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ON THE PERIODIC HOMOGENIZATION OF ELLIPTIC EQUATIONS IN
NON-DIVERGENCE FORM WITH LARGE DRIFTS

WENJIA JING AND YIPING ZHANG

ABSTRACT. We study the quantitative homogenization of linear second order elliptic equations in
non-divergence form with highly oscillating periodic diffusion coefficients and with large drifts, in
the so-called “centered” setting where homogenization occurs and the large drifts contribute to
the effective diffusivity. Using the centering condition and the invariant measures associated to
the underlying diffusion process, we transform the equation into divergence form with modified
diffusion coefficients but without drift. The latter is in the standard setting for which quantitative
homogenization results have been developed systematically. An application of those results then
yields quantitative estimates, such as the convergence rates and uniform Lipschitz regularity, for
equations in non-divergence form with large drifts.
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1. INTRODUCTION AND THE MAIN RESULTS

In this paper, we investigate the periodic homogenization of linear second order elliptic equations
in non-divergence form with large drift. More precisely, for 0 < € < 1, we consider the following
equation

— A3(£)9;05uc(x) — 1b(£)du(z) = f(x)  in €,

ue(x) = g(x) on 0N).

Here and below, repeated indices are summed over their range unless otherwise stated, and T% :=
R¢ / Z% denotes the flat torus. Q C R? is an open bounded domain. The following assumptions are
imposed, for all i,j =1,...,d:

The domain € is of class C11;

Gij = i, ai; € CY(TY), b; € L=(TY);

Gij(x + 2) = @i (@), bi(z + 2) = bi(z), Vz € 2%, Vo € RY,
3\ € (0,00), such that ¢ < ape(z)Eréy, Vo, & € RY

(1.1)

(1.2)

The second line implies |[@;;| oo (1a) + || Oetirj || oo (1a) + ||gi||Loo(Td) < A for some A € (0,00) . Under
the above assumptions, the diffusion matrix @ is symmetric and uniformly elliptic and, together
with the drift coefficient 5, it is Z%-periodic and sufficiently regular. To emphasize the periodicity
of the coefficients, we view 'd,g as functions on T?¢. The C'! regularity for € is the standard setting
for the Dirichlet problem (IIJ) for elliptic equations in non-divergence form, since it yields a strong
solution uf € H?(Q) for each fixed ¢, f € L?(Q) and g € H?(Q). For the method of this paper to
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work out, the regularity assumptions for @ can be relaxed to @ € C%9(T9) for some ¢ € (0,1). See
Remarks and [Z1] below. Less regular domains (e.g., bounded and convex, or piecewise regular
Lipschitz domains, such as polyhedrons in R3) are often used in numerical methods for (II)); see
analysis of such domains in [24] 32, 29] under certain restrictions of @. Our method applies to those
settings; see Remark B.J] below. For presentational simplicity, however, we assume (L.2]) throughout
the paper.

The following notations and conventions are used throughout the paper: I; denotes the d x d
identity matrix. A bounding constant in an estimate is called universal if it depends only on the
quantities d, A\, A, Q in (L2)) but is independent of €, f and g. As usual, bounding constants in
various lines may change but are denoted by the same notation.

The problem (1) arises naturally when modeling diffusive phenomena in heterogeneous envi-
ronments. It is the simplest model of this kind, a periodic one, but it reveals important features
that are shared by more general situations. Let us define the differential operator

L= —ai;(2)0:0; — 1b;(2)d;.

Using the regularity of @ we can rewrite Lfg as

a,

L gue = L2 gue = =0, (@5 (£)djue) — £5;(£)djue,

where 3;(y) = b;(y) — 9y,di; (y)-

The differential operator /J; 5 is in divergence form and still with a large drift.

(1.3)

The differential operator ng is the generator of the diffusion process determined by the following

stochastic differential equation (SDE):
dX; = Lp(ZL)dt + V20 (L)W, 1.4
X5 =z .

Here, o(z) = \/a(z) is the square root of the positive definite matrix a(z) and W; is a standard
d-dimensional Wiener process. Via a standard change of variable one checks that the law of X7 is
the same to € X; /.2 where (X;)ser, is determined by

dX, = b(X,)ds + V20 (X)dW,,  Xo=

o8

Under the periodicity assumptions of the coefficients a, ’57 the path X can be viewed as living in
the torus T¢. In view of this connection between (ILI)) and SDEs, there is a probabilistic approach
to study the homogenization problem as done in the seminal work [§] by Bensoussan, Lions and
Papanicolaou; see Chapter 3 there. Under proper conditions (see (7)) on the drift E, the solution
e is known to converge weakly in H'(£2) to the solution u of a homogenized problem with constant
diffusion coefficients with no drift. In other words, the original large drift contributes to the effective
diffusion in a spatial scale much larger than the periodicity of it.

This paper is mainly concerned with quantitative aspects of the homogenization of (LI]). The
authors of [§] obtained an L convergence rate using the classical two-scale expansion method.
However, their method requires higher (than (I.2))) regularities on ?i,g and on f and only treats the
case of g = 0. New ideas and techniques for quantitative homogenization, not only in the periodic
but also in the stationary ergodic settings, have been developed in the recent decades. It is natural

to check how such advances apply to (ILI)). We refer to [8, 22], as representative works, for the
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classical theory on homogenization, and to [27, 25 26l [3, 15, 14} 23] 30] for recent developments
with emphases on the quantitative aspects.

