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NUMERICAL DISCRETIZATION OF A DARCY-FORCHHEIMER
PROBLEM COUPLED WITH A SINGULAR HEAT EQUATION*

ALEJANDRO ALLENDES', GILBERTO CAMPANA!, AND ENRIQUE OTAROLAS

Abstract. In Lipschitz domains, we study a Darcy—Forchheimer problem coupled with a singular
heat equation by a nonlinear forcing term depending on the temperature. By singular we mean that
the heat source corresponds to a Dirac measure. We establish the existence of solutions for a model
that allows a diffusion coefficient in the heat equation depending on the temperature. For such a
model, we also propose a finite element discretization scheme and provide an a priori convergence
analysis. In the case that the aforementioned diffusion coefficient is constant, we devise an a posteriori
error estimator and investigate reliability and efficiency properties. We conclude by devising an
adaptive loop based on the proposed error estimator and presenting numerical experiments.
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1. Introduction. Let Q C R? with d € {2,3}, be an open and bounded domain
with Lipschitz boundary 02. In this work, we will be interested in the study of
existence and approximation results for the temperature distribution of a fluid in a
porous medium modeled by a singular convection—diffusion equation coupled with a
Darcy—Forchheimer problem. To be precise, we will study the following system of
partial differential equations (PDEs):

vu+|ulu+Vp = f£(T) inQ,
(1) divu = 0 in €,
—div(k(T)VT) + div(u T) g in Q,

supplemented with u-n =0 on 92 and T = 0 on 9f). The unknowns of the system
(1) are the velocity field u, the pressure p, and the temperature T' of the fluid. The
data of the model are the thermal diffusivity coefficient x, the viscosity coefficient v,
the external density force f, and the external heat source g. The coefficient x and the
force f may depend nonlinearly on the temperature 7". Finally, n denotes the unit
outward normal vector on 99 and | - | corresponds to the Euclidean norm. In our
work we shall be particularly interested in the case that g = §,, where §, corresponds
to the Dirac delta supported at the interior point z € .

Darcy’s law, u = —K'Vp/p, is a linear relationship that describes the creeping
flow of Newtonian fluids in porous media and is backed by years of experimental
data [34]. However, when the fluid velocity is sufficiently high, experimental evidence
indicates that the relationship between the pressure gradient and Darcy velocity may
be nonlinear. On the basis of flow experimentation in sand packs, in reference [32]
Forchheimer suggested modifying Darcy’s equation by incorporating a quadratic term
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depending on the velocity. This modification is known as the Darcy—Forchheimer
equation and finds several applications in engineering: it is used for predicting high
velocity flow in porous media, especially in the vicinity of gas wells [13]. It is thus
no surprise that its analysis and approximation have been investigated by several
authors; see [34, 37, 40, 41, 43, 44] for a priori error estimates for suitable mixed
finite element approximations, [47] for the analysis of a posteriori error estimates,
and [45, 46] for the numerical treatment of a coupled problem. On the other hand,
the study of different models of incompressible nonisothermal fluid flow models has
become increasingly important for a variety of research areas in the fields of the
natural sciences and engineering branches. This fact has been motivated by their
diverse applications in industry such as the design of heat exchangers and chemical
reactors, cooling processes, and polymer processing, to name a few. For advances
regarding the numerical approximation of the so-called Boussinesq problem we refer
the interested reader to the nonextensive list [3, 5, 7, 8, 9, 23, 31, 39]. Regarding
the approximation of coupled problems involving the Navier—Stokes equations and
a suitable temperature equation we refer the interested reader to [18, 19, 21, 25].
Within this context, we also mention [6, 16, 17, 27, 28, 33] for similar results when
the Navier—Stokes equations are replaced by Darcy’s equations.

In this work, we are interested in the analysis and discretization of the temper-
ature distribution of a fluid in a porous medium modeled by a convection—diffusion
equation coupled with a Darcy—Forchheimer problem. To the best of our knowledge,
the only two articles that have numerically explored such a coupled problem are [26]
and [45]. In contrast to these advances, we are particularly interested in the case that
the forcing term of the stationary heat equation is singular: a Dirac measure. We
begin our analysis by introducing a concept of weak solution within the spaces L3(€2),
W2 (Q)NLE(Q), and W, *(Q) for the velocity, pressure, and temperature of the fluid,
respectively. Here, p is such that 2d/(d+1)—e < p < d/(d—1), for some € > 0. Next,
we show the existence of at least one solution for the coupled problem on the basis of
the Leray—Schauder’s fixed point theorem. We propose a finite element discretization
scheme for the coupled problem: we use continuous and piecewise linear functions
to the discretize the temperature and pressure and piecewise constant functions to
discretize the velocity. We prove that such a numerical scheme admits at least one
solution, which remains bounded with respect to discretization, and the existence of
a subsequence that converges to a solution of the continuous problem. Under the as-
sumption that x is constant, we devise an a posteriori error estimator for the coupled
problem that can be decomposed as the sum of two contributions: a contribution
that accounts for the discretization of the Darcy—Forchheimer problem and another
contribution that accounts for the discretization of the heat equation. We explore
reliability estimates in two dimensions and local efficiency bounds in two and three
dimensions. We conclude our work by designing an adaptive finite element method
on the basis of the devised error estimator and providing numerical experiments in
convex and non-convex domains.

Our manuscript will be organized as follows. We set notation and introduce
preliminary material in section 2. In section 3, we present a weak formulation for
(1) and show existence of solutions. In section 4, we propose a finite element scheme
and investigate convergence properties. In section 5, we devise an a posteriori error
estimator and study reliability and efficiency properties. We conclude in section 6
by providing a series of numerical experiments that illustrate and go beyond the
presented theory.
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2. Notation and preliminaries. We begin by fixing notation and the setting
in which we will operate.

2.1. Notation. We shall use standard notation for Lebesgue and Sobolev spaces.
Spaces of vector valued functions and their elements will be indicated with boldface.
Since we will deal with an incompressible fluid, we must indicate a way to make the
pressure unique. To do so, we denote by L3(£2) the space of functions in L?(2) that
have zero averages.

If W and Z are Banach function spaces, we write W — Z to denote that W is
continuously embedded in Z. We denote by W’ and || - ||yy the dual and the norm of
W, respectively. Given p € (1,00), we denote by p’ its Holder conjugate, i.e., the real
number such that 1/p + 1/p’ = 1. The relation a < b indicates that a < Cb, with a
constant C' that depends neither on a, b nor on the discretization parameters. The
value of C' might change at each occurrence.

2.2. A Darcy—Forchheimer model. In this section, we briefly present some
results regarding the well-posedness of the Darcy—Forchheimer problem

(2) vu+uu+Vp=£finQ, divu=0inQ, u-n=0on0dQ,

where f denotes the external density force and v is the viscosity coefficient. We say
that (u,p) € X x M is a weak solution to problem (2) if

/(uu+|u|u+Vp)-de = f-vdx VveX,
Q Q

3)
/Vq-udx =0 Vq e M.
Q

Here, X := L3(Q), M := W2 (Q) N L2(Q), f belongs to L2 (), and v € C%1(Q) is
a strictly positive and bounded function which satisfies v_ < v(x) < v for every
x € 2, where 0 < v_ <wvy. We immediately comment that, owing to our assumptions
on data and definition of weak solution, all terms in (3) are meaningful.

In what follows, we will repeatedly make use of the fact that, on the spaces X
and M, the following inf-sup condition holds [34, Lemma 1]:

-Vad
(4) inf sup Jo v Vadx =1
€M vex [IVlvs@lIVall g o)

This follows immediately from the dual representation of the norm || - HL 34].

