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Abstract

We consider distributed recursive estimation of consensus+innovations type in the presence of heavy-
tailed sensing and communication noises. We allow that the sensing and communication noises are
mutually correlated while independent identically distributed (i.i.d.) in time, and that they may both
have infinite moments of order higher than one (hence having infinite variances). Such heavy-tailed,
infinite-variance noises are highly relevant in practice and are shown to occur, e.g., in dense internet
of things (IoT) deployments. We develop a consensus+innovations distributed estimator that employs
a general nonlinearity in both consensus and innovations steps to combat the noise. We establish the
estimator’s almost sure convergence, asymptotic normality, and mean squared error (MSE) convergence.
Moreover, we establish and explicitly quantify for the estimator a sublinear MSE convergence rate.
We then quantify through analytical examples the effects of the nonlinearity choices and the noises
correlation on the system performance. Finally, numerical examples corroborate our findings and verify
that the proposed method works in the simultaneous heavy-tail communication-sensing noise setting,
while existing methods fail under the same noise conditions.

1 Introduction

We consider a distributed estimation problem where a network of agents cooperates to estimate an unknown
static vector parameter 8* € RM . Specifically, we are interested in consensus+innovations distributed esti-
mation, e.g., [I8 [16] [I7]. With consensus+innovations, each agent iteratively updates its unknown parame-
ter’s estimate by 1) exchanging its estimate with immediate neighbors in the network; and 2) assimilating a
newly acquired observation (measurement).

Consensus+innovations distributed estimators have been extensively studied, e.g., [18, [16], [I7]; see also
[20, 22| 23], 27, 30, 241, [37] for related diffusion-type and other methods. Typically, such distributed estimators
exhibit strong convergence guarantees under various imperfection models (noises) in 1) sensing (observations)
and/or 2) inter-agent communications. For example, reference [18] establishes almost sure (a.s.) convergence
and asymptotic normality of the estimators developed therein. The authors of [I§] allow for an observation
noise with finite variance and a network model that accounts for random link failures and dithered quan-
tization (effectively an additive noise with finite variance). Reference [I6] considers consensus-+innovations
distributed estimation in the presence of random link failures without quantization or additive noise, and it



develops estimators that are asymptotically efficient, i.e., that achieve the minimal possible asymptotic vari-
ance. The authors of [I7] propose adaptive asymptotically efficient estimators, wherein the innovation gains
are adaptively learned during the algorithm progress. Consensus+innovations distributed detection and re-
lated distributed detection methods have also been considered, e.g., [25] [, 2 [I4]. The above distributed
estimation and distributed detection-related works typically assume that the noises have finite moments of
a certain order greater than two, and hence they have finite variance.

It is highly relevant to investigate distributed estimators in the presence of heavy-tailed communication
and sensing noises, as they arise in many application scenarios. For example, edge devices in Internet
of Things (IoT) systems or sensor networks can be subject to noise distributions that may not have finite
moments of order higher than one, e.g., [6, BTl 12, 36} 1T} [7], like, e.g., symmetric a-stable noise distributions.
This effect may occur due to interference, e.g., when wireless sensor network is relatively densely deployed.
In this case, the signals of neighboring nodes interfere with each other and corrupt the signal to be received.
References [10] B5] analyze the probability distribution of the interference and demonstrate that it has heavy-
tails. More precisely, [10, [35] show that the interference power has an alpha-stable distribution in a network
with infinite radius and no guard zone when the interferers are placed according to a Poisson point process,
where alpha depends on the path loss coefficient between the interferers and the receiver (see [10] [35] for
details). Empirical evidence for the emergence of heavy-tail interference noise in certain IoT systems has
been provided in [6].

Moreover, observation and communication noises may be mutually correlated due to the common inter-
ference processes in the environment that the sensing and communication devices are exposed to.

Several recent works [19 211, 34}, 33, [5] [T, [4} 26] consider distributed estimation methods in the presence
of impulsive observations noiseE but still assuming a finite noise variance and no communication noise. For
example, reference [19] introduces a method based on Wilcoxon-norm; [2I] utilizes a Huber-loss function;
and [34] adopts a mean error minimization approach. Robust distributed estimation methods based on
adaptive subgradient projections are considered in [33} B]. To cope with the impulsive observation noise,
several references employ a certain nonlinearity in the innovation step. Reference [I] develops a method that
adaptively learns an optimized nonlinearity at the innovation step for each agent in the network. Reference [4]
employs a saturation nonlinearity in the innovation step to cope with measurement attacks. Further results on
distributed estimation under impulsive observations noise can be found in a recent survey [26]. Very recently,
we have developed a consensus+innovations distributed estimator [I5] that provably works under a heavy-
tailed communications noise and a light-tailed observations noise. Specifically, under the assumed setting,
[15] establishes almost sure convergence and asymptotic normality of the method therein. However, [15] is
not concerned with mean squared error (MSE) rate analysis of the method. While asymptotic normality is a
useful result that provides the algorithm’s rate of convergence (in the weak convergence sense) asymptotically,
it does not capture the (MSE) algorithm behavior in non-asymptotic regimes.

In summary, we identify for the current literature the following major gaps with respect to design and
analysis of distributed estimation methods under heavy-tailed noises. 1) All existing works assume a finite
observations noise variance. That is, even when impulsive observation noise is assumed, existing works still
require the variance of the noise to be finite. This assumption can be restrictive and is violated for several
commonly used heavy-tail noise models like a-stable distributions [I1]. 2) No existing work simultaneously
handles heavy-tailed (infinite-variance) sensing and heavy-tailed (infinite-variance) observation noises. 3)
MSE convergence rate analysis has not been developed for distributed estimation in the presence of either
infinite-variance sensing and/or infinite-variance communication noises. 4) Existing works on distributed
estimation in the presence of infinite-variance (either sensing and/or communication noises) assume mutually
independent sensing and communication noises.

Contributions. In this paper, we close the gaps identified above by developing a nonlinear consen-
sus+innovations distributed estimator that provably works under the simultaneous presence of correlated
heavy-tailed (infinite variance) observation and communication noises. We allow for a very general model of

1 As explained in, e.g., [I], an impulsive noise may be described as one whose realizations contain sparse, random samples of
amplitude much higher than nominally accounted for. Impulsive noise may have a finite or infinite variance. Existing works on
distributed estimation in impulsive noises assume a finite noise variance.



the sensing and communication noises, only assuming that they exhibit symmetric zero-mean distributions
with finite first moments. Hence, the variances of both sensing and communication noises may be infinite.
Moreover, we allow that, for a fixed time instant ¢, the additive sensing and communication noises may be
mutually dependent, while they are both independent identically distributed (i.i.d.) in time. The proposed
estimator employs a generic nonlinearity both at the innovations and the consensus terms. The encom-
passed nonlinearities are very general and include a broad class of (possibly discontinuous) odd functions,
such as the component-wise sign and clipping functions. We establish for the proposed estimator almost
sure convergence, asymptotic normality, and we explicitly evaluate the corresponding asymptotic variance.
Furthermore, we establish for the proposed method, under a carefully designed step size sequence, a MSE
convergence rate O(1/t"), and we quantify the rate k € (0, 1) in terms of the system parameters. In addition,
we quantify through analytical examples the effects of correlation between sensing and observation noises,
and we demonstrate how the derived asymptotic covariance results may be used as a guideline to optimize the
employed nonlinearities for a problem at hand. Finally, we compare the proposed method with existing works
in [1] and [15], both through analytical examples and by simulation. Most notably, we show that the existing
methods fail to converge under the simultaneous presence of heavy-tailed (infinite-variance) observation and
communication noises, while the proposed method provably works in the heavy-tailed setting.

Paper organization. Section [2| provides a description of the distributed estimation model that is
considered and also gives all basic assumptions. In Section [3] we present the proposed nonlinear consen-
sus+innovations estimator. Section [ establishes almost sure convergence, asymptotic normality and the
MSE rate of the proposed distributed estimator. Section [p] presents analytical and numerical examples. The
conclusion is given in Section [6] Some auxiliary supporting arguments are provided in Appendix.

Notation. We denote by R the set of real numbers and by R™ the m-dimensional Euclidean real
coordinate space. We use normal lower-case letters for scalars, lower case boldface letters for vectors, and
upper case boldface letters for matrices. Further, to represent a vector a € R™ through its component, we
write a = [a1,as, ...,a,,] ' and we denote by: a; or [a;], as appropriate, the i-th element of vector a; A;; or
[A;;], as appropriate, the entry in the i-th row and j-th column of a matrix A; AT the transpose of a matrix
A; ® the Kronecker product of matrices. Further, we use either a’b or (a, b) for the inner products of
vectors a and b. Next, we let I, 0, and 1 be, respectively, the identity matrix, the zero vector, and the column
vector with unit entries; Diag(a) the diagonal matrix whose diagonal entries are the elements of vector a; J
the N x N matrix J := (1/N)11". When appropriate, we indicate the matrix or vector dimension through
a subscript. Next, A > 0(A > 0) means that the symmetric matrix A is positive definite (respectively,
positive semi-definite). We further denote by: | - || = || - [|2 the Euclidean (respectively, spectral) norm of
its vector (respectively, matrix) argument; \;(-) the i-th smallest eigenvalue; ¢'(v) the derivative evaluated
at v of a function g : R — R; Vh(w) and V2h(w) the gradient and Hessian, respectively, evaluated at w of
a function h : R™ — R, m > 1; P(A) and E[u] the probability of an event .4 and expectation of a random
variable u, respectively; and by sign(a) the sign function, i.e., sign(a) = 1, for a > 0, sign(a) = —1, for a < 0,
and sign(0) = 0. Finally, for two positive sequences 7,, and x,,, we have: 7, = O(x,,) if limsup,,_, ., :’(—: < 0.

