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ON THE CONVERGENCE OF SOBOLEV GRADIENT FLOW FOR THE
GROSS-PITAEVSKII EIGENVALUE PROBLEM

ZIANG CHEN, JIANFENG LU, YULONG LU, AND XIANGXIONG ZHANG

ABSTRACT. We study the convergences of three projected Sobolev gradient flows to the
ground state of the Gross-Pitaevskii eigenvalue problem. They are constructed as the gra-
dient flows of the Gross-Pitaevskii energy functional with respect to the H(%—metric and
two other equivalent metrics on H(%, including the iterate-independent ao-metric and the
iterate-dependent a,-metric. We first prove the energy dissipation property and the global
convergence to a critical point of the Gross-Pitaevskii energy for the discrete-time H' and
ap-gradient flow. We also prove local exponential convergence of all three schemes to the

ground state.

1. INTRODUCTION

This paper concerns the following nonlinear Schrodinger eigenvalue problem, also known as
the Gross-Pitaevskii [4[14[1725] eigenvalue problem:

—Au+ Vu+ Blul*u = Au, in Q,

(1.1)
u =0, on 0,

where Q is a bounded Lipschitz domain on R¢ (d = 1,2,3), V : Q — R is a non-negative
potential energy, and 8 > 0. The Gross-Pitaevskii eigenvalue problem has been widely used
in the quantum physics community to represent the Bose-Einstein condensation [6}1TL16}24].
The wavefunction associated with a stationary state of the system can be described by an
eigenfunction u to (III), with the eigenvalue A being the chemical potential.

Many numerical methods have been proposed to compute the ground state of the problem
(CI), i.e., the L?-normalized eigenfunction corresponding to the smallest eigenvalue. Among
them, one of the most popular classes of methods is the discrete normalized gradient flow [5]
which applies the backward Euler time-discretization for the continuous L2-gradient flow of
the constrained energy. Several alternative gradient flows have been designed based on the
idea of tuning the geometry of the gradient flows, including the projected Sobolev gradient flow
[1213L18120,23[31] and the J-method [1[22]. Apart from the gradient-flow-based methods, self-
consistent field iteration [79L28] is another class of methods that solves the nonlinear eigenvalue
problem by iteratively solving a series of linearized eigenvalue problems. There have been other
works investigating numerical methods for the Gross-Pitaevskii equation, such as the analysis of
finite-dimensional approximation [32], error estimate [8], two-grid method [I0], and multigrid

method [29,[30], just to name a few. Finally, let us also mention some analytical studies of
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the Gross-Pitaevskii equation/eigenvalue problem, e.g., the formal analytical solutions [27], the
stability [21], and the posteriori analysis [15].

In this work, we focus on the projected Sobolev gradient flow approach to computing the
ground state of (LI). More specifically, the ground state of (II)) is characterized by the
minimizer of the following variational problem:

(12) min B(u) = /Q VU VR 4+ Dl sl = 1

Motivated by Riemannian optimization, i.e., optimization subject to a Riemannian manifold
constraint, finding the ground state of (1) is equivalent to minimizing the energy functional
E(u) over an infinite dimensional Hilbert manifold M in H{(£2) defined by

M = {u € HYQ) : ullp2(qy = 1} .
The projected Sobolev gradient flow for solving (L)) is defined as
(1.3) u'(t) = ~VEE(u(t) = ~Prumx (VxE(u(t))),

where VEE(u(t)) is the Riemannian gradient of E associated with the inner product (-,-)x
and the manifold M, i.e., the projection of the gradient Vx E(u(t)) onto the tangent space
TuM. We are mainly interested in three projected Sobolev gradient flows that correspond
to (L3) with different choices of inner products X: (i) the projected H'-gradient flow [23]
where (2, w)x = (2,0)mi(a) = (Vz,Vw)r2(q); (ii) the projected ap-gradient flow [12] where
(z,w)x = (2,w)a9(0) = [ V2 - Vw + Vzw; and (iii) the projected a,-gradient flow [20] where

(z,w)x = (2,w)q, () = / Vz-Vw+Vzw+ ﬁ|u|2zw.
Q

The primary goal of the paper is to prove the convergence property of the time-discretization

of the three projected Sobolev gradient flows above.

Prior work and our contribution. The work [23] established the global exponential con-
vergence of the continuous projected H'-gradient flow to a critical point of E. However, the
convergence analysis of its discrete version remained largely open. In fact, as stated in [20], even
the energy decay and the convergence to critical points was unclear for the discrete projected
H'-gradient flow. In addition, the convergence of the discrete projected ag-gradient flow has
not been proved in previous literature, though conjectured to be true from numerical studies.
One major contribution of this work is to prove the energy decay as well as the global conver-
gence to a critical point for the discrete projected H' and ag-gradient flow. Moreover, for the
same schemes, we also obtained the local exponential convergence rate.

As for the projected a,-gradient flow, the work [20] obtained a global exponential convergence
of the continuous flow to the ground state and also proved the global convergence (without a
rate) of its forward Euler discretization. In the recent work [3I], the author obtained a local
exponential convergence of the discrete projected a,-gradient flow under the assumption that
the discrete iterates are uniformly bounded in L*°(€2). However, such an assumption is very
difficult to verify in practice. The second contribution of the current paper is to prove the local

exponential convergence of the discrete projected a,-gradient flow without such an assumption.
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Let us also mention several previous works on minimizing related energy functionals with
more general spherical constraints. The local convergence for Hartree-Fock and Kohn-Sham
functionals over Grassmann manifold was established in [26]. In [2], the authors generalized the

approach in [31I] to show a convergence result for Kohn-Sham functional over Stiefel manifold.

Organization. The rest of this paper will be organized as follows. In Section[2] we review three
discrete projected Sobolev gradient flows. In Section B] we state the main convergence results
on the three gradient flows. Sections are devoted to the proofs of the main convergence

results. The appendix contains some useful lemmas and auxiliary proofs of the main results.

2. PROJECTED SOBOLEV GRADIENT FLOW

This section reviews the projected Sobolev gradient descent for solving (L) or equiva-
lently (2)), following [20,31]; we refer to [20LB1I] for more details. We remark that discrete
flows/schemes considered in this paper are discrete only in time and there is no spatial dis-
cretization in the scheme. The spatial discretization of the discrete projected Sobolev gradient
flow was given in [20] and references therein.

We would assume that V' € L>*°(§) and without loss of generality, we further assume that
0 <V < Viax < 00. Notice that since we consider the dimension d € {1,2,3}, the embedding
H} () C L) holds and the energy E(u) defined in (L2)) is finite for any u € Hg (). The
tangent space at the base u € M is given by

TuM = {€ € Hy(Q) : (u,€)12() = 0} .

Recall that the problem (LZ) can be viewed as an optimization problem on the manifold M,
for which it is natural to consider the projected gradient method, i.e., update against the
Riemannian gradient direction in the tangent space and then retract the iterate back to the
manifold. The retraction map is clear in this setting:

u

Ru) = eM, Yue HHQ)\{0}.