In periodic homogenization there are now standard methods (see e.g. [30]) to obtain (even op-
timal) convergence rates in LP and WP (with proper correctors) etc., to describe the asymptotic
behaviours of the Green functions, and to prove regularity estimates that are uniform in €. For
(LI, in view of the connection to (L4]), it is most natural to consider ng in non-divergence form
when the diffusion coefficient @ is not a constant matrix. However, most works about quantitative
homogenization concentrate on equations in divergence form rather than the form of (L.IJ); even
when the (weak) differentiability of @ is imposed so that we can rewrite Li;»g into divergence form,

as in (L3]), much fewer results are available when the large drift e~13 (x/e) is present. Nevertheless,
see Allaire and Orive [I], Henning and Ohlberger [21] and Capdeboscq [10] for qualitative homog-
enization results in this (and a bit more general) setting. The main objective of this paper is to
study quantitative homogenization results when the large drift is present.

When b = 0 and in the periodic setting, Avellaneda and Lin [6] obtained various uniform regular-
ity estimates for u. (up to the class of C1! in certain settings) using their influential compactness
method. For convergence rates, Guo, Tran and Yu [19] showed that O(e) is the generic optimal
rate in L°°, and they constructed correctors to get an O(g?) rate in L. They also initiated the
study of under what conditions the convergence rate is O(g?) without using correctors; see [L7] for
such studies and see Sprekeler and Tran [34] for O(e) convergence rates in WP, We refer to [5], 4]
for uniform regularity results in the random setting with short range dependence assumptions, and
to [16], [18] for the studies from the random walk in a random environment point of view.

Numerical approximations of the solution to the equation (L)) in non-divergence form with
highly oscillating coefficients is both challenging and of practical importance, and it inspires much
analysis of (LI). We refer to Capdeboscq, Sprekeler and Siili [11], Henning and Ohlberger [20] and
the references therein for more details.

In the following, we first review the qualitative theory, and then state our main results on the
quantitative homogenization.

1.1. The qualitative homogenization result. Under the conditions in (I.2]), it is known (see
[8, Theorem 3.4 of Chapter 3] and Proposition 2] below) that there exists a unique invariant
measure with positive density m(y) € C(T?) for the diffusion process (I4), and m is the unique
weak solution to the equation:

=0y |0, s (w)m(w)) = Bily)mly)| =0 T and | m(y)dy =1 (1.5)

Let B be defined as in ([L3]). The equation for m can also be put in divergence form as
—0y, [’dij(y)ayjm(y) - @(y)m(y)] =0. (1.6)

See Proposition 2] below for more details. In [8] the qualitative homogenization of (1) was
established under the following additional condition:

Adgj(y)m(y) dy=0, j=1,...,d (1.7)



The above is henceforth referred to as the centering condition. Since the existence and uniqueness
of m is guaranteed by the assumptions in (I.2)), the problem (I.5]) with (I7) form an overdetermined
system which has a solution only for some special class of drifts.

In [8], Bensoussan, Lions and Papanicolaou established the homogenization of (I.I]) using both
probabilistic and PDE based analytic methods. In both approaches, the centering condition (L.7])
is the key assumption. It allows one to solve the following cell problem (a central concept for
homogenization). More precisely, ([.2]) and (L7) guarantee, for each j = 1,---  d, the unique
existence of Y’ which solves

008 () =B, ) = Byn) T and [ ¥ -0 (1)
The qualitative homogenization result is then as follows.

Theorem 1.1 (Theorem 3.5.2 in [§]). Suppose that (L2) and (L) hold. Define @ = (a;;) by

@ = [ [+ V08 + V0T W)m() dy
B (1.9)
= /T (@35 + @iy, X7 + @0y X' + @00y, X 0y, X7 ) m(y) dy.

Then @ is a constant symmetric matriz, and @ > M1y for some positive constant Ay > 0 that
is universal. Moreover, for any f € L*(Q) and g € H?(Q) (that is, the Dirichlet datum is the
restriction on 0 of such a function), the solution u. of (L)) converges weakly in H(Q) to the
solution u of the homogenized problem

{ — Eij@aju =f mn €,

1.10
U=y on 0N2. ( )

This theorem appeared as Theorem 5.2 in Chapter 3 of [8] under stronger assumptions than
ours. We reprove this theorem in Section B.Il It is important to note that under the C1! regularity
assumption of €2, the solution of (II0) actually belongs to H?().

Remark 1.1. A discussion about the centering condition is now in order.

If the large drift is not present, i.e., b= 0, then the centering assumption is always satisfied.
This is the case in [0, 19, 34, 4]. If the matrix a is constant and V b= 0, then m(y) = 1 is the
invariant measure and the centering condition reduces to the mean-zero condition; detailed studies
of such cases can be found in [12].

In the so-called laminated media where the coefficients @ and b only depend on one coordinate,
namely the first one y; of y = (y1,...,y4), the invariant measure m(y) is of the form m(y) = m(y1)
and it is determined by

—02 (@11 (y1)m(y1)) + 0y, (b1 (y1)m(y1)) =0,  y € T

Note that a;; > 0 due to ellipticity. Assuming that ZZ,E are sufficiently smooth, the centering
condition is then equivalent to

Yhi(s) o [t bi(s) s Bu(t) - N
/0 511(3)d8 -0 /0 a1(s) P (/o a(t) dt) ds =0, for j=2,...,d. (1.11)

The simpler 1D case is treated in more detail in Section @ We also remark there that one cannot

expect to have homogenization in general when the centering condition fails.
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1.2. Main results on quantitative estimates. Our main results of this paper concern the
quantitative estimates for the homogenization of (II)), namely the convergence rates in L2, L>®
and in H! and the uniform Lipschitz regularity of {u. }ee(0,1)-

As is standard, for convergence rates in H! (in general for W'P) some correctors are needed (add
to the limit u). Following [25], [30], we introduce the so-called Dirichlet correctors ®. ;, j =1,...,d,
defined by

—0; (qin(£)94 P ;) = 0in ©Q, ®. j = x; on 0. (1.12)
Here, the diffusion matrix ¢ = (g;;) is defined later in ([2.8) and is uniformly elliptic. It is easily
verified that the function ®. ; — z; belongs to H} () and has size of order O(e) in L. The size
of its gradient, however, is not small in L?. This function corrects Vu. — Vu to make the latter
converge strongly.

