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1 SIMULTANEOUS COMPUTATIONAL AND DATA LOAD

2 BALANCING IN DISTRIBUTED-MEMORY SETTING

3 MESTAN FIRAT CELIKTUG*, M. OZAN KARSAVURANT, SEHER ACERY, AND

4 CEVDET AYKANAT

5 Abstract. Several successful partitioning models and methods have been proposed and used

6 for computational load balancing of irregularly sparse applications in distributed-memory setting.
7 However, the literature lacks partitioning models and methods that encode both computational and
& data load balancing. In this article, we try to close this gap in the literature by proposing two
9 hypergraph partitioning (HP) models which simultaneously encode computational and data load
10 balancing. Both models utilize a two-constraint formulation where the first constraint encodes the
11 computational load and the second constraint encodes the data load. In the first model, we introduce
12 explicit data vertices for encoding data load and we replicate those data vertices at each recursive
13 bipartitioning (RB) step for encoding data replication. In the second model, we introduce a data
14 weight distribution scheme for encoding data load and we update those weights at each RB step. The
15 nice property of both proposed models is that they do not necessitate developing a new partitioner
16 from scratch. Both models can easily be implemented by invoking any HP tool that supports multi-
L7  constraint partitioning as a two-way partitioner at each RB step. The validity of the proposed models
18 is tested on two widely-used irregularly sparse applications: parallel mesh simulations and parallel
19 sparse matrix sparse matrix multiplication (SpGEMM). Both proposed models achieve significant
20  improvement over a baseline model.

21 Key words. computational load balance, data load balance, distributed-memory systems, hy-
22 pergraph partitioning, recursive bipartitioning, multi-constraint partitioning, general sparse matrix-
23 matrix multiplication, mesh partitioning

24 AMS subject classifications. 05C85,05C65,65F50,68R10

25 1. Introduction. In a distributed-memory setting, task-to-processor assignmentfli
26 has a significant role to attain high performance. This assignment affects multiple
27 performance metrics such as computational load balance and communication costs
28  which include bandwidth and latency components. Over the years, these metrics are
29  widely studied alone or in a combination [1-3,9-11,14,17,20, 24, 36, 38, 39, 41-43].
30 There also exist combinatorial models and works which target minimizing these met-
31 rics under a given partial or complete data partition [6,13,18,19,21,33]. In the high
32  performance computing community, whenever load balance is pronounced it is almost
33 always computational load balance [11,12,14,18,25,25-27,37]. In the cloud computing
34 community, data load balance is considered, however, in that context data load bal-
35 ance is usually the only objective of the partitioning [30,32,35]. That is, only data is
36 partitioned across data centers without associated tasks. In the literature, data load
37 is considered for data migration cost [12,19,25] and memory capacity [5,22,40]. To
38 our knowledge, this is the first paper in which simultaneous balance on computational
39 and data loads are considered.

40 The target problem consists of atomic tasks and data elements to be assigned to
41 the processors. Tasks do not have any computational dependency, whereas a data
12 element might be needed by multiple tasks. If such tasks are assigned to different
43 processors, then that data element will be replicated to those processors. Tasks are
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2 M. F. CELIKTUg, M. O. KARSAVURAN, S. ACER, AND C. AYKANAT

associated with computational weights, whereas data elements are associated with
sizes. Then the problem is finding the task-to-processor assignment in which maxi-
mum computational and data loads of processors are minimized simultaneously.

In this work, we propose two novel hypergraph partitioning (HP) based models
which simultaneously consider computational and data loads of the processors in a
distributed-memory setting. In the first model, there exist vertices representing com-
putational tasks as well as data elements. There exist nets also representing data
elements and their relations with tasks. A two-constraint formulation is utilized for
simultaneous computational and data load balancing, where partitioning objective
encodes minimization of the total data replication. We utilize the recursive biparti-
tioning (RB) scheme to increase the performance of the proposed vertex replication
scheme by applying it at each level. For the RB framework, we propose a novel data
vertex replication scheme to encode better data load balancing in the further RB
steps.

In the second model, vertices represent computational tasks, whereas nets rep-
resent data elements as well as their relations with tasks. In this model, a similar
two-constraint formulation is also utilized. In order to model data loads, in contrast
to the first model which contains explicit data vertices, we propose a data weight
distribution to the vertex weights. Furthermore, we also utilize the RB framework for
enabling utilization of the proposed weight distribution at each level.

In two-constraint formulation utilized in both models, finding balance on the com-
putational loads through part weights encapsulates minimizing the computational load
of the maximally loaded processor, since the total computational load is fixed. This is
not true for the data load, because the total data load depends on the computational
task partitioning. On the other hand, both proposed models minimize the amount
of the data replication with the partitioning objective. In that way, proposed two-
constraint formulation also encapsulates minimizing the data load of the maximally
loaded processor.

We evaluate the performance of the proposed models against a HP based baseline
model which only tries to balance computational loads of the processors. We utilized
two sample applications in which our target problem arises: Parallel Finite Element
Method and Volume Element Method based simulations which involve partitioning
irregular 2D or 3D meshes and row-row-parallel Sparse Generalized Matrix Matrix
Multiplication which involves partitioning two irregularly sparse input matrices. Ex-
tensive experiments conducted for a wide range of partitioning instances on up to 1024
processors show that both proposed models achieve significantly better performance
than the baseline model.

The rest of the paper is organized as follows: Section 2 describes the framework
and formally defines the target problem. We give preliminary information about HP
and RB framework in section 3. We propose two HP models for the target problem in
section 4. In section 5 experimental results are presented and discussed. We briefly
discuss related works in section 6. Finally, section 7 concludes the paper.

2. Framework and problem definition. The target application is considered
as a two-tuple A= (7,D). Here, T = {t1,t2,--- ,tr} denotes a set of |T|=1T inde-
pendent computational tasks and D={dy,ds, - ,dp} denotes a set of |D|=D data
elements. Here and hereafter | - | denotes the cardinality of the respective set. There
exists no computational dependency between tasks. However, there exists interaction
among the tasks as multiple tasks may need the same data element(s) for their exe-
cutions. In a dual manner, an individual data element may be required by multiple
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SIMULTANEOUS COMPUTATIONAL AND DATA LOAD BALANCING 3

93 tasks for execution. The set of data elements required by a task t; is denoted by

94 Data(t;), whereas the set of tasks that need/require a data element d; is denoted by

95 Tasks(dj). Tasks may be associated with different computational costs, as well as

96 data elements may be associated with different memory sizes. Let exec(t;) denote the

97 computational cost of task ¢; and let size(d;) denote the memory size of data element

98 d;.

99 Row-row-parallel Sparse Generalized Matrix Matrix Multiplication (SpGEMM)
100 of the form C'=AB is an example target application. That is, the pre-multiplication
101 of individual A-matrix rows with the B-matrix constitute the tasks, whereas rows of
102 the A and B matrices constitute the data elements. The details about the SpGEMM
103 application is given in subsection 5.3.2. Figure la shows a sample SpGEMM instance
104  with a 3x4 A-matrix and a 4x5 B-matrix.

105 Figure 1b shows the A= (T, D) representation of the SpPGEMM instance given in
106 Figure la with |7|=3 tasks and |D|=7 data elements. In the figure, circles denote
107 tasks and squares denote data elements, whereas lines denote the interaction among
108 the tasks and data elements. Vertices dy, do, and d3 respectively denote A-matrix rows
109 r{, r4', and r4', whereas d4, ds, dg, and dy respectively denote B-matrix rows r, rZ,
110 r$, and r2. The multiplication of the second row of the A-matrix with the B-matrix
111 is represented by t5. This multiplication requires an A-matrix row r3' and three B-

112 matrix rows 2, r2, and r2. Therefore, Data(tz)={dz,ds,ds, d7}. The B-matrix row
113 7P is required by the first and second rows of the A-matrix, so Tasks(d7) = {t2,t3}.
114 exec(t;) and size(d;) values are also given for each element, for example exec(tz) =8
115 since it consists of 1 4 3 + 4 = 8 multiply-add operations and size(ds) =3 since rs'
116 contains 3 nonzero elements.

exec(t;) T D size(d;)
2
A B 6 i1 3
X X X T
[ x X o r}g 2
A 2
ri Xooxx | < x| 3 " 3
T3 X X B
X X X x|ri .
T (1 3
4
(a) C = AB

Fic. 1. A sample SpGEMM instance and corresponding A= (T, D) representation.

