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Fano resonances in all-dielectric electromagnetic metasurfaces

Habib Ammari* Bowen Lif Hongjie Lit Jun Zou®

Abstract

We are interested in the resonant electromagnetic (EM) scattering by all-dielectric metasurfaces made of a
two-dimensional lattice of nanoparticles with high refractive indices. In [Ammari et al., Trans. AMS, 376 (2023),
39-90], it has been shown that a single high-index nanoresonator can couple with the incident wave and exhibit a
strong magnetic dipole response. Recent physics experiments reveal that when the particles are arranged in certain
periodic configurations, they may have different anomalous scattering effects in the macroscopic scale, compared to
the single-particle case. In this work, we shall develop a rigorous mathematical framework for analyzing the resonant
behaviors of all-dielectric metasurfaces. We start with the characterization of subwavelength scattering resonances
in such a periodic setting and their asymptotic expansions in terms of the refractive index of the nanoparticles.
Then we show that real resonances always exist below the essential spectrum of the periodic Maxwell operator
and that they are the simple poles of the scattering resolvent with the exponentially decaying resonant modes. By
using group theory, we discuss the implications of the symmetry of the metasurface on the subwavelength band
functions and their associated eigenfunctions. For the symmetric metasurfaces with the normal incidence, we use a
variational method to show the existence of embedded eigenvalues (i.e., real subwavelength resonances embedded
in the continuous radiation spectrum). Furthermore, we break the configuration symmetry either by introducing a
small deformation of particles or by slightly deviating from the normal incidence and prove that Fano-type reflection
and transmission anomalies can arise in both of these scenarios.
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high-contrast nanoparticles
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1 Introduction

The study of electromagnetic metamaterials has been a very topical subject in the field of nanophotonics over the
last few years, due to their great potential in wavefront control, field concentration, and light focusing at subwavelength
scales [21,56,90]. The plasmonic nanoresonators (e.g., metallic nanoparticles) are one of the widely used building blocks
for novel optical metamaterials [69]; see the monograph [6] and the references therein for mathematical treatment.
However, the practical applications of the plasmonic metamaterials are severely limited by the heat dissipation induced
by the imaginary part of the electric permittivity in the visible light range. This motivates physicists and engineers
to search for alternatives to the plasmonic elements. Recently, dielectric nanoresonators (e.g., silicon nanoparticles)
have received considerable attention for their low intrinsic losses and high electric permittivity. It was experimentally
demonstrated in [30,32,54,63] that a single silicon nanoparticle can resonate in the optical realm with a high Q-factor
(i.e., the so-called dielectric resonances), and the excited electric and magnetic dipole moments can have comparable
order of magnitudes. Such properties are desirable and attractive in many applications in imaging science, material
science, and wireless communications, and lead to a superior performance of the all-dielectric metamaterials over the
lossy plasmonic devices [8,44, 50,54, 81]. For the case of spherical nanoparticles, the dielectric resonance can be well
understood by the Mie scattering theory [86], while for the TM or TE polarization case, the quasi-static dielectric
resonance is equivalent to the eigenvalue problem for the Newtonian potential [2]; see also [64] for the discussion on the
nonlinear Kerr-type material. The complete mathematical theories for the cases of a single dielectric nanoparticle and
a cluster of dielectric nanoparticles with the full Maxwell’s equations have been achieved in [9] and [20], respectively.

Metasurfaces are two-dimensional composite materials with thicknesses much smaller than the operating wave-
length, which enable the complete control of the phase, amplitude, and polarization of the scattered wave [43,55,83].
We refer the readers to [1,5,7,57] for recent mathematical results on plasmonic metasurfaces and bubble meta-screens.
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Thanks to the unique optical properties of the resonant dielectric nanoparticles, great effort has also been made to
develop all-dielectric metasurfaces for realizing high-efficiency light manipulation. The current work is mainly moti-
vated by [49,58], where the authors designed a class of dielectric metasurfaces with broken in-plane symmetry that
can support the bound states in the continuum and allow the Fano-type transmission and reflection. Fano resonance is
a special resonant scattering phenomenon corresponding to the asymmetric resonance peaks in transmission spectra,
initially investigated by Ugo Fano [31] in quantum mechanics. Such phenomenon has been extensively explored for
various photonic periodic structures since the 1990s [59,71]. The basic physical origin of the Fano resonance lies in
the interference between the continuous state in the background and the discrete resonant state from the scattering
system, as pointed out by Fano in his original work [31]. Mathematically, it is closely related to the resonances embed-
ded in the continuous spectrum of the underlying operators of the interested models and the associated bound states
in the continuum (BICs), which are generally nonrobust with respect to the perturbations. In more detail, for the
ideal system where the embedded eigenvalues exist, the BICs are the resonant states localized to the nanoresonators
and decoupled from the far field. When the system is slightly perturbed, the embedded eigenvalue will be shifted
into the lower complex half-plane with a small imaginary part, and the bound states become leaky and will interact
with the broad background radiation, which gives rise to the sharp transmission peaks and dips. This mechanism has
been utilized in many nanophotonic materials, e.g., the metallic slab with arrays of subwavelength holes [42,91], the
plasmonic metasurface [62], and the arrays of dielectric spheres and rods [17,19, 76].

The existence of embedded eigenvalues (equivalently, BICs) for the EM grating of periodic conductors was first
rigorously proved by Bonnet-Bendhia and Starling [14] under some symmetry assumptions. Their arguments are
based on a variational formulation of the problem with some ideas borrowed from the earlier work by Nédélec and
Starling [67]. Later, Shipman and Volkov [72] characterized the robust and nonrobust bound states for the homogeneous
periodic slabs and gave sufficient conditions for the nonexistence of guided modes. Moreover, in [71,73-75], Shipman
et al. considered the asymptotics of the embedded eigenvalues with respect to the perturbation of the Bloch wave
vector (which breaks the symmetry of the grating) and analyzed the Fano-type transmission anomalies by the analytic
perturbation theory. Recently, Lin et al. [60] quantitatively investigated the Fano resonance phenomenon and the
field enhancement in the setting of a metallic grating with subwavelength slits by using layer potential techniques. In
their subsequent work [61], they focused on the case of the perfectly conducting grating with strongly coupled slits
and analyzed the BICs and the corresponding Fano resonances. A similar configuration for the bubble meta-screen
was discussed in [3], where Ammari et al. used the capacitance matrix to explicitly approximate the scattering matrix
and justify the Fano-type anomalies. In all of these works [3,60,61], the authors showed that there exist two classes
of subwavelength resonances, where one of them has a much smaller imaginary part than the other one. The discrete
resonant state corresponds to the resonance with the larger imaginary part and gives a broad resonance peak, while
the continuum state with the smaller imaginary part is perturbed from the bound state and has a narrow resonance
peak. It is exactly the hybridization of these two states that gives rise to a Fano transmission phenomenon. However,
the rigorous analysis for the full Maxwell system has not been well developed yet. We are aiming to fill this gap.

In this work, we will establish a unified mathematical framework for EM resonant scattering by asymmetric
dielectric metasurfaces of nanoparticles with high refractive indices. For such structures, the BICs and the Fano
resonances have been experimentally reported in [49]. Our analysis is based on both the variational method and the
Lippmann-Schwinger equation for the full Maxwell’s equations. As in the case of the single dielectric nanoparticles [9],
the dielectric resonances are defined as the complex poles of the scattering resolvent of the Maxwell operator, which are
located in the lower complex plane {w € C; Jmw < 0}. We shall be particularly interested in the real subwavelength
dielectric resonances. For convenience, we will use the words real resonances and eigenvalues interchangeably in what
follows, if there is no confusion. In Section 2, we start with the notion of the subwavelength scattering resonances in
the periodic setting. We prove that the real resonances are the simple poles of the resolvent of the volume integral
operator for the EM scattering problem and that the associated resonant mode exponentially decays in the far field and
is decoupled from the incoming wave; see Propositions 2.5 and 2.6. Hence, we can relate the real scattering resonances
to the eigenvalue problem of the unbounded Maxwell operator on the L?-space. We proceed to characterize the
essential spectrum of the periodic Maxwell operator, which turns out to be the continuous radiation spectrum, and
show that there is always a discrete eigenvalue below the infimum of the essential spectrum; see Theorem 2.8. However,
the resonant states for the eigenvalue below the essential spectrum do not interact with the background radiation, and
thus would not induce any Fano-type resonance phenomenon.

As discussed above, the desired bound states in the continuum correspond to the real scattering resonances embed-
ded in the continuous essential spectrum, the existence of which is a difficult task and usually depends on the additional
structure of the configuration, e.g., the symmetry assumption. In this work, we mainly focus on the in-plane inversion
symmetry (3.1) motivated by the physical setup [49,58]. In Section 2.2, we discuss the general symmetry properties
of the dielectric metasurfaces by using the representation theory of the symmetry group and its consequences on the
resonances and the resonant modes. With these preparations, in Section 3, we manage to show the existence of the
real subwavelength resonances which are embedded in the continuous spectrum in the high contrast regime (i.e., the
refractive indices of the nanoparticles are large enough), under the normal incidence and a mild assumption on the



limiting problem; see Theorem 3.8. In doing so, we adopt the regularized variational formulation for the EM scattering
problem [12,13] and follow the analysis framework of [14,71] for the acoustic case. It is worth emphasizing that our
arguments are much more involved with the main difficulty coming from the infinite-dimensional kernel of the curl
operator. In addition, to justify that the real resonance is in the subwavelength regime for the large contrast, it
is necessary to investigate the limiting eigenvalue problem, for which we exploit the techniques from [37, 78] on the
convergence of the monotone sesquilinear form.

It is known that the bound states associated with such embedded eigenvalues are unstable with respect to the
perturbation of the metasurface that destroys the symmetry (3.1). In Section 4, we slightly perturb the normal
incidence and the symmetric dielectric metasurface by a deformation field as in [49,58]. In this case, the BICs become
the quasi-modes with finite Q-factors. We shall show that for the perturbed asymmetric metasurface, the reflection
energy could present a sharp asymmetric shape of Fano-type. For this, we first derive the asymptotic expansions
of the subwavelength resonances with respect to the high contrast in Theorem 4.3. Then, we calculate the shape
derivative of the leading-order approximation of the subwavelength resonance; see Proposition 4.5. This allows us
to find the asymptotics of the resonances for the perturbed metasurface in Corollary 4.6, where we assume that the
eigenspace of the leading-order operator is spanned by a symmetric field and an antisymmetric one for simplicity.
To quantify the expected Fano resonance phenomenon, we calculate the quasi-static approximation of the scattered
polarization vectors that uniformly holds for the incident frequencies near the resonances, which readily implies the
asymptotic expansion of the reflection and transmission energy; see Corollary 4.8. Thanks to the energy conservation
property, we only focus on the reflection energy and demonstrate that it can be effectively described by the classical
Fano formula [49, 71], meaning that there is a sharp asymmetric line shape in the reflection spectrum.

Notations

e We write (2, x3) for & = (21,72, 73) € R® with 2’ = (21,22) € R? and 23 € R.

e We employ standard asymptotic notations: for f in a normed vector space, we denote f = O(e) if || f|| < Cle|
holds for a constant C' > 0 independent of €, and f = o(e) if || f||/|e] = 0 as € — 0. Moreover, for real a,b > 0,
we write a < b if a < Cb for a sufficiently small constant C independent of a,b, and a > b if a > Cb for large
enough C independent of a, b.

e Let A be a two-dimensional lattice generated by the vectors vy, vy € R?:

A= {”yeRQ; ¥ = n1v1 + nava, niEZ},
with the fundamental cell Y:
Y = {7 ER?; v =cv +cava, ¢ € [—1/2, 1/2]}.
For simplicity, the area of Y is assumed to be one, i.e., |Y| = 1. We also define some fundamental cells in R? by
Yoo =Y xR, Yp:=Y x[-h,h], forh>0,
for later use. Moreover, we introduce the reciprocal lattice A* by
A*S:{L]GRQ;(]"‘)/EQWZ forany’yEA}, (1.1)
and the first Brillouin zone of A* by
B:={aeR? |a| <|a—q| VgeA}. (1.2)
e A function (or vector field) f on R? is a-quasi-periodic (o € R?) in variables 1 and x5 if
fla+(7,0) =€ f(z), ~veA. (1.3)

e We use the standard Sobolev spaces on a three-dimensional domain D C R? or a two-dimensional surface ¥ C R3.
The bold typeface is used to indicate the spaces of vector fields, e.g., L2(D) is the space of L-integrable vector
fields on D. We use the subscript loc to denote the spaces of locally integrable functions (fields), and the subscript
a to denote the Sobolev spaces of a-quasi-periodic functions (fields), e.g.,

H,, joc(curl, Yoo) := {¢ € L} (Yoo ; curlp € L7 (Vo) , ¢ satisfies (1.3)} .

In the case of a = 0, we have the spaces of periodic functions and shall use the subscript p to avoid confusion, e.g.,
the space H;(Yh) consists of periodic H!-fields. In addition, we use the subscript 7 to denote the tangential vector
fields on the surface ¥, e.g., H7'*(curl, ) := {¢ € H;*(X); curlsp € H~/*(X)}, where curly, is the surface
scalar curl. We refer the readers to [66] for the definition of surface differential operators. In particular, for the



reader’s convenience, we recall the space of divergence-free vector fields H(div0, D) = {¢ € L?(D); divy = 0}
and its subspace of fields with vanishing normal traces:

H(div0, D) = {¢ € H(div0,D); v-¢ =0 on 0D} .
We also need the weighted L2-space: for a nonnegative function ¢ € L*°(Y,,),
L2 .(Yo) :={f; [ is a measurable vector field satisfying (1.3) and ¢|f|* € L' (Yao)} .
Similarly, we define
H, (;div0, Yoo) := {f € L2 .(Yao); div(ef) =0} . (1.4)
The tangential component trace for a H (curl)-vector field is defined by
me(u) = (v X u) X v. (1.5)

e For two Banach spaces X and Y, we denote by £(X,Y’) the bounded linear operators from X to Y, or simply
by £(X) if Y = X. We write ||||x for the norm on the space X, or simply, write ||-||, when no confusion is
caused. In particular, for notation simplicity, we denote by (-,-)p the L2-inner product on D, and by (-,-): p
the weighted L2-inner product on D, i.e., (f,9)e.p = In e fg dx, while the standard complex dual pairing on the
surface ¥ is denoted by (-, )x.

2 Scattering resonances of all-dielectric metasurfaces

In this section, we consider the resonant electromagnetic (EM) scattering by periodically distributed dielectric
nanoparticles with high refractive indices. We will first define the scattering resonances as the poles of the associated
scattering resolvent and introduce the band dispersion functions. Then in Section 2.1, we show that the real resonances
are the simple poles of the resolvent and the corresponding resonant modes are exponentially decaying in the far field.
We also prove that the real resonances always exist below the light line when the refractive index of the nanoparticle
is larger than the background. In Section 2.2, we provide some general results on the symmetry properties of the band
function and the multiplicity of the scattering resonance based on the symmetry group of the metasurface.