The first of our main results is concerned with the quantification of the convergence of u. to u
in various functional spaces.

Theorem 1.2. Assume that (IL2) and (L) hold. Then the following results are true.

(1) There exists a universal constant C € (0,00) such that for any f € HY(Q) and g € H?(),
we have
|ue — ull20) < Ce (If ) + l9llm2) (1.13)
and
[ue —u—{®c; — x;}05ull gy () < Ce (111 ) + lgllaz(e)) - (1.14)
(2) Let g =0 and p € (1,d), and let r = dp/(d — p). Then there is a constant C, € (0,00)
depending only on the data in (L2) and on p so that, for any f € WHP(Q), we have

e = ull ey < Coellfllwnney. (1.15)

(3) Let g=0 and p € (d,00). Then there is a constant C), € (0,00) depending only on the data
in (L2) and on p so that, for any f € WHP(Q), we have

[ue = ul| o) < Cpell fllwrr@)- (1.16)
We also have the following uniform (in €) Lipschitz regularity for the solutions {u.}. to (LI]).

Theorem 1.3. Assume that (L2)) and (1) hold. Letp > d and n € (0,1) be fized numbers. Then
there exists a constant Cp, € (0,00) depending only on the data in (L2) and on p,n, so that, for
any f € LP(Q) and g € CH1(0Q), we have

IVuellzoe@) < Cpn tllgllcrnon) + 1l - (1.17)

Item (3) of Theorem [[2lrecovers the L>° convergence rate as in Theorem 5.1 of Chapter 3 in [§].
All other results concerning the convergence rates and the uniform Lipschitz estimate above are new
in the setting of this paper. Note also, in view of the uniform Lipschitz regularity of {u.}., we also

recover the convergence of u. to u in C(2) (with same rate as (I.I0])). The qualitative convergence
in C(Q) was established in Theorem 4.5 of Chapter 3 in [8] using probabilistic methods. Moreover,
the L™ rate in [8] was established under higher regularity assumptions on @, b and for f € W32(Q)

with p > d. Our result, hence, is an improvement.

On the other hand, all those quantitative results look almost identical to the corresponding results

recently developed for periodic homogenization of elliptic equations in divergence form without any
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drifts, namely in [27, [26] [30], except for the higher regularity requirement in f in Theorem In
fact, the main contribution of this paper is the observation that, under the centering condition (I.7]),
(LI) can be transformed into an elliptic equation with periodic and uniformly elliptic coefficients
without any drift; see ([ZI0) below. This allows us to use the recent quantitative homogenization
results in the more standard setting directly to get the results above. It will be clear from the proof
that the higher regularity requirement on f is also due to this transformation.

Remark 1.2. We finish the introduction by several remarks.

The key transformation that puts (II]) into a divergence form equation without drift is carried
out in detail in the next section. For b = 0, such a transformation was used already by Avellaneda
and Lin [6]. We show in this paper that it works for more general b that satisfies the centering
condition. If this last condition fails, the homogenization is more involved and one cannot expect

(LI0) as the effective model; see Section [ and the works in [21], 2] 10].

The Lipschitz class is the sharp space for uniform regularity of the solutions to (I.I]). In general,
we cannot expect to obtain uniform regularity in C*7(2) for r > 0; see discussions in Section Al
This is a clear contrast with the case of b = 0. For the latter setting, uniform C'%! a priori estimates
were established by Avellaneda and Lin in [6].

It is possible to relax the regularity assumptions in (I.2]). As long as the regularity for a is
concerned, the key is to have the existence and uniqueness of the invariant measure m and to make
sure that m € C%*(T9) for some a € (0,1). Hence, it is enough to require a € WHP(T?) (for b, it
suffices to impose be LP(T?) for p > d large enough). Under those assumptions, the existence and
regularity of m was studied systematically in [34]. We also note that the proof about m in this
paper (see Proposition 2] below) is essentially the one in [8] and it can be carried out under the
quite weak regularity assumption @ € C%9(T%), 8 € (0,1) and b € L>®(T%); see Remark 211 This
assumption on a is more or less optimal.

Last but not least, the quantitative results selected in Theorems and [L3] are just a few

representatives. Various other results (e.g. WP rate, Neumann boundary conditions, etc.) in [30]
can also be considered here.

The rest of the paper is organized as follows. In the next section we use the key transformation
to put (LI into a divergence form equation without any drift. The resulting equation is in the
standard form for which the recently developed quantitative homogenization results apply. We then
apply those results to prove the main theorems of this paper in Section Bl In sections [ and Bl we
comment on the centering conditions for the drifts, provide some examples and further discussions.

2. THE KEY TRANSFORMATION

In this section we transform (LI]) into an equation in divergence form without any drift term.
In the case of b = 0, this transformation was already used in Avellaneda and Lin [6]. It consists of
two steps as follows.

2.1. Weighting by the invariant measure. In the first step, we weight the equation (L.I]) by
the invariant measure m and change the equation into divergence form with a large drift that is
mean-zero and divergence free. Note that, without this weighting, the drift B in (L3]) does not have
those properties.



First, the invariant measure m in (I.5]) is well defined with the following important properties.

