arXiv:2212.01668v2 [math.AG] 24 Nov 2023

A Gap in the Subrank of Tensors

Matthias Christandl Fulvio Gesmundo Jeroen Zuiddam
christandl@math.ku.dk fgesmund©@math.univ-toulouse.fr j.zuiddam@uva.nl
University of Copenhagen Saarland University University of Amsterdam
Abstract

The subrank of tensors is a measure of how much a tensor can be “diagonalized”. This
parameter was introduced by Strassen to study fast matrix multiplication algorithms
in algebraic complexity theory and is closely related to many central tensor parameters
(e.g. slice rank, partition rank, analytic rank, geometric rank, G-stable rank) and problems
in combinatorics, computer science and quantum information theory. Strassen (J. Reine
Angew. Math., 1988) proved that there is a gap in the subrank when taking large powers
under the tensor product: either the subrank of all powers is at most one, or it grows as
a power of a constant strictly larger than one. In this paper, we precisely determine this
constant for tensors of any order. Additionally, for tensors of order three, we prove that
there is a second gap in the possible rates of growth. Our results strengthen the recent work
of Costa and Dalai (J. Comb. Theory, Ser. A, 2021), who proved a similar gap for the slice
rank. Our theorem on the subrank has wider applications by implying such gaps not only
for the slice rank, but for any “normalized monotone”. In order to prove the main result,
we characterize when a tensor has a very structured tensor (the W-tensor) in its orbit
closure. Our methods include degenerations in Grassmanians, which may be of independent
interest.

1 Introduction

We prove a structural theorem about “diagonalizing” tensors and in particular about a
tensor parameter called subrank [Str87|. This parameter was originally introduced to study
fast matrix multiplication algorithms, and is closely related to many recently introduced
tensor parameters, such as slice rank [Taol6], analytic rank [GW11, Lov19], geometric
rank [KMZ20] and G-stable rank [Der22], and to a variety of problems in combinatorics,
computer science and quantum information theory. Our results improve on recent results
of Costa and Dalai [CD21] on gaps in the slice rank and on bounds of Strassen from 1988
[Str88] on gaps in the subrank.

Informally, the subrank of a k-tensor measures how much the tensor can be “diagonalized”
by taking linear combinations of its slices, in any of the k directions (Section 1.1). For
matrices, namely in the case k = 2, the subrank coincides with the matrix rank, and in
particular it is very well understood and easy to compute. On the other hand, for tensors
of higher order, that is for k£ > 3, much is still unknown about the subrank.

Motivated by various applications of tensor methods to problems with a recursive
structure (for instance, the cap set problem in combinatorics [EG17]) we are interested in
the behaviour of the subrank when taking large Kronecker powers of a tensor. The notion
of Kronecker product that we use is the natural generalization of the Kronecker product of
two matrices: the product of two tensors is a tensor of the same order whose entries are
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all the pair-wise products of the entries of the two factors (Section 1.1). In this paper, we
show the following:

e We prove a gap in the subrank of tensors when taking large powers: for every nonzero
k-tensor 1" over any field, either the subrank of every power of T is 1, or the subrank
of the N-th power of T is at least (k/(k — 1)(:=1/k)N=0(N) for every n.

e We prove a second gap for 3-tensors: for every nonzero 3-tensor T' over any field,
either the subrank of every power of T is 1, or the subrank of the N-th power of T
grows as

(3/22/3)N-0N) ~ (1.88.. )N-oV)

)

or the subrank of the N-th power of T is at least 2%V for every N.

e We prove, as a consequence of the above results, that any “normalized monotone” has
a gap as above. In particular this applies to slice rank and partition rank, but also
other tensor parameters such as analytic rank, geometric rank and G-stable rank,
thus extending a recent result of Costa and Dalai [CD21].

e As a key ingredient for the proof of the above, we give a sufficient and necessary
condition for any tensor to have a very structured tensor, namely the W-tensor of
order k, in its orbit-closure.

e In the course of proving these results, we prove several properties of the partition rank
and an equivalence between degeneration of tensors and degenerations of elements in
certain Grassmanians.

Our results are based on methods from algebraic geometry and invariant theory, and in
particular the study of degenerations of tensors, degenerations of subspaces of tensors (in
Grassmannians), and orbit classifications. In the rest of the introduction we will provide
more details on our results.

1.1 Subrank and tensor powers

Before discussing our main results, we set some basic notation, define the subrank and
define the notion of tensor power that we use.

Throughout this introduction, we let K be an arbitrary field (unless otherwise specified).
We use the integer k > 2 to denote the order of our tensors. Let K™ & --- ® K™ denote
the space of tensors of order k (i.e., k-tensors) with coefficients in K and with dimensions
ni,...,ny € N. We let eq,ea,...,e,, denote the standard basis vectors in K".

The subrank of a k-tensor 7' € K™ ® - - - @ K™, denoted by Q(7'), is the largest integer r
such that there are linear maps m; : K™ — K" with the property that

T
(me--em)T=) 0 e
=1

Intuitively, the tensor T is “diagonalized” by taking linear combinations of the slices of T’
according to the maps 7;. When k = 2 the subrank Q(7") coincides with the rank of T" as a
matrix. (For k& > 3, however, the subrank does not coincide with the well-known tensor
rank!) If 7= 0 then the subrank is zero and if T" is not zero then the subrank is at least
one. We will thus focus on non-zero tensors. The subrank of a tensor in K™ ® - .- ® K™ is
at most min; n;.

For two k-tensors T' € K" ®- - - @K™ and § € K™ ®- - -®K"™* their Kronecker product
TS e KM™ ®... K™™k is the k-tensor obtained by taking T® S € K" ®-- - K"* ®
K™ ®---®@ K™k regrouping the tensor factors into (K™ @ K™ ) ® - - ® (K™ @ K"*), and



identifying K™ @ K™ with K" . In other words, thinking of T" and S as k-dimensional
arrays of elements of K, their tensor product T'X S is the k-dimensional array whose
coeflicients are the pairwise products of the coefficients of T" and the coefficients of S.
Having defined the product X we can naturally take the nth power T2V ¢ K @ @K% .

We will be interested in how the subrank Q(T™V) grows as N grows, and we ask the
natural question: What “rates of growth” are possible? We will prove that the possible
rates of growth are more “rigid” than what one might a priori expect.

1.2 A gap in the subrank of tensors

Our main result is the following gap in the subrank of powers of tensors. Recall that K is
an arbitrary field.

Theorem 1.1 (Subrank gap). For every nonzero T € K" @ --- @ K", one of the following
18 true:

(a) QT™N) =1 for all N;
(b) Q(T®N) > ckN“’(N) for all N, where ¢, = k/(k — 1)(:=D/k,

So Theorem 1.1 says that if we have a strict inequality Q(T®Y) > 1 for any N, then
we can asymptotically “boost” this inequality to Q(T™N) > civfo(N) for all N.

The constant ¢ coincides with 271/%) where h is the binary entropy function, defined
by h(p) = —plogyp — (1 — p)logy (1 — p) for p € (0,1), and ~(0) = h(1) = 0. This constant
appears in Theorem 1.1 because it controls the rate of growth of the subrank of a special
tensor called the W-tensor, denoted by W: it is known [Str91] that Q(WEY) = c]kvfo(N).
In particular, this fact implies that the constant ¢ in Theorem 1.1 is optimal. For small
values of k we have cog = 2, cg =~ 1.88988, ¢4 ~ 1.75477, and c5 ~ 1.64938. For all k& we have

¢ > 1, and ¢ is decreasing and converges to 1 as k diverges to infinity.

1.3 A gap for partition rank and other normalized monotones

With the same methods that we use to prove Theorem 1.1, we obtain gaps for other tensor
parameters, and in particular we strengthen the recent result of Costa and Dalai [CD21].
Costa and Dalai study a tensor parameter called slice rank, which was defined by Tao
[Tao16] and which we will denote by SR(T'). They prove the following gap theorem:

Theorem 1.2 (Slice rank gap [CD21]). For every nonzero T € K" ® --- @ K™ ezactly
one of the following is true:

(a) SR(T®N) =1 for all N;
(b) SR(T®N) > civfo(N) for all N.

As a consequence of Theorem 1.1, we extend the above result to partition rank. The
partition rank was defined by Naslund [Nas20| as a natural variation on the slice rank.
Denote by PR(T') the partition rank of the tensor T'; see Section 2 for the precise definition.
Partition rank is at most slice rank. We prove:

Theorem 1.3 (Partition rank gap). For every nonzero T € KM @ --- @ K™ exactly one of
the following is true:

(a) PR(T®N) =1 for all N;

(b) PR(T®N) > civ_o(N) for all N.



In fact, we obtain the above kind of gap for a general class of tensors parameters that
includes the slice rank, partition rank, geometric rank, normalized analytic rank, G-stable
rank and subrank. To discuss this class of tensor parameters we need some concepts that
we will now discuss.