117 The target computing platform is a homogeneous distributed-memory parallel
118 system consisting of K processors. The execution time of each computational task is
119 assumed to be the same on every processor.

120 The target problem is to find a computational-task-to-processor partition /assignment.|]
121 Let I(T)={T1, T2, -, Tk} denote a K-way computational-task-to-processor assign-
122 ment, where T; denotes the set of tasks assigned to processor py, for k=1,2,--- | K.

123 This task-to-processor assignment II(7) incurs a data replication schema determined
124 by the data needs of the tasks assigned to individual processors. In this schema, each
125 data element d; is replicated to each processor where at least one task assigned to
126 that processor needs d;. Let WS(py) denote the working set of processor py, which
127 corresponds to the set of data elements needed by pj for the execution of the tasks
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4 M. F. CELIKTUg, M. O. KARSAVURAN, S. ACER, AND C. AYKANAT

assigned to pg. That is,

(2.1) WS(pr) = | J Data(t;).

ti €Tk

Consider a given task-to-processor assignment II(7). The computational load
CL(py) of processor py is computed as

(2.2) CL(py) = Z exec(t;).

ti €Tk

The data load DL(py) of processor py is computed as

(2.3) DL(pr) = Y  size(d;).
djE WS(pk)

Note that DL(pg) corresponds to the memory footprint, which refers to the amount
of main memory that processor pj references while executing the tasks assigned to
itself.

In a given assignment II(7), the maximum computational load and the maximum
data load of processors are respectively defined as

(2.4) CLpaz = mkaX{C'L(pk)},
(2.5) DLz = m?X{DL(pk)}.

After describing the framework and giving the notations, we formally define the
target problem as follows:

DEFINITION 1 (Simultaneous Computation and Data Load Balancing Problem).
Given an application A= (T,D) find a computation-task-to-processor assignment
I1(7%) that minimizes both CLy,q. and DLy, given in (2.4) and (2.5), respectively.

3. Preliminaries.

3.1. Hypergraph partitioning. A hypergraph H = (U, ') consists of a set U
of vertices and a set A of nets. Each net n; connects a subset of vertices denoted as
Pins(n;). The degree deg(n;) of a net n; denotes the number of vertices it connects,
ie., deg(n;) = |Pins(n;)|. A cost c(n;) is associated with each net n;. Nets(u;)
denotes the set of nets that connect w;. This easily extends to a subset of vertices
U, C U so that Nets(Uy) =, ey, Nets(ui). Multiple weights w' (u;), - - ,w (uy)
can be associated with each vertex u;, where w®(u;) denotes the cth weight associated

II(H)={l, - ,Uk} is called K-way partition of H, if parts are mutually disjoint
and mutually exhaustive. In II(#), the connectivity set A(n;) of net n; consists of
the parts that are connected by that net, i.e., A(n;)={U : Pins(n;) NU, # 0}. The
number of parts connected by n; is denoted by A(n;)=|A(n;)|. A net n; is said to be
cut if it connects more than one part, i.e., A(n;) > 1, and uncut otherwise. A vertex
u; in TI(H) is said to be a boundary vertex if it is connected by at least one cut net.
Among various cutsize definitions we focus on the connectivity metric as follows:

(3.1) Cutsize(II(H)) = Y c(n;)(A(n;) — 1).
n;EN
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SIMULTANEOUS COMPUTATIONAL AND DATA LOAD BALANCING 5

In a given partition II(H), the weight W¢(Uy,) of part Uy, is defined as the sum of
the cth weights of the vertices in Uy. II(#H) is said to be balanced if

(3.2) WeU) < Weyg(1+€°), for k€ {1,2,--- K} and c € {1,2,---,C},
where Wg, = (32, We(Uy))/K and € is the predetermined imbalance ratio for the
cth weight.

The K-way multi-constraint HP problem [15] is then defined as finding a K-way

partition such that the cutsize (3.1) is minimized while the balance constraint (3.2) is
maintained. For C'=1, this reduces to the well-studied standard partitioning problem.

3.2. Recursive bipartitioning (RB) framework. In the RB paradigm, the
initial hypergraph is partitioned into two subhypergraphs. These two subhypergraphs
are further bipartitioned recursively until K parts are obtained. This process forms
a complete binary tree, which we refer to as an RB tree, with log, K levels, where K
is a power of 2.

The RB-based HP tools/algorithms utilize a cut-net splitting scheme in order to
correctly encode the total cutsize (3.1) at the end of the multi-way partitioning. That
is, after each RB step, the cut nets of the respective vertex bipartition Iy ={U;,Us}
are split into the two parts of the bipartition. Then, vertex-induced (induced by
Uy and U,) subhypergraphs Hq = (U, N1) and Ho = (U, N2) of H = (U, N) are
constructed as follows:

Hi = (U,N1) Ni={n":Vn e N, Pins(n) NU; #0, Pins(n’) = Pins(n) N U},
Ho = (U,N2) No={n":VYn €N, Pins(n) N\Us#D, Pins(n’") = Pins(n) NUs}.

4. Proposed hypergraph models. In this section, we describe the two differ-
ent hypergraph models proposed for solving the simultaneous computation and data
load balancing problem.

4.1. Hypergraph with data vertices (DV). In this model, the application
A=(T,D) is represented by a hypergraph Hpy (A)=(U UV, N) on |T|+|D| vertices
and |D| nets with the number of pins equal to

(4.1) > |Pins(n)| = > |Data(t;)| +|D| = Y |Tasks(d;)| + |D].

neN ti€T d;eD

Vertex set U represents the computational tasks, where each computational task ¢; is
represented by a task vertex u; € U. Vertex set V and net set A represent the data
elements. That is, each data element d; is represented by a data vertex v; € V as well
as a net n; € N. Each net n; connects the set of vertices representing the tasks that
require data element d; for their execution as well as data vertex v;. That is,

(4.2) Pins(n;) = {v;} U{u, : t; € Tasks(d;)} = {v;} U{u, : d; € Data(t;)}.

Therefore, each net connects one data vertex and one or more task vertices. Each
net is associated with a cost which is equal to the memory size of the respective data
element. That is,

(4.3) c(nj) = size(d;).

Without loss of generality, a given vertex partition II(Hpy) = {Uh U Vi, Uz U
Vo, -+ Uk UVk} is decoded as a K-way task assignment, where the tasks corre-
sponding to the vertices in U, are assigned to processor py for k=1,--- , K. That
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6 M. F. CELIKTUg, M. O. KARSAVURAN, S. ACER, AND C. AYKANAT

is Te = {t; : w; € Ug}. In this setting, A(n;) is interchangeably used for both the
parts that net n; connects and the respective processors. Recall that this vertex
partition also incurs a data assignment /replication schema. A data element d; is as-
signed /replicated to each processor pj such that U, € A(n;). In other words, for each
net n; that connects part Uy, data element d; is assigned/replicated to processor py.
That is,

(4.4) WS (pr) = {d; : n; € Nets(Uy)}.

For a given partition II(H#py ), consider an internal net n; in Uy U Vi. Then, all
tasks which need data element d; are assigned to the same processor p;, which already
holds d;. So, internal nets do not incur any replication.

