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Numerical integration of Schrodinger maps
via the Hasimoto transform

Valeria Banica* Georg Maierhoferf Katharina Schratz*

Abstract

We introduce a numerical approach to computing the Schrodinger map (SM) based on the Hasi-
moto transform which relates the SM flow to a cubic nonlinear Schrédinger (NLS) equation. In
exploiting this nonlinear transform we are able to introduce the first fully explicit unconditionally
stable symmetric integrators for the SM equation. Our approach consists of two parts: an integration
of the NLS equation followed by the numerical evaluation of the Hasimoto transform. Motivated
by the desire to study rough solutions to the SM equation, we also introduce a new symmetric
low-regularity integrator for the NLS equation. This is combined with our novel fast low-regularity
Hasimoto (FLowRH) transform, based on a tailored analysis of the resonance structures in the Magnus
expansion and a fast realisation based on block-Toeplitz partitions, to yield an efficient low-regularity
integrator for the SM equation. This scheme in particular allows us to obtain approximations to
the SM in a more general regime (i.e. under lower regularity assumptions) than previously proposed
methods. The favorable properties of our methods are exhibited both in theoretical convergence
analysis and in numerical experiments.
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1 Introduction

The Schodinger map (SM) equation plays an important role as a model of a wide range of physical
phenomena describing inter alia the dynamics of the orientation of the magnetization (or spin) in ferro-
magnetic materials in the isotropic case (as a special case of the Landau-Lifschitz equation [38, 18]) and
the evolution of the tangent vector field to a vortex filament in an ideal fluid (as the tangent dynamics to
the vortex filament equations [12]). The 1-D SM equation (for a closed curve) with values in S? describes
the evolution in time of a vector field T(¢) : T — S? under the following flow

{Tt =T AT,.,

T(0,2) = To(a). o

where T = R/(27Z) is the torus, i.e. we work with periodic boundary conditions in (1). We seek to solve
numerically the Cauchy problem for this equation, which has been the subject of a significant amount
of prior work. A first approach to this problem was developed by Buttke [12] introducing a structure
preserving implicit finite difference-based scheme which allows the stable integration of the vortex filament
equations (VFE) while preserving momentum and energy in the numerical flow. Due to the implicit
structure of the scheme a restriction of type At < (Ax)? is thereby required to ensure convergence of
the fixed point iterates for the solution of the nonlinear time-stepping equations. This was followed by
later work by de la Hoz et al. [15, 17, 16] who used a fully explicit fourth-order Runge-Kutta (RK4)
scheme for the SM equation which allows for convergence at higher order under the stability constraint
At < (Ax)2. More recently several papers succeeded in developing unconditionally stable methods.
Amongst them is work by E & Wang [20] who developed a semi-implicit Gauss—Seidel projection method
which is unconditionally stable for a general Landau—Lifschitz equation (which includes the case of the SM
(1)). Another efficient semi-implicit method was proposed by [57] based on the backward differentiation
formula. However, as noted by [57], such semi-implicit schemes based on linear multistep methods (in
particular the backward differentiation formula) can only be constructed up to second order and for the
construction of higher order schemes more sophisticated techniques would be required. This is because
there are no linear multistep methods of order greater than two which are A-stable. Finally, we note
that in [15] it was also shown that an efficient numerical scheme can be constructed based on coupling a
RK4 method with the stereographic projection which maps the SM equation to a nonlinear Schrodinger
equation with rational nonlinearity. The latter approach allows for a weaker CFL condition At = O(Ax)
for stability.

In this manuscript we take a different route: We exploit the so-called Hasimoto transform [27] which
allows us to relate the SM to a cubic NLS equation. The advantage of the latter lies in the structure of the
nonlinearity allowing for improved numerical treatment [9, 39, 56, 33, 21, 34] and, in particular, efficient
numerical approximations at low regularity [50, 11, 41, 23, 2]. In recent years this Hasimoto transform
has been successfully applied to the theoretical study of rough solutions to the vortex filament equations
in a sequence of papers by Banica & Vega [4, 6, 7] and de la Hoz & Vega [17], but so far it has not been
exploited for computations. In this manuscript we aim to close this gap, with a particular interest set on
low-regularity approximations to the SM which play an important role for example in the simulation of
domain-wall states in spin chains (cf. [24, 45]). In order to achieve this, we introduce a new symmetric
low-regularity integrator for the cubic NLSE as well as a novel fast low-regularity Hasimoto (FLowRH)
transform, based on a tailored analysis of the resonance structures in the Magnus expansion and a fast
realisation based on block-Toeplitz partitions. This new method allows us to obtain approximations to
the SM equation under weaker regularity assumptions than previously proposed methods.

Indeed as we will see below this new integrator is the first one to be able to provide guaranteed
convergence for solutions with data T, € H®/?t and as such is the first available numerical scheme
for the SM equation which can treat solutions of such low regularity. It turns out that our method
also performs very well for solutions with much lower regularity (cf. the example given in section 5.2).
This is important because so far there was a large gap between theoretical existence results of solutions
and numerical algorithms which can compute these solutions in practice. The first rigorous studies of
solutions to (1) were provided by Zhou and Guo [58] and Sulem et al. [54]. They proved existence of weak
solutions in H! (actually these results were stated for (1) posed on R but they can be extended to periodic
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2 THE HASIMOTO TRANSFORM

boundary conditions, i.e. (1) posed on T, see section 1.2 in [32]). Amongst further notable contributions
on the subject is work by Nishiyama & Tani [47, 48, 55] who proved existence and uniqueness of solutions
for initial conditions in H*. The latest global existence and uniqueness results are valid for solutions
in L>°(H*),k > 2 and were proved in a sequence of papers by Ding and Wang [19] (see also Chang et
al. [14] and Nahmod et al. [46], and Rodnianski et al. [51] for a more recent self-contained proof). A
different approach to uniqueness in H? was provided by McGahagan [43, 42]. Further details about prior
theoretical studies of solutions to (1) can be found in to [32] and the references therein. Finally, for initial
conditions at least in H? the flow map of the SME is continuous in H' [32, p. 642].

The present numerical scheme described in section 4 thus operates right at the edge of current existence
results and provides simulations in practice for regularity assumptions close to the limit of H! data needed
in current existence results (cf. section 5.2), thus improving significantly on previous numerical methods.

Additionally, based on the Hasimoto transform we introduce in the smooth setting a wide class
of unconditionally stable explicit symmetric integrators which can be designed for any desired order
of convergence under sufficient regularity assumptions. This means that we overcome any CFL-type
condition (cf. [12, 15]) and semi-implicit nature and order restrictions (cf. [20, 57]) of prior work while
at the same time allowing for better preservation of the underlying geometric structure of the equation.

Our theoretical results are confirmed and underlined in detailed numerical experiments in section 5
where we observe that our fully explicit methods provide a significant performance improvement over
prior work (in particular the state-of-the-art by Xie et al. [57]) and that our low-regularity integrator for
the SM equation is able to perform very well even in regimes where classical methods are observed to
fail (rougher initial conditions). Both new schemes are also observed to lead to good energy preservation
properties.

2 The Hasimoto transform

Our novel approach for the numerical study of the solution of (1) is to exploit the Hasimoto transform
[27]. This transform has been successfully exploited in analytical studies of solutions to (1) (see for
example [27, 13, 4, 17, 6, 7, 37]) but, to the best of our knowledge, this has not been used in numerical
analysis literature yet. Hasimoto [27] showed that the solution T(¢) : T — S? of (1) can be found via the
following process from a given initial condition Ty. In the interest of clarity we present the Hasimoto
transform here using the Frenet frame, but we note that it is possible to use instead the parallel frame
described below from a given Ty (cf. [36, Theorem 1.3] and also [35, 55, 5]) thus avoiding issues related
to vanishing curvature arising in the Frenet-based construction. We denote by x,7 the ‘curvature’ and
‘torsion’ corresponding to T (this terminology arises from the interpretation of T as the tangent vector
field to a closed vortex filament, cf. [27] and see also the example in section 5.2). These satisfy

k(t,x) = [|[Te(t, )| 42, 527(15,:0) = —(Tu(t,z) X T(t,x), Ty (t, ), (2)

where || - ||,z denotes the standard Euclidean norm on R3. Suppose for the time being that the curvature
does not vanish (k # 0). Firstly, we compute ko and 79 (the initial values for x and 7) from (2) and let
Ny = mglamTO, By := Ty x Ny. Then we define an initial orthonormal frame Tg,e1,9,€20: T — S? by
taking

e1,0(x) := cos(mo(z))No(x) — sin(1o(2))Bo(z), e20(z) := sin(ro(x))No(z) + cos(mo(x))Bo(x).

