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AONN: AN ADJOINT-ORIENTED NEURAL NETWORK METHOD FOR ALL-AT-ONCE
SOLUTIONS OF PARAMETRIC OPTIMAL CONTROL PROBLEMS*

PENGFEI YINT, GUANGQIANG XIAOf, KEJUN TANGS, AND CHAO YANGY

Abstract. Parametric optimal control problems governed by partial differential equations (PDEs) are widely found in scientific
and engineering applications. Traditional grid-based numerical methods for such problems generally require repeated solutions of
PDEs with different parameter settings, which is computationally prohibitive especially for problems with high-dimensional parameter
spaces. Although recently proposed neural network methods make it possible to obtain the optimal solutions simultaneously for
different parameters, challenges still remain when dealing with problems with complex constraints. In this paper, we propose AONN,
an adjoint-oriented neural network method, to overcome the limitations of existing approaches in solving parametric optimal control
problems. In AONN, the neural networks are served as parametric surrogate models for the control, adjoint and state functions
to get the optimal solutions all at once. In order to reduce the training difficulty and handle complex constraints, we introduce
an iterative training framework inspired by the classical direct-adjoint looping (DAL) method so that penalty terms arising from
the Karush-Kuhn-Tucker (KKT) system can be avoided. Once the training is done, parameter-specific optimal solutions can be
quickly computed through the forward propagation of the neural networks, which may be further used for analyzing the parametric
properties of the optimal solutions. The validity and efficiency of AONN is demonstrated through a series of numerical experiments
with problems involving various types of parameters.
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1. Introduction. Optimal control modeling has been playing an important role in a wide range of applica-
tions, such as aeronautics [56], mechanical engineering [52], haemodynamics [43], microelectronics [39], reservoir
simulations [57], and environmental sciences [48]. Particularly, to solve a PDE-constrained optimal control prob-
lem, one needs to find an optimal control function that can minimize a given cost functional for systems governed
by partial differential equations (PDEs). Popular approaches for solving PDE-constrained optimal control prob-
lems include the direct-adjoint looping (DAL) method [32, 21] that iteratively solves the adjoint systems, the
Newton conjugate gradient method [47] that exploits the Hessian information, the semismooth Newton method
[68, 10] that includes control and state constraints, and the alternating direction method of multipliers [8] designed
for convex optimization. In practice, the cost functionals and PDE systems often entail different configurations
of physical or geometrical parameters, leading to parametric optimal control modeling. These parameters usu-
ally arise from certain desired profiles such as material properties, boundary conditions, control constraints, and
computational domains [22, 23, 48, 35, 46, 39, 31].

Most of the aforementioned methods cannot be directly applied to parametric optimal control problems. The
main reason is that, in addition to the already costly process of solving the PDEs involved in the optimal control
modeling, the presence of parameters introduces extra prominent complexity, making the parametric optimal
control problems much more challenging than the nonparametric ones [18]. An efficient method for solving
parametric optimal control problems is the reduced order model (ROM) [40, 43, 48, 36], which relies on surrogate
models for the parametric model order reduction, and can provide both efficient and stable approximations if
the solutions lie on a low-dimensional subspace [18]. However, because of the coupling of the spatial domain and
the parametric domain, the discretization in ROM still suffers from the curse of dimensionality, thus is unable to
obtain all-at-once solutions to parametric optimal control problems [22, 43, 40].

Numerical methods based on deep learning have been receiving increasingly more attentions in solving PDEs
[41, 42, 12, 16, 59, 44, 45]. Recently, several successes have been made in solving PDE-constrained optimal control
problems with deep-learning-based approaches. For example, a physics-informed neural network (PINN) method
is designed to solve optimal control problems by adding the cost functional to the standard PINN loss [34, 29].
Meanwhile, deep-learning-based surrogate models [56, 30] and operator learning methods [55, 20] are proposed to
achieve fast inference for the optimal control solution without intensive computations. Although these methods
are successful for solving optimal control problems, few of which can be directly applied in parametric optimal
control modeling. In a recent work [11], an extended PINN is proposed to augment neural network inputs with
parameters, so that the Karush-Kuhn-Tucker (KKT) conditions and neural networks can be combined. In this
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way, the optimal solution with a continuous range of parameters could be obtained for parametric optimal control
problems with simple constraints. However, it is difficult for this method to generalize to solve more complex
parametric optimal control problems, especially when the control function has additional inequality constraints
[2, 3]. In such scenarios, too many penalty terms have to be introduced into the loss function to fit the complex
KKT system, which is very hard to optimize [26]. A more detailed discussion of aforementioned methods can be
found in Section 4.

To tackle the challenges in solving parametric optimal control problems and avoid the curse of dimensionality,
we propose AONN, an adjoint-oriented neural network method that combines the advantages of both the classic
DAL method and the deep learning technique. In AONN, we construct three neural networks with augmented
parameter inputs, and integrate them into the framework of the DAL method to get an all-at-once approximation
of the control function, the adjoint function, and the state function, respectively. On the one hand, neural networks
enable the classic DAL framework to solve parametric problems simultaneously with the aid of random sampling
rather than the discretization of the coupled spatial domain and parametric domain. On the other hand, unlike
the PINN-based penalty methods [42, 29, 34, 11], the introduction of DAL avoids directly solving the complex
KKT system with various penalty terms. Numerical results will show that, AONN can obtain high precision
solutions to a series of parametric optimal control problems.

The remainder of the paper is organized as follows. In Section 2, the problem setting is introduced. After
that, we will present the AONN framework in Section 3. Some further comparisons between AONN and several
recently proposed methods are discussed in Section 4. Then, numerical results are presented in Section 5 to
demonstrate the efficiency of the proposed AONN method. The paper is concluded in Section 6.

2. Problem setup. Let u € P C R” denote a vector that collects a finite number of parameters. Let
Q(p) C R be a spatial domain depending on p, that is bounded, connected and with boundary 92(u), and
x € Q(p) denote a spatial variable. Consider the following parametric optimal control problem

min J(y(x, p), u(x, @); 1),
OCP(a):  { Wiy« (y(x, ), u(x, p); p) 1)

st Fy(x,p),u(x,p);p) =0 in Qp), and u(x, p) € Usa(p),

where J : Y x U x P — R is a parameter-dependent objective functional, Y and U are two proper function
spaces defined on Q(u), with y € Y being the state function and « € U the control function, respectively. Both
y and u are dependent on x and . To simplify the notation, we denote y(u) = y(x, 1) and u(p) = u(x, p). In
OCP(u) (2.1), F represents the governing equation, such as, in our case, parameter-dependent PDEs, including
the partial differential operator F; and the boundary operator Fp (see Section 5 for examples). The admissible
set Uaq(p) is a parameter-dependent bounded closed convex subset of U, which provides an additional inequality
constraint for u, e.g., the box constraint U,q(p) = {u(p) € U : ug(p) < u(p) < up(p)}-

Since the OCP(p) (2.1) is a constrained minimization problem, the necessary condition for the minimizer
(y* (), u*(p)) of (2.1) is the following KKT system [52, 9, 19]:

Jy (v (p), u* (p); p) — Fy (™ (p), u* (); p)p* (1) =0,
F(y"(p),u"(p); 1) =0, (2.2)
(dud (y" (1), w* (1); ), v(p) — u(p)) >0, Vo(p) € Una(p),

where p*(u) is the adjoint function which is also known as the Lagrange multiplier, and F (y(), u(p); ) denotes
the adjoint operator of F, (y(p), w(p); p). As y(p) can always be uniquely determined by w(p) through the state
equation F| the total derivative of J with respect to w in (2.2) can be formulated as

duJ (Y (@), v (p); 1) = Ju(y™ (1), u (p); ) — Fo(y" (1), u” (1); p)p* (1) (2.3)

The solution of OCP(u) satisfies the system (2.2). So the key point is to solve this KKT system, based on which
it is expected to find a minimizer for the OCP(u). In general, it is not a trivial task to solve (2.2) directly, and
solving the parametric PDE involved in the KKT system poses additional computational challenges (e.g. the
discretization of parametric spaces). In this work, we focus on the deep learning method to solve (2.2). More
specifically, we use three deep neural networks to approximate y*(u), u*(p) and p* () separately with an efficient
training algorithm.

3. Methodology. Let § (x(u);0,),4 (x(1);0,,), and p(x(p);0,) be three independent deep neural net-
works parameterized with 6,,6, and 8, respectively. Here, x(u) is the augmented input of neural networks,
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which is given by
x(p) = [ L1, -eey Tdy M1, ---5 KD ]
We then use § (x(p);0y),0 (x(p); 0,), and p(x(p); 0,) to approximate y*(u), u*(p) and p*(p) through mini-
mizing three loss functions defined as
1
3

N
Ls(0y,0,) = (}VZIT (G(x()i; 0y), w(x(p)i; 0u); 1;) 2) ; (3.1a)

[N

N
Ea(eya Gua 0;0) = (; Z |Ta (?)(X(H)u gy)v ’[L(X([I,)Z, Ou)7ﬁ(x(u)u op); l"‘z) 2) ) (31b)

1
2

N
Eu(euy ustep) == (]17 Z |fL(X(/L)7, eu) - ustep(x(:u')i)|2> ) (31C)

where {x(p);}I¥.; denote the collocation points. The functionals 74 and 7, represent the residuals for the state
equation and the adjoint equation induced by the KKT conditions, i.e.,

A

rs(y(p), u(p); p) = Fy(p), u(p); 1), (3.2a)

ra(y(p), u(p), p(p)s i) = Ty (y(w), u(p); ) — F (y(w), u(p); m)p(p), (3.2b)
and ustep (x(pt)) is an intermediate variable during the update procedure of the control function for the third vari-
ational inequality in the KKT conditions (2.2), which will be discussed in Section 3.2. These three loss functions
try to fit the KKT conditions by adjusting the parameters of the three neural networks ¢ (x(p); 0,) , 4 (x(pt); 0.,),
and p (x(p); 0p), and the training procedure is performed in a sequential way. The derivatives involved in the loss
functions can be computed efficiently by automatic differentiation in deep learning libraries such as TensorFlow
[1] or PyTorch [38].

3.1. Deep learning for parametric PDEs. The efficient solution of parametric PDEs is crucial for
parametric optimal control modeling because of extra parameters involved in the physical system (2.1). To
deal with parametric PDEs, we augment the input space of the neural networks by taking the parameter p
as additional inputs, along with the coordinates x to handle the parameter-dependent PDEs. In addition, the
penalty-free techniques [27, 44] are employed to enforce boundary conditions in solving parametric PDEs. Next,
we illustrate how to apply penalty-free deep neural networks to solve the parametric state equation (3.2a), which
can be directly generalized to the solution of the adjoint equation (3.2Db).

The key point of the penalty-free method is to introduce two neural networks to approximate the solution, of
which one neural network ¢ is used to approximate the essential boundary conditions and the other ¢; deals with
the rest part of the computational domain. In this way, the training difficulties from the boundary conditions
are eliminated, which improves the accuracy and robustness for complex geometries. For problems with simple
geometries, we can also construct an analytical expression for §p to further reduce the training cost (see Section 5
for examples). The approximate solution of the state equation is constructed by

g (x(n);0y) = 9p(x(1); Oy,) + L(x(p)gr (x(11); 8y,) (3-3)

where 6, = {0,,,0,,} collects all parameters of two sub-neural networks yp and ¢, and £ is a length factor
function that builds the connection between gz and 7, satisfying the following two conditions:

{ ((x(p)) >0, in Qp),
((x(1) = 0, on ).

The details of constructing the length factor function ¢ can be found in ref.[44]. With these settings, training gz
and §; can be performed separately, i.e., one can first train gz, and then fix §p to train §;. For a fixed u(u), we

have
P (x(0) 0,) ulu) ) = | 0O i)

and the residual of the state equation can be rewritten as

e )50, culprsp) = | [ OO k)
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We then sample a set {x(u);}¥; of collocation points to optimize 0, through minimizing the state loss function
(3.1a) if 0, is fixed.

For parametric problems, we take parameters as the additional inputs of neural networks. This approach is
used to solve parametric forward problems [24] and control problems [49]. A typical way for sampling training
points is to separately sample data in 2 and P to get {x;} and {;}, and then compose product data {(x;,p;)}
in Q x P. Rather than taken from each slice of Q(u) for a fixed p, collocation points are sampled in space Qp
in this work, where

Qp = {x(p) : x € )}
represents the joint spatio-parametric domain. The reason is that, for parametric geometry problems, as the

spatial domain Q(p) is parameter-dependent, the sampling space cannot be expressed as the Cartesian product
of 2 and P.

3.2. Projection gradient descent. Due to the additional inequality constraints u € U,q () for the control
function, the zero gradient condition d,J(y* (@), u*(u); ) = 0 cannot be directly applied to the optimal solution
to get the update scheme for u. One way to resolve this issue is to introduce additional Lagrange multipliers
with some slack variables to handle the inequality constraints. However, this will bring additional penalty terms
that could affect the procedure of optimization [7]. Furthermore, the inequality constraints also lead to the
non-smoothness of the control function, making it more difficult to capture the singularity by penalty methods
[29, 15]. To avoid these issues, we here use a simple iterative method to handle the variational inequality without
utilizing a Lagrange multiplier, where a projection gradient descent method is employed, based on which we can
obtain the update scheme for u. The projection operator onto the admissible set Uyq(pt) is defined as:

P U = ar min u —v ,
Ua () (W(R2)) gv(meUQd(”)H (1) = v(p)ll2

which performs the projection of u(u) onto the convex set Ugq(pt). In practice, the above projection is imple-
mented in a finite dimensional vector space, i.e., u(p) is discretized on a set of collocation points (e.g. grids on
the domain €2). So it is straightforward to build this projection since U,q(pt) is a convex set. For example, if

Uaa(p) = {u € U : ua(x(p)) < u(x(p)) < up(x(p)), vx € ()} (3-4)

provides a box constraint for u, where u, and u; are the lower bound function and the upper bound function
respectively, both of which are dependent on g, and [u1,...,ux]" represents the control function values at N
collocation points {x(p);}, in Qp, then we can construct the projection Py, in an entry-wise way [52, 19]:

ua(X(p)i), i ui < ua(x(p)i),
PUad(p')(ui) = qui, if up(x(p)i) > ui > ug(x(p)i), i=1,...,N. (3.5)
up(x(pe)s), if wg > up(x(p);)-

The projection gradient step can be carried out according to the above formula, so as to obtain the update of
the control function denoted by ustep, Which is

Ustep (1) = P y() () — edud (y(p), u(pe); ) , (3.6)

and the loss for updating the control function is naturally defined as in (3.1c), making an approximation of @
obtained through minimizing (3.1c).
The optimal control function u* () satisfies the following variational property:

u* (@) = Py, (W (1) — cdu J(y" (1), u*(p); p) = 0, Ve > 0.

