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Regularity and long time behavior of one-dimensional first-order
mean field games and the planning problem

Nikiforos Mimikos-Stamatopoulos* Sebastian Mufioz!

Abstract

We study the regularity and long time behavior of the one-dimensional, local, first-order mean field
games system and the planning problem, assuming a Hamiltonian of superlinear growth, with a non-
separated, strictly monotone dependence on the density. We improve upon the existing literature by
obtaining two regularity results. The first is the existence of classical solutions without the need to assume
blow-up of the cost function near small densities. The second result is the interior smoothness of weak
solutions without the need to assume neither blow-up of the cost function nor that the initial density
be bounded away from zero. We also characterize the long time behavior of the solutions, proving that
they satisfy the turnpike property with an exponential rate of convergence, and that they converge to the
solution of the infinite horizon system. Owur approach relies on the elliptic structure of the system and
displacement convexity estimates. In particular, we apply displacement convexity methods to obtain both
global and local a priori lower bounds on the density.
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1 Introduction

The main purpose of this paper is to establish that, under very general conditions, the solutions to the one-
dimensional first-order mean field games system with local coupling (MFG for short) are smooth, and to fully
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characterize their long time behavior. Specifically, we study the regularity of the solutions to standard MFG
with a prescribed terminal condition,

—ug(z,t) + H(ug(z,t),m(z,t)) =0 (x,t) € Qr =T x (0,7),
my(z,t) — (m(z, t)Hp(ug(x, t),m(x, 1)), =0 (z,t) € Qr, (MFG)
m(z,0) = mo(z), u(z,T) = g(m(z,T)) zeT,

as well as to the so-called planning problem with a prescribed terminal density,

_ut(‘r t) =+ H(uz( 7t)am( )) = (:E,t) € Qr,
my(z,t) — (m(z, t)Hp(us(z,), ( ). =0 (2,t) € Qr, (MFGP)
m(xz,0) = mo(x), m(z,T) = mr(z) zeT,

where T denotes the 1-dimensional torus, —H(p,m) : R x (0,00) — R and g(m) : (0,00) — R are strictly
increasing in m, H has super-linear growth in p, and mg, mp : T — [0, 400) are probability densities. We also
show convergence of the solutions to each of these problems, as T' — oo, to the solution of the infinite time
horizon MFG system,

—vg(x,t) + A+ H(vg(x,t), u(z,t)) =0 (x,t) € T x (0,00),
pie(x,t) — (u(z, t)Hy(vg(x, t), p(z,t)))e =0 (z,t) € T x (0, 00), (MFGL)
wu(z,0) = mo(x) zeT,

where A = —H(0,1).

MFG were introduced by Lasry and Lions [19] [I6], and at the same time, in a particular setting, by Caines,
Huang, and Malhamé [I4]. They are non-cooperative differential games with infinitely many players, in which
the players find an optimal strategy, determined by the value function u, by observing the distribution m of
the other players.

Classical solutions to (MEQG]), in arbitrary dimension, were previously obtained by the second author in
[21], 22], when the initial density is bounded away from 0, and under the blow-up assumption

lim H(p,m) = +o0, (1)
m—0t
which, from the optimal control point of view, corresponds to placing a very strong incentive for players to
occupy low-density regions and precludes the appearance of empty regions. A similar regularity result was
recently obtained in [26] by A. Porretta for the case of (MEFGDP)), when the Hamiltonian has the separated
form H(p,m) = H(p) — f(m), and the terminal density mr is also bounded away from 0.
Our first contribution is the following theorem, which shows that, in the one-dimensional problem, assumption

(@ can be completely removed. We refer to Section [ for assumptions [(M)] [(H)|[(G)] and and

to the [notation] subsection for the definition of the function spaces mentioned below.

Theorem 1.1. Let 0 < o < 1, and assume that (M)} |[(H)} |(G)} and hold. Then the following statements
hold:

(i) There exists a classical solution (u,m) € C**(Qr) x C**(Qr) to (MEGP)). The function m is unique,
and u is unique up to a constant.

(ii) There exists a unique classical solution (u,m) € C**(Qr) x C>*(Qr) to (MEG)).

Our second result establishes interior smoothness of the solutions when, besides removing the assumption
([, one also weakens the lower bound assumptions for given densities my and mr, replacing the latter with
the integrability conditions

1
— € LY(T), — € L'(T) for some £ > 0. (2)
my mé.



We observe that, in particular, (2 allows the initial density to vanish in a set of measure zero. In spite of
this fact, our result also shows that m becomes strictly positive instantly after the initial time. Moreover, in
the case of (MEG), the density remains bounded below, and the solution remains smooth up to and including
t =T. We refer to Section [f] for the definition of a weak solution.

Theorem 1.2. Let 0 < a < 1, and assume that [(H)][(G)] and hold. Then the following statements
hold:

(i) There exists a weak solution
(u,m) € (BV(Qr) N L=(Qr)) x (C([0,T], H~(T)) N LT (Qr))

o (MEGP). Moreover, (u,m) € C2%(Qr) x C2*(Qr) and m > 0 in (0,T). The function m is unique,
and u is unique up to a constant.

(ii) Assume, further, that the function H satisfies, for each (p,m) € R x (0, c0),

H,(p,m)p > 0. (3)

Then there exists a unique weak solution
(u,m) € (BV(Qr) N L=(Qr)) x (C((0,T), H~X(T)) N LL(Qr))

o (MEQ). Moreover, (u,m) € C2%(T x (0,T]) x CL2(T x (0,T]), and m > 0 in (0, T].

loc

Concerning the long time behavior of (), it was shown by P. Cardaliaguet and P.J. Graber in [3, Thm
5.1] that the rescaled solution (z,s) + u(z,sT)/T converges, in a certain space LP(T x (4,1)), to the map
A(1 — s), while the rescaled deunsity (z,s) — m(x,sT) converges in LP(T x (0,1)) to the invariant measure
u = 1. Our third result shows that, when the marginals are strictly positive, a much stronger statement holds.
That is, the solutions satisfy the turnpike property with an exponential rate of convergence, and the limit as
T — oo of the pair (u(t) — AN(T'—t),m(t)) can be fully characterized as the solution to (MEFGL]). We emphasize
that this is a convergence result at the original time scale (compare with [6, Thm 2.6, Thm. 5.1] and |8, Thm
4.1, Thm. 5.3)).

Theorem 1.3. Assume that - . . and hold, and let T' > 1. Assume that (u?,m”) is either

the solution to (MEG]), or the solution to (MEGP)) that satisfies [ v” (-, Z) = 0, where

ol (z,t) =T (x,t) = M(T —t).
Then the following holds:
(i) There exist constants C,w > 0, independent of T', such that
Im™ (8) = 1l oe(ry + lul ()l Loe(ry < Cle™ + 7T, t € [0,T].
Moreover, if (u”', m™) solves (MEQ]), and (3] holds, we have
0 (©) = Ulgoeimy + 0L Ol ey < Ce™%, ¢ € (0,7,
(ii) There exist functions (v, ) such that, for each Ty > 0,
vl — v in C*(T x [0,Tp]) as T — oo,

and
m? — pin C**(T x [0,Tp]) as T — oo.

Moreover, one has
lim v(-,t) = ¢, lim p(-,t) =1 uniformly in T, (4)

t—o0 t—o0



where
g(1) if (u”,m7T) solves (MEQ),
CcC =
0 if (u?',mT) solves (MEGP).

Finally, (v, ;1) is the unique classical solution to (MFGL) satisfying (@) and

v e WH(T x (0,00)), u~ '€ L¥(T x (0,00)),
p—1¢€LYT x (0,00)) NL>®(T x (0,00)). (5)

In particular, since the Hamiltonian H (p, m) is non-separated, our results yield well-posedness and regularity
of MFG systems with congestion, such as

{_““rm = f(m) in Qr, (6)

me — (muw)m =0in Qr,
where 0 < a < 2, ¢g > 0, and f/ > 0. Some of the key techniques used in [21] 22 [26], as well as in the present
work, were developed by P.-L. Lions in his lectures at Collége de France [I9], where he obtained several a
priori estimates for the solutions to (MEFGDP]), in the special case of a separated, quadratic Hamiltonian. The

most important of these is the observation that the problems (MEG]) and (MEGP)) can be transformed into a
single quasilinear elliptic equation in v after eliminating the variable m. Indeed, if one defines H—! by

m = H~'(p, H(p,m)),

then m = H~'(u,,u;) and the problem becomes

{Qu = —Tr(A(Du)D?u) =0 in Qr, Q
Nu := B(z,t,u, Du) =0 on 0QT,
where Du = (ug,u:) and, for (x,z,p,8) €T xR xR x R,
Alp,s) = (H,, + %mHmp, —1) ® (Hp + %mHmpu —1> - (im?H’%“’BmHmH”’ 8) : Q1)
B(z,0,z,p,8) = — s+ H(p,mo(z)), (B1)
and
S A et ®
The condition for ellipticity, that is, for the matrix A to be positive, is
—4AmHy Hyp > m*H, (7)

which is also the well-known condition for uniqueness to (MEG]) that follows from the Lasry-Lions monotonicity
method (see, for instance, Lions and P.E. Souganidis [20]). We remark from (@) that, in particular, the strict
positivity of the density is crucial for the regularizing properties of the system. The lower bounds on m
obtained in Corollary and Proposition both heavily rely on the one-dimensionality assumption, and
this is the main obstacle to generalizing our results to higher dimensions. Indeed, in dimensions d > 1, it
remains an open question whether the existence of smooth solutions to local first order MFG systems can still
be established if one removes or significantly weakens (), or if mg is not assumed to be bounded away from
0. Even for d = 1, it is still unknown whether one can allow mg or my to vanish in a set of positive measure.