3 (@) [
To study problem (3), it is convenient to introduce the map

(5) ALRQ) 5 L3(Q), v AWV) i=vv +|viv.

It is immediate that A maps L3(Q) into L2 (). In addition, A is bounded on all
bounded subsets of L3(£2) and A is monotone, coercive, and hemicontinuous in L3(£2).

PROPOSITION 1 (Properties of A). A satisfies the following properties.
(i) A is bounded on all bounded subsets of L3(Q): If v € L3(), then

(6) A g gy < 74193 ) + Vs
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(i) A is monotone from L3(Q) into L2 (Q): If viw € L3(Q), then

(7) /Q(A(v) —A(w)) - (v = w)dx > 74|V = Wllgsiq) + vV = WF2q),

where vq is a strictly positive constant that depends on the dimension d.

(iii) A is coercive in L3(€2):

1
() lim 7/ A(v) - vdx = +o0.
vl 3 @)=+ HV||L3(Q) Q

(iv) A is hemicontinuous in L3(Q): Let v,w € L3(Q). Then, the mapping

(9) t— | A(v+itw) - wdx,
Q
is continuous from R into R.
(v) Almost everywhere in §, we have

(10) JA(V) = A(w)| < |v = w|(wy + |v] + W)

Proof. The proofs of (6) and (10) are trivial. To obtain (7), we utilize the defini-
tion of A to write (A(v) — A(w)) - (v — w) and invoke the inequality of [29, Lemma
4.4, Chapter I] with p = 3. Property (8) follows from a direct calculation; see also
the proof [34, Theorem 2|. Finally, the proof of the continuity of the map described
in (9) can be found in [34, Proposition 3]. 0

Let us now introduce the functional spaces

H.— {v e L3(Q) : div(v) € L%(Q)} :
endowed with the norm ||v|[g = ||V||Ls(q) + [|div(V)]] 4 X H, = CSO(Q)H, and

V:={veH;:div(v) =0in Q}.

The definition of H is motivated by the Sobolev embedding W2 () < L*(), which
holds for every s < s, := 3d/(2d—3). Observe that s, = 3d/(d+3). The space H is a
reflexive Banach space when equipped with || - [|g. In addition, C>(Q) is dense in H.
With such a density result at hand, the following Green’s formula can be derived [34,
formula (2.5)]: [, v - Vgdx = — [, ¢divvdx + (g, v - n)yq for all ¢ € M and v € H.
Finally, we mention the characterization Hp := {v € H:v-n =0 on 9Q}.

Having introduced the space V, the following result follows from [34, Proposition

2]: Problem (3) is equivalent to the following formulation: Find u € V such that
(11) Au) -vdx = f-vdx VveV.
Q Q

The well-posedness of problem (11) is as follows.

THEOREM 2 (well-posedness of a Darcy-Forchheimer problem). Iff € L%(Q),
then problem (3) admits a unique solution (u,p) € X x M. In addition, we have

(12) HU”%}*(Q) < ”f”L%(Q)’
(13) 190l ) < Il q) + vl g g + Nlis),

with hidden constants that are independent of the data £ and v and the solution (u, p).
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Proof. In view of the equivalence of problems (3) and (11), we analyze problem
(11). To accomplish this task, we notice that Proposition 1 guarantees that A is
bounded on all bounded subsets of L?(2) and monotone, coercive, and hemicontinu-
ous in L3(2). We can thus invoke the standard theory for monotone operators [42,
Theorem 2.18], [22, Theorem 9.14-1] to conclude the existence of a solution u € L3().
Uniqueness follows from the item (ii) in Proposition 1. To obtain (12), it suffices to
set v = u in the first equation of problem (3). The remaining estimate (13) follows
from the first equation of problem (3) and the inf-sup condition (4). O

3. The coupled problem. In this section, we analyze the existence of weak
solutions for problem (1).

3.1. Main assumptions. We begin our studies by introducing the set of as-
sumptions under which we will operate.
e FEuxternal force: The external density force is as follows [45, Assumption 2.1]:

(14) f(x,s) :=1fo(x) +fi(s), xeQ, seR,

where f, € L2 () and f; is a Lipschitzcontinuous function with constant Cg
which satisfies f;(0) = 0. In particular, |f;(s)] < Ct¢|s| for every s € R.

e Viscosity: v is a Lipschitz—continuous function with constant Cr and is such
that 0 < v_ < v(x) < vy for every x € €.

e Diffusivity: k € C%1(R) is such that 0 < k_ < k(s) < k4 for every s € R.

3.2. Weak formulation. We introduce the following notion of weak solution.

DEFINITION 3 (weak solution). Let z € Q and p < d/(d —1). We say that
(u,p,T) € X x M XY is a weak solution to (1) if

/ (vu+|ulu+Vp) - -vdx = / f(T) vdx VveX,
Q Q

(15) Vqg-udx = 0 Vq € M,
Q

/Q (K(T)VT - VS—Tu-VS)dx = (5.,5) VS € WA (Q).

Here, {-,-) denotes the duality pairing between Wol’p/ () and W=1P(Q) = (Wol’p/ Q)
and Y == W, P(Q).

The following comments are now in order. The asymptotic behavior of solutions
x to second order elliptic problems with homogeneous Dirichlet boundary conditions
and J, as a forcing term is dictated by |Vx(x)| ~ |x — z|~! [36, Theorem 3.3]. On
the basis of a simple computation, this asymptotic behavior motivates us to seek for
a temperature distribution within the space W, ?(Q) for p < d/(d —1). On the other
hand, we notice that, in view of the assumptions imposed on the problem data and the
definition of weak solution, all terms in problem (15) are well-defined. In particular,
the convective term can be controlled as follows:

/ Tu-VSdx
Q

< llulles@ 1T 22 )HVSHLP’(Q)

(16) 3-p (Q

< CellullLs@) VT e @) IV Sl o)

upon utilizing that L7"7 () C L3577 (Q) and that W_”(Q) < L7 () [1, Theorem
4.12, Case CJ, with C, being the best constant in the second embedding.
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3.3. A problem for the single variable T. We follow [16, Section 2.2] and
write (15) as a problem for the single variable T: For a given T, the first two equations
in (15) correspond to a Darcy—Forchheimer system that, in view of Theorem 2, admits
a unique solution (u, p) € X x M. Observe that f(T) € L3/2(2). The variables u and
p can thus be seen as functions depending on T, (u,p) = (u(T),p(7T)), and (15) is
equivalent to the reduced formulation [45, Section 2.2]: Find T' € W, () such that

(17) /Q (K(T)VT - VS — Tu(T) - VS)dx = (5.,5) VS e Wl (Q),

where p < d/(d — 1) and u(T) € X denotes the velocity component of the pair
(u(T), p(T)) that solves the problem: Find (u(7T),p(T")) € X x M such that

(18) [ () + ja() () + Vp() -vax = [

f(T) vdx, / Vq-u(T)dx = 0,
Q Q

for all (v,q) € X x M. Since f and v satisfy the assumptions stated in section 3.1,
(18) admits a unique solution (u(7'), p(T")) € X x M which satisfies the bounds
(19 [[u@)llzs @) < Ifol + Cr €| VT ||Lr(e),

(20) [[Vp(T) ) < [lfol

L3(Q)

+CRC VT ooy + s 0T g o+ o

HL%(Q L3 ()

where €, is the best constant in the Sobolev embedding Wy? () — L%(Q) (p > 1).

