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INVERSE SCATTERING FOR THE BIHARMONIC WAVE EQUATION WITH
A RANDOM POTENTIAL

PEIJUN LI AND XU WANG

ABSTRACT. We consider the inverse random potential scattering problem for the two- and three-
dimensional biharmonic wave equation in lossy media. The potential is assumed to be a microlocally
isotropic Gaussian rough field. The main contributions of the work are twofold. First, the unique
continuation principle is proved for the fourth order biharmonic wave equation with rough potentials
and the well-posedness of the direct scattering problem is established in the distribution sense.
Second, the correlation strength of the random potential is shown to be uniquely determined by
the high frequency limit of the second moment of the scattered field averaged over the frequency
band. Moreover, we demonstrate that the expectation in the data can be removed and the data of
a single realization is sufficient for the uniqueness of the inverse problem with probability one when
the medium is lossless.

1. INTRODUCTION

Scattering problems arise from the interaction between waves and media. They play a fundamen-
tal role in many scientific areas such as medical imaging, exploration geophysics, and remote sensing.
Driven by significant applications, scattering problems have been extensively studied by many re-
searchers, especially for acoustic and electromagnetic waves [7,23]. Recently, scattering problems
for biharmonic waves have attracted much attention due to important applications in thin plate
elasticity, which include offshore runway design [30], seismic cloaks [8,27], and platonic crystals [22].
Compared with the second order acoustic and electromagnetic wave equations, many direct and
inverse scattering problems remain unsolved for the fourth order biharmonic wave equation [9,126].

In this paper, we consider the biharmonic wave equation with a random potential
A%y — (K* +iok)u + pu = —d, in R% (1.1)

where d = 2 or 3, k > 0 is the wavenumber, o > 0 is the damping coefficient, and 6, (z) := d(x — y)
denotes the point source located at y € R? with § being the Dirac delta distribution. The term
pu describes physically an external linear load added to the system and represents a multiplicative
noise from the point of view of stochastic partial differential equations. Denote by x = k(k) the
complex-valued wavenumber which is given by

k! =k +iok.
Let ky := R(k) > 0 and &; := S(k) > 0, where R(-) and J(-) denote the real and imaginary parts of
a complex number, respectively. As an outgoing wave condition for the fourth order equation, the
Sommerfeld radiation condition is imposed to both the wave field v and its Laplacian Aw:
lim 72" (Oru —iku) =0, lim rT (OrAu —ikAu) =0, r=|z| (1.2)
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The potential p is assumed to be a Gaussian random field defined in a complete probability space
(Q, F,P), where P is the probability measure. More precisely, p is required to satisfy the following
assumption (cf. [15]).

Assumption 1. Let the potential p be a real-valued centered microlocally isotropic Gaussian random
field of order m € (d — 1,d] in a bounded domain D C R, i.e., the covariance operator Q, of p
is a classical pseudo-differential operator with the principal symbol u(xz)|E|™™, where p is called the
correlation strength of p and satisfies p € C3°(D), > 0.

Apparently, the regularity of the microlocally isotropic Gaussian random potential depends on the
order m. It has been proved in [20, Lemma 2.6] that the potential is relatively regular and satisfies
p € C%*(D) with a € (0, %l) if m € (d,d+2); the potential is rough and satisfies p € WmTid_e’p(D)
with € > 0 and p > 1 if m < d. This work focuses on the rough case, i.e., m < d. Given the rough
potential p, the direct scattering problem is to study the well-posedness and examine the regularity
of the solution to (ILI)—(T2)); the inverse scattering problem is to determine the correlation strength
w of the random potential p from some statistics of the wave field u satisfying ([LI)-(L2). Both the
direct and inverse scattering problems are challenging. The unique continuation principle is crucial
for the well-posedenss of the direct scattering problem. But it is nontrivial for the biharmonic wave
equation with a rough potential. Moreover, the inverse scattering problem is nonlinear.

The inverse random potential scattering problems were considered in [5IT5HIS]| for the second order
wave equations, where random potentials are assumed to be microlocally isotropic Gaussian fields
satisfying Assumption [0l with different conditions on the order m. For the Schrodinger equation,
the unique continuation principle was extended in [I5] from the integrable potential p € LP(D)
with p € (1,00] (cf. [TI,12L24]) to the rough potential p € W~P(D), i.e., m = d. The uniqueness
was also established for the two-dimensional inverse problem with m € [d,d + 1). It was shown
that the strength p of the random potential p can be uniquely determined by a single realization
of the near-field data almost surely. The corresponding three-dimensional inverse problem with
m = d was studied in [5] by using the far-field pattern of the scattered field. In [I8], the authors
considered a generalized setting for the three-dimensional Schrédinger equation, where both the
potential and source are random. The uniqueness was obtained to determine the strength of the
potential and source simultaneously based on far-field patterns. Recently, the unique continuation
principle was proved in [I9] for the second order elliptic operators with rougher potentials or medium
parameters of order m € (d — 1,d]. In [16], the rough model was taken to study the inverse random
potential problem for the two-dimensional elastic wave equation. It was shown that the correlation
strength of the random potential is uniquely determined by the near-field data under the assumption
m € (d— %, d]. For the three-dimensional elastic wave equation, due to the lack of decay property
of the fundamental solution with respect to the frequency, the far-field data was utilized in [I7] to
uniquely determine the strength of the random potential under the condition m € (d — %, d].

In the deterministic setting, the unique continuation principle was investigated in [4] and [25]
for the general higher order linear elliptic operators with a weak vanishing assumption and for the
biharmonic operator with a nonlinear coefficient satisfying a Lipschitz-type condition, respectively.
In [I4], the authors studied the inverse boundary value problem of determining a first order pertur-
bation for the polyharmonic operator (—A)™, n > 2 by using the Cauchy data. It was shown in [13]
that the first order perturbation of the biharmonic operator in a bounded domain can be uniquely
determined from the knowledge of the Dirichlet-to-Neumann map given on a part of the boundary.
We refer to [10,2829,[31] and references therein for related direct and inverse scattering problems
of the biharmonic operators with regular potentials. To the best of our knowledge, the unique
continuation principle is not available for the biharmonic wave equation with rough potentials.

This paper is concerned with the direct and inverse random potential scattering problems for the
two- and three-dimensional biharmonic wave equation. The work contains two main contributions.
First, the unique continuation principle is proved for the biharmonic wave equation with a rough
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potential and the well-posedness is established in the distribution sense for the direct scattering
problem. Second, the uniqueness is achieved for the inverse scattering problem. In particular, we
show that the correlation strength of the random potential is uniquely determined by the high
frequency limit of the second moment of the scattered field averaged over the frequency band. When
the medium is lossless, i.e., the damping coefficient ¢ = 0, we demonstrate that the expectation in
the data can be removed and the data of a single realization suffices for the uniqueness of the inverse
problem with probability one.

As pointed out, the configurations are different for the inverse scattering problems of the second
order wave equations in two and three dimensions. The two-dimensional problems make use of the
point source illumination and near-field data, while the three-dimensional problems have to adopt the
plane wave incidence and far-field pattern. Due to the high regularity of the fundamental solution to
the biharmonic wave equation, the inverse scattering problems can be handled in a unified approach
in both the two and three dimensions by employing the same configuration. This paper focuses
on the former, i.e., the point source illumination and near-field data. The latter can be considered
similarly and is left for a future work. Furthermore, the additional restriction on the order m,
which was considered in [I6,[I7], can be withdrawn for the biharmonic wave equation. It is worth
mentioning that the range of the order m imposed for the inverse scattering problem is optimal
in the sense that it coincides with the range of m required in the unique continuation principle to
ensure the well-posedness of the direct scattering problem. Our main result for the inverse scattering
problem is summarized as follows.

Theorem 1.1. Let p be a random potential satisfying Assumption[d and U C R? be a bounded and
convex domain having a positive distance to the support D of p. For any x € U, the scattered field
u® satisfies

: 1 K m—+14—2d s 2 1 1
Kh_l})[loo?/1 Ky E|u’(z, k)|*dk, = D) /D P Z|2(d_1)u(z)dz =: Ty(x). (1.3)
In addition, if the medium is lossless, i.e., o0 = 0, then it holds
1 KL
Kli_r)nooﬁ/l k2 s (2, k) [2dk = Ty(z) P-as. (1.4)

Moreover, the strength i of the random potential p can be uniquely determined by {Ty(x)}zcu-

Hereafter, we use the notation “P-a.s.” to indicate that the formula holds with probability one.
The notation a < b stands for a < Cb, where C' is a positive constant and may change from line to
line in the proofs.