We begin with the formulation of the periodic electromagnetic scattering problem. Suppose that the nanoparticles,
denoted as D, are contained inside Y}, for some h > 0, where D is a bounded open set with a smooth boundary 0D,
a unit outer normal vector v, and a characteristic size of order one. The all-dielectric metasurface is defined as the
collection of nanoparticles that are periodically distributed on the lattice A, which is denoted by

D:=J (D+(0). (2.1)

yEA

Moreover, we assume that the nanoparticles are non-magnetic (i.e., the magnetic permeability u = 1 on R?) and have
the electric permittivity of the form:

e=14+7xp, 7>1, onR3, (2.2)

where xp is the characteristic function of the set D, and 7 € R is the contrast parameter. From the standard
Floquet-Bloch theory [47,51,53], the EM scattering problem by the lattice of the nanoresonators D can be modeled
by the following family of a-quasi-periodic scattering problems. Letting (E¢, H*) be an a-quasi-periodic incident field
satisfying the homogeneous Maxwell’s equations, we consider

Vx E=iwH in R3\0D,

V x H = —iweE in R*\0D,

[vxEl=[vxH]=0 ondD, (2.3)
(E,H) satisfies the a-quasi-periodic condition (1.3),

(E — E',H — HY) satisfies the outgoing radiation condition as zz — oo,

where the radiation condition is given by the Rayleigh-Bloch expansion [14,47]:

Z E,(h, a)ei(o“rq)'””/eim(zrh) , for x3 > h,

B xs5) = § N } o (2.4)
Z E,(—h, oz)el(o""q)'m e~ Pal@sth) for z3 < —h,
qEA*



where for ¢ € A*,

By =&k — ot P, (2.5)
and E,(£h, ) is the Fourier coefficient of e*** E on x3 = +h:

1

E,(£h,a) := @2

/ e T B(a! +h)e 4 da . (2.6)
Y

Here and in what follows, the square root /- is chosen with positive real or positive imaginary parts, and we always
assume that for a fixed a € B, there holds

w? ¢ Z(a) = {la+q*; g€ A7},

which guarantees that 3, is well defined and 3, # 0.
For our analysis of the scattering problem (2.3), let us first introduce the quasi-periodic Green’s function by

1 , '
Go(a) = 5 3 iy el il (27)
qEA*

which is the fundamental solution to the equation:

—(A+w?)G*(x) =D d(x — (7,0))e", (2.8)
yEA

satisfying the outgoing condition (2.4). Then, we define the vector potentials:

K% Lo] = /D GO (. y)p(y)dy . TA(D) — B2, (Vo). (2.9)

and
Tg’w[gp] = (w2 + Vdiv)/C%’w[ga] : L2(D) — Hy joc(curl, Yoo ) . (2.10)

By definition, it is easy to check that 7;°“[¢] is a-quasi-periodic and satisfies the equation:
(VxVx—w)T5*[p] =w?oxp onR?, (2.11)
and the Rayleigh-Bloch expansion (2.4). Then the Lippmann-Schwinger equation for (2.3) readily follows:
E*:=E—-E' =7T5“[E] onR3. (2.12)
We recall the Helmholtz decomposition for L?-vector fields [10, 33]:
L?*(D) = VH}(D) @ H(div0, D) = VH} (D) @ Ho(div0, D) & W, (2.13)

where W is the space of the gradients of harmonic H!-functions. It is known [9,24,25] that for o € C? and w € C
with w? ¢ Z(a), VH} (D) and H(div0, D) are invariant subspaces of 7,5 with 75’ w[ | = —V[QSXD] for ¢ € H}(D).
Moreover, the spectrum o (7;*) is a disjoint union of the essential spectrum o¢ss(75°“) = {—1,0, —3} and the discrete
spectrum og;sc(75). We then define

A (oyw) =771 = T5¥ : H(div0, D) — H(div0, D), (2.14)

which is an operator-valued analytic function on the set {(7,a,w) € C*; |7| > 1, w? ¢ Z(a)}. By the multidimen-
sional analytic Fredholm theorem [52,82,84], we have the following bas1c lemma.

Lemma 2.1. The set of poles of the resolvent (A, (a,w))~t:
QA (o, w)) = {(1,q,w) €C*; 7] > 1, w® ¢ Z(a), Ar(a,w) is not invertible} (2.15)

is either empty, or an analytic subset of C* of codimension 1 (that is, it is locally given by the zeros of an analytic
function in the variables T, «, and w).



It is straightforward to follow [9, Section 2] to introduce the scattering resolvent for the problem (2.3) and show
that its poles are the same as those of A, (c, -) ™!, which we call the scattering resonances of the dielectric metasurface.
Then by Lemma 2.1, we see that the slice of the set Q(A;(a,w)) (2.15) at (a,7), denoted by Q(A;(a,w))|(a,r), gives
the discrete set of resonant frequencies w; for the problem (2.3):

{wj(a, 7)}i>0 = QA (o, w))l(a,7) -

For each j, the resonance w;(a, 7), as a function in o € B, is Lipschitz continuous and known as the band dispersion
function [53]. In this work, we are mainly interested in the resonances in the subwavelength regime, i.e., those w; < 1.
In analogy with the analysis in [9, Section 3], we have the following asymptotic result for the subwavelength band
function w; (e, 7). Let P4 and Py be the orthogonal projections for the decomposition (2.13):

P4 : L%(D) — Ho(div0, D), Py :L3*(D)— W. (2.16)

Theorem 2.2. In the high contrast regime (2.2), the subwavelength resonances for the scattering problem (2.3) exist
with the asymptotic form: as T — oo,
1

A /T/\JO/

where the remainder term is complez, and X§ is an eigenvalue of the compact self-adjoint operator ]P’dIC%’O]P’d.

Wj(avT) = +O(7—71)7

2.1 Real resonances and Bound states

It is clear that for a fixed o € B, at each resonance w;(«,7), there are nonzero solutions (E, H) to (2.3) with
(E', H") = 0, which are called Bloch modes. We will first prove in Proposition 2.5 that when the resonant frequency
is real, the associated Bloch modes exponentially decay and hence do not couple to the far field. The argument is
standard and based on the variational method. It follows that in this case, the resonant modes are bounded with
respect to the L2-norm and usually referred to as the bound states.

We start with the introduction of the EM Dirichlet to Neumann (DtN) operators 7. We denote

Yup =Y x{*h}={zeR®, 2/ €Y, a3 ==4h}, forh>0.
and
Y=Y UX 5.

Definition 2.3. Let ¢ € H;IT/Q (curl, ¥4) be an a-quasi-periodic tangent field on ¥4, with the Fourier expansion:

p(a',£h) = Z (¢q; O)ei(a—iﬂ)w/ , 9q = (P10, p2,4) €RZ.
qeEN*

The DtN operator .7 : H;lT/2 (curl,¥yp) — H;lT/2(div, Y 4p) is defined by

To =3 (Tp)g0)erD", (2.17)

geEN*

where the coefficients (7 ), € R?, ¢ € A*, are given by

(T¢)q = w%q{ﬁﬁsoq + ((a+q) - eg)la+q)}.

With the help of the operator .7, one can readily obtain the variational formulation for the resonance problem:
find (w, E) € C x Hy(curl, Y},) with w? ¢ Z(«) such that

Bo.rw(p, E) := (curly, curlE)y, — wz(go,aE)yh —iw(m(p), Tme(E))s =0, Vo € Hy(curl,Yy,), (2.18)

where (-, )s = (-, )s, + {-,-)=_,, and the trace m;(-) is given in (1.5). We note from Definition 2.3 that

o, T0)ne = 3 — B0 Tat (04 @) w)a+a) 7, Ve e H Y (wl, Su),  (219)
qEA* q



which implies

) Tathsar = 3 — {8215l + (e + ) - gl } (2.20)

qEA* CUBq
Given a € B and w € R, we introduce the following subsets of the reciprocal lattice A*:
Api={qgeA; w*>|a+ql’}, Af={geA"; w® <|a+q’}, (2.21)

and define the associated operators 7% and .7¢ as in (2.17) but with the sums over A% and A%, respectively. By
definition, we have that A% is a finite set with 3, > 0 for ¢ € A%, while for ¢ € A%, 3, is purely imaginary. Then,
recalling the Rayleigh-Bloch expansion, it is clear that A% corresponds to the propagating modes, and A} is for the
exponentially decaying modes. Note that equations w? = |a + ¢|? with ¢ € A* separate the (w, ) plane into regions
where the wave has different radiation behaviors as |z3| — co. For « € B, by definition (1.2), we have that the minimal
|ae + ¢| is given by |a, which is the so-called light line [15, 18], namely,

la| = qien/f* la+ ¢ . (2.22)

The following lemma is a simple consequence of (2.19) and (2.20).

Lemma 2.4. Let w # 0 € R and o € B with w* ¢ Z(a). For i, ¢ € H;71T/2(cur1, Y14), it holds that

<907 _iyg¢>2ih = <_iyg(p7¢>2ih ) <y7)(p7¢>2ih = <(P, 9P¢>Zih .

Moreover, we have

<1/}5 yp1/)>2ih, 2 0.

Proposition 2.5. Let w be a resonant frequency for o € B with w? ¢ Z(a), and E € H, joc(curl, Yoo ) be the associated
Bloch mode with the expansion (2.4). Then w is real if and only if E exponentially decays as x5 — oo. In this case,
we have E € Hy(curl, Yoo).

Proof. Suppose that (w, F) solves the variational problem (2.18). It implies
Im By rw(E, E) = =Omiw(m(E), Tm(E))s = —Rew(m(E), T (E))s =0.

We hence have Re(m(E), T (E))s = (m(E), 7P m(E))s = 0 by formulas (2.5) and (2.20) and the definition of 77.
Then it follows from Lemma 2.4 that the coeflicients (m;(F)), for ¢ € A% on X4y, vanish. Recalling the Rayleigh-Bloch
expansion (2.4) and divE = 0 on Y. \Ys, we obtain the exponential decay of the resonant mode E when z3 — oo.
Conversely, suppose that the Bloch mode F exponentially decays in the far field. Then, we have that for any suitably
large h, the restriction of E to Y}, satisfies (2.18) with (m(E), 7m(E))s — 0 as h — oo, by formulas (2.6) and
(2.20), and the exponential decay of E. Thus, there holds (curlE, curlE)y, — w?(E,eE)y, = 0, which readily gives
E e H,(curl, Y) and w € R. O

We proceed to prove that the real resonances are the simple poles of the scattering resolvent, which means that for
a real resonance, its algebraic multiplicity equals to its geometric multiplicity [29,34,35]. For the reader’s convenience,
let us first recall some related concepts, following [35]. Suppose that A()) is an operator-valued analytic function
from a neighborhood N.()\g) of Ao € C to £(H), where H is a Banach space. \g is a pole of A(X\)~! means that
there exists an analytic function ¢(X\) : Ne(Ag) — H, called a root function for A(X) at Ag, such that ¢(Ag) # 0
and A(Mg)d(Ag) = 0. Tt is clear that ¢()\g) is an eigenvector of A()\g), and we define the geometric multiplicity
of Ao by dimker(A(X)). By analyticity, we have A(AN)@d(A) = (A — Xo)™(N) for some m > 0 with ¥(Xg) # 0
and call the number m the multiplicity of the root function ¢()\). We define the rank of an eigenvector ¢y by
rank(¢o) := {m(¢); #()\) is a root function with ¢(\g) = ¢o}. Let {¢}} be an orthogonal set of eigenvectors that
span ker(A(Xo)) with the property: rank(%) is the maximum of the ranks of all ¢ in the orthogonal complement of
span{@} ..., ¢ '} in ker(A(Xg)). We then define the algebraic multiplicity of Ao by Y, rank(¢}).

Proposition 2.6. For a fived o € B, the real resonances are the simple poles of A, (a,w)™L.

Proof. Let wy be a real resonance, i.e., a real pole of A, (a,w)~!. By definition, it suffices to prove that for any
eigenfunction Ey € ker(A;(a,wp)), its rank equals to one. For this, without loss of generality, we assume that Ej is
well defined on Y, and exponentially decays as x3 — oo, by considering 75" [Ep] and Proposition 2.5. Let E(w) be

an associated root function with Ey = E(wg). We write

A (o, w)[E(w)] = (w — wo)Y(w) . (2.23)



We will show that ¢ (wp) # 0, which gives rank(Fy) = 1 and thus completes the proof. Noting that Ey € H,(curl, Ys)
exponentially decays, by integration by parts, it holds that, for w € C near wy,

0= (T5“[¢],V x V x Eg — wieEo)y..
= (VX VxTp*[¢], Eo)v., — wi(T5[¢),eEo)y,
= (WT5“l¢] + w*oxp, Eo)yv.. —wo(T5“[¢], (1 + 7xp)Eo)y.. . Ve € H(div0, D),

where the last step follows from (2.11). Then we obtain
(wW*oxD, Eo)y., — 705 (T5 ™[], xp Eo)ya, = (g — w?)TH“[¢], Bo)y.. - (2.24)
Taking ¢ = E(w) in the above formula (2.24) and using (2.23) gives
(@2 — wB)E(w), Eo)p + r((w — wo)b (), Bo)p = (@& — )T “[E@)], Fo)y..
which further implies, by eliminating the factor w — wg and letting w = wy,

2wo(E(wo), Eo)p + Twi (¥ (wo), Eo)p = —2wo(T5“°[E(wo)], Eo)va.

= 27w (E(wo), o)y, - (2.25)
If ¢ (wo) = 0, we obtain from (2.25) that 7||Egl|3, = — | Eol|3_. It follows that Ey = 0, which is a contradiction. Hence,
¥(wo) # 0 and the proof is complete. O

An immediate and important follow-up question is the existence of real resonances, which will be the main focus
of the remaining section and Section 3. We next prove that there always exist real resonances below the light line
|a], by extending Theorem 4.1 and Theorem 4.4 of [14] for the scalar case; see Theorem 2.8. For this purpose, we
define the Maxwell operator by M. (a) := 7! (Vx)? with the domain dom(M.(a)) given by the space CZ,(Yoo)
of quasi-periodic smooth fields with compact support, which is a densely defined positive unbounded operator on
ng__. (Yoo). We claim that by Friedrichs extension [77], the operator M. admits a self-adjoint extension. Indeed, we
consider the following sesquilinear unbounded form on L2 _(Y):

aa,E(‘Pa E) = (¢, ME(Q)E)E,YOO + (907 E)E,Yoo
=(Vxp,VxE)y, +(p,el)y,, VE ¢eC, (V).

Clearly, aq (-, ") defines an inner product on dom(M,.(«)), and the completed space dom(./\/ls(a))aa’E is nothing else
than H, (curl, Yy ), and hence aq (-, -) is Hqy (curl, Yoo )-elliptic. Then, by Riesz representation, we define the operator
Nae 1 dom(Ny o) = L2 (Vo) satisfying that for E € dom (N, 2) and ¢ € Hy (curl, Yao),

tae(p E) = (0 Nae(E)), y_ (2.26)
where the domain of NV, . is given by
dom(Ny e) := {E € Hy(curl,Yoo) ; ¢ — @a,-(ip, E) is continuous on Hy (curl, Yoo) w.r.t. L2-topology} .

Note that (Vx ¢, V x E)y,_ is continuous in ¢ € H, (curl, Ys,) w.r.t. L2-topology if and only if there exists ¢ € L2 (Yx)

oo

such that (V x ¢,V x E)y,_ = (¢, %)y.,. We hence have
dom(Nyc) = {E € L2(Ya); curl E € L2 (Ys), curleurl B € L2 (Yoo) } (2.27)
and the Friedrichs extension allows us to conclude the following lemma.