2 Problem model and basic assumptions

We consider a network of N agents (sensors), through which the parameter of interest 8° € RM is to be
estimated. At each time t = 0,1, ..., each agent ¢ = 1,2,..., N observes parameter 8" following the linear
regression model:

2t =h/ 0" +nl. (1)

Here, z! € R is the observation, h; € RM is the deterministic, non-zero regression vector known only by
agent i and n! € R is the observation noise. The underlying topology is modeled via a graph G = (V, E),
where V = {1, ..., N} is the set of agents and FE is the set of links, i.e., {i,j} € E if there exists a link between
agents ¢ and j. We also define the set of all arcs Ey in the following way: if {i,j} € E then (i,j) € Ey
and (j,7) € Eq. We denote by Q; = {j € V : {i,j} € E} set of neighbors of agent i (excluding ¢) and



by D = Diag({d;}) the degree matrix, where d; = |€;| is the number of neighbors of agent i. The graph
Laplacian matrix L is defined by L = D — A, where A is the adjacency matrix, which is a zero-one symmetric
matrix with zero diagonal, such that, for ¢ # j, A;; = 1 if and only if {4, j} € E. Let us denote by (Q, F,P)
the underlying probability space.

We make the following assumptions.

Assumption 1. Network model and Observability:
1. Graph G = (V, E) is undirected, simple (no self or multiple links) and static;
2. The matriz Zf\il h;h is invertible;

The condition 2 in Assumption (1| ensures that is observable, i.e., a centralized estimator (e.g., least
squares) that collects all 2!, = 1,2,..., N, for all ¢, and has knowledge of all vectors h;,i = 1,2,..., N, is
consistent.

Assumption 2. Observation noise:

1. For each agent i = 1,...,N, the observation noise sequence {n.} in , is independent identically
distributed (i.i.d.);

2. At each agenti =1,...,N at each timet = 0,1, ..., noise n! has the same probability density function p,.
3. Random variables n! and n; are mutually independent whenever the tuple (i,t) is different from (j,s);

4. The pdf p, is symmetric, i.e. po(u) = po(—u), for every u € R, and po(u) > 0 for |u| < ¢, for some
constant c, > 0;

5. There holds that with [ |u|po(u)du < co.

If there is an arc between agents ¢ and j, i.e., (i,j) € E4, we denote by 557 communication noise that is
injected when agent j communicates to agent ¢ at time instant ¢ (see ahead algorithm )

Assumption 3. Communication noise:

1. Additive communication noise {Efj}, éfj € RM s ii.d. in time t, and independent across different
arcs (i,7) € Eq.

2. Each random variable [{Ej]z, for each t = 0,1..., for each arc (i,7), for each entry £ =1,..., M, has the
same probability density function pe.

3. The pdf p. is symmetric, i.e. po(u) = pe(—u), for every u € R and p.(u) > 0 for |u| < ¢, for some
constant c. > 0;

4. There holds that [ |u|pe(u)du < oco.

Remark 1. Notice here that from the symmetry of the probability density functions p, and p., it follows
that both of the distributions are zero mean. Moreover, notice that we do not assume that observation and
communication noises are mutually independent for a fixed t. However, they are both i.i.d. in time.

Remark 2. Condition 2 in Assumptions[d and[d can be relazed in the sense that it can be assumed that n'
has joint probability density function p, and fﬁj has the joint probability density function pc;;. (see Appendic
C). The reason why there is condition 4 in the Assumption @ and condition 8 in the Assumption @ will
become clear later.

For future reference, a compact vector form of is:
z' =H(1ly ® 6*) +n’, (2)

where, z' = [21,25, ..., 24]" € RN is the observation vector, H € RV*(MN) ig the regression matrix whose
i-th row vector equals [0, ..., 0, h;r, 0,..,0] € RMN where the i-th block of size M equals h;-'—, and the other
M-size blocks are the zero vectors; and n? = [nf,nb, ..., n]" € RY is the noise vector at time t.



3 Proposed algorithm

In order to estimate the unknown parameter 8* € RM | in the presence of heavy-tailed observation noise and
heavy-tailed communication noise, each agent uses a nonlinear consensus+innovations strategy. Therein, the
impact of the two heavy-tailed noises is mitigated by nonlinearities that have been added to both consensus
and innovation steps.

In more detail, each agent i at each time ¢ = 0,1, ..., generates a sequence of estimates {x!};>¢ of unknown
parameter 8* by the following algorithm:

xg‘*‘l = X§ — g Z v, (Xi - X; + 523) —h; ¥, (Z;5 - hiTXE) ’ ®)
JEQ;

Here, a; is a step-size, and a,b > 0 are constants. We consider a family of decaying step-size choices
a; = a/(t+1)°, 6 € (0.5,1]. As shown later, the step-size (values of a and ) should be designed appropriately
in order for good properties (e.g., a.s. convergence, MSE rate guarantees) of the algorithm to hold. Functions
U, : R = R and ¥, : RM — RM are non-linear functions and function ¥, operates component-wise by
abusing notation, i.e., for y € RM  we set that ¥.(y) = [V.(y1), Ye(y2), -, Ye(yar)]. Also, functions ¥,
and W, satisfy Assumption We compare the proposed method with the £U scheme in [I8] and the
scheme in [15]. Compared with these schemes, introduces a nonlinearity in the innovation step as well.
LU is obtained from by setting both of the nonlinearities ¥, and ¥, to identity functions and § = 1, the
method in [I5] is recovered from by setting ¥, to the identity function and § = 1.

Assumption 4. Nonlinearity V:
The non-linear function ¥ : R — R satisfies the following properties:

1. Function ¥ is odd, i.e., ¥(a) = —U(—a), for any a € R;
2. U(a) >0, for any a > 0.
3. Function ¥ is a monotonically nondecreasing function;

4. WU is continuous, except possibly on a point set with Lebesque measure of zero. Moreover, ¥ is piecewise
differentiable;

5. |¥(a)| < c1, for some constant ¢; > 0.

6. WU is either discontinuous at zero, or W(u) is strictly increasing for u € (—ca, c2), for some cg > 0.

As it will become clear ahead, the role of ¥, and ¥, is to lower the impact of the heavy-tailed noise that
occurs in the regression model and in the communication between agents. As it is presented in [I5], there are
many nonlinear functions which satisfy Assumption [} Now, we add more assumptions on the observation
and communication noises through the following assumption.

At each time t = 0,1, ..., a compact vector form of algorithm (3]) is

X = xt — o (bL\pc (x)—H'®, (z' - th)> ) (4)
a

Here, x! = [x},x5,...,x%]T € RMYN map Lg_(x) : RMY — RMN ig defined by

Lo, (x) = ]e% Ve (xi — x5 +§&;;)

b

where, the blocks Y. We(x; —x; + £;;) € RM are stacked one on top of another for i = 1,..., N.
JEQ



4 Theoretical results

In subsection we express algorithm in more general way, that will be used in the following subsections.
Subsection resents the statement and the proof of almost sure convergence of algorithm . In sub-
section [I.3] we state and prove asymptotic normality and calculate the corresponding asymptotic variance.
Subection [4.4] presents and proves results on MSE rates.

4.1 Setting up analysis

In this subsection we rewrite algorithm in the form suitable for stating the main results. To do that,
firstly we define function ¢ : R — R by

o(a) = / U(a + w)p(w)duw, (5)

where ¥ : R — R is a nonlinear function that satisfies Assumption[d] and p is a probability density function
that satisfies Assumptions [2] or

Remark 3. The mapping ¢ has all key properties of function VU (see Lemma 6 in Appendiz B, see also [29]).
Moreover, it has a strictly positive derivative at zero, i.e., ¢’ (0) > 0, which is necessary to prove our results.
The facts that the nonlinearity W is discontinuous at zero or that it has a positive derivative at zero, together
with condition 4 from Assumptions[q and condition 3 from[3, are crucial to ensure that ¢ has a positive
derivative at zero (see Appendiz B, see also [15, [29]). Notice that the requirement that the pdf p is positive
in the vicinity of the zero is not restrictive, since it holds true for a broad classes of non-zero noise pdfs.

Next, we define functions ¢, : RN — RN, @, : RM = RM as o (y1,¥2, -, YN) = [20(¥1), Po(¥2);s s 0o (YN)],
@I, 92, s Y1) = [e(F1), 0c(F2), -, 0 (¥ar)], where y € RV, § € RM and functions ¢, and ¢ are trans-
formations defined by that correspond to ¥, and W, respectively. For the a.s. convergence and asymp-
totic normality results, we will follow the stochastic approximation framework from [28| 18] (see Theorem
4 in Appendix A). That is, we represent algorithm (3) in the form suitable for stochastic approximation
analysis. We start by substituting regression model (2)) into algorithm , we get

xt = xt — o (bL\pC (x)-H'¥, (H(1ly®6")+n' - th)> . (6)
a
Define ¢' € RN and it € RMN by
¢' = Wo(H (1y ©6") +n' —Hx') — @, (H((ly ©6") —x)), n'= | 2 M|, (7)

JEQ;

where n!; = W (x! — x} 4 &};) — @ (x! — x!). Now, since ¢ is defined by (B), it can be shown that E[¢'] =
E[n'] = 0, where the expectation is taken with respect to F (see Appendix B). Furthermore, we define
function Ly, : RMY — RMN as Ly, (-) = Ly, (-) — 0*, i.e., its i-th block of size M is > ¢.(x; — x;). for

JEQ;
i=1,2,..., N. Finally, substituting @ into @, we rewrite algorithm by
b b
X170 = (2L ) < H g (1 (1 907) = x)) < HTC 4 2 ) 0
a "° a

Now, we are ready to establish following results.



4.2 Almost sure convergence

We have the following Theorem.

Theorem 1 (Almost sure convergence). Let Assumptions hold and oy = a/(t +1)°, § € (0.5,1]. Then,
for each agent i = 1,..., N, the sequence of iterates {x'} generated by algorithm converges almost surely
to the true vector parameter ™.

Theorem (1| establishes almost sure convergence of the proposed algorithm (3]), whether observation or com-
munication noises have finite or infinite moments of order greater then one. On the other hand, if we set at
least one of the functions ¥,, ¥, to be identity functions (and thus recover either the LU scheme from [I§]
or the method from [I5]), the resulting method fails to converge (See Appendix D). In other words, the
methods in [I8] and [I5] fail to converge under the simultaneous presence of heavy-tailed observation and
communication noises.