For two tensors T €e K" ® --- @ K™ and S € K™ ® --- ® K™ we let T'> S and say
“T restricts to S if there are linear maps m; : K — K™ such that (m ® --- @ m;)T = S.
Moreover, for any r € N, define I, ,, = 22:1 R - ®e € K'®---®@K": the tensor Iy, is
often called the “identity tensor” or the “unit tensor” of order k£ and rank r. Note that the
subrank Q(T') is the largest number r such that T > Iy, ,..

The class of tensor parameters we consider is as follows. Let f be a function from the
set of tensors of order k to R>o. We call f a normalized monotone if f(S) < f(T') whenever
S is a restriction of 7', and f(l;,) = r for all » € N. It follows directly that f(T") > Q(T)
for any tensor 7.

For any k-tensor T' € K™ ® - - - ® K" the flattenings T1 of T' are the 2-tensors obtained
by grouping the factors K™ into two groups: 17 € (&), K") ® (Q ¢ ;K"). We prove:

Theorem 1.4 (Gap for normalized monotones). Let f be any normalized monotone. For
every T € KM ®--- @K™, if there is no flattening of T of rank one, then f(T™N) > ciV_O(N)

for all N.

Remark 1.5. The slice rank and partition rank (and many other parameters) have the
property that they are bounded from above by the ranks of the flattenings. For any
normalized monotone f that is bounded from above by the flattening ranks we have that
for every nonzero tensor T' € K™ ® - .- ® K" exactly one of the following is true:

(a) f(T®N) =1 for all N;

(b) F(TEN) > e ™) for all N

1.4 A second gap in the subrank for tensors of order three

For the special case of tensors of order three, we prove a stronger version of Theorem 1.9.
Recall that Theorem 1.9 states that for any tensor 71" of order k there are two possibilities
for the rate of growth of the subrank under taking large tensor powers: either Q(T%V) < 1

for all N, or Q(T®N) > civ_o(N) for all N, where ¢;, = k/(k — 1)/ =1 In other words,

the subrank of T%¥ either stays at most 1 for all N, or it grows at least like céV_O(N),

that there is a gap in the possible rates of growth.

For tensors of order three, we prove that there is a second gap in the possible rates of
growth of the subrank: if the rate of growth is strictly larger than c3 = 3/ 23/2 2~ 1.88, then
it is at least 2. More precisely:

SO

Theorem 1.6. For every nonzero T € K™ ® K" ® K" exactly one of the following is
true:

(a) Q(T®N) =1 for all N;
(b) Q(T™N) = cévfo(N) for all N, where c3 = 3/2%/3 ~ 1.88;
(¢) QTHN) > 2N=oWN) for all N.

So Theorem 1.6 not only tells us that if Q(T®Y) > 1 for some N, then Q(T*V) >
cévfo(N) for all N, but also that if Q(T™VN) > dVN=°W) for some constant d > c3, then
d > 2. In fact, if K is algebraically closed, we can prove that the lower bound in case (c) of

Theorem 1.6 is 2V rather than 2V o),



1.5 Our gaps in terms of asymptotic subrank

The result of Theorem 1.1 and the other results of this section can be phrased uniformly
in terms of the asymptotic subrank of a tensor, another tensor parameter introduced by
Strassen [Str88], see also [CVZ23]. The asymptotic subrank of T € K" ® --- @ K™ is the
limit Q(T) = limpy_eo Q(T®N)/N and thus describes the asymptotic rate of growth of
the subrank when taking large powers of T'. This limit exists by a result called Fekete’s
Lemma, and can be replaced by a supremum over N € N. The asymptotic subrank a priori
can take any real value in the closed interval [1, min;(n;)]. It is easy to see that Q(lg,) = 7.
Theorem 1.1 can be phrased in terms of asymptotic subrank as follows (by directl} applying
the definition of asymptotic subrank):

Theorem 1.7. For every nonzero T € K™ ® --- ® K™ | one of the following is true:

(a) Q(T) =1;

(b) Q(T) = ¢ where ¢ = k/(k — 1)(k=1)/k,

Similarly, Theorem 1.6 can be phrased as follows using the definition of asymptotic
subrank:

Theorem 1.8. For every nonzero I’ € K" @ K" @ K", exactly one of the following s
true:

(a) Q(T) =1,
(b) Q(T') = c3 where c3 = 3/22/3 ~ 1.88;
(c) Q(T) = 2.

1.6 Degeneration to the W-tensor

We now discuss our approach to proving Theorem 1.1. The main ingredient is a structural
result on tensors that is of independent interest. This structural result characterizes which
tensors admit a very structured tensor, the W-tensor, as a degeneration, in the sense
explained below. The characterization that we will present here is in terms of a simple
criterion based on the flattening ranks of the tensor.

We briefly introduce the necessary notions. In this part we let K be an algebraically closed
field. For any dimensions nq,...,n; > 2, let W € K" ® -- - ® K™ be the tensor defined as
follows. Let e, e2, ... be the standard basis vectors in K™ and define Wy, = )" es, ®---®es,
where the sum is over all k-tuples s € {1,2}* that are permutations of (2,1,...,1). In
other words, Wy, is the tensor with coefficients in {0, 1} and support given by the k-tuples
(2,1,...,1),(1,2,...,1),...,(1,1,...,2). For example,

Wo=ers®e; +e1 ®ey
Wi=e®e ®e +e1RQex®e; +e1 ®ep @ e
Wi=esReRei Qe +e1Rea®e;®e;+e1 Qe Qea®e; +e1 ®ep ®ey @ es.

The notion of degeneration is the approximate version of restriction. Intuitively T
degenerates to S if there are arbitrary small perturbations of S to which T restricts.
Precisely, given T, S € K™ ® --- ® K", T degenerates to S, denoted T'> S, if S is in the
Zariski closure of the orbit of 7', that is S € {(g1,...,9x)T : gi € GLp,}. When K = C,
then the closure can be equivalently taken in the Euclidean topology. More generally, one
can define an equivalent notion of degeneration which mimics the behavior of limits in the
Euclidean topology; we refer to Section 4 for further explanations. Similarly to restriction,




degeneration is an ordering on tensors; it is “weaker” than restriction, in the sense that, if
T > S, then T'> S, and there are examples for which the reverse implication does not hold.

Two natural questions are the following: for which tensors T' € K™ ® - - - ® K™ is there
a restriction T" > Wy, and for which is there a degeneration T'> W7 We solve the second
question by providing a sufficient and necessary condition. This condition is in terms of
so-called flattening ranks of the tensor, which we briefly mentioned before. Given a tensor
T, let T1 € (@i K™) @ (&g K™) denote the I-flattening of T". It is not hard to see
that all flattening ranks of Wy are 2. This fact, together with semicontinuity of matrix
rank, implies that if T'> Wy, then all flattening ranks of T" are at least 2. We prove that
this necessary condition is also sufficient:

Theorem 1.9. For every T € K" ® - -- @ K™ exactly one of the following is true:
(a) T has a flattening of rank one;
(b) T > Wy.

For tensors of order three, Theorem 1.9 can be obtained via a reduction to the case
ni1 = ny = ng = 2 and the classical characterization of the orbits in K20 K?®K?2, dating back
essentially to [Syl52]. In fact, for K = 3 we prove a more precise classification with three cases.
This classification not only involves the W-tensor W3 = ea ®e1®e1+e1®ReaRe; +e1®e1®es
but also the unit tensor l32 = €1 ® e1 ® €1 + e2 ® e2 @ ez of order three and rank two. We
prove the following.

Theorem 1.10. For every nonzero T' € K™ @ K™ ® K™ exactly one of the following is
true:

(a) T has a flattening of rank one;
(b) W3 > T and T > Ws;
(c) T>l32.

Condition (b) in Theorem 1.10 says that there are linear maps m;, 0; : K" — K" such
that (m ® ma ® m3)T = W3 and (01 ® 02 ® 03)W3 = T. This condition is equivalent to
the statement that T € K™ ® K"2 ® K™ is isomorphic to W3 € K™ ® K" @ K"3, that is,
there are invertible linear maps m; : K™ — K™ such that (73 ® ma ® 73)T = W3,

As a sanity check, notice that Theorem 1.10 implies Theorem 1.9 for tensors of order
three. Indeed, it is known that I3 o > W3, that is the border rank of W3 is 2, so if T" does
not satisfy condition (a) of Theorem 1.10 then T'> Ws.

1.7 Related work

Gaps for slice rank. Theorem 1.1 extends a recent result of Costa and Dalai [CD21],
which says that for any k-tensor T, either the asymptotic slice rank of T is at most 1 or
it is at least ¢, = 2M1/k) (the same constant as in our Theorem 1.1). It is pointed out
in [CD21] how this gap provides a barrier for the slice rank to give good upper bounds
on certain combinatorial problems (which we discuss more in Section 1.8). Their proof
relies on combinatorial methods to study the slice rank of powers of a tensor that were
introduced by Tao and Sawin [ST16].