Here d,,J is associated with the adjoint function p*(u) from total derivative expression (2.3), and thus we define
the residual for the control function

ro(y(p), u(p), p(p), ¢ 1) = w(p) = Py, (u(p) — cduJ (y(p), u(p); 1)), (3.7)
and its corresponding variational loss is defined as

1
2

N
»Cv(eyaeuvap?c) = (]17 Z |’I’U (Q(X(H’)zaey)vﬁ(x(u)zaeu)vﬁ(x(p‘)u0p)7ca p’z) 2) . (38)
i=1
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The first two losses in (3.1) together with (3.8) reflect how well y(u), u(p) and p(p) approximate the optimal
solution governed by the KKT system (2.2). Note that r, and £, are dependent on the constant ¢, which
is actually the step size for gradient descent. For verification, the variational loss is constructed to verify the
convergence of algorithm, and c is often chosen as the last step size.

3.3. AONN algorithm. Now putting all together, we are ready to present our algorithm. Our goal is to
efficiently approximate the minimizer of (2.1) via adjoint-oriented neural networks (AONN). The overall training
procedure of AONN consists of three steps: training g (x(u); 8,), updating p (x(p); 0,) and refining u (x(p); 6.,).
The schematic of AONN for solving the parametric optimal control problems is shown in Figure 3.1. The
three neural networks (7 (x(p); 0y) ,p (x(p); 0p) , @ (x(p); 0,,)) with augmented parametric input, as illustrated in
panels A and B, are optimized to iteratively minimizing the objective functional with respect to the corresponding
variables once at a time. More specifically, according to the loss functions derived by the three equations shown
in panel C, the training procedure is performed as in panel D.

Starting with three initial neural networks ¢ (x(y,); 02) D (x(u); 02), and U (x(u); 02), we train and obtain
the state function § (x(p); Oi) through minimizing £, (,, 02) (see (3.1a)), which is equivalent to solving the
parameter-dependent state equation. With g (X([,I,);H;), we minimize the loss £, (6;,02,01,) (see (3.1b)) for
the adjoint equation to get p (x; 011,), corresponding to solving the parameter-dependent adjoint equation. To
update the control function @ (x(gt); 0y, ue,(x(1t)) is computed first by gradient descent followed by a projection

step (see (3.6)), and then @ (x(p); Oi) is obtained by minimizing £, (0., ud.,(x(t))) (see (3.1c)). Then another

step
iteration starts using 071;, 011), 0; as the initial parameters. In general, the iterative scheme is specified as follows:

training 4 : 0’; = arg Héin L (ay, 0571) )
v

updating p : 0k = arg n;in L, (05, Hﬁfl, Hp) ,

p

refining @ : 0% = argmin £, (0, uftgpl) ,
6

where

e (x(12)) = Pu, ) (@0x(1);0571) = Fdu (G (1); 0), ix(1); 05~ ): ) (3.9)

and

dud (x(): 05), aloc(); 047 )i 1) = Ju (9(0x(1): 03), (x(12); 05" 1)

(3.10)
— ), (9c():05) alox(): 057" )s 1) plc(a): 0):

The iteration of AONN revolves around the refinement of @ with the aid of ¢ and p, forming the direct-adjoint
looping (DAL) ,which is indicated by red lines in Figure 3.1. This procedure shares similarities to the classical
DAL framework, but there is a crucial difference between AONN and DAL. That is, a reliable solution of OCP(u)
for any parameter can be efficiently computed from the trained neural networks in our AONN framework, while
DAL cannot achieve this. More details can be found in the discussions of Section 4.

The training process is summerized in Algorithm 3.1, where the loss function £,(0,,60.,0,,c) (see (3.8))
is used for the verification. In our practical implementation, we employ the step size decay technique with a
decay factor « for robustness. The AONN method can be regarded as an inexact DAL to some extent since
the state equation and the adjoint equation are not accurately solved but approximated with neural networks
at each iteration. So the number of epochs is increased by naus compared with the previous step (on line 9
of Algorithm 3.1) to ensure the accuracy and convergence. It is worth noting that the training of network
@ (x(w); 07) can be put after the while loop, if the collocation points are always fixed, since training the state
function only uses the value of u at the collocation points (the calculation of line 5 in Algorithm 3.1).
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State equation Loss minimization

F(g,4;p) =0 Minjr\nize%‘ 0, :
Adjoint equation 4

T,(8,5 1) — By (3, 1) = O Min‘ipize»Eap i

Optimizer:
Adam, BFGS

Projected gradient equation

{um,, — Py (a —c (duj)) -0 ]4 ]
' ' Lo
U — Uggep = 0 —E—?—)Minimize—) 0,

Direct Adjoint Looping

Fic. 3.1. The schematic of AONN for solving the parametric optimal control problems. (A) Spatial coordinates and parameters
form the input of neural networks. (B) AONN consists of three separate neural networks §,p, 4 and return the approzimation of
state, adjoint and control respectively. (C) The state equation, the adjoint eqaution and the projected gradient equation are derived
to formulate the corresponding loss functions. (D) The gradients in the state PDE and the adjoint PDE are computed via automatic
differentiation [38]. §,p, 4 are then trained sequentially via the Adam [25] or the BFGS optimizer.

Algorithm 3.1 AONN for OCP(u)

Input: Initial 02, 0, 02, collocation points{x(u); } Y ;, decay factor v € (0, 1], initial step size °, initial number

of epochs n?, positive integer Naug and total iterations Njger.
1: k+—1
2: while k < Njer + 1 do

3: 0]; +— argming, L (Oy, 07]271>: Train network g (x(); 0,)) with initialization 0571 for n* epochs.

4: 0’; +— argming, L, (9];, o1 OP): Train network p (x(p); 8,,) with initialization 9’;71 for n* epochs.
Compute uft;pl (x(p)) by (3.9) and (3.10).

0" «— argming, £,(6., uftgpl): Train network @ (x(p); 0,,) with initialization 8*~* for n* epochs.
Rk,

nFFL — nF 4 ngg.

k+—k+1.

10: end while

1 (x(); 05) «— g (x(w): 65).
12 1 (x(); 0) — it (x(1); 0% ).
Output: § (x(p);0;) . (x(p); 67,).

