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STRONG CONVERGENCE OF PROPAGATION OF CHAOS FOR
MCKEAN-VLASOV SDES WITH SINGULAR INTERACTIONS

ZIMO HAO, MICHAEL ROCKNER, XICHENG ZHANG

ABSTRACT. In this work we show the strong convergence of propagation of chaos for the particle
approximation of McKean-Vlasov SDEs with singular LP-interactions as well as for the moderate
interaction particle systems on the level of particle trajectories. One of the main obstacles is to
establish the strong well-posedness of the SDEs for particle systems with singular interaction.
To this end, we extend the results on strong well-posedness of Krylov and Rockner [25] to the
case of mixed LP-drifts, where the heat kernel estimates play a crucial role. Moreover, when the
interaction kernel is bounded measurable, we also obtain the optimal rate of strong convergence,
which is partially based on Jabin and Wang’s entropy method [19] and Zvonkin’s transformation.
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transformation, Heat kernel estimates, Entropy method.
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1. INTRODUCTION

Let ¢: Ry x R x RT 5 R™, F: R, x R x R™ — R% and ¢ : R, x R? — R% ® R? be Borel
measurable functions. For a (sub)-probability measure y over R%, we define

b(t,.’II,M) = F(t,.’[], (¢t &® N)(‘T))u
where ¢y(2,y) = 6(t,,y) and

(o1 ® p)(x /¢txy (dy).

Consider the following interacting system of N-particles,

dx; = b(t, X, gy )dt + o (6 X AW, i=1,--- N, (1.1)
where nx v stands for the empirical distribution measure of N-particles XN = (XtN LT XtN ’N),
77XN dy Z(SXN] dy

and {W® i € N} is a sequence of independent standard Brownian motions on some stochastic basis
(Q, #,P,(F)i>0). The infinitesimal generator of the above system is given by

N
LY o(x) = tr(a(t,2’) - V2.p(x)) + F(t,xi, % Z¢t(xi,xj)) - Vaip(x),
=1

where x = (2!, ,2"V) € (R)N and a = %00*. Here and below we use Einstein’s convention for

summation.

In this paper we are mainly concerned with the weak and strong convergence of the solutions
to (1.1) with general LP-singular interaction ¢¢(z,y) to the solution of the following distribution-
dependent (or McKean-Vlasov) SDE (abbreviated as DDSDE) when N — oo:

dX; = b(t, Xy, px,)dt + o(t, X;)dW}, (1.2)

where px, denotes the distribution of X;. In particular, u := (px,)i>0 solves the following non-
linear Fokker-Planck equation in distributional sense:

Op = 0;05(ai;p) + div(b(p)p),

Moreover, we are also interested in the so called moderately interacting kernel ¢ (2, y) = ¢e (x—y),
where ¢., is a family of mollifiers and ey — 0 as N — oo. In this case, the solution to the
interacting particle system

dX" = F(6, X (fey ®xa ) (X)) dE+ o (6, X)dW), i=1,-- N, (1.3)
is expected to converge to the solution of the following density-dependent SDE (see [34, 23]):
dXt = F(f,Xt,pXt (Xt))dt+0(t,Xt)th, (14)

where py, stands for the density of X,. Here p := (px,)i>0 solves the following nonlinear and local
(or Nemytskii-type) Fokker-Planck equation:

Oep = 0;0;(asjp) + div(F(p)p). (1.5)
It should be kept in mind that for d =1 and F'(p) = p, this is Burgers-type equation.
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For the motion of a single particle, when ¢ € L(LP) with % + % < 1, Krylov and Rockner
[25] showed the existence and uniqueness of strong solutions to the following SDE by Girsanov’s
transformation:

dX; = ¢ (Xy)dt + dW,.

Later, Zhang [48] extended their result to the multiplicative noise case by Zvonkin’s transformation
of [52] (see also [50, 45]). However, for N-particle system (1.1) with F(¢t,z,r) = r and ¢¢(z,y) =
¢+(x —y), where ¢ is as above, one can not use these well-known results for L{(LP) drifts to derive
the well-posedness by considering (1.1) as an SDE in RV, For instance, when N = 3, consider
the following SDE in R3%:

ax; = [o(x} X +¢(X},Xt3)]dt+th1,
dx2 = [ (x? (Xf,xf)]dwrdwf, (1.6)
ax? = [o( Xf, +¢(X§,X2)]dt+dwt,

where [¢(z, y)| < h(z—y) and h € LP withp > d. Fori = 1,2,3,let ¢; (21, 22, 73) == >, ; ¢(xi, ;).
As a function of (x1, 2, 23) in R3¢, one only has