3.4. A singular and stationary heat equation with convection. In this
section, we review and extend to three dimensions some of the results obtained in [6].
Let £ be a bounded and uniformly continuous function such that 0 < {_ < £(x) <
&4 for a.e. x € Q. With £ at hand, we introduce the following weak formulation for a
singular and stationary heat equation with convection: Find 1" € VVO1 P(Q) such that

(21) / (EVT-VS—-Tv-VS)dx = (§,,5) VSe Wol’p,(Q).
Q
Here, p is such that % —e<p< #, for some € > 0, v € L3(Q), and % + 1% =1.

We begin our studies by providing a well-posedness result for the case v = 0.

PROPOSITION 4 (case v = 0). Problem (21) with v = 0 is well-posed. This, in
particular, implies that

EVR - VSdx
@) VRl <0 s BELTIE gy,
Sewdr (@) L' (Q)

with a constant C¢ that depends on £, p, and Q.

Proof. The fact that problem (21) is well-posed with v = 0 on Lipschitz domains
follows from [35, Theorem 0.5, item (a)] and [48]. The desired inf-sup condition (22)
thus follows from a result due to Necas [30, Theorem 2.6]. O

We now present a well-posedness result for the case of nonzero convection.

PROPOSITION 5 (case v # 0). If C¢Ce|[v|Lsq) < a < 1, then problem (21) is
well-posed. In particular, we have the stability bound

c
(23) VT |lwre) < Calldzllw-1r), Co =125, 2 —e<p< L,

for some € > 0. Here, C. denote the best constant in Wy (Q) < L%(Q).

Proof. The proof follows from a simple adaption of the arguments elaborated in
the proof of [6, Proposition 3.3]. d
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3.5. Existence of solutions for the coupled problem. We now study the
existence of solutions for (17)—(18) on the basis of a fixed point argument. To accom-
plish this task, we introduce the map F : W, ?(Q) — W, ?(Q) defined by F(6) = ¢,
where ¢ denotes the solution to the following problem: Find ¢ € VVO1 "P(Q) such that

(24) /Q(A(Q)VC -VS —C¢u(d) - VS)dx = (6,,5) VSe€ Wol’pl Q).

The definition of ¢ compromises solving, for a prescribed temperature 6 € WO1 P(Q),
the Darcy—Forchheimer problem (18) with 7" being replaced by 6.

To present the following result, we define By := {# € Wy*(Q) : || VO||Lr) <
C1]|0zllw-1.0()}, where C' is as in (23), and the constant

(25) ¢ = (2C.0,)" L.

Here, C, is the best constant in the embedding W, *(Q) < deTpP(Q) and Cy is the
constant involved in the inf-sup condition (22) with £ being replaced by k.

LEMMA 6 (F(Br) C Br). Ifpe (f—fl—e, +4-), for some e > 0, and ||fo||
Ce€Co[|6: |l w10 (0) < €2, then F is well-defined on Br and F(Br) C Br.

L%(Q)+

Proof. The proof follows the same arguments as those developed in the proof of
[6, Lemma 5]. For brevity, we skip the details. O

The following result is instrumental to show the compactness of the operator F.

LEMMA 7 (convergence of sequences). Let {0, }n>0 be a sequence in L?(Q) such
that 0, — 0 in L?(Q) as n 1 co. Then, as n 1 oo,

u(f,) — u(d) in L3(Q), p(6,) — p(0) in ng(Q) N L(Q).

Proof. See [45, Lemma 2.5]. O
We are now ready to show existence of solutions.

THEOREM 8 (existence of solutions). In the framework of Lemma 6, there exists
a solution (u,p,T) € X x M XY of problem (15). In addition, we have that T € Br.

Proof. Notice that B is nonempty, closed, bounded, and convex. In addition, in
view of Lemma 6 we have that F(Br) C Br. It thus suffices to prove the compactness
of F to conclude the desired result on the basis of the Leray—Schauder fixed point
theorem applied to F; see [24, Theorem 8.8] and [22, Theorem 9.12-1].

We recall that p is such that 2d/(d+ 1) —e < p < d/(d — 1) for some € > 0. Let
{0n}n>0 C B be a sequence such that 6, — 6 in Wol’p(Q) as n T oo. Since Br is
weakly closed, § € Bp. Define ¢ := F(0) and, for n € Ny, {, := F(0,,). Let us prove
that ¢, — ¢ in Wol"p(Q) as n T oo. Observe that e¢, := { — (, verifies the relation

/ (k(0n)Vee n —ecnu(d)) - VSdx = (g,,S) VS e Wol’p/(Q),
Q

where, for S € Wo? (), (gn, S) := [, [Ca(u(8) — u(6,)) + (K(6,) — £(8)) V(] - VSdx,
ie., for n € Ny, e¢ solves (21) with 4, v, and £ being replaced by g, u(¢), and
k(0,), respectively. Proposition 5 with v = 1/2 thus guarantees that

(26) IVecnllLr) < Cilignllw-1r(),
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because, as a consequence of (19), [|u(0)[|L3q) < € We now prove that g, — 0 in
W=LP(Q) as n 1 co. To accomplish this task, we analyze each of the terms involved
in the definition of g,, separately. First, notice that the estimates in (16) reveal that

) Ca(u(®) —u(by)) - VSdx < Ce|[VGallLr oy lu(@) — u@n) Lz @) |VSlLe q)-

Now, since 6,, — 0 € VVO1 P(Q) as n 1 co, an application of the Rellich-Kondrachov
theorem [1, Theorem 6.3, Part I] reveals that 6,, — 6 in L"(2), as n 1 oo, for every r
such that 1 < r < dp/(d—p). Invoke Lemma 7, upon observing that dp/(d—p) > 2, to
conclude that u(f,) — u(@) in L3(Q2) as n 1 co. To control the remaining term in g,
we observe that, since k is continuous and uniformly bounded and 6,, — 6 in L"(Q),
we have that x(6,) — x(0) in L"(Q2) as n 1 co. Consequently, (k(6,) — k(0))V{ — 0
in L?(€). Therefore, in view of (26), ¢, — ¢ in W, "*(2) as n 1 co. We have thus
proved that the weak convergence 6, — 6 in VVO1 "P(Q) implies the strong one ¢, — ¢
in VVO1 P(Q2) as n 1 co. This shows that F is compact and concludes the proof. O

4. Finite element approximation. In this section, we devise a finite element
discretization scheme for problem (15) and analyze convergence properties.

4.1. Basic ingredients and assumptions. We denote by %, = {K} a con-
forming partition of 2 into closed simplices K with size hx = diam(K). Define
h:=max{hg : K € 9}. We denote by T = {7, }1>0 a collection of conforming and
shape regular meshes .7;,. We define . as the set of interelement boundaries v of
I For K € G, let 7, denote the subset of . that contains the sides in . which
are sides of K. We denote by N, for v € .7, the subset of .7, that contains the two
elements that have v as a side. In addition, we define the stars or patches

27) Nk =U{K' € Fh: NIk £0}, Ni=U{K' € F,: KNK' #0}.

In an abuse of notation, below we denote by Nk, N, and N, either the sets them-
selves or the union of its elements.

Given a mesh J5, € T, we define Y}, := {S), € C(Q) : Sulx € P1(K) VK €
F;, and v]pq = 0}. Notice that, for each h > 0, ¥j, € W, ¥ (Q) € W, *().

We denote by I, the Lagrange interpolation operator and immediately observe
that, since Wy "' (Q) < C(Q), I, is well-defined as map from Wy (Q) into Y;,. The
following error estimate is classical [30, Theorem 1.103]: for each K € 3,

(28) 1S — IS Lor(ry S hicl|VS|lLo ) VS € Wy (K).