Remark 3.1. A post-processing step can be applied to continue training 0;’; until a more accurate solution of
the state function (or the adjoint function) is found. That is, we can fix 4 (x;8;,) and train 8, by minimizing
the state loss (3.1a) . We can also fix 8}, 8} and train @, using (3.1b). The initial step size ¢” is crucial for the
convergence of Algorithm 3.1. A large step size may lead to divergence of the algorithm, while a small one could
result in slow convergence.

4. Comparison with other methods. Unlike solving the deterministic optimal control problems, the
existence of parameters in OCP(u) causes difficulties for traditional grid-based numerical methods. A straight-
forward way is to convert the OCP(u) into the deterministic optimal control problem. For each realization of
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parameters, the OCP(u) is reduced to the following

min  J(y,u),
OCP : (yu) €YU (4.1)
s.t. F(y,u) =0 in Q, and u € Uyg.

The classical direct-adjoint looping (DAL) method [32, 21] is a popular approach for solving this problem, where
an iterative scheme is adopted to converge toward the optimal solution by solving subproblems in the KKT system
with numerical solvers (e.g. finite element methods). At each iteration in the direct-adjoint looping procedure,
one first solves the governing PDE (4.2a) and then solves the adjoint PDE (4.2b) which formulates the total
gradient (4.2¢) for the update of the control function.

F(y,u) =0, (4.2a)
Jy(y,u) = Fy(y,u)p =0, (4.2b)
duJ (y,u) = Ju(y,u) — F;(y, wp. (4.2¢)

Despite its effectiveness, DAL is not able to handle the OCP(u) problem, directly due to the curse of dimen-
sionality of the discretization of p. An alternative strategy is the reduced order model (ROM) [36], which rely
on surrogate models for parameter-dependent PDEs. The idea is that the solution of PDE for any parameter
can be computed based on a few basis functions that are constructed from the solutions corresponding to some
pre-selected parameters. However, it is still computationally unaffordable for ROM when the parameter-induced
solution manifold does not lie on a low-dimensional subspace.

Recently, some deep learning algorithms are used to solve the optimal control problem for a fixed parameter
[29, 34]. By introducing two deep neural networks, the state function y and the control function w can be
approximated by minimizing the following objective functional:

min  J(y,u) + 51 F(y, u)2 + Bol|lu — Py, , (w)||u, (4.3)
(y,u)€Y xU

where two penalty terms are added, and § = (f81,2) are two parameters that need tuning. As the penalty
parameters increase to +oo, the solution set of this unconstrained problem approaches to the solution set of
the constrained one. However, this penalty approach has a serious drawback. On the one hand, as the penalty
parameters increase, the optimal solution becomes increasingly difficult to obtain. On the other hand, the
constraint is not satisfied well if the penalty parameter is small. To alleviate this difficulty, one can use hPINN
[29] which employs the augmented Lagrangian method to solve (4.3). However, it is still challenging to directly
extend this approach to OCP(u) due to the presence of parameters. This is because it is extremely hard to
optimize a series of objective functionals with a continuous range of parameters simultaneously.

4.1. PINN for OCP(u). For handling the parametric optimal control problems, an extended PINN
method [11] with augmented inputs is used to obtain a more accurate parametric prediction. That is, the inputs
of the neural networks consist of two parts: the spatial coordinates and the parameters. The optimal solution for
any parameter is approximated by a deep neural network that is obtained from solving the parameter-dependent
KKT system (2.2). In particular, when there is no restriction on the control function u(p) (e.g., Uaa(pt) is the
full Banach space), the KKT system is

F(y(p), u(p),p(p); p) = F(y(p), u(p); ) =0, (4.4)

where the total gradient d,J is given in (2.3). In such cases, one can use the PINN algorithm to obtain the
optimal solution through minimizing the least-square loss derived from the KKT system. Nevertheless, to apply
this method to the cases where there are some additional constraints on the control function u, such as the box
constraint (3.4), one may need to introduce the Lagrange multipliers A(p) = (Aq(pt), Ap(pt)) corresponding to the
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constraints u(p) > u,(p) and u(p) < up(p). For such cases, the KKT system is
Fly(p), u(pm), p(p), A(p);p) = | duJ(y(m), ulp); ) — Aa(p) + Xo(p) | =0, (4.5a)
(

(4.5b)

Applying the framework of PINN to solve the system (4.5) needs to deal with several penalty terms in the loss
function including the penalties of equality terms (4.5a) and inequality terms (4.5b), leading to an inaccurate
solution even for the problem with fixed parameters, which will be presented in the next section. In addition,
the extra constraint of U,4(pt) often introduces inequality terms and nonlinear terms and brings more singularity
to the optimal control function [2, 3], which limits the application of PINN for solving OCP(u) with control
constraints.

4.2. PINN+Projection for OCP(u). To find a better baseline for comparison, we propose to improve
the performance of PINN by introducing a projection operator. In this way, the KKT system (2.2) can be
reformulated to a more compactly stated condition [37]:

Jy(y(p), u(p); p) — F(y(p), u(p); p)p(p)
F(y(p),u(p),p(p), c; p) = F(y(p), u(p); ) =0, (4.6)
u(p) — Py, () (u(p) — eduJ (y(p), u(p); 1))

where ¢ could be any positive number. Note that choosing an appropriate ¢ can accelerate the convergence of
the algorithm. For example, the classic way is to choose ¢ = 1/« for canceling out the control function v inside
the projection operator, where « is the coefficient of the Tikhonov regularization term (see the experiment in
Section 5.1). The complementary conditions and inequalities caused by the control constraints are avoided in (4.6),
thus significantly reducing the difficulty of optimization. In this paper, we call the method PINN+Projeciton,
which combines the projection strategy with the KKT system to formulate the PINN residual loss. Although
PINN+Projection alleviates the solving difficulty brought by control constraints to PINN, it still has limitations
on nonsmooth optimal control problems. For nonsmooth optimization such as sparse L;-minimization, the KKT
system can no longer be described by (4.6) because of the nondifferentiable property of the Li-norm [9]. Instead,
the dual multiplier for the L;-cost term is required. The difficulty arises from the third nonsmooth variational
equation of (4.6), which makes the neural network difficult to train. AONN reduces this difficulty by leveraging
the update scheme in the DAL method without the implicit variational equation in (4.6). Numerical results also
show that the KKT system (4.6) cannot be directly used to formulate the loss functions of neural networks. Such
results of Lj-minimization involved in OCP(u) (see Section 5.5) strongly suggest that AONN is a more reliable
and efficient framework.

The proposed AONN method has all the advantages of the aforementioned approaches while avoiding their
drawbacks. By inheriting the structure of DAL, the AONN method can obtain an accurate solution through
solving the KKT system in an alternative minimization iterative manner. So it does not require the Lagrange
multipliers corresponding to the additional control constraints and thus can reduce the storage cost as well as
improve the accuracy. Moreover, AONN can accurately approximate the optimal solutions of parametric optimal
control problems for any parameter and can be generalized to cases with high-dimensional parameters.