Proposition 2.1. Under the assumptions in (L2)), the equation (LX) admits a unique weak solution
m € HY(T9). Moreover, we can find o € (0,1) and C € (1,00), both of which are universal, such
that m € C%(T%) and

Imllgo.c e + llmll ey < €, inf m(y) = ot (2.1)

Proof. The existence and uniqueness of m € H'(T?) that solves (ILF) follows essentially from the
proof of Theorem 3.4 in Chapter 3 of [8]. The proof there is based on a Fredholm alternative
argument and the key is to show that if z € H'(T?) solves

—0y, (@i;(y)0y,2(y)) — Bi(y)dy,2(y) =0 in T = R*/Z¢,

then z must be a constant. In [§] this was proved for @ € C' N W2°°(T9) and b € C(T?) with
the by-product that m € W?2P (Td) for some p > 2. Inspecting the proof, however, we see that the
above holds under the assumption (L2). Indeed, by elliptic regularity (e.g. Theorem 8.24 of [13])
z € C9(T?) for some o € (0,1) and hence we can assume z > 0. Then we can conclude using the
strong maximum principle (e.g. Theorem 8.19 of [13]) for the equation above. Once we solve (L.6l)
for m € H'(T?), using elliptic regularity again we get m € C%®(T?) with the desired estimates.
The existence of a positive lower bound was established, again, in [§]. O

Remark 2.1. The above proof is essentially from Bensoussan, Lions and Papanicolaou [7]. Using
the more recent solvability and regularity theory of the double divergence form equation (L) by
Bogachev and Shaposhnikov [0, Corollary 3.7 and Theorem 3.1] (and see also the work of Sjogren
[31]), one can still obtain a positive and Holder continuous invariant measure m after weakening the
regularity of the diffusion matrix to @ € C%%(T9) for some § € (0,1). Then, although the modified
drift 5 defined in (L.G) is no longer in L, it is the sum of a bounded term with a weak divergence
of a C%® term, and all the elliptic PDE tools can still be used. We omit further discussions on this.

In the case of b = 0, Sprekeler [33] obtained existence and uniqueness of a non-negative invariant
measure m € L?(T?) associated to a uniformly elliptic diffusion matrix @ € L>(T%) (and under
the Cordes condition if d > 3). Among quite a few other interesting results, he used m and the
transformation method of [6] to establish homogenization of (1) (weakly in H? and strongly in
H') for Q that is bounded and convex.

We put weights on the coefficients and the right hand side of (I.I]) and, for y € T¢ and = € ,
define:
aij(y) = @i (y)m(y). bj(y) = bi(y)m(y), fo(x) = f(x)m(2). (22)
Then problem (LI]) can be rewritten as

— 95 (aij(£)05uc) — 1B:(%)0u. = f-  in Q, 2:3)
Us = ¢ on Of). '
Here the periodic vector field 5 = (3;), j =1,...,d, is defined by

Bi(y) = bi(y) — dyais(y) = bi(y)m(y) — 9y, @ (y)m(y),  yeT™ (2.4)
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In view of the regularity properties of ZZ,E and m, we check that b; € L™ (T?) and a;j € CY(T?)
for all i,5 =1,...,d. Moreover, by (LI we obtain the following key property for j:

9y i = 0, /Td Bi(y)dy = 0. (2.5)

We point out that in the PDE method for qualitative homogenization in [8], the authors there
started from (2.3) and adapted the usual energy method by paying extra attention to the large
drift term. In particular, a formal two-scale expansion suggests one to consider the following cell
problem: for each j =1,...,d,

— 0y, (are(¥) Oy X (1)) — Be() Dy, X (y) = Oy, anj(y) + B;(y) in T, /T ) X =0. (2.6)

The fact that the drift term satisfies (2.5]) is crucial, since it guarantees the unique solvability of
([2:6). See Chapter 3 of [§] for details.

Remark 2.2. Let us also point out the following: One could continue the PDE approach of [§]
and quantify the homogenization of (2.3 directly, by adapting the recently developed methods for
quantitative results (e.g.in [30]) for divergence form and by carefully tracking the effects of the
large drift. Roughly speaking, it suffices to replace the cell problems in the standard setting (see

[30]) by (@.6).

2.2. A further transformation for the drift term. We take a much simpler approach than
the one outlined in the remark above. This is the second step of the key transformation.

Recall that due to the centering condition of b, the large drift in the resulted equation 23) is
mean zero and divergence free. The following then holds.

Lemma 2.2. Assume (L2) and (7). Let 5 be as in (Z4) and o € (0,1) as in Proposition 21l
There exists an anti-symmetric 2-tensor ¢ = (¢;j) and a universal constant C € (1,00) so that
oij € CY(T9), and for all k,j = 1,...,d, the following holds:

Bj = Oy, buj, kj = —bjk, /Ed o (y) dy = 0, and ||yl co.a(ey < C. (2.7)

Results of this type play important roles in homogenization theory and they were present in
classical books like [8] 28]; see also [30, Section 3.1]. We provide some details of the proof below
for the sake of completeness.

Proof. For each j =1,...,d, solve the Poisson problem
Ayfj = ﬁj = bj - ayiaij in Td, f](y) dy =0.
Td
Since b; € L°°(T?) and a;; € C%*(T9), by elliptic regularity theory we get f/ € C1*(T9). Let

¢ij = Oy, f7 — 8yjfi'

Then ¢;; € C%(T?) and it clearly satisfies ¢ij = —¢ji. The identity 0y,¢i;(y) = B, which is
equivalent to 0,0y, fi(y) = 0, can be checked by verifying that A, (divf) = 0. The latter follows
from the equations of (f7) and the fact that div3 = 0. The estimate in ([Z.7) follows from the

definitions of 3, ¢ and from the bounds in (L.2) and (21)). O
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The second step of our key transformation is carried out as follows. Define
6ij(y) = aij(y) + i (V) = @ (WImy) + ¢ii(y),  yeThij=1,....d (2.8)
The following is a direct consequence of the previous lemma.