[[ul L2(Q)
However, the Riemannian gradient would depend on the inner product we equip at u € H} (1),
which leads to different schemes, including H'-scheme [23], ag-scheme [12], and a,-scheme [20],
that are described in the following subsections.

2.1. H'-scheme. Let H}(Q) be equipped with the inner product (u, ’U)H&(Q) = (Vu, Vo) 12(q).
For any w € H}(Q), by Riesz representation theorem, there exists a unique Gyrw € Hg ()
such that

(Z7gH1w)Hé(Q) = (Z,’U})LQ(Q), Vze HOI(Q)
G HY(Q) — H(Q) is named as the Green’s operator. In other words, u = Gyiw is the

unique solution to —Au = w in {2 with the boundary condition » = 0 on 0.
For any u € M and h € T, M, it holds that

. E(u+th)— E(u
(5 1) )y ) = iy A =2
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1 1 1
= lim —(/ <—|Vu—|—ch|2 + =Vl|u+th|* + é|u+th|4>
o \2 2 4

t—0 t
1 1 3
_ il v/ 2 il v 2 = 4
[ (31vu? + 3viak + 21

= (Vu, Vh) 20 + (Vu + Bluf*u, h) 2(0)
= (u+ G (Vu+ Blul*u),h) g g

which implies that the H'-gradient of the energy E(u) can be evaluated as
(2.1) Vi E(u) =u+ Gy (Vu + Blul?u).
The lemma below computes the projection of any & € M on the tangent space T, M.

Lemma 2.1. Given u € M and £ € H}(QQ), the projection of & onto T, M, with respect to the

H}-inner product, is

(57 ) 2(Q) gH

(2:2) Promm(§) =& —
HnguHHl(Q

Proof. Let Pr,m(€) be defined as in (Z2)). First, Pr, m(E) € TuM since

(67 )L2 (22)

HnguHHl ()
(55 )L2 Q) — (55 )L2 Q) = 0.

(PTuM(f)a“)L2(sz (& u)r2(0) —

(Grru, u)L2(Q)

In addition, for any n € T, M, it follows from (G u, n)Hl(Q) (u,m)£2(0) = 0 that

(Pram(€):m) gy = (&M my(0)-

Therefore, Pr, pm(§) is the desired projection. O

Combining ([2.1)) and (Z.2)), we obtain the Riemannian gradient of E with respect to H}-inner
product at u € M:

Vi E) = Provm (Vi Eu) = Proam (u+ G (Vu + Blul*u))

1+ (G (Vu + Bluu),u)
=u+ Gy (Vu + Blu*u) — 5 L*(©) Gmu
1Gm ullgy o

With the above, the projected H'-gradient descent is given by
(2.3) Uns1 =R (un —a Vi E(u,)), n=1,2--,

where « is the stepsize.
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2.2. ap-scheme. Another choice of the inner product on H{ () is
(2, ) a0(2) = / Vz-Vw+Vzw,
Q

whose induced norm ||-[|, o) is equivalent to ”'HH(}(Q) since V' € L°() and is non-negative.
Similarly, there exists a unique Green’s operator G,, : H}(Q) — HE(9) such that

(2, Gag) o) = (2:W)12(0), V2 € Hg(9),
and the ap-gradient of E(u) is
Vo E(u) = u+ BGa, (Jul*u).
The project of £ € H}(Q) onto T, M, where u € H{ (), with respect to the ag-inner product,

also reads similarly:

(57 u)Lz(

D Gt

PT.Mao (5) =¢—
||ga0u|\io(9)

and hence the ag-scheme iterates as
(2.4) Uny1 = R (up —a VEE(u,)), n=1,2--,
where

VR E(u) = Prumua0(Vao E(1) = Pruaae (4 BGa, (Jul*w))
1+5 (gao(|u|2u)’ u) L2(9Q)

HgaouHio(Q)

=t + BGaq (|u*u) —

0o Ue

2.3. ay-scheme. Now we turn to the derivation of another projected gradient flow with respect
to an inner product that varies in the base u € H}(2). One intuition is that one can have a
derivative neater than (2.1)) when choosing the inner product carefully. More precisely, for a
given u € HJ () we consider the inner product (-, -),, defined by

(2, W)a, () = /Q Vz-Vw + Vzw + Blu*2w,
with an associated Green’s operator G,, : H}(Q) — Hg () satisfying
(2,090, W)q, ) = (2, W)12(0), Yz € Hy(9Q).
Then it is straightforward to show that the a,-gradient of the energy F is given by
Vo, E(u) = u.
Similar to Lemma 21} for u € M and £ € H}(Q2), the projection of & onto T, M, with respect
to the a,-inner product, is

(€ u)r2(0)

HgauuHiu(Q)

Pr.ma,(§) =& — Ga, U

Therefore, the corresponding Riemannian gradient with respect to the a,-inner product at

u € M can be computed as:
1

1Ga, ul

szzuE(u) = PﬂM,au (VauE(u)) =u-—- D)
ay ()

Ga, u,
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which leads to the projected a,-gradient descent scheme
(2.5) un+1:R(un—a VfunE(u)), n=12--.
3. MAIN RESULTS

In this section, we state our main results on the convergence of the H'-scheme, the ao-scheme,
and the a,-scheme. All convergent results we establish are in sense of strong convergence with
respect to the H} () norm.

3.1. Global convergence. It is proved in [20] that for a,-scheme (2.5]) with proper stepsizes,
the energy decays along the iterations, i.e., E(un+1) < E(uy,), and the sequence {u,}32, has
a subsequence that converges in H}(f2) to a critical point of (L2). However, as mentioned in
[20], it was an open question whether the iterates {u,}5°, generated by the H!-scheme (23]
or the ag-scheme ([24]) converge to critical points with decaying energy. We give an affirmative
answer to this question in Theorems B.1] [3.2] B.3 and B.4

Theorem 3.1 (Energy decay for H!'-scheme). Suppose that d € {1,2,3} and that ug € M C
H(Q). Let {u,}, C M be the iterates generated by the H'-scheme Z3) starting at ug.
There ezist constants Cy,, Cy, and Co < 1 depending only on Q, d, 8, V, and HUOHH(}(Q)’ such
that as long as the step size satisfies 0 < amin < Op < Opax < Co, ¥V 1 > 0, the followings hold
for anyn > 0:

(') [unl iy @) < Clu

(ii) HVHIE Unp HHl(Q < ||VH1E(un)||H1(Q Cy.