5. Numerical study. In this section, we present results of five numerical experiments to illustrate the
effectiveness of AONN, where different types of PDE constraints, objective functionals and control constraints
under different parametric settings are studied. In the following, AONN is first validated by solving OCP, and
further applied to solving OCP(u) with continuous parameters changing over a specific interval. For comparison
purposes, we also use the PINN method and the PINN+Projecton method to solve OCP(u). We employ the
ResNet model [17] with sinusoid activation functions to build the neural networks for AONN and other neu-
ral network based algorithms. Unless otherwise specified, the quasi Monte-Carlo method is used to generate
collocation points from Qp by calling the SciPy module [53]. Analytical length factor functions (see (3.3)) are
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constructed for all test problems to make the approximate solution naturally satisfy Dirichlet boundary con-
ditions. The training of neural networks is performed on a Geforce RTX 2080 GPU with PyTorch 1.8.1. The
Broyden-Fletcher—Goldfarb—Shanno (BFGS) algorithm with a strong Wolfe line search strategy is used to update
the neural network parameters to speed up the convergence, where the maximal number of iterations for BFGS
is set to 100.

5.1. Test 1: Optimal control for the semilinear elliptic equations. We start with the following
nonparametric optimal control problem:

. 1 2 «
min Iy, u) = 5 lly =yl + §HU||%2(Q),

“Ay+yP=u+f inQ (5.1)
y=20 on 01},

and u, <u<u, a.e. in .

subject to {

The total derivative of J with respect to w is d,J(y,u) = au + p, where p is the solution of the corresponding
adjoint equation:

~Ap+3py? =y — in 0

{ p Y Y—Yd ) (5.2)

p=20 on 0N).

We take the same configuration as in ref.[14], where Q = (0,1)?, a = 0.01, u, = 0, and u, = 3. The analytical
optimal solution is given by

y* = sin () sin (7x3) ,

u* = P[ua ub](2 )7 (5.3)

p* = —2an’y*

where P, ,,] is the pointwise projection operator onto the interval [uq, up]. The desired state yq = (1+47ta)y*
3y*2p* and the source term f = 2m2y* +y*3 —u* are given to satisfy the state equation and the adjoint equation.

To solve the optimal control problem with AONN, we construct three networks g; (x(pt); 0y, ), pr (x(w); 0,,)
and 4 (x(p); ), whose network structures are all comprised of two ResNet blocks, each of which contains two
fully connected layers with 15 neurons and a residual connection. We randomly sample N = 4096 points inside 2
to form the training set. A uniform meshgrid with size 256 x 256 in € is generated for testing and visualization.
We use fixed step size and training epochs in subproblems, i.e. ¢* = 1/a = 100,n* = 500. The loss behavior and
the relative error ||u — uv*||/||w*|| with £3-norm and {..-norm are reported in Figure 5.1(a), while Figure 5.1(b)
evaluates the difference between the AONN solution and the analytical solution. As reported in ref.[14], to achieve
the error 1 x 10~ in the /5 sense requires 7733 degrees of freedom with the finite element method, while the
AONN method needs only 781 neural network parameters to approximate the control function.

5.2. Test 2: Optimal control for the semilinear elliptic equations with control constraint
parametrization. We then consider the same optimal control problem with control constraint parametriza-
tion. The control constraint upper bound wu; is set to be a continuous variable g ranging from 3 to 20 instead
of a fixed number. Thus (5.1) actually constructs a series of optimal control problems and the optimal solutions
(5.3) are dependent on p. We now verify whether the all-at-once solutions can be obtained by AONN when p
changes continuously over the interval 3 < p < 20. We seek optimal y(u), u(p) defined by the following problem:

i T(y(p0) u(2)) = 5 [9(60) — 5a) 200 + 5 00) e

y(1),u(p)
—Ay(p) +y(p)’ = u(p) + f(p)  nQ (5.4)
y(p) =0 on 09,

and u, <u(p) <p  ae in Q.

subject to {

To naturally satisfy the homogeneous Dirichlet boundary conditions in the state equation and the adjoint equation,
three neural networks for approximating the AONN solutions of OCP () (5.4) are defined as follows:

G (x(1); 0y,) = £(x)71 (x(p); 0y, )
D (x(p); 0p,) = £(x)pr (x(1); 0p,) , (5.5)
{0 (X(H’); eu) = ﬂ] (X(H’); eu) y
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Traning loss and test error AONN: u analytical: u absolute error: u
1 297 2.97 5.0e-03
100w - state loss 264 264 4.4e:03
| @ adjoint loss 231 231 3.9¢-03
10° —A— u: relative £,-norm error

1.98 1.98 3.3e-03

-4~ u:relative f»-norm error
—¥— y: relative £>-norm error
-¥- y:relative f.-norm error
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0.99
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165 2.8e-03
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0.33 5.5e-04

0.00 Ll 0.0e+00

AONN: y . analytical: y . absolute error: y
3.2e-07

088 0.88

2.9e-07
077 077

2.5e-07
0.66

2.2e-07
093 ‘ 1.8e-07
044 ' 14e-07

033 033 11e-07

0.55

0.44

0.22 0.22 7.2e-08
o 2 4 6 8 10 011 011 . . *

Iterations

3.6e-08

0.00 0.00 Ll 0.0e+00

(a) (b)

F1c. 5.1. Test 1: training loss and test error of problem 5.1. Test error is evaluated at 256X 256 grid points. (a) Loss behaviour
measured in terms of (3.1a)-(3.1b), and test errors in both £a-norm and Loo-norm during training process. (b) The AONN solution
and its absolute errors compared with the analytical solution.

where the length factor function is formed by
0(x) = zo(1 — zg)z1 (1 — 7). (5.6)

The network structures of g7 (x(p); 6y,) , b1 (x(p); 0p,) and @ (x(p); 0,,) are the same as those of the previous
test except for the input dimension being 3 and the number of neurons in each hidden layer being 20, resulting
in 1361 undecided parameters. To evaluate the loss, we sample N = 20480 points in the spatio-parametric space
Qp. We keep the same step size c¥ and training epochs n* as the previous test, and perform Ni., = 20 iterations
until Algorithm 3.1 converges. The test errors are computed on the uniform meshgrid with size 256 x 256 for
each realization of u.

In Figure 5.2, we plot the analytical solutions, the AONN solutions and the PINN solutions for eight equidis-
tant realizations of u, where it can be seen that the AONN solutions are better than the PINN solutions in the
sense of absolute error. Looking more closely, the large errors are concentrated around the location of singularity
of u, i.e., the curve of active constraints {x : u(x(p)) = p}, except for the case p = 20 where the inequality
constraint is nonactive, keeping the smoothness of the optimal control function. Note that adaptive sampling
strategies [51, 50, 13] may be used to improve the accuracy in the singularity region, which will be left for future
study.