Consider a cut net n; and assume that v; is assigned to Vi € A(n;). Then two
cases occur as follows: Net n; connects at least one task vertex in Uy, net n; does
not connect any task vertex in Uy. In the former case, each processor in A(n;) needs
data element d;, whereas in the latter case, each processor A(n;) \ {pr} needs data
element d;. So in both cases, the data element d; will be replicated to all processors
in A(n;) \ {pe}. Hence, c(n;)(A(n;) — 1) denotes the total amount of replication
because of the data element d;. So, the partitioning objective of minimizing the
cutsize (3.1) corresponds to minimizing the total data replication to be incurred by
the task partition.

Data vertices are included in the pin lists of the respective nets (e.g., v; €
Pins(n;) as shown in (4.2)) for encoding the data loads of the processors through
a two-constraint partitioning formulation as follows: The first weight of a task vertex
is set equal to the execution time of the respective task, whereas its second weight is
set to zero. The first weight of a data vertex is set to zero, whereas its second weight
is set equal to the memory size of the respective data element. That is,

(4.5) wh(u;)) = exec(t;) w!(v;) =0
(4.6) w?(u;)) = 0 w?(vj) = size(d;).

So, the first partitioning constraint of maintaining balance on parts’ first weights
encodes balancing computational loads of processors, whereas the second partitioning
constraint of maintaining balance on parts’ second weights relates to balancing data
loads of processors.

Figure 2a shows the Hpy hypergraph for the sample application A = (7, D)
given in Figure 1. In the figure, circles denote task vertices, squares denote data
vertices and dots denote the nets, whereas lines denote pins. For example, Pins(ng) =
{u1, u2,us, ve} since Tasks(dg) ={t1,t2,t3}. The array of two weights associated with
each vertex is displayed next to the corresponding vertex, where the upper weight
denotes w!(-) and the lower weight denotes w?(-). For example, w!(uz) = 8 since
exec(ty) =8 and w?(vg) =3 since size(dg)=3.

In a straightforward partitioning of H py, the relation between second constraint
and balancing processors’ data loads is rather loose since each data vertex is assigned
to only one part and does not encode replication of data elements according to the
task partition. We enhance this two-constraint formulation with a novel boundary
data vertex replication scheme utilized in an RB framework for enabling the second
constraint to better encode balancing processors’ data loads. In this scheme, the
bipartition of the computational task vertices obtained at each RB step is utilized to
determine data vertex replication in the further RB steps. The data vertex replication
is performed together with the conventional cut-net splitting scheme as follows:
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(a) Hpv(A) (b) Hrw (A)
Fic. 2. Hypergraph models for the sample application A=(T,D) given in Figure 1.

Consider a bipartition IIs = {U; UV;,Us UVs} of Hpy at the end of the current
RB step. Consider a cut net n; in IIs. Cut net n; possibly connects task vertices
in both parts, whereas it connects the respective data vertex v; which is a boundary
vertex in one of the two parts. In the conventional net splitting, net n; will be split
into both parts as n’; and n/ with Pins(n;) = Pins(n;) N (U1 U V1) and Pins(n’)) =
Pins(n;) N (U UVs), respectively. In the proposed scheme, boundary vertex v; in one
part will be replicated to the other part (as v) so that both of the split nets n; and
n// connect data vertex v; or v}, both of which represent data element d;. That is,

(4.7) Pins(n}) = (Pins(n;) NU) U {v,},
(4.8) Pins(nj) = (Pins(n;) NUz) U {v}}.

So, bipartition IIs = {U; UV;,UsUVs} obtained at a particular RB step induces the
hypergraphs Hpy, and Hpy, for further bipartitioning in the following RB steps:

Hpvi = (UhUV)UVY),N1) and Hpys = (UsUV2)UVF), Na), where
N1 = {n':¥n € N, Pins(n)N(Uy U V) #D, Pins(n') = Pins(n) N (U UV, UV}
No = {n":¥n € N, Pins(n)N(Us U Vy) #0, Pins(n”) = Pins(n) N (Us UV, UV},

Here, VP and VP respectively denote boundary data vertex sets of V; and V. So,
((¢4UV1)UVE) denotes the replication of boundary data vertex set of Vs to Hpyq and
in a dual manner (UsUV,)UVE) denotes the replication of the boundary data vertex
set of V1 to Hpyo. The weights of vertices remain the same after the RB step.

U U0 Up U Va Uy UV UVE U UV UV

Fia. 3. Proposed data vertex replication together with cut-net splitting.
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Figure 3 shows the usage of the RB framework through a sample bipartition in
terms of a single cut net n; which connects two task vertices and one data vertex in
the left part and two task vertices in the right part. Here and hereafter part 1 and
part 2 of the bipartition are respectively referred to as left and right parts for clarity
of the presentation. As seen in the figure, this cut net is split as n’ and n” to the
left and right parts, respectively. The boundary data vertex v; connected by n; in
the left part is replicated to the right part as v} so that Pins(n}) = {u.,u,v;} and
Pins(nf)) ={us, uy,v}}.

In the conventional cut-net splitting scheme [14], after an RB step, if a cut net
n; connects only one vertex in one of the parts, then n; is not split to that part since
it will incur a single-pin net in that part and single-pin nets do not contribute to the
cutsize in the further RB steps. However, in the proposed scheme, such cases should
be handled differently depending on whether the only vertex connected by a cut net
in one of the parts of the bipartition is a data vertex or task vertex.

Special case 1: This case occurs when the only vertex connected by a cut net
n; in one part is a data vertex v;. The proposed scheme replicates v; to the other
part. However, vertex v; connected by a single-pin split net n; corresponds to a data
element assigned to a processor that is not assigned any computation task which needs
the data element d;. Hence, we move (instead of replicating) data vertex v; to the
other part so that the cut net n; becomes internal. Note that this move operation will
decrease the cutsize but has the potential of increasing the imbalance on the second
part weights.

UyUVLUVE Uy UV, U VP

a) special case is not handled

b) special case is handled

Fia. 4. Special case 1: the only vertex connected by a cut net in one of the parts of the
bipartition is a data vertez. o) special case not handled, b) special case handled

Figure 4 shows the handling of the special case 1 through a sample bipartition
in the context of a single cut net n;. Cut net n; connects only a data vertex v; on
the left part, whereas it connects two task vertices u, and u, on the right part. The
upper arrow shows the splitting of n; as well as the replication of v;, if the special
case is not handled. The lower arrow shows the proposed handling of the special case,
where the data vertex v; on the left part moved to the right part so that n; becomes
an internal net of the right part.

Special case 2: This case occurs when the only vertex connected by a cut net
n; in one part is a task vertex u;. The proposed scheme replicates v; in the other
part to this part. However, this replication will incur a two-pin split net connecting
task vertex u; and data vertex v}, which refers to a data vertex needed by a single
task vertex. The trivial solution for such two-pin nets is to maintain them inter-
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306 mnal in further RB steps by avoiding this net splitting together with the data vertex
307 replication while assigning the second weight of data vertices to the second weight of
308 the task vertices. That is, u; will contain two nonzero weights w?(u;) = exec(t;) and
309 w?(u;) =w?(u;) + size(d;), on the contrary the initial two-constraint formulation in
310 the top-most level where each vertex has one nonzero and one zero weight.

U[UV]UVQB MZUVQUV]B

a) special case is not handled

Special Case 2
UyUVIUVE U UV UVE
Z/[l ] Vl Z/IQ U VZ

b) special case is handled

Special Case 3

Fia. 5. Special case 2: the only vertex connected by a cut net in one of the parts of the
bipartition is a task vertex, whereas special case 3: a cut net connects only one task verter together
with the data vertex in one of the parts. a) special case not handled, b) special case handled

311 Figure 5 shows the handling of special case 2 after a sample RB step through a
312 sample bipartition in the context of a single cut net n;. Cut net n; connects only a
313 task vertex on the left part, whereas it connects two task vertices and a data vertex
314 on the right part. The upper arrow shows the splitting of n; as well as the replication
315 of vj, if the special case is not handled. The lower arrow shows the proposed handling
316 of the special case, where neither v; is replicated to the left part nor n; is split to the
317 left part. Instead the second weight of data vertex v; on the right part is added to
318 the second weight of the task vertex on the left part.

