DETERMINANTAL COULOMB GAS ENSEMBLES WITH A CLASS OF
DISCRETE ROTATIONAL SYMMETRIC POTENTIALS

SUNG-SOO BYUN AND MENG YANG

ABSTRACT. We consider determinantal Coulomb gas ensembles with a class of discrete rotational
symmetric potentials whose droplets consist of several disconnected components. Under the insertion
of a point charge at the origin, we derive the asymptotic behaviour of the correlation kernels both in
the macro- and microscopic scales. In the macroscopic scale, this particularly shows that there are
strong correlations among the particles on the boundary of the droplets. In the microscopic scale,
this establishes the edge universality. For the proofs, we use the nonlinear steepest descent method
on the matrix Riemann-Hilbert problem to derive the asymptotic behaviours of the associated planar
orthogonal polynomials and their norms up to the first subleading terms.

1. INTRODUCTION AND MAIN RESULTS

We consider a configuration {z]}]lv of N points in C with joint probability distribution

N
1 _ . d?z
(1'1) dPy = TN | | ’Zj - Zk’Q | | € NQ(ZJ)dA(Zj), dA(z) = 771’ s
i>k j=1

the reader to [41] and references therein.
By definition, the k-point correlation function Ry j of the system (1.1) is given by

NI N
(1.2) Ry (21, 2k) ::(N_k)!/cnk Py [ dA(z).
Jj=k+1
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the droplet.

where Zp is the normalisation constant and () : C — R is a suitable function called external potential.
The ensemble (1.1) corresponds to the eigenvalue system of the random normal matrix model, which
can be interpreted as the two-dimensional Coulomb gas ensemble at a specific inverse temperature
B = 2. For a recent account of the theory and various topics on the Coulomb gas ensemble, we refer

The normalised 1-point function %RNJ corresponds to the macroscopic density of the model. It is
well known that as N — oo, the empirical measure of {zj}{v converges to Frostman’s equilibrium
measure, see e.g. [5,25]. In particular, the system {zj}JlV tends to occupy certain compact set S called

The k-point function Ry j can be effectively analysed in terms of the correlation kernel. To be more
concrete, let pr = pi, n be the k:th orthonormal polynomial with respect to the weighted Lebesgue

measure e V€ dA:

(1.3) /C pi(2)pr(2)e NP dA(2) = o3,
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where 6,1, is the Kronecker delta. We write

i

(L4 Ky (z,w) = e~ 2 @O0 37, (2 (w)
J

Il
o

for the weighted reproducing kernel of analytic polynomials (of degree less than N —1) in L?(e=N® dA).
Then the k-point function Ry in (1.2) is expressed as

k

(1.5) Ry (21, 5 21) = det [KN(ZJ»ZZ)Ll:l-

We mention that the correlation kernel can be defined up to a sequence of cocycles, i.e.

k

k
det [KN(Zjvzl)} o =det [QN(ZJ)!JN(ZZ) : KN(ijzl)] o
Jl=1 7,l=1

where gy is a continuous unimodular function.

Due to the property (1.5), the system (1.1) is also called the determinantal Coulomb gas ensemble.
Moreover, this naturally calls for the investigation of various asymptotic behaviours of K as N — oo.
Here, one has to distinguish two cases, the macroscopic scale and the microscopic scale.

The asymptotic behaviour in the microscopic scale is closely related to the universality principle
in random matrix theory. To describe the local statistics of the model at a given base point p € 5,
one needs to investigate the asymptotic behaviour of the function

e w

e »
e ety
VINAQ(p) VINAQ(p)
Here if p € 05, the angle 6 € [0,27) is chosen so that ¢'? is outer normal to S at p, and otherwise
6 = 0. We remark that the specific choice of the rescaling factor \/NAQ(p) in (1.6) (which is often

called the “unfolding”) comes from the fact that + Ry 1(p) ~ AQ(p).
For the bulk case when p € Int S, it was shown in [8] that for a general external potential @Q,

(1.7) (

(1.6) (2,w) = Ky (p+

2 2
[z _ [w]®

)—)sz) T T e

. /NAQ P /NAQ

Here Int .S stands for the interior of .S, the largest open set of S, and the universal scaling limit G in
(1.7) is called the Ginibre kernel [32]. For the edge case when p € 95, it was shown in a fairly recent
work [35] that for a general external potential Q,

(1.8) (

L erfc (

z+w>
5 — ).

. /NAQ P /NAQ V2

The class of potentials @) covered in [35] is quite general but dependent on the topology of the associated
droplet.

>—>sz)

Turning to the macroscopic scale, recently, Ameur and Cronvall [7] made significant results on the
asymptotic behaviour of Ky (z,w). For the Ginibre ensemble with Q(z) = |z|?, they obtained a precise
asymptotic result. Namely, it was obtained in [7, Theorem 1.1] that

(ziw) N N =5 (alP+wP?) (1 + 0(i)>’
N
where z # w and zw is outside the Szegd curve

(1.10) Sp:={z€C:|z| <1,|ze 7% =1}

(1.9) Kn(zw) =) X1

2mzw — 1
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Here, we intentionally add the subscript 1 since (1.10) can be realised as a special case of S, in (1.12)
below with a = 1. We stress that [7, Theorem 1.1] indeed provides a closed form of large- N expansions
of K. Let us also mention that (1.9) can also be interpreted as an asymptotic result of the incomplete
gamma function with complex argument, see [7, Section 1.4] and (A.4). (Cf. this was crucially used
in a recent work [20].)

Beyond the Ginibre ensemble, Ameur and Cronvall considered general external potential () and
derived the uniform asymptotic behaviour of Ky (z,w) for z,w outside the droplet, see [7, Theorem
1.3]. (We also refer to [3,31,42] for similar results on the elliptic Ginibre ensemble.) In particular, they
showed that there are strong correlations among the particles on the boundary of the droplet. One
of the main ingredients in their proof is the asymptotic behaviour of planar orthogonal polynomials
(1.3) due to Hedenmalm and Wennman [35].

The above-mentioned results were mainly obtained for the case where the external potential ()
is fixed, i.e. independent of N. Nevertheless, the case when () depends on N is also interesting in
particular in the context of the insertion of point charges [11] also known as the induced ensembles [30]
or spectral singularities [36]. (Another important example that N-dependence of the potential being
crucial is the almost-Hermitian regime, see e.g. [6].)

