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Abstract

We consider the asymptotic limits where certain parameters in the definitions of the
Laguerre and Jacobi ensembles diverge. In these limits, Dette, Imhof, and Nagel proved
that up to a linear transformation, the joint probability distributions of the ensembles
become more and more concentrated around the zeros of the Laguerre and Jacobi
polynomials, respectively. In this paper, we improve the concentration bounds. Our
proofs are similar to those in the original references, but the error analysis is improved
and arguably simpler. For the first and second moments of the Jacobi ensemble, we
further improve the concentration bounds implied by our aforementioned results.

Preprint number: MIT-CTP /5469

1 Introduction

The Gaussian, Wishart, and Jacobi ensembles are three classical ensembles in random matrix
theory. They find numerous applications in physics, statistics, and other branches of applied
science. The Gaussian (Wishart) ensemble is also known as the Hermite (Laguerre) ensemble
due to its relationship with the Hermite (Laguerre) polynomial.

Of particular interest are the asymptotic limits where certain parameters in the definitions
of the ensembles diverge. In these limits, Dette, Imhof, and Nagel [1, 2] proved that up to
a linear transformation, the joint probability distributions of the Hermite, Laguerre, and
Jacobi ensembles become more and more concentrated around the zeros of the Hermite,
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Laguerre, and Jacobi polynomials, respectively. These results allow us to transfer knowledge
on the zeros of orthogonal polynomials to the corresponding ensembles.

In this paper, we improve the concentration bounds for the Laguerre and Jacobi probabil-
ity distributions around the zeros of the Laguerre and Jacobi polynomials, respectively. Our
proofs are similar to those in the original references [1, 2], but the error analysis is improved
and arguably simpler. We also prove the concentration of the first and second moments of
the Jacobi ensemble. The last result has found applications in quantum statistical mechanics
13].

The rest of this paper is organized as follows. Section [2] presents our main results, which
are compared with previous results in the literature. Proofs are given in Section [l

2 Results

In the literature, there is more than one definition of the Laguerre probability distribution.
These definitions differ only by a linear transformation and are thus essentially equivalent.
In this paper, we stick to one definition. When citing a result from the literature, we perform
a linear transformation such that the result is presented for the definition we stick to. The
same applies to the Jacobi case.

Let n be the number of random variables in an ensemble. Let § be the Dyson index,
which can be an arbitrary positive number.

2.1 Laguerre ensemble

We draw A < Ay < --- < A, from the Laguerre ensemble.

Definition 1 (Laguerre ensemble). The probability density function of the -Laguerre en-
semble with parameters

o> (n-1)5 (1)
is
N (=1B
frasO Aoy A o T = NPT 2 e a s (2)
i=1

1<i<j<n

For certain values of 3, the Laguerre ensemble arises as the probability density function

of the eigenvalues of a Wishart matrix VV*, where V is an n x %‘3‘ matrix with real (§ =

1), complex (5 = 2), or quaternionic (S = 4) entries. In each case the entries of V' are
independent standard Gaussian random variables and V* denotes the conjugate transpose
of V.

Let

L) =Y (” t p) ) 3)

: n—1 7!
=0

be the Laguerre polynomial, whose zeros are all in the interval with endpoints [4]

2n—|—p—2:t\/1+4(n—1)(n+p—1)cos2nil. (4)
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Let #, < & < - -+ < x, be the zeros of the Laguerre polynomial LY**™™ (z/8).
We are interested in the limit  — oo but do not assume that n — oco. Note that if 5 is
a constant, then n — oo implies that a — oo; see ().

Theorem 1 (Theorem 2.1 in Ref. [1]). For any 0 < e < 1,

1
Pr (— max |\, — x;| > e) < An(1 4 €2/25)%e =/, (5)

20 1<i<n
This theorem can be restated as

Corollary 1. There exist positive constants Cy,Cy such that for any 0 < e < 1,

1
Pr (— max |\, — x;| > e) < Cyne= G20, (6)

20 1<i<n
Theorem 2 (Theorem 2.4 in Ref. [1]). Let k > 1 be a parameter. If
n—1+1/8<2a/f<n—1+r and 2kf/a<e<1, (7)

then there exist positive constants Cy, Cy, C3 such that

1
Pr (| — max |\ — 2] > € | < Cyn(e=C20¢ /% 4 (Car?f-Coac?y, (8)
20 1<i<n

The original upper bound on Pr(i maxj<i<n | A — ;| > e) in Theorem 2.4 of Ref. [1]
is a complicated expression without implicit constants. The right-hand side of (8] is its
simplification using implicit constants.

