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Abstract. In this note we prove the uniqueness of solutions to a class of mean field games
systems subject to possibly degenerate individual noise. Our results hold true for arbitrary long
time horizons and for general nonseparable Hamiltonians that satisfy a so-called displacement mono-
tonicity condition. This monotonicity condition that we propose for nonseparable Hamiltonians is
sharper and more general than the one proposed in the work [W. Gangbo et al., Ann. Probab., 50
(2022), pp. 2178-2217]. The displacement monotonicity assumptions imposed on the data actually
provide not only uniqueness, but also the existence and regularity of the solutions. Our analysis
uses elementary arguments and does not rely on the well-posedness of the corresponding master
equations.
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1. Introduction. The theory of mean field games (MFGs) was introduced around
2006 simultaneously by Lasry and Lions [51, 52, 53, 55] and Huang, Malhamé and
Caines [47, 48, 49, 50]. Since then, its literature has witnessed a vast increase in
various directions and the theory turned out to be extremely rich in applications.

In its simplest form (cf. [17, 19, 23, 26, 27]), an MFG can be fully characterized
by the solutions of the following system of nonlinear PDEs,

—dyult, x) — ZAult,x) + H(z,—Dyu(t,z),p) =0 in (0,T) x R,
(1.1) Opr — %zAzpt + Dy - (ptDpH (2, —Dyu(t,x),p)) =0 in (0,T) x R?,
U’(Tax):g(x7pT)7 P(Oa):PO in Rd)

where 8 € R is the intensity of the individual noise, T" > 0 is a given time horizon,
and pg € P (Rd) is the initial configuration of the agents. Here, the state space of
the agents is represented by R? and 2, (R?%) denotes the space of Borel probability
measures on R? with finite second moments.

We underline that the unknown w:[0,77] x R? — R stands for the value function
of a typical agent, who solves the control problem
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T p—
u(t,z)inf]E{/ L(Xs,as,ps)d5+g(XT,pT)} s.t. {(;?(s_—xasds-i-ﬂst, se(t,T),
« t t— 4y

where g: R? x 2(R?) = R is a given final cost function and L:R? x R? x #(R%) —
R is a given Lagrangian function that models the running cost. The unknown p :
[0, 7] — P (RY), the distribution of the agent population, enters into this optimization
problem. The Hamiltonian H : R x RY x 22(R?) — R is simply defined as H(z, -, 1) =
L*(z,-,p) for all x € R? and p € @(Rd), i.e., it is the Legendre-Fenchel transform of
L, in its second variable. When 8 =0, the model becomes deterministic.

By now, the well-posedness of system (1.1) is well understood in many different
settings and the first results date back to the original works of Lasry and Lions and
have been presented in the course of Lions at College de France (cf. [55]). A complete
account on the progress of the literature on this subject has been recently published
in the self-contained and well-written lecture notes [23] from the PDE viewpoint and
in the monographs [26, 27] from the probabilistic viewpoint. Let us now discuss the
state of the art of the literature, that will be relevant for our considerations.

Literature overview. Regarding H and g, we can consider nonlocal (regularizing)
and local dependence on the measure variable p. If 5 # 0, system (1.1) possesses
a parabolic structure. When H and g are nonlocal and regularizing in the measure
variable, it is fairly straightforward to obtain the existence of a classical solution under
very general assumptions on H and g for any py € 2(R%) and T > 0 (cf. [23, 26]).

If H and g are local functions of the density variable, for general Hamiltonians
the well-posedness result (classical or weak solutions) is known only for short time
(cf. [5, 6, 29]). For arbitrary long time horizon T > 0, the existence of (classical or
weak) solutions is known only under additional structural assumptions on H. This is
for instance, when H possesses a so-called separable structure (cf. [23, 30, 41, 42, 59]),
i.e., the momentum and measure variables are additively separated, having the form of

(1.2) H(z,p,p) = Ho(z,p) — f(a, 1)

for some Hy and f.

When 8 =0 and T > 0 is arbitrary, the existence of a weak solution to (1.1)
is known only under the condition (1.2) and with extra assumptions on the initial
measure pp (such as boundedness or compact support; see [17, 23] in the case of
nonlocal regularizing data f,g; and [18, 20, 21, 23] in the case of locally depending
f,g on the p variable).

Now, let us turn our attention to the question of uniqueness of solutions to (1.1).
As expected, this is a more subtle question and additional assumptions must be
imposed to hope for positive results in this direction. Already in their original works,
when (1.2) takes place, Lasry and Lions proposed a notion of monotonicity (which
bears the name of Lasry—Lions monotonicity in the literature now) on the coupling
functions f and g under which uniqueness of solutions to (1.1) can be obtained, as long
as they are regular enough. Indeed, let us underline that, for instance when 8 =0
and f and g are nonlocal and regularizing, the Lasry—Lions monotonicity implies
the uniqueness of solutions as long as the measure component g of the solution is
essentially bounded (cf. [23, Theorem 1.8]). When § # 0 the parabolic regularity
kicks in, and so the uniqueness result holds under the Lasry—Lions monotonicity
condition, without any additional assumption (cf. 23, Theorem 1.4]). When f and ¢
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are local functions of the density variable, the existence and (partial) uniqueness of
weak solutions can be obtained by variational techniques as in [18, 20, 21].

Relying on the examples of nonuniqueness of solutions in the lack of the Lasry—
Lions monotonicity, provided in [11, 12, 14, 26, 55|, one might wonder whether the
Lasry—Lions monotonicity is a necessary condition for the uniqueness of solutions.
When H and g are nonlocal regularizing functions in the measure variable, until
recently the global in time uniqueness of solutions to (1.1) was essentially known only
in the regime of separable Hamiltonians that satisfy the Lasry—Lions monotonicity
condition. In this paper our goal is to present a different regime which can take care
of a class of data outside of the scope of the Lasry—Lions monotonicity.

When H and g are local functions of the density variable, Lions in his lectures
(cf. [55]) provided a general monotonicity condition on H which yields the uniqueness
of solutions (see also [1, 56], where this condition has been exploited). Finally, recently
a general framework based on monotone operators in Banach spaces (cf. [32, 33]) has
been proposed to show the well-posedness of general MFG systems. These all can
be seen as generalizations of the Lasry—Lions monotonicity condition in the case of
possibly nonseparable, but special Hamiltonians, depending locally on the density
variable. We underline that to the best of our knowledge, no such generalization
of the Lasry—Lions monotonicity is known in the case of nonseparable Hamiltonians
that are nonlocal in the measure variable. The Lasry—Lions monotonicity condition
is certainly a sufficient one, which in many cases provides the well-posedness (hence
uniqueness) of MFG systems. In some cases it can be even used to obtain higher order
regularity of weak solutions to first order local systems (cf. [45, 46]) and stability and
convergence of numerical schemes [4, 44].

The uniqueness and stability of solutions to (1.1) plays an instrumental role in
the theory. For instance, the well-posedness of the associated master equations—
introduced by Lions—is known so far only under the uniqueness and stability of
solutions to the MFG system (cf. [19, 27, 28, 58]). On the contrary, the well-posedness
of the master equation also implies uniqueness of the associated MFG system.