Furthermore, in [35] (and also in the follow-up paper [34]), the asymptotic behaviours of planar
orthogonal polynomials were constructed in terms of a conformal map from the outside the droplet
onto the outside the unit disc. Accordingly, the asymptotic result in [35] was obtained for the potential
@ whose associated droplet is simply connected as a domain on the Riemann sphere. As a consequence,
the edge universality (1.8) in [35] as well as the Szeg6 type asymptotic behaviour in [7] were obtained
under the assumption that the associated droplet does not have several disconnected components.

In this work, we aim to provide concrete examples of asymptotic results for the ensembles with a
class of N-dependent potentials associated with disconnected droplets, see Figure 1.

FiGUurE 1. Illustration of the lemniscate archipelago and zooming process

1.1. Main results. We now precisely introduce our models. It is more convenient to begin with a
special case when removing the discrete rotational symmetry. In this case, the model corresponds to
the induced Ginibre ensemble [30] with the potential

(1.11) Qc(2) = Qne(2) i= |2> - %log |z — al,
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where ¢ > —1 and a > 0. From the statistical physics point of view, we insert a point charge c at a
given point a. When ¢ is an integer, the ensemble (1.1) with the potential (1.11) can also be realised
as the Ginibre ensemble conditioned to have eigenvalue a with multiplicity c.

The orthogonal polynomials associated with (1.11) reveal a discontinuity at ¢ = 0. Namely, if
¢ = 0, since the orthogonal polynomials are simply given by monomials, all the zeros are located at
the origin. On the other hand, in [38], it was shown that for any ¢ # 0 and a > 1, the zeros of
orthogonal polynomials tend to occupy the limiting skeleton (also known as mother body, cf. [33])

(1.12) S, = {z € C:log|z| —aRez =log (é) —1,Rez < %}

Note that S, crosses the point 1/a. The limiting skeleton S, plays an important role in the asymptotic
behaviours of the orthogonal polynomials. See Figure 2 for the shape of S,.

(A) a=4 (B) a=2 (c) a=4/3

FIGURE 2. The plots display S,. The red dots show the origin and 1/a. The green
dashed lines indicate the branch cuts in Theorem 1.1.

In our first result, we obtain the following asymptotic behaviour of K in the macroscopic scaling.

Theorem 1.1. (Macroscopic asymptotic of the induced Ginibre ensemble) Let Q) be the
induced Ginibre potential (1.11) with a > 1 and ¢ > —1 (¢ # 0). Suppose that z and w are outside S,
and |z —w| > d for some 6 > 0. Then we have

(1.13) KN(,z,w):\/W ! ( z _)C(zw)N|(z—a)(w—a)|CeN—%(|z\2+|w|2).(1_1_0(%))‘

2nzw —1 \1 —azl1l —aw

Here the branch cuts for the variables z and w are the line segment [0,1/a.

Note that if we formally put ¢ = 0, the formula (1.13) corresponds (1.9). We mention that the
condition z and w being outside the limiting skeleton was also considered in [3] for the elliptic Ginibre
ensemble. (In this case, the limiting skeleton is a line segment connecting two foci of the ellipse.)

In the spirit of the edge universality (1.8), we obtain the following.

Theorem 1.2. (Boundary scaling limits of the induced Ginibre ensemble) Let Q be the
induced Ginibre potential (1.11) with a > 1 and ¢ > —1. Let p be a point on the unit circle. Then as
N — 00, we have

Pt

— G(z,w) 1erfc (Z+w>,

7KN(p+ f) ) V2

Nic

uniformly for z,w on compact subsets of C.
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We now discuss the ensemble with discrete rotational symmetry. For ¢ > 0 and d € N, let
1 2c
(1.14) Viz) = g\zd —al?, Ve(2) = Ve =V (z) — Nlog |].

We refer to [10,21,27] and references therein for recent studies on such models. Note that the induced
Ginibre potential (1.11) corresponds to (1.14) with d = 1 up to a translation. It is well known that
the droplet Sy associated with the potential V' is given by

(1.15) Sy :={zeC:|z%—a| <1},
see e.g. [14, Lemma 1]. The density with respect to dA is given by
(1.16) AV (z) = d |22

Due to the explicit formula (1.15), one can easily notice that if a < 1, Sy is connected. On the
other hand, if @ > 1, Sy consists of d-connected components that we call the lemniscate archipelago
following [7], see Figure 1.

We denote by 4N the orthonormal polynomials associated with the weighted measure e Ve dA:

(1.17) /C &N (TN )22 NV E) dA(z) = 6

For a > 1, it was shown in [13,38] that as j — oo, the (non-trivial) zeros of ¢f y tend to accumulate
on the curve
1 1
(1.18) St .= {z € C:log|z? — a| + aRe z? = log <7) —1+4a% Rez?>a— f}.
a a
Notice that (1.18) and (1.12) are related by the mapping z +— a — z%. See Figure 3 for the shape of
S4.

T T T T T T T T T T T
15 151 15

10} 1of 10F
s[ K I sl

FIGURE 3. The plots display 0Sy (black) and S? (blue), where a = 1.1. The red dots
indicate (a — é)l/dwk and a/%w". The green dashed lines are the branch cuts in (1.20).

Let us consider the associated correlation kernel
N-1

- z w c (2
(1.19) K§(2,w) 1= Jzufee SV 3 ge Ly T,
5=0

The kernel (1.19) corresponds to the reproducing kernel (1.4) associated with the potential @ = V..
We derive the asymptotic behaviours of K§; in the macroscopic scale.



6 SUNG-SOO BYUN AND MENG YANG

Theorem 1.3. (Macroscopic asymptotic of the lemniscate archipelago) Let d > 1, a > 1
and ¢ > —1 be fived. Suppose that z and w are outside S¢, and |z — w| > & for some § > 0. If
c=0,1,...,d— 1, we further assume that (2% — a)(w? — a) is outside S;. Then as N — oo, we have

d _ wd N
Kan (2, w)—d\/?((z T =) N~ VeV

(2% —a)(w? —a) — 1

d —d <
(1.20) (azdz+1ia2 au_);:liag)d((zd a) (@ — a))a !
(az?+1 — 2)(au_)d +1—a?) — 2427 — o) (w? — a) (1 N O(i))
(a4 +1 — a2)a(awt + 1 — a2)d — 2(z4 — a)aw(wd — 1)d N
Here the branch cuts for the wvariables z and w are given by the combination of d line segments
connecting (a — %)wak and o'Wk where w = 2™/ gnd k =0,1,...,d — 1.