Lemma 2.7. The operator Ny : dom(Noe) — L2 (Yoo) defined in (2.26) is bijective, positive, and self-adjoint on
L2 . (Yoo) with N € L(L2 .(Yao)). In particular, the positive operator Noc — 1 is the self-adjoint extension of the
Mazwell operator M. (c).

Recalling Proposition 2.5 above, it is easy to see that w # 0 is a real resonance if and only if w? is an eigenvalue
of M. («) with eigenfunctions in Hy, (¢;div0, Y ) (cf. (1.4)). Therefore, for the existence of real resonances, it suffices
to investigate the spectral properties of the self-adjoint operator M. («) on H,(g;div0, Y ):

M (a) : dom(M,(a)) = Hy(g;div0,Yy), with dom(M.(a)) := dom(N, ) N He(g;div0, Yy) . (2.28)



We define, for n > 1,

pin(T) = sup inf (s Me(@))e veo
An=1-40m o pedom(M.(a))
fed s Cdom(Me(a)) | SEdmUtel0))

{(VX%VX@YOO

oo @ e € dom(Me(@)), o Lgi, 1Si<n—1}, (2.29)

=sup inf

wi P

which is a decreasing function in 7 > 0. By the min-max principle for self-adjoint operators [79, Theorem XIII.1], we

have that for each n, either u, = inf{\; A € gess(Mc())} and in this case p,, = p, for any m > n, or p,, is the nth
eigenvalue of M. («) counting multiplicity with p, < inf{\; A € gess(Mc(a))}.

In Theorem 2.8 below, we characterize the essential spectrum of the Maxwell operator o.ss(M(«)) and show the
existence of discrete eigenvalues of M. (a) below |a|?, equivalently, the real resonances exist below the light line |a|.
For ease of exposition, we recall the Weyl’s criterion for the essential spectrum [41, Theorem 7.2]: X € 0ess(Mc()) if
and only if there exists a Weyl sequence {¢k}x>1 C dom(M.(a)) associated with A, which satisfies ||pk||,v., = 1 and
that when k — oo, ¢ — 0 weakly and [|[(Mc(a) — N)gkle,yv., — 0.

Theorem 2.8. Let M. (a), a € B, be the self-adjoint positive operator defined in (2.28). Then it holds that
1. 0ess(Me(a)) = [|af?, +00).
2. p1(7) < |af? for any 7 > 0 and a # 0, that is, there exists a discrete eigenvalue of M.(a) below |al?.

Proof. For the first statement, let A > |a|? and 1 be a C°*°-compactly supported function on Y, satisfying 1 (z3) = 0
for |z3] < h and [ ¢(x3)? des = 1, where h is suitably large such that D is included in Y3,. We consider the following
sequence of vector fields:

1

E, = Tw(ﬁ)peid'm with p,d = (o, /A — |af2) €R®, |pj=1andp-d=0.
n''n

It is easy to see that ||E,|ly. = 1 and E, weakly converges to zero in L2 . (Ys). Moreover, by a direct computation
and vector calculus identities, we find

(M. — N)[E,] = V(divE,) — AE, — AE,

1 T3 >R 1 1 I3 -7, ’Ldg T3 id-
:V( il 1dm)__(_ 1SN jidx 2_/_ 1x)7
ny/n (n)pge \/ﬁp n2¢(n)e + nw(n)e
which tends to zero as n — oco. To obtain a Weyl sequence, we add to En a corrective gradient field Vp,, € L2 (Yy)
such that div(E, + £Vp,,) = 0, which is equivalent to solving the elliptic equation —div(eVp,) = divE,. By Lemma
A1, it is uniquely solvable in the weighted Sobolev space H}'~1(Y,,)/R and there holds

IVpnllyae < divE,|y., = '1;—3|(/ W/ de)'"* =0, asn— oo
R

We then define E,, := (Ey, 4+ Vpn)/||En + Von|ly.. . It is straightforward to check that {E, } C dom(M_(a)) is a Weyl
sequence for A, which implies [|a|?, +00) C 0ess(Mc(a)).
To show the reverse direction, we will prove the following two claims:

ess(M) C [laf*,+00) and  0ees(Me) C ess(M), (2.30)

where M is defined as M. with e = 1 (i.e., 7 = 0). For the first one, suppose that {E,,} is a Weyl sequence associated
with A € 0es5(M), which readily implies

(M =NE.],En)y.. =[[VXxE,|3. —A—0, asn— oo. (2.31)

Note that divE, = 0 and E,, as a quasi-periodic function, admits the expansion: F,(z) = > Enﬁq(azg)ei(o“rq)'””.

We can estimate, thanks to (2.22),

qeEN*

/ |V x E,|? + |divE,|* dz = / |VE,|? dz > |a|?,
Yoo Yoo
which, by (2.31), gives A > |a/%.

We next show the second claim. Letting A € oess(M.), it suffices to construct a Weyl sequence associated with A
but for the operator M. By abuse of notation, suppose that {E,,} is a Weyl sequence corresponding to A € gess(Me).



We define a smooth cutoff function # on R such that 6(z3) = 0 on (—h,h) and 0(z3) = 1 on R\(—2h,2h). It is clear
that the sequence 0E,, weakly converges to zero in L2 (Ys,) and so does (1 — 0)E,,. Noting that 1 — 6 is a C* function

compactly supported in Yap, we can check that (1 — 6)F,, is a bounded sequence in the space:
V = {¢p € L2(Yap); curly € L2 (Yay), div(eyp) € L2 (Yan), v x ¢ =0 on Yias},

which is compactly embedded into the space L2 (Yay), by the classical result of Weber [37] (see also [36, Appendix B]).
As a consequence, we have, by the weak convergence of (1 — 0)E,,,

|(1=8)E,|ley. —0, asn— oo.
It follows from ||E, ||y, = 1 that [|0E,||c.y.. — 1. We next check
(M=N[0E,] =0, asn— oco. (2.32)

Indeed, 9,6, for j = 1,2,3, is C*°-smooth on R and compactly supported in the closure of Y2,\Y},. Then, a direct
computation gives

V xV x (8E,) =V x (V0 x E, + 6V x E,)
= VOdivE, — E,A0 + (B, - V)(V8) — (V0 -V)E, + V0 x (Vx E,)+0V xVx E,. (2.33)
Since En is a Weyl sequence for M., we have VGdiVEn =0 and as n — 00,

10V x V x Ep — MEy |y = [|0(Me— N[En]|ly. — 0. (2.34)

Moreover, by the standard interior regularity for Maxwell’s equation, we see that E, is bounded in H2(Y5,\Y3).
Therefore, it follows that

|—EnA0 + (E,, - V)(VO) — (VO -V)E, + V0 x (V x E,)|y. =0, asn— oo, (2.35)

thanks to the compact embedding from H} (Y2, \Y:) to L2 (Y2, \Ys). Collecting (2.33)—(2.35) gives (2.32). Again, to
obtain the desired Weyl sequence, we need to consider a corrective L2-field Vp,, defined by the equation

—Ap,, = div(E,,).

We compute div(0E,) = V6 - E, and find ||div(0E,)|y.. — 0, similarly to (2.35), which, by Lemma A.1, also implies
[Vpnlly. — 0. Then, it is easy to see that A € oess(M) and E, := (0E, + Vp,)/|0En + Vpn|ly.. is an associated
Weyl sequence. We hence have proved (2.30) and showed o¢ss (M. () = [|a]?, +00).

For the second statement, we consider E := f(x3)pe’™® with p := (ag, —a1,0) and

1, if |$3| <h,
flxs) =192 —h"tas], if h < |z3| < 2h,
0, if |I3| > 2h,

where h > 0 is large enough so that D C Yj,. Clearly, there holds divE = 0. We then define p € H} 1 (Y)/R, for a
given ¢ of the form (2.2), by div(e(Vp + E)) = 0, and let E := E + Vp, which belongs to the domain dom(M.(«)).

We note that div(eE) = 7div(xpF) is independent of h, hence so is the function p. We proceed to compute

V x E = (f (xs)an, f'(a5)az, —ilal? f(a5))e ™"
and

(VxE,VxE)y. (VxEVxE)y. (VxBEVxE)y, —|a?cE, E)y. lal?
(eE,E)y.. B (eE,E)y.. B (eE,E)y,, ’

which yields

- / 2 (f ()2 + |02 f(23)?) dis — 2| E|2y.

=2[al*h7t — o (I BIZ v, — IEI5..) - (2.36)
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By Lemma A .2, the difference [|E||2 - HEH%@ is strictly positive and independent of h, and

IEIZy., = B, = IVPly Il -
Therefore, for large enough h, we conclude from (2.36) that
(VX E,VxE)y, —|of*(eE,E)y, <0,

which, by the min-max representation (2.29), means u1(7) < |a|?. O

2.2 Symmetry of band functions and multiplicity

In this section, we consider dielectric metasurfaces with certain symmetries, and derive some consequences on the
symmetry properties of the band functions w;(a) and Bloch modes, and the multiplicity of scattering resonances.
These results will be useful in Section 3.

We first note from (2.2) and (2.3) that the symmetry of the scattering problem is completely determined by the
symmetry group of the metasurface D (i.e., the set of isometries that carry D to itself). Here, an isometry of R? is
a distance-preserving map from R? to itself, which can be uniquely written as the composition of a translation and
an orthogonal linear map; see [11, Corollary 6.2.7]. We denote by M, the set of all isometries of R%. Since this work
only considers a single layer of dielectric nanoparticles, for the sake of simplicity, we will not discuss the symmetry
of D along the z-direction. Thus, the symmetry group of D reduces to the well-investigated plane symmetry group.
To be precise, let g be a two-dimensional isometry. By abuse of notation, we still denote by ¢ its three-dimensional
extension: gx = (ga’,x3) for x € R3. Then we define the symmetry group of D as follows:

G :={g; g is a two-dimensional isometry and g(D) = D},

which is a discrete group, according to [11, Definition 6.5.1] and the structure (2.1) of D. Moreover, there are two
important subgroups associated with G: the translation group £ and the point group G. The group £ is simply defined
as the subgroup of G of the translations. Recalling that an isometry g of R? is uniquely decomposed as g = t,g, where
G € Oz and t, is a translation: t,z = z + a for € R%, we can introduce a homomorphism 7 : My — Oo by 7(g) = g.
Here Oy denotes the group of orthogonal matrices on R¢.

The point group G is then defined as the image of G under the map 7, which, by [11, Proposition 6.5.10], is a finite
group. We remark that the point group G is generally not a subgroup of G. For ease of analysis, in what follows, we
consider the following mild assumption on the translation group L:

the lattice A gives all the translation vectors in L. (2.37)
By [11, Proposition 6.5.11], along with the assumption (2.37) and the definition (1.1), we have
g(A)=A and g(A*)=A", (2.38)

that is, the group G is contained in the symmetry group of A and A*. One may also observe that the symmetry group
G implicitly enforces some symmetry conditions on the shape of D in the sense that up to a translation, it holds that
g € G maps D to D, i.e., g(D) = D + (b,0) for some b € R2.

We next consider the invariance of the operator 7"“ under the action of the symmetry group G of D. We introduce
the quasi-periodic extension of the function space L?(D):

L2(D) = { Y (fxp)z = (1,007, f e L3(D)} C L2(Vae).
yEA

By definition of 75" and L2 (D), we readily see

T5“leln] = T5 0 [Ploro] s Y7 EA, ¢ € L3(D). (2.39)
Then, we define the group action O of G on the vector fields ¢ by
Oylg) = gp(g 'a), forgeg. (2.40)

Note that g~ (z +v) = g~ ' + g~y for any x,v € R?, as g is an invertible affine map. Thus, by the relation (2.38),
it holds that, for vector fields ¢ with the quasi-periodicity o € B,

Oylel(@ +7) = golg 'z + g 1) = Oglp] ()T 7 = Oyfp](x)e . (2.41)

This means that O, is an isometric isomorphism from L2 (Y) to L?

3la] (Y ). With the above preparation, we have
the following result.
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Lemma 2.9. For ¢ € L2(D), it holds that
T 10,0] = Oy T[4 - (2.42)

Proof. By definition, we first have

T5 2 10,4¢] = (& + Vdiv) /D G (,y)ge(g~ty) dy

= (w? + Vdiv)g / G (2, gy)e(y) dy.
a1(D)

We then calculate, by writing g = ¢,g and noting that § maps A* to itself (cf. (2.38)),

_ 1 o i
Gl (g gy) = 5 Z iB; telalotal- (=" ~9v) gialva—val

geN*

_ % S iy et 07 )y )il
qeN*

=G*(¢g " a,y).

We also find, by direct computation, for a smooth vector field ¢,
VdivO,p = V(dive) (g z) = g(Vdivy) (g~ z) = Oy [Vdivy] .

Hence, we can conclude, from the above formulas,

TE10y0] = (2 + VdiV)g/ . G (g™, y)p(y)dy
g1

= O, ] = O, TSI,
where the last equality follows from g=!(D) = D + (v, 0) for some v € A and (2.39). O
As a consequence of Lemma 2.9, if (wx, p.) € C x L2(D) is an eigenpair of A(q,w), then we have
A(lal, w)[Ogp:] = Ogla,w2)[ipa] = 0, (2.43)
and equivalently, the following corollary holds (note from the definition (1.2) that § maps B to itself for any g € G).
Corollary 2.10. The band dispersion function w;(c) for each j > 0 has the following symmetry:

wj(ga) = w;i(a), VgeG, aeB.

Moreover, suppose that ¢ € L2(D) is an eigenfunction of A(a,w) for some resonance w with the quasi-periodicity c.
Then Og4p is an eigenfunction for the same resonance but with the quasi-periodicity go.

This motivates us to introduce the notion of high symmetry points in the Brillouin zone B [46].

Definition 2.11. We say that o € B is a high symmetry point, if the subgroup Go =1{3€G; ga—a € A*} of the
point group G is nontrivial.

We shall discuss the geometric multiplicity of a resonance w(«) at the high symmetry points o, € B by using the
group representation theory. To do so, we first recall some preliminaries following [40]. It has been seen that G,
is a finite compact subgroup of Os. We define its representation on a Hilbert space H by a group homomorphism
7 : Ga, — GL(H), where GL(H) is the group of invertible continuous linear operators on H. The representation 7 is
unitary if 4 is a unitary operator for each g. Moreover, we say that 7 is finite dimensional if # is finite dimensional,
and that a subspace H' C H is invariant for 7 if m4(H') C H' for any g € G, . It is natural to define the associated
subrepresentation 7|3 : Go, — GL(H') by (|31/)g := 74| If the only invariant subspaces are {0} and #, then the
representation 7 is said to be irreducible.