319 Special case 3: This case occurs when a cut net n; connects only one task vertex
320 wu, together with the data vertex v; in one of the parts. The proposed scheme will
321 incur a two-pin split net connecting task vertex u. and data vertex v; in that part. So
322 this case becomes very similar to the special case 2 and handled in the same manner
323 by moving v; to the other part and add its second weight to the second weight of u..
324 Figure 5 shows the handling of special case 3 which is equivalent to the special
325 case 2 except moving v; from the right part to the left part so that handled and
326 unhandled split partitions will be the same.

327 Algorithm 4.1 shows the RB-based partitioning of Hpy utilizing the proposed
328 data vertex replication scheme. If-statements at lines 11-14, 15-19, and 20-26 respec-
329 tively show the handling of the special cases 1, 2, and 3. Statements at lines 28-30
330 show the replication of the data vertex to the other part. Note that data vertex
331 replication is performed only if none of the special cases occur for the respective net.

332 4.2. Hypergraph model with inverse data weight (IW) distribution. In
333 this model, the application A= (T, D) is represented by a hypergraph Hw (A) = (U, N )}

This manuscript is for review purposes only.
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Algorithm 4.1 Partition Hpy with proposed data vertex replication

Input: Hpy = UUV,N,wt, w?), K
Output: II(Hpy)

1: 7—[8 =Hpv

2: for { < 0 tolog, K —1 do

32 fork+ O0to2/—1 do

4: 5 < BIPARTITION(HY) > o = {Uy, UVL,Ur U VR}
5: for each cut net n; € N} do
6: flag <+ true
7 if v; €Vy then
8: r<— L;y< R
9: else
10: r+— Ry« L
11: if Pins(n;) NU, = ¢ then > special case 1
12: Vy — V, U{v;}
13: Ve Ve \ {vj} > move data vertex v; to the other part
14: flag < false > Net n; becomes internal
15: if |Pins(n;) NU,| =1 then > special case 2
16: u; < Pins(n;) NU,
17: w?(u;) < w?(w;) + w?(vj)
18: Pins(n;) < Pins(n;) \ {w;}
19: flag < false > Net n; becomes internal
20: if |Pins(n;) NUy| =1 then > special case 3
21: u; <— Pins(n;) NU,
22: w?(u;) + w?(u;) + w?(vy)
23: Vy — V, U{v;}
24: Ve V2 \ {Uj} > move data vertex v; to the other part
25: Pins(n;) < Pins(n;) \ {u;}
26: flag < false > Net n; becomes internal
27: if flag then
28: AR
29: Vy — Vy U {1)3} > replicate v; to other part
30: Pins(n;) < Pins(n;) U {v}}
31 Form H5 ' = (Ur, UV, Np) induced by U UV,
32: Form Hgﬁ_l = (Ur U Vg, NR) induced by Ug U Vg

on |7 vertices and |D| nets with the number of pins equals to
(4.9) Z |Pins(n)|= Z |Data(t;)|= Z |Tasks(d;)|.
neN t, €T d; €D

Vertex set U represents the computational tasks. Net set N represents the data
elements. That is, each computational task t; is represented by a task vertex u; € U
and each data element d; is represented by a net n; € N. Each net n; connects
the set of vertices representing the tasks that require the data element d; for their
execution. That is,

(4.10) Pins(n;) = {u; : t; € Tasks(d;)} = {w; : d; € Data(t;)}.

Comparison of (4.10) and (4.2) shows that Hpy and Hpw topologically differs
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SIMULTANEOUS COMPUTATIONAL AND DATA LOAD BALANCING 11

by vertex set V, which corresponds to data elements of Hpy . That is, H py becomes
topologically the same with the ;- when data vertices in V and corresponding pins
are removed.

Each net is associated with a cost which is equal to the memory size of the
respective data element. That is,

(4.11) c(nj) = size(d;).

Without loss of generality, a given vertex partition II(Hw ) ={U,Us, -+ Uk} is
decoded as a K-way task partition, where the tasks corresponding to the vertices in
Uy, are assigned to processor pi for k=1,--- | K. Recall that this vertex partition also
incurs a data assignment/replication schema. In other words, for each net n; that
connects part Uy, data element d; is assigned/replicated to processor pi. That is,

(4.12) WS (pr) = {d; : n; € Nets(Uy)}

For a given partition II(Hrw ), A(n;) denotes the number of processors that need
the data element d;. So A(n;) — 1 denotes the number of times the data element d;
needs to be replicated. Hence, ¢(n;)(A(n;)—1) denotes the total amount of replication
because of the data element d;. So, the partitioning objective of minimizing the cutsize
according to (3.1) corresponds to minimizing the total data replication to be incurred
by the task partition.

In this model, a two-constraint partitioning formulation is also used, where the
first and second weights of each vertex refer to the computational and data loads of
the respective task. Since Hw does not contain data vertices, we propose a novel
inverse data weight distribution model for estimating the second weights of vertices.
In this model, the cost of a net, which corresponds to the size of the respective data
element, is distributed evenly among the second weights of the vertices connected by
that net. That is, a net n; of cost ¢(n;), which represents data element d; of size(d;),
contributes ¢(n;)/deg(n;) to each vertex it connects. Finally, the first weight of a task
vertex is set equal to the execution time of the respective task, whereas its second
weight is set to sum of the contributions from each net n; connecting that vertex by
c(nj)/deg(n;). That is,

(4.13) w' (u;) = exec(t;) w?(u;) = _elny)
njel\gs(ui) deg(nj)
So, the first partitioning constraint of maintaining balance on parts’ first weights
encodes balancing computational loads of processors, whereas the second partitioning
constraint of maintaining balance on parts’ second weights relates to balancing data
loads of processors.

Figure 2b shows the My hypergraph for the sample application A = (7, D)
given in Figure 1. For example, Pins(ny)={uz,us} since Tasks(d7) = {t2,t3}. For
example, w'(uy) =8 since exec(ty) =8. Regarding the second weight of uso; the nets
ng, N5, ng, and ny, which connect uy4, respectively contribute ¢(nz)/deg(ne)=3/1=3,
c(ns)/deg(ns) =1/1 =1, ¢(ng)/deg(ng) = 3/3 =1, and c(n7)/deg(nz) =4/2 =2 to
w?(uz). That is, w?(uz)=3+1+1+2=7.

The motivation behind the proposed inverse data weight distribution model can
be described as follows: In a given partition of Hrw, consider an internal net n; of
Uy, This net refers to the case where all tasks requiring data element d; are assigned
to the same processor pi. Net n; will contribute a total weight of ¢(n;) to the second
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weight of U, which in turn will correspond to contributing c(n;) = size(d;) to the
data load DL(py) of processor p. So, internal nets correctly encode the data loads
of the processors to which they are internal.

However, consider a cut net n; with connectivity set A(n;). Net n; will contribute
fractional weights to the second weights of parts/processors in A(n;). The distribution
of the weight ¢(n;) will be proportional to the number of pins it connects in those
parts. That is, for each U, € A(n;), net n; will contribute

|Pins(n;) N Uy
|Pins(n;)| c(n;)

to the second weight W?(Uy) of part Ug. This in turn corresponds to net n; con-
tributing size(d;)|Pins(n;) NUy|/deg(n;) to the data load DL(py) of processor pg.