If condition () is satisfied, (8) may be an improvement of (@). In particular, for a
constant 3, the right-hand side of (8) becomes Cne=C2<* (C!, C are positive constants) if
and only if k is upper bounded by a constant.

As the main result of this subsection, Theorem [3] is an improvement of Corollary [Il and
Theorem [2

Theorem 3. There exist positive constants C, Cy such that for any e > 0,

20 1<i<n

1 .
Pr (— max |\, — x;| > e) < Oyne~Craemin{el} 9)

Let n < s be two positive integers and V' be an n X s matrix whose elements are indepen-
dent standard real Gaussian random variables. Then, VV7 is a real Wishart matrix, whose
joint eigenvalue distribution is given by () with 5 = 1 and o = s/2. Theorem [ implies
that

Corollary 2. Let Ay < Xy < --- <\, be the eigenvalues of VVT and 1 < 29 < -+ <
be the zeros of the Laguerre polynomial Lgf_")(x). There exist positive constants Cy, Cy such
that for any € > 0,

S 1<isn

1 .
Pr <— max |\, — ;| > e) < Cyne~Crsemin{el}, (10)



Analogues of Corollary 2] for complex (8 = 2) and quaternionic (8 = 4) Wishart matrices
also follow directly from Theorem [3
Let

=3 (11)
=1

be the first moment of the Laguerre ensemble. The distribution of M} has a particularly
simple form.

Fact 1. M{ is distributed as 1x3,,, where xi denotes the chi-square distribution with k
degrees of freedom.

Thus, the concentration of M} follows directly from the tail bound [5, 6] for the chi-square
distribution.

The distribution of the second moment of the Laguerre ensemble does not have a simple
form. Furthermore, it is complicated to obtain concentration bounds for the distribution, so
we omit this analysis here.

2.2 Jacobi ensemble

We draw py < pg < --- < p, from the Jacobi ensemble.

Definition 2 (Jacobi ensemble). The probability density function of the §-Jacobi ensemble
with parameters a,b > 0 is

fJaC(,Ula,u% o 7#71) X H M]|BH Mz a ! ]- _I'Mz) 3 -1 S i S 1. (12)

1<i<j<n

The Jacobi ensemble can be interpreted as the probability density function of the eigen-
values of a random matrix ensemble. In the complex (5 = 2) case, let )1 and Q2 be
uniformly random projectors in C?**9*+=2 with ranks n and n + b — 1, respectively. Then,
1+2’“, 12“2, . 1+2”" are the non-zero eigenvalues of QQ1Q2Q; [7]. Equlvalently, they are the
squared singular values of an n x (n+b— 1) rectangular block within a Haar-random unitary
matrix of dimension 2n + a + b — 2. A random matrix interpretation for general g is given
in Ref. [8], but it has less of a natural connection to applications.

The Jacobi polynomial is defined as

Briy) ==

F(n+p+1) ir(n+p+q+z’+1) (y—l)i 13)

Fn+p+q+1) =illn—)T(p+i+1) 2

where I' is the gamma function. It is well known that all zeros of the Jacobi polynomial

are in the interval (—1,1). Let y; < yo < -+ < y, be the zeros of the Jacobi polynomial
p2e/B-1.26/5-1 ().



2.2.1 Pointwise approximation

In this subsubsection, we are interested in the limit @ + b — oo but do not assume that
min{a, b} — 0.