With this estimate at hand, a trace identity yields, for v € ., the estimate

(29) I8 = 1uSlzeiy S B3IV S,y VS € Wo™ (AG).
Regarding the approximation of the Darcy—Forchheimer model (15), we introduce
Xy = {v, € L*(Q) : vi|k € Po(K)* VK € %},
My, :={qn € C(Q) : qn|x € P1(K) VK € Z,} N L3(Q),
V= {vh € Xy (Vdn, V)2 () = 0 Van € Mh}-

The spaces X, and M}, satisfy the following discrete inf-sup condition: there exists
8 > 0, independent of the discretization parameter h, such that
fQ Vp - thdx

(30) inf  sup > f;
weMnvyeX,, [Vallvs@llVanll g o
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see [43, Proposition 4.1] and [47, estimate (3.4)].
Since it will be useful later, we also introduce the orthogonal projection IIj :
L'(Q) — X},. The operator IT}, satisfies, for any real number r such that r > 1,

(31) %irr%) II;,v = v strongly in L"(Q) Vv € L"(Q);
—

see [34, Section 3.3]. With this convergence result at hand, we immediately conclude
the following result [30, Corollary 1.109]: If v € L3(Q2), then

2 (g, v il ) <o

4.2. The discrete coupled problem. We introduce the following finite ele-
ment approximation of (15): Find (up, pp, Tr) € Xp x My, x Yy, such that

/ (I/uh + |uh|uh + Vph) svpdx = / f(Th) -vpdx Vv € X,
Q Q

(33) /th-uhdx =0 Yan € My,
Q

/ (K(Th)VTh -V Sy —=Thuy, - VSh)dX <6Z, Sh> VSh € Y.
Q
We recall that we are operating under the assumptions stated in section 3.1.

In what follows, we prove that, for every h > 0, problem (33) always has a
solution and that, as h — 0, the sequence {(up, pn,Th)}tn>0 converges weakly, up to
subsequences, to a solution of the coupled problem (15).

4.3. A discrete stationary heat equation. In this section, we review a well-
posedness result for a suitable discretization of the singular heat equation with con-
vection (21). To present such a result, we will make use of the following assump-
tion: If & € C%(Q) is a strictly positive and bounded function which satisfies
0 < & < &(x) < &4 for every x € (2, then there exist h, > 0 such that for all
0 < h < hy and Ry € Y}, the following discrete inf-sup conditions holds:

[y EVRy, - VSpdx

(34) IV Rullue(e) < Ce sup
“@ swevn 1V Shllpe )
Here, p is such that % —e<p< %, for some € > 0, and C~’£ denotes a positive

constant that is independent of h.
Given £ € C%1(Q) as above and v € L3(Q), we introduce the following discrete
version of problem (21): Find T}, € Y}, such that

(35) / (§VTh -VS, —Tpv- VSh) dx = <5z, Sh> VSy € Y.
Q

Under a suitable smallness assumption on the convective term, problem (35)
always has a discrete solution. In addition, discrete solutions are uniformly bounded
with respect to the discretization parameter h.

PROPOSITION 9 (well-posedness). There exists hy, > 0 such that, if
(36) CeCe|VlLi) < a <1,

then the discrete problem (35) is well-posed for all 0 < h < h, whenever 2d/(d+1)—e <
p <d/(d—1), for some € > 0. In particular, we have the stability estimate

~ ~ é
(37) IVThllLr@) < Calld:llw-10), Co =15, 25 —€<p<zh.
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Proof. With the discrete inf-sup condition (34) at hand, the proof follows the
same arguments as the ones developed in the proof of [6, Proposition 4]. d

4.4. Existence of solutions for the discrete coupled problem. We now
show existence of solutions for (33) via a fixed point argument. As in the continuous
case, we introduce, for each h > 0, the map F, : Y}, — Y}, by 0, — F(01,) = (p, where

(38) Ch ey, : /Q(Ii(@h)vch -VS, — Chuh(eh) . VSh)dX = <5Z, Sh> VS, € Yy,

The definition of (; compromises solving the following discretization of a Darcy—
Forchheimer model: Find (uy(0h), pr(6r)) € Xp, x M}, such that

/ (Vuh(9h> + |uh(0h)|uh(9h) + Vph(oh)) . Vth = / f(@h) ~Vth7
Q Q

(39)
/th~uh(9h)dx = 0,
Q

for all (vp,qn) € Xp X Mp. In view of the assumptions on the problem data stated
in section 3.1, the discrete problem (39) admits a unique solution. In addition,

(40)  [lun(@n)lfs() < Ifoll

Lie T CeCe||VTh|Lr (),
(A1) [1Ver(On)ll 3 o) < Ioll 3 o)+ CeCellVTn o) + v llunll g o + 1l o),

where €, is the best constant in the Sobolev embedding Wy?() < L2 (Q) (p > 1).
To present the following result, we introduce the ball

B = {00 € Ya: [V0nlleoo) < Cylld w10}

1
2
where C 1 is defined as in (37) with a = 1. As a final ingredient, we also introduce
(42) ¢ = (2C.Cy) ",

where C, is defined as in (16) and C, corresponds to the constant involved in the
discrete inf-sup condition (34) with & being replaced by .

LEMMA 10 (F : BA — BL). If % —e<p< 7L, for some e >0, and
[Boll ) + CreCy 8- 1oy < &,

then, there exists h, > 0 such that the map Fy, is well-defined on %}QE forall0 < h <
hy. In addition, F,(BL) C Bh.

Proof. The proof follows similar arguments as the ones utilized in the proof
of Lemma 6. Let 0, € %f}. It is immediate that there exists a unique solution
(up(0n), pr(0r)) € Xy x Mj to problem (39). In view of (40), (37), and (42), we
conclude the following bound for the discrete velocity field uy (6p,):

s (0n) 125 0 < lIfoll y Cr& Co 0. [lw1p() < € = (2C.Cy) 2.

3
L2 (Q
Consequently, C'KCeHuh(@h)HLs(Q) < 1/2,i.e., up(0y) satisfies (36) with o = 1/2. We
are thus in position to utilize the results of Proposition 9 to obtain the existence of a
unique ¢, € Y}, solving (38). In addition, 5, € B%. This concludes the proof. O
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We now study the existence of discrete solutions.

THEOREM 11 (existence). In the framework of Lemma 10, there exists hy > 0
such that (33) admits a discrete solution (up, pp, Th) € Xp X Mp XYy, for all0 < h < hy
whenever 2d/(d+1) —e < p < d/(d— 1), for some € > 0. In addition, T}, € BA.

Proof. Since () # BA C Y}, is compact and convex and F}, is continuous, which
follows from similar arguments to the ones used in the proof of Theorem 8, we apply
Brouwer’s fixed point theorem [24, Theorem 3.2] to obtain the existence of a solution.

4.5. Convergence. We present the following convergence result.

THEOREM 12 (convergence). Let € and € be the constants defined in (25) and
(42), respectively. Let p be such that 2d/(d+1)—e < p < d/(d—1) for some e > 0. If

(13) ol 3 o +CrCC 10 lrw-rrce) < €, Il 3 ) + CrECy 10 v-rr(e) < &,

L@
and, for d = 3, u € L32(Q), where ¢ > 0 is arbitrarily small, then there exists
he > 0 and {(an, pn, Th)}o<h<h,, a nonrelabelared subsequence, such that up — u in
X,pp—=pin M, and T, =T inY as h | 0. In addition, T € Y solves (17) and
(u,p) € X x M solves (18).