Proof. (Proof of Theorem [1))
The proof consists of verifying conditions B1-B5 of Theorem 4 (See Appendix A). First, we define quantities
r(x) and v(t + 1,x,w) by:

r() = ~ Ly () ~ T, (H (x — (1y ©.6%))), )

b
Y+ 1xw) =——n'+H'( (10)

Here, w denotes a canonical element of the underlying probability space (2, F,P).

Condition B1 holds because r(+) is BMY measurable and (¢t + 1,-,-) is BMY @ F measurable for each ¢,
where BMY is the Borel sigma algebra on RMY . Consider the filtration F;, t = 1,2, ..., where F; is the o-
algebra generated by {n°®}'_} and 37 25 We have that the family of random vectors (¢ + 1,x,w) is F;
measurable, zero-mean and independent of F;_;. Hence, condition B2 holds.

We now show that condition B3 also holds. We use the following Lyapunov function V : RMN — R,

V(x) =[x -1y 26| (11)

which is clearly twice continuously differentiable and has uniformly bounded second order partial derivatives.
The gradient of V equals VV(x) =2 (x — 1y ® 0*). We must show that

jgg (r(x),VV(x)) <0, (12)

where S, = {x € RMN : ||x — 1y ® 0" € (¢,1/€)}. For any x € RMN  we have:

(160, V) = 2x— 1 809 (=24 (0~ HTp, (B (1 007)) )
2 1y 967 Ly () - (= (Ly 96%) 0, (Hx— (Ly 96))). (13)
T1(x) T2 (x)

The terms T (x) and T5(x) can be written respectively as

Tix)= >  (xi-x) e (xi-x)= >  gTe.(s),

{i,j}€E,i<j {i,J}€E,i<j

N
Tr(x) = Z 8i vo(&i),



where g = H' ¢, (H (x' — (1y ®6%))), g = x; — %, and gTe, (g) = 0", e (2¢). Using the fact that
both of the functions ¢, and ¢, are odd functions, for which we have that ¢(a) > 0 if a > 0, we have
that (r(x), VV(x)) > 0 for all x € RM¥ (see Appendix B). Moreover, recalling the fact that function ¢,
is continuous at zero, and equal to zero only at zero, we have that T (x) is equal to zero if and only if
X —-1y®0* = 1y ®m, for m € RM (see Lemma 6 in Appendix B). We only consider the case when
m # 0, since from m = 0 we have that x = 1y ® 8", which is not in the set S.. However, for that choice of
x — 1y ® 0" we have that

To(Iy®6* +1y®m)= (Hly®m)'
N

¢, (H1ly ®m)

(h/ m) ¢, (h/ m) > 0,

—

g

since h] m and ¢, (h]/m) have the same sign. Hence, for all € > 0 we have that sup (r(x), VV(x)) < 0.

XES.
Thus, condition B3 also holds.
Now we inspect condition B4. From equation @ we have that
b N 2 " 2
Ie(x)[|* < Lo (x -1y @07 + [H ¢, (H(x— 1y ®6%)))||" <ea(l+V(x), (14)
for some positive constant ¢; (see Appendix B). Moreover, we have that
2 b 4 ? T 4t
Iyt +Lxw)ll” < |=nf|| +[[H (15)
which leads to
E [yt + 1%, 0)|"] <214+ Vix), (16)

for some positive constant co. Finally, we have that
2
G +E [yt + 1% w)|*] < ea(1+ V),

for some positive constant cz. Setting that e — 0T in (12)), for all x € RMY we have that (r(x), VV(x)) < 0.
Thus,

IO +E [l + 1,x, 0] < e+ V() — b{r(x), TV ()

for every k > 0. Therefore, condition B4 also holds. Condition B5 holds by the definition of the algorithm .
Thus, almost sure convergence is proved. O

4.3 Asymptotic normality
We now consider asymptotic normality of the proposed estimator . We have the following theorem.

Theorem 2 (Asymptotic normality). Let Assumptions hold. Consider algorithm with step-size ap =
a/(t+1)°,t=0,1,...,a >0, with § = 1. Then, the normalized sequence of iterates {\/t + 1(x' — 1y ® ")}
converges in distribution to a zero-mean multivariate normal random vector, i.e., the following holds:

VE+1(x' — 1y ® 0°) = N(0,8S),

where the asymptotic covariance matrix S equals:

S = a2/62”SOeET”dv. (17)
0



Here, Sg = Z—zaf Diag ({d;In/}) — 2K o H — PHTK] + 02H H; o2 f|‘l’ )P d®o(w) is the ef-
fective observation noise variance after passing through the nonlinearity \I'O, 02 = [|¥(w)][?d®.(w) is
the effective communication noise variance after passing through the nonlinearity V.; K¢, € RMNXN g
the effective cross-covariance matrixz between the observation and the communication noise after passing
through the appropriate nonlinearity, i.e., the (k,s) element of the matric K., is given by [(Ke, )]ks =
Yo [ Ue(wije)P (wk)pZ’;ﬂ(wiﬂ,wk)dwijgdwk. Here, ( satisfies the following: s = M (i — 1) +¢; and oS it
]6 1

is the joint probability density function for the k-th observation noise ny and the £-th element of the commu-
nication noise [(Eij)]g. We also recall the observation matriz H in ; functions @¢, @, appropriate versions

of function ¢ in (B); and © = 11— a(2¢L(0)L @ Iy + ¢, (0)HTH); here, a is taken large enough such that
matriz X is stable.

Remark 4. Notice that, for the assumed setting, o2 and o2 are finite. Also, Kc, is finite, i.e., |Kco|l < 0o,
since we have that

1
|// c(w1) W (wo) <I>C°|<//\\IJ w1)We(we)|dd° < 0 +203

Remark 5. If we assume that observation and communication noise are mutually independent, the only
difference from the previous theoretical results occurs in the A(t,x), i.e., in the So. Under this setting,
matriz S s now equal to

b2 ,
Sy = aﬁof Diag ({d; Ins}) + 0c>H H,

which is expected, since the effective cross-covariance matriz K; o is now equal to zero.

Theorem [2] establishes asymptotic normality of the proposed method. This is achieved with heavy-tailed
observation and communication noise an the nonlinearities ¥, and ¥, with uniformly bounded outputs.
Moreover, the theorem explicitly evaluates the corresponding asymptotic variance. When the two noises are
mutually independent, ¥, is identity, and observation noise variance is finite, we recover the result in [I5],
Theorem 3.5, as a special case. That is, a notable difference with respect to [15] is the ability to handle
here mutually correlated observation and communication noises. The effect of correlation is complex in
general, however, as shown in Section [f] later, generally a stronger positive noises correlation leads to a
lower asymptotic variance. Intuitively, at an extreme, a full positive correlation practically means that only
one effective noise exists in the system, and hence it can be suppressed more easily. Further, note that
Theorem [2| I establishes a local asymptotic rate O(1/t) of x* to zero, in the weak convergence sense, when
ay = a/(t +1). We show later (see Theorem |3]) that a global MSE rate O(l/t‘s) with a lower (worse) degree
6 can be established when step-size ay = a/(t + 1), § € (0.5,1), is used.

We next discuss asymptotic eﬁic1encyE| of the proposed estimator. We first briefly review the relevant
existing work to better position our results. First, consider the best linear centralized estimator x%. , of
0*, that has access to measurements from all sensors (nodes) n = 1,2,..., N at all times ¢t = 0,1,.... In
the general case, additionally assuming that observation noise has finite variance, the best linear centralized
estimator x! ., is asymptotically normal and has the lowest asymptotic covariance matrix Scen; among all
estimators of 8% when the only knowledge of observation noise is variance and no other information of noise
distribution is known. Moreover, its asymptotic covariance matrix Scepnt attains the Cramér-Rao lower bound
if the observation noise is Gaussian (see for example [I7]). On the other hand, when the probability density
function is known, the centralized estimator in [29] can be tuned to the pdf of the observation noise so
that it achieves the Cramér-Rao bound. In the distributed setting, when there is no communication noise,
the authors of [I7] develop an estimator which is asymptotically normal and has the optimal asymptotic
covariance matrix Scent (optimal in the sense that the asymptotic covariance matrix is the same as for

2An estimator y* of an unknown parameter 8*, for which we have that v/ + 1(y* — 8*) = N(0,X), is said to be asymp-
totically efficient if S = I=1(0*), where I1(8*) is the Fisher information matrix. The Fisher information matrix represents the
best achievable asymptotic covariance by any estimator, as determined by the well-known Cramer-Rao bound (see [2§]).



tent)- We now discuss the asymptotic covariance matrix S of the
proposed estimator . This quantity depends on the system parameters, including network topology and
communication noise. Therefore, in the general case, the proposed estimator is not asymptotically
efficient, i.e., S # I71(0*), where I(8*) is the Fisher information matrix. However, with respect to the
proposed distributed recursive estimator, we make the following observations. 1) First, the estimator is
order-optimal in the weak convergence sense; that is, its (weak convergence sense) rate of error decay is the
same as that of the asymptotically efficient estimator. 2) The corresponding “convergence constant,” i.e.,
the asymptotic covariance, is different from that of the centralized Cramér-Rao-optimal estimator, and it is
hence not optimal. We note that the paper provides major contributions with respect to state of the art, as it
gives the first distributed estimator that ensures almost sure convergence in the presence of infinite variance
correlated sensing and communication noises; moreover, its weak convergence sense rate of convergence is
order-optimal. It remains an interesting future work direction to explore whether an optimal asymptotic
covariance can be achieved in this setting via distributed estimators. In view of the results [29] for the
centralized setting, it is likely that this cannot be achieved unless the nonlinearities are tuned to the noise
pdfs that in turn have to be known.

the best linear centralized estimator x!

Proof. (Proof of Theorem [2))
We prove Theorem [2] in the same manner as Theorem [I] is proved, i.e., by verifying assumptions C1-C5 of
Theorem 4 in (see Appendix A). Function r(-) defined by (9) can be written as

r() =~ GLO)L @ Tas (x— 1y ©0%) — G (O)HH (x — Ly @ 6°) + 8(x),

Here, mapping 6 : RMY — RMN ig given by:

8(x) = —SLgc (x) — H' 8, (H (x — 1y ® 0%)). (18)

Next, mapping Ls, (x) : RMYN — RMN ig vector of size MN such that the i-th M-size block equals

> de(xi — x;), i = 1,2,..., N, mappings 8. : RM — RM §, : RV — RY are component-wise maps

JEQ;

of 0. and §, are first order residuals that corresponds to . and ¢, respectively, i.e., d.(y1,¥1,..,YMm) =

0c(31), 0c(y2)s v 8e(ya)] T and 801, 71, o F) = [B0(F1)s Go(F2)s s 0o(Fa1)] For y € BV, § € RM (see

Appendix B).