Theorem 4 (Theorem 2.1 in Ref. [2]). For any 0 <e <1/2,
2

P max _ < 4(2n —1 1+ 76 ab - (Hb)i 14
. ) 162+ 2€
' 1<i<n "ul yl‘ - € ( " ) 162 + 2¢2 ¢ e ( )

This theorem can be restated as

Corollary 3. There exist positive constants Cy,Cy such that for any 0 < e < 1/2,

Pr <max | — yi| > e) < Cyne~ @20, (15)

1<i<n
As the main result of this subsubsection, Theorem [G]is an improvement of Corollary

Theorem 5. There exist positive constants Cy, Cy such that for any e > 0,

Pr (max | — i > e) < Cyne~C2let0)e, (16)

1<i<n

Section 3 of Ref. [2] presents several applications of Theorem @l Most of them can be
improved by using Theorem [5. We discuss one of them in detail.
Let 8 be a positive constant. Consider the limit n — oo with

a=w(n), a=0(b). (17)

Let (-) be the Dirac delta. The semicircle law with radius r is a probability distribution on
the interval [—r, r| with density function

fsc(p) oc /12 — 2. (18)

Corollary 4. The empirical distribution

£(w) :=525<u— %((aer)uiJra—b)) (19)

i=1
of linearly transformed p; converges weakly to the semicircle law with radius 2 almost surely.

For w(n) = a = o(n*/Inn), Corollary @ was proved in Example 3.4 of Ref. [2] using
Theorem [4l Using Theorem [0 instead, the same proof becomes valid for any a = w(n).
Corollary Ml is very similar to Theorem 2.1 in Ref. [9].



2.2.2 Moments

Theorem [3] implies the concentration of any smooth multivariate function of wy, o, ..., .
The main result of this subsubsection is tighter concentration bounds (than those implied
by Theorem [) for the first and second moments of the Jacobi ensemble.
Let
N:=a+b+p(n—-1). (20)
Suppose that 8 = O(1) is a positive constant and that a + b = Q(1). In this subsubsection,

we are interested in the limit N — oo. This means that ¢ +b — oo or n — oo or both.
Let

1 ¢ 1
M = me, My = EZ(M—EMSF (21)
i=1 i=1
be the first and shifted second moments of the Jacobi ensemble. Equation (B.7) of Ref. [10]
implies that

b—a
N )

fn(2a + fn)(2b + Bn)

J_
EM;, = oN3

E M, =

+O(1/N). (22)

Indeed, E Mj can be calculated exactly in closed form. The expression is lengthy and
simplifies to the above using the Big-O notation.

Theorem 6 (concentration of moments). For any € > 0,
Pr(|M] —EM]| > ¢) = O(e™ ™)) Pr(|Mj — E M| > ¢) = O(e" ¥V min{Nen}y = (93)

Let

n

1< 1 )
YIZZE;% 3/21:52(%_3/1) (24)

i=1
be the mean and variance of the zeros of the Jacobi polynomial. From direct calculation
(Appendix [A]) we find that

_b—a _ Bn—1)(2a+ B(n—1))(2b+ B(n — 1))
= N’ Y2= N2(2N — 3) ' (25)
Hence,
EM =Y,, EM]=Y,+O(1/N). (26)

Corollary 5. For any € > 0,

Pr(|M] —Vi| > €) = O(e ™)) Pr(|Mg — Yy > ¢) = O~ MWomin{Nenky = (97)

3 Proofs

The proofs of Theorems B] and [ are similar to those of Theorems [ and @ in Refs. [1, 2],
respectively, but the error analysis is improved and arguably simpler.
The following lemma will be used multiple times.
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Lemma 1. Let m be an integer and p;, q; be numbers such that |p;—q;| < 0 fori=1,2,...,m.

Then,
m—1m—k—1 m
sz qu <5 H il J] 1ol (28)
1= j=m+1—k
Proof.
m m—1|m—k m m—k—1 m m— —k— m
sz [Tal < pi ] « HpZHqJSZHIpZ I lal
1=1 k=0 | i=1 j=m+1-k 1=1 j=m—k k=0 =1 j=m+1-k
(29)
U

Let C' be a positive constant. For notational simplicity, we will reuse C' in that its value
may be different in different expressions or equations.