Finally, the value of T(¢, ) is found by solving, for ¢ € [0, T],

9 T T 0 —Imu, Reuy
a7 (e | (to) = Alt.a) | er | (1), where A(t,2) = | Tmu, 0o |, @
€2 €2 —Reu, |u2‘2 0

and where v is the solution to the cubic nonlinear Schrédinger equation

iup + Ugy + 3|ul?u =0, (t,x) e R* x T,
’LL(O, ZL') = HO(SC) eXp(i f0$ TO(j)dj)a

where, as above, T = R/(27Z) is the torus meaning we consider periodic boundary conditions. Note, if
Ty is not the tangent vector field of a closed curve we have to include an additional factor in the initial
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condition for u in order to ensure its periodicity, u(0,z) = ko(x) exp(i [ 70(&)dE — ifo% 70(Z)dE). If we
think of T, e, ez as row-vectors then (3) can also be written as an evolution of a 3 x 3 matrix:

T

yi(t,x) = At 2)y(t, z), y(t,z):= e | (tx) (5)

The frame {T, e1, e2} is called the ‘parallel frame’ because one can compute that the variations 9,e1, 9,e2
are only in the T-direction. This frame can be constructed even when the curvature vanishes (cf. [36,
Theorem 1.3]). For instance, in the case when T is flat (i.e. there is a fixed b € S? such that To(z)-b = 0
for all x € T) we can define 7y := 0, take By := b and Ny := By x T and proceed as above to constructing
the initial parallel frame e; o, ez, before integrating the temporal evolution (5).

2.1 Properties of the SM equation

We note that the Hasimoto transform provides a useful tool for understanding the theoretical properties
of the SM equation. Firstly, it allows us to prove existence results such as the following: if T is smooth
then we have existence and uniqueness of smooth global solutions to (1). This result is a standard
consequence of existence of solutions to NLS and Cauchy—Lipschitz applied to (3). As recalled in the
introduction the Cauchy well-posedness theory for SM was intensively studied over the recent decades.

Secondly, the Hasimoto transform immediately allows us to relate conserved quantities from the NLS
flow directly to conservation laws for the SM equation. One example is the conservation of the mass
Jp lu|*dz in the NLS, which translates to conservation of energy &£ of the SM. Two important conserved
quantities of the SM equation (cf. [32, Lemma A.1]) are given by

3
E(t):/THTx(t,w)H?zdL I(t):/TIITt(t,:c)II%+IITzz(t,w)l\?rZIITz(t,x)II%dz- (6)

The preservation of these two constants of motion is particularly important since they control the first
two spatial derivatives of the solution T (cf. [32, Appendix A]), meaning that good preservation of £,7
in the numerical flow helps to avoid spurious blow-up arising from numerical instability in simulations.
We will use these conserved quantities as a benchmark for the structure preservation properties of our
symmetric numerical schemes (cf. section 5).

3 The smooth setting: Explicit unconditionally stable SM inte-
grators

In this section we will introduce a large class of unconditionally stable fully explicit symmetric numerical
methods for the SM equation in the smooth setting. Through (3) the bulk of the challenges in the
nonlinearity is pushed into the NLS part of the equation. This system is well-studied and a number of
efficient techniques exist for its solution (cf. [28, 44, 33]). In the following we will particularly focus
on the integration of the temporal Hasimoto transform (3) meaning we are given the complete initial
data T(0,x),e1(0,2),e2(0,2),u(0,x),x € T. Motivated by [26, Chapter XI] & [22] we seek to construct
symmetric numerical schemes, which promise not only stability but also good long-time preservation of
actions of the SM, including the energy £ and Z as defined in (6). A symmetric method preserves the
time-reversibility of the exact flow of the equation. In particular if we denote by @, ym+1 : T = Thnt1
the (nonlinear) map corresponding to our time-discretisation, we have the following standard definition:

Definition 3.1 (See for example [26]). The method ®p,—ym+1 is called symmetric if py—ymi1 = @;ﬁrl%m.

Throughout the present work we consider a spectral collocation method as the spatial discretisation
and our main focus will be to develop the semi-discretisation in time.

3.1 Symmetric splitting methods for the NLS

The first step in constructing such a symmetric method is to decide on an integrator for the NLS equation.
Splitting methods [44] are a good choice because for the cubic NLS we can split the nonlinear part from
the dispersive part in the system and efficiently integrate both in turns. In particular letting
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P1) {ut(t,z) = fugy(t, ), (P2) {ut(t,:c) = Lu(t, z)Pult, z),
u(0, z) = ui(x), u(0,2) = ua(z).

we know that the solution to (P1) is given by wu(t,z) := @gpl)(ul(x)) = exp(itd?)u;(x), which can be

computed efficiently for a spectral discretisation in O(N log N) operations using the FFT. Moreover the

exact solution to (P2) is given by u(t,z) := <p§P2) (ua(z)) = exp(itlua(z)]?/2)us(z), which again is highly

efficient because it requires only diagonal operations on the discrete grid of function values i.e. only

O(N) operations. If we let Da and Dy be the Lie derivatives (cf. for instance [34, Appendix A.1]) of

go,EPl), <p§P2) respectively, a general splitting method takes the form

Uyl = ealhDAeblhDN . €aShDA€bShDNU,m, (7)
where Uy, Um+1 correspond to the approximations of u(t,, ), u(tmy1) at given times ty,, tmy1 € R>o with
tim+1 > tmy, h = tymp1 — i, s the time step (whose potential dependency on m we suppress in the above
formula for ease of notation), and where a4,bs € R, 1 < s < 5,5 € N, are constants that do not depend
on m. We shall see in Thm. 3.4 below that for any given p € N we can find algebraic conditions on
as,bs, 1 < s < S, which ensure that the method is convergent at order p, directly in the full unbounded
operator setting. This means that splitting methods are unconditionally stable and convergent. Moreover,
the form (7) facilitates an obvious characterization of symmetric splitting methods (cf. [26, 10]):

Lemma 3.2. Suppose one of ai1,b1 and one of ag,bs is nonzero. Then the method defined by (7) is
symmetric if and only if one of the following two cases holds

e a1 #0,bg=0andas_s = as,bg_1-5s =bs forall1 <s< S5 —1;
e by #0,a5 =0 and bg_s =bs,as_1-s =as forall1 <s< S5 —1.

Example 3.3 (Strang splitting, cf. [53]). An obvious example is the Strang splitting for the nonlinear
Schrodinger equation (4) which takes one of two forms

U1 = sﬁ(%Pl) ol Vo sﬁ(%m)(um), or Umi1 = w(%m) oo 0 oy (um).

Recall of previous convergence results

We quickly recap a central result which will be useful for our analysis in section 3.3. The result was first
proved for the cubic nonlinear Schrédinger equation by [39] for Strang splitting, and then stated by [34]
for splitting methods of arbitrary order. To begin with we note that replacing Da, Dy with bounded
operators one can, using Taylor series expansions, easily find algebraic conditions which ensure that the
splitting method (7) is convergent of order p. We call this the non-stiff order of the splitting method.
Then it turns out that for the nonlinear Schréodinger equation this order is preserved also in the stiff case:

Theorem 3.4 (Thm. 3.5 in [34] extending on Thm. 7.1 from [39]). Ifu:[0,T] x T — C is the solution
to (4), with u € C°(0,T; H?**TY(T)), then for any exponential operator splitting method (7) with non-stiff
order p and uniform time steps, tmy1 — tm = h Y0 < m < |T/h], we have that

[wm — utm)ll g < CRP, Vin <T,
where the constant C' > 0 depends on T' and sup,¢jo 7y [|u(t)|| gr2v+1-

In an analogous manner a similar convergence result can be shown for quasi-uniform time steps. In
the following statement we will use the standard expression p-quasiuniform, 0 < p < 1, for a sequence
(am)lngM to mean that minlSmSM |am| > pmaxi<m<M |am|.

Corollary 3.5. Let u be as above, i.e. it is the unique solution u € C°(0,T; H**TX(T)) to (4), and
consider the exponential operator splitting method (7) with non-stiff order p but applied with variable step
sizes hy, = tiy1 — t > 0 such that T = Z%Zl hm. Let p € (0,1), then there is a constant C' depending
on T,sup,cy ||u|| gzo+1 and p, such that for every p-quasiuniform sequence of time steps we have

P
- 1 < m ) 1 S S M
lum —u(tm)| g < C (1%a§wfh ) V1i<m
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3.2 Time integration of the Hasimoto transform

Having solved the NLS (4) numerically we turn to the time integration of the linear matrix ODE (5).
If u € C([0,T); H') then, for almost every value of x € T, the matrix function ¢ — A(t,z) is uniformly
bounded on compacta thus we can express (see [29, § 4.1] and [40]) the solution to this system as y(t, z) =
exp (B(t,z)) y(0,z) where B : R x T — R3*3 is given by its Magnus expansion B(¢,z) = > r , Hg(t, 2)
(which holds true for almost every z pointwise), with

t &1
Hl(t,l‘):/o A(fl)dfl, H t $ // 51 fg)]dfgdfl,
1 b & &
=5[] aa@). e A+ A [AE). Al déadéadss

where the square brackets [ -, -| denote the commutator of the two matrix arguments, e.g. [A(&1),A(&2)] =
A(&1)A(&) — A(€2)A(&). The terms Hj,j > 3, take a similar form: they can be expressed in terms of
iterated integrals of commutators of A. A general expression of these terms can be found using rooted
trees, see for example [29, § 4.1]. We shall denote by B(¥) := Zszo Hi the truncated Magnus series.
Truncating the Magnus expansion preserves the symmetry of the flow:

Theorem 3.6 (See Thm. 3 in [31]). The truncated Magnus expansion, i.e. the numerical method <I)§LK) :
Y = Yma1 = exp(BE) (t, toni1, T))ym, is time-symmetric in the sense of definition 3.1.