Note that by (1.14) and (1.15), we have

1
d

—al=1 - =
|z al , V(2) 7

Then as an immediate consequence of Theorem 1.3, we obtain that for z,w € 9Sy,

|Kgn (2, w)] U ‘zd ) wdia)71<(azd+1—a2)(awd+1—a2))_a

az? +1—a?)(aw? + 1 — a?) — 24(2¢ — a)wl(w? — a) . 1
‘(az —i—l—a?)}i(aw —i—l—a?)%—z(zd—a)dw( —1) <1+O(N)).

(z € 8Sy).

Thus one can notice that K5y (2, w) = O(VN) for z,w € dSy, which indicates that there are strong
correlations among the particles on the boundary of the droplets.
To provide a physical realisation of Theorem 1.3, let us consider the Berezin kernel

R R -R , KS$(z,w)|?

o) B (o) o PRI RNAW) = Bra(w) _ K
Rya(2) Ry(2)

For a given point z, the function w — By (z,w) corresponds to the probability density of the ensemble
conditioned to have a particle at z. See Figure 4 for the graphs of By.

FIGURE 4. The plots display the approximation of the graphs w — By (z,w) in (1.21)

(for w away from z), where z = (a — 1)5 € 0Sy and a = 1.1. Here ¢ = 0 and N = 600.
For the approximation, we use (1.20) and the fact that Ry 1(z) ~ NAV(2)/2.
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We remark that the asymptotic behaviour (1.20) may involve special functions (in the subleading
terms) with certain periodicity such as Jacobi theta functions as observed in [26] for a rotationally
symmetric ensemble. We refer to [18,28] for a discussion on similar situations on Hermitian matrix
model.

In our final result, we derive the boundary scaling limits.

Theorem 1.4. (Boundary scaling limits of the lemniscate archipelago) Let p € 9Sy and
choose 0 so that € is outer normal to Sy at p. Then as N — oo, we have

1
INAV (p KdN(p Jﬂ/dNAV Pt w/dNAV

uniformly for z,w on compact subsets of C.

>—>Gz w);erfc<z+w>,

V2

We emphasise that Theorem 1.4 provides an example of edge universality for the ensembles with
disconnected droplets that are not covered in [35].

1.2. Outline of the proofs. The overall strategy of the proofs is as follows.

e We use the multi-fold transform of the correlation kernels (Lemma 2.1) that relates those of
Q. in (1.11) and of V, in (1.14). Due to this property, one can easily derive Theorems 1.3
and 1.4 from Theorems 1.1 and 1.2, respectively.

e We apply the generalised Christoffel-Darboux formula (Proposition 2.2) that allows expressing
the correlation kernel only in terms of three monic orthogonal polynomials (of degree N — 1
N, and N + 1) and their norms.

e Using the steepest descent method to the Riemann-Hilbert problem developed in [12, 38|,
we derive the asymptotic behaviours of orthogonal polynomials (Proposition 2.3) and norms
(Lemma 2.4) up to the first subleading terms. Combined with the Christoffel-Darboux formula,
these lead to Theorems 1.1 and 1.2.

The overall strategy described above was introduced in [24] to obtain the microscopic limit of the
correlation kernel at multi-criticality a = 1. We use this strategy when a > 1 together with new
asymptotic behaviours of orthogonal polynomials and their norms (Proposition 2.3 and Lemma 2.4).
These are probably of interest by themselves in the spirit of several works [13,15,19,40] on Riemann-
Hilbert analysis for planar orthogonal polynomials.

The rest of this paper is organised as follows. In Section 2, we present the overall strategy of the
proofs in more detail and show our main results. However it requires Proposition 2.3 and Lemma 2.4
that are only shown in the following section. For the proofs, in Section 3, we use the nonlinear
steepest descent method to the Riemann-Hilbert problem associated with the orthogonal polynomials.
In Appendix A, we present the proofs of Proposition 2.3 and Lemma 2.4 for the exactly solvable case
¢ = 1 using well-known properties of some special functions.

2. PROOFS OF MAIN RESULTS

In this section, we present the overall strategy of the proofs and show the main results. In Subsec-
tions 2.1 and 2.2 we introduce the multi-fold transform (Lemma 2.1) and the generalised Christoffel-
Darboux formula. In Subsection 2.3, we present asymptotic behaviours of orthogonal polynomials
(Proposition 2.3) and the norms (Lemma 2.4). In Subsection 2.4, we prove Theorems 1.1 and 1.2. In
the last subsection, we show Theorems 1.3 and 1.4.
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2.1. Multi-fold transform. We write PN for the orthonormal polynomials satisfying

/<cp§,N(z)pl%,1v(z)|Z|QC€_le_“|2 dA(2) = Ojg.

Then the orthogonal polynomials g5  in (1.17) is related to p§ y as

etlil

(2.1) Giran(2) = Vzp, & (),

see e.g. [15, Section 3| and [24, Section 2]. We now define the correlation kernel
N—1

(2:2) Efy(z,w) = (z)er 2 (el el 3 70 (25 (w).
=0

Notice that we use (zw)¢ instead of |zw|°.

By (2.1), we have the following multi-fold transform relation, see [24, Section 2| for more detail.
(Cf. this idea appeared also in [29, Proposition 2.1], see [1] for the chiral setup.) Recall that K, is
given by (1.19).

Lemma 2.1. We have
d—1

(2.3) Ky (z,w) = d(z0)" 1(|Zw|> Z

=0
Note that in the left-hand side of (2.3) we use dN instead of N. This is indeed the key observation
for such a transform. Due to Lemma 2.1, it suffices to derive the asymptotics of K.

(2%, w).