(i) Eun) = E(uns1) = 252 | VR E(ua)|[3 -

Theorem 3.2 (Energy decay for ag-scheme). Suppose that d € {1,2,3} and that ug € M C
H} (). Let {u,}22, C M be the iterates generated by the ag-scheme 2A) starting at ug.
There exist constants Cy,, Cy, and Co < 1 depending only on Q, d, 8, V, and ||u0||Hé(Q)’ such
that as long as the step size satisfies 0 < amin < Ap < Opax < Co, ¥V 1 > 0, the followings hold
for anyn > 0:
(') [[tnllao(0) < Cu-
HVRE un ||a0 < Vao E(un)ll 4oy < Co-

(111) E(u,) — E(un+1) > “min ||VRE Up, Ha @

The boundedness of {u,} as in Theorem BI (i) or Theorem [3.2] (i) implies that the sequence
{u,} has weak limits in Hg (£2) (||.||Hé((2) and ||-[|,, (o) are equivalent as in Lemma [A.T), and
the following theorems show that any weak limit is a critical point of E.

Theorem 3.3 (Global convergence for H'-scheme). Under the same assumptions of Theo-
rem[3d), for any weak limit u* of {u,}% o in Hi(Q), u* is a critical point of the problem (L2,
e., VR E(u*) =0, and {u,}52 has a subsequence that converges to u* strongly in H} ().

Theorem 3.4 (Global convergence for ag-scheme). Under the same assumptions of Theo-
Tem |, for any weak limit u* of {u,}2% o in HE(Q), u* is a critical point of the problem (L2,
e., VRE(u*) =0, and {u,}52, has a subsequence that converges to u* strongly in H§ ().
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For the a,-scheme, the energy decay property and the global convergence to critical points
are established in [20]. In addition, [20] provides a stronger global convergence result for a,-
scheme: the whole sequence {u,}22, converges to the ground state, not just a critical point of
the energy functional. The idea is that the a,-scheme is positive preserving, i.e., u,, > 0 implies
Un+1 > 0, and that the ground state is the unique positive eigenfunction of (I.Il). However, the
positive preserving property is not guaranteed for the H'-scheme or the ag-scheme, and hence
the arguments in [20] for global convergence to ground state can not be applied directly to the

H'-scheme or the ag-scheme.

3.2. Fast local convergence. In this section, we always denote u* € H}(Q2) as the ground

state of the eigenvalue problem (II]). Consider the linearized problem at u*:

(-A+V +Blu**)u= I, inQ,
u =0, on 0f).

(3.1)

By [3T, Theorem 3.1], u* is also the ground state of the linearized problem (B]) and is Holder

continuous, if €2 is convex Lipschitz or 9 is smooth.

Assumption 3.5 (Positive eigengap for the linearized problem). Let Ag and A1 be the smallest
and the second smallest eigenvalue of the problem [B.1), respectively. We assume that Ay > Ag.

The existence of spectral gap of the linearized problem B.1]in Assumption can be verified
using the Krein-Rutman theorem under very mild assumption on the potential V; see e.g. [3].
With the assumption above, we are ready to state the local exponential convergence of both
H'-scheme and a,-scheme.

Theorem 3.6 (Local convergence for H!-scheme). Suppose that assumptions made in Theo-
rem[31] and Assumption[3.3 hold. In addition assume that the stepsizes o, < Qmax WHETE Amax
satisfies that

(3.2) 1+ L202 ., — Omax min{l, ’\%OAO} <1,

where Ly is a constant depending only on Q, d, 8, V, u*, and ||u0||Hé(Q). Then the sequence
{un}ey C M generated by the H'-scheme [23) with initial condition ug close enough to u*

converges exponentially in HE(Q) to the ground state u*.

Theorem 3.7 (Local convergence for ag-scheme). Suppose that assumptions made in Theo-
rem[3.2 and Assumption[33 hold, and that amax satisfies B.2) for some constant L, depending
only on Q, d, B, V, u*, and ||U0||Hg(m. Then the sequence {un}>2 o generated by the ag-scheme
(@A) with initial condition ug close enough to u* converges exponentially in HE(Q) to the ground

state u*.

Theorem 3.8 (Local convergence for a,-scheme). Suppose that Assumption[33 holds. There
exists constant C,, depending on Q, d, 8, V, and ||“0||Hg(sz)7 and constant L, depending on €,
d, B, V, u*, and ||“0||Hg(sz)7 such that if 0 < amin < ap < @max < Cq with B2), then the
sequence {un 5% generated by the a,-scheme (ZD) with initial condition uy close enough to

u* converges exponentially in H}(Q) to the ground state u*.
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Theorem is to the best of our knowledge the first quantitative convergence result on the
H'-scheme (for previous qualitative convergence results, see [20,23]). The result in Theorem [3.8]
recovers the same exponential convergence result of [31] but without making extra boundedness
assumption on the iterates in L°(£2), which cannot be guaranteed. We remark that the spectral
gap assumption is essential and necessary to obtain exponential convergence even for inverse
iterations of linear eigenvalue problems. On the technical level, the spectral gap guarantees
the locally strong convexity of the energy E with respect to the L2-norm; see Lemma [5.11 We
also refer to [19] for more discussions on the role of spectral gap assumption in convergence of
inverse iterations for nonlinear eigenvalue problems.

Let us remark that all three schemes we analyze in this work are semi-discretized schemes
without spatial discretization. The analysis of fully discretized schemes would be an interesting

future research direction.

4. PROOF OF GLOBAL CONVERGENCE

We prove Theorem B.1] and Theorem [3.3] in this section and omit the proofs of Theorem
and Theorem [3.4] that follow almost the same lines, with the difference that all H}-inner prod-

ucts and norms are replaced by agp-inner products and norms. Note that ||'Ha0(sz) is equivalent
t0 [/ g1 () (see Lemma [AT).

4.1. Technical lemmas. We will frequently use the following Sobolev embeddings that hold
for d < 4:

(4.1) lull sy < Crllullpy iy ¥ u € HY(Q),
(4.2) lull -1y < C2 lullparsqy, Vue€ LY3(Q).
In addition, the Poincaré inequality holds for some C3 > 0:

(4.3) ull L2y < Cs ||U||H3(Q) , Yue Hy(9Q).

Note that the constants C7, Cs, and C3 only depend on  and d, and that the embeddings
H}(Q) cc LAY(Q) and H} () cC L?(Q) are both compact.