Of course, we can solve (4) only on a discrete temporal grid, thus we do not have access to u(t, z) for
all values of ¢ € [0,T]. Therefore we have to use a quadrature rule on the integral expressions for Hy (¢, x)
which relies on solution values of (4) only at discrete time steps. This results in a so-called interpolatory
Magnus integrator (introduced by [30, 29]) and can be constructed in the following way: We follow the
notation of [30] and note that we can write every Hy as a linear combination of integrals:

§iy fzk
Ih—/ / (A(&1),A(&), ..., A(&))dEpdEg—y - - - d&y,

where £ is a multilinear map (consisting of k — 1 nested commutators) and i; € 1,...,kforall 1 < j <k.

We take Gauss—Legendre quadrature with L = [(p+1)/2] nodes, 0 < ¢; < 1, and let pi(t) = Hlei#(t —
ci)/(a —¢i), 1 <1 < L, be the corresponding Lagrange interpolation polynomials. The interpolatory
Magnus integrator is then found by precomputing the quadrature weights

k k

n- | ' / o / gi’“i[[lpli(si/hmgkd&k---d& -t f 1 / . / &ki[[lpzx&)d&kd&k---dsl, ®)

and then replacing the integrals I, in the truncated Magnus expansion by the quadrature approximations

Z bl (A(hey,), Alher,), ..., Alhe,)) . (9)

As noted in [30] these approximations are a good choice for two reasons: firstly, the resulting inter-
polatory Magnus integrator is time-symmetric due to the symmetric distribution of Gaussian quadrature
points in [0, 1] (cf. [31, p. 392]). Secondly, the resulting numerical integrator for (3) is of order p as we
shall see in the results quoted below. We denote the resulting approximation to Hy (h, u) by Qp [Hi;u] (z)
to emphasize that we use function values of u, d,u at hc;, I = 1,... L, in the evaluation of A of this process.

Summary of previous convergence results

The error analysis of interpolatory Magnus integrators is very well understood and was first given in [30].
The following central results concern the local error resulting from truncation of the Magnus expansion
and then the error committed in applying the Gaussian quadrature.

Theorem 3.7 (Rephrased from Thm. 2.7 in [30]). The truncated Magnus series satisfies

p+1
< ChPH! ( sup ||A(t,x)||42> ,

te[0,h]

B(h,x) = > Hi(h,z)
k=1

02

where the norm || - ||g2 is the usual Fuclidean matriz norm and C > 0 is a constant independent of A, h.
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Theorem 3.8 (Cor. 3.31in [30]). If L = [(p+1)/2], the quadrature introduced in (9) is at least of order
p for any integral I, appearing in the Magnus expansion, in particular there is a constant C depending
on the number of iterated integrals in I, but independent of h and A such that

Iy — O, < ChPH HE AL, ..., OlEA
1r = QUIn]ll,2 < W N ( A : (&))
j=1,....N

2

3.3 Novel integrators and convergence analysis for regular solutions

Having understood the building blocks of our novel method for the SM equation (1) we briefly summarize
the combined method before providing a detailed convergence analysis.

Scheme A for the approximation of T: We use the notation and parameters introduced in the
previous two sections. We fix p the desired order of the method, h the coarse time step, and 7" the end
time and proceed as follows:

1. From the given initial data ug(x),x € T, we solve the NLS (4) using a splitting method of order p as
described in section 3.1 at the LM-time steps given by ty,; = h(m — 1) + heg, where M = T'/h and

L =[(p+1)/2]. We denote those approximate values by ugzlgmz(x) = (Um1(2), ..., um,n(x)) =
(w(tma, @)y ultm,L,)).

2. From the given initial frame To(z), e1,0(x),e20(x), z € T, we apply an interpolatory Magnus inte-
grator as described in section 3.2 to (3) in order to obtain the approximation of T(ty,,z) at new
time values t,, = mh,1 < m < M. In particular we define the numerical map ®,,—,m1 by

Y +1(2) = Ppnosms1(Ym) = exp (Z Qi [Hizulfy)., | (sc)) Yin ().

k=1

Convergence analysis of the full method

Firstly, we note the following simple stability bound which is an immediate consequence of the skew-
symmetry of A(t,z) for all t € [0,T],z € T:

Proposition 3.9 (Stability). For any v,w : [0,7] x T — R3, u: T — C, we have

exp <Z O [Hi; 4] (x)) vV — exp <Z QO [Hi; 4] (x)) w

k=1 k=1

=[lv-wlp.

02

Proof. By definition (cf. (3)) the matrix A is skew-symmetric, thus one can easily check that the same
applies to the quadratures of the terms in the Magnus expansion as these are just linear combinations
of pointwise evaluations of A. Thus we have that C(z) := > 7_, Qpn [Hx; u] (z) is skew-symmetric. We
conclude by noting that the exponential of a skew-symmetric matrix is an isometry on ¢2:

|lexp(C)(v — W)H?g = <v —w,exp(CT) exp(C) (v — W)> ,=(v—w,v—w)=|v-— W||§2.

¢
|

Remark 3.10. In particular this proposition exhibits a further advantage of the construction of inte-
grators for (1) using the Hasimoto transform, namely that the geometric constraint ||T(t,z)|;2 = 1 is
automatically conserved ensuring that the scheme indeed maps values from S? back into S?. We note that
in prior methods (cf. [57]) this constraint is not automatically conserved and that in those cases typically
each time step has to be augmented with an artificial projection step onto S2.

Remark 3.11. Crucially, the numerical Hasimoto transform is unconditionally stable and the same is
true for splitting methods of the NLS part, and so our overall method is indeed unconditionally stable.

In addition we can combine Thms. 3.4, 3.7 & 3.8 to find the local error of the method as follows: Let
us denote by ¢y, ¢, : R3*® — R3*3 the exact flow of the equation (5) so that the first row of this map
corresponds to the exact solution of the SM equation (1). Then we have the following error estimate:

7 V. BanicA, G. MAIERHOFER & K. SCHRATZ



3 THE SMOOTH SETTING: EXPLICIT UNCONDITIONALLY STABLE SM INTEGRATORS

Theorem 3.12 (Local error). Given p > 1, for anyyo : T — O(n;R) (i.e. a function taking values in
the set of orthogonal matrices) and any m =0,... M — 1 we have

H(I)m—wn-i-l (yO) - Qﬁtm—>tm+1 (yO)HLz(T;ez) S Cthrl
where C' depends on p and supery, 4., |u(@)| o1

Proof. For notational simplicity we prove the statement for m = 0 and note that the case m > 1 follows
analogously. Note by section 3.2 and our construction of the numerical method we have

bto—ts (o) (z) = exp(B(h, z))yo(x), and Po1 (yo) (x) = exp (Z Q {Hk; ué%)pm} (fc)> yo().
k=1

In the following let us denote by u : T — CL the vector of exact function values u(z) = (u(eih, z), ..., u(cph, ).
We note that exp : R3*3 — R3*3 is locally Lipschitz, and thus we have

p
H(I)m—)m+1 (yO) (SC) - ¢tm—)tm+1 (yO) (x)HgZ = Z Qh Hk’ a TOxT (ZL') ||y0($)||g2
2 O [Pl @] o0l
p
< C’( B(h,z) — > Hi(h,z) +Z||H;c — Qn [Hi; vl (x)lle2>
k=1 02
p
Z ‘Qh Hk, —Qn |:Hk, ((J,p)z)’!‘om:| (:C) 2 (10)
where C depends on supycis.. ¢, ([[1(t) oo+ 8xt(t)]|oc) +maxi << (usg,;m) } n ‘(azug%om H
I oo

i.e. can be bounded above (using Morrey’s inequality and Cor. 3.5) by a function of sup,cpy, 4,11 |u(®) || m2e+1.
We can now use the estimates from Thm. 3.7 to see that

p+1
< O hPT! ( sup ||A(f,$)|g2>
te[0,h]

B(h,x) — > Hi(h,z)
k=1

ZQ
for some constant C; > 0 independent of u. Thus

P

=D He(h
k=1

for some constant Cy > 0 independent of w. Similarly, from Thm. 3.8 we find, using the NLS (4) which

shows that [|87ul| > < ||lul|gzs for all j > 0, that

k
IHe = Qn [Hies wlll L2 rygzy < O3k [lullfzpe (12)

for a constant C'5 > 0 independent of w.
Finally, we note that by construction of the quadrature Q in section 3.2 we have

HQh Hesu] (z) — Qn {Hk: ,(lp)pmx} (2) P

<3 LA oo (0,)) = £ (A (0500r), ) oot ((o8hee), ) )]
< 042 |bl|z < ( a(z)))p?“oﬂc)lj‘ )

where C4 > 0 is a constant depending on sup,c(, 4,1 [[w(t)||g2r+1. Note now that the by are uniformly
bounded by Csh for some constant C5 independent of h (but depending on p) by the expression in (8).
Taking the L2-norm on both sides and using Cor. 3.5 we conclude that

< CyhPt? ( sup [lu(t )||2er2 + sup |ju(t |p+1> (11)
L2(T302) te[0,h] te[0,h)

(W + (), | + |00, (00.)