2.2. Christoffel-Darboux formula. One can compute asymptotics of éwf(]cv (z,w) by virtue of the
Christoffel-Darboux formula in [24, Theorem 3.2].
For this, we set some notations. Let P; = Pf be the monic orthogonal polynomial satisfying

(2.4) LB PG - afe o dA) = hy 3

where h; is the (squared) orthogonal norm. Note that we have the following relation
1

n() = —=Pila—2).
pin(z N i(a — z
We denote
P:
(25) WE) = (=o' o) = WERE. o) = W H
Let us define
N N—
R (zw) = (= — a) (0 — ) =" Z NS,
j=0
The kernel Ky in (1.4) with @ given by (1.11) is written in terms of KJCV as
(26) KN(Z, w) — (‘Ez : Z;Eg : Z;|)Ce1;(2|2+|w|222w)f{']cv(2’ U))

Note also that
N-1

[?}:\[(Cl —Za— ’LU) _ (Zw)ce—N(a—Z)(a—w) Z p?,N(Z)m
=0
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Thus it is related to IA(JCV in (2.2) as
(2.7) RS (2, w) = e~ 2 (el Ho—aP2G—a)(@-a) fre (o _ » ¢ — ).
The following version of the Christoffel-Darboux formula was obtained in [24, Theorem 3.2].
Proposition 2.2. (Christoffel-Darboux formula) Suppose that a # 0 and that
(zihjldo) #0,  ¢j(a) #0,  for all j.

Then we have the following form of the Christoffel-Darbouz identity:

5 7 ~Nzw@ 1 5 TN
OuwKS(z,w) = e N %h]\,,l — hN6w¢N(w) (wN(z) - sz_1(z))

_ Nz Pyi1(a)  Nhy/hy
Py(a) MEtpy — by

(2.8)

On-a(w) (e (2) = 268 (2)).

This formula plays a key role in performing asymptotic analysis for Theorems 1.1 and 1.2. We also
refer to [2,16,20,22,23,37] for various Christoffel-Darboux type identities involving certain differential
operators.

2.3. Fine asymptotic behaviours of orthogonal polynomials and norms. Recall that the
monic polynomial P; satisfies the orthogonality condition (2.4). The weighted orthogonal polynomial
1 is given by (2.5). We obtain the strong asymptotic behaviour of 1; up to the first subleading terms.

Proposition 2.3. Let a > 1 and ¢ > —1. Then for z € C outside S, in (1.12), we have

(2.9) ¥n-1(2) :ZNJFC_I(;:_;Z)c. [1_ 1 —Caz(1_2|—cl—1az + 1 —Ca2 B 1)%—'_0(%)]7

(2.10) ¥n(2) :zNJrC(j:Z)C. [1_ 1faz(1—£cljaz * 1—Ca2>%+0(%)}’

_ _N+ct1(F AN\ [, ¢ l+ec 1 ¢ 1 1
211) Ynalz) =2 (z—}z) [1 1—az( 2 1—az+1—a2+1)N+O(N2)]‘
In particular, we have
_ _ Nbe(ZZaNe, ¢ 1 1
(2.12) o (2) = 2N-1(2) = 2 <z—;) — = (1+0(N)),
_ _ NtlfefZ—aN¢ ¢ 1 1
(2.13) Uns1(2) — 2 (2) = 2 ( 1) ——= (1+0(N)).

Zz - =
a

We emphasise that the leading terms in Proposition 2.3 were obtained in [38, Theorem 2|. Note
that the terms (2.12) and (2.13) appear in the Christoffel-Darboux formula (2.8). For these terms, we
should extend [38, Theorem 2] up to the first subleading O(1/N) terms.

Notice that if ¢ = 0, then 1;(z) = 27. Thus in this case Proposition 2.3 trivially holds.

To apply the Christoffel-Darboux formula (2.8), one should also derive the asymptotic behaviours
of the orthogonal norms h; in (2.4).
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Lemma 2.4. Let a > 1 and ¢ > —1. Then we have

(2.14) hyn-1 = e_N\/%aQC- :1 + (a2c_ o+ C(c; D) 1—12)% + O(%) :
In particular, for ¢ # 0, we have

(217) e e Ve (1 0)

(2.18) ’%ﬂg ]C h_Nhjm - “j% NEN - (140(5)

Note that (2.17) and (2.18) appear in the Christoffel-Darboux formula (2.8). We remark that for
c =0, we have

o0 i
o o i
B — / 12X e NP GA(2) = 2/ 2l -Ne2 g It
7 e 0 NI+

Thus by Stirling’s formula, one can directly check that Lemma 2.4 holds for ¢ = 0.

2.4. Proofs of Theorems 1.1 and 1.2. Combining the Christoffel-Darboux formula (Proposi-
tion 2.2) with Proposition 2.3 and Lemma 2.4, we show Theorem 1.1.

Proof of Theorem 1.1. By the transform (2.6), it suffices to show that for z and w outside S, in (1.12),

~ N 1
2.19 K¢ — ]2 (
219)  Ryew)=y /Ll

Z—a wW—a

l—azl-— CLQI})C ' (Zw)N+C6N_Nzw ‘ <1 + O(%))

Using Proposition 2.3, we have

Butn (W) = N”J’NJFCA(L_?)C' (1 i O(%)), In_1(w) = wNJrcfl(%)c' (1 +O(%)>.
By [38, Theorem 2], we also have

Pg;(lc(:;) —a- (1 + O(%)).

Therefore by (2.12) and (2.13), we obtain

5wm(?/)N(2) - 21/1N71(Z)) _ LZN+ch+c—1<Z —61L>C<’LZ) — Z)C- (1 —1—0(%))

az —1 , 1

and

m<¢1\7+1(z) - Zl/)N(z)) = azi 1%ZN+1+ch+c—1(j : CIL)C(@ — Z)C . (1 N O(%))
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Then by Lemma 2.4, we have

NJFCthl . 5w¢N(w)(¢N(Z) - ZwN—l(Z))
ehn-
Lk e e () o)

1 3 1 Z—a w—a\¢
_ N3 N N+c —N—i—c—l( ) (1 0 )
2T € az—lz v l1—azl—aw + (N)

and

Pyii(a)  Nhy/hyoy —
g;g ) NJS\?H}]:N _]thlv+11/}N_1(w)<¢N+1(z) - sz(z))

11 1 1 —a\¢/wWw—a\c¢ 1
R e eNLizNﬂJrchﬁa(Z a) (w a) .(14_0(7))

ca \Jor az—1N z—% u‘;—% N
1 3 az Z—a W—a\° 1
_ N3N N+c —N+cfl< ) . (1 O(— )
/2 € az—lz v 1—azl—aw * (N)

Now it follows from the Christoffel-Darboux formula (Proposition 2.2) that

3
_ o~ N2 — U — c _ 1
0uRin(e) =~ (T mag) - (1 0p).