The rest of the paper is organized as follows. Section 2lintroduces the fundamental solution to the
biharmonic wave equation. Section [3] presents the unique continuation principle for the biharmonic
wave equation with rough potentials. Based on the Lippmann—Schwinger integral equation, the
well-posedness for the direct scattering problem is addressed in section @l Section [l is devoted the
uniqueness of the inverse scattering problem. The paper is concluded with some general remarks in
section [l

2. PRELIMINARIES

In this section, we introduce the fundamental solution to the two- and three-dimensional bihar-
monic wave equation and examine some important properties of the integral operators defined by
the fundamental solution.
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2.1. The fundamental solution. Recalling x* = k% + iock, we have from a straightforward calcu-

lation that

(B 4 02k2\T (VR T PR+ k2 2] ?
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where

2.2 o2
I (\/k4 2%2 — k2) — i 7 S
kinolo o ’f1—>n;0~//<;4—|—02k2—|—k2 2
Hence we get
lim & =1,
k—o0 |3

. 1 g
lim k2K; = —,
k—o00 4

which implies for sufficiently large k that the following quantities are equivalent:
|K| ~ Ky ~ ke,
Let ®(x,y, k) be the fundamental solution to the biharmonic wave equation, i.e., it satisfies
A2D(z,y, k) — k1O(x,y, k) = —0(z — y).

It follows from the identity A? — k* = (A + k?)(A — k?) that ® is a linear combination of the
fundamental solutions to the Helmholtz operator A + x? and the modified Helmholtz operator

A — K2 (cf. [28)29]):
d—2
i K 2 (1) 2i
P k)= ———|——— H — —Ka- —
@k =gz (grmmyr) | (EWalele = o)+ 2K aatele =),
where H, ,(,1) and K, are the Hankel function of the first kind and the Macdonald function with order
v € R, respectively. Noting

K,(z) = gi”HH,gl)(iz), —m <argz < g

and |
0 JEE
H% (2) = Tz i’
we have .
! 1 1) ,.
- 5z (H (e = y) = B Grle =), d =2,
®(z,y,k) = 1 oyl eyl (2.2)
B | G a=3

The following lemma gives the regularity of ® and its dependence on the wavenumber k.

Lemma 2.1. Let G C R be any bounded domain with a locally Lipschitz boundary. For any fized
y € R?, it holds ®(-,y,k) € WY4(G) for any v € [0,1] and q € (1, %) In particular, for any fized
y € D and G having a positive distance from D, it holds for sufficiently large k that

d=7 7
H(I)(’ayak)“w“/,q((;) 5 k4 +g
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for any v € [0,1] and ¢ > 1.

Proof. Let r* := sup,c |v — y| for any y € R? and rg := infyeq |z —y| > 0 if y € D. We discuss the
two- and three-dimensional problems separately.

First we consider the two-dimensional case, where the fundamental solution takes the form

O (z,y,k) = —#(Hél)(ﬁ]a: —y|) + %KQ(H‘LZ’ —yl)) for any fixed y € R2.
By [6l Lemmas 2.1 and 2.2], it holds for any z € C that
1
—(z _e?)2
HY ()] < SO0 %) |m e, (23)
(1027
Ku(e)] < 2P OU=ER) g o). (2.4)

where v € R and © is any real number satisfying 0 < © < |z|. Choosing z = k|r — y| and
© = R(2) = ke|z — yl, we get

*

/ B2,y k)P do < x| / HD (el — y) Py < s / B (1) Prdr.
G G 0

It follows from Ho(l)(HrT) ~ Z1n(k,r) as 7 — 0 (cf. [2, Section 9.1.8]) and

*

r K™
/ | In(k,r)|Prdr = /ir_z/ | In(r)[Prdr < k2P¢ Vp>1,e >0
0 0

that the following estimate holds:

1@C,y, k)l o) S k2T <00 Vp>1,e>0.

Noting
0x.H(1) Klx —y — iV Kl —y Ti — U — —kHWY Kl —y xi_yi,
im . . Ty — Yi
0n Kol — ) = S0n, 1 (inle — ) = ik (sl — y) T —

for i = 1,2 and using HF)(/@T) ~ 2L asr — 0 (cf. 2, Section 9.1.9]), we obtain

Kyl

[ el a1l [ [0k =ob)|” e < [ |0 )| var
G G 0

T
/ 1 /
< g P rdr < k7P VP e (1,2),
~ T /0\ /{r'r')p ~ T p ( )

which shows
HCI)(7y7 k)”lepl(G) 5 ’%r_2 < o0 vp, € (172)

and ®(-,y, k) € WHP'(G).
The interpolation [LP(G), W' (G)], = WT4(G) with v € [0,1] and ¢ satisfying % = 1;% +
(cf. [3l Theorem 6.4.5]) yields ®(-,y,k) € W74(G) for any v € [0,1] and ¢ € (1, %)

In particular, if y € D and k is sufficiently large, then r¢ := inf,eq |2 — y| > 0 and the Hankel
function has the following asymptotic expansion (cf. [2] Section 9.2.3]):

’E\|‘g

2 2 . a1 7-(—17-(
HO (el — ) ~ <m> eilwlo—yi—}rm—im)
T
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for v € R. Following from the interpolation between L4(G) and W4(G) provided that G is bounded
with a locally Lipschitz boundary (cf. [I Section 9.69]), we have

*

r _5
10y mitds a2 [ (PGl - |y S 5% [ e S,
G G ro (Krr)?2
|02, (. y, k)|* d < [k[ 7 ‘H(l)(/’i |z —y|)|"de < K Pl rdr < /{_%q
G Zq ) ~ . 1 r Yy ~ ''r v (I{ 7")% ~ r )
T
which leads to
-5+ 5,7
|2y, k:)||W'Y"I(G) N ! Sk i3 (2.5)
for any v € [0,1] and ¢ > 1.
Next we examine the three-dimensional problem, where ®(z,y, k) = —m (ei""m_y' — e—nlr—yl)_
The estimates are similar to the two-dimensional case.
For any y € R?, it holds
* . 1 * 1
T ikr _ _—Kr|q o T q -
\\@(.,y,k)HLq(G) < \n]_2</ %7‘%7“) ! < ‘/ﬁl’_2</ @7‘%7“) ! <oo Vg>1.
0 r o T
The derivatives of ® satisfy
s _ q
/G |0z, @ (2, y, k)|9dz = /G m {e“‘“‘x_y‘(iﬂ\x —y| = 1)+ e TV (k]z — y| + 1)} dx
r* | Jikr (s -1 —RT 1)|4
S ’H\_2q/ e Girer );: (k7 + 1) r2dr <oco Yq>1,
which implies ®(-,y, k) € W"4(G) for any v € [0,1] and ¢ > 1.
In particular, for y € D, a straightforward calculation gives
* . 1 % 1
B TV el p—kT g 7 B r B 7 B
2o Bl 12 ([ ) g2 ([ ) s
0 T0
r* q 1
r, 0y Bl = w20 [ 20 < g,
G ! 0 724 ~
Hence, for sufficiently large k, it holds
— — X
12y, k)llwrae) S 727 S k712
for any v € [0,1] and ¢ > 1. O

2.2. Integral operators. Define the integral operators
Hel@)() = [ 0,200
Rd
Ku(O)0): = Help)() = [ 0.2 bp(a)0(:)z,

where @ is the fundamental solution given in ([2.2]) and p is the random potential satisfying Assump-
tion 1.

Lemma 2.2. Let B and G be two bounded domains in RY, and G has a locally Lipschitz boundary.
(i) The operator Hy : H=5*(B) — H*2(QG) is bounded and satisfies

s—3
2

Ikl 251 By, mo2 () S K
for s :=s1+ sy € (0,3) with s1,s9 > 0.
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(ii) The operator Hy, : H=*(B) — L*(G) is bounded and satisfies
2.s+d 6+¢
I Hellz(r—s(B),Lo ) Sk

for any s € (0,3) and € > 0.
(i) The operator Hy : W=7P(B) — WYU(G) is compact forany ¢ >1,0 <~ <min{3,3 + (l —

%)d}, and p > 1 with p and q satisfying - 5+ 5 =1.

Proof. (i) Since the case o0 = 0 is discussed in [2I, Lemma 3.1], we only show the proof for the case
o > 0 where ; > 0. For any two smooth test functions ¢ € C§°(B) and ¢ € C§°(G), we consider

H 1/ —_— 4¢><>@

/]Rd (€12 + 2) (€] + m)(\gy - 5)7 P(&)T ~*24p(&)dé|, (2.6)

where qg and zﬁ are the Fourier transform of ¢ and 1, respectively, and J~
potential of order —s and is defined by (cf. [19])

T f=F 1+ )2))

with F~! denoting the inverse Fourier transform.

s stands for the Bessel

The integral domain R? of (Z.8]) can be split into two parts
Q= {€e R gl - ml > T}, Q= {eeR: g - ml < .
Following the same procedure as [21] Lemma 3.1] and using (2.1]), we get

(M (0), 0] S &2 NS o1 () |9 o2 (@) S KT NDl o1 () 1€l 1152 -

which completes the proof by extending the above result to ¢ € H°'(B) and ¢ € H **(G).

(ii) For any ¢ € C§°(B), we still denote by ¢ its zero extension outside of B. It follows from the
Plancherel theorem that

Hul@)(w) = | Blazbpol)ds
= [ (1) i e T o).