To proceed, we note from (2.41) that the map O, in (2.40) actually defines a unitary representation O of G,, on
L2 (D) at a high symmetry point a,. Let Ga. be the set of (equivalent classes of) irreducible representations of G, .
It is known that any irreducible representation of a compact group is finite-dimensional [48]. Hence, we can denote
by d, the dimension of a representation o € .C';a* and define its character x, by x»(g) = trm,. Then for each o € _C';a*,
we introduce the projection P, : L2 (D) — L2 (D) by

P,y =|g$ S A @044, (2.44)
o 9€Ga,

where |G,, | is the order of the finite group G,,. The following lemma is from [40, Theorem (27.44)].
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Lemma 2.12. The projections P, in (2.44) are orthogonal and give an orthogonal decomposition of L2 (D):

L2 (D)=® M,, M,:=P,L2 (D). (2.45)

UGQQ*
For each o, M, is either zero or a direct orthogonal sum of invariant subspaces M; , (1 < j <m, < 00) of dimension
do with Oy, , € 0. Moreover, M, is the smallest closed subspace of L2 (D) containing all the invariant subspaces of
L2 (D) on which O is in the equivalent class of the irreducible representation o.

We are now ready to give some results on the multiplicity of resonances at a,. By Lemma 2.9 and (2.44), we see
that the projection P, commutes with the operator A(a.,w) for any w. It follows that M, is an invariant subspace
for A(a,w), and the following result holds.

Proposition 2.13. Let a., € B be a high symmetry point and let M, be defined in (2.45). For any resonance w(c)
of the operator A(au,w) restricted on the subspace M, its geometric multiplicity is a multiple of the dimension d, of
the irreducible representation o, i.e., dim A(a.,w)|m, = cds for some positive integer c.

Proof. We consider the eigenspace V(@) := {E € M, ; A(cu,w)|n, [E] = 0} associated with the resonance w(av.),
which is of finite dimension. Note from (2.43) that the subspace V@(e) js invariant for the representation @. Then,

by Lemma 2.12 above, we have the decomposition: V¥(@+) = @;le;"(a*) for a positive integer ¢, where each space

ij(a*) satisfies O||,w(a.) € 0. It readily yields dim A(c., w)|m, = cd, and completes the proof. O
i

3 Existence of embedded eigenvalues

We have seen in Theorem 2.8 that the square of the light line || = infyea~ |a+ ¢| is nothing else than the infimum
of the essential spectrum, and there exists a real scattering resonance below |a|. In this section, we focus on the high
symmetry point a = 0 with Gy = G by Definition 2.11, which corresponds to the case of the normal incident wave.
We further assume that the dielectric permittivity € in (2.2) has the following symmetry:

a(x,y,z)h/h = E(_Iayvz”Yh ) E(x,y,z)h/h = E(IE, _y7z)|Yh, . (31)

It follows that the dihedral group Dy is a subgroup of both the symmetry group G and the point group G of the meta-
surface. We shall show that in this scenario, the real subwavelength scattering resonances for dielectric metasurfaces
can exist above the light line, which are the eigenvalues of the Maxwell operator M, (0) embedded in the continuous
spectrum [0, 00) and hence named as embedded eigenvalues. The associated Bloch modes are the so-called bound states
in the continuum [49,89,91].

Our argument is based on a regularized variational formulation in terms of the magnetic field. We follow the
discussions in [12,13,36] and note that w > 0 is a real scattering resonance if and only if there is a divergence-free
periodic magnetic field H solving the equation:

V x (e7'V x H) = V(e 'divH) — w*H =0, (3.2)

with the Rayleigh-Bloch expansion (2.4). Here —V (s~ 'divH) is a regularization term added for the coercivity of the
associated sesquilinear form. As we have assumed that the magnetic permeability u is constant on the whole space,
the magnetic field H is expected to have the H!'-regularity. Similarly to (2.18), to incorporate the outgoing radiation
condition into the variational form, we need the following DtN operator:

Tf = Z zﬂqfqeiqm : H;m(zih) - Hp_l/2(zih)’ (3.3)
qeEN*

where f4, ¢ € A*, are the Fourier coefficients of f, i.e., f = qum f4€'%, and B, are defined in (2.5) with a = 0. For

a vector field f € H,l,/2(2ih), we define T f by acting T on each component of f. Then the outgoing condition for H
can be modelled by the transparent boundary condition:

aﬂﬂ =TH onX=%,U%_,. (3.4)
1%

We also introduce the following pseudo-differential operator:

R = (01,02, T): HY*(S1p) = H/2(S4p). (3.5)
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For convenience, we shall simply write V1 for (91, d2) in what follows. By a standard integration by parts with the
boundary condition (3.4), we obtain the variational problem for (3.2): find (w, H) € R\{0} x H}(Y%) such that

Arw(p, H) =w?(p, H)y, Vo€ Hy(Va), (3.6)
where
Aru(p,H) = (V x 0,e7'V x H)y, + (divp,e 'divH)y, + (p,v X (R x H))s — (v- ¢, R - H)x . (3.7)
Moreover, a direct computation gives
(pv x (RxH))g=(v-¢,R-H)x=—(p, TH)s = (v ¢,V - H)x = (Vr-p,v- H)x. (3.8)

Therefore, to show the existence of embedded eigenvalues, it suffices to prove that there exists a real subwavelength
eigenfrequency w for (3.6) with a divergence-free eigenfunction.

Let us now focus on the eigenvalue problem (3.6). Motivated by the analysis in [14], we introduce the operators
TP and T¢ by considering the sum in (3.3) over A% and A%, respectively. Then the operators RP and RE can be
defined as in (3.5) correspondingly. By using R¢ and the identity (3.8), we define the sesquilinear form on H}(Y}):

AL (o, H) == (V x ¢,e "'V x H)y, + (divp,e 'divH)y, — (¢, T*H)s — (v -,V - H)s — (V1 -, v- H)s, (3.9)

which is actually the real part of A, ., namely, ReA, ,(H,H) = Af)w(H, H). By a similar argument as in the proof of
Proposition 2.5, we see that the eigenfunction H for (3.6) associated with a real resonant frequency satisfies Hy = 0
on X for ¢ € A% and hence exponentially decays as x3 — co. Moreover, we have the following lemma.

Lemma 3.1. The magnetic field H € H;(Yh) solves (3.6) for some w > 0 if and only if it satisfies
Af,w(@v H) = w2(907 H)Yh, ) v‘P € Hzl)(Yh) ) (310)
with
H,=0 onXy, forqeAl. (3.11)

Remark 3.2. The variational problem (3.10) in the above lemma is equivalent to the equation (3.2) with the transparent
boundary condition 8, H = T¢H on %, which only allows the exponentially decaying modes of the field H passing
through the boundary ¥ and going into the far field. The second condition (3.11) means that if the eigenpair of (3.10)
is also an eigenpair of (3.6), then the propagating part of H indeed vanishes.

As suggested by Lemma 3.1, we shall prove the existence of real resonances for problem (3.6) in the subwavelength
regime by the following two steps. First, we consider the eigenvalue problem (3.10) and show that the real subwave-
length resonant frequency does exist when the contrast 7 is large enough. Then, with the help of the tools developed
in Section 2.2, we show that under the symmetry assumption (3.1), we can find an associated eigenfunction of (3.10)
satisfying the condition (3.11).

To analyze the eigenvalue problem (3.10), we first note that the sesquilinear form Af7w(~, -) is conjugate-symmetric,

ie., Af)w(H, @) = AL (@, H). We next investigate its coercivity and dependence on the parameters 7 and w in detail.
We compute, by (3.9), for H € H)(Y3),

A% (H,H)= / e YW x H? + e YdivH|> de — (H, T H)x, — 2Re(v- H,Vr - H)s, (3.12)
Y;

which, along with the following identity,

/ |V x H]? + |divH|* do = / \VH? dz +2Re(v- H, V7 - H)x, (3.13)
Yy Y)

readily gives

1 1 1
A¢ (H, H) :/ (== —)VxHP?+ (= - ——)|divH|? doe — (H,T*H)s, —2%Re(v- H,V7 - H)x
’ y, € 1+7 e 147
1 2
— VH|? dv+ ——Re(v- H,V7 - H)x . 3.14
+1—|—7’ th | x+1—|—7' el T s ( )
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Recall that we are mainly interested in the high contrast and subwavelength regime. We follow [9] to introduce a new
real variable:

o =Tw, (3.15)
and assume that @ is in some compact set, so that w is in the subwavelength regime and there holds
A = A"\{0}. (3.16)

By definition of 7¢, we have, for w > 0,

H T )5y, = Y VP — @R [H,* > 0. (3.17)

geEN;

Then, thanks to (3.15), we can derive, for 7 large enough and & in a compact set K of R,
2
—(H, T H)x,, —2%Re(v-H,Vy - H)s + e Re(v- H,Vry - H)x
T

- 1
> > (VIaPP = r1a% — Jql) | Hy* + H—TI(JIIEEZI2

qEA*
@21 1
> —co— —|H, >+ ——|q||H,|?
Z* Co - |q|| q| + 1+T|q|| ql
qEA
1 @2 1
> H)|* — co— ———||H||5», 3.18
ZA Tl = eo" e H (3.18)

where the first inequality follows from (3.17) and the following estimate:

2|Re(v- H,Vr Hys,,| <Y |qllHy,
qEA;

and the second inequality is from the following asymptotics uniformly in ¢ € A} and @ € K, as 7 — oo,
ol = V/IaF = 71G2 = lg| — laly/T= el 2712 = O(ja| 17 71?) .

Here the generic constant ¢y in (3.18) is independent of 7 > 1, ¢ € Af and & € K. We recall the weighted trace
inequality: for any given n > 0, there holds

lulls < nlVully, + C)llully, ,  Vu € Hy(Ya), (3.19)

with a constant C(n) satisfying C(n) = O(1) as  — oo and C(n) = O(n~1) as  — 0. Then it readily follows from
the formula (3.14), the estimate (3.18), and the inequality (3.19) with

1 7 mingea,. |q|

2147 cow?

’]7:

that there exists a constant C' independent of 7 > 1 and @ € K such that

1 1 o2
\VH? do — C< [ |H? dz, VHeH\(Y3). (3.20)
2 1 +T Yy, T v, p

£
AE L (H H) >

We define a new form on Hj(Y},):

Zf,@(@v H) = TAg

s H), (3.21)

and consider the following eigenvalue problem equivalent to (3.10):

TAf)\/.,_-*lw(spv H) = ":}2(907 H)Yh ) V(P € H;(Yh) . (322)

In view of Garding’s inequality (3.20) and the compact embedding from H}(Y3) to L2(Y3), we have the following
min-max principle: for 7 =0,1,2,

Aj(7,@) = min max A% _(H,H), (3.23)
VcHl(y,) HeV T
dim V—]+1 HH”Yh_l

15



recalling that /le -

& 1s a symmetric form. Then w is an eigenfrequency for (3.22) if and only if for some j, there holds

i (T, @) = 2. (3.24)

We now summarize some basic important properties of the form Af o and its eigenvalues A;(7, &), according to what
we have discussed above.

Proposition 3.3. Given any compact set K of R, for & € K and large enough 7 > 0, we have

1. The sesquilinear form AT on H})(Yh) defined in (3.21) is conjugate-symmetric and bounded from below:

~ 1 R
AL (H,H) > ZIIVHH%,, - Co?|H|3, , VHeHy(Ys), (3.25)

for a constant C independent of 7> 1 and & € K.
2. For each j > 0, the eigenvalue \;(7,w) in (3.23) is continuous in (T,0) and decreasing in w.

In particular, if © = 0, the form gf)o is symmetric and positive for any T > 0. Moreover, \o(7,0) = 0 holds with the
eigenfunctions being constant vector fields, while for j > 1, there holds A;(T,0) > 0.

Proof. The estimate (3.25) follows from (3.20) directly. The continuous dependence of A;(7,w) on 7 and & is a

consequence of the continuity of the form A’g in 7 and & and the standard perturbation theory. Note from (3.12)

and (3.17) that only the term —7(H,7¢H)y in Af,w depends on the parameter & and it is decreasing in w for a fixed
H € H}(Y3). Tt then follows from the representation (3.23) that the eigenvalue A;(7,&) is decreasing in . We now

consider the last statement. By the same estimates as in (3.18) and (3.20), we see that for any 7 > 0, there holds

1 7
A€ (H,H) > =
TO( ) 21+

IVHIS, .

which readily gives A; > 0 for any j, and AfﬁO(H ,H) =0 if and only if H is a constant vector field. This means that
Ao(7,0) = 0 with constant eigenfunctions. The proof is complete. O

By Proposition 3.3 above, we see that for a given compact set K of R, there exists a large enough 7y such that
for each j, \;(7,w) in (3.23) is well defined for 7 > 7y and & € K. Moreover, noting that A;(7, &) is a decreasing and
continuous curve in @ € K with A;(7,0) > 0, one may expect that the equation (3.24) adrmts a unique solution, which
then further gives a desired eigenvalue to the problem (3.22). In order to rigorously show the existence of a solution
to (3.24) in some given compact set K, we next investigate the limiting behavior of A;(7,&) as 7 — oo.

For this, we first show that if @ is suitably small, then /le@(H, H) is increasing in 7. By (3.14), we have

72

AE (H,H) = / (|v x H|? + |divH]| ) dw + —/ \VH|? dz
Yn

\D 1+7
27
— 7(H, T¢H)y, — 27 Re(v - H,Vy - H)s, + Ty Relv H Vo H)s. (3.26)
T

Since both 72/(1 + 7) and 7/(1 + 7) are increasing functions in 7, we only need to consider the boundary integrals in
(3.26) for the monotonicity of Af_ﬁw. We compute, by the Fourier expansion of H = (H’, H3) on X,

2
— 7(H, T¢H)s,, — 2rRe(v- H,Vr - H)s,, + 1+—TT Re(v - H,Vr - H)s,, (3.27)
= Z ]ql? — 77102 Hy|? - 2(7 — —+ ) Re(iHsqq - Hy) .

qeEAN:

Consequently, by a simple Cauchy’s inequality: 2 Re(iHj 4q - Hy) < lql|Hy|?, it suffices to show that, for any g € A%,

VAR — 7102 — /] — 71 > ((?— T )= (r- HLT)) g, ¥F>7>1. (3.28)

1+7

For this, a direct computation gives

=2

N2 (A2

TV |q)2 = 77102 — 7/ |q|? — 77 w? = — (7 ~T | (7 7)o , (3.29)
2 12 2 12
TVVIg)? = 77102 + 7 /|q)? — 7w
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and

T—T

- T -
)= (r - —F-T)m ————. 3.30
(7 1—1—7') (7 1+7') (7F=7) 1+7)(1+7) (3.30)
With the above formulas (3.29) and (3.30), by Taylor expansion:
PTG 20 + 7/ T= Tl 2
~ 1. . o —dn 1 . 9 =4~
:7’(1 - 57'71|q|72w2 +O0(7?|q 4w4)) + 7’(1 — 57 Yg|720% + O(77?|q| 4w4))
=7 +7 =g 720" + O(F g ') + O g T 0Y),
we estimate, as 7 > 7 — 00,
R i ( + gl - & (.
F-) - (r-1) AP /P A7)
(7 +7)lal — lgl~'&? (1+ 1 )
T AT 71207 + 71 — 7 1g[ 202 (1+7)(1+7)
(7 +7) — gl *w? 1
>
2 e o g eh F o0 g Y (1+ A+ T))
1 -1
> .
> oy v o T (oD ). (330

where the generic constants involved in the big O-terms are independent of 7 > 1, ¢ € A%, and @ in a compact set K.
Therefore, it is clear that if K is suitably small, there holds

1
L+ 0F2|ql~1&%) + O((r7)~ gl ~*w?)

(1+0((ﬁ)*1)) >1, as7>7— o0,

and then the inequality (3.28) follows. Moreover, we can conclude that the following lemma holds.