Integrating this equation, we obtain

RS (2w) = \/W 71 (z—a w—ci>c.(zw)N+ceN—Nz1E. (14_0(%)) + fn(2)

2nzw —1 \1 —az1l —aw

for some function fn depending only on z. Due to the symmetry f(]cv(z,w) = I?fv(w, z), it follows
that fy is a constant function. Furthermore, by combining the exterior estimate

K$(z,2) = 0, as z — 00

that holds in general (see [9, Section 4.1.1]) and the elementary inequality

K¢ (z,2) K$(zw) : ~ ~ 2
det | =N N >0, e K§(z,2)KS(w,w) >

ot g e =0 e Ry oRgww) 2 Ryl w)l,
one can observe that I?fv(z,w) — 0 as z — oo. Thus we conclude (2.19). O

Proof of Theorem 1.2. By (2.6), it suffices to show that

(2.20) %I?]CV <p+ %, \p}) 1erfc (z\—/l—iw>'

To lighten notations, let us write

Zp12p<1+\/%), wp::p<1+\/%>.

First note that

We also have

=Pp

2
Z;)V+C N+ce\/ﬁz—% . (1+O( =p

))’ GNtlbe _ pN+Lte VN2 <1 n O(\/lﬁ)>

=l



12 SUNG-SOO BYUN AND MENG YANG

Combining these asymptotics with Proposition 2.3, we have

YN (2p) — 2p¥N-1(2p) = Pt e\/ﬁz_é (p = Cll)c ¥ (1 + O(L))’

p—L) ap—1N VN
N _ NHlte VNa-5 (PZaNe ¢ 1 N
Un1(z) — 2o (zp) = PV e z(p_é) w1y (1700%)

and

O (wy) = NﬁN“’le‘/ﬁw’§<ﬁ_?>c- (1 +O(— )),

715*5 VN
By =TS (20) (140 ),

Then by Lemma 2.4, we obtain

D 1 -

— Nz,

T iy i ) (85 () — )

_M 1 1 3 ﬁ—a C p_a c p 1

© 7 o 2<p—(11> <p_i> ap — 1 <+O(\/N))
_Gw? 1 3 P 1
=e€ 2 N2 . (1+0(—)).

V21 ap—1 ( (\/N))

Here we have used that

w1l ol
-p

=1,
ap—1

which follows from |p| = 1.
Similarly, we have

Nz, PNt1(a)  Nhy/hy-
Py(a) MEetlpy — by

:e*% L N%<p_a>c(p_a)c. ap” .<1+0(L))

YN _1(wp) (¢N+1(Zp) — ZpYN (Zp)>

a*var o \p-1) \p—1J) ap—1 VN
_Ceto? 1 3 ap? 1
— e N3 . '(1+0—).
V2T ap — 1 (\/]V)
Therefore by Proposition 2.2, we obtain that
_r1 ~ 1 (z+a?) 1
19, —Kcz,w}—— e 2 -(1—1—0—).
w N N( P p) m (\/N)
This gives that
1~ 1 z 4w 1
) = Joe () (1 01 )
N N(Zp wp) 2 €rIc \/Q + (\/N)

which leads to the desired convergence (2.20). Here the integration constant is determined similarly
above by the fact that & K§ (2, wp) — 0 as z — +0oc. O
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2.5. Proofs of Theorems 1.3 and 1.4. We derive Theorem 1.3 from Theorem 1.1.
Proof of Theorem 1.3. By Theorem 1.1 and (2.7), we have

~ N 1 z w c
e < |
n(zw) 2r(a—2)(a—w)—1\a? —1—aza®?—1—aw

N

(2 — a)(w — a))N“eN*f(lz*alQHw*a‘Q) : (1 + 0(%)).

X

/~

By (2.3), we obtain

C N zd_a u_]d_a N C _ﬂ z w
Kin(z,w) =d 27T((2<’d—a)()1(t_}d—a))—) . |zw] eN—% (V(2)+V(w))
asi d —d ctl4l g
Foa e NS o0
- (azd+1—a2au‘;d+1fa2> () <1+O(N)>'

N
Il
=)

Now (1.20) follows from straightforward computations.

Finally, we derive Theorem 1.4 from Theorem 1.2.

Proof of Theorem 1.4. By (2.3) and (1.16), we have
0 0

1 e 2 e w
- Kc -z - v
dNAV (p) i (v + Janavipy Pt ,/dNAV(p)>

_ 1 Ke ( n el 2 n e w )
T ENp2 N T it N P T g TN
d—1 i

1 L etltl g 6@6 Py 10
- K. 4 (d‘l-i, d+
leZ% N PN P

Therefore Theorem 1.4 follows from Theorem 1.2.

e

Ty (o),

3. RIEMANN-HILBERT ANALYSIS AND FINE ASYMPTOTIC BEHAVIOURS

13

In this section, we derive fine asymptotic behaviours of the orthogonal polynomials (Proposition 2.3)
and the orthogonal norms (Lemma 2.4). Subsection 3.1 is devoted to the recalling the matrix-valued
Riemann-Hilbert problem developed in [12] and the transforms introduced in [38]. Based on the

Riemann-Hilbert analysis in Subsections 3.2 and 3.3, we prove Proposition 2.3 and Lemma 2.4.

3.1. Outline of the Riemann-Hilbert analysis. Let us briefly recall the Riemann-Hilbert analysis
in [12,38] (see also [39,40] for its generalisation) that was developed to derive the asymptotic behaviours
of the orthogonal polynomials P,. We also refer the reader to [13,15] for similar studies in different

settings. This will be used in the following subsection to derive fine asymptotic behaviours of F,.

Let T" be a simple closed curve that encloses the line segment [0,a] € C with counterclockwise

orientation. Let the analytic function w,, y on C\ [0, a] be defined by

Ce—Naz

)

(3.1) Wy, N(2) = (z—a)

z Ak

where we choose the principal branch.
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Define the matrix function Y'(z) by

Po(2) 1 /P(S)w”vN()dS

Y(z):= P ,
Qn 1(8 wnN()
@1 2m/ s—z ds

where (),,—1 is a unique polynomial of degree n — 1 satisfying

o [, S s = L (14 00)

s§—Z z

Then it was shown in [12, Section 3] that Y (z) is a unique solution to the Riemann-Hilbert problem

Y (2) is holomorphic in C\ T,

1 me(z)]

Vi) =v-(a) |, ")

z e,

Y(z) = <I+ O(%)) [zO" Zon] , z — 0.

\

Here Y, (z) are the boundary values on the sides of the corresponding contour. Since P,(z) = [Y(2)]11,
we aim to analyse the solution to the Riemann-Hilbert problem (3.2). For this purpose, we shall
introduce several transforms of (3.2).