S M/—_s\ —ia-g 2y—4Fe
- /]Rd €T — A T#o(€) (e (1 +[¢1%) ™ 1) dg,
where e
Bz, €, k) = F[b(x, - k)]() = Ié_lfi—m“

is the Fourier transform of ®(x,y, k) with respect to y. Comparing the above integral with (2.6]) and
replacing J—524(€) by g(&) := e (1 4 [€]?)~ =R , we obtain

H( @) S b7 Bl i) S [

which can also be extended to ¢ € H~*(B). We mention that g € H 1(Rd) is utilized in the above
estimate, which is required in the estimate of ([2.0]) (see e.g., [I6L[19]).

(iii) The compactness of Hy can be obtained from the boundedness shown in (i) and the Sobolev
embedding theorem. In fact, according to the Kondrachov embedding theorem, the embeddings

W=YP(B) — H™(B),
H™(G) = W(G)

25+d 64¢
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are continuous under conditions

1 1 s1—7

<s1, = > - -— ;
T< s 27 d

1 1 sp—7

< 89, — > - — ,
< 82 72 d

and s1 + s2 € (0,3). It is easy to check that the above conditions are satisfied if % + % =1 and

. 81—1—82 81—|-82 1 1
0 +d(=-=
<7<mln{ 5 5 <q 2)},

which completes the proof of (iii) due to s; + so < 3. 0

The estimates for the operator K can be obtained from the estimates of H given in Lemma
and the relation Kx(¢) = Hi(pd).

Lemma 2.3. Let G C R be a bounded domain with a locally Lipschitz boundary and the random

potential p satisfy Assumption [
(i) The operator Ky, : WY4(G) — WY(QG) is compact for any q € (2, A) and v € (d_Tm, % + (% -
2)d) with
0, d=2 or m=d=3,
A=

L, m < d=3,
3—m

and satisfies

Ikl cowraay) S KGO E pgs,

(ii) The following estimates hold:
_3
”ICk”E(HS(G)) S k72 P-a.s.

for any s € (d_Tm, 3) and
25+d—6+¢
Ikl c(rs(G), o)) S k™1 P-a.s.
for any s € (d_Tm, ) and € > 0.

m—d

Proof. (i) Under Assumption [ it holds that p € W™z ~“P(D) for any € > 0 and p/ > 1 based
on [21, Lemma 2.2]. Then for any m € (d — 1,d], ¢ € (2,A) # 0 and v € (d_Tm,% + (% — 3)d) # 0,
there exists some p’ > 1 such that the embedding

Wm;d_e’p/(D) N W_,Y’ﬁ(D)
is continuous with p = q—% > 1. Moreover, for any ¢ € W74(G), we have from [I5, Lemma 2] that
pp € WP(D) with 1 + 1 =1 and
109llw -2 ) S lollw-5(0)ll@llwac)- (2.7)

Hence
1Kk (D lwraa) S 1 Hellzov—r ), wra@yllpdllw ey  P-a.s.,
which implies the compactness of K due to the compactness of Hj proved in Lemma
To estimate the operator norm, we choose s = v + (% — %)d such that the embeddings

H*(G) — W(G),
W="P(D) < H (D)
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hold with p satisfying % + % = 1. The result is obtained by noting

Ik lwaa) S k(D) s (@) S 1Hrll o0y, 15 ()P0l -5 (D)
S WHEl 2o+ 0y, 55 [1PBllw 2 (D)

= k‘*+<%—%>d—%u¢|rww@.
(ii) For any ¢ € H*(G) with s > 9= there exist v € (— s)and q € (2,A) satlsfylng > 417
such that the embeddings (28 hold It follows from Lemma 22 and (Z7)) that we have
1Kk (D) o) S N Hell ey, ) 00l -2(D) S HHk”E(H s(0),12 (@) |PPll w2 (D)
S ki”ﬂ”w B ( ||¢HWW ) S k‘s_§||¢”Hs P-a.s. (2.9)
with s € (452, 3), and
1K@l (e) SIHxlcir-soyee@nlodlla—<o) S kT [6lue) Peaus.

with s € (952,3) and € > 0. O

3. THE UNIQUE CONTINUATION

This section is to investigate the unique continuation principle, which is essential for the uniqueness
of the solution to the biharmonic wave scattering problem with a random potential. We refer
to [I5,19] for the unique continuation of the solutions to the stochastic acoustic and elastic wave
equations.

Theorem 3.1. Let p be a distribution satisfying Assumption[d, q € (2, Sd_%%) and v € (d_Tm, % +

(% — D). Ifu € WHI(RY) is compactly supported in R and is a distributional solution to the

homogeneous biharmonic wave equation
A%u — k*u+ pu =0,
then u = 0 in R
Proof. We consider an auxiliary function v(z) := e ""®u(x), where the complex vector 7 is defined
by
n = (wt,0,---,0,mq)", t>1,

1
(VE 2R+ kA T
B 2
and ng = n; + inil with the real and imaginary parts being given by

where

N Y G R e e G §) :
Na = 9 )
L VAP R 4w (2 1)) ?
Ur 9 )

respectively. It is clear to note 1 -1 = k? = w? + i(w? — /<;2)% Moreover, a simple calculation shows
that

tliglo ny =0, tlim < =w. (3.1)

Then v is also compactly supported in R? and satisfies

A%y +4in - VAv — 4" V2on — 2(n - n)Av — 4i(n - n)(n - Vv) = —po.
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Taking the Fourier transform of the above equation yields

v =—Gy(pv), (3.2)
where G, is defined by
()
[€1F 4+ 4IE[2(n - &) +4(n - )2 +2(n-n)[E1* +4(n-n)(n-§)

It suffices to show v = 0 in order to show show u = 0. The proof consists of two steps. The first
step is to estimate the operator G, in Hilbert spaces.

G(f)(2) = F! (z), &eR%L

Let G C R? be a bounded domain with a locally Lipschitz boundary containing the compact
supports of both p and u. For any f,g € C§°(G), we denote their zero extensions outside of G still
by f, g for simplicity. Using the Plancherel theorem, we have from a straightforward calculation that

— F(©)4(©)
— — d
60100 =61 9 = | G aEpe T 6 TR TR O
:/ f(€)g(§) i
ra (I€2 +2n- €+ 262)(|€2 + 21 - &)
_ 1 f©6 . F©a©
i [/R e 2y € /R oy Ero
= %2 [A - B]. (3.3)
Denote £~ := (&1,--- ,&q-1)" € R and €77 = (&, ,&-1)" € R&2 with &~ =0if d = 2.
Then A can be rewritten as
W F©7E@

R [£]% + 2wtéy + 2n4€q

_ / f(©)g(&) e
re (&1 +wt)2 4+ 67712 — w2 + (&a + )% — ()2 + 2in}Eq

-/ GHGEE "
R |2 — w2 — ()2 + 2y (L — )
where we used the transformation of variables (51 + wt, &, &g + ng)T (6, ,&g) T and

f(flf" & —a,- 6q) = e‘i“5ff(§). Using k2 = n-n = w?t® + 7]62[, the transformation (£ +
Wt7£27"'7£d+77£l)—|—’_>(£17"'7£d)T7andw2t2 ) - ( ) <0ast>>1,wehave

+
g F&)5CE
o (60 w02 + 1€+ (Ea T 7)? +w?f?

o forg
Re [€2 + w2t + ()2 — 2(ny)? + 2in,(Ea + n)

) . _ d¢
+ ()% = 2(n}y)? + 2iny(Ea + 2n)

The estimates for A and B are similar, and the integral domain R% needs to be decomposed into
several subdomains according to the singularity of the integrands. In the following, we show the
detail of the estimate for A. The analysis of B can be carried out analogously and is omitted for
brevity.

It is easy to see that the function
1 B 1
€12 — w2t — ()2 + 2iny(&a — ) €712 — w22+ (€a — ) (Ea + 1) + 2iny(Ea — 1))
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is singular on the manifold {¢ € R?: |¢7| = wt, & = n%}. Define two domains

_ wt Ce— 3wt e wt
o= {eslie-w> 5 = {ete> 2 o< 5
= {6 —wl < | = {es 5 <le< L

2 2
Based on €1 and 29, A can be split into the following two terms:
(1 +[¢[*»)° o Y
A= — T f(&)Tg(&)d
€2 — w2t — ()2 + 2in}, (€4 — 77) f€) 9(&)d¢
1+ 1€P)° e W
+ — Js J~5g(&)d
/Q2 €2 — w22 — ()2 + 2in,(Eq — 1) (T #9(£)dg
=:T+1I,

where s € (0, %) Next is to estimate I and II, respectively.
Term I satisfies

2\s .
I < / Gl TR T gl
o (€2 — w2t — (1)2)2 + A()2(€a — 15)?]?
2\s —
[ Urie” [T FIT gl
(16152} [(1E2 — w2t — ()2)2 + A()? (Eq — 7))
“f WHRP)S T T glde
16 1< S deamil> 4 [(JE]2 — w22 — (5)2)2 + 40,2 (Ea — )2 ?
+ [ Ul T gl
{&le- 1< |ea—nyl< 2} [(\512 — w2 — (n5)2)2 +4(n)% (& — ng)?] 2

