T?) the above series converges. In addition
(1.17) holds (recall ug = 0). This completes the proof of the theorem. O
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The proof of Theorem is very similar with minor modifications, so we omit the details.

Corollary 4.5. Assume s > 0. Under the assumptions of Theorem[I.1] or Theorem[I.3, for any
T > %{—7, there exists a unique bounded linear operator
. s 2 s 2 2 . s 2

B - H(T2) x H3(T%) —s L2((0,T); H3(T?))

(ug, u1) — ®(ug,u1) =: h
such that ’

w = U(T)ug +/ UT = )(G(®(uo, u1)))(-, -, 5)ds
0
and
@ (w0, ur)ll 20, 1); 5 (w2)) < Vv (HUOHH;(Tz) + ||u1HH;(1r2)) ;

for some positive constant v.

Remark 4.6. The constant v in Corollary depends only on s, g1 and T (resp. s, g2 and T')
under assumptions of Theorem (resp. Theorem [1.2)).

Corollary 4.7. Let s > 0. Under assumptions of Theorem or Theorem for any T > i—’f
there exists § > 0 such that

T
| IG U Gl Ot = 2101y Vo € HT) (4.28)

where the constant § depends only on s,g1, and T (resp. s,g2, and T) under assumptions of
Theorem (resp. Theorem .

Proof. This is a consequence of the Hilbert Uniqueness Method (HUM) due to J.-L. Lions [27].
Actually, as is well known, the exact controllability is equivalent to the observability inequality
(4.28). See for instance [28, Theorem 2.3] or [39, Theorem 2.4]. O

Remark 4.8. If v/ = 400, then Corollaries [4.5| and |4.7] are valid for any time 7" > 0.

5. STABILIZATION RESULTS

In this section we prove the exponential stabilization result stated in Theorem First, we
show if K is a bounded operator in H3(T?) then system (L.13) is globally well-posed in Hj(T?),
s> 0.

Theorem 5.1. Let ug € H3(T?), s > 0. Then the IVP ([L13)) has a unique (mild) solution

w e ([0, 00); H(T2)).
Proof. We know, from Theoremm that operator 0, L, with domain H5*+" (T?) is the infinitesimal
generator of a unitary group in H;(T?). Hence, it also generates of a Cy-semigroup {U(t)},-
We also know that GK is a bounded linear operator on Hj(T?). From the semigroup theory (see
[36, page 76]), we get that operator 9, L+ GK, which is a perturbation of 9,,L by a bounded linear

operator, is the infinitesimal generator of a Co-semigroup, say, {1'(t)},>, on H3(T?). Consequently,
(1.13) has a unique mild solution. O

Proof of Theorem[I.]} The well-posedness of IVP (1.20) is given by Theorem[5.1 Then, Theorem
[1.4]is a direct consequence of Corollary [.7]and the classical principle: Exact controllability implies
exponential stabilizability for conservative control systems (see [28, Theorem 2.3-2.4] and [44]
Theorem 2.1]). Actually, according to [44] one can choose

K\ =—-G"D;},

where, for some T > i—’f,

T
Dr¢ = / e AU (=1)GGU(—7)*¢p dr, Vo € HS(T?), (5.1)
0
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and U (t) is the Cy-semigroup generated by 9, L. O

6. APPLICATIONS

In many situation, internal waves arise due to the gravitational effects, at the interface of two
layers in a stratified fluid. Several theoretical models exist which govern the evolution of long
internal waves with small amplitudes in such cases. When the height of the heavier fluid is much
larger than that of the upper layer, the motion is described by the Benjamin-Ono equation (BO)
121 B5]:

O — HO2u +udu=0, z €R, t >0, (6.1)
where H denotes the Hilbert transform. Equation may also be viewed as a general model for
the propagation of weakly nonlinear long waves incorporating the lowest-order effects of nonlinear-
ity and non-local dispersion and it turns out to be important in many others physical situations
(see, for instance, [7, 14} 29]).

On the other hand, when the total depth of the a fluid is very small, the motion is governed by
the Korteweg-de Vries (KdV) equation

Opu+ BPu+udyu=0, x€R, t >0, (6.2)

derived in [I8] as a model for the propagation of long one dimensional surface gravity waves with
small amplitude in a shallow channel of water. The KdV equation has a very rich structure from
the mathematical point of view and it has also been derived in several other physical context (see,
for instance, [1]).

In both situations above, when transversal effects must also be considered, the resulting equa-
tions are bidimensional. Hence, in this section, we present some particular examples of bidimen-
sional dispersive PDE’s, where the general control theory developed in this work can be applied
to their linear counterpart.