Since slice rank is at least subrank, the result of [CD21] follows from Theorem 1.7. We
moreover obtain the same gap for any “normalized monotone” (Remark 1.5) for instance
partition rank, analytic rank, geometric rank and G-stable rank. Whether the asymptotic
subrank can be strictly smaller than the asymptotic slice rank remains an open problem.
It is known, however, that the subrank is significantly smaller than slice rank for generic
(i.e. “most”) tensors [DMZ22].



Previous bounds for asymptotic subrank. Theorem 1.1 improves on results of
Strassen [Str88]. Namely, [Str88, Lemma 3.7| says that if T" is a tensor having no flattening
of rank one, then Q(T') > 22/k (The proof is given in the case of 3-tensors but it generalizes
directly to tensors of any order.) Since ¢ = oh(1/k) ~ 2/k for every k > 3, Theorem 1.1
improves on the bound of [Str88].

Tensors satisfying the property of being “balanced” are known to satisfy a stronger lower
bound on the asymptotic subrank [Str88, Proposition 3.6]. In particular, since generic
tensors are balanced, this result guarantees that if T is a generic k-tensor in (K™)®*, then

Q(T) > n?/k.

Values of normalized monotones over finite fields are well-ordered. In the recent
[BDR22, Corollary 1.4.3], the authors prove that for any real-valued normalized monotone
f on k-tensors over a finite field K, the image of f is a well-ordered set, that is, any subset
of the image of f has a smallest element. Equivalently, every strictly decreasing sequence
of elements of the image of f terminates after finitely many steps. This guarantees that for
any normalized monotone f, for every r > 0 there is a § > 0 such that no tensor T satisfies
r < f(T) <r+46. In Theorem 1.7, we explicitly determine the largest such § for r =1 to
be § = ¢ — 1. In Theorem 1.8, we determine the largest such § for r = c3 to be § =2 — c3.

Homomorphism duality. Theorem 1.9 and Theorem 1.10 say that non-existence of
certain degenerations is equivalent to existence of other degenerations. More precisely,
Theorem 1.9 states that for any k-tensor T', there is no degeneration S > T for any k-tensor
S having a flattening of rank one if and only if there is a degeneration T'>W}. This property
is related to the notion of “forbidden restrictions” studied in [BDR22|. This phenomenon is
generally known as “homomorphism duality” and was introduced in graph theory to study
“gaps” in the homomorphism ordering [HN04, Section 1.4]. An example of a homomorphism
duality in graph theory is the following: given any graph G, there is no homomorphism
G — K if and only if there is a homomorphism Ks — G, where K,, denotes the complete
graph on n vertices. Another example is the theorem of Konig stating that there is no
homomorphism G — Ky if and only if there is a homomorphism C; — G for some odd
integer £ > 3, where Cp denotes the cycle graph on £ vertices.

1.8 Applications of our results

Boosts and barriers for tensor methods in discrete mathematics. The break-
through results of Croot, Lev and Pach [CLP17] and Ellenberg and Gijswijt [EG17]| on the
cap set problem lead to much interest in the use of tensor methods to solve problems in
combinatorics. Two important tensor parameters in this context are the following: the
slice rank [Taol6, ST16], introduced to give a simplified solution to the cap set problem,
and used to study the sunflower problem [NS17|, and the group-theoretic approach to
fast matrix multiplication [BCC™17]); the partition rank [Nas20]|, introduced to solve a
combinatorial problem on corners. In a typical application of these tensor methods to
bound the size of a combinatorial object, one designs a fixed small tensor 7' that “encodes’
the object of study in such a way that bounding from above the slice rank or the partition
rank of tensor powers of T' gives an upper bound on the combinatorial problem of interest.
Our gap results say that the set of values that these upper bounds can have has gaps.
Depending on the application such gaps can either pose a barrier for tensor methods to
give interesting bounds, or “boost” a bound obtained by such a method to the next possible
value that the tensor method can take, and thus improve the bound on the combinatorial
problem.

)

Discreteness of quantum entanglement distillation rates. In the context of quantum
information theory, Theorem 1.9 and Theorem 1.10 can be interpreted as follows. Whenever



a quantum state ¥ is genuinely multiparty entangled (which is equivalent to having non-
trivial partition rank), then Theorem 1.9 guarantees that it is possible to distill a W-state
to arbitrary accuracy by stochastic local operations and classical communication (SLOCC).
Furthermore, a rate of h(1/k) Greenberger-HorneZeilinger states can be extracted via
SLOCC from many copies of W. This is a remarkable statement on the possibility of
entanglement distillation, especially since the property of genuinely multiparty entanglement
can be tested efficiently with the product test [HM13]. Furthermore, in the context of
certifying genuine multiparty entanglement with help of entanglement polytopes, as discussed
in [WDGC13], we point out that our results imply that any non-trivial entanglement
polytope necessarily contains the entanglement polytope of the W-state, a result that should
be seen in the light of the quantitative results for qubits in [WDGC13, Suppl. Material,
Lemma 5|.

Comon-type separations of degeneration and symmetric degeneration. In the
geometric setting, one often considers the subspace of symmetric tensors S¥K™ of (K")®F,
In this case, one considers symmetric restrictions and degenerations, where the underlying
group action is the one of the diagonal GL,, C GL,\™ acting simultaneously on all factors. A
long-standing problem posed by Comon [Oed08, Problem 15| asked whether the tensor rank
of a symmetric tensor coincides with its symmetric tensor rank; in other words, the problem
asks whether the existence of a restriction from a unit tensor to 7" implies the existence
of a symmetric restriction. An example where this is indeed not possible was provided
in [Shil8]. The analogous problem for subrank was posed in [CFTZ21] and answered in
[Shi22]. For degenerations, [Cha22| provides ways to construct tensors 7' € SFK™ admitting
a degeneration to ly ,, whereas it is easy to see that this cannot be achieved via symmetric
degeneration. The degeneration analog of Comon’s original question on tensor rank instead
remains open. However, in [CFTZ21], it is shown that in the asymptotic setting the notions
of restriction, degeneration and their symmetric versions are all equivalent. Theorem 1.9
provides further examples in the degeneration setting. For example, let A = (A1,..., ;) be
a partition of k£ and let D) be the corresponding Dicke state; under the natural identification
between symmetric tensors and homogeneous polynomials, we have Dy = :Ei\l x 'ZL‘?S; under
this identification Wy = x]f_lxg. In particular, if A\; # 1 for every j, then there is no
symmetric degeneration from D) to W}, because D) has no factors of multiplicity one; on
the other hand Theorem 1.9 guarantees that Dy > W.

2 Restriction, unit tensor, subrank, flattening, partition rank

In this section we discuss basic tensor concepts that we will need throughout the paper.
Let K be an algebraically closed field. Let Vi,..., Vi, W1, ..., W} be finite-dimensional
vector spaces over K.

Definition 2.1. Let T e Vi ® -- - ®@ Vy and S € W1 ® - - - ® Wy. We say that T restricts to
S, and write T' > S, if there are linear maps m; : V; — W; such that (m ® - @ m)T = S.

Definition 2.2. For k,r € N the unit tensor of order k and rank ris I, e K" ® - - - @ K"
defined by

,
ler =D €@ @ e
i=1
Definition 2.3. Let T € V] ® - - - ® V.. The subrank of T', denoted by Q(T), is the largest
number r such that 7" > 1, ..

Definition 2.4. Let T' € V; ® --- ® Vi. Every subset I C [k] defines a linear map
Tr: @,V — ®j¢IVj via tensor contraction. We call T7 the I-flattening of T'. For any



p € [k] we will use the notation T, := T, We call T), : V\ — ®j¢p Vj the p-flattening of
T.

Definition 2.5. Let T'€ V1 ® - - - ® Vi.. We say that T has partition rank one if there exists
a subset I C [k] with I # () and I # [k], such that rk(7T7) = 1. The partition rank of T is
the smallest number r such that we can write T'= 57 + - -- + .S, for tensors S; that each
have partition rank 1.

This paper is concerned with the structural difference between tensors having partition
rank one and tensors having partition rank strictly larger thank one. In particular, in
Section 3, we will provide a characterization of this property. A basic property of the
partition rank is the following.

Lemma 2.6 (Naslund [Nas20]). For every r € N, we have PR(l,) =r.
Another basic property of the partition rank is that it is monotone under restriction:

Lemma 2.7. If T > S then PR(T) > PR(S).

Proof. This is an immediate consequence of the fact that matrix rank is monotone under
restriction. Explicitly, let S = (m ® --- @ 7)(T) and let T =T +-- -+ T, be an expression
of T as a sum of tensors T with 7 = PR(T) and PR(T}) = 1. By linearity

S=(me - @m)(Ti++T)=(m®@ - m)(Th)+ -+ (m & @7)(T));

clearly, for every j, (m ® - -- ® m)(1}) is either 0 or a tensor of partition rank one, because
if a certain flattening of 7} has rank one, then the same flattening of (m ® --- @ m,)(71})

has rank at most one. Hence, S admits an expression as sum of r tensors having partition
rank one, which guarantees PR(S) < PR(T). O

It follows directly from Lemma 2.6, Lemma 2.7 and the definition of subrank that
partition rank bounds subrank from above:

Lemma 2.8. For every tensor T we have Q(T") < PR(T).