=L +L+I.
By 1), we may choose a sufficiently large t* such that n} < %t for all ¢t > t*, which leads to

3wt t
% — /Wt + ()2 > %, t >t

We then get
(1+1¢%)¢ —
I < / T FI|Tglde
= Jeigs sy (€] — Vo2 + ) (E] + VP + (1))
1 1 —_
5 . - j—s j—s d
= /{w%} T T Il

1
S W”JC”H*S(G)HQHH*S(G)'

Note also that nil is equivalent to wt as t — oo, which yields
14 @’ 2\s
I < / ( +i it fd)

(el <t Jea—my> 4t} 2ngl€a — myl
/ (wt)* + [€a — gl + (n)”
{&:lem 1<t Jea—my >4t} 2n41€a — 13l

T F||T gl de

<

~

T 1|17 ~g|de

TS F||T —5glde

1 1
S 2—2s + r|1—2s
{6 1< lea—ny >t} \ (WF) wt|€q — |

11
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1
S (t)ﬂHfHH*S(G)HQHH*S(G)

Moreover, for any £ € {&:[£7| < %, |&0— 5| < %}, it holds

2 -2 2 wt\? wt r 7w r r\2
117 = 16717+ 1&l” < 5 Tlg :T+Wt77d+(77d)-

Hence, for t > t*,

yo , W22 w22
wt? + () — |§|>T— tnd>T7
which gives
1+ 2\s o
Is </ 2( 2‘§’ : ol T fINT 2 gldg
{ee- 1< Jea—ml< sty 112 — w2t — (1)

1
S Gyl lsla—

We then conclude

1
LS WHJCHH*S(G)HQHH*S(G)- (3.4)
To estimate II, we divide it into two parts
1+ P e
u- [ . T (GG
Qonfelea—my >t} €12 — w2t — (n)? + 2iny(§a — ng)
(1 +1¢%)° i PG s
+/ — T F(©) T ~g(€)de
ariedeonpl<) [P — 2 — ()2 + 2im(ea — )1 T

=: 11} + I,

where IT; can be estimated similarly as Iy by utilizing the boundedness of [{~|:

1
| < ()WHJCHH sl m-—sc)-

It suffices to estimate IIs where the integrand is singular. To deal with the singularity, we denote

ni(€) == !
P e — w2t — ()2 + 2in (€4 — )

and define the transformation
T:S'_)S* :(6/7_§d+2n2)7 66927

(2
<= <|£| 1>5‘

A simple calculation yields that |¢'| = 2wt — |~ | and the Jacobian of the transformation is

85* _ <M_1>d_2
(S '

where

det

Jar(€) = B¢

Moreover, it can be verified that the transformation maps the subdomain

t t
Qo1 1= {f w—<‘§ \<wt ‘fd—nd‘<w—}

2 2

to the subdomain

_ 3wt wt
922 = {{wt< ’5 ’<T,‘§d—7]2’<?},
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and vice versa.
Based on 97 and 99, Iy can be subdivided into several parts:

(1+ &P e P
1, = — J 8 Js d
: /Qm{@gd_ng«;} e (2 4 B )T e

_ / n(©) (1 + [€2)° T (&) T ~*g(£)de
Qo1UQ22

= /Q [nt(f)(H\6!2)57‘37(5)7‘3\9(6)+nt(§*)Jd¢(§)(1+IS*IQ)Sf?f(S*)J/‘?g(S*) de

- /Q [20(6) + (€7 Tag ()] (1 + [€2° TF(6) T g (€)de

+ /Q (€ T02(6) [(1+ [E2)° — (1+ [€2)°] T1(6)T—g(€)de

———

4 [ om0+ iRy [T7HE) - THO| Taeas
Q22

_—

[ om0 + 1B TTHE [Ta(e) - Ta(o)] e
=: Iloy + Il + Ilo3 + Iloy,

where we used the fact

/Q ni(€)(1+ €2 T F(6)T —g(€)de

n(€) (1 + €2 T F(€) T 5g(¢*)de”

21

(€)1 + (€2 T F(€) T —59(€) T (€)de.

I
S~

Il
S~

Qoo
Noting
1
ny(§") = —
€2 — w?t2 — ()2 + 2iny (€ — )

1

[ = WP (& — ) (& 4 ) + 20k (& — )
1

TGP =@ (€ — ) (Ea — 30) — 2 (Ea — )
we get for d = 2 that
ha(§) : = [ne(&) + ne(E7) J2,4(6)]
1
CIETE = w2+ (&g — ) (Ea + ) + 20} (Ea — )
1
TN R (€ — ) (6 — 37 — 2iny(€a — 1)
2(1€7| — wt)? + 2(€4 — 173)2
(16| = wt) (€| + wb) + (€a — 15)(Ea + 75))2 + 4(0)2(Ea — 7)?]
1

(16~ = wt) (€] — Bwt) + (£a — n5)(Ea — 305))? + 4(n})?(6a — 772)2]%

(NI

X

)

13
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which is bounded
ha(§) S 21752, £ €O
as t > 1 according to the boundedness of £ € {299. Similarly, it holds for d = 3 and ¢ > 1 that
h3(&) = = [ne(§) + ne(€7) J3,¢(E)]
1

TR = w2 + (Ea— n)(Ea + 7 + 20, (Eq — )
2wt

2
TR — w2+ (€1 — ) (6 — 3y) — 2y (Ea — )

< 1
~ w2

The above estimates lead to
1 e — 1
Mot S g | (46 1T HOIT 9O S pyrmasll - llsll—=co
For Ily3, we apply the mean value theorem and get for some 6 € (0,1) that
[ne(€) a0 (€) [(1+ [€°1%)° = (1 + [¢%)°]]
= (€ Ta(€)s (1+ 016"+ (1= 0)|¢2) ™ ("2 = I¢f)]
S ne€)Tae @€ ~ 1€ (L + 01"+ (1 = 0)lg) ™
* s— 1
S (U0 + (1= 0I6) S
where in the third step we used the following estimate similar to ho(&):
|n4(€7)Jar ()€ — I€°)]
d—2
B (25 -1)" (e -1
1€ = w2 (o — ) (Ea — 3iy) — 2iny(Ea — )

d—
(22 1) Jawt(e| - w) + e — )

) (1671 = wt) (1671 = Bwt) + (€4 — M) (€ — 3np)? + () (€a — 1)?]

D=

Therefore
1 — 1
Mool S s [, 1T FOUT 9016 5 (pomasl o«

Terms Ilp3 and o4 can be estimated similarly by following the procedure used in [I9] Theorem 3.2].
In fact, it can be shown that the Bessel potential satisfies

T = TFO| S|l = 18l [MIvT ) e") + MIVT )€,
where M is the Hardy—Littlewood maximal function defined by

M@ = sp e [ 1wy

r>0

with B(x,r) being the ball of center z and radius r, and satlsﬁes (cf. [I9] Theorem 3.2])
IM(VT =Dl 2@y S 1 l-+(c)-
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The above estimates, together with ([B.3]), yield

Ine(€)an(°2 — IE2)]
sl < /Q =EGE

(L+ €2 [MVT =T (") + MV T~ F)(E)||T—>9(€)Ide

1
S WHJCHH*S(G)HQHH*S(G)
and
n *)J 7 - 2 K12\81 775 7/ o . * o *
o 5 [ EREE D ey 7 v T € ) + MOVT e
1
~S WHJCHH*S(G)HQHH*S(G)'
Hence, II satisfies
1
1 WHJCHH*S(G)HQHH*S(G)- (3.6)

Combining ([34]) and ([B.6]), we obtain the estimate of A and get

1
(Gnfs )| S WHJCHH*S(G)HQHH*S(G)

for any f,g € C§°(G). Since C§°(G) is dense in L*(G) and H*(G) ¢ H}(G) = LQ(G)HVHHJ(G)

(cf. [1, Sections 2.30, 3.13]), the above result can be extended to f,g € H*(G) with s € (0, %)

Therefore we derive the following estimate for the operator G, with s € (0, %)
1

1Gnll ceer-s(c),m50)) S 5 2s1 s (3.7)

The second step is to estimate the operator G, in Sobolev spaces and show v = 0 in R?. To extend

the estimate of G, from Hilbert spaces to Sobolev spaces, we claim that G, : L(G) — L™ (G) is
bounded and satisfies

1Gnll2r @y, @y S 1 (3.8)

for some proper r and 7. In fact, it follows from the decomposition of the operator G, given in (B.3))
that we may rewrite it as

1
gn = m (gml - g7]72) )
where
f
€2 + 2 - € + 2K2

g @ Gel)@ =7

Next we consider the cases d = 3 and d = 2, separately.
For d = 3, the claim (3.8)) holds under the conditions

1 1 2 ,{1 1
— —— =—, min

G (f) () := ! [ (@),

1 1

)

1
A v 2 P‘§}>ﬁ’

since operators G, ;, i = 1,2, are both bounded from L"(G) to L™ (G) according to [I2, Theorem 2.2]

and [I5, Proposition 2]. To deduce the estimate for G, between the dual Sobolev spaces W~7P(G)
and W"4(G) with % + % = 1, we consider the interpolation of (3.7) and (3.8). Noting

[L7(G), H™*(G))g = W P(G),
[L"(G), H(G)]p = W(G)
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[\ClisH

= ‘

I
T
>

_|_

e

and choosing 6 = 1+(% —3)d € (0,1) and r = f—fz such that v = s < %—i—(% )

1_1-0 , 6 .
and 1= + 5, we obtain

S

)

1
Gl cow—r (@), wra(@) S 20,0 290" (3.9)

As is proved in [15, Lemma 2|, pv € W=7P(Q) for any v € W79(G), where v is required to satisfy

v < % + (% — %)% Hence an additional restriction on ¢ is also required due to v > d_Tm, ie.,

q< 73d_%‘fn_2. Consequently, [B:2]) leads to

1
loliwa ) < NGnllcow—r(@ywra@pllovlw-r@) S —mga;a=mme 1VIlwra@)
with s € (0, %), which implies v = 0 by choosing ¢ > 1.