The recent results [36] on the well-posedness of the master equations in the pres-
ence of individual and common noises in a different regime of monotonicity (the
so-called displacement monotonicity) suggests that there are conditions other than
the Lasry—Lions monotonicity that could lead to the global in time well-posedness of
master equations. As it is detailed in [36], the displacement monotonicity condition is
in general in dichotomy with the Lasry—Lions monotonicity, and it allows one to treat
a general class of non-separable Hamiltonians. We note that the displacement mono-
tonicity stems from the notion of displacement convexity arising in optimal transport
theory (cf. [57]), which has been already used to study potential MFG in the de-
terministic case (cf. [13, 35]) and in the stochastic case (cf. [28]). It seems that [2]
(see also [25, 3, 28]), whose weak monotonicity condition is essentially equivalent to
the displacement monotonicity (in the case of particular separable Hamiltonians), is
the first work that relied on displacement monotonicity to study the well-posedness
of McKean—Vlasov forward-backward stochastic differential equations with a special
form. Interestingly, the nonlocal coupling function considered in [9] has a displace-
ment monotone structure. So we believe that our techniques might lead to a better
understanding of the uniqueness issues raised there.

Thus, the purpose of this manuscript is to present the well-posedness of the MFG
system (1.1) in the case of a general class of nonseparable Hamiltonians and final cost
functions that possess the appropriate displacement monotonicity assumptions, for
arbitrary time horizons T and possibly degenerate individual noise. We emphasize

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/09/24 to 129.234.0.206 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

532 ALPAR R. MESZAROS AND CHENCHEN MOU

that in this note we are using only elementary analysis. This means that we do
not rely on the well-posedness of the corresponding master equations. In particular,
we are using only some classical tools from stochastic control theory, the theory of
viscosity solutions, and Fokker—Planck type equations.

Our main results. The heart of our analysis lies in the fact that the displacement
monotonicity assumption on the data (which in fact implies convexity of = +— g(z, 1)
and (z,v) — L(x,v,p) for all 4 € Z25(RY)) together with classical results from optimal
control theory imply that the solution wu(t,-) of the HJB equation from (1.1) has a
Cb! a priori estimate in the space variable x, independently of the intensity 3 of the
noise. First, having this regularity in hand yields the existence of a solution to the
system (1.1) when § = 0. Indeed, in the deterministic case (i.e., 5 =0) the solution
to the continuity equation can be represented via the flow of a Lipschitz continuous
vector field, so we can get enough compactness to formulate a fixed point problem,
which in turn yields the existence result. Let us remark that in the lack of such
an a priori estimate on u (that would have only semiconcavity estimates), a more
sophisticated argument is needed (by passing though the DiPerna—Lions theory) to
obtain weak solutions to the continuity equation (as explained in [23, 24]), and so,
additional assumptions on the structure of the Hamiltonian and the initial measure pg
seem to be necessary. Our existence results in the case of deterministic problems seem
to be new in the literature (as we can consider general initial measures py € 225 (R%)).
The philosophy behind our results is the same also in the parabolic setting, when
B # 0. We state in an informal way here one of our main results and will give the full
details on it in Theorem 3.7.

THEOREM 1.1. Assume that the Lagrangian function L and the final cost function
g satisfy certain regularity conditions and growth conditions. Assume further that the
functions x — g(x,u) and (xz,v) — L(x,v, 1) are convex. Then the MFG system (1.1),
with 8=0, has a solution pair (u,p).

The a priori C*! regularity on u(t,-) justifies the space of the solutions we con-
sider for the uniqueness. Furthermore, this has another deep consequence: together
with the displacement monotonicity of the data, this implies a sort of monotonicity
property for the difference D, u! — D,u? along any two solutions (u!,p!) and (u?, p?)
to the systems (1.1) with initial distributions p§ and pZ, respectively. In fact this
result implies the propagation of the displacement monotonicity of the solution to the
corresponding master equation. This is the crucial property that yields a Gronwall
type estimate on Wa(p}, p?) from where the uniqueness follows. More precisely, we es-
tablish the following stability result, which is stated informally here. See Theorem 4.5
for the precise result.

THEOREM 1.2. Assume that the Lagrangian function L and the final cost function
g satisfy certain regularity conditions and growth conditions. Assume further that the
functions L and g satisfy the displacement monotonicity condition. Let (ul,p') and
(u?, p?) be two solution pairs to (1.1) with initial data p§, p3 € Po(R?), respectively.
Then there exists C' >0 depending only on T and the data such that

sup Wa(pf, p7) < CWa(pj, p)
t€[0,T]

and

sup ||D£u1(t7 ) - DxUQ(t, ')HLoc(Rd) < CWQ(p(l)vpg)'
t€[0,T)
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Comparison with earlier results involving displacement monotone data. As men-
tioned above, displacement monotonicity (although under a different name) was used
for the first time in the context of MFGs in the work [2] (see also [25, 3]) to show
uniqueness of solutions to MFG with common noise. These works involved separable
Hamiltonians. Later, in the context of the master equations displacement convex-
ity and monotonicity (in the case of separable Hamiltonians) was used in the works
[13, 28, 35]. Displacement monotonicity to study MFGs master equations in the
case of nonseparable Hamiltonians was proposed in the recent work [36]. Although
the well-posedness of the master equation implies the uniqueness of solutions to the
corresponding MFG system, the standing assumptions in this manuscript differ sig-
nificantly from the ones in [36]. First, [36] imposed the presence of a nondegenerate
noise (i.e., 8 # 0), and the current manuscript is able to handle degenerate, deter-
ministic problems. Second, [36] assumed that the data have high order derivatives
(and various bounds on those). In particular, there, for instance, the final condition g
cannot have quadratic growth at infinity in the x-variable. In the current manuscript
we impose merely C1! type regularity assumptions on the data that can have a more
general growth condition at infinity. Last, but most importantly, the displacement
monotonicity assumption on nonseparable Hamiltonians that we propose in this man-
uscript improves the corresponding condition from [36]. We show that the condition
from [36] always implies our newly proposed condition, but these are in general not
equivalent.

Finally we would like mention that there are some other works on mean field games
and planning problems which also use techniques relying on displacement convexity
(not the displacement monotonicity). In [8, 43, 54] the authors identified functionals
on probability measures which are convex along the measure flow component of first
order MFG systems (or along discrete in time iterations of such) and planning prob-
lems. This information is then used to obtain new a priori estimates. In certain cases,
these in particular could lead to L°° estimates for the density of the distribution of
the agents, in the case of deterministic problems.

We expect that the techniques developed in this manuscript could be applied to
study various other problems in the regime of displacement monotone data, such as
the long time behavior of both MFG systems and master equations (cf. [22, 23, 31]),
weak solutions for the master equation (cf. [58]), classical solutions to degenerate
master equations subject to common noise (cf. [24]), and others. We believe that our
newly proposed displacement monotonicity condition for nonseparable Hamiltonians
could serve as a sharper condition for the well-posedness of the corresponding master
equation. We leave such investigations to future works.

The structure of the rest of the paper is given as follows. In section 2 we have
collected all the assumptions on our data. Section 3 presents the existence of a solution
to the system (1.1). We end the note with section 4 that contains the main results on
the uniqueness of the solutions.

2. Standing assumptions. Throughout the note, let T' > 0 be any given ar-
bitrary time horizon, and (2,F,P) be a filtered probability spaces, on which is de-
fined a standard d-dimensional Brownian motion B. For F = {F; }o<;<7, we assume
Fi; = FoVFB, and P has no atom in F, so it can support any measure on R¢ with
finite second moment, i.e., the map X — Po X ! is surjective from L2(Fy) — P5(R%).

Let us introduce now the Wasserstein space and the differential calculus on it.
For any p > 1, let &, (R9) stand for the set of Borel probability measures with finite

1
p-moment and for p € Z22,(R%) we denote its p-moment by M, () := (Jga |z[Pdp(z)) .
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For any sub-o-field G C Fr and p € Z,(R?), denote by LP(G) the set of R%-valued, G-
measurable, and p-integrable random variables &; and by LP(G; p) the set of £ € LP(G)
such that the law L¢ := P = p. Here, by &P = i we denoted the push forward of P
by &, ie., u(A) =Po~1(A) for any Borel set A C RY. If A CR? is a Borel set, by
pul A we denote the restriction of p to A, i.e., (ul A)(D) := u(AN D) for any Borel
set D C R

For any u,v € Z,(RY), their W,-Wasserstein distance is defined as

(1) Wyluv)=inf { (B¢ —nl"])7 : for any & € LP(Frsp), n € LP(Friv) }.