Section [2] contains all the assumptions that will be in place about the Hamiltonian H, as well as the initial
and terminal data. In Section [3 we establish an integral displacement convexity formula (see Proposition
BI) that will allow us to bound the density m in terms of its initial and terminal values. Section ] contains



the necessary a priori estimates that are needed to prove the existence of classical solutions. In particular,
we obtain, in Section [T} estimates for an e-approximation of (MEFGP)) via standard MFG systems with a
terminal condition of the type u(:,T) = g(-,m(-,T)), which we require to prove existence for (MEGP)). Finally,
we provide a counterexample to existence of solutions to (MEG]) when the terminal cost function g is also
allowed to depend on the space variable (see Proposition .5). In Sections BI[f, and [[, we prove our main
results, Theorems [[.1] .2, and [[.3] respectively.

We remark that, in the special case of a separated Hamiltonian, the displacement convexity estimates of
Section [B] were first obtained by D. A. Gomes and T. Seneci in [IT]. Further estimates on the density using
displacement convexity were also obtained by T. Bakaryan, R. Ferreira, and Gomes in [I], and by Porretta
in [26] (see also Lavenant, Santambrogio [17]). Weak solutions, as defined in Section [6] have been widely
studied for both (MEFG) (see [2, B, 4, [7, 21]) and (MEGP) (see [13, 26l 23]). For classical solutions in the
time-independent case we refer to Evans [9] and Gomes, Mitake [12]. Concerning the study of the long time
behavior of solutions, specifically the second part of Theorem [[.3] we follow the program developed by Porretta
and Cirant in [8], where a similar analysis was performed for second-order MFG systems, and, unlike the earlier
work [6], does not involve the use of the master equation (see also [5] 25]).

Notation

Let d,k € N. For T > 0, we denote by Qr := T x (0,T), Qr := T x [0,T] and 0Qr := T x {0,T}. For

a € (0,1, T > 0, and @ C R? we denote by C¥T¢(Q), the standard space of k times differentiable scalar

functions with a—Holder continuous k™ order derivatives, with the usual norm. Furthermore, we denote by

CFt(€2) the functions u that belong to C*+(K), for all compact sets K C Q. For functions u : Tx[0,7] — R,

we denote by osc u :=  max  wu(zx,t) — min  u(x,t), Du(z,t) := (uz(z,t),u(z,t)). We denote by
(w,£)€TX[0,T] (z,£)€TX[0,T]

H~(T) the dual space of the Sobolev space H'(T), and the space of H~(T%)-valued aHélder continuous
functions by C%([0,T]; H=(T9)). We write C = C(K1, Ks,..., Ky) for a positive constant C' depending
monotonically on the non-negative quantities K7, ..., Ka. BV(Qr) denotes the space of functions of bounded
variation, and L3°(Qr) consists of the functions m € L*>(Qr) such that m > 0 a.e. in Q7.

2 Assumptions

In what follows, Cy and 7, « are positive constants, with v > 1, and 0 < a < 1. Moreover, C : (0,00) — (0, c0)

is a continuous, strictly positive function. Except when explicitly stated, assumptions (M) |(H) [(G)} and
will be in place throughout the paper.

(M) (Assumptions on mgy and mq for classical solutions) The given functions mgy and my satisfy

mo, mr € C**(T), mg, mp > 0, and /

m():/mTzl. (Ml)
T T

(H) (Assumptions on H) The functions H, H,, and H,, are in C*(R x (0,0)), and H,, < 0. Moreover, for
(p,m) € R x(0,00),

& (1 )7 < Hyp < Tlm)(1+ o)), (1)

pH, = (14 )~ Tlm), (H2)

[Hypp| < Clm)(1+ 1o, (13)

[Hnl < Clm)(1+ ) (1)

1l Hyn| < ~Cm) s [ Hpl < ~Cm)Hons lpl|Hong] < ~Clm)He (M)



| Honpp| < C(m)(1+ [p])* (HM3)

(G) (Assumptions on g) The function g : (0,00) — R is four times continuously differentiable and satisfies,
for all m > 0,
g'(m) > 0. (G1)

(E) (Ellipticity of the system) The function H satisfies, for m > 0, the condition

1

—4mH Hyp > (14 — | m*HZ, . (E1)

Co P
(W) (Assumptions on mg, mp, H, and g for weak solutions) The functions my and mr satisfy, for some

k>0,
1 1
mo, my € L>(T), mo, my >0, /mo = /mT =1, and — 7 € Ll(T)a (MW)
T T mg Mg

H satisfies, for some constant s € (—x — 1,k — 1), and for (p,m) € R x (0, C%))’

1
_Hm(Ovm) S COmsv _Hm(pam) Z Fmsa (HW)
0
and g satisfies
lim g(m) > —o0. (GW)

m—0+t
(L) (Assumption on H for the long time average) The function H satisfies, for (p,m) € R x (0, 00),

1
—mH,(p,m) > m (HL)

3 Displacement convexity and estimates on the density

To obtain estimates for the density at interior times, we will prove an integral formula which, in particular,
implies that the quantity

[ omz, )ds
T
is a convex function in [0, 7] whenever h is convex, provided that () holds.

Proposition 3.1. Let (u,m) € C%(Q) x C*(Qr) be a classical solution to

—u + H(uz,m) =0, in Qr
me — (mHp(ug,m))e =0, in Qr (8)
m(-,0) = mo, in T,

and let h € W2°°(R). Then

d? m 2
2
- / h”(m)(mm)Q(mTHgm +mHy Hy )dr. (9)
T
Moreover, there exists C = C(Cp) such that, if A" > 0,

d? 1
W/h(m(:z:,t))dxz 5/h”(m)(—mHmepmi+m2H§pu§I)dx.
T T



Proof. Let g : R — R, be a smooth function. Since m satisfies the continuity equation, the following holds for
each t € [0,T7:

[ (mitat) = o 0BG, ) ) (Brgom,8) = (g, 0) oG, ), ) dz = 0. (10)

Expanding equation (I{), we obtain
0= A(mt — g (Hp +mHpm) — mHpptzs)(g' (m)me —mg(g'(m)Hy + g(m) Hpm) — g(m) Hpptgy)da

= [ /) ? — w29/ ) 5, + (/a4 g(o)) ]
T
+ Mo Hppiy [Hp (g’(m)m + g(m)) + 2g(m)mem}
+m2 [(Hp - mem) (g’(m)Hp + g(m)Hpm)}
— i Hypte | Hy g/ (m)m + g(m) ) + 29(m)mHy |
+gmnm(Hmwmf¢z:A1—A2+A3+A4—A5+Aa

We split term As as follows

Az = / My Hpp Hptizg (g/(m)m + g(m))daz +2 / g(m)memHpy, Hpptizedr = As1 + Aso.
T T

From the continuity equation, we have that
MH gy = my — my(Hp + mHpy,).

Hence, terms A3z and Ag can be written as

Az2 = 2/mtmmemg(m)d:v - 2/
T T

Ag = /T g(m) [ —ma (11, + mem)rd:v

m

(ma)?Hpm, (g(m)Hp + mg(m)Hpm>d$ = Az01 — A3z

2
= / _g(m) (mt)2 — 2—9(7:) MMy (Hp + mem) + —ggzl) (mI)Q(Hp + mem> dr = Agq1 — Ag.o + Ag.3.
T

m
From the Hamilton-Jacobi (HJ for short) equation, we have that
Hyugy = Ugt — Hpymyg.

Therefore, A1 may be written as
Azq = /mszpuzt (g/(m)m + g(m))dx — /(mx)2prHm (g/(m)m + g(m))dx =A311— A31-
T T

We now begin by grouping together terms Ay, and As 1.1, which yields, for L(m) = g(m)m, L'(m) = g(m) +
mg’'(m),

—A5 + A3_1,1 = / My (g(m) + mg/(m))pruzt — (g(m) + mg/(m))thppUzzdl“

T
- / ~Ou(L(m))(Hy ) + L' (m)my Hyms + (L(m))20s (Hy) — L' (m)mem, Hyp e
d

:/3t((L(m))z)Hp + (L(m))0(Hp)de = — | (L(m))o Hpdz,
T T



Next, we group together all the terms with m;m, factor, namely As, A3 2.1, and Ag.o, which yields

—Ay+ Az o1 — Ap2 = —/

T2mtmw (g’(m) + @) (Hp + %Hpm) dx.