Corollary 2.3. The diffusion matriz ¢ = (gij) is in C%(T?) and is uniformly elliptic, and there
exist universal constants A1, A1 € (0,00) so that

Igijllpooray < A1, g (W)E'E =A€7, Yy € T, VE € R (2.9)
Moreover, the problem (23] can be rewritten as

{ 0i (¢;j(£)05ue) = f= in Q, (2.10)
U =g on 0N2.

Let us point out that this second step of transformation was used in [I0] and is now standard.

Proof. In view of the regularity of ¢;;, the bounds and the positivity of m, and the anti-symmetry
of (¢i;), we check that

A= Ainfm, Ay :=max| ¢ L~ + A maxm.
Td 1] Td
works for (Z9). To check the equivalence between (2.3]) and (Z.I0)) it suffices to verify

—/Q [18;(£)0juc(z)] p(z) da = / $ij (£)0juc(v)0ip(x) da, Vo € C2°(2). (2.11)
To this end, using the relation

el (2)] = (7' 0edey)(2) = 7' B;(2)
we can compute the left hand side of (ZI1]) as follows:

- / B0 (2)) oo (@)D () dr = / 605 (2)0 [pOyus] da
/%g awauadﬁ/ ()43 (2)0;Opue ()

The last term in the second line vanishes because ¢ is anti-symmetric (note that u. € H2(Q) for
each € € (0,1) and f € L?()). This verifies (ZI0]) and completes the proof of the corollary. [

To summarize, we have transformed (1) into the elliptic equation ([2I0]) which is in divergence
form and without any drift term. Moreover, the unscaled diffusion matrix ¢ = (g;;) is Z%-periodic,
uniformly elliptic and belongs to C%%(T%). In other words, (Z.I0) is in the standard setting for
quantitative periodic homogenization results; see [30]. Let us emphasize that this two-step trans-
formation was already used in Avellaneda and Lin [6] when b=0. We provide above the details of
the transformation for non-zero b that satisfies the centering condition (L.7).

3. PROOFS OF THE MAIN RESULTS

With the preparations in the last section, we can apply the now well known quantitative homog-

enization results to (2.I0) and prove the main theorems of the paper.
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3.1. The qualitative convergence result. First, we reprove Theorem [[.1] using the equivalence
between (II)) and (ZI0). For the latter equation, since (g;;) is Z%-periodic and satisfies (Z9)), and

fe@) = flam (2) = f(@) | mpdy=fl) i LXQ),
by the standard qualitative homogenization theory, we know that u. converges weakly in H'(Q) to
the unique solution of

{ —0; (7;0u) = f, I Q, (3.1)

U=y on 0f).
Here, the homogenized diffusion matrix g = (g;;) is given by (see e.g. [8] 22]):

7= / (I + Vyx()a(y)I + Vyx())" dy
’]l‘d

where x = (x!,...,x%), and, for each j = 1,...,d, x/ € H'(T%) is the solution of the corresponding
cell problem

—y; (4 (9) Dy X* + O1;)) = 0in T, /Td Y =0. (3.2)

Note that the matrix g is not necessarily symmetric since ¢ is not. Under the C''! regularity of €2,
the unique H' solution u of the homogenized equation (3.1]) in fact belongs to H?(2), and hence
the homogenized equation can be written in non-divergence form and the diffusion matrix can be
symmetrized. In other words, (B.I]) can be rewritten as

{ — quym@@ju = f, in €,

3.3
U=y on 0f), (8:3)

where g™ is the symmetrization of ¢q. Since a = ma is precisely the symmetric part of ¢, we have
" = [ 0+ Vx@)a) + Vox)" d. (34)

It suffices to check @ defined in (L9 agrees with g¥™. To this end, we prove that the solution
X’ of B2), j=1,...,d, coincides with the solution X’ of (LY. Multiply on both sides of (L8] by
m, we see that X/ solves

~aik(y)0y,05, X" (y) = i)y X’ (y) = bj(y),  in T

Note that by elliptic regularity (we only need a to be Holder and b be bounded), X/ € H%(T%), and
hence we also have

In view of the weak formulations of the cell problems (3.2)) in this section, the definition of (g;;), the

anti-symmetry of (¢;;), the H?-regularity of the X’’s again, and the relation 8y,q;; = 0y,a;;+8; = b;
(see ([2.4), we verify that X/ satisfies

— 0y, (4 (1) X7) = bj(y).
In view of the relation in (2.4)) again, we see that the above equation is just a rewriting of (3.2]). By
the uniqueness of the solution to the cell problem, we conclude that ¥/ = x7, for all j = 1,...,d.
Now by comparing (L9) with (34]) we conclude that @ = g*¥™. This reproves the qualitative

homogenization result in Theorem [T.11
10



It remains to prove @ > A1 where A; is defined in the proof of Corollary 2.3l For the homog-
enization of ([B.5) in divergence form, due to the ellipticity condition ([2.9) for (g;;), we can apply
Theorem 3.2 in Chapter 1 of [§] which says the homogenized matrix (g;;) satisfies § > A1I5. That
is, the homogenized diffusion matrix enjoys the same ellipticity bound. Since @ = ™, a has the
same lower ellipticity bound.

Remark 3.1. The C'! regularity of  was used above to show that the homogenized equation
@BI) for (2I0) can be written in non-divergence form. In numerical methods, piecewise regular
domains such as polyhedral ones (in R?) are often used but they fail to be C'1. For convex Lipschitz
domains, Smears and Siili [32] established solvability in H?(f2) of the equation in non-divergence
form (if d > 3, under the additional assumption that @ satisfies Cordes condition); see also [29].
Theorem [T and item (1) of Theorem continue to hold in those settings. Other convergence
rates and regularity results in Theorem and in Theorem [ 3 require C'? regularity for ©, even
for the homogenization of elliptic equations in divergence form.