L

< hCg max
L2(T562) 1<j<L

i |Qn Hisu] (@) = Qn [His 00,0 (2)]

(u),, — (u“’) )l H < CyhPTL. (13)

approx
JllHL

for constants C, C7 which depend on p,sup;c(y, 4, [|4(t)[|r2o+1. The result then follows from (10)-(13).
O
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4 LOW REGULARITY: A SYMMETRIC LOW-REGULARITY INTEGRATOR FOR THE SM
EQUATION

Corollary 3.13 (Global convergence). Let T, be the first row of y., (computed using Scheme A) If
T :[0,7] x T — S? is the ezact solution to the SM equation (1) then we have, for every m =0,..., M:

[T — T(mh)| L2702y < CHP,
where C' depends on p and supepo 1) |u(t)|| v 1.

Proof. By a standard Lady Windermere’s Fan argument combining Prop. 3.9 and Thm. 3.12. (|

4 Low regularity: A symmetric low-regularity integrator for the
SM equation

Having constructed a general set of novel integrators for the SM equation, we notice that in order to
achieve first order convergence (p = 1) our above methods would require initial datum uy € H3. For
highly regular initial data this is generally not a problem. However, we are also interested in low-regularity
solutions of the SM equation such as for instance in the examples of [6, 15, 24, 45]. For these cases it is
desirable to reduce the regularity requirements for convergence and as such we will describe and study
in this present section a dedicated low-regularity integrator reducing significantly the requirements of
the above methodology. We will again exploit the Hasimoto transform (3) but incorporate more of the
structure of the NLS solution to (4) in order to guarantee convergence for lower regularity regimes.

4.1 A symmetric low-regularity numerical integrator for the NLS

A central limiting factor in the convergence analysis of section 3.3 was given by the regularity requirements
of the splitting method for the solution of the NLSE part (4). Indeed, independently of our application
to the SM equation, the low-regularity solution of the NLSE has been studied extensively over the recent
decade and has resulted in the development of some highly efficient techniques [50, 11].

Motivated by the state-of-the-art integrator described in [50] we introduce a new symmetrized low-
regularity integrator for the NLSE (4), which matches regularity requirements of previous work, but
at the same time introduces structure preservation in this low-regularity regime. Further details of the
derivation of this and similar as well as higher-order symmetric low-regularity integrators can be found
in upcoming work [3] (see also [1]) and as such we will limit ourselves in the present work to introducing
the method and studying its convergence properties to the extend required for the convergence analysis
of the SM approximation. The method can be written in the following form:

a2 h 92 — h —
um Tl = ehdeym 4 izezham [(um)2 gol(—ihﬁg)um} + zZ [(um“)2 ©1(ihdH)um+1| | (14)

where

ez_—l, z#0,

-— z

#1(2) = {1, z =0,

and the action of the maps exp(ihd?), ¢1(+ihd?) (defined through functional calculus) can be efficiently
evaluated by a simple diagonal operation in our spectral spatial discretisation. Additionally, as we show
in Theorem A.2, fixed-point iteration can be used to solve the nonlinear system in (14) at every time
step, whereby the size of 7 required for convergence is restricted solely by the magnitude of ||u"| g- and
entirely independent of the number of modes in the spatial discretisation. Clearly, the above method is
symmetric in the sense of definition 3.1, and moreover it satisfies the following low-regularity convergence
result:

Theorem 4.1. Fix s > 1/2 (corresponding to the norm in which we measure convergence) and v € (0, 1]
(corresponding to the convergence order). If (4) has a solution u € C°(0,T; H**Y(T)) then 3 C,ho > 0
depending on s,7,Supyco,1) lw|lzzs+~, such that for any 0 < h < hg we have

T
™ = ult)l- < CH7, VO <ms |,

where ty, = hm,m =0,...,|T/h], and u™ is computed using the method (14).
Proof. See Appendix A. O
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4 LOW REGULARITY: A SYMMETRIC LOW-REGULARITY INTEGRATOR FOR THE SM
EQUATION

4.2 Fast low-regularity Hasimoto (FLowRH) transform

Having introduced a symmetric low-regularity integrator for the NLS (4) we turn to designing a low-
regularity approximation to the temporal Hasimoto transform (3). We observe in Thms. 3.7 & 3.8
that the quadrature of the terms in the Magnus expansion appears to impose more stringent regularity
requirements than the truncation, thus we seek to replace the quadrature in (9) with a tailored version.
We will for this part of our work be content with designing a method of low order with guaranteed
convergence under low regularity assumptions, thus it suffices to truncate the Magnus expansion after its

first term. Thus we aim to find an approximation to the term H ( fo s)ds. In order to do so we
turn to the twisted variable (cf. [50]) given by v(t) = exp(—it82) ( ) Wthh satlsﬁes the twisted equation

2
e”aiv} . (15)

itd?

. 1 .5
z@tvzie 0 | |ty

In order to approximate Hy(h,z) we thus have to, according to (3), compute approximations to the
following two integrals:

tm41 tm+1
I [us b, tm1) :/ ug(s)ds, Io[u; t, ] :/ |u|2ds.
t t

m m

Our quadrature rules for the above integrals will rely on evaluations of u, a solution to (4), at discrete
points in time t,,,0 < m < M. Thus, as noted in the error estimates below we will throughout assume
that we have at least u € C°(0,T; H(T)) for some T' > 0 and that our time evaluations are restricted to

€ [0,T] for all 0 < m < M. This means that the quantities u(t,,) and dyu(t,,) are well-defined for
all 0 < m < M. Note also that the map w — exp(—itd?)w is an isometry on H* for any s > 0,t € R.
Thus, of course, if u € C°(0,T; H*(T)) for some s > 0 then the twisted variable v(t) = exp(—itd?)u(t)
has the same regularity, i.e. v € C°(0,T; H*(T)). We begin by approximating I;: in terms of the twisted
variable v the integral can be written as

tmyr
Lifu, tm, tmg1] = / €159 0,v(s)ds.
t

We choose a midpoint-type approximation of the form
tmyr +
Li[u, ton, tm1] = Qiu, ti, tmy1] := / ezaisazwds
t

e 2N u(tmg1) + Opult)
5 .

m

= h%(ihai)

This can clearly be computed in O(N log N) operations using the FFT in our spectral spatial discretisa-

tion. Note, because we have constructed this approximation based on the twisted variable v(t) the map
e~i0zh applies only to the u(t;,+1) term in the final expression. This careful construction allows us to
establish the following error and stability estimates:
Proposition 4.2. Ifu € C°(0,T; HY(T)) is the solution to (4) then

Hll[uvtm m+1] Ql[ tm, erl]HL2 < h? C,

where C depends on maxsep,, 1,11 |[w(t)||gr. Moreover, for any u,w € C®(tm, tm1; H*(T)) we have
Q1w tms tms1] = Qulw, b tna]ll 2 < Dh (ultmir) = wltmar) | g1 + l[ultm) = w(Em)l 1)

where D > 0 is a constant independent of u,w.