Let C°(Z,(R%)) denote the set of Wa-continuous functions and C%1( %, (R?)) denote
the set of Wo-Lipschitz continuous functions. U : &5(R?) — R is said to be differ-

entiable at € Po(R?) (cf. [7, 37, 55]) if the Wasserstein gradient D, U(y,-)—as an
2

L7 (w)
element of VO (R?) —exists and one has the expansion

U(Leyn) —U(Le) =E[(DuU (1, €),m)] +o([nll2) for any & n € L*(Fr).

Let g:R? x 25(R?) — R be the terminal cost, and let L:R? x RY x 2,(R?) - R
be the Lagrangian function. We further make the following assumptions on g, L:

(H1) L., p) € CLHRE X RY), g(-, ) € CLHRY), uniformly in p.

loc loc
(H2)
g(x,-) is continuous in p with respect to Wi, locally uniformly in R?

and L(z,v,-) is continuous in p with respect to Wy, locally uniformly in RY x R%.

(H3)
L('T7Uv/~") 2 91('“‘) - 92(“)(|$‘ + 1)7 g(zvﬁb) > _‘92(”) V(Z‘,uu) € R2d X <QQ(Rd)’
where 6; : [0,+00) — [0,400) is a given superlinear function and y : P5(R?) —

[0,+00) is a given function which is bounded in {u € P5(R?) : Ma(u) < R}, for any
R>0.

(H4) D.g € COL(R? x Z,(RY)).

We suppose that v+ L(x,v, 1) is strictly convex for all (z, ) € R? x 2,(R?) and
there exists ¢y > 0 such that

1
(H5) D? L<—1I,.
Co

(H6) D, L,D,L are uniformly Lipschitz continuous in R? x R? x 2, (Rd)7
|[DuL(0, -, w)] ™ (p)| < Clp),

where C(p) > 0 is independent of u.

We remark that the strict convexity assumption on L(z,-,u) implies that
[D,L(0,-, )]~ exists. The assumption |[D,L(0, -, )]~ (p)| < C(p) simply means that
this vector field is locally bounded with respect to p, independently of the measure
variable. Let us emphasize that in (H2) and in the last part of (H6) the continuity in
the measure variable is taken with respect to the Wi metric (rather than the W5 one).
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The reason behind this is that in our consideration the natural space for the solu-
tion to the Fokker-Planck equation in (1.1) will be C([0,T]; (21 (R%),W})), and so,
accordingly, the data in the Hamilton-Jacobi equation need to be continuous with
respect to Wi. This continuity is in line with the typical assumptions in the literature
(cf. [23]).

We impose our crucial displacement monotonicity assumptions on the terminal
cost g and on the nonseparable Lagrangian function L:

(H7) E{[D.g(X", 1) — Dog(X?, pi2)] - (X' = X?)} >0

for any X1, X2 € L2(Fr) with Lx1 = p1 € P5(R?) and Lx2 = pa € P2(R?). We recall
that the notion of displacement monotonicity was proposed in [36], and the previous
inequality is the same as the one in [36, Definition 2.2].

E{[DmL(Xl, ZY 1) — Do L(X2, 22, o) - (X — XZ)}
(HS) +E{[D,L(XY, 2, ) = DuL(X?, 2%, pa)] - (2" = 2%) } 20

for any X1, X2 7' 72 € L3(Fr) with Lx1 = pu; € Po(R?) and Ly2 = pg € Po(RY).

Remark 2.1. We recall that g is Lasry—Lions monotone if

(22) E{g(XlaM1)+g(X2hu2) —g(Xl,/.Lg) _g(X27/1'1)} >0

for any X1, X2 € L3(Fr) with Lx1 = 1 € P2(R?) and Lxz = pa € P2 (RY). Assume
that g is smooth enough in x and u. Then the inequality (2.2) is equivalent to

(2.3) E {E[Diug(X, 1, X)0X] - 5)(} >0

for any X,6X € L?(Fr) with Lx = pu € P»(R?), where (X,6X) is an independent
copy of (X,6X) and E is the (conditional) expectation corresponding to (X,86X).
Similarly, the fact that g satisfies the displacement monotonicity assumption (HT7) is
equivalent to

(2.4) E {fE[Diug(X, 1, X)6X] - 6X + [D2,9(X, 1)0X] - 5X} >0

for any X,0X € L2(Fr) with Lx = € Po(R?).
Let us consider g:R? x Z5(R?) — R defined as

g(@,p) :=Cla|* + (¢ ) (),

where C >0 and ¢ € C?(R?) with —CI; < D?_ ¢ <0. By (2.3) and (2.4), g fails to be
Lasry—Lions monotone while g is displacement monotone. This example shows that
the displacement monotonicity in general does not imply Lasry—Lions monotonicity. It
is also immediate to see that if g(x, u) = g(x), then g is trivially Lasry—Lions monotone.
But, this function will be displacement monotone only if ¢ is convex. Thus, in general
the Lasry—Lions monotonicity does not imply displacement monotonicity either. This
example also shows that there are, however, functions which are both Lasry—Lions
and displacement monotone at the same time.

Remark 2.2. Tt is important to notice that the condition in (H8) can be naturally
seen as an extension of (H7) from the state space R? to R? x RY. Indeed, consider
the map L:R? x R? x Z25(R? x RY) — R defined by

L(z,2,v) = L(z,2,m3v) for any (z,z,v) € R? x RY x 22,(R? x R?),
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where 71,1 is the first marginal of v. For any X*, X2, Z!, 7% € L*(Fr) with Lx1 = /1y
and Lx2 = po, we consider

IE{((DJL, D,L) (XY, 2", Lixr z0) — (DaLy Dy L) (X2, 22, £ x2 1)),
(X' - X270 — 22)>}

=E{[D,L(X",Z", ;1) = D, L(X?, 2% )] - (X' — X?)}

+E{[D,L(X", Z" ;1) — D, L(X?, 2% po)] - (2" — Z%)} .

LEMMA 2.3. Suppose that (H4) takes place. Then (HT) implies that g(-,u) is
convez on R? for all 1 € P5(RY).

Proof. By assumption (H4), it is enough to show the convexity for any p € P, (R?)
that has positive density p. We further notice that the convexity of g(-, 1) is equivalent
to the monotonicity of D,g(-, u).

Let us suppose the contrary, i.e., that there are two different points x1,z, € R?
and pp € P5(R?) with positive density py such that

(Deg(21, o) = Dag(a2, po), 21 — 2) <0.
Since (H4) holds and py is positive, there exist small 41, d2 > 0 such that po(Bs, (1)) =

po(Bs,(x2)), Bs, (x1) N Bs,(x2) =0 and for any x € Bs, (z1) and y € Bs, (z2) such that
we have

(Dag(x, o) — Dag(y, pro),x —y) <O0.

Now, let & € L?(Fr) such that L¢, = po. Consider a transport map T : B, (z1) —
By, (z2) between the measures polBs, (z1) and pol Bs,(x2) (one can simply take
Brenier’s map for instance). Define A; := & (Bs,(z;)), i = 1,2. We notice that
Ay, Ay € Fr, P(A1) = P(Az), and P(A; N Ay) = 0. Then we consider & € L2(Fr)
defined as follows:

&1 (w), w & (A1 U Ap),

&(w)={ (To&)(w), we A,
(T~ 1o&)(w), we As.