First, let us define g by

log z, z € BExtS,,
9(z) =
az +logf —aB, ze€IntsS,.

Here and in the sequel, we write 8 = 1/a. The function g is a building block to define

(3.3) ¢(z) = az +logz —29(z) + 1, l=1log B —ap,

which satisfies Re ¢(z) =0 for z € S,,.
Following the nonlinear steepest descent method that applied to the above Riemann-Hilbert prob-
lem for Y, we define

=N CNa(2)on Nlg 1 0
(3.4) Z(z):=e 2 PY(2)e NI 08 NERLP CORE

zZ—a
where

1, when z € U N ExtI,
*=<¢ —1, when z € UNIntl,
0, whenz¢U.
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Here U is a neighbourhood of S,. Then by (3.2), the matrix function Z satisfies the following Riemann-
Hilbert problem

1 0
Z(2) =2Z_(2) (L)CGNMZ) 1] , z € 0U,
0 z=a)\¢
Z(2) =2Z_(2) L\ (z>], zel'NU,
(3 5) __(z—a) 0
' 1 (254) e Ne()
Z+(Z):Z_(Z) 0 i 1 ) ZGF\U,
Z(z) =14 0(%), z — 00,
Z(z) is holomorphic, otherwise.
Next, we define the global parametrix
z \¢ 0
[(z—o ) (zﬁ)C] , z € Extl,
o) = A
[ (z—ﬁ)c # 05 ] , z € IntI.

®(2) =1+0(%), z — 00,

®(z) is holomorphic, otherwise.

Note that we let I' match S, for z € U and away from a small neighborhood of 5.

Near the point 8, the jump matrices of ® do not converge to those of Z. Therefore one needs
the local parametrix around g that satisfies the exact jump conditions of Z. Moreover, we shall
construct a rational matrix function R such that the improved global parametrix, R®, matches the
local parametrix better. This construction is called “partial Schlesinger transform” [17], and it was
used in [12] to obtain the strong asymptotics of P,,. Here we use it to derive fine asymptotic behaviours
of the orthogonal polynomials (Proposition 2.3) and the orthogonal norms (Lemma 2.4).

Let Dg be a disk neighborhood of 3 with a fixed radius such that the map ¢ : Dg — C given by

¢ = \/2N(a(z — B) —log z + log B) = aV'N(z — B)(1 + O(z — B))

is univalent.
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YA

N
/

FIGURE 5. The jump contours of P(z) in Dg. I' are the blue curves, U are the shaded
region bounded by the green curves.

We now define P : Dg — C?*? that satisfies the following Riemann-Hilbert problem

( B YO
Pi(z)=P-(2) | © , zeT\U,
0 1
10
Pi(z) =P_(2) | )2 , z € OU N ExtT,
e 2 1
10
(3.6) Pi(z)=P_(2) ()2 , z € OU N IntT,
e 2 1
0 -1 0 1
P = P , el'nU,
=0 e |l 0] :
P (2) = e ¢T3 P_(2)ec™i03, z € R,
| P(z) is holomorphic, otherwise.

and the boundary condition, P(z) ~ I on dDg. Using the Riemann-Hilbert problem (3.6) for P, one
can notice that the matrix function

@(z)(z — a)%asp(z)(z — a)—%os

z z

satisfies the jump conditions of Z in (3.5).
Finally, let us define W by

W (2) = ()" SP(2)T(¢(2)) 'S,

where T is a diagonal matrix function

() = {exp (%03), larg(| < 37/4,

exp ( — %03), otherwise,
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and S is a piecewise constant matrix

I,
ecmag
g_ 0 1
-1 0

Im¢ < 0N |argC| < 37 /4,
Im¢ > 0N |arg(| < 3w /4,

] , Im¢ < 0N |argC| > 37/4,

ecwiag 0 1
-1 0|’

Im¢ > 0N |argC| > 3n/4.

Then W satisfies the following jump conditions,

( _1 1— eQCﬂ'i

Wi(z) = W_(2) 0 ) ] ; ((2) € RY,

W) = W) | (1’] , () € iR,
(3.7) :6207ri e2emi

W+(Z) =W_ (Z) 0 67267”; ] ) C(Z) € Ria

W) =) | (1)] , ((2) € iR~

17

3.2. Asymptotic behaviours of orthogonal polynomials. In this subsection, we prove Proposi-

tion 2.3.

Proof of Proposition 2.3. Recall that the parabolic cylinder function D_. is given by

e

D_c(C) :==

2
4

V2T Je—ico

e+1i00

52
eSS g ds, e >0,

see e.g. [43, Chapter 12]. Using this, we define W : C\ (R UiR) — C2*2 by

D_.(¢) MG Do1reli€) —7 <arg(() <0
T'(c - ) ’ 7
— Do) T De(ic)
- . 3crmi
D_(¢) — R Do re(—iC) . 0<arg(() < T,
. F(C—H).D—l—c(C) Q%DC(—Z‘C) ’
W) =g [
—cmi _ wW2re 2
F(;l) D_c(—() T, D*1.+C( ic) , IT<arg(Q) <,
| 27re2cm‘D_1—C(_C) €z DC(_ZC)
e“™D_o(—() i\/ﬁi)T_D*HC(iO T < arg(¢) < 3

| V2r
This function is used to define

where H(z) is a unimodular holomorphic matrix function on Dg that will be determined later.

F(67—"_1)D—1—c(_C)

e~ 2 D.(iC)

W(C) = H(z)W(((2)),
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By [38, Lemma 7], the function W(((z)) satisfies the jump conditions of W in (3.7), and the
asymptotic behaviour

co C—U C C
F(C(2)) := W()¢™ e s 3_”?1+?22+O(<) (I¢] = o),
where
0 27rcCM _ c(c+1) 0
Gy = —T(c+1) FE)) ] ’ G2 = 02 c(c=1)
\/ﬂecﬂi 9

Moreover, by [38, Lemma 9], for any positive integer L, there exists a positive integer k such that
F(¢) can be decomposed into

1
)

(3.8) FOF(Q)™ ... F(Q) =T+ 0( :

In particular, 7 and F3 are given by

110 %ﬁemi _ 0(52‘21) 2741?6(7:_‘_21() 1)?
(39) Fl(() =1+ E (OC) ’ FQ(C) =1+ _ T(etl) c(c+1)
mecwic 2(2