3.2. Convergence rates. We need to quantify the homogenization of (Z.I0). Since the right hand
side is f; = f(x)m(%) which depends on ¢, we introduce another problem:

— 9 (¢ij(£)9jve) () = f(x)  inQ,
{va(x) =g(z) on 0N. (8:5)

Then standard homogenization theory shows that v. — u weakly in H'(f2) as ¢ — 0. Moreover,
since the right hand side above is fixed for all €, the convergence rate is quantified by standard
theory, namely, by Corollary 7.1.3 of [30].

We also need to estimate the difference u. — v.. It satisfies the Dirichlet problem
—0; (qik(f)(‘)k(ua — Ua)) = f(a;)[m(%) —1] inQ, wu.—v.=0 on 9N. (3.6)

We use the trick in the proof of Lemma again. Since m(y) — 1 is mean zero in T%, there exists
a unique function h so that

Ayh(y) = m(y) — Lin T, / h(y) dy = 0. (3.7)
Td
Since m € C%*(T%), by the standard elliptic regularity theory h € C%%(T?). We then have the

following results.

Lemma 3.1. Assume (L2) and (LT). There is a universal constant C € (1,00) so that for all
feH Q)

1 (@)m(2) = Ulla-10) < Cellfllm @), (3.8)
and

e = vellga ) < Cellfllm@)- (3.9)
Proof. 1t suffices to prove there exists a universal constant C' < co so that
| @)@ — 1lpla) da

Using the function h defined earlier, the integral on the left hand side above can be written as

L / F(@)o(@)A, (h(E)) do = ¢ / Foel(@eh)(2)) = —e / (Oh)(2) 000 f + fOeg).
Q Q Q
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For [B.1) we use the C%¢ elliptic regularity estimate and (Z.1]) to get a uniform bound on ||V A|| 1.
Then (B.10) follows, and (B8] is proved.

Finally, using the standard energy estimate
l[tue = vell @) < ClFIM(Z) = Ullu-1(0)
for (B6), we get ([39). O

Proof of Theorem [I.2. The L, WP W~ and H? norms below are all for the domain Q. We
hence omit writing 2 explicitly.

Proof of (1): In view of the uniform ellipticity and the regularity of ¢ in (2.9]), and by Corollary
7.1.3 of [30], for f € L? and g € H?, we get

[ve = ull2 + [lve —u = {Pe,j(2) — 2} 05ull gy < Cellulg2 < Ce (|2 +llglla2)

for some universal constant C' < co. Under the further assumption that f € H'(£2), we can combine
the estimate above with (8:9]) to obtain (LI4]) and (LI3)) of Theorem

Proof of (2): Now g = 0 and p € (1,d). Let 1/r = 1/p — 1/d, let v, solve (BH) with g = 0.
Apply Theorem 7.5.1 of [30] to this equation, we first get ||v. — u||zr < Crel|f||zr for some C,
that only depends on the data in (L2) and on r. The difference u. — v, is still characterized by
B8). Apply the uniform WP regularity result in Theorem 5.3.1 of [30] associated to the operator
—0i(qij(x/€)0;) (note that ¢ is Hélder and hence VMO), for some constant C), depending on the
data in (I2]) and on p, we have

[ue = vellwre < Cp [If (2)[m(Z) = Ullw-10 < Ce || fllwr (3.11)

The last inequality is obtained by repeating the argument in Lemma [3.Il By Sobolev embedding,
the above still holds if the left hand side is changed to [|u; — v:||r-. Combine all the results above

we obtain (LI5]).

Proof of (8): The proof is almost the same as above. Apply Theorem 7.5.1 of [30] to the problem
B3) with g = 0. We get ||ve — u||p~ < Ce||f||zr. To estimate the difference u. — v., we note
that (8.11I) holds, and because p > d, the inequality is still true if the left hand side is replaced by
|ue — ve||Loo. Combine the results above we get (II6) and finish the proof of Theorem O

3.3. Uniform Lipschitz estimates. We prove Theorem[I.3as a direct consequence of the uniform
Lipschitz regularity theory provided in Chapter 5 of [30]. Applying Theorem 5.6.2 there to the
equation (2I0)), we can find a constant C' > 0 depending only on the data in (L.2)) and on p,n so
that

Vel Lo @) < C{llgllernaa) + 1 fellr@ }s
provided that f. € LP and p > d. Since f € LP for some p > d, m € L=(T%) and f.(z) = f(z)m(Z),

£

we have ||fz][zr < C||f|lzr for some universal constant C' € (0,00). We hence get (I.I7) and finish
the proof of Theorem [I.3]

4. ONE DIMENSIONAL EXAMPLES

In this section we study the one-dimensional setting and make several comments on the centering

condition for the drift.
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4.1. The centering condition in laminated media. As explained in Remark [[.T] for laminated
media, the study of the invariant measures reduces to that in the one dimensional setting. We hence
consider the following equation on the torus T := R/Z (and assume a, b are smooth):

@wy)m)" — (dy)my)) =0, yeT. (4.1)

Here the prime denotes derivative in y. Let m(y) := a(y)m(y) and rewrite the equation above as

m”(y) (5@) (y)> 0.

Integrate this equation once, we get

m'(y) — b(y)m(y) = Ci. (4.2)

Integrate again, we get

b ex y’[;(_s) s yex y’[;(_s) s !
o =g come ([0 o [T ([ R r) )

The constants Cy and C; are determined by the periodicity of m and by the fact that me = 1.
In view of ([{2), the centering condition is equivalent to C; = 0, and it holds if and only if

b
/ ﬁ dy = 0.
T a(y)
The invariant measure is then given by

1 Y b(s) LS| Y b(s)
m(y):@exp</0 %ds>//0 @exp</0 %ds) dy.

The above also verifies that, for laminated media in higher dimensions, the centering condition is

precisely (LII).
4.2. Some comments. To check the sharpness of Theorem [[3lin terms of the order of regularity,
we consider the 1D equation

~a(2) (ue)" = 1b(%) (ue) =0 in (0,1), (43)

where b is of the form b(y) = a(y)b(y). In view of (LI, the centering condition is Jpb=0. For
example, set b(y) = cos(2my); we compute and get

_ m(y) = () = Crexp [ S2TY)
m(y) = Ok m(y) = Cope p<727T )

with some normalization constant Cy > 0. Multiply on both sides of (&3] by m(%). Then we get

— ((2)ul(z)) = 0.