3.1 Laguerre ensemble: Proofs of Theorem [3] and Fact [1]

For Theorem [3] it suffices to prove

Theorem 7. For any e > 0,
1
Pr (— max |\, — x;| > 46) < dpe~WVIFe1?, (30)
2 1<i<n
Proof of Theorem[7]. Let Xoa, Xoa—g, Xoa—28 - -, Xoa—(n-1)8: Y8, Y28, - . ., Y(n—1)3 be indepen-
dent non-negative random variables with X? ~ x% and Y;* ~ x7. Note that
E(X?) =k, Var(X}) =2k (31)
Lemma A.1 in Ref. [1] gives the tail bound (0 here and in all probability bounds below is
positive)
Pr<|Xk — V| > 5) <21+ §/VE)keVE=/2 < 9o/, (32)
Let L; ; be the element in the 7th row and jth column of a real symmetric n xn tridiagonal

random matrix L. “Tridiagonal” means that L;; = 0 if |¢ — j| > 1. The diagonal and
subdiagonal matrix elements are, respectively,

Ly, = X3, (33)
Li;= X5 s+ Yo os 1=2,3,...,m, (34)
Li—l—l,i = X2a—(i—1)63/(n—i)67 1= 17 27 sy L. (35)

The joint eigenvalue distribution of L is given by [11] the Laguerre ensemble (Definition [II).
Let L’ be a real symmetric n X n tridiagonal deterministic matrix, whose matrix elements
are obtained by replacing X2, Y}? in Eqgs. (B3), (84) by their expectation values and replacing

XY, in Eq. B3) by /E(X?)E(Y}?), ie.,

L}, =2a, (36)
L, =2+ (n+2-2i)8, i=2,3,...,n, (37)
L, =/ (20— (- 1B)(n—i)p, i=12. .01 (38)



The eigenvalues of L/ are the zeros of the Laguerre polynomial L{*/"~ (SL’ /5) ).
Let || - [| denote the operator norm. Let Ly = L}y = Ly, = L), = 0. Let

d =v2a(v/1+4€—1). Since
max A — 2| < 1L = L)l < max {[Lig— — Lo+ [Lig = Ligl + Livri — Liglh, (39)

1<i<n

it suffices to show that
‘Li,i — L;,z‘ S 40&6, |Li+1,2‘ - L;+l,i| S 20(6, Vi (40)
under the assumptions that
X, —VEk| <0, |Yi—VI <5, Ykl (41)

Indeed, (41]) and Lemma [I] with m = 2 imply that for any k,! < 2a,

| X? — k| < 6(2VE +6) < 5(2V2a +9), (42)
| XY — V| < 6(VE+ V14 6) <6(2V2a + §) = 2ae. (43)
[

Proof of Fact[l. Using the matrix model (33)), (34]), (B3] from Ref. [11], we find that

MIL ~ %ZLZ,Z = ZX 2a—(i—1)B + - ZYV(n—I—l i) X2an (44)
i=1

3.2 Jacobi ensemble

For k,l > 0, let Z ~ B(k, 1) denote a beta-distributed random variable on the interval [—1, 1]
with probability density function

foeta(2) oc (1 — 2)F7H(1 + 2)! (45)
so that Ik
EZ =17 (46)

Assume without loss of generality that k£ > [. Theorem 8 in Ref. [12] gives the tail bound

C’mln{ ké} _ Ck?s?

Pr(Z >EZ+6) < 2e Pr(Z <EZ—05)<2e T (47)

Note that Pr(Z >EZ + ) =0 for 6 > 1—E Z. In this case, the first inequality above holds
trivially. The tail bound (7) implies that

Pr(|Z —E Z| > 6) < 4e~C*, (48)
Pr(z SEZ+20V1+EZ + 52) < 2¢Oy s 0. (49)



Furthermore, for 0 < 6 < vV1+E Z,

Pr (Z <EZ-2VI+EZ+ (52) < 26Ok, (50)
(@9) and (B0) imply that

Pr(VI+Z—VI+EZ]| > 6) < e (51)
Similarly,

Pr<|\/1—Z—\/1 “EZ| > 5) < 4= CR, (52)

3.2.1 Pointwise approximation: Proof of Theorem

Let Zy, Z3, Zy4, ..., Z5, be independent random variables with distribution

7 Bla+ (2n—1)8/4,b+ (2n —i)3/4), even i (53)
’ Bla+b+(2n—1-1i)8/4,(2n+1—14)8/4), odd i
so that
1 b—a, eveni
EZi:a+b+(n—z’/2)ﬁX{ﬁ/Q—a—b, odd ¢ (54)
Letlez—l.