Thus, r(x) admits representation in (36) of Theorem 4 in Appendix A for B = —2¢/(0)L® Iy — ¢, (0)H™H

and mapping d(-) defined by . Therefore, condition C1 holds. Since we use that a; = {5, condition

C2 trivially holds. Furthermore, ¥ = aB + %I is stable if a is large enough, because matrix —B is positive

definite (See [18]). Thus, condition C3 also holds.

For A(t,x) =E[v(t + 1,x,w)y " (t + 1,x,w)] it is easy to show that
lim  A(t,x) = EaQDiag({al»I ) - bk H-

’ a2 c i LM c,0

t—o0,x—0*

= -H'K/, +°HH.

a a ’

Therefore, condition C4 also holds. To show that condition C5 holds, it is suffice to show that the family
of random variables {||v,(t + 1,x,w)|*}i=0.1..... |x—6*|<e is uniformly integrable. To do that, follow the

arguments as in e.g., [18] and [15]. O

4.4 Mean squared error convergence

In this subsection, we state and prove a result on the mean squared error (MSE) convergence rate when
both nonlinearities ¥, and ¥, satisfy part 5" of Assumption 4] i.e., |¥Uo| < ¢o, |¥.| < ¢, for some positive
constants ¢, and c¢.. Moreover, we set the step size to oy = for § € (%, 1). We have the following
theorem.

__a
(t+1)%>

10



Theorem 3 (MSE convergence). Let Assumptzons /| hold. Then, for the sequence of iterates {x'} generated
by algomthm ), provided that the step-size sequence {oy} is given by ay = a/(t +1)°, a > 0,6 € (0.5,1),
there exists 6 € (0,1) such that E[||x — 1y ® 0*|?] = (1/t5)

Theorem E establishes a MSE convergence rate of the proposed estimator under the simultaneous
presence of heavy-tailed (possibly infinite variance) observation and communication noises, when both the
observation and communication nonlinearities have uniformly bounded outputs. This is in contrast with
recent studies on distributed estimation in heavy-tailed noises like [I5] that only establishes a.s. and asymp-
totic normality results. We refer to the proof of Theorem [3| for the exact value of the convergence rate
power 4.

Setting up the proof. We now prove Theorem [3|through a sequence of intermediate results (Lemmas).
Recall quantities r(-), ¥(-,-,-) and V(-) from @D, (10) and respectively. The proof will be based on
establishing a sufficient decay on quantity E[V (x")]. First, notice that algorithm can be written as

xh=x"+ay (r(x) +y(t+1,x"w)) .
Moreover, we have that
V(T = V() + 20 (xt71N®0) (r(x") +4(t + 1,x",w))
+af|r(x") +y(t +1,x", W)
V(x") 420, (x — 1y @ 67) " (r(x)) +(t + 1,x",0)) + a2 ¢!

for positive constant ¢’ = ||r(x!) + v(t + 1,x*,w)||?> < co. Therefore, taking a conditional expectation with
respect to F, we have:

E[V(x")|F] = V(x") + 20 (x' — 1y ® 0*)T r(x') +a?c. (19)
Also, from equation 7 it follows that
(x' =1y ®6%) r(x") = —ng(xt) — Ty(xh). (20)

We next need to show that the quantity in is “sufficiently negative”, relative to quantity V (x*). This is
achieved through a sequence of lemmas. First, we upper bound quantities ||x¢|| and [|x! — 15 ® 6%|.

Lemma 1. Let Assumptions hold. Then, for the sequence of iterates {x'} generated by algorithm (4],
provided that the step-size sequence {au} is given by ay = a/(t +1)°, a > 0,6 € (0.5,1), we have that, for
any outcome w:

1-6

I < g0 = I + (b VATN e +a [HIVNe,) S (21)

tl 4
-5

Ix 1y @67 < g7 = %" — 1y © 6" + (bVMNdee + a |H|VNe,) 1

Consequently, |H (x! — 1y ® 0%) || < |H|| g;-

Proof. Using the boundness of the nonlinearities, we have that | Ly, (x)||? < VM Ndc. and |[H' ¥, (H (1y ® 8* —x') +n?) ||
|H|[v/N¢,, where d = max d;. Therefore, recalling the algorithm @, for all ¢ > 0 we have that

b
x| < ||xt*1|| 4+ g (avMNch + ||H||\/NCO) < ||xt*2|| +op_9ctap_qc

c

=1 a s a =9
< |Ix° E — < |x" — _ds < ||x° )
= 0

11



Analogously, for all ¢ > 0, we have that ||x* — 1y ® 8%|| < g, and as a consequence |[H (x' — 1y ® 6") || <
IH]| ¢- 0

Next, we have the following Lemma that bounds quantities 77 (x) and T>(x).

Lemma 2. Let Assumptions l-l | hold. Then, for the sequence of iterates {x'} generated by algorithm (4),
provided that the step-size sequence {cu} is given by ay = a/(t +1)°, a > 0,6 € (0.5,1), we have that there
exist positive constants G. and G such that, for any outcome w:

/ G. .
(,0(.(0) (X

Ty (xt) >
1) 2 4g;

1y ®60") Lel(x -1y ©6*),

/
D) > 2% (1 e )THTH (x' — 1y 6°),
2||H|g;

To prove Lemma 2] we make use of the following Lemma from [I3] (see Lemma 5.5 in [13]).

Lemma 3. Consider function ¢ in (), there exists a positive constant G such that |p(a)| < %{fh\’ for
all |a| < g.

Proof. (Proof of Theorem [2)) Using Lemma 3] for function ¢ we get that there exists a positive constant G
such that

Tix)= Y (x-x) e (x —x)

{i,j}€E,i<j

M
= Y S (e (x0T e () — (xh)e)

{i,j}€E, i<j £=1

¢e(0)Ge 2c(0)Ge
> £el0)Ge It 2 = FL0% ()71, e (23)
gt (iR gt
/
= S"CEI?GC(xt—1]\,@96’*)TL®I(xt—1N®49*),
t

since, from Lemma we have ||x!|| < g;. Analogously, from Lemma [3| we have that for the function ¢, there
exists a positive constant GG, such that

N
Ty(x) = (H(x— 1y ®6%)); v (H(x — 1y ®67)),)
i=1

> P80\ 4 o) THTH (x— 1y ©6°), (24)
2| H]g;
since, from Lemma [I] we have |[H (x! — 1y ® 6) || < |[H]| g;. O
We next have the following theorem that analyzes positive definiteness of the matrix £e (0) L QT+
Sty HH.

Lemma 4. Let Assumptions hold. The following is true for any x € RMN

: O)Gc 2 (O)G T
-1 ®0*T<%(L®I+ Yol ) o Ty 1y ®6*
(x—1v®o) (= 2 H][g] =1y o6)
. @U(O)G <)‘H 2SH ) b@c( )G )‘ ( ) } *1(12
> AH 20U 2Pl C 1y ® 67|,
mm{wmm ) g T gy el

12



N N
where g; and g, are defined in Lemma G. and G, in Lemma% Su = > ||hill% g =M\ < hih;r> >0
i=1

i=1
N

is the smallest eigenvalue of reqular matriz hih;r (see Assumption |1
i=1

smallest positive eigenvalue of Laplacian matriz L.

and recalling that Aa(L) > 0 is the

Proof. Let us consider matrix L& I+H T H and follow argument as in Appendix A of [32]. For any x € RMY,
we have that there exist vectors u € span{l ® mjm € RM™} and v € span{l ® m|m € RM}+ such that
x = u + v. Firstly, we have that

N
(u—1y®6") HHu-1y®0") =) (a—6%) hh/(a-06%
i=1
N
=(a—09" (Z hihiT> (0 — 0%
i=1
> Aulla - 07|,
N M ~ . * A~ * T T
where @t € RM such that u = 1®1. Notice here that |u—1y®0*|| = v/ N|a—80"]|. Secondly, (x —u) ' H'H (x — u) >
0, since H"H is positive semi-definite matrix. Thirdly, following also holds

N
(u-1y®6") H H(x—u)= (-6 hh/ (x; - 0)

i=1
N

=Dl — 67 Ihq*lx; — 4]
i=1

—lla—6"[l[[v[|Su-

IV

v

Analogously, we have that (x —u)' H H (u — 1y ® 8*) > — |t — 8*||||v||Sg. Therefore,
(x—1y®80") H'H(x— 1y ®8") > Aula — 6% — 2Sula — 6*||v].
We also have that u — 1 ® 0" € null(L ® I) and v € Range(L ® I) and, hence, we have that

(x—1y®0) Lelx-—1y®60)=(u-1y®80 +v) Lel(u—1y®6* +v)
=v' L@Iv>X(LaI)v]?=@L)|v|>

Let k > 0 be arbitrarily chosen. If ||v]| < k|lu — 1y ® 6%||, then we have that

(x-1y©6") (LeI+H H)(x—1y©8")
> ul[t— 6% = 2Su[[a — 67 |[[v]| + A2 (L)||v?

)\H QSH ) * (12 2
> | —=——=k]|[[u—1y@6%||" + X2(L)||v
(3 - 220 a1y 007+ Aa(Elv]
>min{— — —k, X (DL)}|x—1y 67|~
> min{ 3~ 22k n (L) x - 1y 96

where in the last inequality we used the fact that ||x — 1y ® 0[] = |[[u — 1y ® "> + ||v|. If ||v] >
kllu— 1y ® 6%, then

13



(x-1y®80") (LeI+H H) (x— 1y ©6%) >0+ Xo(L)|v|?

Ao(L) | o A2(L) |2

> v||* + u—-1y®0
Ty M T 1 e |
/\Q(L) * (12

> -1 o%|~.