We readily check that L¢, = 110. Then, by construction, we find

E|:<Dmg(§17££1) - ng(g%ﬁ»fz)vgl - £2>:| <0,

which contradicts with the displacement monotonicity of g. The result follows. ]

Remark 2.4. The result of Lemma 2.3 can be seen as a slight improvement of
[36, Lemma 2.6] in weakening the regularity assumptions on the data.

LEMMA 2.5. Suppose that (H6) takes place. Then (H8) implies that L(-,-, ) is
conver on RY x R? for all p€ P (R9).

Proof. By the observation made in Remark 2.2, we can apply Lemma 2.3, to
obtain that L(-,-,v) is convex on R? x R? for all v € Z5(R? x R%). This implies that
L(-,-, 1) is convex in R? x RY for all p € P5(R?).

Let H : R*xR% x 2,(R?) — R be the Hamiltonian function such that L*(z, -, u) =
H(z,-,p) for all z € R? and p € 25 (R?) (i.e., H is the Legendre Fenchel transform
of L in its second variable).

Remark 2.6. Standard convex analysis theory ensures that the assumptions
(H1), (H2), (H6), (H5), (H8) for the Lagrangian function L are equivalent to the
following assumptions on the corresponding Hamiltonian H, respectively,
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(2.5) H(-,- ) € CLLRE x RY), uniformly in p,

loc

(2.6)
H(xz,p,-) is continuous in p with respect to Wi, locally uniformly in R? x Rd,

(2.7) D.H,DpH are uniformly Lipschitz continuous in RY x R? x 2, (Rd),
' |DpH(0,p, )| < C(p) and D2 H > colg,

and, moreover, for any X', X2 P!, P2 € L2(Fr) with Lx1 = p; € Po(R?) and Lx» =

M2 € '@2 (Rd)7

(2.8)
E{(f D, H(X', PY, 1) + D, H(X2 P pig)) - (X' — X2)}

+ E{(DpH(Xl,Pl,ul) — D H(X2, P2, ;%)) (P' — Pz)} >0,

where C(p) > 0 is independent of y. We note that (2.8) implies H is convex in its
second variable.

The only result which might not be straightforward is the equivalence between
(H8) and (2.8), so let us sketch its proof. Notice that we have the Legendre-Fenchel
inequality: for all z € RY, € 25(R?), and p,v € R? we have H(x,p, ) + L(z, v, ) >
p-v. It is well known that we have the equality if and only if v = D,H(x,p,u) or
p=D,L(z,v,p). As a consequence D, L(z,-,u) = [DyH (z,-,1)]~!. Furthermore

DxH(l',p,,u) = —DxL(x7DpH(‘rap7:u’)7:u’)

Supposing that (HS8) takes place, fix X!, X2 P! P? € L2(Fr) with Lx1 = u; €
P5(RY) and Lx2 = g € P2(RY). Then, by setting Z' := D, H (X", P!, u;), i = 1,2,
and noticing that by the Lipschitz continuity assumption on D,H, Z' € L?(Fr),
we obtain (2.8) by using (H8) for X', X2, Z% Z2. The converse implication can be
checked similarly.

In what follows we show that the displacement monotonicity assumption (2.8)
imposed on H (and hence the condition (H8) imposed on L) is implied by the cor-
responding displacement monotonicity assumption, proposed in [36, Definition 3.4].
Therefore, our standing assumptions in this manuscript are in general weaker than
the ones from [36].

LEMMA 2.7. Assume that H € C}2(R? x RY x P5(RY)), D,,H > coly for some
co > 0, and assume further that Dme, D2 H, Dng, DE)#H are uniformly bounded.
Then (2.8) holds if, for any X,0X, P € L?(Fr) with Lx = p € Po(RY),

(2.9) E [(E (D2, H(X,P,p, X)6X],6X) + (D2, H(X, P, )5 X, 5X>}

< —iE U[Df,pH(X, P.u)| *E [DE,MH(X, P,M,f()df(} ﬂ :

where E is a (conditional) expectation corresponding to X and 6X.
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Proof. Let X := X — Xy, P:=P, — P, Xg:= X5 +6X, and Py:= P, +0P. Then

E[(DoH(X1, Py, 1) = Do H(Xa, Pa, i), X) = (DyH(X1, Pry )
- DpH(X27P2,,LL2),P>:|
1 ~
:El/o (D2,H(Xg,Ps, Lx,)X +E[D2,H(Xq, Py, Lx,, X9)X]
+D2,H(Xy,Py,Lx,)P,X) — (D, H(Xg,Ps,Lx,) X

+E[D2,H(Xo, Py, Lx,, Xo)X] + D2, H (X, Py, Lx,) P, P)df

1
:E[/O <D§IH(X97P9,£X9)X+E[D§#H(X9,P0,[,XQ’XQ)X]’X>
1 L o,
t1 ‘[D;%pH(X97Po,EX9)] 2E[D§MH(X9,P9,£X9,X9)X]’
1

15 1
_’Dz%pH(X%PG:EXe)QP‘F §D]2)pH(X97P9a£Xg) 2

5 s
]E[Dme(XmPe,CmXe)X]‘ dﬁl <0.

Remark 2.8.
1. A quite general class of Hamiltonians constructed in [36, Lemma 3.8] satisfies

all the assumptions in Lemma 2.7 including (2.9). Then (2.8) holds by Lemma
2.7. Moreover, it can be easily verified that the class also satisfies (2.5)—(2.8).
Therefore, the corresponding class of Lagrangians satisfies (H1)—(H3), (H6),
(H5), (HS).

. More particularly, the following model Hamiltonians satisfy our assumptions.

Let Hy:R? x R? x 2,(R?) = R be of class C? in the first two variables such
that there exists Cy > 0 with the property

0905 Ho(x,p, )| < Co for all (z,p,p) € R? x RY x 25(R?),

and for all a, B € (NU{0})? multi-indices with 0 < |a|+|3| < 2. Furthermore,
assume that Hy(x,p,-) is continuous with respect to W and D, H is Lipschitz
continuous in the last variable with respect to W7, uniformly with respect to
(z,p). Then we define H : R% x R? x 2,(R?) - R as

C
H(z,p,p) = Ho(z,p, 1) + 70(|p|2 — |z[?).

. It is not hard to see that if the Hamiltonian is sufficiently regular and sepa-

rable (i.e., D2, H = 0), the condition (2.9) is equivalent to (2.8). Indeed, we
can see this from the last line of the proof of Lemma 2.7, by choosing P = 0.

. If the Hamiltonian is nonseparable (i.e., DIQWH # 0), then the monotonicity

condition (2.8) in general does not imply (2.9), and so the former one is
weaker than the latter one. Indeed, looking again at the last line of the proof
of Lemma 2.7, we see that this in general does not vanish and it gives a
negative contribution.

3. Existence of a solution when 3 = 0. In this section we provide the result

on the existence of a classical solution to the MFG system (1.1) when § =0. We shall
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emphasize that the convexity properties of z +— g(z, ) and (z,v) — L(z,v,u) for all
1€ Py(RY) (implied by the displacement monotonicity assumptions; cf. Lemmas 2.3
and 2.5) play an important role in showing such a result and this seems to be new in
the literature.

The study of fully convex control problems received a great deal of attention in the
past, and this goes back to the works by Rockafellar in the 1970s (cf. [60, 61, 62]). In
these works, for deterministic optimal control problems, powerful duality techniques
were developed and the author could handle even nonsmooth (but convex) data.
Later, in this fully convex setting, many other results followed (cf. [63, 64, 40, 39]).
In particular, in [38] (see also [10] for special Hamiltonians) it was proven that in
the case of a fully convex control problem involving data of class C+!, the associated
value function (which is convex in the position variable) is also of class C™! in the
position variable.