That is, data load of a processor is correctly encoded by internal nets in the
corresponding part, whereas an error is made by the cut nets connecting that part.
This is because data weight is encoded partially by the vertices assigned to that part.
Note that the partitioning objective of minimizing the cutsize will minimize this error
due to the cut nets. Also, errors made due to the fractional weight distribution of the
cut nets can be expected to cancel each other. Consider two nets n; and nj, of equal
degree deg(n;) =deg(ny) =deg and equal cost c(n;) =c(ny) =size. Assume that in
the given partition, these two nets become cut and connect only the same two parts
Uy, and Uy in the partition. Also assume that n; connects « pins in Uy, and deg—a pins
in Uy, whereas n;, connects deg—a pins in Uy, and « pins in U,. Despite the erroneous
fractional data load contributions because of these two cut nets to the data loads
of processors py and py, they together contribute the same amount of data load of
size to both processors py and p,. Although the actual aggregate contribution of n;
and ny, should be 2size to both processors, assigning the same load of size to both
parts enables partitioner’s load balancing mechanism to indirectly encode balancing
data loads of processors. This discussion can be extended for the nets with different
number of pins and costs.

Here we exploit the RB framework in order to improve the proposed Hy model as
follows: Recall that the proposed model distributes the cost of each net evenly among
the second weights of the vertices that it connects. The degrees of the nets decrease
each time they become cut during the RB process because of the cut-net splitting
scheme adopted. So, updated degree information of the split nets should be used
for a more accurate net cost distribution. Therefore, after each RB step, the second
weights of vertices in each of the two subhypergraphs are computed from scratch by
taking into account the updated degree information of the split nets. Although the
contributions of the internal nets to the second vertex weights do not change since
their degrees remain the same, computing the second weights from scratch seems to
be more efficient.

Figure 6 shows the usage of the RB framework through a sample bipartition in
terms of a single cut net n; of degree five. As seen in the figure, n; evenly distributes
its cost 30 among the second weights of those five vertices as 30/5 = 6 before the
current bipartitioning step. After the RB step, the degrees of the split nets n’ and
n' become three and two, respectively. Therefore, in the left part, ng contributes
30/3 =10 to the second weights of the vertices ., u; and, us, whereas, in the right
part, n contributes 30/2=15 to the second weights of the vertices u, and w,.

Algorithm 4.2 shows the RB-based partitioning of Hy with the proposed inverse
data weight distribution. The for loop at lines 6-9 computes the inverse data weight
of each net and then distributes this weight to those vertices that it connects.

(4.14)
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Uy

¢(nj) =30

Fia. 6. Proposed inverse data weight distribution together with cut-net splitting.

Algorithm 4.2 Inverse Data Weight Distribution Algorithm
Input: Hyw = U,N,w',c), K
Output: TI(Hrw)
1: 7‘[8 =Hrw
2: for £ < 0 to logy, K —1 do
32 fork+ O0to2/—1 do
for each vertex u; € Z/l,g do
w?(u;) + 0
for each net n; € N{ do
idwContr < c(n;)/deg(n;);
for each u; € Pins(n;) do
w?(u;) < w?(u;) + idwContr
10: I1; + BIPARTITION(HY) > T2 = {VL, Vr}
11: Form H; = ngl = (Vr,N1) induced by Vp,
12: Form Hp = Hg;:}rl = (Vgr,Ng) induced by Vg

© 2N Tk

4.3. Discussion. As mentioned earlier, the two proposed models are topologi-
cally similar, where nets represent data elements. So, in both models, the partitioning
objective of minimizing the cutsize encodes the minimization of the total amount of
data replication via clustering the tasks that require the same data elements to the
same parts under the given balancing constraints. This partitioning objective also
encodes the amount of communication volume to incur for realizing the required data
replication among processors. We should note here that the same data element re-
quired by multiple tasks assigned to the same processor necessitates the replication
of that data element only once. Both proposed hypergraph models encapsulate this
replication correctly, whereas a similar bipartite graph model would overestimate.

As discussed earlier, both models utilize a two-constraint formulation, where the
first and second weights of vertices are respectively used to encode the computational
and the data loads of parts/processors. Since the total amount of computation is
constant, the partitioning constraint on maintaining balance on the parts’ first weights
encodes minimizing the computational load of the maximally loaded processor within
the given computational load imbalance ratio (e'). However, the total amount of data
load of processors, which is the sum of the second weights of the parts, is not constant
and it depends on the quality of the task partitioning. So, a naive balancing on the
seconds weights of the parts might not encode the minimization of the data load of
the maximally loaded processor. For example, a very tight balance on the data loads

This manuscript is for review purposes only.
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of the processors might yield a very high data load on the maximally loaded processor
if the underlying partition produces a high amount of data replication. Therefore,
the second partitioning constraint on maintaining balance on parts’ second weights
under the partitioning objective that encodes the minimization of the total amount
of data replication corresponds to minimizing the data load of the maximally loaded
processor within the given data load imbalance ratio (2).

The two hypergraph models differ in the second vertex weighting scheme they
utilize for estimating processors’ data loads. Both models correctly encode the pro-
cessors’ data loads corresponding to the data elements that are required by a single
processor. Both models utilize the RB framework to increase the accuracy of their
schemes utilized to estimate processors’ data loads corresponding to the data elements
that are required by multiple processors. After each RB step, the # py model corrects
the topology of the subhypergraphs by augmenting the subhypergraphs with the repli-
cated data vertices according to the induced task vertex bipartition. At the beginning
of each RB step, the H y model utilizes the topology of the current hypergraph to
predict the difference between data loads of the two parts of the bipartition. That is,
the Hpy model tries to encode data loads of processors after the RB step, whereas
the Hw model tries to encode data loads of processors before the RB step.

5. Experiments.

5.1. Baseline model. The baseline model is the conventional HP model widely
used for the parallelization of irregularly sparse applications. The topology of this
hypergraph model is exactly the same with that of the Hy model described in sub-
section 4.2. However, this model is a single constraint model, where the vertices are
weighted with the computational loads of the respective tasks they represent. In this
way, the partitioning constraint of balancing part weights encodes computational bal-
ance among processors. The cost of the nets is set to be equal to the size of the
data elements they represent. So, the partitioning objective of minimizing the cutsize
according to connectivity metric (3.1) encodes minimizing total communication vol-
ume [15]. Note that this partitioning objective also encodes minimizing total amount
of data replication. So, the baseline model differs from the proposed models in not
considering data load balancing at all. Here and hereafter, we refer to this hypergraph
model as Hpgse-

5.2. Experimental setup. The hypergraph models proposed in subsections 4.1
and 4.2, as well as the baseline hypergraph model mentioned in subsection 5.1 are par-
titioned using the HP tool PaToH [14,16] for obtaining K € {64,128, 256,512,1024}-
way partitions. PaToH is used with default parameters for all models except for
the Hpy model described in subsection 4.1. For the Hpy model, we set PaToH’s
vertex visit order to the continuous/sequential vertex order (increasing vertex ID or-
der) for the coarsening phase instead of the random vertex visit order which is the
default [16]. The objective behind this is to prioritize matching of computational ver-
tices with other computational or data vertices. In order to maintain randomness in
vertex visit order, we randomly permute computational and data vertices separately
before invoking PaToH. In all partitioning instances, we used maximum allowable
imbalance ratio € = 0.05 for both computation and data weights, i.e., ! =0.05 and
€2 =0.05. All experiments have been conducted by use of random seed. As PaToH
utilizes randomized algorithms, we partitioned each instance five times with different
seeds and we report, the geometric average of the results.
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5.3. Dataset. The performance of the two proposed models are validated againstii
the baseline model on two sample applications: Parallel Finite Element Method
(FEM) and Volume Element Method (VEM) based simulations which involve par-
titioning irregular 2D or 3D meshes and parallel Sparse Generalized Matrix Matrix
Multiplication (SpGEMM) which involves partitioning two irregularly sparse input
matrices.