For d = 2, it is shown in [I5], Proposition 2] that (B8] holds for any r > 1. Similarly, (8:9]) can be
deduced from the interpolation between ([B.7)) and (B.8]) by choosing r = 1+ € with an arbitrary small
parameter € > 0 and 6 = % such that v = s < %. Following the same procedure as the
1\d

three-dimensional case and letting ¢ — 0, we get v = 0 under the restrictions v < % = % + (% —5)5

9 24
and ¢ < 555 = 3753 O

Remark 3.2. The unique continuation principle established in Theorem [31] holds for any damping
1
coefficient o > 0. If the medium is lossless with o = 0, the proof can be simplified by letting w = k2

and -
n = (k%t,o,--- J0,ik3/12 — 1) Lot 1.
We refer to [24)] for the unique continuation principle of the Schrédinger equation without damping.

The unique continuation principle will be utilized to show the uniqueness of the solution to the direct
scattering problem when o =0 .

4. THE LIPPMANN-SCHWINGER EQUATION

In this section, we examine the well-posedness of the scattering problem (LI))-(L2) by studying
the equivalent Lippmann—Schwinger integral equation.

4.1. Well-posedness. Based on the integral operators, the scattering problem (I)-(L2) can be
written formally as the Lippmann—Schwinger equation

u = Kru+ Hpd, = Kru + P, (4.1)
where the fundamental solution ® is given in (2.2]).

Theorem 4.1. Let the random potential p satisfy Assumptiond. The Lippmann—Schwinger equation

I has a unique solution in W, (R?) with q € (2, ?)d_%%) and v € (52,1 + (% -1,

Proof. According to the compactness of the operator Kj proved in Lemma and the Fredholm
alternative theorem, it suffices to show that the homogeneous equation

u=Kru (4.2)
has only the trivial solution u = 0.

Assume that u* is a solution to the homogeneous equation ([£2]). Then it satisfies the following
equation in the distribution sense:

A%t — kMt pu* =0 in R (4.3)
Let us consider two auxiliary functions
1 1
up = ——(Au* — n2u*), up = —5 (Au* + /42u*).

2K2 2K2
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It is clear to note that u* = uy + uy and Au* = k% (up — up).

Since p is compactly supported in D, there exists a constant R > 0 such that D C Bgr with Bg
being the open ball of radius R centered at zero. It can be verified that ug and wups satisfy the
homogeneous Helmholtz and modified Helmholtz equation with the wavenumber k, respectively, in
R?\ Bp:

Aug + *ug =0, Aup — k2uy = 0.
Hence, ug and ups admit the following Fourier series expansions for any r = |z| > R:

o0 (1)

n \RT) .(n in
up(r,0) = ) %U%{)(R)e ‘,
n=-—00 HTL (’{R) .
if d=2, (4.4)

(R) eine’

where

are the Fourier coefficients, and

(m‘ n)
(r,0,¢) 7 (R)Y," (6, ),
P

v 6.p) = ijk;g MRV, ¢),

n=0m=—n

if d=3, (4.5)

(1)

where hy;,’ and k,, are the spherical and modified spherical Hankel functions, respectively, satisfying

™ ™
M () =[5 k() =[5 K (2), 2 €C,
(

Y, are the spherical harmonics of order n, and the Fourier coefficients @ Jm’")(R) are given by
ﬁ?]m ) (R) = /S2 uy(R,0,p)Y, (0, p)ds.

If 0 > 0, then we have k, = R(k) > 0,k = (k) > 0. It follows from 23)-(24) and [@4)-ED)
that ug,ups and thus u*, Au* decay exponentially as » — oo. Multiplying (43]) by the complex
conjugate of u*, integrating over B,., and applying Green’s formula, we obtain

/ (JAu*? — k*u** + plu*|?) da :/ (Au*d,u* — u* 8, Au*)ds
B OB,
where v is the unit outward normal vector to 0B,.. Taking the imaginary part of the above equation
yields
—E‘S(/{‘l)Hu*H%Q(BT) =g [/8B (Au*dyu* — u*8,Au*)ds| — 0

as r — oo and hence u* = 0 in R%.
If o = 0, then k = k2 is real. By (@A) (L), only uarlap, and Jdyunr|sp, decay exponentially as
r — oo. It is easy to verify from (@3] that uz and uys satisfy the following equations in R%:

1 1
AuH—I—k:uH——k =0, AuM—k‘uM+%pu*:0.

Using the integration by parts and u* = uy + uyr, we have from Green’s formula that

- 1 1
/ uprOyuprds = / <\VUM\2 + klupr|? — = plunr|* — —puMﬁ>dx,
o8, 5 o 2%k

T
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2k

which are well-defined since VAu* € L? (RY) due to Au* = k*u* — pu* € W'(R?) + W~7P(D)
and (Z7). Taking the imaginary parts of the above two equations yields

R {/ uM&,uMds} =g [/ uH&,quS] ,
OB, dB
which leads to

/ (19yus]? + Klug[?)ds :/
OB, OB By

By the Sommerfeld radiation condition (L2]), the first integral on the right-hand side of the above
equation tends to zero as r — oco. The second integral also tends to zero due to the exponential
decay of uys. Therefore,
lim (|0pum) + klug|?)ds = lim / (10vun)® + klung|?)ds = 0.
- r—00 aBT

T—00 OB

_ 1 1
/ ugO,ugds = / <\VuH\2 — klug|* + %p]uHF + —quH>da:,
0B,

T

2
o, ug — ik‘%uH‘ ds — 2k3S [/ uM&,uMds] .
16)

T

It follows from Rellich’s lemma that uy = uy; = 0 in Rd\B—R and thus v* =0 in }Rd\B—R. The proof
is completed by applying the unique continuation in Theorem Bl O

The well-posedness of the scattering problem (II))-(L2) can be obtained by showing the equiva-
lence to the Lippmann—Schwinger equation. The proof is similar to that of [I9, Theorem 3.5] and is
omitted here for brevity.

Corollary 4.2. Under Assumption[d, the scattering problem ([I)-(L2) is well-posed in the distri-
bution sense and has a unique solution u € WIZ’Cq(}Rd), where q and 7y are given in Theorem [{.1]

4.2. Born series. Based on the Lippmann—Schwinger equation (41]), we formally define the Born

series
o0
Z un (':L'7 y? k)?
n=0

where
un(z,y, k) == Ki (un-1(-,y, k)) (z) = /Rd O(z, 2, k)p(2)un—1(z,y,k)dz, n>1 (4.6)

and uo(x,y, k) := Hp(0y)(x) = (z,y, k).

The Born series is crucial for the inverse scattering problem. It helps to establish the recovery
formula for the strength p of the random potential p. Before addressing the inverse problem, we
study the convergence of the Born series.

Lemma 4.3. There exists kg > 0 such that for any wavenumber k > ko and any fized x,y € U, the
Born series converges to the solution of (LI)—([2), i.e.,

u(z,y, k) = un(x,y, k).
n=0

Proof. The convergence of the Born series to the solution of ((ILT)—(LZ]) can be obtained by employing
the same procedure as that in [I6, Section 4.2] and the estimate of ug(z,y, k) = ®(z,y, k) given in
Lemma ZT1

Moreover, the Born series admits the pointwise convergence. Using the estimates of Hjy and K,
given in Lemmas and 23] we get for any s € (d_Tm, 3) that

N 00
[uCow ) =B S D KR (o9 ey
n=0 n=N+1
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o0

S D IRkl s @y, poe @y Wk e ) Ml (D)o @) 192 Co s ) a5 ()
n=N+1

< Z fo 2 (s 5) (n—2) p.s— 3 12y, k)l s (D)

n=N+1
S EITTT A NE G (4.7)
as N — oo for any k > ko and € > 0, where we used (2.9) and Lemma 211 O

5. THE INVERSE SCATTERING PROBLEM

This section is devoted to the inverse scattering problem, which is to determine the strength p of
the random potential p. More specifically, the point source is assumed to be located at y = x, where
x € U is the observation point and U is the measurement domain having a positive distance to the
support D of the random potential. Hence only the backscattering data is utilized for the inverse
problem. For simplicity, we use the notation u,(x, k) := u,(x,z, k). The scattered field, denoted by
u®, has the form

u’(x, k) = u(z, k) — up(z, k) Zun x, k)

for k > ko with kg being given in Lemma 3]
Next we analyze the contribution of each term in the Born series in order to deduce the recon-
struction formula and achieve the uniqueness of the inverse problem.