Collecting the terms involving (m;)?, namely terms A; and Ag 1, we obtain

AL+ Ag1 = /T(mt)2 (9I(m) + @) de.

Finally, we group together the terms involving m?2, namely A4, A3, Ag3, and Az 1.2:
Ay — Az 0+ Ag3— Az 1.2 =
2
a2 [ (5 + 222) (11, + 2 1,)
T m 2
2 ’ g(m) m? 2
- | (ma) [(g/(m) + £ ) (Tﬂpm + mHypHy ) |da.

Thus, putting everything together, we obtain

N % (L)) e = /T (g’(m) n Tm) (mt —m, (Hp + %Hpm)f dz

_/Tm; <gf(m)+ @) (mTQHgm+mepHm)d:1:. (11)

Next, notice that for a smooth function i : R — R, we have

d

i ). h(m)dx = /T(h(m))me +mh'(m)(Hp)dx = /T(h(m) — h'(m)m), Hydz.

Thus, if we require that
—L(m) = h(m) — K/ (m)m,

we obtain

v [womtie = [ nom
A mmpx—dﬁﬂ‘ m)dzx.

The relation between h, g is
mg(m) = ' (m)m — h(m),

therefore
g(m) = =" (),
and, thus,
g'(m)+2 (::) = —h/fj) + h;";‘) + 1 (m) h;"j) + h/fj) W' (m),

from which (@) follows.
Now, setting r =1 — oo We have
9

2
oy

2
m
5 o — MHy Hypy = —TH,?m — (1= r)ymH, Hyy — rmH,y, Hpy,

and so, applying and multiplying by h”(m)m?2, (@) yields

d2

pTe] Th(m(az,t))da:Z/—7“h"(m)mHmemi. (12)

T



On the other hand, we infer from that

m 2 m?2
(mt — my (H, + 5Hpm)) —m?2 <7H§m + mHmep>

mem

2
—Hpm)

mMem

1 /mzm 2
(—Hpm) = (my = my Hy,)? = 2(my = my Hy) "2 Hy,

+ -
Co 2
2 Mem 2
Hpm) =r(m; — mep)2 + ((1 — r)%(mt —mgyH,) —(1— 7‘)_% ?Hpm)

> r(my —myH,)? = Tmszpuiz. (13)

> (mt —mgH, —

Mem

+ (-7t (

where the last equality follows from the equation of m. As before, multiplying by h”(m) then yields

d2
@/h(m(x,t))dx 2/rh"(m)m2H§puim. (14)
T T

Combining (I2)) and (4], we conclude that ([B.I]) holds. O

It now follows readily that the density of the solution is bounded above and below in terms of the initial
and terminal densities.

Corollary 3.2. Let (u,m) € C?(Qr) x C1(Qr) be a classical solution to (MEQG) or (MEGP). Then, if

¢1 := min(min mg, minm(-, 7)), C1 = max(max mg, maxm(-,T")), we obtain that
c1 <m(x,t) < Oy, for all (z,t) € Qp. (15)

Proof. The proof follows directly from Proposition B.Ilabove. Indeed, note that, in view of[(E)| for any convex
function h, the map

C(t) :zAh(m(x,t))dx

is convex, and thus
C(t) < max(C(0),C(T)), for all t € [0,T].

Hence, setting h,(m) = mP and letting p — —oo yields the result for the lower bound, whereas letting p — +oco
yields the upper bound. o

Remark 3.3. For dimensions d > 1, formula (@) is no longer true. If one repeats the same argument, the
issue will arise at the term Ag . However, in the case of a separated Hamiltonian, i.e. H(p,m) = H(p)— f(m),
one still obtains the weaker formula

d—2 m(z x = "(m)m? — K (m)m m))(tr(D? 2 u))?
T | i )ds = [ (" mym® = Gy -+ o)) 4x(D3, FFD2, )

+ (' (m)m — h(m))tr((Df)pHDiwuV) + 1 (m)mf'(m)|Dm|*)dz. (16)

In this higher-dimensional setting, it is no longer true that the left hand side is convex whenever h is convex.
In particular, the statement is false for negative powers of m, but true for positive powers. Thus, from the
proof of Corollary B2l we see that the upper bound on m still holds (see [I1]).

4 Estimates on the solution and the terminal density

In this section we obtain the necessary a priori L —bounds on u, Du, and m(-, T') for solutions to both (MEFG))
and (MEGP]). Combined with the results of the previous section, this will yield global upper and lower bounds
on the density. In order to treat the setting of Theorem [[.2] where the density may vanish at {0, 7}, we also

obtain L>°-bounds on u that do not depend on the quantities (minmg)~!, (minmy)~*.



Proposition 4.1. Let (u,m) € C?(Q7) x C'(Qr) be a classical solution to (MEG), and let ¢; = minmg, Cy =
max mg. Then, for each (z,t) € Qrp,

cr <m(z,T)<Cy forallz €T, (17)
H(0,c1)(t —=T) +g(c1) < u(x,t) < HO,C1)(t —T) + g(Chy) for all (z,t) € Qrp, (18)

and . "
—/t H(O,H}r}n(m(-, s))ds + g(c1) < u(z,t) < —/t H(0, mﬁz}x(m(, s))ds + g(Ch). (19)

Proof. We will only show the lower bounds, since the argument for the upper bounds is completely symmetrical.
We fix § > 0 and let € > 0 be such that

H(0,¢1) — H(0,¢1 — §) < —€T, for all z € T.

We define .
wO(t) := H(0,¢; — 0)(t —T) + §(t —T)? 4 g(e1 = 9),

and note that
Wyy = vaz,t = vatt = €.

The function v (x,t) := u(x,t) — w°(t) has a minimum at some (z¢,t0) € Qp. If we first assume that
to € (0,T), then it follows that
D2y — D?w®?® > 0,

which, in view of (Q)), implies
0= —Tr(AD?*u) < —Tr(AD*w*?) = —e < 0,
a contradiction. On the other hand, assume that tg = 0. Then,
ue(wo, 0) > wi* (w0, 0), us(z0,0) = ws*(0) =0,
and thus
0 = —us(zo, to) + H(0,mo(x0)) < —wi®(0) + H(0,mo(x0)) = —H (0, co — 8) + H(0,mo(x0)) + €T

< —H(O,Cl—6)+H(O,Cl)+6T<O,

by our choice of €, which is a contradiction. Hence, the minimum must be achieved at to = T'. At that point,

we have
wy(zo, T) < wi®(T), ug(wo,T) = wSd(T) = 0.

Consequently,
u(‘TOv T)= g(Hil(Ov ut(‘TOv 1))) > g(Hil(Ov w?ls(T))) = g(Hil(Ov H(07 c1—9)))
= g(cy — 6) = w(T).

We have thus shown that
u(z,t) > w(t), for all (z,t) € Qp.

Letting € — 0, and then § — 0, yields the lower bound in (I8) In particular, for t = 7', we have
g(m(z,T)) > g(cy) for all z in T,

which proves the lower bound in (IT). Now, we define

T
w(t) = - / H(O, c(s))ds + g(e).
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where ¢(s) := InTin{m(-, s)} is the running minimum of the density. We observe that the function v(x,t) =

u(zx,t) — w(t) satisfies v; = uy — H(0,¢(t)), vy = uy. Thus, for any € > 0, at any extremum point of v — et,
one has v, = H(0,m) — H(0,c(t)) — € < 0. Letting ¢ — 0 thus implies that v achieves its minimum at ¢t = T..
Therefore, using ([IT), we obtain

u(xvt) - w(t) 2 mTing(m(-,T)) - g(Cl) =0,

and this is precisely the lower bound in (I9)). O

Now, for solutions to (MEGP)), we do not need to estimate the terminal density, as it is part of the given
data. Concerning u, since the solution is only unique up to a constant, we may only bound the oscillation of
u, and this is done in the following proposition.

Proposition 4.2. Let (u,m) € C%(Qr) x C*(Qr) solve ([§). There exists a constant C' > 0, with

T
c=C (Co,/ |H(O,mTinm(-,s))|ds,6(1riaxm)> ,
0 Qr

such that .
oscg, U < C(T—|—T‘ﬁ —|—/ |H(O,m1%nm(-,s)|ds).
0

Proof. We define the functions ¢ and w, for ¢ € [0, T, by

T
c(t) = mTinm(-,t), w(t) = —/t H(0,c(s))ds.

Arguing as in the proof of ([I9)), we obtain
max(u — w) = max ((u(-,0) —w(0)), min(u — w) = Inﬂin (u(-,T) —w(T)). (20)

T T
Now, in view of (HI)) and Proposition B, 0 = —u¢ + H(uz,m) > —us + &|ue|? — C. Next, we define 7' by
% + % = 1. By the Hopf-Lax formula, the function

ety =i (€)@ -0 22 o)

then solves, in Qr,
1
_vt(xvt) + 5|vz|’y -C= Oa ’U(',T) = U(',T),
and, thus, by the comparison principle,
u <.
On the other hand, up to increasing the constant C,
0) < _C cT i T
v(z,0) < T 1 + +II}E1HU(-, ),
and so

C :
m%xu(-,O) < m%xv(-,O) < Tv=T +CT + mq%nu(-,T).