Let J; j be the element in the 7th row and jth column of a real symmetric n xn tridiagonal
random matrix J. The diagonal and subdiagonal matrix elements are, respectively,

Jii=(1 =2y 1) 29 — (L4 Zoi—1)Zoi—2, Jiy1:= \/(1 — Zai—1)(1 — 2222-)(1 + Zaiv1). (55)

The joint eigenvalue distribution of J/2 is given by [8] the Jacobi ensemble (Definition [2).
Let J’ be a real symmetric n x n tridiagonal deterministic matrix, whose matrix elements
are obtained by replacing every random variable Z; in (55) by E Z;, i.e.,

J;,i — (1 - EZQZ'_1> EZQZ - (1 + EZQi_1> EZQi_Q, (56)

[ \/(1 —E Zy1)(1 — (B Za:)?) (1 + E Zoi). (57)

The eigenvalues of J'/2 are the zeros of the Jacobi polynomial pe/B=120/8 ) [2].

Let J10=J1 0= Jni1n = 5,41, := 0. Using (@), (BI), (52) and since
max |u; —yi| < [T —J'/2 < %%ﬂ*lm—l — il 1T = Tl [T — Tial}/2, (58)

1<i<n

it suffices to show that

|J7;77; — J;,z| S CE, \V/Z, (59)
[Jivr — Il < Ce, Vi (60)

under the assumptions that
|1Z: —EZ;| <€ Vi, (61)

W1+2Z—1+EZ|<e, |\W1-Zi—\/1-EZ|<e Vi (62)

(59) follows from (61I]) and Lemma [l with m = 2. (€0) follows from (62)) and Lemma [I] with
m = 4.



3.2.2 Moments: Proof of Theorem
Since N = O(max{a + b,n}), it suffices to prove that

Pr(|M] —EM]| > ¢) = O(e"Hatbney

Pr(|M} —EM]| > ¢) = O(e™ ),
PI’(|MJ EMJ| > E) O( —Q(a+b) emln{Ns,n})’

Pr(|Mg — EMj| > ¢) = O(e” "),

Y

We follow the proof of Theorem 5] and use the same notation. We have proved that

Pr(|3;; — I, > 6) = O(e™ Mot v, (67)
Pr(|Jip1s — Iyl > 6) = O(e™ ™) v, (68)

Let I,, be the identity matrix of order n. A straightforward calculation using (53)) yields

Mf——tr—: ZJ”: (Zgn ZZZ1Z> (69)
n —1

M = (/2 - VL)) = 3 (32 - i) Z (70)

=1 =1

1 279, 1(1—Z2)+ Z2+ Zgn

:Y12—2Y1Mf+§+ o + M, (71)
where |
M= z; (2Z;o(Z2, — 1) Z; + Z2, Z2). (72)
We will use the Chernoff bound multiple times.
Lemma 2. Let Wi, Wy, ..., W, be independent real-valued random variables such that
EW; =0, Pr(Wi|>z)=0 (e‘mm{r 5}) i (73)

for some r,s > 0. Then,

Pr ( > 5) —0 (6 Q(n)mm{f 72(1252}) ) (74)

Each W; is a subexponential random variable in that its probability distribution satisfies
([@3). Thus, Lemma [ is the Chernoff bound for subexponential random variables. For
r = 0%, W; becomes a sub-Gaussian random variable, and Lemma [2l reduces to the Chernoff
bound for sub-Gaussian random variables.

n

1
2 W

i=1
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Proof of Lemma[2. The tail bound (73]) implies that for any 7 > 0,

E(|Wi|j):/0 Pr(|Wi|j>x)d:c:/ o Pr(|Wi| > o) de

0
:/ jzvj_lO(e_x/ere_xz/sz)dx:O(rjf‘(j+1)+sjf(j/2—|—1)). (75)
0

Let t be such that 0 < ¢ < 1/(2r). Since EW; =0,

J J ] J ;
EeWi =1+ s~ LEOV) EJ?/ —1+ZO( G F(;/HU). (76)
j=2 ’

Using (st)? < (st)?~' + (st)7™! for odd 7,

i (DG+1/2) 0 TG +3/2)
*Z O( - Tt <2j+1>!)