Proof. See Appendix B. O

For the second integral we choose a slightly different approximation: We write the exact integral in
terms of Fourier series:

h
L[u; tm, tma1] E i E _ltm(k%_kg)/ —is(ki = )vk (trm + 8) 0k, (tm + 5)ds,
0

leZ I=k1—k2

10 V. BaNicA, G. MAIERHOFER & K. SCHRATZ



4 LOW REGULARITY: A SYMMETRIC LOW-REGULARITY INTEGRATOR FOR THE SM
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and define the following quadrature:

h A N BT N
Ot b ta] = 3 | 30 e—z‘tm(kf—kg)/ pmish? g O (bt 1) + Ok (t) € RS gy (bg1) + Oty (B
0

2 2
LEZ l=ky1—k2
i

h —ihk? A = =
b Y itk sk g, € by (tn1) + Oty (tn) e (B 1) + B (B
o 2 2

I=ki—ks
k3 <k

) ihka tm 7 tm 7 tm i tm
= Zezm Z hﬁpl(*ihk%)e ukl( +1)+uk1( )ukz( +1) +uk2( )

2 2
leZ l=ky—ko
Kk >kj
S gy (ini Pelnet) £ () — gl
l=k1—ks2
ki<k3

It turns out that for a spectral discretisation this quadrature can be computed in O(N (log N)?) operations
where N is the number of spatial discretisation points, i.e. it is almost as quick as a fast Fourier transform.
The details of this computation are provided in Appendix C. The quadrature is a good choice because it
has the following local error and stability property:

Proposition 4.3. If u € C°(0,T; HY(T)) is the solution to (4) then

112w, trms tmg1] — Qalt, tim, tinga] || 12 < h%C,

where C' > 0 depends on max;cy,, . lw(t)|| 2. Moreover, for any u,w € CO(tm, tmi1; H(T)) we have:

1]
Q2w tim, tm 1] = Qalw, tm, tmia]ll L2 < DA ([[u(tmir) = w(tme)ll g + ultm) — w(tm)l 1)

where D > 0 depends on max {||w(tm) ||z + |wEm)|g1, |eEms)|| g + JwEm)| g }-

Proof. See Appendix D. O

Thus our overall approximation of H; can be summarized in the quadrature rule

. 0 —Im Ql[u,tm,tm+1] Re Ql[u,tm,tm+1]
QU BN ) (2) = | T Q1 [uy b, b 1] 0 —10s[u, by by 1] (16)
*Re Ql[uytmythrl] %Q2[u;tm7tm+l] 0

which can be computed using O(N(log N)?) operations (where N is the number of Fourier modes in
our spatial discretisation). We call the resulting discrete map y — exp (ngw'reg)[Hl; u](z)) y the fast
low-regularity Hasimoto (FLowRH) transform. From Props. 4.2 & 4.3 we deduce

Corollary 4.4. If u € C°(0,T; H'(T)) is the solution to (4) then

< Ch?
L2(T;¢?)

)

|B(n) — Qi 7™ [Hy; |

for some constant C' depending on supye,, 4 .1 |u(t)||zr. Moreover, for any u,w € CO(tm, tmy1; H'(T))
we have

< Dh(lultm) = wtm)ll g1 + [ultmer) = wltmi)| g1)

low-re . (low-reg) .
HQEL V[Hu ) - 9 [Hl’w]‘ L2(Ti2)

for some constant D > 0 depending on max {||u(tm)|| g1 + ||[wtm)l| a1, |e(Ems) || g + [|wEm)|| g2 }-

Remark 4.5. In principle, higher order low-regularity Hasimoto transforms can be designed using similar
ideas by including more terms in the Magnus series of B(t,x) and resolving the resulting integrals with
bespoke quadrature rules similar to Q1, Qs as designed above. For approzimations up to second order
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5 NUMERICAL EXPERIMENTS

(i.e. including terms up to Ha(t,x)) this can be done using similar fast transforms as introduced in
Appendiz C and the use of symmetric polynomial interpolants (cf. [41, Section 3.2.1]). However for
terms involving at least three nested commutators such fast computations may no longer be possible, and
new fast transform tools may have to be devised. In the interest of brevity this construction is not included
here, but the development of a structured approach for the construction of higher order low-regularity
Hasimoto transforms will form part of future research.

4.3 Low-regularity integrator for SM equation and convergence analysis

We can now write down our algorithm for the computation of T in the low-regularity regime, which will,
as we show in Corollary 4.7 below, require only v € H? for first order global convergence - much less
than the v € H? requirement of the algorithms described in section 3.

Scheme B for the low-regularity approximation of T: We use the notation introduced in the
previous two sections. We fix h the time step, and 7" the end time and proceed as follows:

1. From the given initial data ug(z),z € T we solve the NLS (4) using the symmetric low-regularity
integrator introduced in (14) at M-time steps given by ¢,, = hm, where M = T/h. We denote

those approximate values by w{2""") m = 0,... M.

2. From the given initial frame To(x),e1,0(z),e20(z), z € T, we apply the low-regularity Magnus
integrator arising from the approximation given in (16), the FLowRH transform, i.e.

low-re approx approzx
Ym+1 = Prmom+1(Ym) = exp (Qé 8 [Hy; (ulorproe) ylomm ))]) Y

where y,, ~ y(t,,) is the approximation of the full frame at time ¢,, to obtain an approximation of
T(ty, x) at all time values t,, = mh,1 <m < M.

Convergence analysis of the full method

The stability estimate Prop. 3.9 applies also in this case as no regularity assumptions were made. For
the local error we have the following important result. Here we let again ¢, : R3 — R3 be the exact
flow of the SM equation (1), and let @goﬁ;;ef)l : R — R? be the map corresponding to our method as
described in Scheme B above.

Theorem 4.6 (Local error). Let v € (1/2,1], 0 <m < M — 1, and R = supcqy, 4, [ullzr1+v. Then
there exists hg > 0 and C > 0 depending on ~, R such that for any yo : T — O(n;R) (i.e. a function
taking values in the set of orthogonal matrices) and any 0 < h < hg we have

H(I)m—nn-i-l (YO) - Qﬁtm—>tm+1 (yO)HLZ(T;Ez) < Ch1+’y-
Proof. This result follows analogously to Thm. 3.12 by replacing the estimates from Thm. 3.4 with
Thm. 4.1 and the ones from Thm. 3.8 by Corollary 4.4. |

From Thm. 4.6 and Prop. 3.9 we obtain the following global convergence result of Scheme B:

Corollary 4.7 (Global convergence). Let v € (1/2,1], suppose u € C°(0,T; H'*(T)) is the solution to
(4) and T, ey, ey € CO(0,T; H'(T)) is the solution to (5). Let R = sup,c(o,,) |ullgi++ and denote by Ty,
the first row of y,m, (computed using Scheme B). Then there exists hg > 0,C > 0 depending on v, R such
that for any 0 < h < hy and every 0 < m < M we have

[T — T(mh)HN(T;gZ) < Ch".

5 Numerical experiments

Having understood the theoretical convergence properties we can now consider the performance of our
proposed methods in practice. As reference for the state-of-the-art in the literature we use [57] (semi-
implicit unconditionally stable integrators for the SM equation) although important prior work is also
given by [20], [15] and [12]. Notably [15, 12] require stringend CFL-conditions for convergence (in the
case of [15] to ensure stability and in the case of [12] to ensure solubility of the implicit equations).
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5 NUMERICAL EXPERIMENTS

5.1 Smooth solutions to the SM equation

In our first example we consider smooth initial conditions for the problem (1). In particular we consider,
motivated by the computational examples in prior work [20], the initial condition

To(z) = (cos(2x) sin(z), sin(2z) sin(z), cos(x)). (17)

In our numerical simulations we compared two versions of our Scheme A (corresponding to notation
p = 2,3 in terms of section 3.3), and our scheme B with the first and second order algorithms introduced
by Xie et al. [57]. We note that the algorithm from [57] is semi-implicit and as such requires, at each
time step, the solution of a linear system which we did in our implementation using GMRES with an
analytical preconditioner. All of our methods were implemented on an Intel(R) Core(TM) i7-10700 CPU
@ 2.90GHz using 8 CPU cores where many calculations were parallelised (for instance the solution of the
implicit equations in the method by [57] is done in parallel as is step 2 in our schemes A and B). Finally,
we note that in our implementation of [57] we exploited the fact that we work on a periodic domain and
compute all required derivatives using fast Fourier transform methods in exactly the same way as for our
novel methods.

In the first instance we look at the convergence properties of the numerical schemes for a moderate
spatial discretisation of size N = 256. The reference solution was computed with h = 2% and N = 4096
using our scheme A (order 4) and the results are shown in Fig. 1. Clearly we see in Fig. la that all
methods achieve the predicted theoretical convergence rates (note our scheme B is symmetric and thus
at least of second order for smooth initial data). Furthermore, in Fig. 1b the computational advantage of
the fully explicit nature of our Hasimoto transforms becomes apparent as all of our methods outperform
the previous state-of-the-art by at least an order of maenitude in terms of computational time.

4

102 10
100F 1
10%F i
102 1
— —_
I 8
o s & 10°F k|
= g
2 g
= =
=} ]
= 108k 4 )
g 10 & 10t El
o
= 7~ Xie et al. 2020 - order 1 —7~Xie et al. 2020 - order 1
108 ~O—Xie et al. 2020 - order 2|3 O—Xic et al. 2020 - order 2
~O—Scheme A - order 2 )
~/—Scheme A - order 4 10°F Scheme A - order 2 3
100k > Scheme B 4 —/\—Scheme A - order 4
2
7 — — O(h),0(h?),0(h") Scheme B
-12 1 1 1 -1 L L L L
10 10
10° 102 107 10° 1012 1010 10°® 10° 10 107 10° 10%

h

L?-error at T =1

(a) L2-error in T at time T = 1 versus the step size.  (b) CPU time versus the L-error in T at time T = 1.