3 Preserving non-trivial partition rank under restriction

In this section we will prove that the property of a tensor having partition rank at least
two is preserved under at least one restriction, and therefore under almost all restrictions
(i.e. generic restrictions).

Proposition 3.1. Let k> 3. Let T € V1 ® - -- ® Vi, have partition rank at least two. For
every i € [k] let W; be a vector space with dim(W;) > 2.

(i) There are linear maps m; : V; — W; such that (11 ® --- @ m )T has partition rank at
least two.

(ii) Let m; : V; — W; be generic linear maps. Then (m1 & --- @ m)T has partition rank at
least two.

The meaning of the term “generic” in Claim (ii) of Proposition 3.1 is that there is a
nonempty Zariski open subset U of the set of all k-tuples of linear maps V; — W; such that
for every (m1,...,m) € U we have that (m ® --- ® m,)T has partition rank at least two.
Claim (ii) in Proposition 3.1 follows from a standard semicontinuity argument from Claim
(1), since the property of having partition rank at least two is a Zariski-open condition.



Remark 3.2. We do not know whether an analog of Proposition 3.1 holds for higher
partition rank. In particular, we do not know whether there are tensors 7" with PR(T") = r
but with the property that PR(7”) < r for all restrictions 7" of T to K" ® - - - @ K". In fact,
our proof of Proposition 3.1 relies on Lemma 3.4, which relies on the fact that PR(T") > 2
is detected by flattenings ranks; this is not true for higher partition rank, and it is unclear
whether some analog of Lemma 3.4 can hold in general.

We point out, however, that there exists an integer my, ., depending only on r and on
the number of tensor factors k, such that a tensor 7' € V} ® - - - ® V}, satisfies PR(T) <r
if and only if all restrictions 77 of T to K™ @ - @ K™k satisfy PR(T') < r. In
particular, my , does not depend on the dimensions of Vi,...,Vj. This is a consequence
of the theory of polynomial functors; we only briefly outline a sketch of the proof, and
we refer to [Dral9, Bik20] for the theory. Consider the tensor product functor ® sending
the tuple of vector spaces (Vi,...,Vk) to V1 ® --- ® Vi. For every r, the assignment
XrVi,o. ., Vi) ={TeVi®--- @V, : PR(T) <r} defines a closed subset of the functor
®, in the sense of [Bik20, Def. 1.3.18|. By Noetherianity, see [Dral9, Corollary 9|, X,
is defined by finitely many (GLX¥)-modules of equations; define my » to be the smallest
integer such that all these modules appear in Sym(K™#r @ ... ® K" ). Then the desired
property is satisfied. The result of Proposition 3.1 is that my; = 2. In [Kar22, Prop. 3.1],
the author provides an example of a tensor T € K* ® K ® K'® with PR(T") = 4 and the
property that every “coordinate” restriction of T to K* ® K* @ K* has partition rank at
most 3. If one could prove this holds for all restrictions, then one would obtain my 3 > 4.

The proof of Proposition 3.1 uses two lemmas. The first one is a simple classical fact
about linear subspaces of rank-one matrices. We will give the proof for the convenience of
the reader.

Lemma 3.3. IfU C V} ® V5 is a linear subspace such that all elements of U have rank
one, then either U C v1 ® Vo for some element v1 € V4 or U C Vi ® vy for some element
vy € Vs,

Proof. Suppose to the contrary that there exist elements T = v; ® vo € U and T =
v} ® v4 € U such that the vectors vy and v are linearly independent, and the vectors vy
and v} are linearly independent. Then 7'+ 7" has rank two and is an element of U, which
gives a contradiction. O

The second lemma characterizes a tensor having partition rank at least two in a recursive
fashion in terms of the image of the flattenings of the tensor. For tensors of order three,
the same result follows essentially from [Gen23, Proposition 22]. Recall that for any p € [k]
we use the notation T}, = T}, for the p-flattening of T

Lemma 3.4. Letk >3 andT € V1 ® --- ® Vi,. The following are equivalent:
(a) The partition rank of T is at least two.
(b) For every p € [k] we have

(i) k(7)) > 2 and

(i) im(T}) contains an element with partition rank at least two.
(c) For some p € [k] we have

(i) k(7)) > 2 and

(ii) im(T}) contains an element with partition rank at least two.
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Proof. We first prove (a) = (b). We give the proof for p = k. For the other values of p
the claim follows from the same proof by reordering the factors. Suppose that PR(T") > 2.
Clearly condition (i) holds. To show that condition (ii) holds, we need to show that
there exists S € im(Ty) C V1 ® -+ ® Vi_1 such that, for every subset J C [k — 1] with
J # (0 and J # [k — 1] we have rk(S;) > 2. Note that for every fixed J, the condition
rk(Sy) > 2 is Zariski-open. The intersection of any two non-empty Zariski-open subsets
is a non-empty Zariski-open subset. Therefore, it suffices to show that for every J there
exists S € im(Ty) such that rk(S;) > 2. Fix J and suppose for a contradiction that for
every S € im(7}) we have rk(S;) = 1. Then im(7}) is a subspace of rank-one elements
in (®;e; Vi) ® (Qjgs Vi) Then by Lemma 3.3 we have that im(7}) C aj ® (®1¢JV)
for some vector ay € @ ;c; V; or im(Tk) C (®;c, Vi) ® by for some vector by € ®1¢J
In the first case we find T' € a; ® (Q);¢; Vi) ® Vi This implies k(7)) = 1 which is in
contradiction with the assumption PR(T") > 2. We similarly obtain a contradiction in the
second case.

The implication (b) = (c) is clear.

We now prove (¢) = (a). By condition (ii), there exists an S € im(7}) with PR(S) > 2.
By condition (i) there exists an S’ € im(T}) that is linearly independent from S. Then,

there exist vectors v%k), vék) € Vi, and a subspace V|| C V, such that the intersection of the

linear span (v%k),fuék)> and V] is zero, and

T=5eu" +5 v +1

for some 7" € Vi ®--- @ Vip_1 ® V). Let T=8® v(k) +5® vék). The tensor T is the image
of the linear map Vk — Vi, /V] applied to the kth factor. Since the rank of flattenings are

non-increasing under restriction, it suffices to show that rk(77) > 2 for every subset I C [k]
with I # () and I # [k]. We distinguish three cases:

e Suppose I = {k}. The image of T}, is the linear span (S,5’). Since S and S’ are
linearly independent, rk(7}) = 2.

e Suppose |I| > 2 and I contains k. We further restrict T by applying the linear
map Vi/Vi = Vie/ (Vi + (v (k)>) on the kth factor, obtaining 7 = S ® vik). Then
rk(T7) > rk(TI) Then 1m(T1) im(Sp\ (x))- Since PR(S) > 2, we obtain rk(77) > 2.

e Suppose I does not contain k. Consider the transpose flattening, obtained by
replacing I with its complement I = [k] \ I. Since rk(T7) = rk(T}e), we reduce to
one of the previous two cases.

We conclude that PR(T) > 2, and therefore PR(T) > 2. O

Proof of Proposition 3.1. Let Ty : Vi* = Vo ® --- ® Vi, be the first flattening of T". Since
PR(T) > 2, Lemma 3.4 guarantees that rank(77) > 2 and that im(7}) contains an element S
with PR(S) > 2. Let vy, v2 € VJ* be such that T1(v1) = S and such that 71 (ve) is linearly
independent from S. For any subset A € V* let At = {v €V :Vf € A, f(v) =0} be the
annihilator of A. Let Wy = Vi /(v1,v2)" and let 7 be the quotient projection Vi — W7,
We let

TW = (m @id® - QAT eW, @ Va®---® V.

Then PR(T(l)) > 2, since by construction the flattening Tl(l) satisfies the two conditions (i)
and (i) of Lemma 3.4 (c). For every j = 2,...,k we let TU) be the tensor obtained from
TU-1 by applying the argument above on the j-th flattening Tj(j_l) of TU=1 . Then we
obtain tensors

TW eW @ - @W;@ Vi@ 0V
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that are restrictions of 7' and that satisfy PR(7'V)) > 2. In particular, T®) € W, ®---@ W},
is a restriction of 7" and satisfies PR(T®)) > 2. Note that dim(W;) = 2. This shows that
there exist linear maps m; : V; — W; with dim(W;) = 2 such that PR((m ® - - - @ 7)T) > 2.
Claim (i) follows immediately. Since the statement of Claim (i) is open in the Zariski
topology, the same property holds for generic linear maps, which gives Claim (ii). O

4 Degenerations and Grassmannians

In this section, we characterize tensor degenerations in terms of degeneration of the image
of the flattening, regarded as elements of a certain Grassmannian. In order to state this
result precisely, we introduce some additional notions. Further, it is useful to work with
an equivalent notion of degeneration, that we introduce in Definition 4.1. We discuss the
equivalence between this notion of degeneration and the one given in Section 1, then we
state and prove the main result of this section, Theorem 4.3.