E Wi = 1+

t)%

— 14 O(Tt)2 + O(l) Z (8 < eC(r2+82)t2’ (77)
j=1

where ¢ > 0 is a constant. Recall the standard Chernoff argument:

1 n . n
P _§ :Wi ~sl=p ( P Wi nt6) <R AW — TTE Wit 78
) (n i=1 ) W\ ‘ = ‘ H € (78)

1=1

If 6 < c(r? + s%)/r, we choose t = so that

5
2¢(r?+4s2)

52

Bt < ¢ wntiem, (79)

If § > ¢(r? + s?)/r, we choose t = 1/(2r) so that

E Wit < eC(T4r+?S2) 3 <e ~ir (80)
We complete the proof by combining these two cases. O
Lemma 3. Let Wy, Wy, ..., W, be independent random variables on the interval [—1,1] such
that
—min< (r+is :(:,7“4”5)
EW, =0, Pr(|W,|>z)=0 <e {irvana e }> Vi (81)
for some r;s = Q(1). Then,
1 < 242
Pr||=) Wi >d]=0(@""). 82
([0 ) - o) -




Proof. For i > (2t — r)/s, by replacing ([3) with (&1]), (77) implies that

o2y | 0(r3t?)
EeWi = ertin? ™ (rtin)? (83)

Since |W;| < 1, we trivially have
EetWi <. (84)

The Chernoff argument (78) implies that

o@t2) | 0(r%t?)

1 - ntd - tW ntd t — st o3
_ . - A - (r+is) (r+is)
Pr(nélwz>5><e ”Ee <e II e X II e
1=

i=1 1<i<2ier max{ 2= 1} <i<n
o O(t?) | 0(r2t?)
< o TMIFOUNA T et s — (O —ntd (85)
We complete the proof by choosing t = ¢'nd for a sufficiently small constant ¢ > 0. O

Proof of Eq. (63). Using Eq. (617) and Lemma Bl with » = 0%,

1 2
Pri|= Y (3, —J, = O™ Hotbine 86
' ( n even 'l( 7 Z’Z) > 6) (e )’ ( )
1
Pr < LS @) s ) = O, (87
odd 14

Then, Eq. (63)) follows from Eq. (€9) and the union bound. O
Proof of Eq. (64). The tail bound (E8)) implies that

Pr(|Z; — E Z;| > §) = O ttrn=i/28)5%) (8)
so that
—Q(a+b+(n—i § min (“+b+(n*i/2)ﬁ)26’
Pr(|Z;1Zi —EZ; 1 EZi| > 6) =0 (e (bt (n=i/2)P) {WQ— 1}> : (89)

Using Lemma [3],

1
Pr ( - > (ZiaZi~EZi 1 EZ)| > e> = O(e= ), (90)
1
Pr ( > (212 —E 2y B Z)| > e) = O(e W), (91)
n
odd i

Then, Eq. (64)) follows from Eq. (€9) and the union bound. O
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Proof of Eq. (63). Equations (54)), (53), (B6]), (57) imply that

[Jii/2 = Y1l = O(m/N),  |Jipi,l = O(/n/N), Vi, (92)

[B(@i/2 = Y0P) = (/2= YP| = Doy, 1B =Tl = i, i (99)

Equations (67), (68]), (©@2]) imply that
Pr (‘(J2,2/2 . }/*1)2 . (JQ,Z/Q . Y*1>2‘ > 5) — O(e_Q(a+b)5min{N25/"271})7 Vi, (94)

Pr(|37,,, — JZ1;| > 0) = O~ Aatnomn{No/mlhy =y, (95)

Using Eq. (@3)),
Pr (|(Jw/2 o le)2 . E((JM/2 . Yi)2)| > 5) — O(e—Q(a-i-b)émin{NQ(S/n?,l})’ Vi, (96)
Pr (|32, — E(J%,,,)| > §) = O(e-2esdmintNo/myy -y (97)

Using Lemma [2],

LS (@2 = Va2 — B((Ji/2 = i)

Pr<
n

S

(6—Q(a+b)emin{Ne,n})’ (98)

>e):

even 1

1 .