Figure 1: Convergence plots for smooth initial data (17) and N = 256.

Increasing the number of spatial discretisation points to N = 1024 we see in Fig. 2 that our new
integrators are indeed truly unconditionally stable and convergent and incur no significant increase in
cost as N increases (indeed as shown in earlier sections the cost of our scheme A scales like O(N log N)
and that of our scheme B scales like O(N (log N)?)). In particular, out of our new schemes, only scheme
B involves an implicit aspect in (14) which we show can be solved with fixed-point iteration at rates
independent of N (cf. Theorem A.2). The reference solution in this experiment was again computed with
h =271 and N = 4096 using our scheme A (order 4).

In the final Fig. 3 we consider the absolute error in the £,7 introduced in (6) for a fixed time step
h = 1/200 with spatial discretisation N = 128. We observe that our symmetric methods indeed exhibit
good preservation of these actions.

5.2 Rough SM-solutions and application to the vortex filament equations

As a second example we consider the evolution of a closed low-regularity vortex filament in an ideal fluid.
The filament X(t) : T — R3 evolves according to the vortex filament equation (VFE)

X = 0,X x 92X.
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(a) L*-error in T at time T = 1 versus the step size.  (b) CPU time versus the L*-error in T at time T = 1.

Figure 2: Convergence plots for smooth initial data (17) and N = 1024.
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Figure 3: Error in the approximation of the conserved quantities for 7 = 1/200, N = 128 and initial
conditions (17).

The tangent vector field T = 9, X satisfies the SM equation (1). The VFE has been the subject of several
numerical studies, amongst them [12] and [15]. In the present example we consider a low-regularity initial
vortex filament which is flat and composed of two straight sections that are connected by half-circles as
indicated in Fig. 4 (which also features the time evolution of this vortex filament with A = 0.01 and for
two different spatial discretisations).

The tangent field initially takes the form

cos(2z 4+ m),sin(2z + 7),0), if —7 << —7/2,
1,0,0), if —71/2<2<0,
cos(2x), sin(2x), 0), if0<z<m/2,
-1,0,0), ifr/2<z<m,

(
To(x) = E (18)
(

so the curvature of the corresponding planar curve (i.e. 79 = 0) is piecewise constant, which means that
Ty € H¥?=¢ and ug € HY?~¢ for all ¢ > 0. We recall the existence of weak solutions for this class
of initial conditions by [32]. This is less regularity than required in Cor. 4.7, but we will demonstrate
that in practical performance our low-regularity scheme B can still achieve reliable convergence in this
regime, while all of the classical methods suffer from significant order reduction. This clearly underlines
the important properties of our new method. In the following experiments the reference solution is

14 V. Banica, G. MAIERHOFER & K. SCHRATZ



5 NUMERICAL EXPERIMENTS

= Scheme B

\ —Scheme B
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(a) N = 64. (b) N = 256.

Figure 4: Evolution of low-regularity vortex filament for h = 0.01.

computed using scheme B with h = 2715 and N = 4096. Indeed in our convergence graph with N = 256
in Fig. 5 we observe that the convergence behaviour of all classical methods and even our scheme A is
significantly worse than in the smooth case, while our scheme B is able to achieve reliable convergence at
rate roughly O(h'/?) until the spatial discretisation error becomes dominant and the error thus stagnates
at roughly 0.05. Although the other methods exhibit some convergence until the spatial discretisation
error is attained the convergence appears to be much slower and more unreliable than in the smooth
case. Note the spatial discretisation error was not visible in Fig. 1 and Fig. 2 because it is much smaller
in the smooth case due to the rapid decay of Fourier coefficients in the solution. As we increase the
number of spatial discretisation points to N = 1024 (cf. Fig. 6) the spatial discretisation error becomes
smaller and the error curve for our scheme B is consequently lower, while for the remaining methods the
effect of order reduction becomes even more pronounced and the latter appear to require even smaller
values of h to achieve a comparable degree of convergence. The problem experienced with prior work, for
example Xie et al. [57], in this low-regularity regime is also visible in Fig. 4 which shows the detrimental
effect an increase in N has on the approximation for fixed h, while the novel scheme B is able to reliably
approximate the solution even for large values of N without deteriotion of its convergence properties with
respect to h.

10 T
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- —/—Scheme A - order 4 10tk
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—— O(h'/?)
-3 1 -2 L 1
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10° 10 10 10° 10 10 10°
h L*-error at T =1

(a) L2-error in T at time T = 1 versus the step size.  (b) CPU time versus the L-error in T at time 7 = 1.

Figure 5: Convergence plots for low-regularity initial data (18) and N = 256.

Finally, we note that for this low-regularity regime we have 92T ¢ L? so we cannot make sense of
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(a) L*-error in T at time T = 1 versus the step size.

the action Z. Nevertheless, we can look at the absolute error in £ and we find that our symmetric
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Figure 6: Convergence plots for low-regularity initial data (18) and N = 1024.

low-regularity integrator scheme B appears to preserve the action reasonably well too (cf. Fig. 7).
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Figure 7: Absolute error in the approximation of £(t) for h = 1/200, N = 128.
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A PROOF OF THEOREM 4.1

6 Concluding remarks

In this manuscript we presented a novel numerical approach to the SM equation by exploiting the Hasi-
moto transform. Using this nonlinear transform we were able to design the first fully explicit symmetric
unconditionally stable numerical schemes for the SM equation with values in S?, which notably can be
designed to arbitrary order. We also developed a tailored low-regularity integrator for the SM (including
the FLowRH transform) which extends the computational possibilities to regimes which were not acces-
sible with prior methods. Our rigorous error analysis and computational experiments demonstrate that
our novel methodology is able to significantly outperform the current state-of-the-art.

As a possible direction of future work we note that our algorithm for the fast computation of index
restricted convolution-type sums, which we described in Appendix C, opens up a plethora of new pos-
sibilities for the design of low-regularity integrators of dispersive partial differential equations. Indeed,
until now the design of such integrators (and in particular resonance-based schemes) was restricted to a
composition of diagonal operations in Fourier and physical space together with a fast Fourier transform to
switch between these pictures and the present concept of fast computation of index restricted convolution
type expressions may extend more generally to a wider class of integrators for dispersive systems.
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Appendices

A  Proof of Theorem 4.1

We recall the statement of Thm. 4.1:

Theorem A.1l. Fiz s > 1/2 (corresponding to the norm in which we measure convergence) and v € (0, 1]
(corresponding to the convergence order). If (4) has a solution u € C°(0,T; H**Y(T)) then 3 C,ho > 0
depending on s,7,Supyco,1) lw|l s+, such that for any 0 < h < hg we have

T
o~ el <O07, Vo <m< |,

where ty,, = hm,m =0,...,|T/h], and u™ is computed using the method (14).
For the proof of this statement it is useful to define the auxiliary function

Si(u) = ehiym 4 igeihf’i (w2 o1 (~ina2yim] + z% [ur (ihd2)]

Then we can prove the following crucial result:

Theorem A.2. Let R > 0 and s > 1/2. Then there is a hr > 0 such that for all h € [0,hgr) and any
u™ € Br(H?®) := {0 € H®|||0||gs < R} we have u™"" the exact solution of (14) is given by the following
limit in H®:

™ = lim Sfj) (eiaihum), where Sfj) (u™)=810---08 (eihaium)- (19)
J—00 %t,_/
j—times
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A PROOF OF THEOREM 4.1

Moreover, we have the estimate
Hum+1 _ eihaiumH < hCp, (20)
HS

for some Cr > 0 which depends only on R (and s).

Proof. For the proof of (19) we notice that, for h sufficiently small, S; is a contraction mapping on
Bgr(H?): Indeed, for any w,v € Br(H?®), we have

h . _ . _
181() = 810} 5. = 7 [P e(ihd2)m — v (ihd2)o] .