5.3.1. Mesh partitioning instances. In the FEM/VEM applications, compu-
tations associated with each mesh/volume element (cell) constitute an atomic com-
putational task. These applications implement ghost layering methods which involve
replicating cells according to the cell-to-cell neighborhood relation determined by the
target application [22]. Hence, such FEM/VEM applications fall within the frame-
work in section 2 since computations associated with each element are independent
but they share data elements determined by the neighborhood relation.

In order to obtain mesh partitioning instances, we utilize sparse matrices which
have either 2D or 3D coordinate values so that the sparsity patterns of those matrices
are considered as representing the neighborhood structures of the meshes arising in
FEM or VEM applications. Such matrices are selected from the SuiteSparse Matrix
Collection [23]. These matrices are symmetric matrices so that rows and columns
respectively represent mesh elements and data elements or vice versa. So, for a selected
sparse matrix A= (a;;), we have

(5.1) Data(ti) = {dj L Qi 7é 0}

Here, t; denotes the atomic task associated with mesh cell ¢; and d; denotes the data
associated with cell c;.

We should note that SuiteSparse Matrix Collection [23] does not contain any
information about computational cost and data size distribution. Various computa-
tional cost and data size weighting schemes are utilized depending on the application
nature of mesh computations [7,22,29,34]. In this paper, we use the weighting scheme
produced by a heuristic for generating realistic weight distributions for “Particles-in-
Cells™-like simulations [7]. The computational cost of a mesh element is reported to
be equal to the square of its memory size for the weighting [34] and the amount of
memory needed for holding a cell is linear with the number of particles located in
this cell [7]. Reasoning behind this is data size is related to the number of particles
located in a cell, while computational cost associated with a cell generally increases
with the square of the number of particles in this cell. That is,

(5.2) exec(t;) = mnpic*(c;) size(d;) = npic(c;),

where npic(c;) denotes the number of particles in cell ¢;.

We did not include matrices with less than 100x K matrix rows so that each
processor will be assigned at least 100 rows on average. That is, we have matrices
that have at least 6400 rows for 64-way partitioning and 12800 rows for 128-way
partitioning. As a result of this selection criterion, the experiments are conducted for
a total of 464 partitioning instances (117, 108, 94, 82, and 63 instances for 64-, 128-,
256-, 512-, and 1024-way partitions, respectively).

5.3.2. SpGEMM partitioning instances. Consider the Sp GEMM applica-
tion of the form C'=AB, where input matrices A and B are of sizes ¢xr and rxs. In
row-row-parallel SpGEMM, the atomic computational task ¢; is the pre-multiplication
of row i of matrix A with the whole matrix B. Then, the task set 7 ={t1,t2,- - ,t4}

This manuscript is for review purposes only.
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contains ¢ tasks {r{!B,rs'B, - ,r,‘l“B}, where 7/ denotes row i of A matrix. The
sparse-vector-matrix multiplication riAB requires row riA as well as those B-matrix

rows that correspond to the column indices (cols) of the nonzeros of row 7. That is,
(5.3) Data(t;) = {aj«} U{bg« 1« € cols(ais)}

So, the sets of A- and B-matrix rows constitute the set of ¢ + r data elements. That
is, D= {dy,do, - ,dgi,} = {r{t, v, - ,rg‘,rlB,TQB, -+ ,rBY. Hence, this row-row-
parallel Sp GEMM application falls within the framework in section 2, since vector-
matrix multiplications are independent but they share B-matrix rows. The computa-
tional costs for atomic tasks and sizes for data elements are easily defined as follows:

(5.4) exec(t;) = Z nnz(by ),
z€cols(ai,«)
(5.5) size(d;) = mnnz(a;.) for 1 <j <g,
(5.6) size(d;) = nnz(bj_g.) for ¢g+1<j<g+r.

Here, we consider two types of SpGEMM instances: C=AB and C=AA. For C'=
AB, we generate 69 instances from the SuiteSparse matrix collection [23] in a similar
way to [3]. Matrices amazon0302 and amazon0312 are used as A matrices which
represent, the similarity between items and B matrices are generated utilizing a Zipf
distribution (with exponent set to 3.0) to determine the item preferences and a uniform
distribution to determine the users that prefer a specific item [31]. In this setting,
C = AB gives the candidate items to be recommended to each user. We generated
66 instances by considering the setup phase of Algebraic Multigrid methods [8] which
involves the Galerkin product of the form RAP that necessitates two consecutive
SpGEMM operations. 11 of these instances are of the form C'= RA, whereas the
remaining 55 instances are of the form C'= AP. The last instance in this category
contains two different matrices, namely thermomech_ dK and thermomech_ dM, which
are conformable for multiplication.

For the C = AA type of instances, we selected 12 matrices from the SuiteSparse
Matrix Collection [23]. The number of rows/columns and number of nonzeros are
in the range of 8K - 1.5M, and 2.5M - 30M, respectively. For the C' = AA type
of instances, the fact that the B matrix is actually the A matrix can be exploited
in order to reduce the memory footprint of the application. On the other hand, for
the sake of computational efficiency, our parallel Sp GEMM implementation does not
exploit this fact. That is, we partition C' = AA instances as we partition C = AB
instances.

The same partitioning granularity principle utilized for mesh instances is also
used for SpPGEMM instances. So, experimental results of the C'= AB instances are
reported for a total of 259 partitioning instances (69, 63, 54, 45, and 28 instances for
64-, 128-, 256-, 512-, and 1024-way partitions, respectively). Experimental results of
the C'=AA instances are reported for a total of 59 partitioning instances (12, 12, 12,
12, and 11 instances for 64-, 128-, 256-, 512-, and 1024-way partitions, respectively).

5.3.3. Data size variation. Here, we compare and discuss the irregularity of
the datasets in terms of coefficient of variation (CV) values on the data sizes, where
CV values are computed as standard deviation divided by mean. The purpose is to
observe the relation between load balancing performance of the proposed algorithms
and the irregularity of the datasets defined as the size variation of the data elements.
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Table 1 displays average CV values as well as the number of partitioning instances
for each dataset and for each number of processors. Here higher CV values correspond
to higher irregularity of the data sizes. As seen in the table, the C'=AA dataset has
the largest average CV (0.90 on K = 64 processors), the C' = AB dataset has the
smallest average CV (0.32 on K = 64 processors), and the mesh dataset has the in-
between average CV (0.68 on K =64 processors). So, in terms of data size variation,
the C'=AA dataset is the most irregular dataset, whereas the C=AB and the mesh
datasets are respectively least and in-between irregular datasets.

TaBLE 1
Number of partitioning instances and average coefficient of variation (CV) values for each dataset

mesh dataset C'=AB dataset C=AA dataset
K  #ofins. CV # ofins. CV # ofins. CV

64 117 0.68 69 0.32 12 0.90
128 108 0.66 64 0.34 12 0.90
256 94 0.65 54 0.34 12 0.90
512 82 0.65 45 0.35 12 0.90

1024 63 0.60 28 0.36 11 081

5.4. Performance comparison.

5.4.1. Performance metrics. For each application, we evaluate the perfor-
mance of the partitioning models in terms of maximum computational load C'L,,q.
and maximum data load DL,,,, handled by a processor (given in (2.4) and (2.5),
respectively). For a simpler presentation, we give ratios of those metrics to their
averages. That is,

CLomas 1 1
(5.7) CL} oo = ClLuvy” where CLgyg = EC’LtOt =% Z exec(t;),
t; €T
DL o . 1 1 .
(5.8) DLy .= Dla,’ where DL, = EDLM =X Z size(d,).
dj €D
Here, C'L,,4 denotes the average computational load per processor under perfect load

balance. DLy, , denotes average data load per processor without data replication
under perfect load balance. So, DL7,  denotes the ideal average data load.
We also report the total data size (original total size together with replicated data

size) incurred by the models as the ratio to original total data size as follows:

K K
S DL(pr) 2 > size(d))

— k=1 d'EWS(p)C)
5.9 DLy, == =—7
( ) rev DLtot DLtot
This metric also defines a lower bound for the DL metric. That is, under perfect

data load balance DLy, ., =DLy,, . It is clear that, in each of these three metrics, a
smaller value refers to a better performance.