Proof. The existence of a discrete solution (uy, pn, T), for h such that 0 < h < hy,
follows from Theorem 11. We now invoke the results of Lemma 10 and the discrete
stability estimates (40) and (41) to deduce that {(up,pn,Th)}o<n<n, is uniformly
bounded in X x M x Y for h such that 0 < h < h,. Consequently, we conclude that,
up to a subsequence if necessary, (un,pn,Tn) — (u,p,T) in X x M x Y, as h ] 0,
whenever 2d/(d+ 1) —e < p < d/(d — 1), for some € > 0.

We now follow [34, 45] and show, in several steps, that (u,p,T) € X x M x Y
solves system (15) or, equivalently, problems (17) and (18). We begin the analysis by
utilizing the monotonicity property (7) of A to obtain

(44) /Q (A(uh) — A(vy)) - (uh —vp)dx >0 Vvj, € V.

Set up — vy, € Vy, as a test function in the first equation of problem (33) and utilize
(44) to arrive at

(45) A(Vh) . (uh — vh)dx < / f(Th) . (uh — Vh)dX Vv € V.
Q Q

Let us now take the limit as h | 0 in the previous inequality. Set v, = II(v) € Vp,

for an arbitrary v € V. Invoke (10) and the convergence property (31) to immediately

deduce that [|A(vh) — A(V)||gs/2(0) = 0 as h | 0. Since up, — v, — u—v in L3(Q)

as h | 0, we take the limit as h | 0 in (45) to obtain, for an arbitrary v € V,

(46) AWV)-(u—=v)dx < [ £(T) - (u—v)dx,

Q Q
where we have also used the compactness of the embedding W, *(Q) < L9(Q) for
q < g« =dp/(d —p) [1, Theorem 6.3, Part I], combined with the fact that ¢, > 3/2,
to deduce that [|£(T) — £(Th)|lLs/2() < CellT — ThllL3/2() — 0 as h | 0. With the
inequality (46) at hand, we invoke [42, Lemma 2.13] to conclude that

(47) A(u) - vdx = / f(T) -vdx VYveV.
Q Q
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The inf-sup condition (4) imply the existence of a unique ¢ € M such that (u, ) €
X x M solves problem (18) [34, Proposition 2].

We now show that u;, converges strongly to u in L3(Q) as h | 0. To accomplish
this task, we first consider the monotonicity property (7) with v = up and w = II;,(u):

s =TT ()0 S [ (Alw) = AT () -y = T () dx
Set v, = up — I (u) in the first equation of problem (33) to thus obtain

(48) [ —TIa () [ 2 < / F(T)-(wy =TT ()b | AT () (=TI, 1)

upon utilizing that [, Vpp - (up — Ip(u))dx = 0. We now utilize the fact that
(u,0) € X x M solves problem (18) to arrive at

(49) un — T (w)|f2s(e) < ] | (At AT ) - T )

—0, hlO,

/Q (£(Ty) — £(T)) - (w, ~TT (w))dx

+ ‘/VQ' (up —ILp(u))dx

upon utilizing that £(7},) — £(T') and A(IL,(u)) — A(u) in L2 (), as h | 0, and that
uy — I (u) — 0 in L3(Q) as h | 0. A basic application of a triangle inequality thus
implies that u, — u in L3(Q) as h | 0.

We now show that o = p. To accomplish this task, we subtract the first equation
of the problem that (u, g) solves (problem (18) with u(7) and p(T) being replaced
by u and p, respectively) with IT;(v), for an arbitrary function v, as a test function,
from the first equation of (33) to obtain

50 [ (Alwn) = A) - vaax = [

(f(Th) — f(T)) - vpdx + / V(Q - ph) - vpdx.
Q Q

Since uj, — u in L3(Q), we deduce, in view of (10), that A(up) — A(u) in L2 () as
h | 0. This property combined with the fact that £(T},) — £(T') in L2(€) as h | 0
allow us to deduce that (V(¢ — pp), ITx(v))L2() — (V(0 = p),V)L2(0) = 0, as h | 0,
for every v € L3(Q2). We have thus proved that p = p. Consequently, the limit point
(u,p) € X x M solves problem (18).

It remains to prove that 7' e W, *(2) solves (17) with u(T) = u. To accomplish
this task, we let S € C§°(Q2) and set S, = IS € Y. Utilize Holder’s inequality,
the assumptions on x, the Lebesgue dominated convergence theorem, and standard
properties of the interpolation operator I, to obtain

<

/ (K(T)VT - VS — Kk(Ty)VT), - VSy)dx
Q

/Q(Fo(T) — &(Ty))VT - VSdx

4 — 0, as h | 0.

/ K(Th)V(T - Th) - VSdx
Q

+ ‘/Q K(TW)VTh - V(S — Sp)dx

Finally, we prove that [, Thuy, - VSpdx — [, Tu- VSdx as h | 0. Observe that

<

/(Thuh . VSh —Tu- VS)dX
Q

/ (T — Tp)u - VSdx
Q

+ + =: I, + II;, + III,.

/ Th(u—uy) - VSdx
Q

/ Thuh . V(S - S’h)dx
Q
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The fact that 11, — 0 as h | 0 follows from (16) and u;, — u in L3(Q) as h | 0.
To prove that 1T, — 0 as h | 0, we utilize (16) again and standard properties for
Ij,. Finally, we control Ij, in view of T}, — T in WO1 P(Q), the compact embedding
WyP(Q) < LIQ) for ¢ < ¢, = dp/(d — p), Hélder inequality, and the extra assump-
tion on u in three dimensions. We have thus proved that 7' € W, () solves (17)
with u = u(7T). This concludes the proof. O

5. A posteriori error analysis. In this section, we design and analyze an a
posteriori error estimator for the finite element approximation (33) of the coupled
system (15). In particular, we derive a global reliability estimate for the devised error
estimator and investigate local efficiency bounds. To achieve these goals, we shall
assume that, in addition to the assumptions stated in §3.1, k is a positive constant.

In what follows, (u,p,T) € X x M X Y denotes a solution to (15). The existence
of such a solution follows from Theorem 8; p is such that 2d/(d+1)—e < p < d/(d—1)
for some € > 0. In addition, (up, pn,Th) € Xy X My x Y}, denotes a solution to (33),
whose existence, for 0 < h < h, and p as above, is guaranteed by Theorem 11.

Within the a posteriori error analysis that follows, since we will not be dealing
with uniform refinement, the parameter i does not bear the meaning of a mesh size.
It can thus be thought as h = 1/k, where k € N is the index set in a sequence of
refinements of an initial mesh or partition 7.

5.1. A posteriori error estimator. The proposed error estimator is decom-
posed as the sum of two contributions: a contribution related to the discretization of
the Darcy—Forchheimer model and another one associated to the discretization of the
stationary heat equation. To present such an error estimator, let us first introduce
some notation. Let wj, be a discrete tensor valued function and let v € .. We define
the jump or interelement residual of wy, on y by [wy,-n] :==wp,-nT| ., +wp,-n" |,
where n™ and n™ denote the unit normals on 7 pointing towards K+ and K, re-
spectively; KT, K~ € 9, are such that KT # K~ and 0KT NOK~ = 7.

5.1.1. Heat equation with convection: local indicators and estimator.
We define, for an element K € .75, and an internal side v € ., the element residual
Ry and the interelement residual J, as

(51) RK = —VTh . uh|K, j,y = [[(IQVT}I — Thuh) . Il]].