Lemma 3.4. There exists a compact neighborhood K. C R of 0 such that for & € K. and H € H}(Y3), /le@(H, H)
s increasing in T when T is large enough.

We next follow the arguments in [37,78] to define a limiting form of ,fo with w € K, as 7 — 0o, by using the

@

in 7. We regard the sesquilinear form A€

T,

monotonicity of gfw as a densely defined and closed unbounded form
on L2(Y}) with domain dom(gf)w) = H,(Y3), which is bounded from below by (3.25). By the first representation

theorem [45, Theorem VI-2.1], there is a unique self-adjoint operator Af@ on L2(Y}) such that
gf,w(%H) = (SpaAf,aH)Yh , HEe dom(Af,Uv)a Y e dom(ﬁf@),

with dom(AZ ;) dense in dom(gf@) with respect to the [|-||g1(y, )-norm. Thanks to Lemma 3.4, we now define a closed
limiting quadratic form on L2(Y3) by
AL, (H,H) =sup A% (H, H) = lim AS (H H), (3.32)

>0 T—+00

with the domain: _ _
dom(AZ ;) :={H € H,(Y3); sup A% ,(H,H) < 00} ;
>0

see [45, Theorem VIII-3.13a]. Similarly, there exists a unique self-adjoint operator AiO@ on Lg(Yh), corresponding

AE ; £ £
to the form Aoo,w- It is clear that both the operators A7 ; and AZ_ , have compact resolvents and thus have purely

discrete spectrum. We denote by {1, (d))};";o the eigenvalues of the operator A‘;:o_’@, recalling that the eigenvalues of

Ai o have been characterized by (3.23). The following result is a corollary of [45, Theorem VIII-3.15], and helps us to
estimate the solution of (3.24) (see Corollary 3.6 below).

Proposition 3.5. Let K, be the compact set given in Lemma 5.4. It holds that for j >0,
/\j (va) /‘ Mg (d}) P as T — 00, (333)

pointwisely for & € K., and p;(©) is a decreasing function on K.
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Proof. The monotonicity of the functions A;(7,&) in 7 follows from Lemma 3.4 and the min-max formula (3.23),
while [45, Theorem VIII-3.15] guarantees the pointwise convergence of A; (7, @) to u;(&) as 7 — oo, which, by definition,
also gives that p; is decreasing in w. [l

We remark that the remaining analysis of this section only needs the monotone convergence (3.33) of A;(7,&) in 7

at the point @ = 0. For notational simplicity, we write {p;};>0 for the eigenvalues {4;(0)};>0 of the form AEO,MLD:O
defined in (3.32) with @ = 0.

Corollary 3.6. For each j > 0, when T is large enough, the equation (3.24) has a unique solution 0 < &;(1) < \/I;
and /T 'Qj gives a eigenfrequency for (3.10).

Proof. 1t suffices to note that the curve @? intersects with the constant curve u; at the point /@7, and that for 7
large enough, by Propositions 3.3 and 3.5, the curve A;(7,®) is well defined on & € [0, \/f;], and it is decreasing and
continuous in @ with A\;(7,®) < p; and \;(7,0) > 0 (strictly positive for j > 1). O

By Corollary 3.6 with (3.21) and (3.22), we have proved the existence of subwavelength eigenfrequencies for the
problem (3.10) in the high contrast regime. We proceed to show that there exist associated eigenfunctions H such
that the condition (3.11) holds. Recalling Lemma 3.1, this will complete the proof of the existence of subwavelength
resonances for the eigenvalue problem (3.6). We first note that in the subwavelength regime, there holds A% = {0},
and hence the condition (3.11) reduces to

Hdz=0. (3.34)

pIENS

We recall that the symmetry assumption (3.1) implies that the dihedral group Ds is a subgroup of the symmetry
group G and the point group G of the configuration D. It is also easy to see that O, with g € Dy, defined in (2.40),
gives a unitary representation of Dy on Lg(Yh). It is well known that Dy is an abelian group with 4 one-dimensional
irreducible representations that are completely determined by its characteristic table. Similarly to (2.44) and (2.45),
by the projections P, corresponding to the group Do, the space Lf)(Yh) can be written as the orthogonal sum of the
following four subspaces: for ¢,j = 0,1,

Mi; ={f € L2(Ya); fi(—a1,22,23) = (—1)"V fr(w1, w2, m3), fi(zr, —@2, m3) = (—1)! fi(z1, 22, 23),

fo(=z1,m2,23) = (—1) fa(21, 2, 23), folz1, —m2,23) = (—1)' fo(21, 22, 23),

_1)
fa(=w1, w0, m3) = (1) fa(w1, w2, 23), fa(w1, —wa,23) = (=1)7 fa(w1, w0, 23) } . (3.35)
Theorem 3.7. For the large enough contrast T, the eigenvalue problem (3.6) admits subwavelength eigenfrequencies

w=0(/7 ) as T — oo.

Proof. We consider the subspaces Hzl)ﬁo(Yh) = (Moo ® Mo1 @ Mio) N H}D(Yh) and Hzl)ﬁl(Yh) =M1 N H}D(Yh). By
a lengthy but direct computation, one can check that the above two spaces H})7O(Yh) and Hzl,)l(Yh) are orthogonal
with respect to both the sesquilinear form A, in (3.7) and the Hj-inner product. Therefore, if a field H € Hj, ;(Y3)
satisfies the variational equation (3.6) for all ¢ € H} ;(Y), then (3.6) holds for all ¢ € H}(Yy,). It suffices to consider
the problem (3.6) on the subspace H,, ;(¥}). We denote by /\;.1)(7', w) the eigenvalues of the form A% | restricted on
Hzl)ﬁl(Yh). By similar arguments as above, we can conclude that for each j, when 7 is large enough, there exists w}l)(T)
satisfying A;(7,w"”) = (wj")? and w; (1) = O(y/7"") as T — o0, and it holds that for some H € H. ,(Y}), the equation
(3.10) holds for any ¢ € H}, ;(Yy,); see Corollary 3.6. The proof is completed by noting that the condition (3.34) holds
for any H € Hj, | (Y},) due to the symmetry, and that Lemma 3.1 still holds when we restrict the space to H} ;(V3). O

It is clear that the set of eigenfrequencies of (3.6) is a subset of the eigenfrequencies of (3.10). For simplicity, in
the remaining of this section, we focus on the first nonzero positive eigenfrequency for the eigenvalue problem (3.6):

wa(T) =T ' @j, (1), for some jo >0, (3.36)

where @j, is given as in Corollary 3.6. To show that w.(7) is a desired real scattering resonance embedded in the
continuous spectrum for the problem (2.3), we only need to prove that there exists an associated divergence-free
eigenfunction Hj, of (3.6). For this, we define u = e~ 'divH for H € H,(Y},) satisfying the equation (3.2) with (3.4).
It was shown in [12, Theorem 4.3] that u satisfies

Au+w?cu=0 onY}, (,%u:’Tu onxX=X,UX_},. (3.37)

If divH # 0, then (w, u) is clearly an eigen-pair for the above eigenvalue problem (3.37). In Appendix B, we characterize
the limiting behavior of the resonances of (3.37) following the analysis in [2,9], which readily provides a sufficient
condition for the existence of the embedded eigenvalue of the Maxwell operator M. (0).
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Theorem 3.8. In the case of a =0, let w. (1) = \/7_'71d1j0 (1) be the lowest real resonance (3.36) of the problem (3.6).
If there holds

Vi, < €o = max{y/70 ", v70} (3.38)

then, for large enough 7, w.(7) is a subwavelength embedded eigenvalue for the scattering problem (2.3), where the
constant uj, is the joth eigenvalue of the form A%, (3.32), no is the largest eigenvalue of the operator Kp in (B.4),
and the constant 7o is given in (B.11).

Proof. We note from Proposition B.1 and Proposition B.2 that for any small & > 0, when the contrast 7 is large
enough, the equatlon (3.37) admits only trivial solution for any w € (0, /7 (co —0)). By Corollary 3.6, we also have

wi(T) < VT m . Then it follows from the assumption /1, < co that for sufficiently large 7, the problem (3.37) is
well-posed at w,(7) and hence has only zero solution u = 0, which means that the associated H is divergence-free. [

Remark 3.9. Since the set of real resonances of (3.37) is clearly a subset of all scattering resonances that satisfy the
asymptotics (B.6) in the subwavelength regime, a straightforward way to relax the assumption (3.38) above is to
consider the constant ¢y := min{\/n_j_l W= \/T_m_1 + O(771) is a real subwavelength resonance}. In addition, we
remark that to justify (3.38) in some scenarios, one may need to quantitatively estimate the resonances of (3.6) and
(3.37), which is beyond the scope of this work.

4 Fano-type reflection anomaly

This section is devoted to the investigation of the Fano-type reflection anomaly for the dielectric metasurface with
broken symmetry. To this end, we first note from the symmetry assumption (3.1) that e(z,y, 2)|y, = e(—z, -y, )|y, -
We define the symmetric and the antisymmetric vector fields for the inversion operation (2, z3) — (—2', z3) via the
projections (2.44):

L2, (D) :={f e L*(D); fi(a',x3) = fi(—a,x3), fo(a', 23) = fo(—a',23), f3(a',23) = — f3(—a',23)}, (4.1)

and

Lint( ) = {f € L2(D); f1($/,$3) = _fl(_‘rlv‘r3)7 f2($/,$3) = _f2(_$17$3)7 f3(‘rlv‘r3) = f3(—(EI,(E3)}. (4'2)

( ) = L2 (D) (MO,l UML()) and LGt( ) = L2 (D) (MO OUMLl); where Mi,j are given
n (3.35). We write Hyp,t(div0, D) := L2, ,(D) N H(div0, D) and Hgy,, (div0, D) := L2 (D) N H(div0, D). Similarly,

ant sym

we denote by Ho 4t (div0, D) and Hg sym (div0, D) the antisymmetric and symmetric parts of the space Hy(div0, D).
Let (E*, H') be the incident plane wave:

One may observe that Lsym

) o - 1
Bl = ple e, = —Vx Bl =d x pledT, w0, (43)

where d € S is the incident direction with ds > 0, and p* € S is the polarization vector with p’ - d = 0. By Fredholm
alternative, the scattering problem (2.3) with a = wd’ is solvable for any incident plane wave with w > 0 [70], although
the solution may not be unique. Note that the subwavelength incident frequency, i.e., w < 1, is located in the first
radiation continuum [a| < w < infgep«\ (o) | + ¢|, so that the scattered wave E® consists of a single propagating
mode in the far field. In what follows, we write f ~ g for two continuous functions (vector fields) on R if there holds
|f(z) — g(z)| = O(e=C1#3l) as x3 — 400 for some C' > 0. Then the total electric field E is of the form:

i iwdy -z r iwd_ -z (44)

5 ptezwd+;n I3 — 00,
pe +pe T3 — —00,

where d+ = (d’, +d3), and p’ and p"” are the reflection and transmission polarization vectors, respectively. Moreover,
the energy conservation gives [28]

PP+ [p")* =p') =

We next derive the volume integral representations for p! and p”. We recall the quasi-periodic Green’s function (2.7)
with a = wd':
, i eiwd’-z’eiwd3|m3| 1 1 (wd’+q)- —/ |wd’ +q|? —w?|x3)|
GWd ’w(x) = - —|— —

2 wds 2 eA (0} \/|wd’ +q|? — w?

(4.5)
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which implies, as |z3| — oo,

- iwd -z’ iwds|x
GWd/’w(JJ) ~ 1—6 € ol
2 wdg

Then it follows from the Lippmann-Schwinger equation (2.12) that as x5 — +o0,
E ~pledt® 4 py(d, D)etds e, (4.6)

where E = (1 — TTB’d/’w)_l[Ei] =7 1A, (wd',w) " [E?] (cf. (2.14)) and

W )
p+(d,D) = T2Tlg,(1 —ds®dy) /D e"wdE Y B(y) dy. (4.7)

Combining (4.4) and (4.6) readily gives p = p' + p; and p” =p_.

In Section 3, we have considered the case of the normal incident wave (i.e., d = (0,0, 1)) and discussed the existence
of embedded eigenvalues under the symmetry assumption for the metasurface (3.1). In this case, we have the bound
states in the continuum with the energy confined near the metasurface. When the symmetry is broken, the real
resonance may be shifted into the complex plane and the resonant modes can propagate into the far field, which leads
to the anomalous Fano scattering phenomena near the resonances. Inspired by recent physical advances [16,49,91],
we break the symmetry (3.1) by either perturbing the domain D by a symmetric field V| i.e.,

V(z) € L2 () N C>(Q) (4.8)

sym

with Lgym(Q) defined as in (4.1), or considering the incident direction d € S perturbed from the normal incidence:

d = (eap,d3), withe<1and |ag] =1, (4.9)
where € is an open neighborhood of D. We denote the perturbed domain by
Dy:=(I+tV)(D), |t|<1. (4.10)

The main aim of this section is to approximate the scattered polarization p4(d, D;) for such a symmetry-broken
configuration uniformly in the incident frequency w near the real resonance, and analyze the reflection and transmission
energy |p’[? and |p’[*.

For the sake of simplicity and clarity, we introduce the following assumptions:

C.1 In view of Theorems 3.7 and 3.8, we assume that w, is a subwavelength embedded eigenvalue of (2.3) for the
normal incidence with an antisymmetric eigenfunction E € Hyp,t(div0, D) satisfying A- (0, w.)[E] = 0.

C.2 By Theorem 2.2, without loss of generality, we let w, = \/T)\Q_l + O(771) with \g being the largest eigenvalue
of the operator IP’dIC%OIP’d. We assume that the eigenspace of ]P’dIC%O]P’d for Ag is spanned by a real antisymmetric
field ¢1 € Hg gt (div0, D) and a real symmetric field g2 € Hg gy (div0, D).

C.3 Let & = /7w > 0 be the scaled incident frequency. We assume that & —+/7w, is in a small compact neighborhood
U of the origin. We always denote @y = VAo | in what follows.

Remark 4.1. To justify the reasonability of the assumption (C.2), we first note that since the kernel G%° of the
operator IC%O is real, it suffices to consider the real eigenfunctions of IP’dIC%OIP’d. Moreover, it is easy to check that for
¢ € Hy(div0, D), we can decompose it as ¢ = @sym + Pant With ©eym € Ho sym (div0, D) and @ant € Ho gne(div0, D),
where both Hg 41, (div0, D) and Hg sym (div0, D) are invariant subspaces of ]P’dIC%OPd. It follows that if ¢ is an
eigenfunction for ]P’dIC%O]P’d associated with the eigenvalue )¢, which is neither antisymmetric or symmetric, then @sym
and @gn: are linearly independent eigenfunctions for A\g. However, it is a difficult task to characterize the conditions
when the eigenspace is of dimension two and exactly spanned by @sym and g, From the generic simplicity [23,85],
we expect that such a result holds generically, at least in the dilute regime. Here we choose to leave the detailed
investigation for future work. We remark that this fact can be proved for the acoustic Minnaert resonance in terms
of the capacitance matrix [3,4], while in our case, due to the infinite-dimensional kernel of the leading-order operator
of T consisting of magnetostatic fields, there is essentially an infinite number of scattering resonances hybridizing
with each other so that the capacitance-matrix characterization is not available. We also would like to mention that
an alternative approach to analyzing the Fano anomaly is to regard the reflection energy |p”|? as an analytic function
in w and investigate its behavior near the embedded eigenvalue by asymptotic analysis as in [71, Sections 5.2 and 5.3].
In this way, the assumption (C.2) could be removed (but some additional assumptions may be involved).