This regularity on the value function will also hold in our context, which will in
turn imply that the drift for the continuity equation will also be Lipschitz continuous
in the position variable. By this (using the regularity property of H in the measure
variable), we can build a suitable fixed point scheme that would yield the existence
of a solution to (1.1) when 8 =0. So, in fact the monotonicity conditions (H7) and
(H8) are not used explicitly in this section.

Furthermore, for the results of this section, one can slightly weaken the first
part of assumptions from (H6) (or equivalently the first part of the one in (2.7)).
In particular, for the existence of a solution to (1.1) when 8 = 0, we do not need
to impose Lipschitz continuity assumptions on D,L (or on D, H). Inspired by the
assumptions from [34, Theorem 3.3], we impose the following condition on D,H.

Let b : RY — R? be a Lipschitz continuous vector field such that there exists
Cy > 0 with |b(z)| < Cyp(1 + |z|) for all z € R®. Define V4 : R? x Z5(R?) — R? by
Vb :=DpH(z,b(x), 1t). Suppose that for all R > 0, there exists wg : [0, +00) — [0, +00),
a modulus of continuity, with wg(s) >wgr(0) =0 for all s> 0 and [;° w;i(ss) = +o0 for
some sg > 0 such that for any b with the above-mentioned properties we have

06) [ W) =Vl (o = 0)dr(a) on(Walnt ) Waloe ),

for any p', p* € {u € P5(RY): My(p) < R} and any y € I, (', %) (here T, (p", pi?)
stands for the set of optimal plans realizing Wa(u!,u?)). Suppose also that there
exists Cy > 0 and w : [0,+00) — [0,+00) continuous increasing with w(0) = 0 such
that

(3.1)

|DpH (2,p, 1) — DpH (2, p, p2)| < Cr (2] +|pl+1)w(Wi (1, p2)) if Wi(p1, p2) <1 and
|DpH(xlaplay’) - DPH(x%thu’)‘ < C’H(|x1 - .’£2| + |p1 7p2|)’

V(.’El,l'g,pl,pQ) S Rd, e gZQ(Rd)

We suppose furthermore that the second part of (2.7) takes place, i.e.,
(H6”) |D,H(0,p, )| < C(p) and D}, H > coly.

Remark 3.1. We would like to emphasize that (H6’) and (3.1) are a relaxation of

2
(2.7). Indeed, (H6) and (3.1) would allow us to consider H(z,p, u) := a(,u)%, where
we suppose that there exists Cy > 0 such that C%, <a(p) < C for all pe 2,(R?Y) and
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a: Py (Rd) — R is Lipschitz continuous with respect to W;. This Hamiltonian satisfies
also the other assumptions imposed in this section, but it clearly does not satisfy the
first part of (2.7). However, this Hamiltonian is not displacement monotone, so the
results of the next section do not apply for this example.

There are some existence results to (1.1) already in the literature when g =0,
however, these are for weak solutions, without any monotonicity assumption; see
[17, 23, 24]. When 3? > 0, the nondegeneracy gives enough compactness for the
existence of classical solutions to the MFG system (1.1) without any monotonicity
assumptions; see, e.g., for analytical arguments (cf. [17, 19, 23]) and for probabilistic
arguments (cf. [28]). Therefore, we shall only focus on the case § = 0 regarding the
existence result.

Before we show the existence result, let us define in which sense do we understand
a pair (u, p) to be a solution to the MFG system (1.1).

DEFINITION 3.2. We say that (u, p) is a solution pair to the MFG system (1.1) if

(i) w is locally Lipschitz continuous, solves the Hamilton—Jacobi-Bellman equa-
tion in (1.1) in the viscosity sense, and D2u(t,-) is essentially bounded on
R?, uniformly with respect to t € [0,T);

(ii) p solves the Fokker—Planck equation in (1.1) in the distributional sense and
(pt)iefo,1] s a continuous curve in the metric space (21 (R%), Wy).

Remark 3.3. Tt is important to underline that the uniform bound on D2?u(t,-) in
the notion of solution is a consequence of the convexity of x — g(z,u) and (z,v) —
L(x,v,p) for all p € P(R?) and this bound is independent of the intensity of the
noise 32 > 0. In the case when 3 =0, this estimate will further imply (see Lemma 3.4
below) that u is a classical solution to the Hamilton—Jacobi-Bellman equation.

LEMMA 3.4. Let p: [0,T] = Po(R?) be a given continuous curve with respect to
Wi and let C, > 0 such that Ms(p;) < C, for all t € [0,T]. Let us suppose that
the assumptions (H1)—(H3) take place. Suppose furthermore that x — g(z,un) and
(z,v) = L(z,v, 1) are convex for all p € Po(R?).

Then the problem

(3.2)

—Owu(t,z) + H(z, —Dyu(t,x), p;) =0 in (0,T) x R%,
u(T,x) = g(z, pr) in RY,

has a unique viscosity solution u : [0,T] x RY — R, which is continuously differentiable.
Furthermore, this solution satisfies the following derivative estimates: there exists
Co > 0 (depending only on the data and T), and for all R > 0 there exist C; =
C1(R) > 0 (depending on R, the data, and T >0) and Cy = C2(R, p) >0 (depending
on R>0, C,, the data, and T >0), such that

(i) |Dyu(t,z)| < Cy for all (t,z) €[0,T] x Br;

(ii) |Opu(t,x)| < Cy for all (t,x) €[0,T] x Br;

(i) |D2u(t,z)| < Cy for allt €[0,T] and a.e. x€R?;

(iv) |0y Dyu(t,z)| < Ca, for a.e. (t,x)€[0,T] x Bg.

Proof. Tt is well known that solutions to (3.2) are intimately linked to value
functions in optimal control problems. Under our standing assumptions, classical
results (cf. [16]) imply that the unique viscosity solution of (3.2) can be obtained
as the value function of the optimal control problem. Given p as stated in the
Lemma 3.4,
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T p—
u(t,z) = inf {/ L(Xs,as,ps)ds + g(XT,pT)} s.t. { ?(i(s_; agds, se(t,T),
t -

where the infimum is taken over all o € L?([t,T]).

Tt is standard (cf. [16]) to show that u is continuous in ¢, u(t,-) is locally Lipschitz
continuous on RY, and u(t,-) is semiconcave, uniformly with respect to ¢ € [0, 7.

These arguments yield (i).

Claim. u(t,-) is convex, uniformly in time.

Proof of Claim. Let ', 22 € R? and let A € [0,1]. For ¢ >0, let o, i = 1,2, be
e-optimal controls and let X»¢ be the corresponding paths, so we have

T
/ L(X0%,0k%, ps)ds + g( X%, pr) <u(t,z') +e.
t

Let us set Y = (1 —A) X1 + AX?¢ so in particular Y3 = (1 — A)z! + Az, We notice
that Y is an admissible competitor for u(t, (1 — A)x! 4+ Az?). We have

T
u(t, (1= Vet 420 < [ LA (- Nl + 2ad% ) ds + 947 pr)
¢
< (1= Nu(t,2b) + Mu(t, 2?) — 2¢,

where, in the last inequality we have used the convexity of L(-,-,u) and g(-, ) and
the e-optimality of the curves X¢. By the arbitrariness of € > 0, we conclude about
the the convexity of u(¢,-) and the claim follows. Together with the semiconcavity
result this implies (iii).

Now, from the Hamilton—Jacobi equation, we find that d;u must be locally bounded.
Thus, (ii) follows.