21t k12 lIx N @O

Therefore, regardless of vector v, we have that

(x—1y®6") (LeI+H H)(x—1y® 6%

> in {0250, efl
- N VN 1+4%

} [x — 1y ® 6%
Following the same idea, we get that

* SDI(O)GC Sal(O)Go T > *
Xx—1y®0 T( c LoI4 2o HH|x-1y®0
R T 2| (x-1v®67)
()G, (An 25u,\ b@L(0)Ge Ao(L) o
> min § Fozo (0 DMy 2P 220 G 1y 0 67| %
—mm{zuﬂngg NOUNT) ' dag, 14 %) T vel] (25)
0

Finally, to prove Theorem [3] we make use of the following Lemma from [I3] (see Theorem 5.2 in [13]).

Lemma 5. Let 2t be a nonnegative (deterministic) sequence satisfying
2T < (1 —rh)2t b,

for all t > t', for some t' > 0, with some z* > 0. Here, {rt} and {ri} are deterministic sequences with
1 < i <1 andrh < (tjiii)é, with a1,as > 0, and § > 0. Then, the following holds: (1) 2t = O(t%l)
provided that ay > 6 — 1; (2) if ap <6 — 1, them 2t = O(tis)7 for any s < a;.

We are finally ready to finalize the proof of Theorem
Proof. (Proof of Theorem [3|) From equations and we get that
(x—1y ® 0*) Tr(x")

{me(AH_%Hk) bt(0)Ge Aa(L)
2[H]gy \N VN’

Therefore, taking the expectation in , we have that

< —min

dag: 1+ -

}||x— 1y ®6%|°.
k2

ai
t+1

a
(141)20°

Bl () < (1- 757 ) BV e +

where
o (0)Goa(l — §) ()\H - QSH\/NIC)

a1 = min ,
|H | N (||x0 —1y®0°| +bVMNde. +a ||H||\/Nco)

bl (0)Ge(1 — d)No(L)K?
2(k2 + 1) (\|x0|| +bVMNde, +a \|H||\/Nco)

14



and as = a?c’. Therefore, using the Lemma §is any positive number such that
0! (0)Goa(l — §) ()\H - QSH\/Nk)
|H (| N (||xO — 1y ®0°| +bVMNdec. +a ||H||\/Nco)

5 <min{ 26 — 1,

b (0)Ge(1 — 8)Aa(L)K?
2(k2 + 1) (||x0H +bVMNdec, +a ||H||\/Nc0)

Therefore, using Lemma [5| we obtain MSE convergence with rate O(1/ t‘g). O

Remark 6. FEven though, we see that the convergence factorS depends on the system parameters, i.e., on
the network and sensing model and also on the innovation and consensus nonlinearities, it is easy to see that
b€ (0,1) regardless of the system parameters. Recall that Theorem@ shows that the proposed estimator
obtains rate 1/t in the weak convergence sense, while Theorem@ shows that obtains a slower convergence
rate, but in the sense of the mean squared convergence. Note that this is not a contradiction, and Theorem |3
adds information with respect to Theorem[d. Namely, it is well known that mean squared convergence implies
convergence in distribution; therefore, with the same assumptions as in Theorem|3, the convergence rate 1/t
is also attainable for convergence in distribution. In contrast, from Theorem[d, we can not conclude that the
rate of the mean squared convergence is also 1/t.

Remark 7. In fact, we next show that, in the presence of the heavy-tailed observation noise considered here,
the MSE convergence rate cannot be as fast as 1/t, for any estimator (even not for centralized ones). In
this sense, the fact that quantity 5 is strictly smaller than one is not a consequence of loose bounds, but it is
rather due to the intrinsic difficulty of the estimation problem. To be specific, we consider here the special
case where each agent i observes a scalar parameter * € R according to

Zi(t) = 0" +nl, (26)

where n} satisfies Assumption @ In this case, the proposed estimator can be viewed as a mean estimator
of the probability density function po(u—0*). Let us denote by P the class of all probability density functions
Po(u — 0%) such that p, is the pdf of the observation noise that satisfies Assumption @, for any 0% € R.
Ezxtending the results from [§] (see Appendiz G), we prove that, for any 0* € R, and for any mean estimator
0,, the following holds:

sup sup tNE[|0; — 6] = +oc. (27)
t peP

On the other hand, Theorem@ shows that, with the proposed distributed estimator , the following holds:

sup sup(tN)sEHét — 0*]?] < +o0,
t peP

for some b € (1, 1)

Remark 8. Theorems @ and@ continue to hold even if the linear transformation vectors h; in are no
longer static (see Appendiz H). That is, we can allow that each agent i at each time t = 0,1, ..., makes the
observation by:

2t = (h!)"0* +nl. (28)

Here, for each agent i, for each time step t, the linear transformation vector ht is a random variable that
satisfies the following assumptions.

3Notice that in the centralized case, the observations are collected in batches of fixed size N. That is, after ¢ time steps,
there are Nt observations. Henceforth, we include quantity N in (27) for a precise statement. Note that, since N is constant
and the supremum is taken with respect to ¢, the inclusion of N is not necessary.
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1. For each agent i and each time step t = 0, 1, ...,, the linear transformation vector is given by ht = Eﬁ—ﬁ?,
where the vector h; € RM is deterministic, and vector h! € RM is a random vector;

2. The sequence of vectors {[ht,hl, ... hi]} is i.i.d., with finite second moment, and it is independent of
the sequences n' and Sﬁj for{i,j} € E;

3. At each agent i = 1,....N at each time t = 0,1,...,, each entry £ = 1,2,..M [Eﬁ]g has the same
probability density function py;

4. The pdf py is symmetric, i.e. pn(u) = pp(—u), for every u € R and py(u) > 0 for |u| < en, for some
constant cy, > 0;

5. The matriz Zfil h; (E—)T is invertible.

5 Analytical and numerical examples

In this section we provide analytical and numerical examples that illustrate results from Section
Example 1: We consider the network where each agent i observes a scalar parameter * € R following the
linear regression model:

2i(t) = h0* + nl, (29)

where h # 0 and n;(¢) is zero mean and i.i.d. in time and across agents. For simplicity, we assume that the
underlying graph of the network is regular, with degree d. We assume that there is no communication noise
between agents, i.e., §;; = 0 for (i,4) € Eq. We additionally assume that the nonlinearity on the consensus
part U, in (3)) is the identity function and the nonlinearity on the innovation part is ¥,(w) = Btanh(w/B),
for B > 0. Therefore, algorithm is now given by:

wt =t oy [ 23 (ot - a) — g (< — hat) | (30)
JEQ;

for each agent ¢ and each time ¢. From Theorem [2] we have that the asymptotic covariance matrix is given

by and matrix Sy is now given by Sg = 02h’I and 02 = [ |U,(w)|?d®,(w) is the effective observation

noise. Following the same procedure as in [I8, 5], for ¥ = iI — ay/(0)h?I, we have that the average
2 272

per-agent asymptotic variance, denoted by 0% = % Tr(S), is equal to 0% = #’0(%)*1’ for a > m

(see Appendix F). Therefore, we need to change the constant ¢ when changing B, i.e., we define a = a(B) =

2 7 2_2
W—F ; for some constant € > 0, we rewrite 0% as follows (see Appendix F), 0% = (1+2f;hﬁ‘;(£()0€))3:°(13).

+oo
For the nonlinearity ¥, that is considered here, we have that 02 = [ B?tanh? (%) f(w)dw, and ¢, (0) =
— 00

oo

“+o0
[ V(w)f(w)dw= [ mf(w)dw. Notice that both functions o2 and ¢/ (0) are increasing with respect
— 00 — 00 B

o

to B (see Appendix F). Since we have that |B? tanh*(%) f(w)| < |w?f(w)| and |mf(w)| < | f(w)] for
B
all w € R and all B > 0, using the Lebesgue’s dominated convergence theorem, we have that Blirn+ o
—0

2 2 is the variance of the observation noise 7.

0, lim o2 =0
’B~>+oo °© m

Bli_}rr(}Jr 0l (0) = O’BEIEOO ¢,(0) = 1, where o7,

2 \2 2
Therefore, we have that 03 = Bliﬁrg+ 0% = +00 (see Appendix F), and 02, = BEI-EOO o = %. Suppose
2 = 400. This means that o2 = +o0.

now that the variance of the observation noise 7 is infinite, i.e. oy

4, : 1
€ is added since we need to have that a > T (0]
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For the continuous function 0%, defined for all B € (0,+00), we have that lim+ 0% = Blim 0% = +o0.
B—0 —

“+oo

Therefore, there exists an optimal B* such that 0%, = i(nf )0,23. Note that the case B — oo corresponds
Be (0,00

to a LU scheme from [I8], while the case B — 0 corresponds to each agent working in isolation. Therefore,
we show analytically on the simple class of nonlinearities ¥,, (hyperbolic tangent), that cooperation through
a nonlinear mapping V¥, strictly improves performance with respect to both using linear and non-cooperative
schemes.

To numerically illustrate the above results, we now consider a sensor (agents) network with N = 8 agents,
setting that the underlying topology is given by a regular graph with degree d = 3. The true parameter is
0* = 1, the observation parameter is h = 1, and the observation noise for each agent’s measurements has
the following pdf

fw)=

1 TP (31

with 8 = 2.05, which has an infinite variance. Recall that we assumed that there is no communication noise
between agents. We set the consensus parameter as b = 1 and the innovation parameter as a = a(0.3) =
W +0.1. Figure shows the average per-agent asymptotic variance 0% versus B. As it can be seen,
optimal B* approximately equals B* = 0.65. Using Monte Carlo simulations, we compare numerically an
estimated per-sensor MSE across iterations, for the optimal B* and for some sub-optimal choices of B. We
can see that the algorithm performs better for the optimal value B* than for the other considered suboptimal

choices of B (see Figure , hence confirming the theory.

by

15 —B=B"
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Figure 1: (a) Average per-agent asymptotic variance 0% versus B (b) Monte Carlo-estimated per-sensor

MSE error on logarithmic scale for the different choices of B

Example 2: In this example we provide analysis in the terms of the average per node variance with
respect to the level of the mutual dependence of observation and communication noise. Once more, we
consider the network where each agent i observes a scalar parameter 6* € R following the linear regression
model and we assume that the underlying graph of the network is regular, with degree d. As it is
said, we now allow observation and communication noise to be mutually dependent. For simplicity, we
consider the case when that dependence between communication noise §fj and observation noise n; is given
by &; = pnt+4/1— p?nal, at each time ¢ = 0,1, .. and for all tuples {¢,j} € E, where, p € (=1, 1), sequence
{nt} is independently identically distributed in time ¢ and across all agents i. Moreover, n} are nj mutually
independent whenever (i,t) # (j, s). Here, it is easy to see that we have strong positive correlation if p — 1,
strong negative correlation if p — —1 and we do not have any correlation if p = 0. Moreover, we set that
U, (w) = ¥ (w) = signw, and hence, algorithm is given by
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b
o (T v (st ot 4 VT i b o))

JEQ;

Analogously to the previous example, we have that the average per-agent asymptotic variance af, is given
by

9 _b203d2 + a?h?0? — 2abhdo,.