20



We shall design a structure in terms of the parameters ag, V,t, ¢ and 7, under the assumptions (C.1)-(C.3), such
that the reflection energy |p”|? presents a Fano-resonance shape near w,. The analysis for the transmission energy
is similar. Before we proceed, we collect some asymptotic formulas from [3,9] for Green’s functions and the integral
operators, which apply to the general domain D without any symmetry assumption.

We start with the Taylor expansion of G¥¢“ in (4.5): as w — 0,

1

Gwd/7w (JJ) — _ 2iwd3

+ G (2) + WG (x) + iw"GZ/(x), (4.11)

where the function G¢ is defined by

d -z

G (z) == G(z) — TR (4.12)
with G%9(z) being the periodic Green’s function (i.e., G** with o = 0 and w = 0), and G¢ is given by
G = _ i{dsla +d o) —d - gi(z), (4.13)
4ds
with g1 being a purely imaginary vector-valued function independent of d’ and w and satisfying
g1(a’,x3) = g1(2’, —w3) = —g1(—2",23) . (4.14)

Then, by (4.11), we have the asymptotics for the operators IC‘Bd/’w and ’ngl’w in (2.9) and (2.10): for ¢ € L%(D),

/ 1
wd’ ,w - n
Ko lel = 2zwd3 #p + Z @ ’C
and
Tl =Y W TH (4.15)
n=0

where the series converge in the operator norm for w < 1. Here the operators IC%)”, n > 0, are defined by

K%, ] == /D G (z — y)ely) dy. (4.16)

with Gfll/ given in (4.11), while the operators Tg:n, n > 0, are defined by

’ . U U 1 . 4
T/:‘Ji,o[@] = leV’CdD,o[SO] ) Tg,l[%"] = _ngﬂa ©)p + leV’C%,l[SO] )

and

In particular, we can derive, by (4.12) and (4.16),

K o] = K90 — T 00 oy 4+ - REZOY
DolPl =Ap (¥ 2ds , P 2ds y<P Y,
which gives
PaK$ oPa = PaK; Py, (4.18)
and
Th o) = VAvKD ole] = VAivKS (o] = T e) - (4.19)

The following result on the basic properties of the operator TDO’O is adapted from [9, Lemma 3.6].
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Lemma 4.2. Both W and Ho(div0, D) are the invariant subspaces of the operator Ty : H(div0, D) — H(div0, D)
with ker Ty® = Ho(div0, D). Moreover, we have o(T)°|w) C [~1,0) and o(Tp°) = o(Ty°|w) U {0}.

By integration by parts, it is easy to see that
(6. T nlel)p = (6, (KD 5 + VAVKD )[e)p = (6, KD 2lel)p (4.20)
for any ¢ € L%(D), ¢ € Ho(div0, D), or ¢ € L?(D), ¢ € Hy(div0, D). It readily gives
]P)SIC%7,”_2]P)‘E = PsTg:nPt , fors,t =d,w except the cases,t =w. (4.21)

It follows from (4.15) and (4.21) that

Psﬁd,’w]}”t = Zw”PSICdD,7n_2Pt , fors,t =d,w except the case s,t = w, (4.22)
n=2
and
PoT5 Py = > WPy TH Py . (4.23)
n=0

We are now ready to give the first-order approximation for the subwavelength resonances w (i.e., the poles of the
meromorphic function A, (wd’,w)~! near the origin) in terms of the high contrast 7. For convenience, we define

Kp := PaK% Py : Ho(div0, D) — Ho(div0, D). (4.24)

Theorem 4.3. Let D be a general smooth domain. When the contrast T is large enough, the scattering resonances
for the problem (2.3) with the plane wave incidence (4.3) exist in the subwavelength regime. Moreover, for any
subwavelength resonance w, as T — 00, there exists some eigenvalue X\; of the operator Kp with the orthogonal
eigenfunctions {p;}%, € Ho(div0, D) such that the following asymptotic holds,

1 Ci,j
™ 27N

+0(r7%), (4.25)

w =

where ¢; j, 1 < j < n,, are the eigenvalues of the matriz C defined by
Crp = ((pk,PdK:%)l]Pd[ng])D , for1<k/l<n;. (4.26)

Proof. By the generalized Rouché theorem [34,35] and a similar argument as in [9, Section 3.3], we have the existence
of the subwavelength resonances w = O(y/7 ') in the high contrast regime. To derive the asymptotic formula for a
subwavelength resonance w, we consider the equation

A (wd' ,w)[E] =0 with E € H(div0, D) and |[E||p = 1. (4.27)

Acting the projection Py, on the above equation gives, by (4.19), (4.22), and (4.23),
(T5°+0(v7 ) PuBEl =0 (") ,

which, by the invertibility of TDO’O on W in Lemma 4.2, implies Py, E = O(7~!). We then act the projection Py on the
equation (4.27) and find, by (4.18) and (4.22),

(1-&%Kp — 7 @°P4Kb Pa+ O(r ))[E] = O(r 1), (4.28)

where @ = \/Tw is the scaled resonance. It is easy to observe from (4.28) that the leading-order approximation for @ is
given by @ = v/A;  +O(y/7 ') for some eigenvalue \; of Kp. For the higher-order approximation, letting {ej}jL, be
the orthogonal eigenfunctions of Kp for A;, by the standard perturbation theory with the Lyapunov-Schmidt reduction,
we need to consider the zeros of the following determinant near @; := v/\; .

det(I — &*NI — 7 &3C) =0, (4.29)
with the n; X n; matrix C given in (4.26). It is easy to see that linearizing the above equation (4.29) at @; gives
det(—2(@ — &), ' T — 7 '@3C) =0.

Then, the desired approximation (4.25) for the resonance follows. O
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4.1 Shape derivatives and asymptotics

In order to analyze the scattering effect by the symmetry-broken metasurface, it is necessary to understand the
dependence of the subwavelength resonance w on the domain D. For this, in view of (4.25), we will compute the shape
derivatives of the eigenvalues \; of the operator Kp, which is also of independent interest.

Suppose that  is a smooth convex bounded domain such that D C Q and let V' € C>(12) be a feasible deformation
field. We define the map ®; := I +tV for ¢ > 0. Then ®4(D) = D and ®; gives a family of C°°-diffeomorphisms for
small enough [t|. As in (4.10), we denote by D; = ®;(D) the deformed domain. Moreover, for any diffeomorphism
® on D, we introduce the pullback of a function f on ®(D): ®*f = f o ®, and the pushforward of a function g on
D: ®.9 = go ®~!. Note that ®, is a smooth bijective map between L?(D;) and L?(D). With these notions, the
eigenvalue problem on the deformed domain D;:

Kp,[E] = AE, on L*(D,),
can be equivalently reformulated on the reference domain D:
Kp4E] =AE, onL*D), with Kp,:= ®Kp, Py, . (4.30)
It is clear that the operator JKD)t is the composition of
Pl = ®;Pyp, P« and Kf = ;KR Py, (4.31)

namely, Kp;, = PLKHPL, where Py p, : L2(D;) — Ho(div0, D;) is the projection defined as in (2.16) (we add the
subscript D; to emphasize its dependence on the domain). The main results of this section are as follows. We postpone
their proofs to Appendix C for the sake of clarity.

Lemma 4.4. The operators Pi,, Kb, : L2(D) — L2(D), defined in (4.31), are differentiable at t = O with the
derivatives:

d
—| PLIE] = (VV)TP{pE — Vuw, (4.32)
dt lt=0 ’
with w € H*(D) being a solution to
(Vw,Ve)p = (=VV +divV)Pa,pE + (VV)'Pi pE,Ve)p, Vee H'(D), (4.33)
and
d ot . 0,0
7 o [E] = B —divy [G*O(z,y)(V (z) = V()] E(y) dy. (4.34)

Here, the projection P(JijD is the orthogonal complement of Pq p.

Proposition 4.5. Suppose that Ao is an eigenvalue of the operator Kp with eigenfunctions {¢; };”:1 C L2(D). Then,
given a deformation field V. € C=(Q), there exists 0 < to < 1 such that for any |t| < to, the operator Kp, on
the perturbed domain Dy = ®4(D) has evactly m eigenvalues near \o, denoted by {Xo ;(t)}7L,, that are continuously

differentiable in t with the derivatives }\o,j (0) being eigenvalues of the m x m Hermitian matric K defined by

- d

Kij = o], _ Kii(t) = do(v - Vei,¢j)op , (4.35)

where
Kij(t) := (SpiaKD,t(Pj)D'

With Theorem 4.3 and Proposition 4.5 above, we can easily derive the asymptotic expansions of the subwavelength
resonances for the symmetry-broken geometry, which will be useful in the next section. For ease of exposition, we first
introduce the following matrices under the assumptions (C.1)-(C.3) with the incident direction d given in (4.9). Let
the fields ¢1 € Ho gnt(div0, D) and 2 € Hg gym (div0, D) be given in the assumption (C.2), and V be a deformation
field (4.8). By a slight abuse of notation, we define the 2 x 2 symmetric matrix C° by

CY = (v- Vi, ¢j)op (4.36)
and the 2 x 2 matrix C10 as in (4.26) by

Ci;™ = (pi, PaK 5 Palpi])p (4.37)
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Note from (3.1) that the unit outer normal vector v to 9D is antisymmetric in the sense of (4.2). Thanks to the
symmetry properties of V and ¢;, we have

0 .
Y = LO c((;] , with cg:= (v -Vr1,92)ap - (4.38)

Moreover, recalling the kernel G* (4.13) for the operator PyK75' Py, we write it as
G (z) = iK1 (7) + i K2(x) + ieK3(x),
with

_d3|$3|2
4 )

(a0 - 2')? 3|’

vyt Ks(z) = —ap - (T —igl(fﬂ)) :

We remark that all K; are real functions, since ¢; is purely imaginary. Again, by the symmetry of ¢; and g; in (4.14),

it follows that
Lao _ ;€11 0 cole21 O [0 e
C =1 [ 0 01,2} + i€ [ 0 0212] + i€ {_Cg NE (4.39)

Kl(l') = K2($) = —

with real numbers:
coi= [ [ K- ypate) o) dudy, s=1.2, 1= 12, (4.40)
DJD
and

o= [ [ Kaw-n)ea@) o) dody. (4.41)

We claim that ¢;; is zero and ¢1 2 > 0. Indeed, if the assumptions (C.1) and (C.2) hold, Theorem 4.3 for the case
of the normal incidence and the symmetric domain D shows that there are two characteristic values w; and wy of
A, (0,w) near v/7Ag  with asymptotics: for j = 1,2, as 7 — o0,

1 iCLj
VT 27A3
where ¢1 j, 7 = 1,2, is defined in (4.40). Noting that the resonance wy = w, corresponds to the antisymmetric function,
the assumption (C.1) enforces the vanishing of the imaginary part of wy, that is, ¢; 1 = 0 and

1 _3
Wy = NG O(r72). (4.43)

Moreover, it is known that the scattering resonances exist in the lower half-plane [9,29], which implies ¢1,2 > 0.

Corollary 4.6. Given a deformation field V in (4.8), let d and Dy be the perturbed incident direction and domain
defined in (4.9) and (4.10). Under the assumptions (C.1) and (C.2), there exist two subwavelength resonances wy and
wy near \/TAg for the scattering problem (2.3) with « = eay, which satisfy the asymptotic expansions: for j = 1,2,

+0(r77), (4.42)

wj =

1 1 Ho,j _3 2 -1
wj=—4=—=-"22|+00F"2+|t|°'772), asT—> o0, |t| >0,
1= (g - ) +orE+ Pl oo

with po ; being the eigenvalues of the following matriz:
=210 e 1. o(.10 0O .1 0 e 9 1
M=t} w0 0 +772h° | ¢ 0 crs + i€ s 0 +O(e*177), (4.44)
where ¢1,9 > 0 and co,c3 € R are given in (4.38), (4.40) and (4.41).

Proof. We only provide a sketch of the proof, as it is almost the same as those of Theorem 4.3 and Proposition 4.5.
Let @ = /7w be the scaled resonance. We consider the characteristic values of (1 — TTgtd “N[E] = 0 near /7 o

with ||E||p =1 and &g = /Ao . Similarly to the proof of Theorem 4.3, there holds Py, E = O(7~!), and it suffices to
solve, after mapping the problem to the reference domain D as in (4.30),

27 -1, s d! " _
(1-a’Kpy — 7 &°PLO;KS @ PL)[@;E] = O(r7 ). (4.45)

We linearize the above equation (4.45) at @ = &g and t = 0, and find that, up to an error term of O(7~1) + O([t|?),
the scaled resonance @ near wq satisfies

det (—2(@ — Qo)ig T tC0 — ﬁ‘lagclﬁao) —o,

which readily completes the proof, by a direct computation. O
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4.2 Analysis of the reflection energy

In this section, we investigate the Fano-type transmission and reflection anomalies. For this, we will first derive
the leading-order approximation for the scattered polarization vectors p+ defined in (4.7). Let 1 and @3 be the
antisymmetric and symmetric functions in the assumption (C.2), respectively. We introduce the following two 3 x 3
real matrices for later use:

A‘mt:/ x® ¢ do, Asym:/ T ® @y dr. (4.46)
D D

By symmetry, it is easy to see that A" and A%Y™ are of the block form:

A, O 0 b
ant __ 1 sym __ 1
= a8

where by, by € R? and A; is the 2 x 2 matrix. The following proposition characterizes the solution of the volume
integral equation for the incident frequency w near the embedded eigenvalue w:

(1— 7T )E] = E'. (4.47)

Theorem 4.7. Suppose that the assumptions (C.1)-(C.3) hold. Define & ; 1= &o — po,;/2 for j = 1,2 with po ; given
in Corollary 4.6. There exists a constant Cx > 0 such that when |t|+7~2 < Cald— o, the solution E € H(div0, D;)
to the equation (4.47) has the asymptotic expansion uniformly in & near dg:

_3
2

BP0, = 7 (780w + O(r e+ ).
L 0 as T — o0, [t| =0, (4.48)
« R k- [/ R
®;Py,p, F = q1o1 + qaip2 + O(T 2 + f) ;
| — o

with q1,q2 € C given by

] 1= (. 1 [f 1, er TP+
[(p]_ih <z7’ w[h —|—O(7’ +7 |t|+—|@—®0| ) , (4.49)

where h is an analytic function in & defined by
h(@) = (@) (@ — @01 + O+ [t*)) (@ — @o2 + O~ +t%)), (4.50)
with r(@) being invertible and analytic in & with |r(L)| = 1, and the real numbers f1 and fa are given by
fri=d-A"pt fyi=d-AWTp. (4.51)

Proof. Noting the incident frequency w = O(/7 ') and || p, ¥ dx =0 for any ¢ € Ho(div0, D;), we have the following
asymptotic expansions for the incident wave:

Pyp, B =p' +O(17%), Pap,E' =iwPyp,[p'd 2] +0(r ), (4.52)
which implies, by the pullback &},
®iPy p,E' = iwPq p[p'd - 7] + 0(7'7% [t +771).
It follows that, by (4.46) and (4.51),
(s, 2 Pa.n, B')p = iw(p, p'd - 2)p + O(r~ =t + 77
=iwf; + O(r 3 |t| +77Y). (4.53)

Following the analysis in [9, Section 4], we reformulate the equation (4.47) on the reference domain D with a matrix
form, by the projections and the pullback ®}:

Altme) {@:PW,DtE TPy, p, B
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with

Alt,m,w) ==

wd' ,w
1 —70;Pyp,Tp “Pap,Pix  —7PPap,Tp, ,Pw,Dt(I)t,*
de W —1 7—wd )
—®¢Pyw,p, D, Pa,p, P« T = ®{Pw p, D, Py, D, P«

Similarly to Lemma 4.4, for n > 1 and s,t = d, w, the operator @fP&DtTg;nPt,Dt@t,* is differentiable at ¢ = 0, and
there holds

(brPS,DtTgt,nPt,th)t,* = ]P)S,DT[l)it,n]P)t,D + O(|t|) )

where the error term is measured in the operator norm. Then, by expansions (4.22) and (4.23), we find

Alt,T,w) =

A2 A2 d’ *% 7%
PKp —& Pdlc%oﬂ"w] N {O(Itlﬂ” ) Ol +772) (4.55)

0 ~Tp o1 Ot +77%)

Hence, for & near &y, the Neumann series expansion shows that when [¢| + 72 = O(|& — @o|) is suitably small, there
holds [|A(t, 7,w)|| < |& — @o|~*. We also see from (4.52) that [Pq.p, E*, 7 'Py.p,E] = O(y/7 ). Tt follows that the
solution E € Hy(div0, D) to (4.47) satisfies

-

E=0(&—ao| 'r72). (4.56)
To obtain (4.48), we consider the second component of the equation (4.54). By estimates (4.52), (4.55) and (4.56),
we have

3
O Pup B = 7 (T5") o]+ O(7 1+ =——) . (4.57)
WQ|

v —

Then, we consider the first component of (4.54). By the assumption (C.2), without loss of generality, let the field
®;Pq.p, E € L?(D) have the following ansatz:

Qi Pyw.p, E = qi1 + a2 + ¢, with ¢ L 5, (4.58)

where ¢ € L%(D) and q1,q2 € C. Substituting (4.58) into (4.54), and using the asymptotic expansions (4.22) and
(4.52) and the estimate (4.57), we can derive

(1-0%Rp, - 7 40 PHOIKE @0, Ph + O ) largr + a2z + ]

[N

—iwPy p[p'd - z] + O(7 2|t O 4.59
P plp'd -2 + O il +7) + 07— ) (4.59)
We take the inner product between the above equation (4.59) and ¢, and obtain
3
(60— &Kp + O(l) + O lases + aza 1) | £ (2 + 575 )19l (4.60)

Noting from (4.56) that ||q1<p1 + 202 + ¢|lp = O(|& — &o| 277 2), and from the ansatz (4.58) and the assumption
(C.2) that, for & near v/Ag

16115 < | (¢, (1 — &*Kp)) g1 + qasp2 + ¢])

we estimate

(%)M’HD ‘(d), (1—@2KD+O(|t|+T—%))[ql<pl+qw2+¢])D‘ ,

which, along with (4.60), gives

0 < [lgllp —

1
-3t —1
: w) _ (4.61)

6= 0(7*5 +

| — ol
We proceed to take the inner product between (4.59) and ¢;. We first have, by Proposition 4.5,

(i, (1 = @*Kpo)les]) , = (I = &®Xo(I +1C°))i; + O(It]) .
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Recalling the definition of C1* in (4.37), there holds
(i T 2O PL O 1 @0 Ph o] p = 7 20C™ + O(r 2 ).

It is also easy to see, by (4.61),

(01, (0 = @*Kp, — 710" PLO;KE 1 @1 P) + O ) [6])
TR £y, (162

:O(T_l +T_%|t| + —
| — @l

Combining these facts together, it follows that [q1, 2] satisfies the following matrix equation:

(1= @221 +1C%) — 7 haPChe0 + O(r ™ + t2)) [gl]
2

. 1| h -1 -1 77%(|t|2+7 1)
=T 2W T T 20t _ - 4.
) [5 —|—O( + t] + |A AO| ), (4.63)

where the right side is from (4.53) and (4.62).
We write Z (&) for the coefficient matrix of the equation (4.63). By Rouché’s theorem, we know that there are two

zeros of the analytic function det(Z) near &y. We denote them by z1, 22 € C and have, for © € C near @y,
det(Z(@)) = r(@) (@ — z1) (@ — 22),

where r(@) is an invertible analytic function near @y with modulus of order one. Then, it follows from the analysis in
Corollary 4.6 that z; can be approximated by z; = @ — i0,;/2+ O(77* + [t|?). Therefore, the formula (4.49) holds by
the inverse formula for 2 x 2 matrices. The proof is complete by estimates (4.57), (4.58), and (4.61). O

With the help of Theorem 4.7 above, we are now ready to derive the asymptotic expansion for the scattered
polarization vectors (4.7). The estimate (4.48) has shown that, for the solution E to (4.47),

[V

T 2 T

) Fanpo(Zn).
@ — Wol | — o

3 —
Pw,Dtho(r‘le .
By the above estimate and Taylor expansion with w = \/F_lcb, we find
-1

(Pv.p, B —ir~¥ds - yPap, B) dy+ O(=—)
| — ol

p+(d,D;) = 3 (I-ds+®ds) /
Dy
—1

:L(I—di@di)/ d:t'de,DtEdy‘FO(T_%‘F—AT — )
Dy & — ol

Then, by a change of variables and (4.48), as well as (4.46), we further calculate

p+(d, D;) = %(I —dy ®dy) /D(di -3, (B Pyp, E) P, + O(T_% N m)
. —1, -1
_ i(l —dy®dy) /D dy - y(qipr + goip2) dy + o(T—% i H)
L _1, 1
) ;—;(qlg? " q2g2i) ' O(T_% i W> ’ (4.64)
where
g = (A“Tdy — (ds, A®dy)ds
and

g = (A*™)Tdy — (de, A%¥™dy)dy .

Recall that the perturbed incident direction d is of the form (4.9). A direct computation gives

%mﬂ+m&,gf=L$?%y%%%,%eﬁﬂ (465)
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Similarly, thanks to p - d = 0, we have
fi=0(), [f2=0(Q). (4.66)
For simplicity, we introduce the small parameter:
§=t|+77%,
and consider the regime:

§=o(l& —&ol), asd — do. (4.67)

By the estimate (4.48) and the expansions (4.64), (4.65) and (4.66), we readily have

L —13 ~2
T2 1 — WA +b
p.(d, D) = . [ 2

2
5 - f2 by ao} + 005+ €%, (4.68)

since (1 — &?X\g)/h = O(|& — @o|~1) holds for @ near @y. As a corollary, we can approximate the reflection energy
Ip"|? as follows.

Corollary 4.8. Suppose that the assumptions in Theorem /.7 hold. In the regime (4.67), the reflection energy |p”|?
has the following asymptotics: for & € R near @y,

1= N)?

BE po+o(6+€*), asde—0,

PP =7

with the real function py in ©:

|@]°

2 2., 2 2
mfz (Ib2f* + €*[b2 - ag?),

po(@)) =

where h and fo are given in (4.50) and (4.51), respectively.

We next show our main claim that for certain parameters, the Fano-type resonance can happen for the symmetry-
broken metasurface when the incident frequency w is near the embedded eigenvalue w.. Recalling the classical Fano
formula [71] (see also Remark 4.10 below) and the scaling w = /7 '@, it suffices to prove that for some fixed large 7
and small ¢, e, there holds

L@ 0+ (= )P
72 Tl

as w — W, (4.69)

for some constant C' and parameters § € R and v > 0. We first observe from Corollary 4.6 that, for j = 1,2,

. 1
wo,j = Vo g 5 (470
where 7; > 0 are given by
iT*%)\5201,2 - \/_7’*1)\546%72 +4(820 G+ Ty ) 2 _—1
m = 4 roeT
and
iTTiN P + \/_T—1A64Ci2 + A2 g + TN e 2 1
N2 = 4 roery)
Hence, when the symmetry is broken by purely perturbing the normal incidence (i.e., t = 0), there holds
m=0(r":), m=0("2), )

that is, o1 has a much smaller imaginary part than the one of &g 2. By definition (4.50) of h, we can compute

=@ ABH(@o + @) |(w = wa) + (we — 77 209) 2
|h|? r@) @ — @01+ O )P0 — o2+ O~ 1)

(4.72)
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Then, by estimates (4.43) and (4.70), we see
TG — Qo+ O(T Y| = |lw —wa +iT I+ O(r 9],

which implies, by 7o = O(7~2) in (4.71),

1
|(:}—£:}071+O(Tﬁl)|2|@—d}072—I—O(T*1)|2
lw —ws +iT7 2 4+ O(172) 2w — wy + i7" 215 4+ O(73) 2
1
_|w—w*—l—iT_%m—|—O(7'_%)|2|7'(w—w*)+iT%772+O(7'_%)|2
1
=0(1) as w — Wy . (4.73)

|w —ws + a7~ 2171 +O(T’%)|

Therefore, it follows from (4.72) and (4.73) that for real w approximating w.,

~ ,l
LGN ) (=) 2
P = wa +irFm + O D)
(@ = w2) + (. = 7 Rap)P?
=TT

~ O(1) : (4.74)

if 772 = o(e?) holds (so that O(7—2) is a higher-order term with respect to 7-27;). The formula (4.74) exactly
matches the Fano ansatz in (4.69) with 0 = w, — 7'7%(:)0 and v = 771n?. By Remark 4.10, this corresponds to the
classical Fano resonance formula (4.75) with I' = 2(r~2m;) and ¢ = (w, — 7 24&0) /(7" 2m1) = o(1) (from (4.43) and
(4.71), as well as 7T = o(€?)), which predicts the desired Fano-type double-spiked anomaly around the embedded
eigenvalue w, with width O(T_%’Ih). Similarly, we can break the symmetry of the metasurface by purely perturbing
the shape of nanoparticles (i.e., ¢ = 0). We assume the parameter ¢ = 7% for simplicity and then find m = 0(7'_%)
and 7, = O(7~2) as in (4.71). It is easy to see that in this regime, all the derivations (4.72)-(4.74) above still hold
and we can have the Fano-type scattering anomalies in the same manner.

Remark 4.9. In general, one could expect the occurrence of Fano resonance near the embedded eigenvalue when the
symmetry of the system is destroyed. The broken symmetries by perturbing the particle configuration or the incident
direction were considered in [3] and [60], respectively. Here, for the all-dielectric metasurface, we have justified
that both of these symmetry-breaking scenarios could lead to a Fano resonance and hence generalized the previous
results [3,60]. In addition, it is certainly possible to combine these two kinds of perturbations together to achieve the
Fano resonance as observed in [49]. For example, we can let ¢ = 771¢? and then it is easy to see that formulas (4.71)
and (4.74) still hold.

Remark 4.10. For completeness and reader’s convenience, we briefly discuss the mathematical and physical significance
of the Fano resonance ansatz (4.69). As mentioned above, Fano resonance corresponds to an asymmetric resonance
peak (double-spiked anomaly) in the wave transmission or reflection spectra. It was Ugo Fano who suggested the first
theoretical explanation of such a phenomenon by the following formula:

lg +ef?

F,(e) = Tr2 ¢ €eR (4.75)
where g € R serves as a parameter that controls the shape of the resonance peak and dip; C' is a normalization constant

such that max, F,(e) = 1; the variable e represents the energy difference:

W — W

r/2

Here w, > 0 denotes a resonance and I' > 0 is the characteristic width. It is easy to see that the ansatz (4.69)
considered above is equivalent to (4.75) by setting § = ¢qI'/2 and v = I'? /4. We plot the formula (4.75) with various
values of the parameter ¢ in Figure 1, which clearly shows how it characterizes the Fano-type asymmetric line shape.
We also emphasize that when ¢ varies from +oo to 0, the line shape transitions from a symmetric Lorentzian profile
(Fy(e) ~1/(1+ €?)) to an inverted one (F,(e) ~ e%/(1 + €?)). We refer interested readers to [65,71] for more details
on the physics of Fano resonances.
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Figure 1: Fano resonance formula (4.75) with various ¢ [71, Figure 5].

5 Concluding remarks and discussions

In this work, we have given a comprehensive investigation of the resonant scattering by all-dielectric metasurfaces of
periodically distributed nanoparticles with high refractive indices. We have characterized the essential spectrum of the
Maxwell operator associated with the periodic scattering problem. We have shown that the interested real scattering
resonances are the simple poles of the EM scattering resolvent with the corresponding resonant modes being the bound
states exponentially decaying away from the metasurface. We have found that the real scattering resonances always
exist below the essential spectrum of the Maxwell operator. We have also revealed some important relations between
the resonances and the symmetry of the metasurface, which helps us to prove that in the high contrast regime, under
the normal incidence, the subwavelength embedded eigenvalues exist for the symmetric dielectric metasurfaces. The
resonant states corresponding to the embedded eigenvalues are the desired bound states in the continuum. To connect
the BICs and the Fano resonances, we break the in-plane symmetry of the metasurface by perturbing the geometry of
the dielectric nanoparticles and the incident directions (i.e., the Bloch wave vectors). We have derived the asymptotic
expansions of the subwavelength resonances with respect to the high contrast and the shape perturbation. Furthermore,
we have quantitatively approximated the reflection and transmission polarization vectors near the resonances and
characterized the Fano-type asymmetric line shape in terms of the well-known Fano formula. Therefore, this work has
provided a solid mathematical theory for the Fano resonance phenomenon physically observed in [49,58].

There has also been increasing interest in understanding the topological properties of the BICs and the associated
Fano resonances. In particular, we can define the topological charge by the winding number of the scattered polarization
vectors, and the BICs are noting than the vortex centers of the polarization vectors in the momentum space [91]. We
also note that the BICs have a natural connection with the polarization singularities, which is a fundamental concept
in the field of singular optics [22,27,80,88]. It would be interesting to explore these concepts in our framework and
further investigate the robustness of BICs and the Fano-type resonances.

Appendix A. Auxiliary lemmas

In this section, we establish some useful lemmas for proving Theorem 2.8. Letting ¢ = 1 4+ 7xp with 7 > 0, we
consider the following elliptic equation on the unbounded domain Y:

—div(eVp) = f, (A1)
with the quasi-periodic boundary condition. For the well-posedness of (A.1), we need the weighted Sobolev space:
HyH(Yoo) = {us (14 Jas*) 7V 2u € LE(Yoo) . Vu € LE(Yac)}
Note that H~1(Ys) with a = 0 (i.e., the periodic case) includes the constant functions.

Lemma A.1. For any f € (HLY"1(Y))*, the equation (A.1) has a unique solution in HY71(Y,)/R, continuously
depending on the data f.