Lemma 4.1. For any u € H}(Q), the followings hold:

(0) 1G9 ull gy o) < llull g-1(q);
(i) G ull gz ) < Csllull L2 (q)-

Proof. Let g = Gyiu. Then

912 e = (9, Genw)my o) = (9:0) 22 < N3y Il sy -

which implies HnguHHé(Q) < |lullgg-1 () Combining the above equation with the Poincaré

inequality (43)), one has

||gHL2(Q) Hg”Hé(Q) <Cs ||9Hi15(9) = CB(gaU)N(Q) < Cs ||gHL2(Q) HU‘HL2(Q) J

for some constant Cs. This implies HnguHHé(Q) < Csllullp2qy- O
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Lemma 4.2. For any u € M, it holds that
4 HVEIE(U)HH[%(m <V E(u)l g1 )
< el g3 ) + CsVimax + BCECa ull1 g -

Proof. Note that
(Vi E(u),u)r2(0

2
1Gm ull g o)

Vi E(u) = VR E(u) + )ng’u,,

and that

<v7}§1E(u)7

(Vi E(u),u)p2(q) 1u>
2

(VHI E(U), u)Lz(Q) (

S Gl PO e =0
So it holds that
2
190 B g o = 95 B 0 + Wﬁ’f(“);“)”m) B
@) HL(9)
which implies
HVEIE(U)HHS(Q) S IVa E()l gy g -
One also has that
IV Bl g1y ) < el g o) + 19 (V) gy ) + B |G (lul*w) || 11
< lull g ) + Cs IVl oy + B l1u?|| -1 g
(4.5) < el 73 (@) + C5Vimax + BC2 [0 s
= ||u||Hé(Q) + C3Vinax + BCo ||u||i4(9)
< Jull g @y + CsVinax + BCCo [[ullfra
where we used Lemma [4.1] This proves (£.4)). O

Lemma 4.3. For any u € M and & € T,M, it holds that
L2
(4.6) [R(u+ &) — (u+ g)HHé(Q) < ) ||§||L2(Q) [Ju+ fHHg(Q) .

Proof. Tt follows from (u, §)z2(a) = 0 that [[u+ &]|72q) = [ul720) + €720y = 1+ €172
which implies that

: _ > VPV
m—1> (u+§>—<(1+||5||L2m)) 1)( Yy

Set f(z) = (1+z)~%/2. Then f'(z) = —3(1 +2)~%/? > —1 for all z > 0. Therefore, one can
obtain that

Rlu+¢) —(u+§) = <

Nl=

02 (1+1l3aq) ~—1=F (Il32q) - F(O)
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€117 2 g ) €117 2 g 1 1. 9
= / fl(z)dz > / (—5) dzx = -3 €072 -
0 0

(£5) then holds by combining the estimations above. O
Lemma 4.4. For any u,v € H} (), it holds that

1+ C3Vinax
Eu+v) = B(w) = (Vi B), 0) gy | £ ———o

3801 | 2 2 3 BCY | 4
+ Tl ||U||Hg(9) ||U||Hg(sz) + 50% ||“||H5(Q) ||U||Hg(sz) + Tl ||U||Hg(sz) .

2
[0l @)

Proof. We have

E(u+v)— E(u)

1 1 1 1
— [ (317u+ 9o = 3i9u) + [ (Gvhusof - Jviup)
# [ (Gatolt = Zpart)

:/ (Vu - Vo + Vuv + Bluluv)
Q

1 3
+—/ (|Vv|2+V|v|2)+/ (—ﬁ|u|2|v|2+ﬁ|v|2uv+é|v|4>
2 Jo o\ 2 4
= (Vi E(u), U)Hé(g)
1 3
+—/ (|Vv|2+V|v|2)+/ (—ﬁ|u|2|v|2+ﬁ|v|2uv+é|v|4>,
2 Jo o\ 2 4
which leads to
[B(u+0) = B(u) = (Vi B, 0) gy |
1 37 15}
<5 [P+ vioR) + [ (Prlo? + sl + St
2 Q Q 2

14+ C23Vipax 9 38 ) )
S# ||U||H6(Q) + 7 ||u||L4(Q) HUHL4(Q)

B4
+ B l[ull ey 10l a0 + L)

14 C23Vipax 9 38C% ) ,
S ol ) + =5 lull @ 1ol @)

4
5

+ BCH ull g3 0 1011303 g

4.2. Proofs of Theorem [3.1] and Theorem [3.3l

Proof of Theorem[31l Set

Co = (14 €2V T2+ 2L ity )
u = 3 Vmax) U0l g1 () B Uoll gt () )
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Cq = Cu + C3Vmax + 60502037
and we will determine the constant C,, < 1 later. Our goal is to prove the three conclusions in
Theorem [B.1], i.e.,
() ||“n||H1(Q < Cu, Y 20.
() < ||VH1E(“n)||H1(Q <Cy, Vn=0.
(il)) E(un) — E(tns1) > 222 || VR E(uy ||H1(Q V' n>0.
We prove (i), (ii), and (iii) by induction. It is clear that (i) holds for n = 0. Suppose that (i)
holds for 0,1,...,n and that (ii) and (iii) hold for 0,1,...,n — 1. We aim to show that (ii) and
(iii) hold for n and that (i) holds for n + 1.

It follows directly from Lemma and (i) that (ii) holds for n. We focus on (iii) then.
Denote

() |75 By

gn = VEI E(uy), and @, = uy, — anV}}l E(up).
The iterative scheme is
Unt1 = R(ly) = R (up — angn) = Un — @ngn + Ry = Gy + Ry,
where
(4.7) R, = R (un — angn) — (un — angn) .
According to Lemma [£3] it holds that

A

o 2
||Rn||Hg(Q) = 771 ||9n||L2(Q) [[un — angnHHg(Q)

S Cu+ C)CE Ngnllipy o) < ————

where we used a, < Cy < 1. Similar to (&) ||Vg1 E(tn)|| g1 (o) can be upper bounded as

(4.8)

A

- - - =13
||VH1E(Un)||Hg(Q) < ||“n||Hg(Q) + C3Vimax ||“n||L2(Q) +BCTCy ||Un||Hg(Q)
- ~ 3
<1+ C??Vmax) ||Un||Hg(Q) +BC7Cy ||Un||Hg(Q)
< (1 + C3Vinax)(Cy + Cy) + BCFC2(Cy + Cy)?,

where we used ”ﬂ””Hé(Q) < lunll g3 ) + @ l9nll g1 () < Cu+ Cy. Then using Lemmal.4 one

can estimate that

|E(tin) — E(n + Ry)|

_ 14 C2Vinax 38CE
<[V B By + Y 2 ) B a2 ) 1y
~ b 51
+ B8CY [l g2y 1Bl ) + — R, ||H1 ()
~ 1 + C max
< Wallaginy (190 B ey + 520 ol

36CE o i > BCY 3
+ - ||Un||Hg(sz) ||Rn||Hg(Q) + B0t ||Un||Hg(Q) ||Rn||H(§(Q) + Tl ||Rn||Hg(Q)

2
<a;Cr ||9n||Hg(Q) J
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where Cr is a constant depending only on 3, Cy, Cy, Vimax, C1, C2, and Cs, and that

E(upn — angn) — E(un) — (Vi E(uy), _angn)H(}(Q)

< 1+ C3Vinax

2 380t 2
L g, 20 o + B

2
L) ||an9n||Hg(Q)

Bl langalr g + 2L fangall
1 Unllgg @) 19nInllag @) T =3 19Inlimg(Q)