Recall that both proposed models Hpy and Hyw utilize the RB framework to in-
crease their effectiveness. So, we also report the performance results for these models
without utilizing the RB framework in order to show the relative performance improve-

ment attained by the use of the RB framework. These experiments are performed by
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directly K-way partitioning the hypergraph constructed at the very beginning. We
use pp and p, subscripts to refer to models which utilize RB and which do not utilize
RB, respectively. That is, Hpv,, and Hw,, refer to the models that utilize the RB
framework, whereas Hpy,,,. and Hrw,, refer to the models that do utilize the RB
framework.

5.4.2. Average performance comparison. Table 2 displays average perfor-
mance comparison for the mesh partitioning instances. As seen in the table, both pro-
posed models perform much better data load balancing than the baseline model with-
out any performance degradation in computational load balance. The performance
gap between the proposed models and the baseline model increases with increasing
number of processors in favor of the proposed models. For example, performance
improvement of Hpy,,,; over Hpgse in the DLT - metric is 28%, 30%, 34%, 39%, and

max

45% on respectively K € {64,128,256,512,1024} processors, .

TABLE 2
Average performance comparison for the mesh partitioning instances

number of HBase /HDVD,,. HDVRB ,HIWD,,. HIWRB

instances DL7, ... maximum data load ratio
64 117 1.83 1.33 1.31 1.29 1.25
128 108 2.02 1.44 1.41 1.40 1.34
256 94 2.28 1.56 1.51 1.50 1.42
512 82 2.59 1.69 1.58 1.61 1.49
1024 63 2.88 1.71 1.59 1.66 1.50
DL:GP: total replication ratio

64 117 1.11 1.18 1.16 1.18 1.16
128 108 1.15 1.24 1.21 1.24 1.22
256 94 1.18 1.29 1.26 1.29 1.27
512 82 1.21 1.34 1.29 1.35 1.31
1024 63 1.18 1.33 1.26 1.33 1.28

CL}, ... maximum computational load ratio
64 117 1.04 1.03 1.04 1.03 1.04
128 108 1.04 1.03 1.04 1.03 1.04
256 94 1.05 1.03 1.05 1.04 1.05
512 82 1.06 1.04 1.05 1.05 1.06
1024 63 1.06 1.03 1.05 1.04 1.06

As seen in Table 2, the proposed models considerably increase the total amount
of data replication compared to the baseline model. This is expected since two-
constraint formulation limits the search space during the partitioning. For example, on
K =1024 processors, Hpase incurs only 18% replication, whereas Hpv,, and Hiw,,
incur 26% and 28% replication, respectively. On the other hand, this increase is not
important since the proposed models significantly reduce the load of the maximally
loaded processor via much better data load balancing. The gap between the DL
and DLy, metrics, which shows how close the model approaches to the lower bound,
is smaller for both proposed models compared to the baseline model. For example,
on K =1024 processors, Hpqse achieves average DL! — value of 144% (2.88 versus

1.18) above the lower bound determined by the DLy, value, whereas Hpy,, and
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647  Hiwpp respectively achieve DL! — values of only 26% (1.59 versus 1.26) and 17%
648  (1.50 versus 1.28) above the lower bounds.

649 As also seen in the Table 2, the use of the RB framework leads to considerable per-
650 formance improvement in both proposed models and this performance improvement
651 increases with increasing number of processors as expected. For example, performance
652  improvement of Hyw,, over Hyw,, in the DL?  metric is 3.1%, 4.3%, 5.3%, 7.5%,

653 and 9.6% respectively on K €64,128,256,512,1024} processors.

TABLE 3
Average performance comparison for the C=AB SpGEMM partitioning instances

number of  Hpase Hpve, HbDves Hiwp, Hiwns

instances DL .- maximum data load ratio
64 69 1.19 1.12 1.10 1.12 1.09
128 64 1.23 1.16 1.13 1.15 1.11
256 54 1.25 1.19 1.14 1.19 1.13
512 45 1.28 1.24 1.17 1.22 1.15
1024 28 1.30 1.28 1.19 1.26 1.17
DL7,,: total replication ratio

64 69 1.05 1.07 1.06 1.07 1.06
128 64 1.06 1.09 1.07 1.09 1.07
256 54 1.07 1.11 1.08 1.11 1.09
512 45 1.09 1.13 1.10 1.13 1.10
1024 28 1.09 1.14 1.10 1.14 1.11

CL}, ... maximum computational load ratio
64 69 1.03 1.02 1.02 1.02 1.03
128 64 1.03 1.02 1.03 1.02 1.03
256 54 1.03 1.02 1.02 1.02 1.03
512 45 1.03 1.02 1.02 1.02 1.03
1024 28 1.03 1.02 1.03 1.02 1.03

654 Table 3 displays average performance comparison for the C'= AB type of SpGEMMJ

655 partitioning instances. As seen in the table, DL} . values for this dataset are much

656 less than those for mesh partitioning instances, which is because of the considerably
657 less data size irregularity of C'= AB type of SpGEMM partitioning instances com-
658 pared to that of mesh partitioning instances. For example, on K =1024 processors,
659 the DL .. values attained by the different models vary between 1.30 and 1.17 on
660 the C' = AB type of SpGEMM partitioning instances, whereas those values for the
661 mesh partitioning instances vary between 2.88 and 1.50. As seen in the table, the
662 proposed models perform about 10% better compared to the baseline model in the
663 DLy, - metric. Similar to the mesh instances, use of the RB framework increases the
664 performance of the proposed model, as expected. For example, on 1024 processors,
665 Hpyy, performs 7.0% better than the Hpy,,,. model, whereas Hjyw,, performs 7.1%
666 better than the Hw,, model. On the other hand, in the DL}, metric the proposed
667 models do not increase the total replication considerably, in contrast to the mesh par-
668 titioning instances. Similar to the mesh partitioning instances, CL], . metric remains
669 almost the same for all instances. Here, obtained improvement rates are significantly
670 less than compared to the mesh partitioning instances. This can be attributed to

671 regularity of the C'= AB type of SpGEMM instances.
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TABLE 4

Average performance comparison for the C=AA SpGEMM partitioning instances

number of  Hpase Hbpvp, Hboves Hiwn, Hiwes
mstances DL7, ... maximum data load ratio
64 12 3.81 3.06 2.61 3.09 2.44
128 12 4.85 4.06 3.30 4.20 3.14
256 12 6.50 5.99 4.72 6.02 4.39
512 12 9.58 8.23 7.11 8.41 6.53
1024 11 12.51 10.88 9.07 11.24 8.91
DLy.,: total replication ratio
64 12 1.81 2.12 1.99 2.10 2.02
128 12 2.09 2.56 2.36 2.54 2.42
256 12 2.50 3.21 2.90 3.17 2.98
512 12 3.10 4.15 3.65 4.08 3.81
1024 11 3.86 5.20 4.59 5.12 4.83
CL}, .- maximum computational load ratio

64 12 1.03 1.03 1.03 1.03 1.04
128 12 1.03 1.03 1.05 1.03 1.06
256 12 1.04 1.03 1.06 1.04 1.06
512 12 1.05 1.03 1.06 1.05 1.09
1024 11 1.06 1.03 1.05 1.04 1.13

Table 4 displays average performance comparison for the C'= A A type of Sp GEMMI
partitioning instances. Much higher irregularity in data size distribution of this
dataset incurs much higher DL7 = values as seen in Tables 2 to 4. For example,
on K =1024, Hpase obtains DL;, . values of 12.51, 1.30, and 2.88 respectively for
C=AA, C=AB, and mesh partitioning instances. Such partitioning instances with
high data size variation incur hard partitioning instances and justify the importance
of the target optimization problem.