5.3. Test 3: Optimal control for the Navier-Stokes equations with physical parametrization.
The next test case is the parametric optimal control problem

. 1 B 2 1 2
Join J(y(w), u(w) = 5 1y(1) = ya() L) + 51,0 (5.7)

subject to the following steady-state incompressible Navier-Stokes (NS) equations:

u(p) + f(p)  in Q,
in Q, (5.8)
on 01},

—pAy(p) + (y(p) - V)y(p) + Vp(p)
divy(p) =

0
y(p) =0

in Q = (0,1)? with parameter p representing the reciprocal of the Reynolds number. Note that the nonparametric
problems without control constraint for g = 0.1 and pu = 1.0 were studied in refs.[28, 54]. We set the physical
parameter g € [0.1,100] and in addition, we consider the following constraint for u(p) = (u1 (@), uz(p)):

uy () 4 ug(p)® <17, (5.9)
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F1G. 5.2. Test 2: the control solutions u(p) of AONN and PINN with eight realizations of p € [3,20], and their absolute errors.

with r» = 0.2, posing additional challenges to this problem. The desired state y4(u) and the source term f(u) are
given in advance to ensure that the analytical solution of the above OCP(u) is given by

y* (u) = =005k sin? 7y sin g cos Ty
—sin? Tag sinwxy cos Ty )

.92 .
_ _ sin® wxq sin mxe cos Tx
N (p) = (e70%k —em#) g L2 2 .
—sin® mxg sin Ty cos Ty,

The adjoint equation is specified as

—pANp) — (y(p) - VI)A() + (Vy() " Mp) + V(p) = y(p) —ya(p) in Q,
divA(p) =0 in Q, (5.10)
A(p) =0 on 0,

where A(pt) denotes the adjoint velocity and v(u) denotes the adjoint pressure. The optimal pressure and adjoint
pressure p*(u),v* () are both zero. In order to satisfy the state equation and the adjoint equation, yq(p) and
f(p) are chosen as

f(p) = —pAy*(p) + (y* (1) - V)y* (1) — u* (p),

ya(p) =y () — (—pAX (1) + (" (1) - V)N () — (Vo ()X () -

It is easy to check that the optimal control is u*(u) = P (o, (A" (1)), where B(0,7) is a ball centered at the origin
of radius r. The state equation (5.8) and the adjoint equation (5.10) together with the variational inequality
where d,,J(p) = u(p) — A(p) formulate the optimality system.

For AONN, we use a neural network to approximate y, and it is constructed by two ResNet blocks, each of
which contains two fully connected layers with 20 units and a residual connection, resulting in 1382 parameters.
The neural network for approximating p has two ResNet blocks built by two fully connected layers with 10 units,
resulting in 381 parameters. The architectures of the neural networks for A and v are the same as those of y and
p respectively. We select N = 20000 randomly sampled points in the spatio-parametric space 5. The maximum
iteration number in Algorithm 3.1 is set to Niter = 300 and the step size is ¢® = ¢ = 1.0. We choose an initial

training epoch n° = 200 and increase it by Naug = 100 after every 100 iterations. For the PINN method, the
architectures of the neural networks are the same as those of AONN except for adding another neural network
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for {(p) to satisfy the following KKT system:

state equation (5.8),
adjoint equation (5.10),

ug(p) — A1 () 4 2u1 () C(p) = 0, (5.12)
uz(p) — Aa(p )+2uz( )¢(pn) =0, ’
(u1 ()? + ug(p)? = 7%)¢(1) =0,

=0
uy(p)? 4 ug(p)? <r2,¢(p) >0,

where ((p) is the Lagrange multiplier of the control constraint (5.9).

We compare the solutions of AONN with those obtained using PINN and plot their absolute errors in
Figure 5.3, where it shows the control function u = (u1,us) for a representative parameter y = 10. From the
figure, it can be seen that AONN can obtain a more accurate optimal control function than that of PINN, even
when the training of PINN costs more epochs than that of AONN. Also, the quadratic constraint is not satisfied
well for the PINN solution because there are more penalties from the KKT system (5.12) for the PINN loss. We
compute the relative error ||u — u*||/||u*|] on a uniform 256 x 256 meshgrid for each parameter g and plot the
results in Figure 5.4. For most of the parameters, the relative errors of the AONN solutions are smaller than that
of PINN, indicating that AONN is more effective and efficient than PINN in solving parametric optimal control
problems. Note that this problem becomes harder when the parameter p gets smaller [54]. In particular, the
relative errors of AONN and PINN are both large as p closes to 0.1.

analytical AONN AONN error PINN PINN error
0.176 0.180 5.4e-03 0.176 2.76-02
0.132 0.135 4.8¢-03 0.132 2.4e-02
0.088 0.090 4.26-03 0.088 2.1e-02
0.044 0.045 3.6e-03 0.044 1.8e-02
0.000 0.000 ( \) 3.0e-03 0.000 ( ) 1.5e-02
—0.044 —0.045 \ 2.4e-03 ~0.044 1.2e-02
_0.088 ~0.090 1.8e-03 —0.088 9.0e-03
-0.132 -0.135 1.2e-03 -0.132 6.0e-03
-0.176 -0.180 6.0e-04 -0.176 3.0e-03
0.0e+00 0.0e+00
0.176 0.180 ' B 6.5e-03 0.176 2.4e-02
0.132 0.135 = 5.8e-03 0.132 \ 2.2e-02
0.088 0.090 N\ 5.0e-03 0.088 1.9e-02
. 0.044 . 0.045 ~ 4.3e-03 . 0.044 — 1.6e-02
0.000 0.000 3.6e-03 0.000 1.4e-02
uz —0.044 ~0.045 . 2.9¢-03 ~0.044 - 1.1e-02
-0.088 —0.090 2.2e-03 ~0.088 8.1e-03
-0.132 -0.135 1.4e-03 -0.132 \ 5.4e-03
0176 0180 7.2¢-04 —0.176 2.7e-03
0.0e+00 0.0e+00

Fic. 5.3. Test 8: optimal solutions of the state function y = (y1,y2) and the control function u = (u1,u2) obtained by AONN
and PINN, and their absolute errors for a given parameter u = 10.
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Fic. 5.4. Test 8: the relative errors (in the fa-norm sense) of AONN and PINN for the two components of u(p) =
(u1 (), u2(p)). The relative errors are computed on the 256 x 256 meshgrid for each fized parameter .
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5.4. Test 4: Optimal control for the Laplace equation with geometrical parametrization. In this
test case, we are going to solve the following parametric optimal control problem:

. 1 2 Q 2
J = — — —
Jin | y(w) wp)) = 5 ly(w) = val) i, @) + 5 TulL, @)

—Ay(p) = u(p) in Qp), (5.13)
y(p) =1 on 0Q(p),

and u, <u(p) <wup ae in Q(w),

subject to {

where p = (p1, p2) represents the geometrical and desired state parameters. The parametric computational
domain is Q(u) = ([0, 2] x [0,1])\B((1.5,0.5), pt1) and the desired state is given by

1 i@ =[0,1x0,1],
= {m in () = ([1,2] x 0,1\ B((1.5,05) ), 10

where B((1.5,0.5), 1) is a ball of radius p; with center (1.5,0.5). We set o = 0.001 and the parameter interval
to be p € P =1[0.05,0.45] x [0.5,2.5].