We further differentiate the equation with respect to z and find that 0;D,u must
be locally bounded, which implies in particular that D,u is Lipschitz continuous with
respect to ¢ (locally uniformly with respect to ). Looking again at the equation, this
means that dyu must be continuous. The corresponding constants in the estimates
are such as they are specified in the statement of the theorem. 0

Remark 3.5. It is immediate to see that the implication of Lemma 3.4 and the
estimates (i)-(iii) (except point (iv)) remain valid also in the case of 52 > 0 (using
again some classical results; cf. [15]). The constants in those estimates are independent
of 3.

The following result will not surprise experts in optimal transport theory. How-
ever, for completeness we supply its proof here.

LEMMA 3.6. Let T >0 and V : [0,T] x R? x 2,(R?) = R? be a given continuous
vector field and suppose that there exists Cy >0 such that x+— V (t,z, ) is Lipschitz
continuous with constant Cy, uniformly in (t,p),

(3.3) V(t,-,-) satisfies (H6') with some wg YR>0 Vt€[0,T],
and
V(t,0,m)| <Cv VEE[O,T] Ve (R,

and there exists w : [0,+00) — [0,400) continuously increasing with w(0) = 0 such
that

(34 [V(La,p) - V(E2,0)] < Cy(la] + Dw(Wi () if Wa(uv) < 1.
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Then, for any po € P2(R?) the problem

(3.5) { Orpe + Di - (pV (£, p1)) =0, in 2'((0,T) x RY),
p(0,+) = po,

has a unique solution. Moreover, we have that there exists C = C(T,Cy, Ma(po)) >0
such that

My(p:) <C Vt€[0,T] and Wi(ps,ps) <Cls—t| Vs, t€[0,T].
Proof. First, let us notice that by the assumption on V', we have
V(t,z,w)| <|V(E,0,pu)| + Cvlz| < Cy (1 4 |xf).

Ezistence. We define the operator S : C([0, T]; (21 (R%), W1)) — C([0, T]; (221 (R%),
W1)) as follows. For p € C([0,T]; (21 (RY),W1)), we set S(p) := p, where p is the
unique solution to the problem

Aipe+ Dy - (piV(t,x,50)) =0 in 2'((0,T) x RY),
p(0,-) = po.
The well-posedness of this is the consequence of classical results, since by the assump-
tions, V'(-,-, p¢) is Lipschitz continuous in space and continuous in time. Now, let us
show that the range of S is a compact subset of C([0,T]; (21 (RY), W)).
Claim 1. M2(p;) is uniformly bounded if ¢ € [0,T] (independently of 5).

Proof of Claim 1. Because of the regularity on V(-,-, p¢), the solution of (3.6) can
be represented along the flow of the vector field, i.e.,

X(t,2)=V(t, X(t,x),p), te(0,T),
X(0,z) ==, zeRe

(3.6)

First, let us notice that
t t
| X (t,z)| < |z +/ Cy(1+|X(s,x)])ds =]z JrC'VtJrC'V/ | X (s,z)|ds,
0 0

thus Gronwall’s inequality yields

(3.7) X (t,2)| < (2] + Cvt)e' Y,
which further implies

(3.8) | X (t,2)]? <2(|z|? + CEt?)eCV.
Since p; = X (t,-)3p0, for any ¢ € Cy(R?) we have

(39) [ e@an@) = [ X (ta)dmo.

For R > 0 we consider g € Cy(R?) defined as ¢g(x) := min{R?, |z|?}. Clearly,
©r — |z|?, locally uniformly as R — +oc. (3.9) and (3.8) yield that there exists a
constant C' > 0 (depending only on Cy and T') such that

[ or@anto) = [ en(X(ta)dmia) < [ X0 dn

<C+ é/ |z|2dpo = C(1 + M2(po))-
]Rd
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Now, by the dominated convergence theorem, as R — +o00, we have that
Ms(pr) < C(1+ Ma(po)),

as desired.
Claim 2. There exists C > 0 (independent of 5) such that

Wl(ptaps) < C‘t - S| Vi, s € [OaT]

Proof of Claim 2. Let us suppose that 0 <s <t <T.
Let ¢ be 1 — Lip(R?). Then we have

| e@an=p)@= [ [ Dog-viras)ap@par
<[ [ eva+lehap@ar
g/ (Cy + Ma(p,)]dr < Clt — .

Let us remark that all the integrals are finite by the second moment bounds on p. Now,
taking the supremum with respect to ¢, 1 —Lip(R%) one obtains Wy (p, ps) < C|t —s|,
so the claim follows.

From Claims 1 and 2 we can conclude that the range of S is compact. The conti-
nuity of S is straightforward. Indeed, let (5™),en be a sequence uniformly converging
to p in C([0,T]; (21 (R%),W1)) as n — 400. Let ¢ be 1 — Lip(RY), set p" = S(5"),
and p=3S5(p) and let X™ and X stand for the flows of the vector fields V'(-,-, p™) and
V(-,-,p), respectively.

Then, one obtains

(3.10)
[ e@ater =p@ = [ (X7 (t.0) = (X (2l dpo(a)dr

g
- / d / DX (t) 1 (1— )X (6,2)) - [X"(1,2) — X(t,2)]dscdpol)
< [ 1xna) - X()ldpole).

Now, by the ODEs satisfied by X™ and X we get

X7(t0) = Xta)| < [ VX 2), 57) — V(X (), ) dr
</ V(X (7,2), ) — V(7. X (7,2), 5] dr
+ /Ot |V (r, X (1,2),p2) = V(r, X (,2z),p)|dT

t
<oy / X7 (r,z) — X(r,2)|dr
0

+ / Cv (X (r,2)| + V(W (77, 7))
0
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where in the last inequality, we used the assumptions on the field V. Using (3.7), the
previous chain of inequalities can be further estimated as

| X" (t, ) — X (¢, 2)] SC’V/O | X" (r,2) — X (7,2)|dr

t
+/ 0v[<|x|+OvT>eTCV+11W< S Wﬂﬁ?ﬁﬁ) o
0 s€[0,T7]

By denoting a,, := W(SUPse[o,T] Wl(ﬁ;”,ﬁs)), there exists a constant C' = C(T,Cy)
such that

| X"(t,x) — X(t, )] SCV/O | X" (r,2) — X (7,z)|dT
+ C(Jz] 4+ Day.

We notice that by assumption sup,cp, ) Wi (P2, ps) = 0 as n — 400, S0 a, — 0 as
n — +o00, as well.
Gronwall’s inequality yields that

X" (t, ) — X(t,2)| < C(|z] + 1)ane’®” <C(|z] + 1)an,eTCV.

Thus,

lim  sup / X" (t,2) — X (t,2)|dpo () = 0.
n—=+004c(0,7] JR?

So, by taking the supremum with respect to ¢ in (3.10), we can conclude that

lim sup Wi(p{,pr) =0,
n—+0 (0,7 (0¥ 1)

and so, the continuity of S follows. So, finally, one can use Schauder’s fixed point
theorem to conclude that S has a fixed point and therefore (3.5) has a solution.

Uniqueness.
By (3.3), the vector field V satisfies the assumptions in [34, Theorem 3.3|, and
therefore the uniqueness of solutions to (3.5) follows from there. d

Now, we are in position to state the main result of this section.

THEOREM 3.7. We suppose that all the assumptions (H1)-(H5), (H6), (H6”),
and (3.1) take place and the functions x — g(x,p) and (z,v)— L(x,v, 1) are conver.
Then the MFG system (1.1), with =0, has a solution pair (u,p).

Proof. Let p € C([0,T); (21 (R%),W,)) be given with p|;—o = po. Let u be the
unique classical solution to (3.2) provided in Lemma 3.4. Now set

V(t,x,p) := DpH(z,—Dyu(t,x), ).