The unique solution u. with boundary data u.(0) = 0 and u.(1) = 1 then satisfies

Ce 1

1
ul(x) = — = mH(2)dz.

Ce

This simple one dimensional example shows that, for b # 0 under the centering condition, one

cannot expect to have uniform in e regularity that is higher (smoother) than Lipschitz in general.
13



Compare this with the case of b = 0. The simple 1D equation at the beginning with boundary
condition u.(0) = 0 and us(1) = 1 then has smooth solution.

Next, we comment on the necessity of the centering condition. It is known already in [8] that
when the centering condition fails one cannot expect to have a homogenization result like Theorem
LIl As a simple example in 1D, consider the problem

(ue)"+ 2 (ue) = f in(0,1), and wu.(0)=u(l) =0, (4.4)

and f(z) = 1. It is clear that the invariant measure is m(y) = 1 on T, and the periodic drift vector
b(y) = 1 fails the centering condition. Direct computation then shows

1—e @/
Ug (x) =g \|\x— m .
It follows that u. — w uniformly in [0,1] where u(x) = 0. Clearly u cannot be a solution to a
uniformly elliptic equation with right hand side f = 1.

5. CONCLUDING REMARKS

In this paper, we studied quantitative homogenization of uniformly elliptic equations with a
periodic diffusion matrix and a large drift term. We show that when the drift satisfies the centering
condition (7)), the equation can be transformed to divergence form without any drift. We can then
transfer almost all of the recently developed sharp quantitative estimates, including convergence
rates in various norms and uniform Lipschitz regularity results, to the setting of this paper. We
also comment on the necessity of the centering condition and on the sharpness of the results.

Our method is quite flexible. For example, one may consider the more general equation
—a43(£)9;05us — 2b;(£)0juz — ¢ (2)djue + Lq1(L)ue + qo(£)ue = f,

say, for u. € H&(Q) Qualitative theory for the above equation without the large potential was
treated already in [8]. The large potential case in divergence form without the drifts was considered
by Zhang [35]; a combination of the technique there with our method can be used for the problem
above. As long as O(¢~?) potential is considered, see e.g. Allaire and Orive [I], the large potential
will affect the homogenization at the highest order and more involved transformation or analysis
will be needed. We leave it to future studies. Note also, since the key transformation in this
paper does not involve the boundary conditions, we expect that our method continues to work
for Neumann boundary problems of (L] (for nonzero data, this amounts to oscillatory Neumann
data). Our method is hence a clear improvement of the classical approaches which are restricted,
as remarked in [§], to homogeneous Dirichlet boundary conditions.

ACKNOWLEDGMENTS

The authors are grateful to Hung V. Tran for helpful discussions on properties of invariant mea-
sures. They would like also to thank the anonymous referees for their valuable suggestions which

helped the authors improve the quality of the paper.
14



(1]

[10]
[11]
[12)
[13)
[14]
[15]
[16]
17)
18]
[19]

20]

(21]

REFERENCES

Grégoire Allaire and Rafael Orive. Homogenization of periodic non self-adjoint problems with large drift and
potential. ESAIM Control Optim. Calc. Var., 13(4):735-749, 2007.

Grégoire Allaire and Anne-Lise Raphael. Homogenization of a convection-diffusion model with reaction in a
porous medium. C. R. Math. Acad. Sci. Paris, 344(8):523-528, 2007.

Scott Armstrong, Tuomo Kuusi, and Jean-Christophe Mourrat. The additive structure of elliptic homogenization.
Invent. Math., 208(3):999-1154, 2017.

Scott Armstrong and Jessica Lin. Optimal quantitative estimates in stochastic homogenization for elliptic equa-
tions in nondivergence form. Arch. Ration. Mech. Anal., 225(2):937-991, 2017.

Scott N. Armstrong and Charles K. Smart. Quantitative stochastic homogenization of elliptic equations in
nondivergence form. Arch. Ration. Mech. Anal., 214(3):867-911, 2014.

Marco Avellaneda and Fang-Hua Lin. Compactness methods in the theory of homogenization. II. Equations in
nondivergence form. Comm. Pure Appl. Math., 42(2):139-172, 1989.

Alain Bensoussan, Jacques-L. Lions, and George C. Papanicolaou. Boundary layers and homogenization of
transport processes. Publ. Res. Inst. Math. Sci., 15(1):53-157, 1979.

Alain Bensoussan, Jacques-Louis Lions, and George Papanicolaou. Asymptotic analysis for periodic structures,
volume 5 of Studies in Mathematics and its Applications. North-Holland Publishing Co., Amsterdam, 1978.
Vladimir I. Bogachev and Stanislav V. Shaposhnikov. Integrability and continuity of solutions to double diver-
gence form equations. Ann. Mat. Pura Appl. (4), 196(5):1609-1635, 2017.

Yves Capdeboscq. Homogenization of a diffusion equation with drift. C. R. Acad. Sci. Paris Sér. I Maith.,
327(9):807-812, 1998.

Yves Capdeboscq, Timo Sprekeler, and Endre Siili. Finite element approximation of elliptic homogenization
problems in nondivergence-form. ESAIM Math. Model. Numer. Anal., 54(4):1221-1257, 2020.