As seen in Table 4, both proposed models perform much better data load balanc-
ing than the baseline model with almost no performance degradation in computational
load balance. The computational load balance becomes considerably worse for H
model only on 512 and 1024 processors. The proposed models Hrw,, and Hpyy,,
perform 27% and 29% better than Hpg,s. model on 1024 processors.

As seen in Table 4, the total amount of data replication increases considerably
compared to the baseline model. For example, on K = 1024 processors, Hpgse iN-
curs 286% replication, whereas Hpv,,,, and Hyw,, incur 359% and 383% replication,
respectively. The much higher difference in the DL}, ,, and DLy, , values for this
dataset (for example, 9.07 versus 4.59 for Hpy,, on 1024 processors) compared to
the other two datasets is because of the much higher data size variation in this dataset.

As also seen in Table 4, Hyw benefits more from the RB framework compared
to Hpy. For example, on K =1024 processors, the RB framework increases the
performance of Hpy and Hiw by 17% and 21%, respectively. This can be also
observed for mesh and C' = AB instances. For example, on K = 1024 processors,
for the mesh dataset, RB framework increases the performance of Hpy and Hyw by
7.0% and 9.6%, respectively. Higher sensitivity of the use of the RB framework on the
‘Hpy model on the C=AA dataset makes Hpy,,, model perform better than Hrw,,,
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although Hrw,, performs better than Hpy,, on average for each K value. This is
because, as we discussed earlier (in subsection 4.3), the Hpy model tries to encode
data loads of processors after the RB step depending on the resulting bipartition,
whereas the Hyw model estimates data loads of processors before the RB step and
then corrects its estimation depending on the resulting bipartition for the following
RB level.

TABLE 5

Number of instances for which each model attains the best performance on DL}, ..

mesh dataset C=AB dataset C'=AA dataset
K Hpase Hpv Hiw Hpase Hov Hiw  Hpase Hov Hiw
64 2 40 75 5 22 42 1 0 11
128 6 31 71 5 12 47 1 3 8
256 6 22 66 4 11 39 1 3 8
512 6 25 o1 5 11 29 1 1 10
1024 3 18 42 5 5} 18 0 2 9

The relative performance comparison of the two proposed models H py and Hw
is as follows: As seen in Tables 2 to 4, Hw display slightly better average performance
than H py for each dataset and for each K value, except for the C = AA dataset where
‘Hpvy, performs slightly better than Hy -, for each K value on average. Table 5 is
presented to show the number of partitioning instances for which each model attains
the best performance in the DL] .. metric. As seen in the table, although Hrw

attains the highest number of best DL .. values, Hpy attains considerably high
number of best DL . values especially on the mesh and the C'= AB datasets. So
both proposed models should be considered for attaining simultaneous computational

and data load balancing depending on the nature of the application and the dataset.

5.4.3. Performance profile comparison. In Figures 7 and 8, we provide per-
formance profiles for each of the five models in terms of the DL}, ., and DL, metrics
on K €{64,128,256,512,1024} processors. In each figure, each column corresponds
to a different dataset, whereas each row corresponds to a different K value. We do
not include performance profiles for the C'L}, .. metric, since each of the five models
perform similarly as discussed earlier. That is, performance profiles for the CL} .
metric are almost on top of each other.

Performance profiles [28] are widely used in comparing multiple models over a
large collection of test cases. In a different way from the average performance com-
parison given above, in the performance profiles we compare five models according to
the best performing model for each partitioning instance on one of the metrics and
measure in what fraction of the test cases a model performs within a factor of the
best observed performance. A point (x,y) in a curve means that the respective model
is within an x factor of the best result in a fraction y of the dataset. For example,
consider the point (z=1.05, y=0.70) on the performance curve for Hpy,,, for the
mesh dataset on K =1024 processors for the DL;, . metric. This point means that

for 70% of the partitioning instances Hpyy,, attains DLT  values at most 5 percent

larger than the best DL . values achieved. Thus, a model that is closer to the
top-left corner is better.

As seen in Figures 7 and 8, the performance profiles corroborate the above discus-
sion about the relative performance of the models. For example, comparison of profile

curves for Hpv,, and Hpy,, as well as for Hrw,, and Hw,,. on the DL] — metric
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show that the performance improvement obtained from the use of the RB framework
increases with increasing number of processors for the mesh and the C'= AB datasets,
whereas this improvement remains almost the same for the C'= A A dataset. Further-
more, comparison of profile curves for Hpy,,. and Hrw,, on DL; . metric shows
that the performance obtained by the H py,,, becomes superior than the performance
obtained by Hrw,, for about more than 20% of the C'= AA dataset within a factor
of approximately 1.20.

As seen in Figure 7, on K =1024 processors, Hw,, achieves the best solutions for
DL .. metric for the 60% of all datasets, whereas Hpy,, attains solutions within
factors of 1.04, 1.02, and 1.08 for the mesh, C = AB and C = AA partitioning in-
stances, respectively. As seen in Figure 8, the H p4se performs the best on the DLy,
metric, whereas Hrw,, and Hpv,, follows. Furthermore, this difference increases

with increasing irregularity of the dataset.

6. Related work. Chevalier et al. [22] consider memory constraints during the
task partitioning with the objective of balancing computational load of processors.
They propose a multilevel bipartite graph partitioning algorithm as follows: In the
coarsening phase, computational vertices match with other computational vertices
according to their data element share. Data elements are matched with other data
elements similar to the identical net detection in HP. They perform initial partition-
ing by greedily assigning sorted tasks to parts/processors considering the memory
capacity. In the refinement phase, tasks are moved between parts/processors with the
objective of decreasing the computational load. Note that this work does not balances
the data load rather abides by the memory constraint.

Angel et al. [4,5] also consider memory constraints while minimizing the com-
putational load of the maximally loaded processor. In [4], a dynamic programming
based Fixed-Parameter Tractable algorithm with respect to the path-width of the
neighborhood graph is utilized. Note that this is an approximation since the problem
is NP-hard. In [5], they focus on the case when the neighborhood graph has bounded
tree-width. In that way tree decomposition of the graph and its traversal in a specific
way which may be useful on its own allows to find a solution within a factor of epsilon.

Tzovas et al. [40] target heterogeneous distributed systems for which sparse ma-
trices or graphs will be distributed. Also in this work, memory capacity is a constraint
where the objective is maximizing utilization of each processing unit with minimum
communication cost. For this purpose, they propose a two phase algorithm: In the
first phase, they greedily compute block size for each processing unit. In the second
phase, they feed these sizes to variety a of existing partitioning tools.

7. Conclusion. In high performance computing applications, computational
load balancing is well studied in the literature, however data load balancing has be-
come a concern recently. In that sense, to our knowledge, this is a pioneer work
in which we simultaneously balance processors’ computational and data loads in
distributed-memory setting. We proposed two different hypergraph partitioning based
models both utilizing a two-constraint formulation for load balancing. The first con-
straint encodes balancing the computational load, whereas the second constraint en-
codes balancing the data load. The partitioning objective encodes minimizing the
total amount of data replication. We utilized the well known recursive bipartition-
ing framework for increasing the accuracy of the both proposed models. Instead of
developing a new partitioner from scratch both proposed models can easily be im-
plemented by invoking any HP tool that supports multi constraint partitioning as
a two-way partitioner at each RB step. Extensive experiments show that both pro-
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posed models perform significantly better than a baseline model. We achieve up to
49 percent better performance on 1024 processors.
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