The proof of the above lemma easily follows from [66, Theorem 2.5.14]. We next discuss how the solution of (A.1)
depends on the contrast 7.
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Lemma A.2. Suppose that E € L2(Yy,) satisfies div(eE) = 0 and div(xpE) # 0. Define the coefficient €’ = € +nxp
forn >0, and let p € HL71(Yo)/R be the unique solution to

div(e"(E+ Vp)) =0. (A.2)
Then there holds
IZ1Zy.. +IVPIEy IElID/IIVDlD < B+ VplZ v, -
Proof. By the equation (A.2) and diveE = 0, it is clear that
—div(¢'Vp) = ndiv(xp E)
which implies Vp # 0 and
IVpl2 .y, = =n(Vp. E)p = —n(E.Vp)p. (A:3)
Then, a simple use of Cauchy’s inequality gives
IVpliZy.. < n(Elp —IVpln)IVelp. (A.4)
We can directly estimate, with the help of (A.3),

1B+ VpliZ v, = IEIZ v, =2l EID + 1VplIZ v, +0(E. VP)p +0(Vp, E)p
=nllEIS — I1Vel2 v
z1lElpo(IElp = [IVplp)- (A.5)

The proof is complete by (A.4) and (A.5):

1B+ VpliZ v, = B2y, = IVPIZy. IEIp/IIVPlD > 0. O

Appendix B. Analysis of the scalar eigenvalue problem (3.37)

In this section, we will formally discuss the high-contrast limits of the subwavelength resonances and the associated
resonant modes of (3.37), and show the existence of real subwavelength resonances with a lower bound under the
symmetry assumption of the coefficient (which is implied by (3.1)):

5($7 Y, Z)|Yh = 6(_I5 Y, Z)|Yh .

The rigorous analysis can be performed in the same manner as in [9,71]. We recall the periodic Green’s function G
defined in (2.7) (which clearly satisfies the transparent boundary condition %GO*“’ = TG% on ¥) and the associated

volume integral operator IC%“’ in (2.9). By the asymptotic expansion (4.11) of G%%:
G'¢ =G+ 0w), with Gi= — + G0,
2w
we have K%“[¢] = Kple] + O(w), where the operator Kp is defined by

Kolel = 5-(1,¢)p + K] (B.1)

Thanks to the integral operator IC%“), the eigenvalue problem (3.37) can be reformulated as
u = WK% ] . (B.2)
To deal with the O(w™!) singularity in (B.1), we define the space L3(D) = {u € L*(D); {1,u)p = 0} and write the

functions u € L*(D) as u = (1p,u)p + 4, where 1p := 1/|D| and @ € L3(D). Such decomposition is unique and
orthogonal. Then the problem (B.2) is equivalent to

[<1D7U>D} —w%[ {Lp,K3"[1])p {Lp, K3 "[1)p } {<1D7“>D] =0.
u K51 = (1o, K[ K51 = (1o, K5 [D)p u
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By the asymptotic expansion (B.1) and Kp[1] = i';g' + K%°[1], we have

1-— cm'@ + O(w?T) O(w?7) (Ip,u)p| _
—w?rg; + O(w3r) 1 —w?rKp + O(WST):| [ a ] =0, (B.3)
where ¢1 := K%°[1] — (1p, K%°[1])p and
Kp[] = Kp'[] = (1p, K5 [)p : L§(D) = L§(D). (B.4)

Note from the coefficient matrix in (B.3) that in the high contrast regime, the subwavelength resonances of (3.37) can
happen in two cases: w = O(77!) and w = O(\/?il). In the first case, we have the asymptotics:

_ - iD] 2 2 _ 4Dl
1 o;T 5 —l—O(o?;) T) 2O(w T) | = l-—wr== 0 Lo(r Y,
—w’Td1 + O(w?t) 1 —w*TKp + O(wT) 0 1

_2
iT|D]|

constant: u =1+ O(r~!) on D. In the other case: w = O(y/7 ), we first divide the first row of (B.3) by v/7 ' and
then find

which readily gives a subwavelength resonance w = + O(772) with the associated resonant mode being almost

1-— w\/?@ + O(w?y/7) O(w?\/7) 1= wﬁ@ 0 —1
[ —w?rgy + O(wr) 1—w?rKp + O(w37)} o [ —W2r gy 1-— w2TICD} +OWT ). (B-5)

Suppose that the compact self-adjoint operator Kp admits the eigen-decomposition:
oo
Kplu] = an(vj,u)pvj , forue LiD).
j=0

Then, by the asymptotics (B.5), we can have another class of subwavelength resonances w; = | /an_l + O(771) with

the resonant modes u; = v; + O(\/7_'71) on D. We now summarize the above discussion as follows.

Proposition B.1. The subwavelength resonances exist for the problem (3.37) in the high contrast regime. Moreover,
for any subwavelength resonance w, there holds either

2 1
= - +0(r7%), or w=
iT|D| (r™) VT

where n; is an eigenvalue of the operator Kp on LE(D).

w +O0(r™ 1)  for some j >0, (B.6)

We proceed to consider the existence of real subwavelength resonances, which has been discussed in [14,72]. We
provide a sketch of arguments below for completeness. With the help of the DtN operator (3.3), the variational
formulation of (3.37) reads as follows: find (w,u) € R\{0} x H}(Y}) such that

b (p,u) = w?(p,eu)y, , Vo € Hy(Ya), (B.7)

where by (-, -) is the sesquilinear form on H)(Yy):

b (o, u) = (Vo, Vu)y, — (¢, Tu)s . (B.8)

Let 77 and T¢ be defined as in Section 3 and b5(-,-) be defined by (B.7) with 7 replaced by 7¢. Moreover, we

introduce the symmetric and antisymmetric functions:

H;,sym(yh) = {<P € H;(Yh) ; <P(—l“/, I3) = @(I/a I3)}a

and
H;,ant(yh) = {<P € H;(Yh)7 <P(_I/a I3) = _<P(33/a I3)}a

which are orthogonal with respect to b5 (-,-). Similarly to Proposition 3.3, we can prove that b5 (-,-) is a symmetric
positive form on Hy ,,,,(Y5) with eigenvalues A\4™*(7,w) decreasing in w, where A¢™" is given by the min-max principle:

bé‘
A (T, w) = min  max bl u) . (B.9)
VCH! .. (vi) HEV (U, )y,
dim V=j+1
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It follows that for each j, the equation ¢ (7, w) = w? admits a unique solution w; > 0, and we can find u; € H} ,,,,(Y1)
such that

b, (9 ug) = Wi (poeu)p, Vo € Hy 0ne(Ya) - (B.10)
We claim that for 7 large enough, w; is in the subwavelength regime. Indeed, by (B.9), we have

bé‘
/\?"t(T, w) < min max M = O(T_l) ,
VCH (Vi) HEV T(U, u)p
dim V=j

with H o, (Ya) := {u € H} ,,,,(Ya); u = 0 on Y;\D}, which readily gives w; = O(\/F_l). By the orthogonality
between H! . (Y;,) and H

.sym p.ant(Yn), the equation (B.10) holds for any ¢ € H}(Y). In addition, thanks to w; < 1
and uj € H} ,,,+(Yn), we have (u;)q = 0 for ¢ € A}, = {0} by symmetry, which gives bij (¢, u;) = by, (@, u;). Therefore,
w; is the desired real subwavelength resonance for (3.37). The following result, which gives a lower bound for real
subwavelength resonances, is a variant of [72, Theorem 4.1]. Let X be the subspace of H,(Y}) defined by

X :={u€ H)(Ya); ug=0for g € Ap}.

Proposition B.2. Suppose that w is a real subwavelength resonance of (3.37) satisfying w = O(\/F_l) for large

enough 7. Then it holds that
[0 1
w > 7 + 0] (m) ’

bo (u, u)

where v9 > 0 is given by

o= ueli}if(‘yh,) (u,u)y, ’ (B.11)
with bo(-,-) given in (B.8) with w = 0.
Proof. Let u be a resonant mode associated with the real resonance w = O(\/F_l). Then u € X satisfies
bo(p,u) = w?(p,eu)y, , Vo€ X.
We now consider the following variational eigenvalue problem on X:
bu(p,u) =v(p,u)y, , VeeX. (B.12)

Since by(-,-) is a positive symmetric form on X, we let v;(w) > 0 be the eigenvalues of (B.12), which has the
asymptotics: v;(w) = 7;(0) + O(\/F_l), by the standard perturbation theory. Hence, we have
5 bu(u,u) 1 be (u, u)

1 1
=227 > inf > Z~0(0 O —= 1.
w (uyeu)y, — 7 uEIIJI}(Yh) (u,u)y, — 7'70( )+ (T3/2)

The proof is complete by noting that v (0) is strictly positive. Indeed, if 7(0) = 0, then the eigenfunction must be
constant which does not belong to the space X. O

Appendix C. Proofs in Section 4.1

C.1. Proof of Lemma 4.4

Let us first compute the derivative of P4, at ¢t = 0. By the construction of the Helmholtz decomposition in [10], we
have, for E € L?(D),

¢
PHLE =FE — ®;Vu,
where, up to constants, u € H'(D;) satisfies the variational equation:

(@4, E,Vo)a,(p) = (Vu, Vo)a,(py, Vo € H'(Dy). (C.1)
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Then, we define Q; = (V®;)~!, and find, by chain rule,

PLE=E—®Vu=F - QI'V®ju, (C.2)
and
d o d 7o T *
EPDE = _EQt Voiu— Q, V <I> (C.3)
It is direct to compute
d T
Qt (I +tVV) T = —(vi)T. (C.4)

Moreover, by change of variables, we can see from (C.1) that ®}u is the solution to

(B,Qf VoJ(®))p = (Q:Qf Vw,VeJ (®:))p, Yy € H' (D), (C.5)
where J(®,) := det((I + tVV) is the Jacobian determinant. It is known that [26,38]
D g@) =L det(T+ V) = divy . (C.6)
dt lt=0 dt lt=0
We denote by u° the solution to (C.1) at t = 0, i.e.,
(E,Vo)p = (Vu’,Ve)p, Ve H (D), (C.7)

and take the derivative of the variational equation (C.5) at ¢ = 0 with (C.4) and (C.6),

(E, (—(VWV)T +div)V)p = — (VV + (VV)T —divV)Vu®, V) p + (Vi

diu, V
dt =0 t U, </7)D

Then, by (C.3), (C.4) and (C.7) with Vu’ = Pz, E, we can conclude the desired formula (4.32).

We next compute the derivative of IEtD, which essentially follows from [68, Proposition 3.2]. We sketch the compu-
tation below. By definition and change of variables, we have

RblE] = #ikch0alb) = [ GO B ) dy
P (D

= [ 620 (a). w0 E )T @0) dy.

Then, a direct calculation gives

d

7| KblE] = /D ~V, Gz, y) - (V(z) - V() E(y) dy — /D GO0z, y)divy (V (z) — V(1)) E(y) dy

= /D —div, [G*(z,y)(V(z) = V(y))| E(y) dy.

C.2. Proof of Proposition 4.5

Similarly to Theorem 4.3, the proposition is a direct consequence of the standard perturbation theory with the
Lyapunov-Schmidt reduction; see also the monograph [39]. It suffices to compute the Hermitian matrix K. We start
with the definition, by chain rule,

%L:OK@‘ = (%‘,%L OIP’ LK [%]) (Spi,lc%odt‘t ) (pj]) + (%’%L:O@D[%DD' (C.8)

We observe from [9, Proposition 5.1] that the eigenfunction of Kp is of H!-regularity, which allows us to use the
integration by parts for (4.34): for E € H(D),

RolE) = [ @) VEWVE) = V) di— [ Gwa)(V(@) = Vi) v ) dy.

E‘t:o )5)

It follows that the last term in (C.8) can be calculated as

(0] _ Fblenl) | == 0Xleil, VesV)o + (Kl @ V], Vi)
+ (KB lpils v - Vey)ap — (K lps @ V], @ v)ap - (C.9)
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Thanks to Kp[y;] = Aowi, for the first and third term in (C.9), there hold
—(K3 [#i), Vo, V)b = =(Nowi, Vo V)b — (Ba pK3 ], Vo, Vo (C.10)
and
(K5 lpil,v - Voan = (howiv - Vigj)ap + (Ba pK5 leil, v - Veoy)an - (C.11)
For the second term in (C.9), a simple computation gives, by changing the order of differentiation and integration,
(K3’ les @ V], Vey)p = (s @ V, VK [0])p + (K35 [0 @ V], 05 @ v)an - (C.12)
Then, applying the integration by parts to the first term in the right-hand side of (C.12), we find
(i @ V, VKL [@])p = = (divVep; + ViV, (Pa,p + P p)K5 [0 b + (v - Vi, K5[0 on
=~ (div(p; ® V), Xow;)p — (divVe; + Ve V.PE K3 [0 + (v - Vi, K3 )b
== (divVei + Vi V. Py pKp [9i))p + (v - Veoi, KB’ [5])op
+ (i, AoV V)b — (¢i, Aopjv - V)ap - (C.13)

Combining the above calculations (C.9)-(C.13), we arrive at
d ~
(% E‘t:o’CtD [%])D =~ (P pKB [0l Vs V) + (Bi KB lpil, v - Vos)ap + Ao(v - Vigi 9)op
— (divVipi + ViV, Pa p KB [ei))p + (v Vi, P oK [s]on - (C.14)
We next compute the first two terms in (C.8). It is easy to see from (4.32) that
PipVw =Py p(—=VV + divV)Py pE + P3 p(VV) P pE,

which implies

d .
]P’iDEL_O]P’}) [E] = P4 p(VV — divV)Py pE. (C.15)
It is also clear from (4.32) that
d
Pd,DEL:OPtD =Pap(VV) ' Pip. (C.16)

By (C.15), we readily have

d d
40,0 @ tr _ 40,0 1L @ t )
(0 kB 2| Boliei]) | = (i KB Bap+Pip) | _ Phlis])

= ()\0%7 %’t:o]}%%>p + (PiD’C%O%a (VV — diVV)SDj>D

= (]P’iDIC%O%,i7 (VV — diVV)gaj)D , (C.17)
where the first term in the second equality vanishes due to (C.16). Similarly, we derive
d t 1007, — (i Tl 00
((p“ dt ‘t:oPDKD [%])D B (901, (VV) Pg pKp %)D- (C.18)
Collecting (C.14), (C.17) and (C.18), we obtain
d .
=| K =5 K 0 (VY = divV)p; = Vo, V)b + (B pK il v - Viey)on
+ ((VV = divV)p; — Vo, V,P: pK 3 (0] p + (v - Vi, BE K3 [05])an
+ Ao (V- Vi, @5)op - (C.19)

To simplify the above formula, we write Vp; € L2(D) for ]P)i DIC%O%- and then have

(Pa,pKB iy (VV = divV)p; = Vi, V)p
(Vpi, Vx (Vx9;))p

(Vappi,v x (V X ¢;))op
=(Voppi,—v-Vyj)op ,
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by integration by parts with v - ¢; = 0 on 0D. It follows that

(Pi KB pi, (VV — divV)p; — Vo, V)p + (BE p K5 [wil, v Vigj)op = 0.

Similar calculation yields the vanishing of the term ((VV —divV)p; — V¢, V, IP’(JLDIC%O i p+ - Vi, PiDIC%O [ei)op-
The proof is complete by (C.19).
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