The notion of algebraic degeneration mimics the operation of taking a limit along a
curve in the Euclidean topology. To define this precisely, we introduce some notation.
Let G = GL(V}) x -+ x GL(Vj) be a product of general linear groups acting linearly
on a vector space V. The action gives a polynomial map G — GL(V) C End(V). Let
K[[e]] denote the ring of power series in one variable € and let K((¢)) denote the quotient
field of K[[¢]]. Define V) = V @ K((¢)), and regard it as a K((¢))-vector space. Let
G = GL(Vl(E)) X e X GL(Vl(E)). The action of G on V' extends by linearity to an action
of G) on V&),

Definition 4.1 (Algebraic degeneration). Let G be a product of general linear groups
acting linearly on V and let T,.S € V. We say that S is an algebraic G-degeneration of T
if there exist elements g. € G©) and U, € V() such that

ge T = S+ U
where LU, € V @ K[[e]]. In this case, we will often write g. - T'= S + O(e).

Informally, one can think of the group element g. in Definition 4.1 as a “curve” of
elements in G (parametrized by ¢), so that g. - T is a curve in V' with the property that S
belongs to its closure. Identifying G with a group of invertible matrices, one can think of
the elements of G(®) as invertible matrices whose entries are power series in the variable ¢.

Definition 4.1 is seemingly different from the definition of degenerations of tensors given
in Section 1.6 via closure in the Zariski topology. It is a classical fact however that these
two definitions are equivalent. In other words, S is an algebraic degeneration of T', in the
sense of Definition 4.1 if and only if S € G - T. The proof of this fact goes back to Hilbert
[Hil93]. For an arbitrary algebraically closed field, the statement is proved in [BCS97, Sec.
20.6] for the action of GL(V1) x GL(V2) x GL(V3) on Vi ® Vo ® V3 and in [Kra84, I11.2.3,
Lemma 1| in the case of GL(V). The proof in these two special settings is essentially the
same, and it applies to the general setting: S is an algebraic G-degeneration of T' (as in
Definition 4.1) if and only if S is in the G-orbit closure of T'.

Remark 4.2. Given two spaces V7, Vs, it is a standard fact that Vl(e) QK((e)) VQ(g) is
isomorphic as a K((g))-vector space to (V; @k V2)®). We will omit the subscript from the
notation of tensor product and write simply Vi ® V5 or Vl(s) ® VQ(E) meaning ®g in the first
case and ®g((c)) in the second case. Similarly, if V' is a K-vector space, then AV @) s to
be read as an exterior power with respect to ®g(.)) whereas AFV is an exterior power with
respect to ®k.
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An important case that we will consider is the one of the action of a group on a
Grassmannian. Given a vector space W and an integer r, let Gr(r, W) be the Grassmannian
of r-planes in W. Then Gr(r, W) is a projective variety in PA"W via the Pliicker embedding.
In this way, a group G acting linearly on W, acts on Gr(r, W) via its induced action on
A"W . Theorem 4.3 characterizes certain tensor degenerations in terms of degeneration
of elements of Gr(r, W) via this induced action. As a special case of Theorem 4.3, let
W=K'®---®K", G=GL, x---xGL,, and A =K". Let T = I, be the unit tensor in
A® W. Then Theorem 4.3 characterizes the border rank of S. This characterization was
obtained already in [BL13, Theorem 2.5] and [GOV19, Lemma 2.4].

Theorem 4.3. Let G be a product of general linear groups acting linearly on a space W.
Let A be a vector space and let r = dim A. Let T, S € AQ W be two elements such that the
flattenings T, S : A* — W are injective and let Ep, Eg be their images regarded as elements
of Gr(r,W). The following are equivalent:

(a) S is a (GL(A) x G)-degeneration of T';
(b) Eg is a G-degeneration of Erp.

Proof. By Remark 4.2, when considering the augmentation of the action of GL(A) x G on
A ® W, we can consider the group GL(A®)) x G(©),

Let ai,...,a, be a K-basis of A, which is also regarded as a K((¢))-basis of A) and
let a,...,a, be the dual basis of A*, also regarded as a basis of AE)T,

First we prove that (a) implies (b). Suppose that S is a (GL(A) x G)-degeneration of T'.
By definition of algebraic degeneration, there exists an element (., g.) € (GL(A) x G)() ~
GL(A®)) x G©) such that

(e ®ge) - T =S5+ 0(e).

Denote (z. ® g.) - T by T.. Then T. € A©) @ W), The image Er. of the flattening map
T. : AlEl* — W) has dimension 7 and has basis

{geT(xé‘ ) 041), ooy geT (e - 047“)}'
Regarding E7. as an element of A"V ) we have

Er =g - T(xe-ar)N---Nge - T(xe - )
=(S+0@E)(ar)AN---AN(S+0(e))(ar)
=S(a1) A+ AS(ay) + O(e).

where the tensor T is identified with its flattening map T : A* — W.

Notice that, by assumption, the flattening S : A* — W is injective and so Eg has
dimension r = dim(A). Therefore, S(ay) A -+ A S(a;) is nonzero and equals Ejg.

We obtain that Er, = Eg + O(e) is an element of A"W @ K[[e]]. We have E,_gq.).7 =

E,._.r since the action of . € GL(A®)) does not change the subspace. Therefore
ES + O(E) = ETE = E(a:5®g5)~T = EgE.T = 0gc ET.

Hence Eg is a G-degeneration of Er.

Now we prove that (b) implies (a). Assume Eg is a G-degeneration of Er. By definition,
there exists g. € G©) such that g, - By = Eg+ O(e) as an element of A”W (). In particular,
ge - Bt is an element of AFIWV @ K[[¢]].

On the one hand,

Es+0(e) = ge-Er = g=-(T(a1) A+ -AT(a)) = (g~ (Ti(an)))A- - A(ge-(T(anr)) € AW,
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On the other hand, since Eg + O(e) is an element of A¥IV ® K[[¢]], we have
Es+0(e) = S1e A= AN Spe

for elements S;. € W ® K[[¢e]] such that S;. = S(a;) + O(e).

Define S; =) a;®95;. € A @W ) and notice S. = S+0(e). Moreover, the flattening
image of S; is the same as the one of g, - T. This guarantees that there is an element
2. € GL(A®)) such that z.(g. - T) = S.. This results in (z. ® g.)(T) = S. = S + O(¢)
as elements of A®) @ W) showing that S is a (GL(A) x G)-degeneration of T. This
concludes the proof. O

We conclude with an observation providing a generalization of Theorem 4.3 to the action
of arbitrary algebraic linear groups G. This requires some familiarity with the language of
schemes and properties of discrete valuation rings and is independent from the rest of this
work.

Remark 4.4. One can define a notion of algebraic degeneration for any algebraic linear
group G, rather than only in the case where G is a product of general linear groups. This
definition is given by considering G as a group scheme defined over K, and G®) = G(K((¢))
the set of its K((¢))-points.

In this way, given an algebraic group G acting linearly on a space V', one has two natural
notions of degenerations: one topological, given as set of points in the closure of a G-orbit
in the Zariski topology, and one algebraic, given as in Definition 4.1 using the action of G
on V(). These two notions are equivalent in the general setting as well, and this allows one
to prove Theorem 4.3 in the more general setting. However, the proof of the equivalence
is more delicate and the arguments of [BCS97, Sec. 20.6] and [Kra84, I11.2.3, Lemma 1]
require some modifications involving the geometry of curves over discrete valuation rings.

5 Degeneration to the W-tensor

In this section, we will prove that if a k-tensor has partition rank at least two, then it
degenerates to the tensor Wy. We recall the definition of the tensor Wy. For every j € [k]
let V; be a vector space of dimension at least two and for every j € [k] we let v(()J ), Ugj ) e V;
be any two linearly independent vectors. The tensor Wy € V] ® - -- ® V, is defined as

Wi=ol"@u? @ 0ol + +oV @ @V 0u®.

Up to isomorphism of tensors, this tensor does not depend on the choice of vectors v(()j ),vgj ),

Theorem 5.1. Let T € V1 ® --- ® Vi, be a tensor with partition rank at least two. Then
Wy, is in the orbit closure of T, that is, Wy, € (GL(V7) x --- x GL(Vg)) - T

Theorem 5.1 directly implies Theorem 1.9, stated in the introduction. We prove
Proposition 5.2 as preparation to proving Theorem 5.1.