In view of (20), we obtain
C
oscg (u—w) < TT + CT +w(T) — w(0),
and, thus,

C
oscs U< ——+4+CT +2-0sc5 w<
Qr Qr

Ty -1 Ty -1

+CT +2 /OT |H(0,c(s))|ds.

11



We finally obtain a priori estimates on the gradient of u, while simultaneously treating the case of (MEG])
and (MEGP)). The proof closely follows |21, Lem. 3.8] and |22 Lem 3.3], but yields a slightly stronger estimate
due to the d = 1 assumption (see [23))). For the purpose of studying the long time behavior, we will keep
track of the dependence of T' for large values of T'.

Proposition 4.3. Let (u,m) € C*(Q1) x C?(Q) be a classical solution to (MFQ]) or (MEGP]). There exists
a constant C' > 0, with

C = C(Co, T,T7 ", osc u,, Ml oo (@, ||m71||Loo@T),

mo0)all e 5ys I )all o 29 I o i )

such that

| D] C.

T o<
L>(Qr) —
Proof. Since u; = H(uz, m), and m is bounded above and below, we infer from ([HIJ) and (H2)) that it is enough
to show that
|zl g,y < CT?.

We let
(osc u+2)

T
and note that the function @ has been constructed to satisfy

@ =u—minu+1— (T —1t),

| <1+oscwu, a(-,0)<-1,a(-,T)>1.

Define ) .
v(z,t) = —ul + =42,
(2,1) = g0+ &
3 —
where k = ||um||% . Let (zg,to) € Qp be a point where v achieves its maximum value. With no loss of
T

generality, we may assume that p = u, (2, o) satisfies

lp| > 1, |p|* >

We remark here that throughout the proof, the constant C is subject to increase from line to line.
Case 1: ¢ty = T. For this case we consider the linearization of the HJ equation,

Tyo = —v + Hp(ug, m)vg.

Since v, = 0 and vy > 0,

1
0>T,v="T, (§|um|2> + ka(—a; + Hpuy)

1
= —Hyugmy + ku(—u, + Hyp — C) > —Hpugmy + ki(—=H) — Cku

Co
> H +k~1< S )) Clpl* > —Hpttgmg + =[pP % — Clpl3. (1)
—Hpugmy + kii— | =—|p|” — C(m) ) — > —Hpuzm, + — - :

2 Co C(m) p p C p p

If (u,m) solves (MEG]), then
— UMy = — g7/n |p|2 > 0.
On the other hand, if (u, m) solves (MEGD)), then
| = Hintgma| < Cll(mz)aloolp". (22)
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In either case, [21]) then implies
bl < C.

Case 2: t) = 0. Regardless of whether (u,m) solves (MEG) or (MEGD)), this case is dealt with in the same
way as was done for tg = T when (u, m) solved (MEGP]), because, in view of [HM2] we then have the bound

| = Hpugmg| < CJl(mo)e o lp] .
Case 3: 0 <ty <T. We first observe that, since v, = 0, we have
UglUgy = —KUUg,
and, thus,
tUze| < Ck. (23)

We consider the linearization of (QJ), namely
Ly(w) = —=Tr(A(Du)D*w) — D, Tr(A(Du)D*u) - Dw.

Through direct computation, using (Q1)), one obtains

2

1 1 1
L, <§u§) = ‘—umt + <Hp + 5mH,,w> Ups| + ZmQanpuim — mH, Hppu2,, (24)
and
1 1 S|
L, <k§ﬁ2> =—k ‘—at + (Hp + 5mHup)uz| + kZm2H72npui — kmHy, Hypu? + E1 + E> + E3 + Eq,  (25)
where ) )
E,=2 <—umt + <Hp + EmHmp> um> <pr + EmHmpp> ki,
1
Ey = (iHmpHmpp +mHy,, Hyp + mHmepp> Ug g kUL,
1 2 1
Es = (—uwt + (Hp + §mHmp> um> - (Hpm + 3 (mHpmp + Hmp)) k(=1 + Hpuy)
E, =
1 /1
7 (5 (mH},, +m*HyppHomyp) + MH o Hyp + mHp Hypypp + Hmep) U kU (— Ty + Hpuy).

Now we estimate each of the E;. By Young’s inequality, we obtain

2

1 1 1
|Eq| < 1 ’—umt + (Hp + §mHmp) Uze| + C|Hpp + §mHmpp|2k2ui&2.

As a result of (HIJ), and (HM3), we thus obtain

2
1 1
Bl < 5 ‘—umt + (Hp + 5mHm,,) + Clp/2+L. (26)

Next, to estimate |E2|, we use 23), (HI) (H3), (HMI), (HM2), and (HM3)) to obtain

| Ea| < Clp*1. (27)
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For E3, we have

2 ok
+ — (H}, +m*H,,, +H2) | — @ + Hyu,?, (28)

1 1
|E3| S ” ’_U’It + (Hp + §mHmp> Ug 2

4

and therefore, in view of (HI)) and (HM2]), as well as the HJ equation, we obtain

1 1 2
Bl < § "um + (Hp + 5mHpp)uzs| + Clp|”". (29)

Finally, for E4, we observe that (23)), (HIl), (HM2), and (HM3]) yield
|Ba| < Clp| . (30)

Now, implies that

2

1
- —m2anpp2 +mH,, Hypp?

B 1
‘—ut + (Hp + §mHmp)um 1

2

- 1
—Us + (Hp + EmHmp)uz

>

1
2 _ ‘—ﬂt + (Hpuz + §mHmp> p

2

2
1 /1 ~ 1 1 -
+ _Oo (EmHmpp> > 3 ’—ut + (Hp + §mHmp) Ug| + 6| — Ut + Hpu$|2_ (31)

So, as a result of ([25), (HI) and (H2), we get

1 1

L, (kzt?) < —Zk
CUES

Now, since (zg, o) is an interior maximum point of v, we have L, (v) > 0. Thus, combining (26), @), 23],

B0), @4) and (B2)), we conclude

2
1
- 6|p|2V+% + F1 + Es + Es + Ey. (32)

1
_ﬂt + (Hp + §mHmp> Uy

1
0< _5|p|2”+% + Clplt,

which implies
lp| < C.

4.1 Estimates for MFG with e—penalized terminal condition

In order to obtain classical solutions to (MEGDP)), it will be necessary to use a natural approximation method,
which was previously used in [24] to obtain weak solutions to the second-order planning problem. The solution
will be obtained as the limit of solutions to standard MFG systems with a penalized terminal condition.
Specifically, we will need to prove estimates for solutions (u€, m¢) to

—uf + H(u,m) =0 in Qp,
m§ — (m Hp(us, m)), =0 in Qr, (MFG.)
me(xu O) = mo(.’IJ), eue(va) = mf(x,T) - ’ITLT(JI) on aQT

As long as u€ is bounded in L*(Qr), the limit is expected to solve (MEGP)). This estimate is obtained in

the following lemma. While treating this system, we will temporarily assume that H(0,0) is finite. This
assumption will be removed in the proof of Theorem [T.1]
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Lemma 4.4. For ¢ > 0, let (uf,m¢) € C2(Q7) x C*(Qr) be a classical solution to system (MFG.), and set
¢1 = min{ming mg, miny mr}, C; = max{maxy mg, maxy mr}. Assume that H(0,0) < co. Then there exists
a constant C' > 0, independent of ¢, such that

¥l o iy < C- (33)
Furthermore, for all € < %, we have
%1 <m(x,t) < 2C for all (x,t) € Qr, (34)
and
[m*(T,-) = mz ()l < €C. (35)

Proof. As a result of Proposition 2] since H (0, minm¢) < H(0,0), there exists

T

C = C(Cy, T, |H(0,0)|,|H(0,maxm®)|, C(max m*))
Qr Qr

such that
oscg (uf) < C.

To make this bound on the oscillation independent of €, we must obtain upper bounds on the density m*°.
Note that, from Corollary B.2] it is enough to bound m*(T,-) from above. To this end, let My := max mo and,

for 6 > 0, define
v (z,t) = u(z,t) + H(0, Mo + 6)(T —t).

Since D?v? = D?u¢, we have that v° also solves the elliptic equation in Q. Therefore, the maximum of
v®, must occur at t = 0 or ¢t = 7. If the maximum occurred at ¢ = 0, then at that point

UE_H(O,MQ):’UES <0, vgzufE:O,

and, hence,
0> ’U,: —H(O,M0+5) ZH(O,mQ) —H(O,M0+6),

which is a contradiction because H,, < 0. Therefore, for every 6 > 0, the maximum occurs at ¢ = T, and,
letting § — 0, we see that the same is true for § = 0. The maximum value of v(z,t) := u®(z, t)+H (0, My)(T —t)
equals the maximum of u¢(x, T), since v(z,T) = u(z,T). Letting 29 € T be a point at which this maximum
occurs, it follows that v;(zo,T) > 0, and therefore

H(0,m(x,T)) > H(0, My),

which implies that
me(,fo,T) S MQ.