6.1. The Zakharov-Kuznetsov (ZK) equation: One of the most accepted generalization of
the KdV equation in two dimensions is the Zakharov-Kuznetsov (ZK) equation:

Opu + O, Au + udyu =0, (x,y) € R?, ¢ >0, (6.3)
where A denotes the bidimensional Laplacian, that is, A = 92 + 85. Equation (6.3) models ion-
acoustic waves propagating in a low-pressure magnetized plasma. It was derived in [48] where the
existence and stability for circularly symmetric soliton solutions were established. Questions of
local well-posedness for (6.3) in the Sobolev spaces H?®(R?) may be found, for instance in, [10],
[16], [24], [34]. The initial-value problem posed on the two dimensional torus was studied in [26].
In addition, in [33] the authors addressed the exact controllability of the linear ZK equation on a
rectangle with a left Dirichlet boundary control by using the flatness approach.

Here we address the exact controllability associated with the linear equation
Owu + 0, Au= Gh, (z,y)€T?, t>0,
u(z7y70) = Uo(l'7y).
In order to set (6.4) as in (L.4)), we define £ = —A so that
b(k) := |k|? = k? + k3, for allk = (ky, ko) € Z2,
and the eigenvalues of 9,L are i\, with
M = kib(k) = kp (k3 + k32).

(6.4)

Clearly,
|b(k)| < |k|?, for all k = (ki, k) € Z2

and (1.3]) holds.
Also, it is easy to check that (H3) holds and the value of v in (1.18) is equal to 1. Note that,

if n € N, then A(a2n g) — 00, A(1 28n) — 00, as n — 00 and A(g2n o) 7# A(1,23n) With
[A@2n0) = A1 08m)| = 27" =1 —2%"| = 1.
Hence, +' defined in (|1.19) is also equal to 1.
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Applying Theorem we conclude that system (6.4]) is exactly controllable in any time T > 27
in the Sobolev space H;(']T?) with s > 0, where the control function h is given by (4.10]). Also,
Theorem holds and the system (6.4]) is exponentially stabilizable with any decay rate A > 0.

6.2. The 2D Benjamin-Ono (2D-BO) equation: In this subsection, we consider a two-
dimensional extension of the BO equation, which reads as

du—HDO? u+udyu=0, (x,y) e R? t>0, 6.5
Yy Y

where #(®) denotes the Hilbert transform with respect to the z-variable, that is, via Fourier
transform,

H@u(E,n) = —isng(&)u(€,n), (&) € R

From the mathematical point of view, local and global well-posedness for have been studied
in [30] and [31].

The control equation associated to the linear part of on the periodic setting reads as
follows:

Opu — ’H,(I)aiyu = Gh, u(z,y,0) =uo(x,y), (v,y) €T t>0. (6.6)

In this case the operator £ takes the form £ = ’H(””)ay, where the Hilbert transform #H(*) in the
frequency space is given by

—

H@u(ky, ko) := —i sng(k1)u(ky, ko), k = (k1, kg) € Z2.
Therefore,
b(k) = ko sgn(k),
and the eigenvalues of operator d,L have the form i\ with
M := ki1b(k) = |ki|ko, k€72 (6.7)

In what follows we shall show that Theorems and [T.4] can be applied to prove that is
exactly controllable in any time T > 27, and exponentially stabilizable with any given decay rate
in the Sobolev space H, (T?), s > 0. Indeed, first of all note that

[bk)| < k|, k€22
and (1.3)) is true with » = 2. From (6.7) it is clear that (H2) holds. Additionally, for any k, k" € J,

i — M| = ‘|k1|k2 R K] > 1

Also, note that, if k; — oo then A\, 11,1) = 00, A, ,1) — 00, and (g, 11,1) # Ak, ,1) With
Mkt = A | = [hr 4 1] = [kl = 1.
Therefore, v and +" defined respectively by (1.14) and (L.15)) are, in this case, equal to 1. The

result follows as desired.

6.3. The Benjamin-Ono-Zakharov-Kuznetsov (BOZK) equation: Another model that may
be seen as a two-dimensional extension of the BO equation is the so called BOZK equation:

Ou — H W2 + 9,00u+udu =0, (z,y) € R? t>0. (6.8)

The equation in was introduced in [20] [I5], and it has applications to electromigration in
thin nanoconductors on a dielectric substrate. Local and global well-posedness for the Cauchy
problem associated with in Sobolev spaces was studied, for instance, in [4], [B], and [42].