5.1. The analysis of u;. Based on the definitions of the Born sequence (6]) and the incident field
ug, the leading term u; can be expressed as

ui(z, k) = Kg(uo(-, 2, k))(z) = /]Rd ®(z, 2, k)*p(2)dz. (5.1)

Since the fundamental solutions take different forms, the contribution of u; is discussed for the three-
and two-dimensional cases, separately.

5.1.1. The three-dimensional case. By Assumption[Il we have m € (2, 3] for d = 3. Substituting the

fundamental solution
1

O(z,2,k) = - 8rk2|x — 2|

(ein\x—z| o e—n\x—z|)

into (BI)) gives

elrlz—z| _ —rlz—2] 2 ciklz—2'| _ g—rlz—2/] 2
Bl B = 877”1\ /]R3 /]R3 < |z — 2| ) ( z — 2] ) Elp(2)p(2")]dzd?’
1 2i(k]w—2|—F|lz—2']) / /
- W /R3 /R3 |z — 2|2z — 2|2 Elp(2)p(2)]dzdz
e2irlz—z|—(i+1)Rlz—2| / ,
wr /R /R TPl o pe()ldzdz
2ik|z—2|—2|z—2/| , /
i W /11&3 /Ra |z — z|?|x — 2|2 Elp(2)p(+))ldzdz

e(i=1)k|z—z|—2iK[z—2|
E Ndzdz'
~ G o o TP Bl e
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4 eli=Drlz—z|—(+1)Rlz—2| / /
- W/ | S e
o(i=1)rlz—z| ~2R|z—2 / /
8w|m| (87s[2)" /R /R e 7 e R (A COILELE
o~ 2Kla—2|~2iR|a—7| / /
i W /RS /Rs |z — z|?|x — 2/|? Elp(2)p(2)]dzdz
e~ 2klz—z|—(I+1)Rlz—2'| / /
wr Tl B e OV
o~ 2R|a—2|~2R|a—7| / /
8”‘5’ /RS /Rs |z — 2|2z — 2/|? Elp(2)p(<)ldzdz
(2i(kle—2|~Rla—2']) / /
- W /RS /Rs |z — 2|2z — 2|2 Elp(2)p(<')ldzdz
e2iklz—z|—(i+1)Rlz—2'| / ,
87T‘/£’ /]RS /Rg |z — 22|z — 2/ Elp(2)p(2")|dzdz
p2ik|a—z|~2R|z—2| , ,
8”‘5’ /Rs /]Rs |z — 2|2z — 2/|? Elp(2)p(#)]dzdz

e(1 Dk|z—z|—(1+1)E|z z\E -
wr o Lo T B N

(i—-1)k|z—z|—2F|z—2|
R[] Blp(=) (=)=
R3 JR3 /‘2

| — 2|z —

871\&]

o~ 2klw—z|—2R|z—2'|
E Ndzdz
87TW /11&3 /Ra |z — z|?|x — 2/|? lp(2)p(2)]dzdz
=L+Lh+I3+11+1s.

For Iy, following the procedure used in |20, Theorem 4.5], we get

1 e—4n,|m—z\ I
1= G|, e 0 (7

K:r—m e—4ni|m z| o
= (87T‘/f’2)4/[) P w(z)dz + O (k; ).

The other terms can be estimated by utilizing the exponential decay of the integrants with respect
to ky. Since the estimates are analogous, we only show the detail for Is. Note that |« — z| is bounded
below and above for any x € U and z € D. A simple calculation yields

1(2/@\32 2|+ (ki—kr)|x— z|) —2ki|z—2|— (ke tki)|z—2"| , ,
e o Elp(z)p(z)}dz=d?.

I
27 |z — z|?|z — 2

877]/1\

where

e—2ni|x—z\—(nr+ni)|x—z’\ S I{r_M
for any M > 0 as k; — c0. Choosing M = m + 1 gives

L) < s =8k 1//|IE (N[ded < 50 Vg e,
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where we used the equivalence between |x| and &, as k; — oo and the following expression (up to a
constant) of the leading term for the kernel E[p(z)p(2')] (cf. [2I, Lemma 2.4]) with d = 2, 3:

Bl ~ { O = (5.2
z2)p(z)] ~ .
e u()lz — 2" e (d-1,d).
Terms I3,1; and I5 can be estimated similarly. Hence we obtain
K’r_m e—4/ii|:c—z\ o
Eluy (, k)[* = B[R /D Py w(z)dz+0 (k;™%) Vael. (5.3)

5.1.2. The two-dimensional case. Now let us consider the two-dimensional problem where d = 2 and
€ (1,2]. The fundamental solution ® has the asymptotic expansion (cf. [2L21])
[e.9]
C; - 1
O(x, 2, k) = — J , jelflr—2l _ j=itgemnle—2l)
Z 8K2 (k| — 2|)i T2 ( )

§=0
where Cyp = 1 and

28_] J 9 _im .
Define the truncations of ® and uy, respectively, as follows
N c;

Oy (z,2,k): = — _
]Z:;) 8k2(K|z — z|)3+%

V)= [ @tz kPole)dz,
R

. iklz— O S P
(lem|m 2| —iTit3e K|z z|)7

where . ) . )
[@(z, 2, k) S 672w — 272, [@n(2,2,K)| S |k 2w — 272
and
O(z,2,k) — Py(z,2,k) = O(]/f\_N_%]a; - z\_N_%) (5.4)

for any N € N as |k||z —z| — oco. The following lemma gives the truncation error of the fundamental
solution.

Lemma 5.1. For any fited v € U, N € N, v € [0,1] and g > 1, it holds

19z, k) = D (@, B)llwaaqp) S |67V 754 (5.5)
In particular, for N =0 and ¢ € (1, %), it holds
_z
H(I)(v '7k) - (I)O('? '7k)HW’Yv‘?(D><D) 5 ”%‘ 2, (56)

Proof. Using (5.4) and
V. (®(z, 2, k) — Pn(z, 2, k)| = O(M—N_g’x B z[‘N‘%)7
we get
|®(z, - k) = PN (z, - k)| La(p) S |/{|_N_%,
|@ (@, k) = B (@, k) lwra gy S 67V 7F

Then (B3] follows from the space interpolation [L(D), W4(D)], = W4(D).
Similarly, (5.6]) can be obtained by noting that

1
_z _35 G
|®(-, - k) — @0(.7.7/9)“6([)“)) < k|72 (/D/D |z — z’\ Zdedz’) < K|

_r

N
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and i
(-, k) — Po(, k)lwrapxpy S K72
for any G € (1,%). g

Choosing N =1 and using (IE) (E2), and ([B4]), we get for any x € U that
E‘ul(x,k; —ul / / — ®%)(z, 2, k) (D2 — ®2)(x, 2/, k)E[p(2)p(2')]dzdz’

< swp (@ 4By 2 R)PI(@ — @)z, 2 k)| //|E Nl|dzd?’

(z,2)eUxD
|—14

S Ik

The second moment of ugl) satisfies

1 2012 iklz—z| _ gt —k|z—z]\ 2
(1) 1 C C; ie i 2e
Eluy” (z, k‘)| (8]r|2)* E: H2j+1 —20+1 1

|z — 22

ipik|le—2'| _ —H- Klx—2'|
x ( - ) E[p(2)p(2)]dzd2’

|33—z’|l+§

KM —4ki|z—2z| "
=1 dz+ O (k, ™
S J, e+ 0
for any = € U and Kk, — oc.
Combining the above estimates leads to

Eluy(z, k)| = E]ugl)(x, k)|* + 2RE [ugl)(az, E)(ui(z, k) — ugl)(x, k)] +E|ui (2, k) — ugl)(az, k:)‘2

—m —4ki|z—2z|
_ 84’{|r;-@|10/D o M OGO (s ) T) + O )

Hr—m —A4ki|lz—z| o
_ 84|/{|10/D T HEE T O ) VaeU (5.7)

The following theorem is concerned with the contribution of u; to the reconstruction formula for
both the two- and three-dimensional problems.

Theorem 5.2. Let the random potential p satisfy Assumptiond and U C R? be a bounded domain
having a positive distance to the support D of p. For any x € U, it holds

1 2K
lim %/ KITU2E ) (2, B) P dey = Ty(z), (5.8)
K

K—o0

where Ty(x) is given in Theorem [I1l. Moreover, if o = 0, then it holds
1 2K

lim — / A2y 0 B 2 = Ty(z) Peas. (5.9)
K Jk

Proof. To prove (5.8)), we consider the imaginary part of k as a function of k,, i.e., k; = K;(k;), which

satisfies limy, o0 Ki(ky) = 0. From (53] and (5.7), we get

lim MU 2E |y (2, k) |? = Ty(x).