_ 33
e N (2ah2,(0) — 1) (33)
b202d2 + a2h202 — 2abhdoy, < 1
+ oca” +a (o a o, Z : - ’ (34)
N = 2bp(0)Ai + 2ah*p((0) — 1

since Sp = (a2 o2d? + o2h* — 22 hdaoc) ITand ¥ = 21— a (2¢L(0)L + ¢, (0)h°I) . Here, regardless of p we

have that 02 = 02 = 1 and ¢/ (0) = 2p,(0) (see [15]). On the other hand, o,. which is effective cross-
covariance between the observation and the communication noise after passing through the appropriate
nonlinearity and ¢ (0) are functions with respect to p. We have that

Goc = / / e (p + /I — 029) Vo ()pa (y)pr () dady (35)
+oo o0 +oo v—lﬂﬂ;
/ / pn pn dyd];_/ / pn pn( )dydx (36)
0 0 —00
e
0 oo 0 \/%
- / P (y)pn () dyda + / / P (y)pn () dyd, (37)
700\/17 —00 —o00

and we see that o, - 0as p — 0, 0oc > 1as p— 1 and 0, - —1 as p — —1. Moreover, we have that
0L(0) =2 [ pa(—pz)pn(y/1 — p?x)dz, and again, it is easy to see that, ¢.(0) — 2p,(0) as p — +1 and

o0

©L(0) — 2p;(0) as p — 0. To demonstrate the above results, again we consider a sensor (agents) network
with N = 8 agents, setting that the underlying topology is given by a regular graph with degree d = 3. The
true parameter is 8* = 1, the observation parameter, the innovation parameter and consensus parameter are
h =a=b=1. We set that for all 7, n; and n; have the pdf as in with g = 2.05. Figureshows O'i with
respect to p. As it can be seen, the lowest aﬁ is attained at p = 1, also 0'% has two local maxima at p ~ —0.88
and at p =~ 0.31. Figure shows the comparison of Monte Carlo simulation for 4 [x" —1®86||*¢ for different
choices of p. Moreover, Figure [2b| justifies the results presented in [2al in the sense that +-||x’ — 1 ® 0]|*t is
minimal for p = 1 and maximal for p = —0.88. Finally, we note that, while the two local maxima obtained
here are specific for the simplistic correlation and sensing model assumed here for analytical tractability, we
observe numerically for more general models that the general trend of this example is preserved, in the sense
that higher (more positive) correlations lead to a better performance.

5.1 Numerical simulations

In this subsection, we demonstrate the performance of proposed consensus+innovations estimator in a larger
sensor network. We consider a sensor network with N = 40 agents where the underlying topology is an
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Figure 2: (a) Average per-agent asymptotic variance o% versus B (b) Monte Carlo-estimation of +|/x’ —

1y ® 6*]|?¢t for different choices of p

instance of a random geometric graph; we used randomly generated true parameter 8* € R'?, whose entries
are drawn mutually independently form the uniform distribution on [—10, 10]; we used randomly generated
observation vectors h; € R19, for which the condition 2 of Assumption [1| is verified to be true. We set
the consensus parameter as b = 1 and and step-size parameter as § = 1. First, we compare the proposed
consensus+innovations estimator with the method from [I] and its hypothetical variant in the case when
there is no communication noise, but in the presence of heavy-tailed observation noise with pdf as in for
B = 2.05. Here, we used the same algorithm settings and the same nonlinearities for the proposed algorithm
as in Example 1, with a slight change, i.e., we set that B = 10 and a = 0.2 For method from [I] and
its hypothetical variant (see Appendix E), we set that B; = 2, ¢; 1(x) = x and ¢; 2(z) = tanh(z) for all
A

> jih’

LeN;

A = A + 1. Moreover, for the smoothing recursions, zero initial conditions are assumed, v; is set to 0.9
for every agent i and € = 1072. We can see all methods manage to (slowly) decrease MSE over iterations,
with the proposed method exhibiting the best performance among the three methods considered. Figure
shows Monte Carlo simulation of the MSE for the proposed algorithm, algorithm from [I] and the algorithm
in [15], when communication between agents is also contaminated with heavy-tailed communication noise.
Here, for the proposed algorithm we set that both nonlinearities are ¥,(w) = ¥.(w) = Btanh(w/B), for
B =10 and a = 1. Further, we use the same algorithm setting for the method in [I] as in the previous
simulation example, and we use the same nonlinearity on the consensus part and the same B for algorithm
from [15] as in the proposed algorithm. We can see that both [15] and [I] here fail to converge, while the
proposed method still effectively reduces MSE.

We next present the scenario where the observation and communication noises are mutually dependent.
To do this, we set that the i-th element of the observation noise n is given by n; = v; exp (gvf), where v
has standard normal distribution and h is a heavy-tail parameter (see [9]). Moreover, the ¢-th element of
the communication noise §;; is given by [£,;]¢ = [w;]c exp (%w;;]?), where w;; is the linear transformation

agents 7. Furthermore, we set that weighting coeflicients are chosen according to a;; = where

of v, ie., wi; = Wy;v and Wy; € RM*N s a randomly generated matrix independent of the observation
noise. Figure [{a] presents Monte Carlo estimates of per-agent MSE across iterations. Figure [fb]shows Monte
Carlo simulation of quantity +||x* — 1y ® 6*[|?v/t. For this numerical setting, from the Figure we can
deduce that E[||x! — 15 ® 6*||?] decreases at least as fast as O(%), hence confirming our MSE rate theory.

6 Conclusion
We have studied distributed consensus+innovations estimation under the simultaneous presence of heavy-

tailed (infinite variance) correlated sensing and communication noises. This setting is in contrast with
existing work that either always assumes a finite-variance sensing noise. We developed a nonlinear estimator
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Figure 4: (a) Monte Carlo-estimated per-sensor MSE error on logarithmic scale for proposed algorithm when
link failures can occur for B =1 and k = 10 (b) Monte Carlo-estimation of +||x’ — 1y ® 8*||? v/t for B = 10
and h = 2.
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and established its almost sure convergence and asymptotic normality. Furthermore, we showed that the
estimator achieves a sublinear MSE convergence rate O(1/t"), and we explicitly charaterized the rate ki €
(0,1) in terms of system parameters. Analytical examples illustrate the role of the nonlinearities incorporated
in the method and the effects of noises correlation. Finally, numerical simulations corroborate our findings
and demonstrate that the proposed distributed estimator converges under the simultaneous presence of
heavy-tailed (infinite variance) correlated sensing and communication noises, while, for the same setting,
existing distributed estimators fail to converge.
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Appendix

A. Some results on Stochastic approximation

We make use of the following standard stochastic approximation result, see [28], see also [I§].

Theorem 4. Let {x! € R'};> be a random sequence:

It =xt+ ag[r(x) +~(t + 1,x5 w)], (38)

where, r(-) : R — R! is Borel measurable and {~y(t,x,w)};>0.xert s a family of random vectors in R!, defined
on a probability space (2, F,P), and w € Q is a canonical element. Let the following sets of assumptions

hold:
B1:

The function ¥(t,-,-) : Rl x Q — R is B' ® F measurable for every t; B' is the Borel algebra of RL.

B2: There ezists a filtration {Fi }¢>0 of F, such that, for eacht, the family of random vectors {v(t,x,w) }xer!

is Fy measurable, zero-mean and independent of F;_1.

(If Assumtions B1, B2 hold, {x(t)}+>0, is Markov.)

B3: There exists a twice continuously differentiable V (x) with bounded second order partial derivatives and

BY:

B5:

Ci:

C2:

C3:

a point x* € R! satisfying
V(x*)=0,V(x) >0,x # x", ! llllm V(x) = o0,
X||—o0

sup  (r(x), VV(x)) < 0,Ve > 0.

e<||x—x*H<%
There exists constants ki,ks > 0, such that,
[e)I[* + E[[7(t+1,%,0)|[°] < k(1 + V(x)) = k2(r(x), VV (%))

The weight sequence {a(t)}i>0 satisfies

o >O,Zat:oo,2at2 < 00.

t>0 t>0

The function r(x) admits the representation
r(x) = B(x — x*) + d(x), (39)

where

tign, 0O _ o, (10)

o [x = xr]]
(Note, in particular, if (x) =0 then is satisfied.)

The weight sequence {cy}i>0 is of form

a
=——Vt>0 41
t+1 — 7 (41)

Qi

where a > 0 is a constant (note that C2 implies B5).