Similarly to the proof of Lemma 3.1 in [50] we now observe that there is a constant ¢ > 0 independent of
w, v such that

[w?(ihd2) — v*p(ihd3)0| . < ¢ llw — vl lewl\ i ol (21)

Thus if we take h < 6R%c we find immediately that ||Si(w) — 81 (v)|| . < 2 |w — v| . and (19) follows
from the Banach fixed-point theorem. Let us now write
2 2 =1 y 2 1 2
||S£J) (ezhazum) _ ezhazum”m < |‘S§]+1)(€lhaxum) _ S£j)(€lhaxum)||]_]s
j=0
J—1
. A2 A2 a2

< 7]H51(61h63um) _ ezhazum”HS < 2||81(ezh61um) _ zhazumHH

Taking the limit as J — oo it thus follows that
Hum+1 — eihaiumH <h H(um)2 <p1(—ih6§)u_mH < hel|u™||%.
Hs Hs
and so (20) follows. O

We can now prove the following additional properties of the symmetric low-regularity integrator from
(14) which we denote here by ®N15 (such that u™+l = @NLS (y™m)):

Lemma A.3 (Stability). Let R > 0,s > 1/2. Then there is a hg > 0 such that for all 0 < h < hr and
any v,w € Br(H?®) we have

@755 (v) — 255 (w)]| . < exp (CrA) [lv — w]p-

where Cr > 0 depends only on R (and s).
Proof. We have

a2 h
||<I)hNLS(v) — @hNLS(w ethos (v— w)HH + = Hw2<p(ih8§)1f) - v%p(z’h@i)@

I < -

o @S 0) paha2) BT — (15 (w)? (i) RS )

HS
h i qll2=
< |lteg Z Jullgs [l " | [l = vllae
h 9
+czll@2”5(v) — &5 (w)| 11 ZII@NLS s Ol
h h ~
< (1) = ol + 0+ haC* Y5 (0) = 935
where in the final line we used Thm. A.2. Thus we have
1+ he
[N = 0 (). < T2 o = ull e < expleah) v = ullar
for some constant ¢y depending only on R, s and the result follows. |
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A PROOF OF THEOREM 4.1

Lemma A.4 (Local error). Let us denote by p:(ug) = u(t) the exact solution to (4) with initial condition
ug. Fix R > 0,s > 1/2,v € (0,1], then there is a hg > 0 such that for all h € [0,hr) and any
ug € Br(H?) with sup,¢(o ) |t (uo) || gs+v < R we have

ot - 857901, <cnrt

for some constant cr > 0 depending only on R,s,v > 0.

Proof. We observe that under the assumptions of this lemma the following estimate was proved in [50,
Lemma 3.2]

for some constant ¢,z > 0 depending only on R, s,y > 0. Taking two time steps of size h/2 in (22) and
iterating this error estimate (as well as using that H® is a Banach algebra) we find

i

for some constant ¢z rp > 0 depending only on R, s,y > 0. Moreover, we note by estimate (20) from
Thm. A.2 and since H® is a Banach algebra that, for h sufficiently small, there is a constant c3 g
depending on R, s,~ > 0 such that

h .
@h(uo) zhaqu i €Zha£ [U?J‘Pl(_%hai)u_o]

B < Cl,Rh1+’Ya (22)

’HS

S CQ,RhlJ’_Va

(23)

. h . h Tihgr
wn(ug) — ey, — iZeZhai (w1 (—ih02)ug| — 2161261 {(e gazuo) ©1(—ihd2)e’s 6a2ru0]

‘HS

H@’TL%O) iRy, ilte eh2 [y2 (—ihd2)ig] iz {( zhain) <p1(ih6§)elhazuo} ’ < ey nh?.
HS
(24)
Finally, we have, writing 1 (0) for the Fourier coefficients of ug
h 2 “haz h . 2 s 2
2161365 [(e Zaﬁuo) 1(—ihd2)e's wuo} —ZZ [(emaiuo) <p1(ih8§)61haruo}
HS
2
h i (2P hm2an? . —ih(m24n2—12 . . . —
= TP | YD eI g, (%) — e o (i) i (0)it (0)7(0)
keZ k+l=m+n
(25)

Then, we have the central identity (valid for k = =l 4+ m +n)
e_i%kzsﬁl (Zhl2) - e_i%(_l2+m2+n2)501(7ih12> _ e_i%k2501(ih12) (1 - eih(mn—lm—ln)) ,

which implies, for any v € (0, 1] and any m,n, k,l € Z with k = -l 4+ m + n,

‘1 o eihmnfihln’bfihln|

o7 89 o (ih2) — e PR o (i) < |h(mn — lm — In)["

|[h(mn —lm — In)|Y
< 2lh(mn —lm — In)|".

Substituting this estimate into (25) we deduce that (cf. proof of Lemma 3.2 in [50])

< ey gh'*T, (26)

hoin ik 2 “ihoz h i 2 . iho?2
216 ’216”2” |:(€ gaiuo) ( ZhaQ)e 2 mu0:| _'LZ |:(€ haiuo) (Pl(lhai)elh61U0:|

’HS

for a constant ¢4 p depending on R, s,y > 0. We conclude by combining the estimates (23), (24) &
(26). O

Proof of Thm. A.1. The proof of this global convergence result is now a direct consequence of Lemmas
A.3 & A.4 using a standard Lady Windermere’s fan argument (cf. proof of Thm 3.3 in [50]). O
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B Proof of Proposition 4.2

We recall the statement of the proposition:
Proposition B.1. If u is the solution to (4) then
Hll[uvtmatm-l-l] - Ql[uvtmatm+1]||L2 < h207 (27)

where C' depends on maxey,, +,.,1] |1W(t)|| g1. Moreover, for any u,w : [tm,tmy1] X T — C we have

Q1 [us tm, tm41] = Qufw, tms tmia]ll L2 < DR ([[u(tms1) = wltmin) [l g + [u(tm) — w(tm)ll ), (28)
where D > 0 is a constant independent of u,w.

Proof. We begin by proving (27): By construction of the quadrature we have

/t T sy, (v(s) - U]+ oltn) )> ds

m o(s) — u(tm+1)2+ v(tm) HH1 .

Vst s ] — Q1 [ty s m+11||L2\
L2

<h max
SE[tm tm1]

Finally, we note using (15) that

Hv(s)_ (m+1)2+v( )H _ 1

o2 2 2
e’tawv(t)‘ e”awv(t)] dtH

H! 4 H!

S 2 02 2 2 tmt1 2
e—ztam |:ezt6m,u(t)‘ eztamv(t):| dt _/ e—zta |:
tm S
h

<P s )l
t€tm,tmt1]
from which (27) follows. To prove (28) we let z(t) = exp(—itd?)w(t) such that

||Q1[ m m-l—l] Ql[w7tmatm+1]||L2

1 tma1 82 1 tm41 62
<[ R i) = ol ds +§‘/ 0250, (2(tm) — V(tm)) ds
tm L2 tm L2
h h
< Slz(tmer) = v(tms)lle + Sll2(tm) = v(tm)llz2,
from which (28) follows. O

C Fast computation of index-restricted convolution-type sums

Here we describe how we can exploit fast Toeplitz matrix vector products to compute the quadrature
Qs [t tim, tmr1] on a spatial grid of size N in just O(N(log N)?) operations. The algorithm is motivated
by the work of [25, Section 3] and [8, Section 4.1] on fast convolutional quadrature. We recall from
section 4.2 that our goal is the computation of

. R G (e i (tm) T (b i (b
Q[ b, tmga](wn) = D _ el |y hr (—ihk2)< ity () iy (En) iy (1) 7 By ()

2 2
€7 1=k —ks
2 2
k2> k2

ik (b 1) =+ e () M2, (b)) + Gy ()

+ ) e (ihk3

2 2 ’
I=k1—ks
ki<k3
for n = —=N/2 + 1,...,N/2 where z, = 2%, in O (N(logN)?) operations from given values of

Ok (tm), Ok (bm+1), k = =N/2+1,...N/2. Let us focus on the first sum in this expression, as the second
one can be computed analogously - in particular we aim to compute the values

¥ G, (Emt ) + ey (B Ty (bt ) + Ty (b
kz:k heor( thz) ke ( +21) ey () gy ( +1)2 ko ( )7
EE
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C FAST COMPUTATION OF INDEX-RESTRICTED CONVOLUTION-TYPE SUMS

where we note that the corresponding contribution to Qa[u, tm, tm+1](x;),5 = —N/2+1,...,N/2, from
Sp,n=—-N/2+1,...,N/2, can be found in O(N log N) operations by applying an FFT. Let us write

and 2z = ﬁfj(tmﬂ); ﬂfj(tm),

R G (s 1) + Tk ()
2 9

wy, := hepy (—ihk?) £

then the computation of S), reduces to the following index-restricted convolution

Sp= > wpz, —N/2+1<n<N/2.
n=k+j
k2 2]2
All values of wg, zj, for k, j = —N /241, ..., N/2 can be computed in O(NN) operations from @y (t,,), Ug (tm+1), k =
—N/2+1,...,N/2, by simply multiplying (and reversing) the list of values @,,n = —N/2+1,...,N/2.
We note that if n > 0, then the condition k2 > j2 is equivalent to £ > j and if n < 0 the condition is
equivalent to k < j. Thus

SiFi=>nektj wrzj, n >0,

S, = k>j
Sy =D =kt W25, n <0,
k<j
and we can separately compute each vector Si-,n = —N/2 + 1,...,N/2 to recover S, for all n =

—N/2+1,...,N/2 in O(N) operations. Let us describe how to compute S,I, and note that the second
sum S, can be computed analogously (or alternatively in O(NN log N) operations by subtracting S;T from
the full convolution wiz;). We have

St = E Vp— kW

—N/24+1<k<N/2
k>n—k

n=k+j

This can be seen as a matrix vector multiplication of the vector w = (wk)iv:/iN/QH, by the matrix V:

{vnk, if —N/241<n—k<N/2andn—k<k,
Vin =
0, otherwise.
We will focus on the case when N = 2¥0, Ny € N, and note that any other case of N € N can be reduced
to this by zero padding. An example for N = 16 of this matrix is shown in Fig. 8a. Our methodology
is now to partition the non-zero entries of the matrix V into Toeplitz blocks in a structured way, noting
that the multiplication by a Toeplitz matrix of size M x M can be performed in O(M log M) operations
(for instance by embedding into a 2M x 2M circulant matrix and using FFT).