14+ C2Viax  3BCLC2 BCEC?
<ap ||9n||i15(9) < 23 + 21 + BC1CLCy + i <

Combining the above two inequalities, one has
B(tn) = B(uns1)
=FE(up) — E(ty) + E(ty) — E(tn + Ryp)
>an (Vg E(un), gn) g1 (0)
— Bl — quga) = B(wa) = (Vi B(un). ~0nga)myco|
— |E(tn) — E(in + Rn)|

2o HgnHHg(Q)

14 C2V, 38CLiC? BCiC?

2 2 3 Vmax 1Yy 4 1~g
2

—a2Cr ||9n||Hg(Q)

a
2 i ”gn”Hl(Q

if

IN

217 42 402
- <CR y L Ol | O sty + 2 g)

1
2 2 : 4 2’

which can be guaranteed by amax < Cy, where C, is a sufficiently small constant. This means

that (iii) holds for n. Then we have that

tns1 117 ) < 2B (un41) < 2E(un) < -+ < 2E(uo)

2 2 B 1
< Mol () + Vinax [[uollz2(q) + 3 l[wollzaq)

BCT 4
= lluoll

< (1 + 032Vmax) ”’UJO”?{&(Q) + 0(92)”

which implies that ||wn4+1 ”H(}(Q) < Cy, i.e., (i) holds for n+1. The proof is hence completed. [

We need the following theorem for proving Theorem Some ideas in the proof of Theo-
rem [L.3] follow the proof of Theorem 4.9 in [20].

Theorem 4.5. Suppose that {v, }3° is a bounded sequence in M C Hg(Q) with

hm HleE Up HHl(Q =0.
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Let v* be any weak limit of {v,}3 in H} (). Then v* is a critical point of E and {v,}5°,

has a subsequence that converges to v* strongly in H}(Q)

Proof. By compact embeddings Hg(2) cC L?(Q) and Hg () cC LA(Q), there exists a sub-
sequence of {v,}5°, converging weakly in Hg(Q) and strongly in L?(Q2) and L*(2) to some
v* € HE(Q). Without loss of generality, we assume that

vp, — v*,  weakly in H}(Q) and strongly in L*(Q) and L*(9).

Cs[[Von = Vo*|[2(q) < C3Vimax [[vn — v (| p2(q) by Lemma [LT] (ii). We can obtain that

Notice that |Gy (v, —v*)||Hé(Q) < Csllvn = v*|[ 12y and that |G (Vo, — V’U*)”Hé(ﬂ) <

Grivn — Gmo*,  strongly in Hy(Q) and L*(1),
and that
G (Vun) = G (V®),  strongly in H () and L*(Q),

Denote e, = v, —v*. Then lim |[€y]/;4(q) = 0. Note that
n—00

lon = @[l ir-1 0y = 10" +en)® = @) -1 g
<3 enll gosioy + 310"l -1 () + llenll -1 (ay

<302 ||(v*>2e”HL4/3(Q) +3C; Hv*e?lHLMf*(Q) +C2 HeiHLMs(Q)

3/4 3/4 3/4
=30, (/ (v*)g/?’ef/?’) + 3Cs (/ (U*)4/3e§/3) + Cy (/ ei)
Q Q Q

<3C% |‘U*||i4(52) H€n||L4(Q) +3C; H’U*HL‘l(Q) ||€n||i4(sz) + Oy ||€n||i4(sz)
—0,
where we used (£2]). By LemmalLT] (i), we have Hng (v3 — (v*)?’)HHé(Q) < va’l - (U*)3HH*1(Q)
thus
Gt (|vnl*v) = G ([o*[*v*),  strongly in Hj () and L?(Q).
Then one has that
1+ (ng Vo, + ﬂ|vn|2vn), v”)L2(Q) . 1+ (ng (Vo* + ﬂ|v*|2v*), v*)L2(Q)

3

G vnll 7 0 G103
and hence that
VZI E(Un)
1+ (QHl (Vun + Blon*vn), Un)m(sz)

=vp, + G (Vu, + ﬁ|vn|2vn) — H1Up

2
||gH1Un||Hg(Q)

1+ (QH1 (Vo + Blv*|?v*), v*)

—v* + G (Vu* + Blv*[Pv*) — LX) G pav®

2
1Gr1 v* [ 1 )

=VR.E(v*), weakly in H}(Q),
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which combined with hm HVHIE (vn HHl = 0 yields that VglE(v*) =0, ie.,

Q)

1+ (G (Vo* + Blv*|2v*), v*
—Av* 4+ Vo* + Blv*|?v* = ( 5 )L2(Q) v*
1Gm1v* 1 ()

which states that v* is a critical point as well as an eigenfunction.
We then prove that v,, converges strongly to v* in HZ (). hm ||VH1E Un, ||H1(Q =0 and

the boundedness of {v, }°2, C H}(2) imply that
(Vi E(vn), Un)mi) = 0= (Vi E(), V) ()
ie.,
lonll%1 ) + (Vons va) 22(0) + (Blon|*vn, vn) £2(0)

1+ (ng (an + ﬂ|vn|2vn)v vn)Lz(Q)

||gH1Un||§{3(Q)
- ||U*||§{3(Q) + (Vo , ") 120y + (Blv* 20", 0" ) 2(0)
L+ (G (Vv* + Blo* [2o*), v*)LZ(Q)

2
1Gmv* 1 ()

Note that the second, third, and fourth terms above converge respectively. One has ||v, || HY(Q)
[lv*]] Hi(0)- Then the proof can be completed since the convergence of norm together with the
0

weak convergence implies the strong convergence. O

Proof of Theorem [T Tt follows from Theorem B.1] (iii) that

= 2 = 2F
> 195 B g < o S (B ) — Bl < 20 < o,
which implies
hm HVHIE Up, HHl(Q =0.

Note that {u,}3, C M is bounded in H}(2). We can obtain the desired results by applying
Theorem O

5. PROOF OF LocAL CONVERGENCE

We present the proof of Theorem [B.6lin this section. Theorem [B.7] can be proved by following
the same lines (see the remark at the beginning of Section [)) and its proof is hence omitted.
Theorem [3.§] can also be proved with a similar analysis with some different technical lemmas,

which is presented in Appendix [Bl



THE GROSS-PITAEVSKII EIGENVALUE PROBLEM 15

5.1. Technical lemmas.

Lemma 5.1. Suppose that Assumption[3.3 holds. Then for any uw € M C H}(S), it holds that

* )‘0_)‘1 * 12
B — Bu) > 2 -

Y%

as long as ||u — u*||iz(9) <2.
Proof. We have
E(u) — E(u”)

:/Q (%|VU|2+%V|U|2+§|U|4) _/Q (%|Vu*|2+%l/|u*|2+§|u*|4>

= [ (19 + gyt + G ) = [ (GI90P 4 gVt + GlacPiec )
w [ (Bt = S+ 2y

Z/Q <%|Vu|2 + %V|u|2+ §|u*|2|u|2> _/Q (%WU*F i %V|u*|2+ §|u*|2|u*|2>

Let u) = (u,u*)r2(qyu* be the L?-orthogonal projection of u onto the subspace spanned by u*,
and let u; = u —u. It follows from the orthogonality that