Kr—>00

Based on the mean value theorem, (58] follows from the identity

2K
lim &M TU2E (2, k)| = hm ?/ KMHAZ2AE ) (2, k) P dE,.

Kr—00
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It then suffices to show (5.9)) for the case 0 =0, i.e., k = K, = k2 € R,. Noting

lim e
k—oo

and combining (21 and (5.8]), we have

lim ™M 24E yy (2, k)| = Ty(x).
k—o0

—dkilz—z| _ 1
)

To replace the expectation in the above formula by the frequency average, an asymptotic version of
the law of large numbers is required. Such a replacement is an analogue of ergodicity in the frequency
domain, and has been adopted in the analysis of stochastic inverse problems (cf. [I5L16]21]).

For d = 3, we consider the correlations E[uy(z, k1)ui(z, k)] and Eluq(x, k1)uq (x, ko)] with k; =

/{?,i = 1,2 at different wavenumbers 1 and kg. Following the same procedure as that used in [21]

Lemma 4.1], we may show that
|E[us (2, k1w (2, k2)]| S ky'k3" [(Hl + k) (L [k — o) M 4 kM “EMQ} :
Efun (2, k1 )ur (, ko)]| S w7 kg [(’fl ) I G Y i e ’f_MQ} :

where M7, Ms > 0 are arbitrary integers. The above estimates indicate the asymptotic independence
of uy(z, k1) and uy(z, ko) for |1 — k2| > 1. Then, according to [21I, Theorem 4.2], the expectation
in (5.8]) can be replaced by the frequency average with respect to k:

1 2K
lim —/ K8y (z, k)2dk = T3(z)  P-a.s.
K Jk
For d = 2, we need to consider u§3), which is the truncated u; with N = 3. Its correlations at

different wavenumbers can be carried out similarly as those for the three-dimensional case (cf. |21,
Lemma 4.4]). Hence

K—o0

1 2K 3
lim E/ /{m+10|u§ )(ZE,k‘)|2d/{ =Ty(x) P-a.s. (5.10)
K

3)

The residual u; — ;™ satisfies

(s ) — a;k]_‘/ — ®2)(x, 2, k)p(=)d>
< 19%(z, Jﬁ) — ®3(x, -, k) lwrapyllpllw-10(m)
S @, -, k) + P3(x, -, k) lw2a(py | (2, - k) — Pa(z, -, k) lwri2a(pyllpllw-10(D)
< [ oy <k P-as.

for any p > 1 and ¢ sa‘msfymg +— = 1, where we used LemmasZTand 51 and p € W2 "yt —ep (D) C

W=LP(D) for m € (1,2] and any sufficiently small € € (0,%). We have from a simple calculation
that

1 2K 1 2K
lim —/ KO0y (2, k) — ul® )(x E)de < hm —/ K" 4dk =0 P-a.s..

Combining the above estimate with (EI0) leads to

K—o0

1 2K
lim ?/ KO0y (2, k)2 dr = To(z)  P-a.s.,
K

which completes the proof of (5.9). O
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5.2. The analysis of ug. It follows from (6] and (5.1) that

us(e,k) = [ @z Rp e iz = [ [ o bpE00 2 DpE) R o, ke
Rd Rd JRd
which does not contribute to the inversion formula as stated in the following theorem.

Theorem 5.3. Let the random potential p satisfy Assumption d and U C R% be a bounded and
convex domain having a positive distance to the support D of p. For any x € U, it holds

K—oo

1 2K
lim %/ RIHA=2)0 (2 k) Pk, =0 P-a.s.
K

Proof. The proof is motivated by [I5], where the inverse random potential scattering problem is
studied for the two-dimensional Schrédinger equation with m > d. In what follows, we provide some
details to demonstrate the differences for the biharmonic wave equation of rougher potentials with
m e (d—1,d].

(i) First we consider the case d = 3. As a function of x and k,, ua(z, k) satisfies

1 2K 2K .
% /K K8y (2, k) Pdr, < /K ?r/ifb”\ug(w, k)| dk,
o K
S/ min{2,—r}RT+7\u2(x,k)]2d/£r P-a.s.
1 K
Then the required result is obtained by taking K — oo if the following estimate holds:

/ KB ug (2, k) Pdry < 00 Ve U. (5.11)
1

To deal with the product of the rough potentials in E|us(x, k)|, we consider the smooth modifi-
cation pe = p* . with ¢.(z) = e 2p(z/e) for € > 0 and ¢ € C§°(R?). Define

uge(z, k) = /Rd /Rd O (xz, 2, k)p-(2)P(z2, 2, k) p= (2P (2, x, k)dzd?'

1 (ein\x—z| _ e—n|x—z\)ein\z—z’\(ein\x—z’\ _ e—IiISC—ZII) , ,
= _W/D/D pe(2)pe(2')dzdz

|z — z||z — 2|z — 2|

1 (ein\x—z| _ e—/i|:c—z\)e—/i|z—z’\(ein\x—z’\ _ e—IiISC—ZII)
1

|z — z||z — 2|z — =

— -0, (2, k) +

(871'/4,2) 3112(117,]{3,6).

1
(8wK2)
Note that

/ KB lug o (2, k) 2k < Z/ k| " R2RMTR| (2, k, €) [P diy < Z/ E|IL;(z, k, ) [ dkr,

1 i /1 =171
where in the last inequality we used

k|7 2EMHT < gm0 <1 Ymoe (2,3].
Based on the Fubini theorem and Fatou’s lemma, to show (B.I1), it suffices to prove
o0
sup / E|IL (2, k,€)|?dk, < 00 Yz e U, i=1,2.
ec(0,1) J1

The estimates for II; and IIy are parallel, and they are similar to the procedure used in [I5L[16] for
the inverse potential scattering problems of the two-dimensional acoustic and elastic wave equations
without attenuation. The basic idea is to rewrite each term II;, ¢ = 1,2, as the Fourier or inverse
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Fourier transform of some well-defined function. In the following, we only give the estimate for 1I;
to show the differences in handling the attenuation.

Denote

(ein|m—z\ _ e—ﬁ\x—z|)e—iﬁr\x—z|e—ﬁi|z—z’|e—inr|z’—m|(ein|m—z’| _ e—ﬁ\x—z’\)

K(x,z2,2') :=

)

|z — z||z — 2/||z — 2/
then II; can be rewritten as
I (z, k. e) = /D /D elrrllz=zl =21+ =aD R (1 2 2" p.(2)pe(2)dzd?.
Define a phase function
L(z, 2"y =z —z|+ |z = 2|+ | — =,
which is uniformly bounded below and above for any (z,2’) € D x D and x € U. Hence the set
{(2,2)eDxD:L(z,2)=t}, t>0
is non-empty only for ¢ lying in a finite interval [Ty, T1] with 0 < Ty < T3.
For any fixed ¢ € [T}, T}], there exist = n(f) and an open cone K = K () C R® such that
Dx D Nn{(z7):to< L(z,2) <ti} C KN{(z,2") 1 tg < L(z,2') < t1} =: T,
where tg =t —n and t; =t + 7. Letting Iy := TN {(2,2') : L(z, 2') = t}, we have

/ LK (2, 2, 2 ) pe(2) pe (2) dzd2!

r
t1

:/ e“‘rt[ K(x, 2,2 )|VL(z, 2) | pe(2) pe (2 )dH? (2, 2') | dt
to I':

:3[kw&mﬁ=f&m«a

0

where H° is the Hausdorff measure on I'; and S. is compactly supported in [Ty, 7}]. Applying
Parseval’s identity yields

[ B kR dr S BIS. aqr,
Using Isserlis’ theorem, we obtain
E‘Sa(t)F - / K(‘Tv 21, Zi)K(‘Z’? 22, Zé)IVL(Zh Zi)‘_l‘VL(Z% Zé)’_l
Iy JTy
X E [pe(21)pe(2)pe(22)0e (25)] A (21, ) dH (22, 2)

:/ K(IE,21,Zi)K(m,ZQ,Zé)’VL(Zl,Zi)‘_l‘VL(ZQ,Zé)’_l
r. J1,

X (E[,oe(zl)pe(zi)]E[ps(@)pe(zé)] + Epe (21)p= (22)|E[pe (#1) pe (22)]

+ Elpo(21)pe ()|Epa (24)pe (22)] ) dH? (21, 2 ) AH (25, 25),

where K and VL satisfy |K(z,2,2')| < |z — 2|7 and 0 < C; < |VL(z,2')| < Oy, respectively, for
any (z,2') € D x D with z # 2 (cf. [15]), and |E[p.(2)p-(2")]| < |z — 2/|™37¢ for any € > 0 and
m € (2, 3] according to ([B.2]). It follows from the Holder inequality and the symmetry of the integral
that