In what follows we will describe an algorithm to partition the non-zero entries of V into Toeplitz
blocks of the following sizes:

e 1 Toeplitz block, ALY | of size N/2 x N/2,
e 2 Toeplitz blocks, A1 A2:2) of sizes N/4 x N/4,

e N/4 Toeplitz blocks, Aleg2 N=1.7) 5 — 1 . N/4, of sizes 2 x 2,
e N blocks, Aleg2Nd) 5 =1 N, of size 1 x 1.

Following this partition we can perform the matrix vector product ST = Vw by using blockwise fast
Toeplitz products in the following number of operations

logy, N—1 N N
N J—1 — — = 2
+ Z 2 (’)(QJ 1ogN)+ 5 = O(N(log N)?),
@) j=1 I e — —  —— N~

(II1) (av)
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C FAST COMPUTATION OF INDEX-RESTRICTED CONVOLUTION-TYPE SUMS

where (I) corresponds to the cost of N matrix multiplications of size 1 x 1, (II) corresponds to the
corresponds to the number of matrices of size % X %, (III) corresponds to the cost of the fast Toeplitz

product for a matrix of size 2+ x 2%, (IV)) and (IV) corresponds to the cost of adding this contribution

to the final output vector ST. It remains to show how we partition V into the Toeplitz blocks A(47) . We
begin by defining the following three initial blocks:

Az('gl"l) =Viigny2)iy 63 =1,...,N/2,
Agjz,n =V, 4,j=1,...,N/4,
A2 — Viinggs 6 =1,...,N/4

The remaining nonzero entries of V are contained in two rectangular blocks B! B(:2) given by

BV =Viginjay, i=1,...,N/2,j=1,...,N/4,

Bz(-?’l) = V(i+N/2)(j+3N/4)7 1=1,..., N/Q,j =1,..., N/4
This partition is shown in Fig. 8a. The matrices B, B(22) are of the following general form.

Definition C.1. We say a 2¥T! x 28-matriz B, some k € N, is of type M if it has entries of the form

B, = {cij, ifi>2j

0, otherwise.

for some c; € C,j =1,...281 1.

"o v1 v vagr 0 0 0 0%0 0 0 00000
01 v V-1 v_siv_z 0 0 0i0 0 0 0 0000
vy v v vpivs O 0 050 0 0 0 0000
o5 vs w1 woMu, vy 0 0i0 0 0 0 0000
fox 03 e ity vy 0 030 0 0 0 0000
tos v vz wlur v v 030 0 0 00000
"o vs w4 wv3tvs v w 0i0 0 0 0 0000
“; Vg Vs Usmavs vz v w0i0 0 0 0 0000

e s o0y s oiR0 0707070 0 0 0 v 00 0

v 0 0 030000 e 040 0

vs 0 0 0i0 000 tc; 010 0

vs vz 0 030 000 tes 20 0

vi vs 0 030000 Ca c3p0 0

vs vy v3 0:0 0 0 0 cs cifes 0

vs vs vg 010 0 0 0 T Cofce 0

U7, g, 05,0430 0 0 0 o7 coes

(a) The matrix V. (b) The matrix B.

Figure 8: (a) The matrix V and its partitioning into A (green with solid boundary), A1, A(Z2)
(blue with dashed boundary) and B(1), B(2?) (red with dashdotted boundary). (b) The matrix B and
its partition into A A®) (green with solid boundary) and B, B?) (blue with dashed boundary).

The nonzero entries of each matrix B of type M with size 2¥*! x 2¥ can be partitioned into two
Toeplitz blocks A, A®) of size 281 x 25=1 and two matrices B(!) and B(® which are both of type M

22 V. BanicA, G. MAIERHOFER & K. SCHRATZ



D PROOF OF PROPOSITION 4.3

with size 2F x 28=1 by taking
1 .
AE]) = B(i+2k)j7 1,] = 1,...7
2 .y
A()—B(,L+2k+2k )js Z,j:L...,

ij
Bl) =By, i=1,..,25j=1,... 2"

ij

Bl(‘j) = B(i+2k)(j+2k—1), i=1,.. .,Qk,j =1,...,

An example for the case k = 2 is shown in Fig. 8b. We can repeat this process inductively until we have
partitioned the non-zero entries of B into Toeplitz blocks and the remaining type M blocks are of size
2 x 1, which can in turn be partitioned into two 1 x 1 matrices each. Applying this process to B(21), B(2:2)
yields exactly the desired partition of our matrix V.

D Proof of Proposition 4.3

We recall the statement of the result:
Proposition D.1. If u is the solution to (4) then
HIQ [ua tm, tm-i-l] - [ua tims tm-‘rl]HL? < hQC’ (29)

where C > 0 depends on maxeyy,, +,...] |u(t)|| 1. Moreover, for any two functions u,w : [tm,tmy1] xT —
C we have:

[Q2u, tm, tm+1] = Qa[w, tm, tms1lll 2 < Dh([[ultm+1) — Wt 1) g1 + [[u(tn) — wEm)llg) . (30)
where D > 0 depends on max {||w(tm )|l g + [|wEm)|l g1, |wEme) |z + [|w(tm )| g }-
Proof. We begin by proving (29): Note that

HIQ[uatm m+1] QQ[ m, m+1]||L2 =

IEZ =Ky —ko
. . _ _
_ " 05K g MM G, (bmga) + Gy (b)) Gy (bng1) + Ty (En)
I=k1—ky 0 2 2
k2 >k3
2
+ /h eiskgdg ’akl( m+1) + U, ( m) th2uk (tm-i-l) + U, (tm)
I=k1 —kso 2 2
ki<k3

Now we note that

> ( / 0Ty, (5)i, (5)dls — /’Le-wd o gy, (tm+21>+ak1<tm>ak2<tm+1>2+ak2<tm>>
t 0

I=ki—ks
ki >k3

m

h
< Z efitm(kffkg)/ {eﬂ's(k%*kg) - eiiSkﬂ Oy (b + 8) Oty (b + 5)ds
0

l=k1—k2
2312
ki>k;

+ Z / 7zsk: eis fﬁkl (tm +S) zskzuk ( m +S)

I=k1—ko
k2> k2

€M g () + Wy (b) B (b)) + g (m)] N
2 2
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Moreover

h
Z e itm (K —k3) / [eﬂ's(kf*kg) - eiiSkq Oy (b + 8) Oty (b + 5)ds
0

1=k —k>
2 2
k2> k2

> / sl [, | [ | ds < 02 sup S [kvin (8)] o ()]

I=ky —ks t€[tm tmt1] g g,
k2>k32 kI>k3

<K sp > (1) B

tE€ltmotm1] ) ey

O en®  sup u®l.
tE [t stm+1]

A similar estimate holds true for the terms involving > ;—, —x, and so we find that

ki<k3
1 Taft tms 1] = Qaftty by 1] 72
Sh® sup o o(®)]3n
tEtm,tmt1]
h —ihd? 2
i / e Wt + ) — e u(tm+1) + ultm) Wt + ) — u(tm+1) +u(tm) ds
0 2 2 .
2

h —ihd2

+ / (u(tm +8) — Ultma) + ulbm) ’"“); u )) (eisaz (u(tm +5) - = “(t’”;) i “(t’”)))ds
0 o

and thus || 12 [w, trm, tmy1] — Qalt, by tmia] |32 < B2 SUDsc (1, s a) 10(0) |71 using similar estimates to the
proof of Prop. 4.2.
To prove (30) we let again z(t) = exp(—itd?)w(t) and observe that by the definition of ¢1, 2 we have

HQQ[ Lins m-‘rl] QQ[ tim, m+1]||L2

(™ ultn ) + ) ) F ) = (¢ wlt1) + 000 @) 00|

Hl

for some constant D > 0 independent of w,u,t,,, h. The result then follows immediately by submulti-
plicativity of || - || g1. O
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