¢ € LOLY , i=1,2,3, (1.7)

where 2 stands for the remaining variables except for x;. It does not satisfy the conditions in [25].
Note that in the same work [25], Krylov and Rockner also showed the strong well-posedness for a
class of special stochastic particle system with singular gradient interaction ¢ = VV', where V is
continuously differentiable on R?\{0} and satisfies some other conditions (see Section 9 in [25]).
Moreover, the strong well-posedness for particle system with Biot-Savart law interaction kernel
#(x) = (—x2,21)/|7|* was established in [35] and [13], which is related to the random point vortex
approximation for two dimensional Navier-Stokes equations. In the above well-known works, the
key point of establishing the strong well-posedness is to prove that the process X} — th for i #j
does not touch the singular point 0, i.e. the state space is RV¢ “without diagonals”. However, the
strong well-posedness for particle systems (1.1) with general LP-interaction kernels on all of RV9
has still been open.

Therefore, our first task is to extend [25, 48] to the case of mixed LP-spaces. We mention here
that although Ling and Xie [29] have already considered singular SDEs in mixed LP-spaces, their
result cannot be applied to equation (1.6) due to the new feature that we need to consider the
order of the integral in x1, x2, x3 as well as the different integrability indices. Notice that each ¢;
belongs to a different mixed LP-space. For DDSDE (1.2), in [37], the last two authors of the present
paper have already shown the weak and strong well-posedness (see also [28] and [33] for bounded
measurable interaction kernel). Furthermore, weak solutions to the distribution density-dependent
SDE (1.4), were constructed in [2], first solving the corresponding Fokker-Planck-Kolmogorov
equation and using the superposition principle, and strong solutions were constructed in [16] by
directly using Euler’s scheme. Recently, Wang [44] studied the weak and strong well-posedness
for more general distribution density-dependent SDEs with singular coefficients by a fixed point
argument, but not for mixed LP-drifts. Nowadays, there is a vast literature about McKean-Vlasov
or mean-field SDEs. We do not intend to list all the papers here. The interesting reader is referred
to the references in the already mentioned papers.

1.1. Propagation of chaos. In this subsection we recall some notions and well-known results
about the propagation of chaos.
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Kac’s chaos: Let E be a Polish space and p € P(F) a probability measure on E. Let
(1) nen be a sequence of symmetric probability measures on the respective product space EV,
where symmetric means that for any permutation (x;,,--- ,z;y) of (x1, -+, zN),

/'LN(d:Eha" : 7dxi1\7) = /J'N(dxla" . 7:I:N)'

In particular, 4’V has a common 1-marginal distribution. One says that (u")yen is p-chaotic if
for any k € N (see [24]),

pVF weakly converges to u®* as k < N — oo, (1.8)

where p™Vk(dzy,--- ,dxg) = pN(day,--- ,dzg, B, -+, E) is the k-fold marginal distribution of
p™N. Tt is well known that (1.8) holds if and only if (1.8) holds for only k = 2 (see [42, (i) of
Proposition 2.2]). In the language of random variables, Kac’s chaos can be restated as follows: Let
N = (N (¢NNY be a family of E-valued random variables. If the law of &V is symmetric
and p-chaotic, one says that SN is p-chaotic. It is also equivalent to (see [42, (ii) of Proposition

2.2))
the empirical measure nen (dy) := 3 Zjvzl d¢n i (dy) € P(E) converges to p in law. (1.9)

Note that SN can be regarded as N-random particles in state space F. From this viewpoint, Kac’s
chaos means that if one observes the distribution of any k-particles, then they become statistically
independent as N goes to infinity. Indeed, (1.9) is a law of large numbers, i.e., for any ¢ € Cy(E),
1 :
nen () = D oE™N) = () = /Eso(w)u(dw% in law,

j=1

In Hauray and Mischler’s work [17], various quantitative and qualitative estimates related to the
chaos are obtained for different notions such as Kac’s chaos, entropy chaos and Fisher information
chaos. More references about Kac’s chaos can be also found in [17].