But, since
eu(z,T) =m(x,T) — mp(x),

we obtain, for each x € T,
eu(z,T) < eu(zo, T) = (m (20, T) — mr(20)) < (Mo — mr(z0)),
and, consequently,
m(z,T) = eu®(z,T) + my(z) < My + mr(z) — mp(z) < My + oscr(mr).
We have thus shown that the bound on the oscillation of u¢ does not depend on e. Furthermore, since

eu(z, T) =m(x,T) — mp(x),
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and m*(T,-), mz(-) are both probability densities, we have [ u(-,T) = 0, so there must exist some z¢ € T
such that
u(z€,T) = 0.
This implies that, for any (x,t) € Qr,
—oscg_ (u) <u(x,t) —u(z,T) < 0scg (u),

which shows ([@3). To prove (B4), we require C' to be large enough to satisfy &||u|oc < 3c1. Then for all

1
€ < &, we have

1 1
m®(z,T) = mr(z) + eu(x,T) > mp(z) — e > et

The upper bound for m¢(z,T) is obtained similarly. We now conclude by Corollary B2 since the maxima
and minima of m® both occur at t = 0,¢t = T. Finally, (35) follows immediately from the terminal condition

in and (B3). O

While the usefulness of (MFG) will mainly be as a tool to obtain existence for (MEGP)), it can also be
used to provide an interesting counterexample. Indeed, one should note that is not itself a planning
problem, but rather a special case of a standard MFG system, which would fit in the framework of (MEFG)
if the terminal cost function g were allowed to depend on x. Such terminal conditions are treated in [21] 22]
under the blow-up assumption (), as well as the requirement that

g(x,0) is constant, or lim g(x,m) = —o0,
m—0t

which is a slightly weaker version of (). The following proposition illustrates the fact that, when such
assumptions do not hold, the solution may fail to exist.

Proposition 4.5. Assume that H(0,0) < co, and that the condition mz > 0 in (MI]) does not hold, so that
mrp(zg) < 0 for some zg € T. Then there exists C' > 0 such that, for all 0 < € < %, there exists no classical

solution to (MFG).
Proof. We assume, by contradiction, that there exists a decreasing sequence ¢, > 0, with lim €, = 0, such

n—00
that, for each positive integer n, there exists a solution (u”, m™) to system (MFG,, ). Since H(0,0) < oo,
the proof of Lemma 4] shows that, for some constant C' > 0 independent of n € N, we have ||u"|s < C.
However, this implies that
Hmn(Tv ) - mT()”OO < Cep,

while m" (2o, T) > 0 > mp(x), which is a contradiction. O
We finish our estimates for the e—penalized problem with an analogue of Proposition

Lemma 4.6. For ¢ > 0, let (u¢,m¢) € C>%(Qr) x C*>*(Qr) be a classical solution to system (MFG), and
assume that H(0,0) < oo. Let ¢; and C; be as in Corollary B2l There exists a constant C' > 0, independent

of €, such that, for € < %,
[Duffloc < C.

Proof. We first observe that, by Corollary B2 and Lemma[L4] |[m®||5_and || (me)~1 |5, are bounded a priori

in terms of C; and ¢; . The proof of Proposition may thus be repeated here, with Lemma [£.4] replacing
the use of Proposition 2] with one exception. Namely, the term —H,uimS in (2I)) should be estimated as

—Hyuzmg = —eHm(u;)Q - Hmué(mT)m > _Hmué(mT)m;

which, in view of ([22)), yields the gradient bound in the case toc = T. The rest of the argument follows
unchanged. O
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5 Existence of classical solutions

In the previous sections, a priori L —bounds were obtained for u, Du, m, and m~!. This is already sufficient
to obtain classical solutions to (MEG]), following the arguments of |21, 22]. The existence of solutions to
(MEGDP)), on the other hand, is a more delicate issue, because the Neumann type boundary condition that
appears in the linearization makes the latter non—invertible. Namely, the linearization of is

Ly(w) = f in Qr,
1 ugz,m)) - Dw=g1(x) att=0,
Uz, m)) - Dw=ga(x) att=T,

which is an oblique boundary value problem that is only solvable for certain functions f, g1, go satisfying a
compatibility condition that itself depends on w. This failure of invertibility precludes the direct use of the
implicit function theorem and thus of the method of continuity, which means a different approach is needed.
Indeed, we will obtain the solution as the limit as € — 0 of the solution to the e-penalized problem (MEFG]).
We begin by noting, in the following lemma, that for ¢ small enough, the solutions to (MFG) are a priori
uniformly bounded in C*#(Q7), for some 0 < 3 < 1, and that the system thus has a classical solution.

Lemma 5.1. Let C be as in Lemma B4 For all 0 < e < &, has a unique smooth solution
(u€,me) € C>*(Qr) x C>*(Qr). Moreover, there exist constants K > 0, 0 < 3 < 1, independent of ¢, such
that

[u]|cre < K. (36)

Proof. The a priori C'—bounds on u€, as well as L>—bounds on m* and (m¢)~! (and thus on the ellipticity
constants of the system), were all established in Lemmas4land A6l The Holder estimate for the gradient then
follows in the same way as in |21, Lem. 4.1], by directly applying the classical C'***—estimates for quasilinear
elliptic equations with oblique boundary conditions (see [I8, Lem. 2.3]). Indeed, it suffices to verify that, for
(z,t,2,p,8) € Tx{0,T} x R x R x R, the boundary condition

Be(iE,O,Z,p, S) = -5+ H(p7 m0($)), BE(.I,T,Z,p,S) =8— H(p7 €z + mT(«I)),

is oblique. For this purpose, we let v(z,t) denote the outward unit normal vector at (z,t) € dQr. Then we
have
D,y B(2,0,2,p, ) - v(z,0) = —=B§(x,0, 2,p,5) =1 >0,

D(p,s)Be(vaaZapvs) ! V(va) = —B;(I,T,Z,p, S) =1>0

and thus the a priori estimate ([B6) follows. The proof of existence is then the same as in [2I, Thm. 1.1]
through the method of continuity. O

We now have enough information on the e—penalized problem to prove our first theorem.

Proof of Theorem [l We initially assume that mg, mp € C°°(T). The proof of part (ii), corresponding to
(MEG), is identical to the one carried out in [2I, Thm. 1.1]. We simply note that the condition hm H(p,m) =

400 in that proof was only used to guarantee the existence of a positive lower bound for the dens1ty, which
in turn makes the equation (Q]) uniformly elliptic. In our case, the lower bound is a consequence of Corollary
and Proposition 411

Now, for the case of (MEGDP)), we remark first that uniqueness of u, up to a constant, follows by the standard
Lasry-Lions monotonicity method. To establish existence, we consider first the approximate system (MFG),
under the assumption H(0,0) < oo. We assume that € > 0 is small enough for Lemma [51] to guarantee the
existence of solutions (u¢, m¢). Letting 0 < 8 < 1 be as in Lemma [5.1] we also have (30, for some constant
K > 0 independent of e. We infer that there exist a subsequence {u,}, C {u¢}., and u € C1*(Qr), such that
Uy, — u uniformly. Furthermore, in view of Lemma 4.4} there exists C > 0, independent of ¢, such that

<m(z,t) < C for all (z,t) € Q7.

Ql -
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We let (A, B) and (4,, By), be the quasilinear operators and boundary conditions corresponding, respectively,
to u and u,,. Then one has
(An, Bn) — (A, B) locally uniformly,

DyB, v =1.

Hence, by Fiorenza’s convergence theorem for elliptic equations with oblique boundary conditions (see [21],
Thm. 2.5], [0, Chapter 17, Lemma 17.29]), we obtain u, — u in C*%(Qr), and u solves (Q)), with the
boundary condition corresponding to (MEGP). The C*® regularity (and, in fact, uniform convergence in
C3%) then follows readily from the standard Schauder estimates for linear oblique problems, as in [21, Thm.
1.1].

The last step will be to remove the assumption that mo € C*°(T) and, for (MEGP]), the assumptions that
myp € C°(T) and H(0,0) < oo. We will explain the argument for (MEGP]), with the treatment of (MEG)
being completely analogous. Consider, for § > 0, the modified Hamiltonians H?(p,m) := H(p, m + &), which
satisfy and uniformly in §, as well as H°(0,0) < oo, and a sequence of C> densities (mQ, mJ),
uniformly bounded in C*® and bounded away from 0, converging uniformly to (mg, mr). Let (u%, m?) be the
corresponding solutions to

—ud + Ho(ul,m?) =0 in Qr,

T 5 _
fo Jpu =0, (37)
mo — (m‘ng(u‘;,m‘;))m =0 in Qr,

m?(-,0) =m$, m°(-,T) =m$ onT.