Clearly, by our standing assumptions and the results in Lemma 3.4, V' satisfies (3.3)
and (3.4) with a constant Cy > 0 and |V (¢,0, )| < Cy, where Cy depends only on the
data and |Dyu(t,0)| (from (2.7)), but clearly |Dyu(t,0)| depends only on the previous
constants and therefore Cy depends only on the data. We also have |D,u(t,z)| <
C(]z| + 1) for some constant C' > 0 depending on T and the data.
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Let pe C([0,T]; (21 (R%), W1)) be the unique solution of (3.5) starting at py with
the previously set vector field V. So, if one considers the mapping S : C ([0, T; (21 R,
Wh)) — C([0,T]; (21 (RY), W1)) such that S(p) =7, this is well-defined.

We show now that S is a continuous mapping. Let us take a sequence (p")nen
from the space C([0,T]; (21 (R%),W})) that uniformly converges to some p € C([0, T);
(21 (R%),W1)) as n — +00. If we consider the corresponding unique solutions (u"),ex
to (3.2), we find that all the bounds on d;u", D,u", and D? u", as stated in Lemma
3.4, are independent of n, and they just depend on the data. So, by the continuity
assumptions on H (transferred from the regularity assumptions on L) and g in the
measure variable, standard results on stability of viscosity solutions to Hamilton—
Jacobi equations yield that (u™),en converges locally uniformly to the unique solution
of (3.2) (where as data, we consider the limit curve p).

Moreover, up to passing to a subsequence that we do not relabel, (D u"),en
converges locally uniformly to D,u on Rd, uniformly with respect to t. So, the
corresponding vector fields V" (¢, z, u) = DpH(x, —Dgu™(t,x), 1) also converge locally
uniformly to V(¢,z,u) = DpH(x,—Dyu(t,z),u) as n — +oo. Therefore, since the
sequence of curves (p"),en is uniformly Lipschitz continuous (with respect to Wi ) and
as their second moments are uniformly bounded (as provided in Lemma 3.6), Arzela—
Ascoli’s theorem yields the existence of a subsequence that converges uniformly to
some p. However, passing to the limit the continuity equation, one must have that
this limit p is the solution of the equation, when we consider u. By uniqueness of
solutions, one must have that p=p. So, the continuity of S follows.

Now, it remains to show that S satisfies the assumptions of Schauder’s fixed
point theorem. Clearly, the space of curves in C([0,T]; (21 (R%), W1)) that start at
the fixed pg is convex. Moreover, because of the results provided in Lemma 3.6, we
find that the image of C([0,77]; (2 (R%),W1)) through S is the space of curves that
are uniformly Lipschitz continuous with respect to W7 and such that their second
moments are uniformly bounded by a constant that depends only on the data and
Ms(po). Therefore, this image space is compact. So, Schauder’s fixed point theorem
yields the existence of a fixed point of S, and therefore the existence of a solution to
(1.1) follows.

The fact that D2u(t,-) € L>°(R? x R%), uniformly with respect to ¢ € [0, 7] follows
from the estimates in Lemma 3.4. O

4. Uniqueness of solutions. As our main results, in this section we shall prove
the uniqueness of solutions to the MFG system (1.1) for g € R.

Suppose that (u,p) is a solution pair of the MFG system (1.1) for some py €
Po(R%). Then (t,z) — DpH(z,—Dyu(t,x),p;) is continuous in ¢ and globally Lip-
schitz continuous in the z-variable, the flow associated with the Fokker—Planck equa-
tion reads as

t
(4.1) X =€+ / DyH(X.,~Dyu(t, X,), ps)ds + BB, t€[0,T),
0

where ¢ € IL?(Fo; po). When 82 > 0, by standard %% estimates for parabolic equa-
tions, we have that u € CIZJEE’HQ((O,T) x R%). We define

(4.2) Y: = —D,u(t, Xy)

and if 42 > 0 we further define

(4.3) Zy:=—D2 u(t, X;).
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We would like to justify that (X, Y, Z) is a strong solution to the following forward-
backward (stochastic) differential equation on [0, 7] associated with the MFG system
(1.1):

t
Xt:5+/ DyH(X.. Yo ps)ds + BB,
(4.4) 0

T T
Y;:_Dmg(XT7pT)+/ D:L’H(Xsayvsvps)ds_ﬁ/ stBs~
t t

Let us remark that in the case of 8 = 0, this system corresponds to a standard
Hamiltonian system.

THEOREM 4.1. Assume that (2.7) holds. Let (u,p) be a solution pair of the MFG
system (1.1) for some pg € P2(R?), and let (X,Y,Z) be defined in (4.1), (4.2), and
(4.3). Then (X,Y,Z) is a strong solution to the forward-backward (stochastic) differ-
ential equation (4.4).

Proof. The idea of the proof is based on the differentiation of the Hamilton—
Jacobi—Bellman equation in the z-variable. To be able to justify this, we first regu-
larize the equation.

Let {¢n}n be a sequence of densities in C'S°(B1(0)). Define

1
n

Up(t, ) = /Rd u(t,x —y)Cn(y)dy, vn(t,x) := Dyun(t,z), and v(t,z) = Dyu(t, ).

Then
2
(45) atun(tax) = _%Awun(t,x) + R Cn(y)H(x -Y —’U(t,l‘ - y)’pt)dy-

We then differentiate (4.5) in  and obtain
(4.6)
ﬂ2
Opon(t, ) + ?Amvn(t,x)
= Rd Cn(y)[DwH(x_:% —’U(t, T — y)a Pt) _DPH(‘r_y7 _U(t7 T — y)7 pt)DIU<t7 T — y)]dy

Let (X,Y, Z) be defined in (4.1), (4.2), and (4.3). By the Itd formula and using (4.6),
we have

dvn(t,Xt) = [@vn(tXt) + %QAI’Un(t,Xt) de
+ Daﬂ}n(t,Xt) . [l)pff()(t7 —U(t, Xt), pt)dt + ,BdBt]
=[] 6o =y o0, X = )01

—D,H(Xy —y,—v(t, Xy —y), pt) Dyv(t, Xy — y)]dy} dt
+ Daﬂjn(t,Xt) . [DPH(Xt7 —’U(t,Xt),pt)dt + ﬁdBt] .

Letting n — 400 in the above equation, we have

d’l)(t, Xt) = DmH<xv —'U(t, Xt)v pt)dt + 6Dzv(t, Xt)dBtv

which is exactly the backward (stochastic) differential equation (4.4). d
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THEOREM 4.2. We suppose that all the assumptions (H1)—(H8) take place. Let
us suppose that (ut,p') and (u?,p?) are two solution pairs to (1.1) with initial data
ps, P&, respectively. Suppose that X*, i € {1,2}, stand for the flows of the vector fields
(t,x) — DpH(t,x,—D,u'(t,x),pt) defined in (4.1) with initial data & € L2 (Fo; ph).
Then Dyu* and Dyu? are jointly monotone along the flows (X{)iepo, 1) and (X72)iejo. 1]
respectively. That is,

(4.7) E ([Dyu'(t, X}) — Dou? (6, X7)] - (X} — X72)) >0 Vte[0,T].