Proposition 5.2. Let Vi,..., V) be vector spaces with dimV; = 2 for every j € [k]. Let
PeVi®---®V; be any tensor that is linearly independent from the tensor Wy. Let H be
the stabilizer subgroup of Wy, under the action of GL(Vy) x -+ X GL(Vg) on V1 ® - - Q@ V.

Then v(()l) ®-® v(()k) € (KX x H) - P, where K* =K\ {0} acts by scalar multiplication.

Proof. Write v;, .. 4. = vi(ll) R ® vgf). The elements {v;, . 4, :i1,...,9 = 0,1} form a
basis of Vi ® --- ® V. Write P as a linear combination of the v;, with coefficients

f)ihmﬂ'k ek

P = § Py, igVin, i

11,000k
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where the sum goes over all i1,...,4; € {0,1}. First, assume Py o # 0. Define the matrix

g1 0
hs — < O Ek_]' > .

Then h%* € H. Let g. = & - h®*. Then

Bir+tin).,

GeViy,...ip, = € T15ensife

In particular, g. P = Py, ovo,...0 + O(e). This guarantees vy, o € (KX x H) - P.
Suppose that Py o= 0. Define

h(s1,...,s,) = (((1)811):-~7((1)81k)>‘

If s 4+ s, =0, then h(sq,...,s;) € H. Let m = max{zg?:l ij: Py, 7 0} be the
largest “weight” of an element appearing in the support of P. Then

h(s1,...,s)P =n(s1,...,8%)v0,..0+Q

where 7(s1,...,sk) is a polynomial in 1, ..., s of degree m and no constant term and @
is a tensor for which the coefficient of vy ¢ is 0. We will show that n(sy,...,s;) is not
identically 0 on the hyperplane s; + - - - + s = 0. This guarantees that there is a choice of
(s1,...,8k) such that h(sy,...,sg) is an element of the stabilizer subgroup H of W) and
the coefficient of vy o in h(s1,...,sg)P is nonzero. Consider two cases:

e If m > 2, then 7 is a polynomial of degree at least 2. Note that by construction all
monomials appearing in 7(s1,. .., sk) are square-free, namely no variable s; appears
with exponent larger than 1. If n(s1,...,sg) = 0 on the hyperplane s; + -+ + s = 0,
then the linear form s; + - -+ + s must divide 7(s1,..., sk). But every multiple of
$1+- - -+ has at least one monomial which is not square-free. Therefore, n(s1, ..., sk)
does not vanish identically on the hyperplane sy + --- + s = 0.

e If m = 1, then the support of P is contained in the support of Wg. In this case
n(si,...,sk) = Pio,.. 081+ -+ P 015k Since P and Wy, are linearly independent,
the coefficients P1g . o,...,P,. 01 of P are not all equal. Therefore n(sy,...,sy) is
not a scalar multiple multiple of s; + - - - 4 s; and so it does not vanish identically on
the hyperplane s; 4+ -+ 4 s, = 0.

Define P = h(sy,...,s;)(P) for a generic choice of sy, ..., sg. The argument above shows
that the coefficient of vg . o in P is nonzero. From the first part of the proof, we obtain

vo,..0€ (KX x H) - P= (K< x H)- P,
and this concludes the proof. O

We will now prove Theorem 5.1. Besides Proposition 5.2, this requires the results on
partition rank and restriction of Section 3 and the theory on degeneration and Grassmannians
from Section 4.

Proof of Theorem 5.1. By Proposition 3.1, after possibly applying a generic restriction to
T, we may assume dim V; = 2 for every j.

The proof is by induction on the order k of T'. For the base case k = 2, the statement
is clearly true.
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For the induction step, fix £ > 3 and assume the result is true for tensors of order k£ — 1.
Let T € V1 ®--- ® Vi be a tensor of order k satisfying PR(7") > 2. By Lemma 3.4, we can
write

T=5euv] +5 @

where Vj, = <v(()k), ng)% S is a tensor of order k — 1 satisfying PR(S) > 2 and S’ is linearly
independent from S. Define the subspace Ep := (S, S’) which is the image of the flattening
map T': V= V1 ® - @ Vi_1.

The tensor S has order k — 1 and partition rank at least two, so by the induction
hypothesis, we know that S degenerates to Wy_;. By definition of algebraic degeneration,

there exists an element g. € GL(Vl(E)) X e X GL(Vk(i)l) such that g.5 = Wi_1 + O(e).
Consider the action of GL(Vl(E)) X e X GL(Vk,(il) on Gr(2, Vl(s) Q- ® Vk(i)l). Regarding
ge - E1 as an element of AQ(VI(E) Q- ® Vk(i)l), we have

9ge - Er = (9eS) A (95") = (Wi—1 4 O(e)) A (g25).

We can write g.S" = 6% Z;’;O Pjel for some integer a and tensors P; € V} @ - ® Vj_1. Let
jo = min{j : P; is linearly independent from Wj,_}; in particular Pj, # 0. After possibly
rescaling g. by a power of €, we have

ge - Er = Wi_1 A Pjo + 0(6)

Write P = Pj, and define
T=Wi 100" +Pool.

Notice g - Er = Es + O(e) where Ex = (Wg_1, P) is the flattening image im(7 : Vi —
Vi®---®@Vg) of ﬁ regarded as an element of Gr(2,V; ® - - - ® V}). We have shown that Ep
degenerates to the E» under the action of GL(V7) x - - - x GL(Vj—1) on Gr(2, V1 ®- - ®@V}_1).

Therefore, by Theorem 4.3, the tensor 1" degenerates to the tensor T under the action of
(GL(V1) x -+ x GL(Vg—1)) x GL(V;) on V; ® - -+ ® Vj. Thus, to prove that T degenerates
to Wy, it is enough to show that T degenerates to Wy.

To prove that T degenerates to Wy we use Proposition 5.2. Since P is linearly indepen-
dent from Wy_1, Proposition 5.2 guarantees that there exists an element h. € (K* x H )(5)

where H = Stabgr,(v;)x...xaLv,_,)(Wk—1), such that h. - P = v(()l) R - ® v[()k_l) + O(e).
Now, up to rescaling h., we have

he - Bz = (he -Wi_1) A (he - P) =Wy Aol @ - @ ol + 0(e),

showing E+ degenerates to (Wk,l,vél) ®--® v(()k_l)> =imWi: V> V1@ ® Vi)
under the action of H C GL(V}) x -+ x GL(Vk_1). Again, using Theorem 4.3, we conclude
T degenerates to Wy, under the action of GL(V1) x -+ - x GL(V—1) x GL(V}). This concludes
the proof. O

6 A gap in the subrank of tensors

In this section, we prove the following theorem and we discuss how to obtain from it all
results stated in Section 1, in particular the subrank gap of Theorem 1.1.

Theorem 6.1. For every nonzero T € K™ ® --- ® K™ the following are equivalent:
(a) T has no flattening of rank one;

(b) Q(T™N) > 1 for some N;
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(c) Q(T®N) > CiV_O(N) for all N, where ¢, = k/(k — 1)(k=1/k,

Notice that Theorem 5.1 immediately implies Theorem 1.9. To prove Theorem 6.1 we
need three additional lemmas. The first lemma says that the asymptotic subrank does not
change under field extension; in particular, statements on the asymptotic subrank over
algebraically closed fields extend to arbitrary fields.

Lemma 6.2 ([Str88, Thm. 3.10]). Let K be any field and let L be any field that extends
K. Let T €e K" ®--- @ K™ be any tensor over K. Let T, e LM ® --- @ L™ be T as a
tensor over L. Then Q(T) = Q(TL). In other words, Q(T®EN) > N=°W) if and only if
Q(TEN) > CNfo(N).

The second lemma describes the growth of the subrank of powers of the tensor Wy,
which is where the constant ¢; = 2"(1/%) originates.

Lemma 6.3 ([Str91, CVZ19]). For every k > 2 we have Q(W2N) = ckao(N).
The third lemma guarantees that the subrank is monotone under degeneration in an
asymptotic sense.

Lemma 6.4 ([Str88]). For any tensors T and S, if T> S and Q(S®N) > dN=°(N) for
some constant d, then Q(T®N) > gN—oN),

Proof of Theorem 6.1. (a) = (¢). By Lemma 6.2 we may assume that K is algebraically
closed. If T" has no flattening of rank one, then Theorem 1.9 guarantees that T' > Wy. From
Lemma 6.3 and Lemma 6.4, we conclude Q(T%V) > c,]j_o(N).

(¢) = (b). This is clear.

(b) = (a). If T has a flattening of rank one, then Q(T™V) < 1 for all N. The
contrapositive is the implication we are looking for. O

We now prove the results in Section 1 as a consequence of Theorem 6.1.