E[S:(t)]* £ /F g |21 — 24| a2 — 25|z — 24Tz — 25T ANO (21, 21 )M (22, 25)
t t

+/ / |21 — zﬂ_l\zg — zé\_llzl — 22]’”_3_6]21 — zé\m_?’_ﬁd?-ﬁ(zl,zi)d’H5(22,zé)
Ty JTe
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/F / 21— A Yz — 2| Y1 — I — I A (1, ) AH (22, )
= < |21 —zl|m 4= 6d”;'-[5(zl,zl)>
Iy

1 / / 21— 2| Yz — 2| Y1 — 2l — M (1, ) AH (22 2b)
It JT'y

2
< ( [ - z1|m—4—€dﬂ5<z1,z1>)
Iy

+ [/ |21 — zﬂ_g\zg — zé\_gdﬂs(zl,zi)d’}{‘:’(@,zé)}
Ty JTe

Wl

2

3
. V |21 — 29| 2037 |2 — 23039435 (2, 24 dHO (2, 25)}
I JI':

: :
s( /F |z1—z1|m—4—fdﬂ5<z1,za>) +< /F |z1—z1|—3dH5<z1,z1>)
t t

+ </ |21 — 22]3(m_3_6)d7-[5(21,zi)d’HE’(zg,zg)) ,
Ty JTy

ol

where the boundedness of all the last three integrals can be obtained similarly to the two-dimensional
problem shown in [15, Lemma 6.

(ii) Next we consider the case d = 2. Define the following auxiliary functions (cf. [16], Section 5.2])
via the truncated fundamental solution ®g:

ug(x, k) / / Do (z, 2, k)p(2)®(2, 2, k) p(2 )P (2, x, k)dzdZ,
Re JRE
ug (2, k) / / Doz, 2,k)p(2)®(2, 2, k)p(2 ) Po (2, z, k)dzd2'
R JRA
:/ / Doz, 2,k)p(2)Po(2, 2, k)p(2 )P (2, 2, k)dzdz'.
R JRE

By Lemmas 2.1], 23] and 511 we have

ua(z, k) — uz (2, k)| < llpllw—o (o) |[2(2, - k) — oz, - k)] K@ (-, 2, k) .0y
S, k) — oz, k) lw2a () 1Kkl £owv2a (o)) |9 (- 2, B) w20 ()

_7 1.1 5.4 —7——+4’y
SelT2 R a2k it < P-a.s.,

lug i (z, k) — ug (2, k)

S.; ”p”Wf'V’p(D) HCI)O('Z'7 ) k)ICk [(I)(',.Z'7 k) - cI)O(’axa k)]”W’Y,q(D)

S oz, 5 k) [lwv.za () 1Kkl cown2a (o)) 1R (s 2, k) — Po (e, 2, k) [[wv2a ()

—7—7+4'y
< Ky P-a.s.,

ug,r (2, k) = v(z, )| S P( 5 k) = o, - F)lwapxp) (0 @ p) (o @ Po(2; -, ) lw—207(Dx D)

_z
SIRTE 12 e )[R0 - ) © Do, B w2 ()
< /{—%-ﬁ-&y

~ T

P-a.s.,
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Where (p,q) and (~ ) are conjugate pairs with ¢ > 1, v € (32,1 + ), and ¢ € (1,%). Choosing

q= —6 and v = =5 + ¢ with a sufficiently small € > 0 in above estlmates we get

1 2K
lim / KOy (2, k) — v(z, k)| dr:
K

K—o0

. 1 2K —T—2 44y 17 40N\ 2
< lim — /{?”10(/@ 1 + Ky 2 V) dky
K—oo K

2K
< lim — / (ky 3mH2€ 4 gl 73mH8Y) G, = 0 P-as.
K Jk

~ Koo

Hence, to show the result in the theorem, it suffices to prove that the contribution of v is zero.
Similar to the three-dimensional case, we consider the smooth modification

ve(z, k) 0 = /[Rd /Rd (IJO(x,z,k)pa(z)@o(z,z’,k)pa(z')cﬁo(z’,x,k)dzdz’

1@1’i|1’ z|l _ Ii|SL‘ 2|\ pik|z—2/| iei“‘zl_x\ _ i%e_’ﬂzl_sd
N 83 / / ’ 1( 1 )Pe(z)pg(z/)dzdz’
K 2

W—Zﬁb—fwf—xﬁ

lel'i'x 2l 126 ’i|x_z\)e—ﬁ\z—z'\(iei/ﬂz’—x\ —i%e_ﬁ‘zl_x‘)
83/42 // 1 1 1 p=(2)p=(2")dzdz'

|z — z[2]z = 2'[2]2" — x|z

wl»—'

= —— — =11y (z, k,e) + — =1y (z, k, €).
83K72 83Kk72

Following the same procedure as used in the three-dimensional case, we may show
o0 2 o _
/ KR (2, k) Pdry < Z/ E|TL (2, k, €)|?dk, < 00 Vaz €U,
which completes the proof. O
5.3. The analysis of residual. Taking out u; and us, we define the residual in the Born series

k)= un(z, k),
n=3

which has no contribution to the reconstruction formula as shown in the following theorem.
Theorem 5.4. Let assumptions in Theorem [5.3 hold. Then for any x € U, it holds

lim £™ 472 p(2, k)2 =0 P-a.s.
k—o00
Proof. Following the similar estimate in (A7) with N = 2, we have

d—— €
160w <Zuickuo W)l S KSR < hOFETE plg

for any s € (—m 3), kr > Cy, and € > 0, where Cj, = R[x(ko)] is the a constant depending on kg
given in Lemma L3l Hence, we obtain by choosing s = 4= 5 + € that

K:1r’n+14—2d‘b(x7 k)‘2 5 R?d—5m—11+136 -0 P-a.s.

as k — oo under the condition m € (d — 1, d], which completes the proof. O
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5.4. The proof of Theorem [I.Jl Considering the Born series of the scattered field

u’(x, k) = ui(x, k) + us(x, k) + b(z, k)

for k > kg with kg being given in Lemma [£3], we obtain
1 2K
— / K:n+14—2dE‘us(x7 k)‘2d/£r
K Jk
1 2K 1 2K
= —/ kMHAZ2AE 0 () ) Pde,y + —/ KMHAZ2AE 0 (2, ) [P dr,
K Jk K Jk

1 2K 1 2K
+ —/ K2R b B Pdk, + 2R [—/ pmHld-2dg [uy (@, k)usg(z, k‘)]d/{r:|
K Jk K Jk

L 2K 1 2K _
o | [ o G R 2 [ R g o R |
K K
=11+ 1o+ I35+ 1y + 15+ Ig,

11 11 11
where 7y S 1715, 1s SI715, and Ig SIS TS .
According to Theorems 5.2, £.3], and [£.4] it is clear to note
Kh—I>nooII = Td($)7 Kh—H>looIJ =0, =23,

which lead to

1 2K
lim —/ KMHAZ2AE 108 (2 ) P dry = Ty(x).
K Jk

K—o0

Then (L3)) is deduced by utilizing the equivalence between the following limits:
1 2K
lim / A2 s (0 1) R

2K K
1
= 2}{11_1)%0 [ﬁ/l pM 2R 18 (2, )| P dRy — % /. KM HA=2E 18 (2 )2 dk,y

: 1 K m+14—2d s 2
= lim — K, E|u®(z, k)|*dk,.

K—oo K 1

If 0 =0, then Kk = Kk, = k3. The expectation in the above estimates can be removed due to
Theorem We then get

1 K
Ty(x) = lim E/l KMHA=28 (0 B Pdk

K—o0
1 (5 e 1
= lim —/ B 0 (o, k)2 ok B dk

1
= lim —

K2
mtld_g g 2
P-a.s.
K—>002K/1 k2 |u®(x, k)|*dk a.s.,

which completes the proof of (L4)).

The uniqueness can be proved by following the same argument in [I5] Theorem 1] or [20, Theorem
4.4].
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6. CONCLUSION

In this paper, we have studied the random potential scattering for biharmonic waves in lossy
media. The unique continuation principle is proved for the biharmonic wave equation with rough
potentials. Based on the equivalent Lippmann—Schwinger integral equation, the well-posedness is
established for the direct scattering problem in the distribution sense. The uniqueness is attained
for the inverse scattering problem. Particularly, we show that the correlation strength of the random
potential is uniquely determined by the high frequency limit of the second moment of the scattered
wave field averaged over the frequency band. Moreover, we demonstrate that the expectation can be
removed and the data of only a single realization is needed almost surely to ensure the uniqueness
of the inverse problem when the medium is lossless.

Finally, we point out some important future directions along the line of this research. In this work,
the convergence of the Born series is crucial for the inverse problem. However, this approach is not
applicable to the inverse random medium scattering problems, since the Born series for the medium
scattering problem does not converge any more in the high frequency regime. It is unclear whether
the correlation strength of the random medium can be uniquely determined by some statistics of
the wave field. Other interesting problems include the inverse random source or potential problems
for the wave equations with higher order differential operators, such as the stochastic polyharmonic
wave equation.
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