Let I be the I X1 identity matrix and a, B as in and , respectively. Then, the matriz ¥ = aB—i—%I
is stable.
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C4: The entries of the matrices, ¥Vt > 0, x € R,
A(t,x) = E[y(t,x,w)y " (t,x,w)],
are finite, and the following limit exists:

lim  A(t,x) = So.

t—o00,x—x*

C5: There exists € > 0, such that

lim  sup sup / Jv(t +1,%x,w)||?dP = 0
R—00 ||x—x*||<e t>0
Iy (t+1,x,0)||>R

Let Assumptions B1-B5 hold for {x(t)}i>0 in . Them, starting from an arbitrary initial state, the
Markov process, {x'}1>0, converges a.s. to x*. In other words,

P[tlim x'=x"=1.
—00

The normalized process, {v/t(x' — x*)}i>0, is asymptotically normal if, besides Assumptions B1-B5, As-
sumptions C1-C5 are also satisfied. In particular, as t — oo

Vixt — x*) = N(0,8), (42)

where = denotes convergence in distribution (weak convergence). Also, asymptotic variance, S, in (42) is

S = a2/eEUSOezT”dv
0
B. Additional results on nonlinearity ¢

We present some properties of the function ¢ defined in . As it is stated in [I5], we can intuitively see
function ¢ as a convolution-like transformation of nonlinearity ¥ : R — R, where the convolution is taken
with respect to the probability density function p of random value w. If w is generated by the underlying
probability space (€2, F,P), we have that expectation of

v = U(a+w) - pla) (43)

is equal to zero, i.e., E[v] = 0. Here, the expectation is taken with respect to F. Hence, for all t = 0,1, ...,
we have that expectation of both of the sequences ¢*, ' defined in is equal to zero, due to the fact that
communication noise &' and observation noise n*, t = 0, 1, ..., are generated by underlying probability space.
We have following Lemma (see [29], see also [15]).

Lemma 6 ([29]). Consider function ¢ in (), where function ¥ : R — R, satisfies Assumption[j Then, the
following holds:

1. ¢ is odd;

2. If W (v)| < ¢y, for any v € R, then |p(a)| < ¢, for any a € R, for some ¢} > 0;
3. (a) is monotonically nondecreasing;

4. ¢(a) >0, for any a > 0.

5. @ is continuous at zero;
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6. © is differentiable at zero, with a strictly positive derivative at zero, equal to:

s s Vit1
S0 =S (W0 - v - 0)pe) + Y [ W, (44)
i=1 i=0 Vi
where v;,i =1, ..., s are points of discontinuity of ¥ such that vy = —oo and vsy1 = +00, and we recall

that p(u) is the pdf of random variable w.

From Lemma [6] we have that ¢(a) = 0 if and only if a = 0. Moreover, there exists a function § : R — R,
which is continuous in the vicinity of zero, such that

p(a) = ¢(0) + ¢'(0)a+ d(a) = ¢'(0)a + 6(a), (45)

and lim 2@ — o,
a—0 @

We now prove boundedness of the function r(-) in equation (I4). If condition 2 of Lemma [6] is satisfied for
both functions ¢. and ¢,, then the right hand side of would be lesser or equal to some positive constant
¢, which would led to ||r(x)||* < ¢;(1 + V(x)). Suppose now that condition 3 of Lemma@ is satisfied for the
function ¢, then there exists some positive constant ¢; such that

2

. (2)22]\3 > polxi —x;)

b «
wa— 1y ©6°)
a i=1 ||jeq,

S(b>z (c (1 -2))
: (Z>2§: Z (C (1 +xi — 0% + [Ix; — e*Hz))

since we have that ||x; — 8*||> < ||x — 1y ® 6*||2 = V(x) for all i = 1,2, ..., N. If we assume that condition
3 of Lemmal[f] is satisfied for the function ¢,, we will get that

B, (H (x — (1y © )| < [H] |, (H (x — (1y @ 6")))||"
< J[H)P e (14 ] (x — (1y @ 67)]%)
< JH e (14 H)? x - 1y @ 67)).
Therefore, |H ¢, (H (x — (1y ® %) S))H2 < ¢1(14V(x)), for some positive constant ¢;. Hence, inequality
in is proven.

Next we prove boundedness of E [||'y(t + 1,xt,w)\|2} in (T6)). If the function ¥ in (5) satisfies condition 5’ of
Assumption [4), whether w in has finite or infinite variance, v in is bounded, i.e.,

o] < [W(a+w)]* +[p(a))* < e,

for some positive constant c. If the function ¥ in satisfies condition 5 of Assumption [4f and w has finite
variance, we get that variance of v in is bounded with ¢ (1 + |a|?) for some positive constant c, i.e.,

E[jv]’] <E[[¥(a+ w)* + [¢(a)’] < Ele1(1 + |a+ w|*) + ¢ (1 + |al?)]
< (14 af +Eflw?) + 4 (1 +[af?) < c(1+al?),
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where ¢; and cp are some positive constants. Thus, whether condition 5 or 5’ is satisfied for the function ¥
in (f]), variance of v in is bounded with ¢ (1 + |a|?) for some positive constant c. Hence, we have that
for ¢', n* defined in

EC" < d(1+V(x))
Eln'] <"1+ V(x)),

for all t = 0,1, ..., where ¢’ and ¢” are some positive constants.

C. Mutually dependent observation noise and mutually dependent communica-
tion noise

In this subsection we relax assumptions on observation and communication noises and show that Theorems
and [2] continue to hold. We let Assumptions 1-6 still hold except those which overlap with the following
generalizations:

e The observation noise n* has the joint probability density function p, such that:
[ lalptayia<oe. [ apaa,
acRN acRN
and p,(a) = po(—a), for all a € RV.

e A (possibly) different nonlinear function ¥, ; : R — R is assigned to each agent i. Each function ¥, ;
obeys Assumption [4]

e The communication noise Eﬁj has the joint probability density function p.;; such that:

/ la||pe,ij(a)da < oo, / ap,;j(a)da =0,

acRM acRM
and pc,i;j(a) = peij(—a), for all a € RM.

e A different nonlinear function ¥ ;;, : R — R is assigned to each arc (¢,j) € E4 and to each element
{=1,...,M of the communication noise [Sﬁj]g. Each function ¥ ;;, obeys Assumption

This means that observation noises of agents ¢ and j can be mutually dependent. Moreover, the com-
munication noises .ﬁﬁj may have mutually dependent elements [£fj]g, for £ = 1,...,M. Further, here, for
simplicity, we assume that observation and communication noises are mutually independent.

Let us define functions ¢, ; : R — R for ¢ = 1,2,..., N and ¢;;,: R —> R for (i,j) € Eand { =1,2,...,M in
the same manner as in (5)), i.e.,

©o,i(a) = /\I'O,i(a + w)po.; (w)dw, (46)

%Mﬂmz/wmmm+mmﬂﬂmmL (47)

Here, p,,; and pe ;¢ are the marginal probability density functions of random variables n! and [£fj] ¢, Tespec-

tively. Following same steps as in the proofs of Theorems [I| and [2| almost sure convergence and asymptotic
normality can be shown. In the following, we emphasize only differences. First of all, algorithm gets
replaced by
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L‘Pc (X) = jezﬂi Pe.ij (Xi - Xj)

for any x € RMN

[Pe,ij1 (Y1), Pe.ija(Ya)s - Peijar (ya)] T, for y € RM, functions ¢ i5¢(a) for (i,5) € E and £ = 1,2,..., M
are given by . Moreover, for y € RV, the map ¢, : RN — R¥ is now given with ¢ (y1,¥y2,....,YN) =
[00.1(¥1)s Po2(¥2), s Pon(yn)] . Using the same notation, sequences ¢* € RN and n* € RMN are appro-
priate versions of the sequences defined in (7). If we define quantities £(x) and 4(t + 1,x,w) as follows

, where for all (i,7) € E, function ¢, ,; : RM — RM ig given with Peij(¥Y1,¥2, s YM) =

(00) = — L (x) ~ H g, (H (x — (1y @0)) (48)
At +1,x,w) = —gnt +H(, (49)

it is easy to see that all conditions B1-B5 and C1-C5 from Theorem [4]still hold (see [15]). The only difference
occurs in the asymptotic covariance matrix S, i.e., in Sy, which is now given by
b2
So = 5Ky + H'K:H,
where K,, € RV and K¢ € RMNXMN are the effective covariance matrices of communication and obser-
vation noises after passing through the appropriate nonlinearities (analogously defined as cross-covariance

matrix K, , in Theorem .

D. Heavy-tailed noise and identity function

In this subsection, we show that the algorithm does not converge in the presence of heavy-tailed ob-
servation and communication noise if at least one of the nonlinearities ¥, and W, is the identity function.
This means that in the presence of heavy-tailed observation and communication noises, the algorithms
from [I5] [I8] do not converge, in fact, they exhibit an infinite variance solution sequence.

Theorem 5 (Infinite variance). For the sequence of iterates {x'},t = 1,2, ..., generated by , we have that
E[||x! — 1y ® 0*]|?] = 0o,t = 1,2, ..., if at least one of the following statements is true.

1. Function U, is the identity function, i.e., Uo(a) = a and the observation noise has infinite variance,
i.e., [a*d®, = 4o0.

2. Function U, is the identity function, i.e., ¥.(a) = a and the communication noise has infinite variance,
i.e., [a?d®, = +oo0.

Proof. For simplicity, we assume that if statement 1 holds there is no communication noise, i.e. §;; =0 for
all (i,7) € E4 , and vice versa, if statement 2 holds we assume that there is no observation noise, i.e., n = 0.
If statement 1 holds, in the absence of communication noise, the algorithm can be written as

xt = xt — o (ZL‘I’C (x) — H (zt — th)>
=x'— oy (bL\pC (x)-H" (H1®6")+n' - th)> .
a
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If we define e = xt — 1y ® 8%, t = 1,2, ..., we have that e*! = F*(e!) + o,H ' n’, where function F? :
RMN — RMN s given by F'(y) = I+ oyH H)y — oy 2Lg_(y), for y € RMYN. Therefore, we have that

le"™|* = [[F*(e")]|* + 22, (F*(e")) "H n’ + of |[H " n’|?
> 204 (H Ft(et))—rnt + a?||HTnt||2,

and using the fact that e’ and n? are independent, we have that
E[le”™]*) > ofE[|H"n’|?] = oo,

which completes the proof of statement 1. Proof of statement 2 follows directly from Appendix B in [15]. O

E. Hypothetical variant of algorithm from [I]

Firstly, we give an overview of algorithm that is proposed in [I, for more information see [1]. They considered
a network of N agents where each agent ¢ = 1,2, ..., N at each time ¢ > 0 collects a linear transformation of
unknown vector parameter w® € RM corrupted by noise as follows

dl(t) = ui,tWO =+ Ui(t),

where u;; € RM is a row regression vector and v;(t) € R is wide-sense stationary zero-mean impulsive
noise process with variance 012,,1». They introduced an agent-dependent and time-varying error nonlinearity,
hi(e;(t)), into the adaptation step and proposed following algorithm

Y= Wit + pin hig(ei(t)),
Wit =Y anth,, (50)

LeN;

where p; is a step size parameter, N is the set of agents connected to agent ¢ including himself and ay; are
weighting coefficients. For the error nonlinearity h;¢(e;(t)), they set to be a linear combination of B; > 1
preselected sign-preserving basis functions, i.e., h; (e;(t)) = aZtcpi’t(ei(t)). As it is said in [I], if agent ¢ were
to run the sand-alone counterpart of the adaptive filter in 7 then the optimal nonlinearity that minimizes

i-th agent MSE is given by h;’gt(x) = —Z;Eg in terms of the pdf of the error signal.