Propagation of chaos: If one considers Kac’s chaos as a static version of chaos, then prop-
agation of chaos is usually understood as a dynamical version of Kac’s chaos. More precisely, let
(EN)is0 = (€, €M) 150 be a family of EN-valued continuous stochastic processes, which
can be thought of as the evolution of N-particles. Let (&;);>0 be a limit E-valued continuous
stochastic process defined on the same probability space. Let u¥ be the law of éiv in BN and ju
be the law of ¢; in E. Suppose that ;2 is pio-chaotic at time 0. One says that propagation of chaos
holds if for any time ¢ > 0, Y is y-chaotic. Usually, as the evolution of particle distributions, the
probability measures pf¥ and ju; satisfy some Fokker-Planck equation in the weak sense. Therefore,
it can be studied by purely PDE’s method. However, as stochastic processes, one would like to
have the following stronger convergence in a probabilistic sense: for each ¢ > 0,

. N1 _ o
]\}gnoo ]E|§t §t| Oa

or in the functional path sense

lim E < sup [¢M1 —gs|> =0. (1.10)

N—o0 s€[0,t]

In fact, when F, ¢ and o are globally Lipschitz continuous in x, r and uniformly in ¢, McKean [30]
firstly established the following result for (1.1) and (1.2): for any T > 0,

b0, T
E( sup [xM1_x,2) < 02D (1.11)
s€1[0,T] N
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where the constant C(b,0,T) > 0 can be estimated explicitly. We note that the power of con-
vergence rate N is sharp. The above estimate is also reproven by Sznitman [42] by more direct
synchronous coupling methods. Since then, propagation of chaos has undergone an enormous de-
velopment in mathematical kinetic theory (see [15, 32, 17, 20]). Moreover, propagation of chaos
also appears in many other disciplines including data science [11], mean-field games [6, 7] and the
training of neural networks [38], etc. In a recent paper [8], Chaintron and Diez reviews various
models, methods as well as applications for propagation of chaos.

Obviously, Lipschitz assumptions on F,¢ and o are too strong in practice. In fact, most of
the interesting physical models have bounded measurable or even singular interaction kernels. For
examples, the rank-based interaction diffusion studied in [40, 26] has a discontinuous interaction
kernel (see (1.20) below), and the Biot-Savart law appearing in the vortex description of 2d im-
compressible Navier-Stokes equations has a singular kernel like 2+ /|2|?. For this type of singular
kernels, Osada [36] firstly showed the propagation of chaos for the point vortices associated with
the 2d Navier-Stokes equation with large viscosity. Recently, in [14], Fournier, Hauray, and Mis-
chler dropped the assumption of large viscosity by the classical martingale method. More recently,
Jabin and Wang [20] obtained a first quantitative convergence rate about the relative entropy be-
tween the law of particle system and the tensorized limit law, where the key point is an estimate
for the entropy and a large deviation type exponential functional. In fact, the results in [20] can
be applied to a large class of singular kernels K in W~ with K(z) = —K(—x), as well as the
bounded measurable interaction kernel (see Section 5.2). We note that the proof in [20] strongly
depends on the symmetry of the kernel K (x), not valid for general LP-singular kernel.

For general LP-singular interaction kernels, in [43], Tomagevi¢ uses the partial Girsanov trans-
form as in [21] to derive the propagation of chaos under the extra assumption that the set of
discontinuous points of the interaction kernel has Lebesgue measure zero. In [18], Hoeksema,
Holding, Maurelli and Tse showed a large deviation result for a particle system with LP-singular
interaction kernels. As a byproduct, they also obtained a result of propagation of chaos (see also
[26]). However, in [43] and [18], both of them assume the initial distributions of the particle sys-
tem are i.i.d, that is, the initial distributions are not really chaotic. This assumption is crucial
for them to construct a weak solution for the interaction particle system by Girsanov’s transform.
In the present paper we overcome this difficulty by showing the existence of strong solutions for
the particle system (see Lemma 5.2 below), and then obtain the strong convergence as in (1.10)
for singular interaction kernels and the quantitative convergence (1.11) for bounded measurable
kernels by Zvonkin’s transformation. Note that Bao and Huang [1] have already used the Zvonkin
transformation to obtain propagation of chaos for Holder interaction kernels with non-optimal rate
N~1/4,

1.2. Main results. Before stating our main assumptions, we introduce the following index sets:
- 1+d . |1 2
I = {(q,p) € (2,00) " [T]+ 2 <1} (1.12)
and
X = {x = (x4, - ,x;,) : any permutation of (xy,--- ,xd)}.
Now we make the following main assumptions:

(H?) There are xo > 1 and 7 € (0, 1] such that for all t > 0 and z,2’,¢ € R4,

Ko €] <ot 2)E| < molél, llo(t, ) —a(t,2')||us < wolz —a'|™, (1.13)
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where || - || gs is the usual Hilbert-Schmidt norm of a matrix. Moreover, for some (qo, py) €
S and xg € 2 and any T > 0,

IVollpa @eo) < %o, (1.14)
where the localized space Iﬁg is defined in Subsection 2.1 below.
(H®) Suppose that ¢;(z,r) = 0 and for some measurable h : Ry x R — R, and k; > 0,
|F(t,z,r)| < h(t,x) + kilr|, |F(t,x,7) — F(t,z,r")| < klr — 1), (1.15)
and for some (g, p) € #° and x € 2" and for any T > 0,
1

T q
/O sup (162, w)lEy +l19n(y: )l ) dt] <. (1.16)

ye

IPllg g2y +

Example 1. We provide two examples to illustrate condition (1.16).