Given {F;}* j—1, the sequences {H;} and {R;} can be obtained inductively. Assume that H; 1 is
unimodular holomorphic and nonvanishing at 5. When j = 1, we choose Hy(z) = I. We define

310)  Fe = (20 (D) @R s a0 (20 (D)

Given f} as above, by [38, Lemma 10], the unique rational matrix function R; can be constructed

explicitly such that its only singularity is at 8, Rj(co) = I, and R; (2)F ()71 is holomorphic at 3.
We define R;, a unimodular meromorphic matrix function with a simple pole at 3, by

V2m(a®? —1)°

0 1
(3.11) B2 =1+ Smar o - 5) {0 0] '

Using Ry and Fj in (3.9), set
B2 G = () (YR (1) () " hen

Then H; is unimodular and holomorphic at .
Next, let us write

(3.13) Ro(z) =1 +

c31 C41

5 P R

e s Rl el e )]

where cjj’s are some constants. Using Hq(z) in (3.12), ﬁj in (3.10) with j = 2 and the condition that
Ry(2)Fy(2)~1 is holomorphic at 3, we have

2p 1 (1) 1 + O(%) O(%)

R :N£03 I mz—ﬁ 2Na (z— )2 N_EUB_
2(2) 2 ( + O(ﬁ) O(ﬁ) ) <

Moreover, by (3.8), we have Fj(¢) = I + O(¢™3) for k > 3. Then by [38, Corollary 1], when 2 € Dg

we have

Ri(2)...R3(z) = N27(I + O(N—/?)).
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Combining the above equation with Ry in (3.11) and Ry in (3.13), for z € Dg, we have
R(z) = Ri(z) ... R1(2)

c(c m(a2—1)¢
L - S L 1 O() e L1 0(4)

— N%o3 I+ Na(B—a) z—f QN(i VNal'(c) ZIﬁ N_ga?)
< O(ﬁ) O(ﬁ) )
Note in particular that
B 1 (c+1)p 1 1
14 =1 L
(3.14) Rl =14 o5~ "one Gope T O

We define Z°°(z) by

(3.15)

R(2)®(z), z ¢ Dag,
7%() = Ay ;

By the proof of [38, Theorem 2], we have

(3.16) Z(z) = (I + 0(%))2@(@,

where the error bound O(xh) means O(ﬁ) for arbitrary integer k. Note that the error bound is
uniform over any compact subset of the corresponding region.
Using (3.4), for z outside S,, we have

1 Nl

=) R(2)@(z)e” 572N,

N1

(3'17) Y(z) _ 6703Z( ) 2103€N9(2)03 —_ eNTZO'S (I—I— O(

where the second equality follows from (3.16) and (3.15). Here [ is given by (3.3). Then by (3.14), we
obtain
zZ \¢ 1
Py(z) = [Y(2)]n = ZN( ) [R(2)]11 - (1 + O(WD

z—B
- ZN(z j B>C<1 + Na(C;B— a)z i B C(CZ—IJ;fclz)ﬁ (z —15)2 +O(%)) ' <1 +O(%))’

which leads to (2.10). For (2.9) and (2.11), we shall use the relation
(3.18) P, n(z;a) = (;)anm(\/fz, ﬁa).
Using (3.18), we have
PNl(Z):(NJ\_fl>N2 FN-1.8- 1 \/Nl \/N1
\/T
=N 1+ 0( OO)
T o)
( \/N 15/( \/N 12_\/N 15) c—i—l\/iﬁ ) N )
N e A28 — e 2Ny e (e Fﬁ
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This gives
Py = () (1 o +O)
x (14 Naf;f_ e : 5~ 6(62;?5 e —1,8)2 + O<$>) (1+ O(%))
=" (2 5)C<1 + Na(c;B— a) = - 3 Na(zc— 8~ 6(62;?5 e —15)2 + O(ﬁ))’
which leads to (2.9). Similarly, we obtain
Pra() = () F P \/NH \/N+1 a)
=" (2 5)C<1 * Na(gﬁ— o) = - 5" Na(zc— 3~ 6(62;?6 € —1,8)2 + O(ﬁ))’

which gives (2.11). This completes the proof.

3.3. Asymptotic behaviours of orthogonal norms. In this subsection, we prove Lemma 2.4.

Proof of Lemma 2.4. By [12, Proposition 7.1], we have

1T(c+n+1)  hy ~

1 hy = —— o = hn = | Pun(2)?w, n(z)dz.
(319) RN P a0 (@)= [ Pun(aPun () s

Here wy, v is given by (3.1). Using (3.18), we also have

(3.20) T (a) = (Z)gl%m(\/ﬁa)

By [38, Theorem 2], for z € Int S, \ U, we have

B _ﬂN\/%((LQ _ 1)ceNa(z—B) z— f\¢ L
(3.21) S R ey (Z=2)" (1+ o).

Recall here that § = 1/a. Combining (3.18) and (3.21), we have

Pnii1(z) = (%) N;HPNH N+1<\/T+1 \/; )

(3.22) (N-HB)N-H\/%( N+1a 1)% Na(z—21 ) <z _ NN+15>C . (1 Lo
(N +1)2 ¢ ral () (2 — XEL5) :

)

=

—a

and

N +2\ %52
Pnia(2) = <T i PN+2N+2<\/ N+2z V N+2 )
N

(323) T at — CeNa(Z_ N 18) 7 — T2 c
_ S0 ) (0 (v o).
(N +2)7al(o)(= — 225) 2oa VN
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Using (3.17), we have

TLN = —2mi Zhﬁlglo ZN+1[Y(Z)]12 = -2 ZILIEO ZN+1[R(Z)]12<Z ; B)CZNi]]\\[faﬁ : (1 + O(%))
. L. N4l \/ﬂ(cﬂ—l)c 1 1 Z—ﬁc BN 1
(3.24) = —2mi Zlg]goz : ( N%*Caf(c) z—p * O(N)>< z ) ZNeNap - (1 * O(W))
_ BN V2m(a® —1)° 1
=i N2~¢al'(c) +0x)

Combining (3.20) and (3.24), we have

~ N —1\¥ .
hn-1= (T) ’ hN—1,N—1< %G)

2 ~1(N-1\N—3 or c
(3:25) _ o) 2n(yya® — 1) +O(i)>
e(N—l)a/B (N— 1)%—6 %CLF(C)
and
~ N+ 1\ ¥~
hnt1 = <T> hN+1,N+1<\/ NLHCQ
(3.26) N+1( N1\ N+1-3 V(N g2 _1)¢ 1
_ oG : s ) +O(N)>'