This test case is inspired by the literature [36, 23] that involve the application of local hyperthermia treatment
of cancer. In such case, it is expected to achieve a certain temperature field in the tumor area and another
temperature field in the non-lesion area through the heat source control. The circle cut out from the rectangular
area represents a certain body organ, and by using AONN we aim to obtain all-at-once solutions of the optimal
heat source control for different expected temperature fields and different organ shapes. In particular, we consider
a two-dimensional model problem corresponding to the hyperthermia cancer treatment. One difficulty of this
problem is the geometrical parameter pu; that leads to various computational domains, which causes difficulties
in applying traditional mesh-based numerical methods. In the AONN framework, we can solve this problem by
sampling in the spatio-parametric space:

Qp = {(zo,x1, 1, 12)[0 < 29 < 2,0 < 21 <1, 0.05 < g <045, 0.5 < pp < 2.5, (2o — 1.5)% + (21 — 0.5)* > p?}.

The computational domain Q(u) as well as the 40000 training points are given in Figure 5.5(a) and Figure 5.5(b).
The state neural network g is constructed by ¢ (x(p); 0,,) = €(x, )y (x(p); 0y, ) + 1 to naturally satisfy the
Dirichlet boundary condition (5.13), where the length factor function is

0(x, 1) = 20(2 — 20)x1 (1 — 1) (3 — (zo — 1.5)% — (z1 — 0.5)?).

The three neural networks g7 (x(p); 0,),0r (x(t); 0p,) and @ (x(p); 6,,) are comprised of three ResNet blocks,
each of which contains two fully connected layers with 25 units and a residual connection. The input dimension
of these three neural networks is 4 and the total number of parameters of these three neural networks is 3 x
3401 = 10203. We take v = 0.985 and the number of epochs for training the state function and the adjoint
function increases from 200 to 700 during training. The configurations of the neural networks for the PINN and
PINN+Projection methods are the same as those of AONN, and the number of training epoch is 50000. For this
test problem, the AONN algorithm converges in 300 steps. Note that our AONN method can obtain all-at-once
solution for any parameter pu. To evaluate the performance of AONN, we employ the classical finite element
method to solve the OCP(p) with a fixed parameter. More specifically, a limited-memory BFGS algorithm
implemented with bounded support is adopted in the dolfin-adjoint [33] to solve the corresponding OCP. The
solution obtained using the dolfin-adjoint can be regarded as the ground truth. Among the four methods, AONN,
PINN and PINN+Projection are able to solve parametric optimal control problems, while the dolfin-adjoint solver
can only solve the optimal control problem with a fixed parameter.

Figure 5.6 shows the optimal control solution obtained using AONN for the parametric optimal control
problem (5.13). We choose several different parameters p for visualization. The left column of Figure 5.6
corresponds to pe = 1, in which case the optimal control is exactly zero because the desired state is achievable
for y = yq = 1. The middle and right column of Figure 5.6 indicate that the decrease of u; and increase
of po could increase the magnitude of u. The results obtained by the dolfin-adjoint solver, AONN, PINN
and PINN+Projection with different values of ¢ are displayed in Figure 5.7, where the control functions at
p = (0.3,2.5) are compared. The mesh with 138604 triangular elements are used in the dolfin-adjoint solver,
and after 16 steps, the final projected gradient norm achieves 2.379 x 1071°. Figure 5.7 shows that AONN can
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converge to the reference solution obtained by the dolfin-adjoint solver but PINN cannot obtain an accurate
solution, while the results of PINN+Projection depends heavily on the choice of ¢ in (4.6). When ¢ is not equal
to 1/a = 1000, the PINN+Projection method is not guaranteed to converge to the reference solution. This also
confirms that the variational loss (3.7) brings great difficulties to neural network training of the KKT system
(4.6), unless ¢ = 1/«, in which case the control function u is canceled out inside the projection operator.

Py, (u(p) — cdu I (y(p), u(p); ) = Py, ) (w(p) — clau(p) +p(p))) = Py, (—;MM) :

However, for the next non-smooth test problem, u cannot be separated from the variational loss for any ¢, which
results in failure for the PINN+Projection method. To demonstrate that AONN can get all-at-once solutions,
we first take a 100 x 100 grid of P and choose several different realizations of g to solve their corresponding
OCP using the dolfin-adjoint solver. Then the parameters on the grid together with spatial coordinates are run
through the trained neural networks obtained by Algorithm 3.1 to get the optimal solutions of OCP(u) all at
once. It is worth noting that using the dolfin-adjoint solver to compute the optimal solutions for all parameters
on the 100 x 100 grid is computationally expensive since 10000 simulations are required. So we only take 16
representative points on the grid for the dolfin-adjoint solver (It still takes several hours). Nevertheless, all-at-
once solutions can be computed effectively and efficiently through our AONN framework. Figure 5.8 displays
three quantities with respect to p1, u2, where Figure 5.8(a) shows the objective functional J, Figure 5.8(b) is
the accessibility of the desired state and Figure 5.8(c) displays the Lo-norm of the optimal control u. The red
dots in Figure 5.8 show the results obtained by the dolfin-adjoint solver, where 16 simulations of OCP with
(1, p2) € {0.05,0.1833,0.3167,0.45} x {0.5,1.1667,1.8333,2.5} are performed. From Figure 5.8, it is clear that
AONN can obtain accurate solutions.

0,1) (1,1) (2,1) I
Ql Q2 0.45 2.00
M .
015 125
Ya = 1 Yag = 2 | Io,75
(0,0) (1,0) (2,0

20 0.0

(a) (b)

FiG. 5.5. Test 4: (a) The parametric computational domain Q(p). (b) N = 40000 training collocation points sampled in Qp
(there are no points inside the frustum).

5.5. Test 5: Optimal control for the semilinear elliptic equations with sparsity parametrization.
In this test problem, we again consider a control problem for the semilinear elliptic equations as that in (5.1).
However, this time we consider a sparse optimal control problem with sparsity parametrization. The sparse
solution in optimal control is often achieved by Li-control cost [5, 6, 4] and its application to the controller
placement problems is well studied [46]. Specifically, we consider the following objective functional with L;-
control cost:

1 2 «
Tyw) = 5 ly = vall}, + Slul3, + Bllull,,

where the coefficient 8 of the Li-term controls the sparsity of the control function u. With the increase of g, the
optimal control gradually becomes sparse and eventually reaches zero. In order to make continuous observation
of this phenomenon, we need to solve the following parametric optimal control problem by setting 3 as a variable
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y

FiG. 5.6. Test 4:

-

u=(0.40,1.50)

u=(0.40, 2.00)

the AONN solutions u(p) with several realizations of p = (p1, 12).

dolfin-adjoint AONN PINN
9.450 0.000
8.400 0.000
7.350 0.000
6.300 0.000
5.250 0.000
4.200 0.000
3.150 0.000
2.100 0.000
1.050 0.000
0.000 0.000
PINN+Projection(c=100) PINN+Projection(c=1000) PINN+Projection(c=10000)
9.450
8.400
7.350
6.300
5.250
4.200
3.150
2.100
1.050
— .000
AONN error PINN error PINN+Projection(c=1000) error
2.7e-01 9.2e+00 6.8e-01
2.4e-01 8.2e+00 6.1e-01
2.1e-01 7.2e+00 5.3e-01
i 1.8e-01 6.2e+00 4.6e-01
1.5e-01 5.1e+00 3.8e-01
1.2e-01 4.1e+00 3.0e-01
9.1e-02 3.1e+00 2.3e-01
6.1e-02 2.1e+00 1.5e-01
3.0e-02 1.0e+00 7.6e-02
0.0e+00 0.0e+00 0.0e+00

Fic. 5.7. Test 4: the solution obtained by the dolfin-adjoint solver for a fized parameter p = (0.3,2.5), the approzimate
solutions of u obtained by AONN, PINN, PINN+Projection (with different ¢ = 100,1000,10000), and the absolute errors of the
AONN solution and the PINN+ Projection solution with ¢ = é = 1000.

lull?, (s p2)
dolfin-adjoint .