(i) Let d > 2 and ¢4 (x,y) = ci(z,y)/|r—y|*, where ¢;(z,y) is bounded measurable and a € (0, 1).
It is easy to see that (1.16) holds for ¢ close to co and p € (d, £) with % + % < 1.

(i) Let d > 1 and ¢y(z,y) = (@, y) /T |2; — y;|*, where a; € (0, 3) satisfies a1+ +ag < 1
and ¢;(z,y) is bounded measurable. Note that one can choose ¢ close to co and p; > 2 close
to 1/a; so that |%| + % < 1 and (1.16) holds. In this case, the kernel is allowed to have
singularities along each axis.

Throughout this paper we use © to denote the set of parameters that a constant may depend
on. © may have different parameters in different occasions, which should be clear from the context,

e.g.,

O = (m7d7’707’€07’€17q07p07%p7 o )
The aim of this paper is to show the following strong convergence of the particle approximation.
Theorem 1.1. Let T > 0. Under (H?) and (H®), for any initial values X} and X, there
are unique strong solutions XY and X; to particle system (1.1) and DDSDE (1.2), respectively.

Moreover, letting u be the law of X5 in R™ and po the law of Xo in R, we have the following
strong convergence results:

(i) (Singular kernel) Suppose that i}’ is symmetric and po-chaotic, and
. N1 _ oy 2 _
Jim E|X) - Xof? = 0.
Then for any v € (0,1),
lim E( sup | X' =X, > ] =0. (1.17)
N—oo te[0,T)]
(ii) (Bounded kernel) If h and ¢ in (H®) are bounded measurable and
ko = sup H (ud |u§™) < oo, (1.18)
N
where p$™ € P(RY)N) is the N-tensor of po and H stands for the relative entropy (see (4.3)

below), then for any § > 2 and v € (0,1), there are constants C; = C;(T,v,6,0) > 0,1 =1,2
independent of ¢ and ko such that

(1.19)

E < sup | XNt — Xt|2V> < Cpe@2lols <IE|X(J)V’1 - Xo|? + ~

K2 + 1 ) v
t€[0,T] '
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Remark 1.2. If supy E|Xév’1|p < oo for some p > 2, then by interpolation one in fact has

lim E| sup |XV' =X, ] =0, ~ve(0,1).
N—oo te[0,T]

The Euler approximation for particle system (1.1) with bounded interaction kernel was studied in
[49], which combined with (1.19) implies the full discretization approximation for DDSDE (1.2).
Example 2. Let d = 1. Consider the following rank-based interaction:

b(t,x, n) = F(t,x, u(—o0, x]). (1.20)
In this case, the interaction kernel is ¢(z,y) = 1(_oo2)(y) = lz—y>0, which is bounded and
discontinuous. Thus, by (1.19) we have the strong convergence rate of the particle approximation.
In particular, if we let V(z) := pu((—o0,x]), o(t,x) = /2 and F(t,z,7) = g(r), then V solves the

following Burgers type equation:
!

oV = AV + (/OV g(r)dr) .

For g(r) = r, this is the classical Burgers equation. In this way, the above Burgers type equation
has been studied in [5, 22, 26]. In the following Example 3, we have another way to simulate
Burgers equation via moderate interaction particle system.

Next we turn to the moderate interaction system (1.3) and have the following result.

Theorem 1.3. Let T > 0. Suppose that (H?) holds, and
|F(t,z,r)| < k1, |F(t,z,r)—F(t,z,r")| < kilr —71'], (1.21)
and for ex € (0,1) with e — 0 as N — oo,
e(@,y) = den (x —y) = e3"0((x — y)/en),
where ¢ is a bounded probability density function in R? with support in the unit ball. Then for any

initial value Xo with bounded density po, there is a unique strong solution X to densily-dependent
SDE (1.4) such that for each t > 0, X; admits a density p; with

[ptlloc < C(T,O)[lpolls, t €10,T]. (1.22)
Moreover, under (1.18), for any T > 0, 8 € (0,7%), v € (0,1) and § > 2, there are constants
C; =Ci(T,B,7,6,0) >0, i =1,2,3 such that for all N > 2,

Iig—i—l
N

v
) + O30, (1.23)