(N+1)aB 1_,
€ (N +1)2 1/NL+1aF(c)

Substituting (3.24) and (3.22) with z = 0 into (3.19), we obtain

I(N4+c+1)/ a2—1 \e/N+1\3— e 1
= (o) O3 (o)
NN+ct+1 1 JJV\/ZZ’I N (%)NH VN
Similarly, it follows from (3.25), (3.21) and (3.26), (3.23) that

hN—1=F(N+C)<N]X1a2_1>C<NN )é_c © .(1—|—O(L)>7

NN+c 1— a% -1 (m)N \/ﬁ
T(N+4c+2) /70’ —I\e /N +2\3—< ¢ 1
i = NN+c+2 ( N+2 ) <N 1) N+2\N+2 (1 +0O( ))'
1 - 55 + (N=1) VN

Now (2.14), (2.15) and (2.16) follow from straightforward computations using Stirling’s formula. O

APPENDIX A. ASYMPTOTIC ANALYSIS FOR THE EXACTLY SOLVABLE CASE ¢ =1

As a concrete example, we study the case ¢ = 1 in this appendix. For this special case, Propo-
sition 2.3 and Lemma 2.4 can be achieved using asymptotic behaviours of some well-known special
functions instead of using the Riemann-Hilbert analysis. Thus for the readers who are not familiar
with Riemann-Hilbert analysis, we provide direct proofs for this exactly solvable case.

We also remark that indeed, the value ¢ = 1 also reveals a phase transition in a sense that as
the degree of the orthogonal polynomials increases, their zeros approach S, in (1.12) from Ext S, for
¢>1, and from Int S, for ¢ < 1, see [38, p.308].

For ¢ =1, we have

_ 1 k+1  _aN(z—a) Q(k + lvNaZ) k+1
(A1) Pilz) = z—a(z c Q(k+1,Na2)a )
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and
(k+ 1! Q(k +2,Na?)
Nk+2 Q(k+1,Na2)’
see [24, Subsection 3.2] and [4, Section 3|. Here
I'(a,z) 1 ® a1 —t
= = t* dt
)= g

is the regularised incomplete gamma function.
Using this explicit representation, we show Proposition 2.3 and Lemma 2.4 for ¢ = 1.

(A.2) hy, =

Proof of Proposition 2.3 for ¢ = 1. By (A.1), we have

_ k1l aN(z—a)Q(k +1,Na Z) k+1
(AS) wk(z) < € Q(k + ].,NCLQ) a 9

which gives

_ _ _aN(z—a) Q(N,Naz)  Q(N+1,Naz)
() = (9) = NN (s Gy Gt N )

We first recall the asymptotic behaviours of Q). It follows from [7, Theorem 1.1] that

Q(N,Nz):e_NZNN G { 1 &

1 1
(A) N! z—1 1—z)2ﬁ+0(ﬁ)}

N
- \/2117N€N_szz— 1 [1 B <% + (1 —22)2)]17 +O(%)}

for z outside S1. Note that if z is outside S,, then az is outside &;. Then we have

az N az
(A.5) Q(N,Naz) = \/2;7N eN—NazC(lzzl [1 - (% n (I_W);f n 0(%)},

This gives that

Q(N,Naz)  _oN—a)(? Na? -1 a? . az 1 1
Q(N,Na?) - (a) az—1{1+<(1—a2)2 (1—az)2)ﬁ+0(m)]'

Similarly, we have

B eN—Naz (CLZ)N_H 5 1 1 1
(A-6) QN +1, Naz) = 2r(N +1) az—1 [ + <T2 B (1-— az)2>ﬁ + O(W)}
This gives
QN +1,Naz)  _ neoay(Z\NH1a® -1 I 1 1
Q(N +1,Na?) - (a) az—1{1+((1—a2)2 (1—az)2)ﬁ+0(ﬁ)]'

We also have
eN—Naz (az)N-l-Q

2 1 az 1 1
2r(N +2) az—1 { _(1—az+ﬁ+(1—az)2)ﬁ+0(ﬁ)]’

(A7) Q(N +2,Naz) =

which leads to

Q(N +2,Naz) N(a—z)( ? N+2qg2 —1 2 a? 2 az 1 1
_ ,aN(a—2) (< 1 _ _ il .
Q(N +2,Na?) ‘ (a,) az—l[ +(1—@24_(1—0,2)2 1-az (1—az)2)N+O(N2)}
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Therefore by (A.3), we have

i) = = N [ (- - ) O

(e e o)

z— 1—az

Similarly, we have

gw(e) =M - ZNHi:Zi [1 + ((1 —1a2)2 (1 —1az)2>]];7 + O(i)]

ZN+1[Z_G_1—G2<( 1 B 1 )i+0(i)}

z—1 1-az\(1-a%)? (1-az)?/N

and

1—a? 2 a? 2 az 1 1
N+2 _ N2l AT ( _ _ )7 07}
Yn+1(z) =2 ¥ 1—az[ + 1—a2+(1—a2)2 l—az (1—a2)? N+ (32
Ny2[Z—a 1—a2( 2 a® 2 az )1
- _

T 1—a2+(1—a2)2_l—az_(l—az)2 N

+ U]

Now the proof is complete. O

Proof of Lemma 2.4 for ¢ =1. By (A.5), (A.6) and (A.7), we have

Q(N +1,Na?) 11
Q(N,Na?) 2( 2_1N (N2))
Q(N +2,Na?) 2(1+2—a 1 )

—1N+O(N2)

QN +1,Na?)
Similarly, we have

Q(N +3,Na?) 3-2a%1 1
—Q(N+2,Na2)_a(1 — =+ ))

y (A.2) and Stirling’s formula, we obtain

TNV Q(N,Na?) ¢ VN T QN,Na?)
N+ 1) Q(N + 2, Na?
NN*2 Q(N + 1, Na2

o (N4 2)1Q(N +3 Na?
N+L= "NN+3T Q(N + 2, Na?

N! Q(N+1,Na?) _5 /27 Q(N +1,Na?) 11 1
hN—l ( T1a 7))7

(14 T+ 0()).

(1 + i’—;% + O(%)).

This completes the proof. O

_ %)
hy = N +1, Na2)
%)

N+2 Na?)

~|—~ |

) _
)
) _
)
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