S 12) 31y = yall2, (w1, k2)

e dolfin-adjoint ° dolfin-adjoint

Fic. 5.8. Test 4: several quantities as functions with respect to parameter u = (p1,p2) obtained by AONN. Each red dot
denotes the quantity corresponding to a specific p computed from the dolfin-adjoint solver. (a) Objective value: J (b) Attainability
of the desired state: %Hy — yd||2L2. (¢) La-norm of control function: %HuHZL2
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parameter p,

. 1 2 « 2
min J ,u(p); ) = = — + —llu + piju ,
J(in W(w), ulp)s ) = 5 lly(r) = yall, @) + 5 Iz, @) + pllul)llL. @)

u(p) in Q, (5.15)
=0 on 0F),

subject to { )
and u, <u(p) <up a.e. in Q.

We fixed the other parameters
Q= B(0,1),
a=0.002,u, = —12,up = 12,

Yq = 4sin (2mzq) sin (7x2) exp(z1),

and the range of parameter is set to o € [0, i4,,,,.]- The upper bound p,,,,. = 0.128 ensures that for any g > 0.
the optimal control v* () is identically zero. We compute the generalized derivative

duJ (y(p), u(p); p) = au(p) + p(p) + p sign(u(p)). (5.16)

where p is the solution of the adjoint equation as defined in (5.2), and sign is an element-wise operator that
extracts the sign of a function.

Since the optimal control function varies for different p, solving a series of sparse optimal control problems is
straightforward in general. For example, Eduardo Cases [4] calculated the optimal solutions for g = 2 x 10734 =
0,1,...,8. Here, we use AONN to compute all the optimal solutions for any p € [0,0.128] all at once. The length
factor function for the Dirichlet boundary condition is chosen as £(x) = 1 — x3 — 2. The neural networks
g1 (x(p);0y,),pr (x(p); 6,,) and @ (x(p); 8,,) are trained by AONN, which have the same configurations to those
in the previous test, except for the input dimension being 3, resulting in 3 x 3376 = 10128 undecided parameters.
To this end, we sample N = 20000 points in the spatio-parametric space Qp = B(0,1) x [0, it,,,,..] by & uniform
distribution. In order to capture the information at the boundary of p, 2000 of these 20000 points are sampled
in B(0,1) x {0} and B(0,1) X {ft,,0x }- We take 500 iteration steps and gradually increase the training epochs
with naue = 100 after every 100 iteration. As a result, training epochs for the state function and the adjoint
function increase from 200 to 600 during training. The step size c* starts with ¢® = 10 and decreases by a factor
v = 0.985 after every iteration.

The optimal control for some representative p € [0, i,,,,.] computed by AONN are displayed in Figure 5.9.
The AONN results are consistent with the results presented in ref.[4], where the sparsity of optimal control
increases as p increases. As shown in Figure 5.9, the initial optimal control for ¢ = 0 has eight peaks and each
peak disappears as p increases. To determine where it is most efficient to put the control device, one might
require some manual tuning of g and thus need to solve OCP many times for different p. Determining these
optimal locations is easy if we have obtained the parametric solutions u*(z,y, p), which is exactly what AONN
does. The coordinates of the eight peaks are obtained by evaluating the last vanishing positions of u*(x,y, u)
as g increases at a uniform 1003 grid on [—1,1] x [=1,1] x [0, f,,,4,)- Figure 5.10 shows the variation of control
values at the eight peaks as a function with respect to u. We observe that the control function values at points
Py, Py, P3 start with 12, and begin to decrease after pu reaches a certain value, finally drop to zero. Value at Py
starts to decrease from a number less than 12 until it reaches zero. The behavior of points Ps ~ Py is completely
symmetric.

To conclude, with these five numerical tests, we examine the efficiency of AONN and compare its performance
with PINN, PINN+Projection, and the traditional solver. The numerical results indicate that the proposed
AONN method is more advantageous than the PINN+Projection method and the PINN method in solving
parametric optimal control problems. The PINN method cannot obtain accurate solutions for complex constrained
problems, and the PINN+projection method improves the accuracy of the PINN method in general but has
limitations on nonsmooth problems such as the sparse optimal control problems, while the AONN method is a
general framework performing better on different types of parametric optimal control problems.

6. Conclusions. We have developed AONN, an adjoint-oriented neural network method, for computing
all-at-once solutions to parametric optimal control problems. That is, the optimal control solutions for arbitrary
parameters can be obtained by solving only once. The key idea of AONN is to employ three neural networks to
approximate the control function, the adjoint function, and the state function in the optimality conditions, which
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FIG. 5.9. Test 5: the AONN solutions u(u) of representative values for p =2 x 1073, =0,1,...,8.

P1(-0.74,0.35) —— P4(0.74, 0.35) ~—— P;7(0.23, -0.56)
P> (-0.27,0.43) —— P5(-0.74,-0.35) —— Pg (0.74,-0.35)
P53 (0.23, 0.56) —— Ps(-0.27,-0.43)

10 A

v

—10 4

0.00 0.02 0.04 0.06 0.08 0.10 0.12

1]

Fic. 5.10. Test 5: the AONN solution u(p) of eight fized peaks P1 ~ Pg as a function respect to . The legend on the right is
the coordinates of the eight points.

allows this method to integrate the idea of the direct-adjoint looping (DAL) approach in neural network approxi-
mation. In this way, three parametric surrogate models using neural networks provide all-at-once representations
of optimal solutions, which avoids mesh generation for both spatial and parametric spaces and thus can be gen-
eralized to high-dimensional problems. With the integration of DAL, AONN also avoids the penalty-based loss
function of the complex Karush-Kuhn-Tucker (KKT) system, thereby reducing the training difficulty of neural
networks and improving the accuracy of solutions. Numerical experiments have shown that AONN can solve
parametric optimal control problems all at once with high accuracy in several application scenarios, including
control parameters, physical parameters, model parameters, and geometrical parameters.

Many questions remain open, e.g., choosing the step size and the scaling factor are heuristic, and solving
some complex problems requires a higher computational cost. Future works could include the analysis of the
convergence rate to better understand the properties of AONN, the introduction of adaptive sampling strategies
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to further improve both robustness and effectiveness, and the generalization and application of AONN to more
challenging problems such as shape or topology optimizations.
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