In this subsection we investigate the control and stabilization properties of linear BOZK equa-
tion:

O — HP2u + 9,02u = Gh, u(z,y,0) =uo(z,y), (z,y) € T? ¢t > 0. (6.9)
Here, we consider the operator £ defined in (1.4) as £ := H®)9, — 5‘5. Therefore,
b(k) = |k1| + k%v k = (klka) € Z27

and
Ib(k)| = |k1| + k3 < k| + [k|> < 2|k|?, for all k € Z2.
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The eigenvalues of operator 9, L are i\, with
Ak 1= klb(k) = kl(‘kﬂ + k‘%)

Next, we shall verify that (H3) holds. We easily check that Az, ) = Ak, k) a0d A(_p, 1y) =
—A(ky ko) for all (ki,ko) € Z2. Also, for (ky,kg) € Z?, with ki # 0, it is clear that the unique
entire solutions of the js-equation

Akrrja) = Akakn) = k1j3 = k1k3,
are jo = tko. On the other hand, for (k1,ke) € 72, with ky # 0, we analyze the entire solutions
of the ji-equation
Aiirka) = Akiks) <= 1(l01] +k3) = ka([ka] + k3),
which can be rewritten in the following form

giliil = kalki] + k3 (1 — k1) = 0. (6.10)

It is enough to assume k; # 0, because the unique solution of with k; = 0 is clearly j; =0
and the desired result follows. Immediately, we observe that j; and k; should share the same sign.
To see this, it suffices to note that the expression on left-hand side in is strictly positive
if j1 > 0 and k1 < 0 and strictly negative when j; < 0 and k; > 0. Therefore, to solve equation
with k1 > 0, we may assume j; > 0 to see that it is equivalent to

(j1 — k1) (G + k1 +k3) =0,
from which we obtain that the unique entire solution is j; = k;. Similarly, when k; < 0, equation
(6.10) is equivalent to

(1 — k1) (—jr — k1 + k3) =0,
and again the unique entire solution is j; = k1. Consequently, (H3) holds.

Finally, we note that v given by is equal to 1. In addition, by taking A, oy and A¢ ;)
for any 0 < k; € Z we easily verify that A, o) — 00, A(1,k,) — 00 as k1 — 0o and Ay, 0) # A(1,k1)
with

IAk1,0) = Ae)] = 1.
from which we infer v/ =1 (see ) Thus, we can apply Theorems and to deduce that

system is exactly controllable in any T > 2m, and exponentially stabilizable with any decay
rate in the Sobolev space H, (T?), s > 0.

6.4. The dispersion generalized Benjamin-Ono-Zakharov-Kuznetsov (dgBOZK) equa-
tion: To finish our applications, we shall consider the dgBOZK equation

Oru — DY Ou + @ﬁgu +udpu =0, (z,y)€R? t>0, (6.11)
where a > 0 and DY is defined via Fourier transform as D/g\u(f,n) = [£|*u(&,n). In the case

a € (1,2), equation may be seen as an interpolation between the ZK and BOZK equations
in the sense that in the limiting cases « = 2 and a = 1, reduces to ZK and BOZK equations,
respectively. The interested reader will find some local and global well-posedness results for the
associated Cauchy problem in [6] and [42].

As in the earlier examples, here we study the control problem for the linear dgBOZK equation:

Opu — DS 0u + @cﬁju = Gh, u(z,y,0) =ug(z,y), (z,y) € T? t>0, (6.12)
where @ > 0 and D¢ is now defined as ngi\u(k) = |k1|*u(k). Thus, the operator L reads as
L := Dy — 92, so that

b(k) = [k1|* + k3,
and
2k|]?, if0<a<2,
2k|*, ifa > 2,
which means that (1.3) holds. The eigenvalues of 9,L are i\ with
Ak 1= kib(k) = k1 (|k|* + &3).

(k)| < [ki|™ + k3 < [K[*+ [k|]* < {
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Let us check that (H3) also holds here. Indeed, clearly the eigenvalues are even in the second
variable and odd in the first one. Also, for any k = (ky, k2) € Z? given with k; # 0, it is easy to
show that the unique entire solutions of the js-equation

Ahra) = Aka k) == k1(lk1|* +73) = ka([ka]™ + K3),

are jo = +ko. On the other hand, if k = (k1,k2) € Z? is such that ks # 0, we now analyze the
entire solutions of the j;-equation

AGiks) = Ainke) = J1(l7|* +k3) = k1 (|ka|™ + k3),

which can be rewritten as

Jilan|® = kalka | + k3 (1 — k1) = 0. (6.13)
Similar to the analysis for the BOZK equation, we may assume k; # 0 and observe that jq, kp
share the same sign. Without loss of generality, let us assume k1 > 0 (the case k; < 0 being
similar). Therefore, we may assume j; > 0 and is equivalent to

GOt — kO 1 k2(j, — k) = 0. (6.14)

Recall we want to show that (6.14]) has no other solution than j; = k;. Assume by contradiction
the existence of another solution, say, with j; > k;. Then, from the Mean Value Theorem, for
some 6 between ki and ji, we have

(e +1)0%(jy — k) + k3 (j1 — k1) = 0
or
(1 — k1)[(+1)0% + k3] = 0.
Since the expression between brackets is positive, this last identity is clearly a contradiction. This
shows hypothesis (H3) holds.

Hence, Theorems and also apply in this case and we conclude that system (6.12)) is
exactly controllable at any time 7" > 27 and exponentially stabilizable with any decay rate.
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