Pr ( E Z ((J2,2/2 N Y~1>2 . E((JZ,Z/Q . Y*I)Z)) > 6) _ O(e—Q(a—i-b)emm{Ne,n}’)7 (99)
odd 1

1 —Q(a emin{Ne,n
Pr < n Z (J22+1,i - E(J?—H,i)) > E) = O(eMertlemniNent) (100)

1 —Q(a emin{Ne,n
Pr ( n Z (J?‘FLi - E(J?—I—l,z’)) > 6) = O otheminiNent) (101)

odd 1

Then, Eq. (65) follows from Eq. (f0) and the union bound. O
Proof of Eq. (66). The tail bound (88)) implies that

Pr(|2Zi2(Z27, — 1) Z; + Z} 1 27 —B(2Z;_5(Z] — 1) Z; + Z7 1 Z7)| > )

—Q(a i mind (atbt(n=i/2)8)?s
:O<e Sab(ni/2)9)5 min{ LG 1}) (102)

Recall the definition (72)) of M’. It can be proved in the same way as Eq. (64) that
Pr(|M' —EM'| > €) = O(e ). (103)

Equation (66]) follows from Eqs. (64), (71), (I03) and the union bound. O
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A Proof of Eq. (25)

We write the Jacobi polynomial (I3]) as

Pri(y) = Hptqt2ntl) (y +chy> (104)

2l(p+q+n+1)

Let p=2a/f — 1 and ¢ = 2b/8 — 1. From direct calculation we find that

2n(p + n) _n_n(a—b)

L - N (105)
. :n(n_1)<1_ 2(p+n) 2p+n)(ptn—1) )
"2 2 pt+qg+2n (p+g+2n)(p+g+2n—1)
~n(n— 1)(2(a —b)* — BN)
B 2N (2N — ) ' (106)
Hence,
Yi = —cp_1/n = (b—a)/N, (107)
R (3] T - 2
J=1 J#k
(- (1~ Y2/ - 5). (108)

B Moments of the Hermite ensemble

Fact [I] and Theorem [6] concern the moments of the Laguerre and Jacobi ensembles, respec-
tively. For the Hermite ensemble, it is simple to calculate the distributions of the first and
second moments exactly. The results are presented here for completeness.

Definition 3 (Hermite ensemble). The probability density function of the [-Hermite en-
semble is

n
fHorm(Vh Vo, ..., Vn) 0 ¢ H ‘Vi — I/j|5 H e_”iz/z. (109)
1<i<j<n i=1

For 6 =1,2,4, the Hermite ensemble gives the probability density function of the eigen-
values of an n x n self-adjoint matrix whose entries are real, complex, or quaternionic Gaus-
sian random variables.

14



Let

n n

_ %;V MY = %Z(W _EMPY? = %Zuf (110)

i=1 i=1
be the first and second moments of the Hermite ensemble, where we used the fact that
E M =0.

Fact 2. M{! is distributed as N'(0,1/n), where N'(0,0?) denotes the normal distribution with
mean 0 and variance o®. My is distributed as 3X2, 5.0, 1)/o-

Proof. Let g1, 92, ..., 9n, Xg, Xog, ..., X(n—1)3 be independent random variables with
gi ~N(0,1), X?~xi, Xip>0. (111)
The eigenvalues of the real symmetric n x n tridiagonal random matrix

\/591 XB
X5 V29 Xog

1 Xog V203 X45
H= (112)
n 2)8 fgn 1 n 1B
X(n—l )B \/79n
are distributed according to fyerm [11] so that
Mﬁwltrﬂzlzn:gw/\/(o,l/n), (113)
n n 4
MH ~ - tI' H2 = Zgz ZXEB Xn—l—ﬁn(n 1)/2- (114)
O
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