We define an element indicator &, i associated to the discretization of the heat equa-
tion on the basis of three scenarios. First, if z € K and z is not a vertex, then

S|

(52) Ep K = [h}ljp(l*d) + h%HRK”ZEP(K) + hKva”ip(aK\an)}

Second, if z € K and z is a vertex of K, then

1
(53) Enc = [ RNy + hicl T orcrony|

Third, if z ¢ K, then the indicator &, k is defined as in (53).

The following comments point in the direction of creating some insight into the
definition of the local indicators (52) and (53). First, we recall that we consider
our elements K to be closed sets. Second, the Lagrange interpolation operator I, is
well-defined over the space VVO1 P/(Q) with p/ > d. Third, since I}, is constructed by
matching the point values at the Lagrange nodes, we have the basic property

(S —I,9)(v) =0 VS e W, "), pr>d VK € F.
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Here, v denotes a vertex of K. In particular, the third observation explains the
discrepancy between definitions (52) and (53).
With the previous local indicators at hand, we define the error estimator
1
P
d
(54) P9—<Z‘€5K> P aT
Ke %L

5.1.2. A Darcy—Forchheimer model: local indicators and estimator. Let
K € 9, be an element and let v € . be an internal side. We define the element
residual Ry and the interelement residual J. as

(55) R = (fy + £1(Th) — vup — |uplup — Vpp) |k, Jy = [up - n].
With SRk and J, at hand, we define the element indicator and error estimator

Keoy,

=

2
(56) € = [”mK”%Q(K) + h3 3175 a1\ 00

With all these ingredients at hand, we define the total a posteriori error estimator
(57) Eg =&, +Eg.

5.2. Reliability analysis. We begin our analysis by defining the temperature
error et := T'—T}, the velocity error e, := u—uy, and the pressure error e, := p—pp.

Let g € M and q; € Mj. Since (u,p,T) and (uy, pp, Th) solve (15) and (33),
respectively, and fQ Vap - updx = 0, standard computations based on a integration
by parts argument reveal that

(58) /Vq eudx_/Vq udx—/th~uhdx—/V(q—qh)~uhdx
Q Q

Q

Z / q—dn dlvuhdx+/ (9 —ar)uy - nds = Z/[[uh n](q —qp)ds

Key, yES

Let us now define the following problem: Find w € X such that

(59) /QVq~wdx =F(q)Vge M, F:M — R, F(q):= Z /[[uh-n]](q—th)ds.

veS

Here, R}, denotes the Clément interpolation operator. We recall that, for each K € .7,
and v € .Z, the operator Ry, satisfies the following error estimates [30, Lemma 1.127]

3
(60) la= Ruallg ) S Al ., Yae W),

(61) la = Ruall g, < 5Y°llal Vg € WhE(AD).

L2( Wl’%(/\/;)

The set N is defined as in (27) and N corresponds to the set of elements in .7,
sharing at least one vertex with ~.
The following result is instrumental to perform a reliability analysis.

LEMMA 13 (auxiliary result). There exists v, € X which satisfies (59) and

(62) Vel £ D B2 1 Tan - 0]l s )
ves
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Proof. We first notice that |[F|lx S > co h#/?’”[[uh 1| z3(y). This bound
follows from Holder’s inequality and the error estimate (61). We can thus apply the
Banach—Necas—Babuska Theorem [30, Theorem 2.6], to obtain, on the basis of the
inf-sup condition (4), the existence of v, solving (59) and satisfying (62). O

We are now ready to enunciate and prove the main result of this section.

THEOREM 14 (global reliability). Let d = 2, let € and € be the constants defined
n (25) and (42), respectively, and let p be such that 4/3 —e < p < 2 for some € > 0.
Let (up, pp, Th) € Xp X My, x Yy, for 0 < h < hy, be a solution to the discrete system
(33); passing to a nonrelabelared subsequence if necessary up, — u in X, pp, — p in
M, and T, =~ T in'Y as h | 0, where (u,p,T) € X x M XY is a solution to (15).
Assume that (43) holds and that, for d = 3, u € L37¢(Q), where ¢ > 0 is arbitrarily
small. Assume, in addition, that the aforementioned solutions and problem data are
such that the following inequalities hold:

(63) Celldzllw—rr) < (1= pv_9D,
(64) leullLz(o) + [[ullLz) < 2p€,
(65) 2|lullLs ) + lleullLe@) < C,

where ® = (2\/%0308%6)’1, C. is the best constant in Wol’p(Q) — L%(Q), C. is
the best constant in W, P(Q) < L2(2), €. is the best constant in W, P () — Lz(9),
Cy is as in (22), C¢ denotes the Lipschitz constant of £, p € (0,1), and C > 0. Then

(66) IVerllLr) + lleullL2@) + ||eu|\L3 @ + Vel 3o SEz

L3 (Q)
The hidden constant is independent of the size of the elements in T3, and #T,.

Proof. We divide the proof in four steps.
Step 1. We first bound ||Ver||Lr(q). Owing to Proposition 4, we have that there

is a positive constant C); such that the following inf-sup condition holds:
1

(67) IVer|tro) <Cx sup ——
) VSl @

/ kVer - VSdx.
Sewd?’ () Q

To estimate the right-hand side of (67), we invoke the third equation in (15), a
standard integration by parts formula, and Galerkin orthogonality to obtain

(68) / (kVer + erey —eru—Tey) - VSdx = (6,,5 — I,S)
Q

+Z/RKS IhdeJrZ/ (S — 1,S)ds

Key, yes

for an arbitrary S € W, *'(Q); Rx and J, are defined in (51). We can thus invoke
(67), Holder’s inequality, the local error bounds (28) and (29), and the estimate
1S = InS|pe(x) S h%IV S| Lo (k) [20, Corollary 4.4.7], where o = 1 —d/p’, to obtain

”veT”LP(Q)SCN[HGTHLP(Q)(Heu||L2(Q)+Hu||L2(Q))+”THLF’(Q)Heu||L2(Q)+Cg .7
where p = . This bound, W, ?(Q) — L7 (), and assumption (64), reveal that

(69) (1- p)HVeTIILp(m < 207C|10:lw-1.00 leullrz(e) + CCrép.7,
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where C., denotes the best constant in the embedding Wy?() < L7 (Q) and Cy is
the constant involved in the inf-sup condition (22) with £ being replaced by k.
Step 2. We now follow [47] and control e,,. To do this, we first observe that

(70) / (A(u) — A(up) + Vep) -vdx—/(f( ) —£(Ty)) - vdx= Z / Rk - vdx,
Q Q ke,

for v € L3(Q); R is defined in (55). Let us now define z := u —uy, — v, = ey — v,

where v, is as in the statement of Lemma 13, and set v = z in (70) to obtain

(71) /Q (vey + |uju — |upluy) - zdx — / (£(T) — £(T)) - zdx = / Ry - zdx,

Q KeT,

where we have utilized that [, Vq-zdx = 0, for every q € M, which follows from (58)
and (59). Consequently, we can arrive at the identity

/[Veu-z+(|u|u—|uh|uh) ey)dx = /%K zdx
@ Ke%

+ /Q (£(T) — £(Th)) - zdx + /Q [ul(u—up) - vpdx + /Q(|u| — |up))uy, - vodx.