Albert Fannjiang and George Papanicolaou. Convection enhanced diffusion for periodic flows. STAM J. Appl.
Math., 54(2):333-408, 1994.

David Gilbarg and Neil S. Trudinger. Elliptic partial differential equations of second order. Classics in Mathe-
matics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

Antoine Gloria, Stefan Neukamm, and Felix Otto. A regularity theory for random elliptic operators. Milan J.
Maih., 88(1):99-170, 2020.

Antoine Gloria, Stefan Neukamm, and Felix Otto. Quantitative estimates in stochastic homogenization for
correlated coefficient fields. Anal. PDE, 14(8):2497-2537, 2021.

Xiaoqin Guo, Jonathon Peterson, and Hung V. Tran. Quantitative homogenization in a balanced random envi-
ronment. Electron. J. Probab., 27:Paper No. 132, 31, 2022.

Xijaoqin Guo, Timo Sprekeler, and Hung V. Tran. Characterizations of diffusion matrices in homogenization of
elliptic equations in nondivergence-form, 2022.

Xijaoqin Guo and Hung V. Tran. Optimal convergence rates in stochastic homogenization in a balanced random
environment, 2023.

Xijaoqin Guo, Hung V. Tran, and Yifeng Yu. Remarks on optimal rates of convergence in periodic homogenization
of linear elliptic equations in non-divergence form. Partial Differ. Equ. Appl., 1(4):Paper No. 15, 16, 2020.
Patrick Henning and Mario Ohlberger. The heterogeneous multiscale finite element method for advection-
diffusion problems with rapidly oscillating coefficients and large expected drift. Netw. Heterog. Media, 5(4):711—
744, 2010.

Patrick Henning and Mario Ohlberger. A note on homogenization of advection-diffusion problems with large
expected drift. Z. Anal. Anwend., 30(3):319-339, 2011.

V. V. Jikov, S. M. Kozlov, and O. A. Oleinik. Homogenization of differential operators and integral functionals.
Springer-Verlag, Berlin, 1994.

Wenjia Jing. Convergence rate for the homogenization of diffusions in dilutely perforated domains with reflecting
boundaries. Minimax Theory Appl., 8(1):85-108, 2023.

Ellya L. Kawecki. A DGFEM for nondivergence form elliptic equations with Cordes coefficients on curved do-
mains. Numer. Methods Partial Differential Equations, 35(5):1717-1744, 2019.

Carlos Kenig, Fanghua Lin, and Zhongwei Shen. Estimates of eigenvalues and eigenfunctions in periodic homog-
enization. J. Eur. Math. Soc. (JEMS), 15(5):1901-1925, 2013.

15



[26] Carlos E. Kenig, Fanghua Lin, and Zhongwei Shen. Homogenization of elliptic systems with Neumann boundary
conditions. J. Amer. Math. Soc., 26(4):901-937, 2013.

[27] Carlos E. Kenig, Fanghua Lin, and Zhongwei Shen. Periodic homogenization of Green and Neumann functions.
Comm. Pure Appl. Math., 67(8):1219-1262, 2014.

[28] O. A. Olemik, A. S. Shamaev, and G. A. Yosifian. Mathematical problems in elasticity and homogenization,
volume 26 of Studies in Mathematics and its Applications. North-Holland Publishing Co., Amsterdam, 1992.

[29] Weifeng Qiu and Lan Tang. Global W27 estimates for elliptic equations in the non-divergence form. Proc. Amer.
Math. Soc., 151(2):763-770, 2023.

[30] Zhongwei Shen. Periodic homogenization of elliptic systems, volume 269 of Operator Theory: Advances and
Applications. Birkhduser/Springer, Cham, 2018. Advances in Partial Differential Equations (Basel).

[31] Peter Sjogren. On the adjoint of an elliptic linear differential operator and its potential theory. Ark. Mat.,
11:153-165, 1973.

[32] Iain Smears and Endre Siili. Discontinuous Galerkin finite element approximation of nondivergence form elliptic
equations with Cordes coefficients. STAM J. Numer. Anal., 51(4):2088-2106, 2013.

[33] Timo Sprekeler. Homogenization of nondivergence-form elliptic equations with discontinuous coefficients and
finite element approximation of the homogenized problem, 2023.

[34] Timo Sprekeler and Hung V. Tran. Optimal convergence rates for elliptic homogenization problems in
nondivergence-form: analysis and numerical illustrations. Multiscale Model. Simul., 19(3):1453-1473, 2021.

[35] Yiping Zhang. Estimates of eigenvalues and eigenfunctions in elliptic homogenization with rapidly oscillating
potentials. J. Differential Equations, 292:388-415, 2021.

YAU MATHEMATICAL SCIENCES CENTER, TSINGHUA UNIVERSITY, BEIJING 100084, AND YANQI LAKE BEIJING
INSTITUTE OF MATHEMATICAL SCIENCES AND APPLICATIONS, BEIJING 101407, P.R. CHINA

Email address: wjjing@tsinghua.edu.cn

YANQI LAKE BEIJING INSTITUTE OF MATHEMATICAL SCIENCES AND APPLICATIONS, BEIJING 101407, AND YAU
MATHEMATICAL SCIENCES CENTER, TSINGHUA UNIVERSITY, BEIJING 100084, P.R. CHINA

Email address: zhangyipingl61@mails.ucas.ac.cn

16



	1. Introduction and the main results
	1.1. The qualitative homogenization result
	1.2. Main results on quantitative estimates

	2. The key transformation
	2.1. Weighting by the invariant measure
	2.2. A further transformation for the drift term

	3. Proofs of the main results
	3.1. The qualitative convergence result
	3.2. Convergence rates
	3.3. Uniform Lipschitz estimates

	4. One dimensional examples
	4.1. The centering condition in laminated media
	4.2. Some comments

	5. Concluding remarks
	Acknowledgments
	References