2 2 2
Hu||HL2(Q) Flluilzz (o) = lullzz@) =1

Therefore,

[ (Gvu 4 Vi + Gupl?) = [ (G190 viu + S Plac

1 1 * *
:5( A+V+ﬂ|u|))L2(Q—§( (—A+V +Blu |2)u)L2(Q)
* 1 . A
(u” —A+V +flu |2)u||)L2(Q) T3 (ur, (A +V +Blu |2)ul)L2(Q) - 70

A1 2 Ao

27 ||“H||L2(Q) ) lurllzeqo) — >

“ 20 gy

2 L2(Q)

Notice also that
2 2 . 2
[usllz2() =1 — HUHHL2(Q) =1—|(u.u)r2(q)|
1 2 * |12 * (12 2
=1 = (Il ey + 10 sy = = w3 )
1 w2 2
=l-7 (2 —[lu—u ||L2(Q))

= By — [l — 0 gy -
L2Q) T g L2(Q)

So we have

N A1 — o " A1 — Ao .
E(up) - B(u’) 2 —5—[lu—u 1720 — g lu—u 1720
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A1 — Ao 2
2 1 u—u ||L2(Q)7

. *12
if Ju— w0y < 2 .

Lemma 5.2. Let C,, be the constant as in Theorem [31l Then there exists a constant L
depending only on Q, d, 8, V, u* and ||u0||H5(Q) such that
R *
Hle E(“‘)HH%(Q) < Lg ||u —u ”Hé(ﬂ)

holds as long as u € M and u satisfies that ||u||H(}(Q) < Cy and |lu — u*||Hé(Q) is sufficiently
small.

Proof. Denote
14 (G (Vu + Blulu), u)L2(Q)

Y= 2 )
1Ga ullgy o
and

L+ (G (Vu* + Blu*Pu*), u*) 1
(5.1) N = @

1G e w* |31 0
It holds that
HVEIE(“)HHg(sz) = HVZIE(u) - VEIE(U*)HH(%(Q)
=[w+Gm (Vu+ Blulu) = yGmu —w” = G (Vo™ + Blu”Pu”) = 4" Grnu’||
<|lu-— u*||Hé(Q) G (Vu = V')l g o) + 8 |G (u® — (u*)B)HHé(Q)
+ 1y = 1Gm ull gy )+ G (w = u*)ll g3 )
<llu =l gao) + Ca V(= v p2q) + 8 | — (“*)3"1{71(9)
T =" Callull pogqy + Cs7" llu — w12 g
<1+ CdVinax + C37") lu = 0l gy BlJu® = @)l -1 ) + Caly =71,

where we used Lemmal[£T]and the Poincaré inequality (d3]). The rest of the proof is to estimate
||’LL3 - (u*)BHH—l(Q) and |'-Y - 'Y*| We have

[0 = @) || 1) < C = ()| s
Gl )+ )

<C H(u - u*)u2||L4/3(Q) +Cs H(u - u*)uu*HL4/3(Q) C2 ||(’U, - u*)(u*)2HL4/3(Q)

=C2 </Q(U—U*) u§>% +Cy </Q(u—u*)%u%(u*)%>% +C </Q(u—u*)%(u*)%>%

* 2 * *
<Cyflu—wu ||L4(Q) ||“||L4(Q) +Cllu—u ||L4(Q) ||u||L4(Q) I ||L4(Q)

ol

* %12
+ Co |lu— || paqy 1u™ 740

<C3C; = gy ey (el ey + Il oy 1 gy + 16 )

<Ly llu = vl g () »
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where we have used (£.2) and L,, = C;C» (Cﬁ +Cy ||“*||H5(Q) + ||u*||§{é(ﬂ)>. This finishes the

estimation of Hu3 — (u*)BHH,l( Then we bound |y — v*|. Set

Q)
A= (G (Vu+ Blulw), u)LQ(Q) . A= (Gm (Vu* + B|u*|2u*),u*)L2(Q) ,
and
B = ”ngu”?{é(Q)’ B = ||gH1U*||§{5(Q)'
One has that
|A— A7
= ‘(ng (Vu)a“)m(sz) = (G (Vu"), u*)L2(Q)‘
+ 8] (G (ulPu), ) o g = (Gorr (" ), ) gy |
<[ G (V) w =) oy | + |G (Vi = Vi), u) |
B )G (), = ") |+ 8] (G (0 = (@)),07) 1o |
<||Gm (Vu)||L2(Q) llu— U*HL?(Q) + G (Vu — VU*)HL?(Q) ||U*||L2(Q)
+ B |G (u3)HL2(Q) lu—u*ll 2y + B |G (w® — (“*)S)Hm(sz) 1wl 2 )
<C3 |G (VU)HHg(m llu— U*||Hg(sz) +Cs (|G (Vu — VU*)HHg(m
+BC3 ||gH1(“3)||H(}(Q) lu = u"ll g1 ) + BCs G (u” — (u*)B)HHé(Q)
<C3 ||VU||L2(Q) flw— “*HHg(Q) + O3V (u — U*)HL2(Q)
+BC3 ||u3HH*1(Q) [ = ™[l g2 o) + BC Ju® ~ (“*)3”1{71(9)
< (208 Vi + O 52 gy + AL = gy o
=Lallu— UJ*HH(}(Q) ’
where we used (£3), Lemma [T] (ii), and
H“SHHA(Q) <G HUSHL4/3(Q) =0y Hu”i‘*(n) < CPCy ||u||ilg(sz) < CRCYCs,
and set
La = 2C5Vinax + BC3 [|u*|| 41 ) + BC3 L.
Note also that
1B = B*| = |IGm ullfy o — 19 0" 0|
< [(Grrvn, Grrs (0 = ) g | + (G (0 = 07), Gar ")y
<N1Gaull gy o) 19 (w = w) | g3 () + 19 (v = v g3 ) 19 0" | g o)

<C3 ||u||L2(Q) flw— U*HL?(Q) + O3 |lu — U*HL?(Q) HU*HL?(Q)

SQC?? lJu— U*HH(%(Q) =Lg|u— U*||Hg(sz) 5
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where L = 2C3. Then it holds that

1+4 1+4* 1
— | = - < B — B*| + B*|A — A*| + A*|B - B*
v =7 B 5| < gg |+ B |+ A7 )
1

< (LB lu — w*|| s
B*(B* = L |lu — u*|| g1 (q)) Ho ()

+B"Lalu =gy ) + A"Ls [ =" gy )

2(LB+B*LA+A*LB) "
= (B*)Q Hu_u ||Hé(£2)’

for sufficiently small |ju — u*|| i () and the proof is hence completed. O
5.2. Proof of Theorem