Let now us invoke [29, Lemma 4.4, Chapter I] with p = 3 and utilize the fact that v
is such that 0 < v_ < w(x) < vy for every x € Q to conclude that

v_|zll2(0) + vallewllfs o) < Ce%el | Ver|ur@ lzllLz@ + Y [Rxllz@llzli @
Key,
+(

where €. is the best constant in Wol’p(Q) — L?(Q). We now utilize the basic bound
IVllLz(o) S lIvllLs(q), the results of Lemma 13, assumptions (63) and (65), the a pos-
teriori bound (69), and suitable Young’s inequalities to deal with the terms involving
l|lz||L2 () appearing in the right-hand side of the previous inequality, to obtain

))(||Z||L2(Q) =+ ||VT||L2(Q))||VT||L3(Q) + V+||VT||L2(Q)||Z||L2(Q)7

||euH%2(Q) + Heu”i?’(sz) S e+ 55,3

Replacing this bound into estimate (69) immediately yields | Ver|Lr) S €7 +E&p, 7,
upon utilizing assumption (63).

Step 3. Finally, we control the pressure error || Vep||gs/2(q). Since A(u)—A(uy) =
vey + |uju — Jup|uy, we utilize (70) combined with the Lipschitz property of f; and
the embedding W, ?(Q) < L2(£2) to obtain

/ Ve, - vdx| <
Q

upon utilizing that 2|lul|Lsq) + [|eullLs) < C. It thus suffices to invoke the inf-sup
condition (4) to arrive at the a posteriori error bound

(72) Z ”mK”L?(K)HV”L?(K) + V+||eu||L2(Q)||VHL2(Q)

Key,

+ ClleullL2 ) IVliLs @) + CeCel|[Ver|lur @)l VL2 ),

IVepll, 2y S lleullLz) + IVer[lr o) + €.

L2 ()

Step 4. The desired a posteriori error bound (66) follows from collecting the a
posteriori error estimates derived in Steps 1, 2, and 3. This concludes the proof. 0O
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5.3. Efficiency estimates. In this section, we analyze efficiency properties for
the local error indicators &, x and €x. We begin our analysis by introducing the
following notation: for an edge, triangle or tetrahedron G, let V(G) be the set of
vertices of G. With this notation at hand, for K € .9}, and v € ., we introduce the
following standard element and edge bubble functions:

(73) o =@+ I A ey =a? I Nlen K C N,
VGV(K) VGV(’}/)

Here, A, denote the barycentric coordinate function associated to v. N, corresponds
to the patch composed of the two elements of .7}, sharing ~.

We will also make use of the following bubble functions, whose construction we
owe to [10, 14]. Given K € 9}, we define the element bubble function ¢k as

(74) ¢ (x):= hil|x — 2P (x) if 2 € K, oK (x) =gk (x)if 2 ¢ K.

Given v € ., we define the edge bubble function ¢, as
(75) Oy (x) = h;2|x — z|2<p7(x) if z € /\O/V, Dy (x) = py(x) if 2 & /\ofy,

where /\O/'W denotes the interior of . We recall that the Dirac measure d. is supported
at z € ) it can thus be supported on the interior, an edge, or a vertex of an element
K of the triangulation %,.

Given v € ., we introduce the continuation operator IL, : L>(y) — L*>(N,)
[49, Section 3] and notice that II, maps polynomials onto piecewise polynomials of
the same degree. IL, will be useful for controlling jump terms.

We now provide the following result [10, Lemmas 3.1 and 3.2].

LEMMA 15 (bubble function properties). Let K € 9, v € ., and r € (1,00).
If Spl i € P1(K) and Ryl € Pi(y), then

1
ISkllLr ey S NIShdx ML) S 1Sl ek
1
IRl () S 1BrDF vy S I RRllLr )5
1
o5 TL (R 2 v,y S P I RR | o () -

5.3.1. Local estimates for &, . In the following result, we derive local error
bounds for &, i, which is defined in (52) and (53).

THEOREM 16 (local estimate for &, ). Let d € {2,3}. In the framework of
Theorem 12, we have

(76) Epi SIVerllLevy) + HeT”L%W;) + lleullLay),
where N is defined in (27). The hidden constant is independent of continuous and

discrete solutions (u,p,T) and (up,pn,Th), respectively, the size of the elements in
the mesh J,, and #.,.

Proof. The proof of (76) for d = 2 is available in [6, Theorem 5.2]. An extension
of these arguments to the three dimensional scenario yield (76) for d = 3. For brevity,
we skip details. a
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5.3.2. Local estimates for ¢x. We now investigate local efficiency bounds for
the error indicator € defined in (56).

THEOREM 17 (local estimate for €x). Let d € {2,3}. Let us assume that fy €
L2(Q) and that u € L*(Q). Let K € 9. In the framework of Theorem 12, we have

14+4-4
(77)  €x Sllulu— Jupfup + Vepllz vy +hge = ller!| an + leullL2 (v
LI=P (Nk)
+ Z Ve llLe () + 1€0(T) =T 1 (T) || L2 5y + 1o — e fol | L2 (179,
K'eNgk

where Ny is defined in (27) and Ik is the orthogonal projection operator onto
[Po(K)]%. The hidden constant is independent of (w,p,T) and (an,pn,Th), the size
of the elements in the mesh J,, and #J},.

Proof. We begin the proof by rewriting (70) as follows:

(78) /Q (veu + |ulu — |up|up + Vep) - vdx — /Q(f(T) —f£(Ty)) - vdx

=Y (/ (T f(Th) — vuy — |uplup — V) + (£(Th) — g f(Th))] -vdx) ,
KeT,

which holds for every v € L3(1Q).

Let us now proceed on the basis of three steps.

Step 1. Let K € .7),. We bound the term ||Rx||L2(x) in (56). To accomplish this
task, we begin with a basic application of the triangle inequality and write

(79) IRkllLz (k) < 1T f(Th)—vup—|up|u,—VpallLz g+ (Th) =T £(Th) | L2 (k) -

It thus suffices to control the first term on the right-hand side of (79). To do this, we
set v = @Km[( S LB(Q) in (78), where SRK = (HKf(Th) — vup — |uh|uh — Vph)|K.
Basic properties of the bubble function ¢k combined with Holder’s inequality yield

(80) Rk ler) S llewlle) + lufu — [unlup + Vep|le (i)

+4_4d
+hg 7 H€T||Ld_df_ ) + [[£(Th) — T f(Th) L2 (5 s

P (K
upon utilizing the Lipschitz property that f; satisfies. To control the term ||f(7}) —
I f(Th)||L2(k), we invoke (14), the Lipschitz property that f; satisfies, the triangle
inequality, and Hoélder’s inequality to arrive at

(81) [If(Th) — Mt (Th)llzx) < Ifo — Micfollz(x) + 1f1(Th) — Tichi (Th)[|L2 (k)

1+4_Q
S fo — Mkfolln2(ry + 1£1(T) = M by (T)||L2iey + by * 7 ||6THL%(K)-

To obtain the last bound, we have also utilized the estimate |[ITxS — IIx R/ (x) <
IS — Rl (x), which holds for every r € (1,00) and S,R € L"(€2). Replacing (81)
into (80), we obtain

(82) [1%kllLacx) S leullre ) + llufu — [upfun + Vep|lee )

1+4-4
hye = 7 H€T||Ld_df_ ) + [1fo — Moz () + [1£1(T) — Txcfr (T) || L2 (k)

P (K
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The desired estimate for the term ||Rx||p2(x) thus follows from (79) and (82).