Propositions and @2 and Corollary 32 yield uniform C'—bounds on u°, and thus, as in the proof of
Lemma 36, uniform C*# bounds for some 0 < 3 < 1. We may thus conclude by letting § — 0 and applying
Fiorenza’s convergence result as above. O

6 Regularity of weak solutions

We now study the existence and regularity of solutions to (MEG]) and (MEGP) under the weaker assumption

that, for some k > 0
1 1
/K—dx<oo, /K—da:<oo.
T Mg (z) T M (2)

We note that, in particular, the above conditions allow for the densities to vanish at a set of measure zero.
This, in general, creates significant issues, because is no longer uniformly elliptic. The key estimate that
will allow us to prove smoothness in this setting is an interior lower bound on the density which depends only
on t71, |mg |1 (and (T —¢)~1, ||mz"||1, in the case of (MEGP]). Indeed, this yields uniform ellipticity of
away from t =0 and t =T,

We begin by giving the standard definition of a weak solution (see, for instance, [3 211 26]).

Definition 6.1. [Definition of weak solution| A pair (u,m) € BV(Qr) x L (Qr) is called a weak solution to
(MEQ) (respectively (MEGP) if the following conditions hold:

(i) uz € L*(Qr),u € L>=(Qr), m € C°([0,T]; H~Y(T)).

(ii) u satisfies the HJ inequality
—u + H(uz,m) <0 in Qr,

in the distributional sense.

(iii) m satisfies the continuity equation
m¢ — (mHp(ugz,m)), =0 in Qr, (38)

in the distributional sense.
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(iv) We have m(-,T) € L>(T). Moreover, m(-,0) = mg in H~1(T) and u(-,T) = g(m(-,T)) in the sense of
traces (respectively, m(-,T) = mr in H~1(T)).

(v) The following identity holds:
// m(z,t)(H (ug, m) — Hp(uz, m)uy)dedt = /(m(x,T)u(:z:, T) — mo(x)u(z,0))dx.
Qr T

The following lemma will be needed to show that, for solutions to (MEG]), our interior regularity results
may be extended up to time ¢t =T

Lemma 6.2. Let (u,m) be a smooth solution to (MEG]) under the assumptions of Theorem [T and assume
that (B holds. Then, for every convex function h € C?(0, ), the map

t—)/ﬂ‘h(m(:z,t))dx

is decreasing. Moreover, there exists a constant C' = C(Cy, ||(g’)||;§3(@jgnmo o mo])) such that

%/Th(m(x,T))dx+é/jrhu(m(x,T)”mz(x,T)p <0.

Proof. In view of Proposition B.1], we have that

d2
— >
7 /Th(m(;v,t))dx >0,

and, thus, the function
d
a(t) == = /T h(m(z,t))dz

is increasing. We then infer that the monotonicity will follow if we show that
d(T) <0.

Since u(-,T) = g(m(-,T)), and m satisfies the continuity equation, we have

d(T)Z/Th'(m(;v,T))mt(;v,T)d;v:/

B (m)(mH,(uz, m))ydz = —/h”(m)mme(mwg’(m),m).
T

T

Now, as a result of (3) and (HI)),

and, therefore,

O

We are now ready to obtain the interior lower bounds on m. Our method of proof relies on the displacement
convexity formula (@), and uses similar techniques to |26, Prop. 5.2].

Proposition 6.3. Let (u,m) be a smooth solution to (MEG) or (MEGP]), under the same assumptions as in
Theorem [[Jl Assume, furthermore, that (HW]) holds and, in the case of (MEG]), assume that (3) holds. Let

2

k—s—1’

8=
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and let 6 > 0. Then, there exist a constant C' = C(Co|/mg | 1, [|[mz"||1,8~ 1) such that

1/ 1 1 -t
m(x’t)26<tr8+5+(T—t)3+5) . (39)

Furthermore, in the case of (MEQ]), one has

1
m(z,t) > =t7*+°. (40)
C
Proof. Using the displacement convexity formula (@) for h(m) = %, we have, for each ¢ € [0,T],
1 1 1
——dx < max (/ d$,/ dx) . (41)
/]1‘ m"(x,1) T mg(z) rm™(z,T)
Combined with Lemma [6.2] (for the case of (MEG]) where m(-,T) is not prescribed), this yields
sup [[m™"(t)[l» < C. (42)
t€[0,T]

Next, for any p > 1, we define the function
o(t) == / m~PR(t)dx.
T

Using Proposition Bl with h(m) = m™P%, as a result of [E)} we obtain

d? m=PE(t) 1 )
R —dx > —— —pr=1. 01 H,,(my 2dx > / = o —DPE—1+s . 24
dtQ/irp/f(p/f+1) = O/Tm mHp, Hy (M) da > TC,m (m,)?*dx

1 / —prtstl g
2 N ortstio m 2 md,’E
C(=2 -21- +1)2 11‘( )

As a result, letting

C(pk — s —1)?
7T apr(pr+1)
N —pKk+ s+ 1,
2
we have shown that
Coo' ()= [ (m)2da, (43)
T

From |(W)| and the fact that p > 1, we see that A < 0. For each t € [0,T], since m(-,t) is a probability
measure, there exists a point zf such that m(zf,t) = 1. By the fundamental theorem of calculus,

2 2
@ =1 = m @ =m0 sc/wmwa (44)
oo oo T
and therefore
12 A2
|| <o [mzae+1). (45)
mllco T
Now, using ([@2]), we obtain
r(p—1) w(p—1)
o= [ o< [ LI <o A
T Mm-rP M ||m|| m || o
and, consequently,
1 (12
g < H_ , (46)
m oo
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where r := R(Q;Ji‘l)' From condition |(W)| we see that » > 1. Combining {3)), (Z5), and ({@6), we obtain

Cp(¢"() +1) —Co(t)" =
that is, for some constant C' = C(p),
1

~"(0) + 59" < C, (47)

A straightforward computation then shows that the functions
P (t) = Apt PP 4+ K,
da(t) = Ap(T — )7 + K,

PY(t) = i (t) + a(t),

are supersolutions of (@) for large enough A, K,,. Therefore, we have

/mfpﬁ(t) < Ap(t7P (T — 1)) + 2K, (48)
T

Now, going back to {@3]) and (@3], we may write

27|
>s0@§AmWﬂH» (49)

In view of (@), for ¢ > 0, the map
£ / m1(2) (50)
T

is convex in [0, T]. Thus, fixing to € (0, %], we infer that, for each ¢ € [tg, T — to],

(frerm)' <o ([ (o) 20 (o))
STAIE)

Letting ¢ — oo, we obtain

—1 2|)\‘ 2 Ti%) —1 2|)“
[|m HL°° (T [to, T—to]) = to J | (t)Hoo dt. (51)
2

Now, lettingC € COO(QT) be a test function, supported in [, T—%] such that 0 < ¢ < 1,¢( =1in [, T—%],
and f I¢" ()|dt < £, we see that (BI) implies

_ 2‘)\| 2 T _ 2‘>\|
||m 1||L°°(’H‘><[to,T—to]) < %/0 ||m 1”00 (t)C(t)dt. (52)

Hence, integrating by parts twice, we infer from [{8]) and {39 that

T
—1n21Al C ok 1 1
[|m HL°°('J1‘><[t0,Tfto]) < % </0 /T(m b C”)‘FCT) <C <—t§+p"ﬁ + K

which yields

Hm_lHLO"('ﬂ‘x[to,Tfto]) <
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Now, recalling (@), we see that
2+prfB

lim L =0 and lim

p—o0 2| p—oo 2[N .
Thus, we may fix p chosen large enough that % < B+ 0, and, as a result of (@),
1
[

-1
HLOO('Jl‘x[to,Tftg]) = Ctﬁ+6'
0

This implies (39). Now, for the case of (MEG]), we simply observe that, from Lemma [6.2] the map (B0) is
non-increasing on [0, 7], and, thus, (BI) may be strengthened to

PRIV 2 (T 2
I 2 ey < = I 2
2
O

The following lemma is a basic computation exploiting (EIl), and will be used in the proof of Theorem [[.2]
to estimate the terms arising from the Lasry-Lions monotonicity method.

Lemma 6.4. There exists a constant C = C(Cp) > 0 such that, given —oco < pg < p; < 00 and 0 < mg <

m1 < 00, we have

(m1Hy(p1,m1) — moHy(po, mo)) (p1 — po) — (H(p1,m1) — H(po, mo)) (m1 —myg)

mi1+m k
> %(pl —po)® + a(ml —mo)?, (53)

where k = ming,, ;.1 [mo,m.](—Hm (p,m)). Moreover, if H satisfies (W) then
(m1Hp(p1,m1) — moHy(po, mo)) (P — po) — (H (p1,m1) — H(po, mo)) (m1 — mo)

mi1 +m 1 s s
> =g (= p)” + gy i = mi (= mo). -+ (54)

Proof. Following the technique carried out in [20], for z € [0, 1], we define
Ap = p1 —po Am = my —mo, p. = po + 2Ap, ms = mo + zAm.

We then let
¢(2) = (msz(pzamz) - mOHp(p07m0))Ap - (H(pzu mz) - H(p07m0))Am7

and differentiation yields
' (2) = mszp(Ap)2 + m,Hyp AmAp — H,,(Am)?.