Proof of Theorem[3.8. Let us set

*

en =u" — U, and §, = ||€n||Hg(sz) :

Let Ly be the constant in Lemma and we assume that ¢, is small enough such that both
Lemma [5.J] and Lemma are satisfied. It can be computed that

* 2
H(“" —u*) — anvzlE(un)HHé(m
%112 * 2
=||un —u ||H5(Q) — 20 (up —u 7V§1E(un))Hé(Q) +a; valE(u")HHé(Q)
(5:2)  <(1+ L2a2)8% + 2an(en, Vi E(un)) 1 )
=1+ Liai)(ﬁ + 2an(en, Vi E(un))Hg(Q)
+ 20 (en, VEL E(uy,) — Vi E(un)) g1 (o)

It follows from

1 1
E(u*) — E(uy) :/Q <§|Vun + Ve |> + §V|un +en? + %un + en|4>

1 1 3
_ 21V 2 4 =V 2 + 2w, |4
[ (319 + VI + S
:/ (Vun -Ven, + Vupen, + B|un|2unen)
Q
1 *
+3 [ (en + View + Bla Pleal?)
3
[ (Ghunlen + et + et = Sl Plea)
0\ 2 4 2

1 *
:(en,VHlE(un))Hé(Q) + 5‘/9 (|Ven|2+V|en|2—‘,—B|u |2|€n|2)

38 B B «
b [ (Gl + et + et = Sl Plea).
Q
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that
1 *
(€ns leE(un))H(}(Q) =E(u*) - E(“n) - 5/9 (|V€n|2 + V|€n|2 + B|U |2|en|2)
(5.3)
~ [ (B tuaPlent? + Buncs + Flealt = S
Define

+ (ng (Vun + Bu2)7 un)Lz(Q)
Tn = 5 )
||gH1Un||Hg(Q)

and let v* be defined as in (G.I]). Then it holds that

(€ns Vi1 B(un) = Vi E(un)) gy) = —n (€ns Gritin) gy (o)
(5.4) == Tnlen, un)r2(0) = %ﬂ (||Un||iz(sz) + ||€n||i2(52) = Jlun + €n||i2(sz)>
D) ||€n||2L2(Q) ‘
Combining (52)), (53), and (4], we can conclude that

H Un = u*) = an Vi E(un HHl(Q

<(1+ Lja)on + 2an(E(u”) = E(un)) + @t lenl72(q)

—an [ (Veul* + View + Blu’ PleaP)
Q

3 B B .
— Qan/ (7|un|2|en|2 + Blen|?unen + Z|en|4 — §|u 1len|? ) .
Q

We have v* = A\ since

(5.5)

0=VEEW*) =Gy (—Au* +Vu* + Blu*Pu*) — v*Gmu* = (Ao —Y*)Gmu*.
The minimality of A\g yields that
(5.6) /Q Venl® + Viea + BlurPlenl® = Ao leallzz@) = 7" lenlz2(q)
It also holds that
35
= [ (S lunlenl + Blen P + Gl = BluPleal?)

1
6:7) <o [ (3 WAthW%F+Mﬁ%%+—M#>

1 _ pct
=5 [ (lealt+ glenl') = S llenllay < ZL01

We consider sufficiently small §,, such that 7, < ~v* + %, which can be guaranteed by the
proof of Lemma[5.2 It thus follows from (B.5]), (51), and Lemma [5.1] that

H(“" —u*) — a, VF E(u, HHl

/\1 — )\0 * >\1 - /\O
<1+ Ljap)dy — On——o— ||en||2L2(Q) +an (7 t ||en||2L2(Q)

Q)
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nBCY
—an [ (Feal? + Viea + 8lutPleaf?) + 225558
Q

D
§(1+L§ai)5fl+an <”y - = 1 0> ||6n||iz(sz)

nBCY
- Of’n,/ (IVen* + Vlen|* + Blu**len]?) + igl&i.
Q

If v* — % <0, then
||(un—u ) — anVHlE Up, ||H1

64

nBCH
Q+L2%5—aT/QV%F+Vm#+BWWkJ%+Q§]
Q

nBCY
§(1—|—L§ai—an)5i+ a g !

ot
If 4* — 21220 > 0, then with (5.6), it holds that
H(Un — 'LL*) _ aanlE Uy, HHI Q)
A —Xo) 1
L20) L [ (Venl 4 Ve + 8 Plea )
Q

Y
an Cil 4
2 On

<1+ Lja3)é, + an (7* -

~an [ (Veal + View? + BluPlea ) +
Q

A=A 2BCE
<(L+ Lgaq)d, — an%/ (IVenl® + Vien | + Blu*lenl?) + M%éﬁ
’ Q

_ 4
< <1+L§ag M A0) g+ sy
0

In both cases we have

[ (un —u™) = an Vi B (un HHl(Q

_ 4
< (1 + Lgai — ay, min {1, >\14)\0/\0 } + ozngCl 5,21) 62,

ie.,

H(un—u ) = an Vi B(up HHl(Q

/2

. )\1 - /\0 anﬂC4 !

< 2 2 162 _
(1 + Lya; — o, min {1, e } + 5 o On

Therefore, with R,, defined in ([.7]), it holds that

g1 < || (un — ) = an Vi E(uy HH1 + HR”HHé(m

_ 4 1/2
< (1 + L;ai — o, min {1, >\14)\0/\0 } + angcl 5721> On

gn

2
7"(0 + 0, C,)C2L252
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where ||R,|| Hi(q) 18 established using #8) and Lemma 5.2l Note that we have assumed (B.2]),

that guarantees that
A1 — Ao
max 14+ L%? —amin{1, —— < 1.
€ [Omin;¥max) { g { N }}

Thus d,, sufficiently small, we can conclude that §,+1 < Csd,, where Cs € (0,1) is a constant.

This proves the locally exponentially convergent rate. g
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APPENDIX A. EQUIVALENT NORMS

Lemma A.1 (Equivalence between ”'HHé(Q) and |[+[| ) For any u € H} (), it holds that

||U||Hg(sz) < ||U||a0(sz) < Coq ||“||H5(Q) J

where Cqy = (1 + C’P?Vmax)l/2 and Cs is the constant in the Poincaré inequality (L3).

Proof. Use the definition of ||| Hi() and [/l o () s well as the Poincaré inequality. O

Lemma A.2 (Equivalence between ”'”Hé(ﬂ) and |[-[|,,. . (o)). Let u” be the ground state of the
problem (). For any u € H{(SY), it holds that

lall s @y < Il oy < Cnne Ttllry g
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1/2
where Cq,,. = (1 + VinaxC3 + BC? ||u*||2L4(Q)) , where Cy and C3 are the constants in (@)
and ([A3), respectively.

Proof. Tt holds that
el Fas oy < ulls,. o) = /Q Vul® + Viuf® + 8lu*[[ul?
< Nz oy + Vinax el 22y + B w1710y l1ull Loy
< (1 VinaxC3 + BCE 0”1y ) Itz -
O

Lemma A.3 (Stability of |||, (q) around u*). Let u* be the ground state of the problem (LI).