Even though the pdf is not available in practice, for the purpose of comparing algorithms in the specific

numerical example when we know pdf, we introduce hypothetical variant of algorithm, by finding optimal
a;-)ft’t, for each agent 7 at each time t, i.e., a?f;t = argmin E[h?;’t(ei(t)) — hit(ei(t)]?
Qg t

F. Derivations and numerical illustrations for Example 1

Derivation for the average per-agent asymptotic variance 0% = % Tr(S) follows

1 +oo 1 +o00
0% = N Tr(a? / eZ'Spe™Vdv) = Na%ﬁlf / Tr(e?Vdv)
0 0
L 5 9,9 N (1—2ah?! (0)) a*oih?
_ h N —2ah” g, Yy = o )
N / ¢ YT 2an24(0) — 1
0
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Integral in the last equahty converge for a > th AOR

Ifa=a(B)= W + €, for some constant € > 0, we have that
2 2 7 2
1 27,2 1+2h% ¢, (0)e 272
2 <2hch’o(0) + 6) Uoh ( 2h2@i(0) ) Uoh
op = =
2 (2”";;(0) T 6) h2ge(0) =1 2 (QhQ;{)(o) + 6) h?¢,(0) — 1
142024/ (0)e | 2
(o) o (420003
o 14+2h20L(0)e—1 8h4g00(0) €
Next, we validate that Bhr% 0% = +oo0. It is suffice to show that hm ) (0) = 400, since 0% = W‘?O)ge +

4h®eo? 4 4h*e?o?
8h4so’o(0)26 8h4%(0)6'

B2 [ tank®(%) f(w)dw

m %~ — = 1% — ¢ dw = di]
B0t 9 (0F B0t (1o 3Tip TS
({O m%f(w)dw)
2 T
B? [ tanh®(%)f(w)dw
= lim i~ 3
B—0+ +oo
B3 (_f o f(Bw)dw)
+o00
[ tanh®(%) f(w)dw
= lim = = 400,

B0+ +oo 3

B f coshz(w)f(Bw)dw
2 : !

since ILHO1 7{0 tanh”(%) f(w)dw = 1 and Bl1_>1101+ = 7{0 womn?(ay f (Bw)dw < +oc.

We now prove that both of the functions o2 and ¢/, (0) are increasing function with respect to B. Suppose

that B; < By, then we have that

B} tanh2(Bl) < B? tanh2(32 ),
1 1

<
CoshQ(Bll) coshQ(B%)

)

for all w € R. Moreover, since f(w) > 0 for all w € R, we have that

B2 tanh%%) f(w) < B2 tanh2(3%) F(w),
1 1

Mf(w) <
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for all w € R.

Therefore, we have that

+o0 +oo
o2(By) = /BftanhQ(Bﬂl)f(w)dw< /Bgtanhz(%)f(w)dwzag(Bg),
- +oo 1 7—4%000
"(0)(B;) = ————f(w)dw ————f(w)dw = ¢,(0)(By).
£4(0)(B) Zo e til <ZO oy W = A0

We now compare, in the presence of heavy-tailed observation noise with pdf as in for g = 2.05, the
proposed algorithm for the optimal choice of B* with the method from [I] and its hypothetical variant
(see Appendix E). For those methods we set that B; = 2, ¢, 1(x) =  and ¢; 2(x) = tanh(z) for all agents.

Aij , where A = A + 1.

> A

LEN;
Moreover, for the smoothing recursions, zero initial conditions are assumed, v; is set to 0.9 for every agent ¢
and € = 1072,

Figure |5al shows Monte Carlo estimation of MSE for step size a; = ;75 and the Figure 5b{ shows Monte
Carlo estimation of MSE for step size oy = t-%l As it can be seen, the hypothetical variant of the method
from [I] outperforms the proposed one in both of the scenarios. However, that is because with the hypo-
thetical variant of [I] we optimize the choice of the nonlinearity for each agent at each time, whereas the
proposed algorithm is optimized only by average per-agent asymptotic variance. Moreover, we see that

the method from [I] is not as robust as the proposed algorithm with respect to the choice of the step
size oy (constant a).

Furthermore, we set that weighting coefficients are chosen according to a;; =

0.5

4 ——
Method from [1] [ Method from [1]
w === Hip. method I‘rc_m m w === Hip. method l‘ru_m M
7] P 7] 2 === Proposed algorithm
= =
2 2
€ € o
£ £
= =
) — | §
g . BN
= -4 — s
1 2 0 1 2
t x10* t x10*

Figure 5: (a) Monte Carlo-estimated per-sensor MSE error on logarithmic scale for the algorithm for
optimal B* and for algorithm and its hypothetical variant from [I] for a = 0.5 (b) Monte Carlo-estimated

per-sensor MSE error on logarithmic scale for the algorithm for optimal B* and for algorithm and its
hypothetical variant from [I] for a = 1

G. Proof of the assertion in Remark

Here, we modify Theorem 3.1 from [§] and make it applicable to probability density functions that satisfy
Assumption [2 We will show that
Tre
( )"
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R 8cM<1n28
sup P [ 16, — 6 S
sup P\ 16: = 0" > | Yo — 1)

pePM,

(51)



for any 0* € R, & € (0, ), where P{4_ C P denotes the subclass of all pdfs from P such that 1+ e-central
moment equals M for € € (0,1). Therefore, using Markov inequality, we get

sup tE[|, — 0|2 > ertiFe,
pePM .

2e
12 Tte
forcy =0 (W) . Using that vafre C P and taking the supremum with respect to t we get (27)).

To show that holds, we follow the same idea as in [§]. Let us consider the class Py _ = {p4,p_} of
probability density function p; and p_ such that p; and p_ are probability density functions of uniform

2 2
random variables on [Z52, EE2

] and on [_p;_p, p_2p2], respectively, for p € (0, 1). It is easy to see that means

of probability density functions py and p_ are 6, = % and 6_ = f%, respectively. Moreover, 1 + e-th
central moment of both pdfs is equal to
e+1
p
2¢tl(e+2) (52)

Let (X;,Y;),7 = 1,2,..,t be ii.d. pairs random variables such that p; is pdf of X, and Y7 = X, if
2

Xy el =[P, p;p2] and Y7 = —X; if X; ¢ I. Notice that probability density function of Y7 is p_. Since

we have that P{X; € [} =1 —p, for X' = (X1, Xo,..., X3) and Y = (Y1, Y3, ..., Y;), we have that

P{X'=Y'} = (1-p)".

Using that 1 —p > eT=r, we have that P{X* = Y} = (1 —p)t > 20, if p < 820 Setting that p := %,

we have that p € (0,1) for all t =1,2,... and § € (0, %) Let 6, = ét() be any estimator, then we have that

2 2

4. (Xt — b~ j (V) — P~
max (P{wt(X) 0, > 2},]P’{|6t(Y) 0_| > 2})
>1IP’{|0A(Xt)76’ |>pj or 6,(Yt) -6 |>i}
=2 U g K 79

Y]

SFO.(XY) = 007}

> %P{Xf =Y' >4

e+1 e+1

p2) 2 p2) 2 ) _e

Finally, using (52| we get that ( 22?/5 > 2(6521)( o = M > Mp?, which gives us that % > (S%pr) !
€

and therefore we have that
8cM<:In20\ " }
t(In26 — 1) ’

max P{\ét(xf) — 0> (

R §: M2 mas\ ™
t J— —_—
P{wt(y )= 0-1> (t(ln26— 1)) }

Since we have that P, _ C Pf\frﬁ it follows that also holds.

> .

H. Proof of extensions in Remark

For compact notation, we set that H and H' are the N x (M N) matrices whose i-th row vectors are equal to
[0,...,0,(h;)",0,...,0] and [0, ...,0, (h!) ", 0, ..., 0], respectively. Hence, for H* = " +H!, we have that
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can be written, in compact form, as
2/ =H' (1y®0")+n' =H(1y ® 6*) + H (1y ® 8") + n’. (53)

Under this setting, we modify algorithm such that, at each time t = 0,1, ...,,, each agent ¢ updates its
estimate x! according to

b _ _
X§+1 = XZZ — O a Z ‘Ilc (X;5 — X; + ﬁ:]) - hiqlo (Zzt - h;rxf) . (54)
JEQ,

Assuming that all Assumptions still hold (except those which overlap and are hence replaced with
assumptions in Remark 7 we show that the results in subsections d continue to hold for

algorithm (54)). Following the same idea as in Section |4l we write algorithm (54)), in compact form, by:
t+1 t b T = A
xth=x"-a | -Le.(x) - H ¥, (z' - Hx') |. (55)
a

Substituting into , we get that
t+1 t b T 0 * eyt * t Tyt
x = x' —a; 7Ly, ()~ H ¥, (H(1N®9 )+ H (1y ©0%) +n —Hx)
t b T o * ¢ It * t
=x' —a; (- Lu,(x) - H &, (H(1N®9 ~x')+H (1y®0 )+n)
Recalling n* € RMY from and defining ¢* € RY by
¢t=w, (ﬁ(lN ®0" —x') +H (1y ©6%) —l—nt) — ¢, (H((1y®6%) —x"))
algorithm can be written by

Xt =x g (ML, ) - H g ( (1 07) %)) < H ¢+ ') %6)

Since random variable H (1y ® 0)+n' satisfies Lemma@ the rest of the proofs are same as in the Section
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