Step 2. Let K € J, and v € Skx. We now bound the term h}(/3||3v||L3(,y) in
(56). To accomplish this task, we define q := ¢,II,(J~). Here, ¢, denotes the bubble
function defined in (73) and IL, denotes the continuation operator introduced in §5.3.
We would like to set ¢ = q in (58). Unfortunately, q does not necessarily belongs to
L3(€2). Therefore, we set ¢ = q — qo € M, where qq corresponds to the mean of q in
Q. On the other hand, we consider a discrete function ¢, € M), such that, over the
particular internal side 7, (qn,1)r2(y) = —(q0; 1)12(+). Setting g in (58) yields

[0l S > [ Verewdx= 3 [ Vaovax

KreN, 7 K K'eN, VK

where we have utilized that e, = z + v, and that fQ Vq - zdx = 0; the latter being
a consequence of the fact that ¢ € M. Let us now utilize standard properties of the
bubble function ¢, and inverse estimates to obtain

WY1 sy S D Ivellus e,
K'eN,

upon utilizing the bound v ||r2(xr < [K'[Y0(|ve|lLe(rr)-
Step 3. A collection of the bounds derived in Steps 1 and 2 yield the desired
estimate. This concludes the proof. a

Remark 18 (higher integrability on u). In Theorem 17, we have assumed that
u € L*(Q) and that f; € L?(2). Under this assumption, it can thus be deduced
that f(T) — vu — |ujlu = Vp € L?(Q2). Observe that T € L?(Q2). Consequently,
the construction of the finite element spaces allows us to guarantee that, for every
K € J, the term |[[|ulu — Jup|up + Ve ||L2 (k) is well-defined.

Remark 19 (auxiliary estimates). We notice that the right-hand side of the
efficiency estimate (77) contains the local terms |[[ulu — |up|up + Vep||L2(a) and
IvrllLs(ai)- The global version of these terms are not contained on the left-hand side
of the global reliability bound (66). The control of ||v.||p3(q) follows immediately from
(62): [[vrllLao) £ Dokez, €x- In what follows, we briefly elaborate an argument that
allows us to control ||[ulu—|usluy + Vep||r2)- Set v = [uju—|up|u, + Ve, € L2(Q)
n (70). We notice that this is possible because of the arguments in Remark 18. We
thus invoke Holder’s inequality and the Lipschitz property of f; to arrive at

[lafu — [uplup+VepllLz o) S lleullz@) + €2 + |Ver|Lr ) S Ez,

upon utilizing the global reliability bound (66).

6. Numerical experiments. We conduct a series of two-dimensional numerical
examples that illustrate the performance of the error estimator E defined in (57).
These examples have been carried out with the help of a code that we implemented
using C++. All matrices have been assembled exactly and global linear systems were
solved using the multifrontal massively parallel sparse direct solver (MUMPS) [11, 12].
The right-hand sides, local indicators, and the error estimator were computed by a
quadrature formula which is exact for polynomials of degree 19. To visualize finite
element approximations, we have used the open source application ParaView [2, 15].

For a given partition 3, we solve the discrete system (33) in X, x My x Y}
using the iterative strategy described in Algorithm 1. Once a discrete solution is
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obtained, we compute, for each K € %, the local error indicator E, defined by
(83) Ex =&k + €k,

to drive the adaptive procedure described in Algorithm 2. A sequence of adaptively
refined meshes is thus generated from the initial meshes shown in Figure 1.

(A.1) (A.2)

FIG. 1. The initial meshes used in the adaptive algorithm, Algorithm 1, when (A.1) Q = (0,1)?
and (A.2) Q = (-1,1)2\[0,1) x (—1,0].

In some of the numerical examples that we perform we go beyond the presented
theory and include a series of Dirac delta sources on the right-hand side of the tem-
perature equation. To be precise, we consider g = )., d., where D denotes a finite
subset of  with cardinality #D. Within this setting, we suitably modify the error
estimator &, 7, associated to the discretization of the heat equation, as follows:

(84) Ep 7= ( Z 5§,;<> , 2-e<p<2

Key,

for some € > 0. For each K € 7}, the local error indicators &, k are given now as
follows: if z € DN K and z is not a vertex of K, then

8=

(85) Ep i = [ Z h?p"‘hg{”RK”ip(K) +hK|jv|ip(aK\asz)]
2eDNK

If ze DN K and z is a vertex of K, then

==

(36) Eptc 1= R lRac B ) + B 1T W o\ o)

If DNK = (), then the indicator &, k is defined as in (86). We notice that the previous
modification is not needed if #D = 1; (84) and (54) coincide.

6.1. Convex domain. Let Q = (0,1)%, k = 1, v(21,22) = sin(z122) + 1.1, D =
{(0.25,0.25),(0.25,0.75), (0.75,0.25), (0.75,0.75)}, fo(z1,22) = (1,1)T, and fi(s) =
(s,8)T. In Figure 2, we report the results obtained for Example 1. We observe
that optimal experimental rates of convergence are attained for all the values of the
parameter p that we considered: p € {1.0,1.2,1.4,1.6,1.8}. We also observe that
most of the refinement is concentrated around the singular source points.

6.2. Non-convex domain. Let Q = (=1,1)?\ [0,1) x (=1,0], k = 1, v =
1, fo(z1,22) = (0,0)7, fi(s) = (10s,10s)T, and D = {(—0.25,0.5)}. In Figure 3,
we report the results obtained for Example 2. In spite of the involved geometric
singularity, our estimator exhibits optimal experimental rates of convergence for p €
{1.0,1.6}. We also observe that refinement is concentrated around the singular source
point and the reentrant corner.
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Algorithm 1 Iterative Scheme
Input: Initial guess (uf), pj, 7)) € Xp X My, x Yy, and tol = 107%;
1: For i > 0, find (u?l, p?l) € X}, x My, such that

/(Vu;fl v+l [t v, VT vy )dx = £(T}) - vidx Vv, € Xy,
Q Q

/ Van -u;fldx =0 Vvqp € My,
Q
Then, T}iﬂ €Y}, is found as the solution to
/ (kVTIT VS, — T/l - VS, )dx = (6,,5,) VS € V.
Q

20 If [(ujth pp ™ T — (ug, py, T5)| > tol, set i < i+1 and go to step 1. Otherwise,
return (up, pp, I1) = (u}:rl, p}LH,TgH). Here, | - | denotes the Euclidean norm.

Algorithm 2 Adaptive Algorithm.

Input: Initial mesh % and data v, k, and f;

1: Solve the discrete problem (33) by using Algorithm 1;

2: For each K € 93, compute the local error indicator Ex defined in (83);
3: Mark an element K € .9}, for refinement if

Ex > L max Ex;
2K’€9h ’

4: From step 3, construct a new mesh using a longest edge bisection algorithm. Set
i <1+ 1 and go to step 1.

6.3. The five-spot problem. Due to its practical importance, the quarter five-
spot problem has served as a paradigm to validate the stability and accuracy of
numerical methods for fluids in porous media [38]. In what follows, we address this
problem within the following setting: Let Q = (0,1)2, fy := (0,0)7, fi(s) = (s,5)7,
v=1,k=1,and D = {(0.5,0.5)}. Instead of modeling injection and production
of well by a non-zero source term in the mass conservation equation, we consider a
non-homogeneous boundary condition u-n = 1 for all boundary edges that contain
the source (0,0) and u-n = —1 for all boundary edges that contain the sink (1,1).

In Figure 4 we report the results obtained for Example 3. We present elevations
for the velocity field, pressure, and temperature, streamlines for the velocity field,
and pressure and temperature contours on a suitable mesh. We observe an optimal
experimental rate of convergence for p = 1.0. We also observe that the adaptive
refinement is mostly concentrated around the singular source point (0.5,0.5), the
source (0,0), and the sink (1,1); see [38, Section 4.2] and [4, Section 5.3].
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