For any € > 0, there exists 6(e) > 0, such that
1
o el < 2l < At llly, V2 € HY(Q),

holds for any u € H}(Q) with |ju — U*”Hg(sz) < d(e).

Proof. We have that

_ 2 *(2) 2
—ﬁ\/ﬂw *2) - 2]

* * 2
< Bllu— vl pagoy llu+ u*ll o) (1211740

<5 [Ju=wl ] o
Q

2 2
I2lla,. = ll=lla,

* * * 2
< BCH lu =g ey (210 gy + = gy ) W21, s -

Thus, it suffices to set §(e) as small enough. O

APPENDIX B. PROOF OF THEOREM B.8

We display the proof of Theorem B8 in this section. According to |20, Lemma 4.7], the
iterates {u,}>2, generated by the a,-scheme yields energy decay and hence ||uy|| Hi) S Cy
as long as amax < Cqu, where C, and C, are constants depending only on 2, d, 8, V, and

[leol| Hi(e)- We would need a similar result as Lemma (2 for which we prove the following

lemma.

Lemma B.1. Let u* be the ground state of the problem (III). For any u € M with ||u||Hé(Q) <
Cly, it holds that

Ga,tt = Ga,-u'll, . o) < Lo lu—u™ll, . (o)
where Lg = (c;f‘ + BCACs (cu + ||u*||Hé(Q))).
Proof. Denote g = G,,u and g* = G, . u*. Then
~Ag+Vg+Blulg=u, —Ag*+Vg" +Blu*fPg" = u",
which lead to

~A(g=g")+ V(g —g") + Blu (g — g") = (u—u) + B(Ju"[* = |uf*)g.
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Therefore,

lg —g*12 . o) = /Q(u —u*)(g—g°) + /Q Blu? = [u*)g(g - g)
<lu=w 20y 19 = 97l L2
+ Bllu—u*lpagqy llu+ ull pa) 9l s 19 = 971 Lagey
< C?% [lw— U*Hau*(ﬂ) lg — Q*Hau* Q)
+ BCH lu - U*HHg(m Ju+ U*HH(%(Q) ||9||H5(Q) llg — g*HHé(Q) ;
where we used (£3) and (@I]). This implies that

19 =9 lla,. @) < (C:)? +8CY¢ (Cu + ||U'*||Hé(ﬂ)) ||9||H5(Q)) lu = v, ) -

Then we can obtain the desired results by noticing

(B.1) ||gauu||Hg(Q) = ||9||H5(Q) < Cs,

from

||9||12r{3(9) <lgllz. @) = (Gautts 9)aro)

= (w,9)r2(0) < ||U||L2(Q) ||g||L2(Q) <Cs ||9||H(}(Q)

The next lemma establishes a similar estimate as in Lemima,

Lemma B.2. There exists some constant L, depending only on Q, d, 8, V, u* and ||u0||Hé(Q)
such that
VR E(u

< Lgllu—u"

Ha () Ay (Q)

holds for all w € M as long as ||“||H5(Q) < Cy and lu—u*|,, . ) is sufficiently small.
Proof. Denote

IR 1
1Ga,ull2, @) (Gauths W) 20y’

")/ =
and
1 B 1
IIQGu*u*Hiu*(Q) (Gae %, U%) 2y

By (&3), (B), and Lemma [B] one has that

*

’y:

‘(gauuvu)p(m - (gau*U*vU*)m(Q)‘
< ‘(gauu,u - u*)Lg(Q)‘ + }(gauu = G, " 0%) 2
<G, ullp2q) e = u*ll o) + 19aut = G v [ 2 107 | 120
<C3 [Ga, ull gy ) lw =, o) + C319a,tt = Ga,- v, . (0
<(C3 + C3Lg) llu —u*|l,,. (o »
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and hence that

‘(gauua U)L2(Q) = (Ga,-u", U*)m(sz)

(Ga, 1) 120y (Ga,- 055 0) 2o

Iy ="l = <Ly flu = v, @
u= ()

for some constant L. and sufficiently small [ju —u*[|, . q). Then it holds that
HVELE(U)H%* Q)
— VR E(w) = V. B@)|, g = 4= 1Gest =0 477G "l 0
<lw = wlla,. @) + 17 =71 1Gautlla,. @) + 7" [Gautt = G- vy,
<1+ LyCa,.Cs+ 7" Lg) [lu—u"[l, . ()
where we used (B.I)), Lemma[A.2] and Lemma [B1l O

Proof of Theorem[Z.8. Denote
1

(gaun Un s un)Lz(Q) -

en =U"—Un, On=lenll, ., and yn=

We assume that uy, is close enough in ||| 1) to u* so that the results in Lemma A3 and
Lemma are true with sufficiently small e satisfying

AL — A
max (1462 ( (14621 + L% —amin{ 1, 2222 <1
o€ [Amin;¥max g 4

It can be computed that

2
H(un —u*) — aanunE(un)

Quy (2)
2
< = w2, (o)~ 20n (w0 — 0, VR E(un)) 4ol

Qup, (2)

Vfun E(up)

au, (9)
<(1+€)*(1 4 Lya3)ok + 2an(en, VY, E(un))a

1+ 6)2(1 + Lgai)(ﬁ + 2a,(€n, un)aun (©) — 200 Tn (en, Ga., u")aun(ﬂ) .

Un

By some computations similar to those in the proof of Theorem B.6] it holds for sufficiently
small ¢, that

H(un —u") — anVqunE(un) ’

Gy (€2)
A1 — A W BCE
< <(1 +e)*(1+ L2%a?2) —oznmin{l, 14% 0} +2 g 1 53) 52,
and hence that
H(u” — ) — oV, Eun) g+ (Q)

_ 4 1/2
)\1 )\0} + anBC ) 5n

< 2 2 2\ _ . 152
<(1+¢) ((14—&) (1+Lyas;,) anmln{l, e 5 5

Note that
Upt1 = R (un — aanun E(un)> = (un — aanunE(un)) + R,
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where
R, = (un - anvz;nE(un)) -R (un - anvZ}un E(un)) ,

can be estimated similar to Lemma that

o

2

2
<

an E(up)

n

Hun — anVqun E(up)

[1Rnlla,.

L2(Q) au= ()

IN

0431 22
7[495"(0@“* Ou + anLg5n).

Then we can conclude the locally exponential convergence rate via

it < (= w) = @ VE B(un)||  + 1Rl
Qg%

_ 4 1/2
<(1+e) ((1 +e)2(1+ Lga%) — o, min {1, )\24>\*)\1 } + angCl (5,21) on

2
an
=+ 7[/36721(0(1“* Ou + Oang5n)

§C55na
where Cs € (0,1) and ¢, is sufficiently small. O
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