Proof. Define Y;' := —D,u'(t, X}) and Z} := —D?2 u'(t,X}) for i € {1,2}. Apply-
ing Theorem 4.1, we have

T T
(4.8) WZ—DIQ(X%PiT)*/ D””H(Xistiapi)dS_B/ Z,dB,
t t
and thus
d [(Dyu'(t, X}) — Dou?(t, X7)) - (X — X7)]
— —a[(¥) - ¥2) - (X} - XD)
~B(2 - 2}) - (X{ - X7)dB,
- {(Ytl - Yt2) . (D;DH(thvytlvptl) - D;,,H(XE,YE,/)?))} .
Taking the expectation on both sides above, we obtain
(4.9) dE {[(Dau' (t, X}) — Dau?(t, X7)) - (X} = X7)]}
=E{(DH(X], Y pb) = DoH(X] Y ph) - (X = XP) fat
—B{ (v} = ¥2)- (DH(X}, Y} p}) = Dy H(XE Y2, )] }

<0

where in the last inequality we have used (2.8). Now, integrating the previous in-
equality in time on [t,T], we find

B{ (D (8, X)) — Do (1, X7)) - (X} - X7)}

> E{(Drg(X1,p7) — Deg(X7,p7)) - (X1 — X7)} 20.
And so, the thesis of the theorem follows by (HT). ad

COROLLARY 4.3. If the assumptions in Theorem 4.2 hold and H(x,p,u) = %|p|2—|—
f(z,p), then one has immediately

(4.10) Wa(Lxr, Lxz) < Walpg, pg) ¥V t€[0,T).

Proof. Indeed, in this case one has

d1
f*EXl—XQQ
dt 2 | t tI

=E{(X} = X?)- (D H(X},—Dyu'(t,X}),p;) — DpH (X}, —Dyu?(t, X}), 7)) }
=-E{(X} - X7) - (Dou"(t,X]) — Dou*(t, X7)) } <0,
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where in the last inequality we used the result from Theorem 4.2. Thus, the claim

follows by integration over [0,¢] and choosing &' € L2(Fg;ph), @ = 1,2, such that
/2

Wa(pg, p5) = {E[I€ =[]} . 0

Remark 4.4. For general Hamiltonians, we do not expect (4.10) to hold true, since

the composition of monotone maps (in this case D, H and D,u) in general fails to be
monotone.

THEOREM 4.5. We suppose that all the assumptions (H1)-(HS8) take place. Let
(u', p') and (u2, p?) be two solution pairs to (1.1) with initial data p}, p3 € P2(RY),
respectively. Then there exists C' >0 depending only on T and the data such that

sup Wa(pf, p7) < CWa(pj, p3)
t€[0,T

and

sup || Dyut(t,-) — Du?(t, ')||L°<>(Rd) < CWa(pg, p2).
t€[0,T)

Proof. Let (X' Y*® Z%), i € {1,2}, be given as in Theorem 4.2. We note from
(4.9)

(@) SE[ 2 (X - X))
=—E[(X, - X7) - (DH(X},Y, pt) — Do H(X}, Y2, p}))]
+E[(DH(X], Y, p}) — DyH(XE Y2, 03)) - () — Y2)].

We integrate (4.11) from 0 to ¢ and using (4.7) one obtains

0>E (Y, =Y (X} — X7)]
=E[[Yy - Y5]- (Xo — X3)]
—/ E[(X; = X2) - (DH(X,, Y py) = DoH(XZ, Y2, p3))]
0

—-E [(DPH(Xslvylap;) - DPH(X527Y2apz)) : (Y’; - Yf)] ds,

which by (2.7) implies that

t 2
co/ B[y - v2[*] as
0
t
<-E[[Yy - Y7 (X5 — X3)] +C/ E[|Y) -Y?|X! - X2|]+E [|X31 fxfﬂ ds.
0

Applying Young’s inequality, we derive
co |* 2
2 [ B[yt -v2P) as
2 0 S &

t
< E[[Yy - ¥2]- (X} - X2)] +c/ E[|x! - x7] ds.
0
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Then
t

E[|x} - X2I?] <E[1X3 - X31%] + / E||DH (X1 YL, ph) = DyH(X2, Y2, )] ds
<EIx} - X3P 0 [ B[y vl e[l - x2f as
<E[|X-X2]?]-E[[Yi Y3 (X-X2)] +C/OtIE [;Xg—xfﬂ ds.

We recall that Y,! = —D,u’(t, X}) and note that |D2u’| < C for i =1,2. We have

E[1X} - X2 <E [|1X3 - X31%] + CE[| X3 - X3|” + | Dou’ (0, X3)

t
- D0, X3)| X3 - X3 + C/ E[|x! - x2°] s
0

1
2

< CE[1X} - X3P] + C {B[|D,u! (0, X3) - Dou?(0, X3)["] }
1 ¢
{E|1xs - x5} + C/ E[|x! - x2°] ds.
0
Using Grénwall’s inequality and the fact that W3 (p}, p?) <E| X} — X?|?, we have

(4.12)
Wi (ot i}) <E[1X] - X2 <C(E[|x3 - X3|7]

1
{E[lx -3}
For any given to € [0,7], we now take the conditional expectation E [|X{ =z] on
(4.8) for i=1,2: Vt € [to, T

(4.13)

T T
}/tz,to,x — —Dl-g(X%tU’x,piT) + / D$H(X§’t0’z, Y'Si,to,z’pi)ds _ ﬁ/ Z;',to.,m dBS7
t t

N

+{E[|D.ut 0, x8) - D0, x3) ]}

where
X;0% =z [ DyH(XD'", —Dyul (t, X2'"), pl)ds + BBy,
to
YT = —Dyui(t, X0, and Zp"" = —D2 ul(t, X'"). By (2.7) and by the
global Lipschitz property of x + D u’(t,z), uniformly on t € [0,T], it follows from
standard SDE arguments that

1
2
2
sup ‘XSLtUJC _ XSQ,tUJC’
s€[to,T]

T
<C [ [IDau(s,7) = Dau® (s, )| poe rety + Walps, p2)] ds.

to

(4.14) (E

Letting ¢t =to and taking the expectation on (4.13), we have

T
Dzui(to,x)zlE[Dgcg(xgw,pg)}—/ E[D,H (X! yitor gyl ds fori=1,2,

to
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and thus by (H4), (2.7), and (4.14) we have

|Dgu! (to, 2) — Dyti® (to, )|

T
<c| s Wtk [ B D10 e x|
SE[tQ,T] to

+C

to

T
E|X711’t0’z _ X%to@| +/ E |Xsl’t0’w _ Xzyto’w‘ d8‘|

T
<C [ sup Wg(p?p?) +/ HDxul(Sw) — Dmu2(5, ')HLoo(Rd) ds]
SE[tQ,T] to

1

1 T
(E“X%to,z . X%tszD 2 +/ (E“X;,tmz _ st,tmz

to

+C

D

T
<C [ sup Wa(pl, p?) —|—/ HDxul(s,) — D (s, ')HLOO(Rd) ds] .
SE[tQ,T] to

By Gronwall’s inequality, we derive

(4.15) | Dyput —DIUQHLOO([ )SC’ sup Wa(pt, p?).

0,T]xRd
Ix t€[0,T]

Plugging (4.15) into (4.12) and applying Young’s inequality, we obtain

1

i
sup Walph, ) < O {E [1X3 - x3°]}
t€[0,T]

1
2

We can choose &% to be such that Wa(pd, p3) = {]E “51 - 52{2} } and thus

(4.16) sup Wa(pg, p7) < CWalpg, pj)-
te[0,T]

Combining (4.15) and (4.16)
(4.17) | Dput — DIUQHLoo([o,T]x]Rd) < CWa(ph, ).
a

COROLLARY 4.6. We suppose that all the assumptions (H1)—(H8) take place. The
MFG system (1.1) admits at most one solution pair (u,p).

Proof. Tt is immediate that Theorem 4.5 yields the uniqueness of p and D,u. By
the uniqueness of solutions to the HJB component of (1.1) (given p), the uniqueness
of u follows. d
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