Now, in view of ([EI), we have, for some constant C' > 0,

1 1 1
—H,, > —m,H> (1+=)— =H,,.
=4, m(1+5)~ 3
Therefore,
2
@' (2) ! N/ Hpp A 1—i_%H A
z)>m, | —— P+ ———HppAm
/—1+% pp o /H,, p
1 1

If[(W)] holds, then, up to increasing the constant C' > 0, as well as using (HI)) and [(W)| we obtain
1
¢(2) = G (m=(Ap)* + mi(Am)?),

and integrating over [0, 1] then yields (B4]). The proof of (B3] follows from (B3] in the same way. O
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Before proving Theorem [[.2] we remind the reader that assumption will not be in place, and will be
instead replaced by

Proof of Theorem[I.2 For € € (0,1), let m§, m5. be smooth, positive densities such that, for 6 € {0,T},
mg — mg a.e. iInT, [|m§lloc < C and ||(m§) "1 < C,

where C' > 0 is a constant independent of €. Let (u®!,m®!) be a smooth solution to (MEGP]) obtained from
taking m§ and m$., respectively, as the initial and terminal densities. Similarly, let (u2, m?) be the smooth
solution to (MEG]) corresponding to the initial density mg. The existence and regularity of such solutions is
guaranteed by Theorem [[LTI We may further choose the u' to be normalized so that f,ﬂ, usH(T) = 0.

As in the proof of Proposition [3, we obtain, for some C' > 0 independent of € and for i € {1,2},

I(me) ™ [l < C. (56)
On the other hand, Corollary 3.2 and Proposition [41] yield
[m“le < C, (57)

and (57)), (HW]) and Proposition [6.3] imply that
T .
/ |H(O,mTin m*(s)|ds < C. (58)
0

Thus, as a result of (GW]), Proposition 1] and Proposition [£.2]
[ufloe < C. (59)

We will first observe that, up to a subsequence, there is convergence to a weak solution. Indeed, given
0 < e,¢ < 1, applying the Lasry-Lions monotonicity method to the corresponding systems yields, for ¢ € {1,2},

’

J e = @ me @) = m @) = [ ) = u0)me (0) = m i (0)
T T

’

b [ [ (et me) — () (s 0
T

’

— (H(u” m") — H(u ’i,mel’i)) (m&" — mé,’i) =0. (60)

xr x

Lemma [6.4] therefore yields

) = @)t @) 1) = [ 0 0) = ) 0) )

T

met 4 me i € ,i\2 1 €,i\s+1 €' iys+1 € €
- P ’ ’ — ’ [ Ag— ’ < . 1
+//QT< ¢ W ) Hy () (M) ) (me* —m*) | <0. (61)

Proceeding as in |21, Thm. 1.2], it readily follows that, for i € {1,2}, as e — 0, (u®?, m®?) converges to a

weak solution (uf, m?).
It remains to show the interior regularity. For § > 0, we define

Ls=1[6,T-9], Is=1[6T).

By Proposition B3] there exists C' = C(6~") such that, for t; € I; 5/4,

. (62)

Ql=

me (-, t;) >
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We must first obtain a priori gradient bounds for u* on I; 5/2. Setting
B1(8) = (6 = 6/4) /07 (T — §/4— 1)/ () = (¢ — /4) /1),

we go through the steps of Proposition [£.3] replacing the function v by
1

SO + @)~ Ko),

'Ui('rvt) = 2

where K > 0, 4% is defined as in Proposition 23l We consider the maximum point (g, o) of v; in T x I; 574 In
the case of (MEGP]), namely 7 = 1, this maximum must be attained in the interior of I;, since ¢; is unbounded
near the endpoints. When i = 2, the maximum may be attained at ¢ = T, and the proof that |p| < C in this
case follows through unchanged from Case 1 of Proposition 43l If the maximum is achieved at an interior
time, the steps of Proposition yield that if v;(xg, to) is large enough, then

1
0< —|p|* +[p]" % = K(—¢] + 6K’Y¢? - C¢;).

Similarly to Proposition [6.3] we see that, if K is chosen large enough, ¢; must be a supersolution to

1

—¢i + K79 - Cdi =0,

which then implies p < C, and thus |u*| is bounded on I; 5/5. In view of (62) and (7)), [uS?| = | H (ust, me?)|
is also bounded on I; 5/5. That is, we have

w1 (rxr, s 0) < C- (63)

The interior C1**-estimates for quasilinear elliptic equations (see [10, Chapter 13, Thm. 13.6]), followed by the
interior Schauder estimates (see [I5, Chapter, 2, (1.12)]) then yield, for some C' = C(6~ 1), and for i € {1,2},

|[u|| ca+a(rxr, 5) < C- (64)

For ¢ = 1, by virtue of the Arzela—Ascoli theorem, we may finish the proof by simply letting ¢ — 0. On the
other hand, for ¢ = 2 (that is, the case of (MEQ])), we require estimates up to the terminal time 7. We first
observe that (62)), (57), and (64)) imply that u©? solves, in Ir s x T, a system of the form (MEFG]), where the
initial density m<?2(-,d) is bounded below by a positive constant, and bounded above in C%%(T). Moreover,
as in Lemma[5.1] (63) implies that 2 is bounded in C*# for some 0 < 3 < 1. We may now conclude through
the same convergence argument as in the proof of Theorem 11 O

Finally, by requiring some further regularity on the marginals, we establish additional Sobolev regularity
for the weak solutions.

Proposition 6.5. Let mq, mr satisfy (mo)ze, (mr)ze € LY(T). Let (u,m) be a weak solution to (MEG]) or
(MEGP) under the assumptions of Theorem Then, for some constant C' > 0 we have:

e In the case of (MEQ),

T
Ag (m(z,T))|me(z, T)| —l—/o /Tm(um) + m®(my)*dxdt < C, (65)

where C' = C([|ufloo; [[(m0)zz]|1, Co)-

e In the case of (MEGD)),
T
/ /m(um)2 +m®(m,)*dxdt < C, (66)
o Jr

where C = C([|ulloo, [(m0)az |1, | (mT)as 1, Co)-
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Proof. We will show the result in the case where (u, m) is smooth, since the general case follows by considering
the approximations employed in the proof of Theorem Differentiating with respect to z the (MEG]) or

(MEGD]), we obtain

{_u;ﬂt + Hp(uwu )U’LI)LE + H (’U/w, )mw =01in QTu

67
Mgt — (Mg Hp (g, m) + mHy, (Ug, M)ty + MHpm (Ug, m)Myg), =0 in Q. (67)

Testing against u, in the equation for m, above we obtain

My (Tuys(T)dx — [ my(0)uy,(0)dx + ! My (—Upt + Ugzs Hp(Uz, m))
J J )k

+mu2 , Hyp (g, m) + Mgy Hypm (4, m)mygdz =0, (68)

/mz Vg ( d33—|—/ /mu wHpp — Him(m 2)2dx

- /T w(0)(mo)pedz — /0 /T Mtgg Hym (g, m)mada.

Next, we use the following bounds

and, therefore,

| [ 0)ma)sode] < el o)l

and, for 6 € (0, 1),

<(1- 5)muiszp + m|Hpm|2(mz)2

‘mumemmm

1
1(1—39)
4

o)

<(1- 5)muiszp -

where in the last inequality we used (EIJ). Choose § > 0 small enough so that

1

T-ou+d) <"

Hence, in the case of (MEFGI), we have the bound

T
[ @) ma@)dn + [ [ (s~ Homa) e < €+ [l o) s
T 0 T

while in the case of (MEFGP]), we have

[ [ mHimtee s HatmPae < € 4 full (Homo)elhs + m) )

7 Long time behavior and the infinite horizon problem

In this section, we will characterize the behavior, as T — oo, of solutions to (MEG) and (MEGP)). First, we
establish the turnpike property with an exponential rate of convergence. This property shows that, for large
values of T', the players spend most of their time close to the equilibrium m = 1.
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Lemma 7.1. Let (u,m) be a solution to (MEG) or (MEGP)), let T > 1, and set
¢1 = min(minmg, minmy), C1 = max(maxmg, max(mr)).

Then there exist constants C,w > 0, with

C = C(Co, Cr, ¢, [l o= (er. ey 1 (m0)e oo (M1 )alloos 1100) 1 2 ot o emae ey

and .
w_l = w_l(Cba 0;17 Clu ||C||L°°([cl,cl]))7

such that
Im(t) = 1l oy + lta(®)]| Loy < Cle™ +e7T=1), t e [0,T). (69)

If (u,m) solves (MEFG]), and (B) holds, we have
[m(t) = 1 poe(ry + [t (t)l|l Lo (ry < Ce™", t € [0, T). (70)

Proof. As in previous arguments, we recall that the constant C' may increase at each step. For each k € N,
Proposition B yields

2
% /(m —1)%*dz >0, (71)
T

and, as a result of (L)} (HI)), and Corollary 3.2
2 , 1 , 1 )
pres T(m —1)%dx > c —mH,,mH,,msdx > c [(m—1),|" da.