Theorem 1.1 (Subrank gap). For every nonzero T € K™ @ --- @ K" one of the following
18 true:

(a) Q(T™N) =1 for all N;
(b) Q(T®N) > Ckao(N) for all N, where ¢, = k/(k — 1)(:=D/k,

Proof. If T has a flattening of rank one, then by Theorem 6.1 Q(T®N) < 1 for all N. Since
T is nonzero we must have Q(T™V) =1 for all N. If T has no flattening of rank one, then

Theorem 6.1 guarantees Q(T®N) > civ_o(N) for all N. O

When k = 2, the bound of Theorem 1.1 already holds non-asymptotically. Indeed, for
k = 2 the tensor T is a matrix and the subrank Q(7) is the matrix rank of 7. In this case
W3 is isomorphic to lo 2. Clearly, the rank of any matrix is at most 1 or at least co = 2.
We will now discuss the short proofs of Theorem 1.3 and Theorem 1.4.

Theorem 1.3 (Partition rank gap). For every nonzero T € K" @ --- @ K™ exactly one of
the following is true:

(a) PR(T®N) =1 for all N;
(b) PR(T®N) > cgfo(N) for all N.

Proof. 1f PR(T) = 1 then PR(T®V) = 1 for every N. If PR(T) > 2, then Theorem 1.1

guarantees Q(T™V) > ckao(N)

rank, so we conclude PR(T%V) > cévf

. By Lemma 2.8 the subrank is a lower bound to the partition
o(N) 0
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Theorem 1.4 (Gap for normalized monotones). Let f be any normalized monotone. For

every T € KM ®--- K", if there is no flattening of T of rank one, then f(T™N) > cév_o(N)
for all N.
Proof. The assumption is that 7" has no flattening of rank one, therefore Q(T*V) > c,]fvfo(N)

for every N. Write explicitly Q(T™N) > ry = céV_O‘N where -ay — 0 as N — co. We
may assume that the ry are integers. By definition of subrank, we have 7%V > Iy -
Therefore, for every normalized monotone, we obtain f(T™N) > f(ly ) =y = N 7N,

We conclude f(T%N) > civ_o(N) as desired. O
Finally, we provide an explicit proof of Theorem 1.7.

Theorem 1.7. For every nonzero T € K" ® --- @ K™ | one of the following is true:

(a) Q(T) =1;

(b) Q(T) > ¢, where ¢ = k/(k — 1)(k=1)/k,

Proof. By definition, Q(T) = limy 0 Q(THN)YN 1 Q(T™N) = 1 for every N, then clearly
Q(T') = 1. Otherwise, applying Theorem 1.1, we get that Q(T') = limn 0 Q(THNHYI/N >

N—o(N
(ch ( ))1/N

limy o = ¢}, as desired. O

7 A second gap in the subrank of tensors of order three

Theorem 1.1 is a result providing a gap in the subrank of large Kronecker powers for tensors
of arbitrary order. In this section we will prove a “second gap” for the special case of tensors
T e KM @ K" ® K" of order three (k = 3).

Theorem 1.6. For every nonzero T € K™ ® K" ® K™ exactly one of the following is
true:

(a) Q(T®N) =1 for all N;
(b) Q(THN) = céV_O(N) for all N, where c3 = 3/2%/3 ~ 1.88;
(¢) QTHN) > 2N=WN) for all N.

To prove Theorem 1.6 we prove the following structural result, which strengthens
Theorem 1.9 for the special case of tensors of order three.

Theorem 1.10. For every nonzero T € K™ @ K™ ® K™ exactly one of the following is
true:

(a) T has a flattening of rank one;
(b) W3 > T and T > Ws;
(c) T>l32.

The proof of Theorem 1.10 uses the orbit classification of tensors in K? ® K? ® K2 under
the action of GL(K?) x GL(K?) x GL(K?). This orbit classification is as follows:

Lemma 7.1. For every T € K? ® K? @ K? ezactly one of the following statements holds:
(a) T =0;

(b) T=e; ®e; ®ey;
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Ze1®er®er +e1Q@ex® e

T

T=e®e Qe +ea®e ®ey;
T=Ze1 Qe Qe +ea®@ex®er;
T

EWiy=e1Qe1Qe2t+e1@e2®e1 +e2R®e; ®ey;

Notice that PR(T) = 1 in cases (b)-(e) and PR(T") = 2 in cases (f),(g). When K =C
Lemma 7.1 follows essentially from the results of Sylvester [Syl52]. When K is an arbitrary
field Lemma 7.1 can be obtained using Kronecker’s classification of matrix pencils, for
which we refer to [Gan59, Ch. XIIJ.

To continue we will study the following set.

Definition 7.2. Let nj,ng, n3 > 2. Denote by 7(n1,ng,ng) C K™ @ K™ @ K" the Zariski
closure of the orbit of W =¢e; ® e1 R es + €1 ® ea ® e1 + €3 ® e1 ® e1 under the action of
GL(K™) x GL(K"2) x GL(K"3).

By definition, 7(n1,ne,ns) is Zariski-closed and therefore it is defined by polynomial
equations; it is called the tangential variety of the Segre variety. The study of this variety
and its defining equations is the subject of a long series of works. The defining equation
of 7(2,2,2) C K? ® K? ® K? is known since Cayley [Cay45]; it is a polynomial equation
Cay € K[K? ® K? ® K?] of degree four, usually called the Cayley hyperdeterminant. We
record this result in the following:

Lemma 7.3. Let ag,aq,bg, b1, co,c1 be bases of three copies of K. Let Kltijr : 4,75,k =
0,1] = K[K? ® K? ® K?|, where tiji are the coordinates in the induced basis a; @ b; ® cy,.
Then 7(2,2,2) C P(K? ® K2 ® K2) is the hypersurface of degree four defined by

2 2 2 2
Cay =t(1111,0,0 — 2to,1,0t0,1,181,0,0t1,0,1 + 15,1,0%1,01 — 2t0,0,10,1,11,0,001,1,0
2 2
— 2t0,0,1t0,1,0t1,0,1t1,1,0 + 4¢0,0,00,1,1¢1,0,11,1,0 + €5 0.1%7,1,0 + 4t0,0,1%0,1,0t1,0,01,1,1
2 2
— 20,0,0t0,1,1%1,0,0t1,1,1 — 2t0,0,0%0,1,0¢1,0,1%1,1,1 — 2%0,0,0%0,0,1t1,1,0¢1,1,1 + £5,0,0%7,1,1-

Over C, a set of equations whose zero set is 7(n1, ng, n3) was obtained in [HS07]; these
results were generalized for tensor products in a higher number of factors in [Oedl1].
Further, in [OR14], the affirmative answer to a conjecture of [LW07| was given, providing a
complete characterization of all equations vanishing on 7(n1,ng,ng).

In Lemma 7.5, we give a characteristic free proof of some particular result in [Oed11].
Set the following notation:

e Let J(ni,n2,n3) C KIK™ ® K" ® K"] be the ideal generated by the polynomials
Cay o (m ® T2 ® m3) for all m; € End(K™,K?).

In other words, [J(n1,n2,ns) is the ideal generated by the Cayley hyperdeterminant
composed with every restriction from K™ @ K™ @ K™ to K? ® K? ® K2.

e Let M(ny,n2,n3) be the ideal generated by the 3 x 3 minors of the flattenings in
K™ @ K" @ K". The ideal M(n1,ng,ns) defines the subspace variety of multilinear
ranks (2,2,2), in the sense of [Lanl2, Sec. 7.1].

Lemma 7.5 below shows that the variety defined by J(ni,n2,n3) is the union of
7(n1,m2,n3) and the set of tensors of partition rank one. This will lead to the proof
of Theorem 1.10. First, we record a general result showing that defining equations for
7(n1,n9,n3) are inherited, in the sense of [LMO04], from equations of 7(2,2,2); over C, this
is a consequence of the more general results of [Oed11, OR14]. Given a set of polynomial
equations Z, write V(Z) for the variety that it defines.
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Lemma 7.4. The variety T(nq,ne,n3) is the zero set of J(n1,n2,ng) + M(ni,na,n3). In
other words
T(n1,n2,n3) = V(J (n1,n2,n3)) N V(M(n1,n2,n3)).

Proof. Let J = J(n1,na,n3) and M = M(ny,ng,n3). We have V(J)NV(M) = V(T +M).
The inclusion 7(n1,n2,n3) C V(J) N T (M) is clearly true.

To prove the inclusion 7(n1,n2,n3) 2 V(J + M), consider T' € V(J + M). Then
T is an element of the subspace variety Subg22(V1 ® Va2 ® V3); in particular, there exist
subspaces V/ C V; with dim V; = 2 such that T' € V] ® Vj ® V4.

Choose 7; : V; — K? such that ;|- is injective. Since T' € V(J), we have that Cay
vanishes at T’ = (m ® mp ® m3)(T) showing that T’ € 7(2,2,2).

Let ¢; : K2 — V! C V; be the inverse of 7;|y; in particular ¢; is injective. It is clear that
the orbit-closure of (11 ®to®1t3)(W3) is 7(n1, ng,lng); this shows that (11 ®1a®¢3)(7(2,2,2)) C
7(n1,mn2,n3). Then

T=(11®t2®t3)0(m @m@m3)(T) € (11 ® 12 ®13)(7(2,2,2)) C 7(n1,n2,n3).
In other words, T € 7(n1,n2,n3) as desired. O

Lemma 7.5 characterizes the variety defined by the ideal J(n1,n2,n3).

Lemma 7.5. We have
V(T (n1,n2,n3)) = 7(n1,n2,n3) U P(ni,ng, n3)

where P(ni,n2,ng) = {T € K" @ K" @ K™ : PR(T') = 1} is the variety of tensors of
partition rank one.

Proof. Since P(2,2,2) C 7(2,2,2), it is clear that
T(nl, ng, ng) U P(nl, ne, 77,3) C V(.](nl, na, 713))

To show the other inclusion, it is enough to show that if 7' € V(J(n1,n2,n3)) and
PR(T') > 2, then T € 7(n1,n2,n3). By Lemma 7.4, this is equivalent to showing that if
T € V(J(n1,n2,n3)) and PR(T") > 2, then T € Subg 2 2, namely the 3 x 3 minors of the
flattenings vanish on 7. Since every projection m; : K" — K? factors through a three
dimensional space K3, we may assume n; = no = ng = 3.

Fix bases aq,...,as, by,...,ba, co,...,co of the three copies of K3; with abuse of
notation, let ag, a1, bo, b1, co, 1 be bases of the three copies of K2. We will be interested
in coordinate restrictions 7 : K? — K? mapping one of the three basis vectors to 0 and
the other two basis vectors to the two basis vectors of K2. Write 7, (resp. mp,, mc,;) for
(any) restriction mapping a; (resp. b;, ¢;) to 0. Let miji = ma; ® mp; ® mC;.

Let T € V(J(3,3,3)) with PR(T) > 2. Fix generic restrictions 74,75, ¢ : K3 — K2
by Proposition 3.1, we have PR((m4 ® 7 @ 7¢)(T)) = 2, and since T' € V(J), we have
(ma @ mp @ me)(T) € 7(2,2,2). By Lemma 7.1, after possibly changing coordinates in
K? @ K2 ®@ K2, we may assume (74 @ 75 ® 7¢)(T) = W3. Moreover, after possibly changing
coordinates in K3 @ K3 @ K3, we may assume that m4 = TA2,TB = TB2,TC = Tc,2. In
other words, we can write

T=W;3+ E Oijkai ®bj @ cp
i,j,k=0,...,2
at least one 2

for some coefficients 0.
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One can directly verify that

Cay (mo22(T)) = 031,
Cay (m02(T)) = 034,
CaY(7T220(T)) = 9%1%

which imply 6911 = 0121 = 0112 = 0 because T' € V(7 (3,3,3)). Imposing these conditions,
one can further verify

Cay(m122(T)) = (6201 — 0210)?,
Cay(m212(T)) = (021 — 6120)%,
Cay(m221(T)) = (Bo12 — 9102)27

which imply 0201 = 0919, Op21 = 0120, Op12 = O102. Imposing these conditions, we obtain

Cay(m210(T)) = (0122 — H1020120),
Cay (7021 (T)) = (0212 — Oo120210)?,
Cay(m102(T)) = (0221 — 02100120)>

This allows us to express 6122, 0212, 0201 in terms of the other coefficients. Further, we obtain

Cay(m112(T)) = (220 — [01200200 + Bo200210])?
Cay(m121(T)) = (6202 — [#1020200 + Bo020210])?
Cay(m211(T)) = (fo22 — [Bo200102 + Oo020120])?,

which allows us to express 0220, 0202, fp22 in terms for the other coefficients. Finally, we
have

Cay(m011(T)) = (6222 — [f1026220 + Oo026221])*-

These identities allow us to express the coefficients of T depending only on the six parameters
51, 82, 83, P1, P2, P3, as follows

T =ap®by ®c1 +ap @by ®cp~+ a1 ®by & co
+51:-a2Rby®cog+52-a9 by ®co+53-a9 R by ®
+pi(as @by ® c1 + a2 @ by ® co) + p2(a1 ® by @ ¢p + ag ® by @ 1)
+ p3(ap @ b1 ® ca + a1 @ by ® c2)
+ (s2p3 + s3p2)ao ® by ® c2 + (s1p3 + s3p1)az ® by @ c2 + (s1p2 + s2p1)az @ by @ co
+pap3 a1 @by @ o +p1p3 - a2 @by @ c2 +p1p2 - az @b ® ¢
+ (s1p2p3 + p1sap3 + p1p2s3)az ® by @ ca.

One can verify that the 3 x 3 minors of the flattenings of the tensor 1" are identically 0 as
polynomials in s1, s, $3,p1, p2, p3. This shows that T' € Subg 2 2, and therefore T" € 7(3, 3, 3)
by Lemma 7.4, as desired. O

Proof of Theorem 1.10. Let T € K™ ® K™ @ K". If n; < 1 for any ¢, then we are in
case (a). Suppose n; > 2 for all i. Let m; : K% — K2 be generic linear maps. Let
T = (m @me@m3)T.

Suppose that PR(T”) = 1. Then by Proposition 3.1 PR(T) = 1. In this case, T is in
case (a).

Suppose that PR(T”) = 2. Then by the orbit-classification, see Lemma 7.1, T is
isomorphic to l32 or to W3. Suppose that 7" is isomorphic to l32. Then in particular
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T > |32, hence T falls in case (c). Suppose that T” is isomorphic to W3. Then by Lemma 7.3,
we have Cay(T") = Cay(W3) = 0. Therefore

(Cay o (m ® m ® 73))(T) = Cay(T") = 0.

Thus the Cayley hyperdeterminant vanishes on the generic restriction of T to K? ® K? ®
K? and thus on all such restrictions by semicontinuity. Thus T' € V(J(ny,n2,n3)) =
7(n1,n2,n3) U P(ny,n2,ng) by Lemma 7.5. Since PR(T') = 2, T ¢ P(ny,n2,n3), so
T € 7(n1,n2,n3). Since 7(n1,ng,ng) is the orbit-closure of W3, we conclude that W3 > T'.
We already knew that 7" > W3. Hence T falls in case (b). O

Proof of Theorem 1.6. By Lemma 6.2 we may without loss of generality assume K is
algebraically closed.

If PR(T) = 1, then Q(T%N) =1 for every N.

If T is isomorphic to W3, then Q(T™V) = céV_O(N) by Lemma 6.3.

If PR(T) > 2 and T is not isomorphic to W3, then Theorem 1.10 guarantees that
T > I3, therefore Q(T') > 2 and Q(T™N) > 2V for every N. O

The proof of Theorem 1.8 follows immediately.

8 Open problems
Our results naturally lead to several open problems which we briefly discuss in this section.

1. Forevery k > 2, Theorem 1.7 shows that the smallest possible values for the asymptotic
subrank Q(7') = im0 Q(TBNYUN of any k-tensor T are the values

g =0
g =1
q2 = Ck

where ¢, = k/(k — 1)%/(=1) = 2h(1/k) with h denoting the binary entropy function. Is
there again a gap between go and the next possible value of the asymptotic subrank?
The answer is known to be “yes” over finite fields [BDR22, Corollary 1.4.3]. Or is go
an accumulation point for the possible values of the asymptotic subrank?

2. It is natural to specialize the previous question to small values of k. For tensors of
order k = 2 (matrices) the situation is completely understood, and the possible values
of the asymptotic subrank are precisely the natural numbers. For tensors of order
k = 3 the situation is already much more complicated and the answer to the above
questions is not known. Theorem 1.8 show that the smallest possible values of the
asymptotic subrank are

9 =0
@ =1
@ = c3 ~ 1.88988
q3 = 2.

What is the next possible value? It is known that there exists a tensor T' of order
three with Q(T') ~ 2.68664[Str91, page 169] and that there exists a tensor 7" of order
three with Q(7') ~ 2.7551 [Str91, page 132].

22



3. As the main ingredient for the proof of Theorem 1.1 we prove that for any k-tensor
T, no flattening of T' has rank one if and only if 7'> Wj. We may phrase this as a
“degeneration duality” as follows. For any tensor 7', there is no degeneration S >T for
any partition rank one tensor S if and only if 7> Wy,. In other words, the existence of
certain degenerations corresponds to the non-existence of other degenerations. What
other degeneration dualities for tensors exist?

Remark 8.1. Progress on these open problems was achieved after the submission of this
work. In [BCL 23] the authors proved discreteness of several asymptotic tensor parameters
for 3-tensors in several regimes. In particular, they proved this for the asymptotic subrank
and asymptotic slice rank over finite fields, and for asymptotic slice rank over the field of
complex numbers.

Finally, [GZ23| determined the next element in the set of values of asymptotic subrank.
If T is a 3-tensor with Q(7") > 2, then Q(T') > ¢4, where ¢4 ~ 2.68664 is the asymptotic
subrank of the structure tensor of the null-algebra of dimension 3 [Str91].
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