Since fT = 1, arguing in the same way as in ([44]), we obtain

d? 1 2
E/(m— 1)2dx > EHm— 1H
T o0

Therefore, setting

we have )
—¢" + 59 <0. 72
o+ g9 < ™)
Moreover, if (u, m) solves (MEG) and (3] holds, up to increasing the value of C, Lemma (6.2) implies that
1
¢'(T) < ——=o(T). (73)

VG

We now fix the choice w = % (the value of C' may still increase in subsequent steps, but the value of w will
not). The comparison principle applied to (2] then implies that, for each ¢t € [0, T],

B(t) < B(0)e 2" + H(T)e 2T < C(e72! 4 2T —0), (74)

Similarly, if (u, m) solves (MEG]) and (@), then (72)), coupled with the Robin boundary condition (73], readily
implies that
p(t) < p(0)e " < Ce ", (75)
By using the same convexity arguments as in (52)), in view of ({I]), we have
t+1 +1
)12 <0 [ tharasse [ fmop=c [Toma o)

1
2
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We now turn our attention to estimating u,. Fixing t € [1,7 — 1], as a result of (HIJ)), Proposition 3.1} and
Corollary B2 we obtain, for s € [t — 1,t + 1],

& [ =2 [t -2

Thus, testing against a bump function ¢ > 0, which is supported on [t — 1,¢ 4 1], and identically equals 1 on

—l,t—l—l,weget
[ 2 2
t+1 t+1 t+1
/ l/am<0/1 / <o ps)s (77)
-1 t t—1

Differentiating (Q) with respect to z, one sees that v = u, solves a linear elliptic equation of the form
—Tr(A(z, t)D?*v) + b(x,t) - Dv = 0.

Thus, v satisfies the maximum and minimum principles on compact subsets of Q. Applying this observation
to T x [t —s,t+ s, for s € (0, 3), as well as the fact that, for every t € [0,T], {z € T : ug(z,t) = 0} # 0, we
have

oscrv(t) < oserv(t + s) + oscrv(t — s) < / |ugs(t + )| + / [ty (t — 5)].
T T

t+1
0SCTU (1) S/ /|Um|7
t—1 Jr

1
2

Integrating in s then yields

and, thus, as a result of (7] and the Cauchy-Schwarz inequality,

t+1
ustlz < [ os)is (78)

Now, adding (76)) and (78], followed by (74), we obtain ([GI) for ¢ € [1,T — 1]. Similarly, when (u,m) solves
(MEG) and (B)) holds, (75) yields (70) for ¢ € [1,7 — 1]. We observe that, for ¢ € [0, T]\[1,T — 1], the bounds
on |[m(t) — 1]|eo given by (€9) and ([0 hold trivially, up to increasing the value of C. Let us see that the
same is true for the bounds on ||uz(t)]|e on the interval [0,1]. Indeed, we may simply follow the proof of
Proposition 3] applied to the MFG system on the domain T X [0, 1], with the only change being on Case 1
of that proof, that is, when the maximum value is attained at ¢ = 1. For this case, we may simply use the
fact that, as a result of (69) holding for ¢ = 1, |u,(-,1)| is bounded. Thus, if we take T' = 1 in Proposition
A2 this yields a bound on |[ug|[Tx[o,1) that depends only on Cy, ||m||Loo ) llm™ 1||L°° @)’ ,1(mo)z]|co, and

||C||Loo([mln m,maxm])- A similar argument may be followed on T x [T — 1, T], which completes the proof. O

Having established the turnpike property, we now follow the program developed in [§] to study the long
time behavior. In order to characterize the limit, as T — oo, of the functions (u(t) — AT —t), m(t)), we first
show a uniqueness result for (MEGL).

Lemma 7.2. Assume that holds. Then, up to adding a constant to v, there exists at most one classical

solution (v, ) to (MEGL)) satisfying (&).

Proof. Assume that (v', u'), (v?, u?) are solutions to (MEGL) satisfying (). Since p' —1,u4% — 1 € LY(T x
(0,00)), there exists a sequence T, — oo such that

lim | (|t (5 Th) = 1+ |62 Tr) = 1) =

k—oo Jp

Performing the standard Lasry-Lions computation for v!,v? on Qr,, using Lemma [6.4] and noting that

ph (1)~ g, € L°(T % (0,00)), i € {1,2},
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we obtain
Ty
é (/0 /E|Uglc - ’ngc|2 + |‘u1 _ ‘u2|2> < /T_(vl(Tk) _ v2(Tk))(u1(Tk) . ,UQ(Tk))

:/T—(vl(Tk)—vQ(Tk))((ul(Tk)—1)—(u2(Tk)—1))- (79)

Now, since v*,v? € L*(T x (0,00)), the right hand side converges to 0 as k — oo. Therefore,

o0
/ /|v;—v§|2+|u1—u2|2=0.
0 T

This implies that u! = p? and vl = v2. From the HJ equations, v} = vZ, which concludes the proof. O

In the following lemma, we obtain uniform estimates for the solution that are independent of T

Lemma 7.3. Let (u”,mT) be a solution to (MFG]) or (MEGP) for T' > 0, and let w > 0 be the constant from
Lemma [Z1 Set v7 = u? — A\(T —t). Then there exists a constant C' > 0, independent of T, such that:

e If @) holds and (u”, mT) solves (MEQ]), then

[vT (t) — g(1)] < Ce " for all t € [0,T). (80)
o If (u”,m™) solves (MEGP]), and
1
/UT (—T) dx =0, (81)
'JI‘ 2
then we have
[v | (@r) < C (82)
and
||'UT||LOO(Q%) S CG_Wt. (83)

Proof. First we note that in both (MEFG) and (MEGP)), as a result of Lemma [T the function vl = ul is
bounded uniformly, independently of T, and, by Corollary 3.2, so are mT, (mT)~1. Therefore, since H is
smooth, and thus locally Lipschitz, we have, for some constant C' > 0 independent of 7' > 0,

o/ | < C(lvg | + Im™ —1]). (84)
Assume first that (u?, m?) solves (MEG) and (3] holds. Integrating the HJ equation in [¢t, 7] and using (84])
along with (f0) in Lemma [7I] we obtain
T
[ (t) —oT(T)| < C’/ e “ids.
t

Furthermore, using the fact that

and
|mT(T) — 1] < Ce 7T,

by increasing the constant C' if necessary, we obtain
[0 (t) = g(1)] < Cle™T +e7") < 20e™,

: T T : T
which proves ([80). Next, we assume that (u”,m") solves (MEGP) and (8I) holds. Letting ¢ < %, and
integrating the HJ equation in [t, Z], we obtain from (84) and (69) that

T
‘/’UT(',t)‘ < 0/2 e 4 e (T=9)gs < E(ef‘”t + eﬂ"g) < gef“’t. (85)
T t w

w
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Similarly, for ¢ > % integrating the HJ equation in [%, t] yields

’/TUT(-,t)dx’ <c. (86)

Now, for every t € [0, 7], there exists a point ; € T such that v (zy,t) = fﬂ, v (-,t). Therefore,

107 (2,1)] < oserv™ (¢) +]/TUT(.¢)‘.

As a result, in view of ([69), the estimates (86) and (85 yield, respectively, [82]) and (83). O
We are now ready to prove our last result.

Proof of Theorem[I.3. We set
ol =uT — NT —1),

and show that v? is is convergent as T' — oo.

In view of Lemmas [Tl and [Z3] as well as B4), we see that [|v”||y1.0(gp) and ||m?]|o are bounded,
independently of T'. We may therefore apply the Arzela—Ascoli theorem to conclude that, up to extracting a
subsequence, there exist v € WH°(T x [0,00)) and p € L>(T x [0,00)) such that

vT — v locally uniformly in T x [0, c0),

and
mT — p weakly—* in L°°(T x (0, 00)).

We now fix Ty € (1,00), and assume that 7' > Tp + 1. Then (v?, m?) solves the system

vl + X+ H@I,mT) =0 in Qr,,
mtT - (mTHP(vgva))I =0 in QTD? (87)

m?T(-,0) = mo.

Moreover, as a result of the interior C1'® estimates for quasilinear elliptic equations, and the interior Schauder
estimates for linear equations, m? (-, Tp) is uniformly bounded in C*%*¢ where ¢ > 0 is chosen such that
a + € < 1. Therefore, as in the proof of Theorem [Tl we conclude that, as T" — oo,

(T, m") = (v,p) in C>*(T x [0, Ty]) x C%*(T x [0, Ty)). (88)

In particular, this implies that (v, 1) € C%(T x [0,00)) x CE2(T x [0,00)), and that (v, 1) solves (MFGL).
Letting T' — oo in ([69) yields

16(t) = Uloo + lva(t) ]l < Ce™", (89)

which shows that y—1 € L*(T x (0,00)). Moreover, since ||(m?)~!| « is bounded, we conclude that (5] holds.

Now, since a subsequence was extracted, we must verify that the limit is uniquely determined. In view of

Lemma [72] p is uniquely determined, and v is uniquely determined up to a constant. In the case of (MEG)
we see from (80) that

Jim [[o(t) ~ g(1)]l=c = 0.

On the other hand, in the case of (MEGP)), letting 7' — oo followed by ¢ — oo in (83]), we obtain

Jim [[o(8)] =0,
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