E( sup [XV! - X,[? | < CpeCeen’ (E|Xév’l — Xo2 +
te[0,7)

Remark 1.4. Suppose that for some C > 0,
E[X)"" — Xo|?> < C/N.
If one chooses ey = Cy/(In N)/ D wwith C4 being large enough, then by (1.23), for some C' > 0,

C

N,1 2y v
E (tes[%%] X — Xy ) < (I NY@/e0

In [23], under smoothness assumptions on F', ¢ and the initial density pp, Jourdain and Méléard
[23, Theorem 2.7] have proven a similar estimate as (1.23). We note that the concept of moderately
interacting particles was introduced by Oelschliger in [34]. Therein, ex = N=%/4 and 8 € (0,1).
For 8 =0 and 8 = 1, they are called weakly and strongly interacting, since they correspond to the
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scaling order 1/N and 1, respectively. While, the moderate interaction refers to any choice of ¢y
with that ey — 0 and e3?/N = o(1).

Although we assume that F' is bounded in (1.21), once we can establish the existence of bounded
solutions to the Fokker-Planck equation (1.5) under linear growth assumptions of F' in r, then the
boundedness of F' in (1.21) is no longer a restriction. We illustrate this in the following example.

Example 3. Consider the following special case:
Oep = Ap +div(F(p)p),

where F : Ry — RY satisfies Zle |F/(r)] < k1. Since the above equation can be written in the
following transport form:

dp = Dp+ (F(p)+ F'(p)p) - Vp,

it is easy to see that by the maximum principle,

[1ptllo0 < llpolloo-

This can be established rigorously by considering the truncated F' as F,(r) = F(r A n), where
n > ||polleo. In particular, the above example covers the one dimensional Burgers equation, i.e.,
F(r) = r. In this case, if one takes ¢(z) = 1[_1 1j(x)/2 in (1.3), then
;N
N,i
(ex @ )X = 5= D L v
j=1

We believe that this is useful for numerical experiments.

1.3. Structure of the paper. In Section 2 we first introduce the localized mixed LP-spaces and
its basic properties used in this paper. Then we study second order parabolic PDEs with mixed
LP-drifts and show the unique existence of strong solutions. Since each component of the drift
may be in a different mixed LP-space, the new point here is that the second order derivative of the
solution shall stay in a direct sum space (see Theorem 2.9).

In Section 3, we show the weak and strong well-posedness for stochastic differential equations
with mixed LP-drifts. As usual, we need to prove a priori Krylov estimates based on the PDE
estimates obtained in Section 2, and then show that we can perform the Zvonkin transformation.
Since Zvonkin’s transformation is a C!-diffeomorphism and reduces the original singular SDE to
an equivalent regular SDE, one can use well-known results such as the heat kernel estimates to
derive some apriori estimates for the original SDE, and then show our main results. We emphasize
that the mixed LP-space is not invariant under C'-diffeomorphism transformation. Thus one can
not obtain the Krylov estimate directly through the transformed equation. Instead, we use the
heat kernel estimates to show the Krylov estimate for the indices (¢, p) € H.

In Section 4, by Picard’s iteration, we show the weak and strong well-posedness for distribution
density-distribution dependent SDEs with mixed LP-drifts, where we use the entropy formula,
Pinsker’s inequality and the Fokker-Planck equation to show that the Picard iteration of the
density is a Cauchy sequence in L' N L.

In Section 5, by the classical martingale method we show that the propagation of chaos for
systems as in (1.1) with singular kernels holds in the weak sense, where the key point is to use the
partial Girsanov transform used in [21, 43] to derive some uniform estimate for the exponential
functional. In particular, the strong solution is used to treat the chaos of the initial distributions.
Moreover, we also provide a detailed proof for Jabin and Wang’s quantitative result [20] for bounded
interaction kernels. This is not new and only for the readers’ convenience.
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In Sections 6 and 7, we give the proofs of Theorems 1.1 and 1.3, and show how to use Zvonkin’s
transformation again to derive the strong convergence from the weak convergence obtained in
Section 5, where the key point is Lemma 6.1.

We conclude this introduction by introducing the following convention: Throughout this paper,
we use C' with or without subscripts to denote constants, whose values may change from line to
line. We also use := to indicate a definition and a™ := 0V a. By A <¢ B and A <¢ B or simply
A < B and A < B, we mean that for some constant C > 1,

A< CB, CT'B<A<LCB.
2. PRELIMINARIES

2.1. Mixed LP-spaces. In this section we recall the definition of localized mixed LP-spaces, which
was originally introduced in [3]. As we have seen in the introduction, these are very suitable for
singular interacting particle system (see also [18]). Let d € N. For a multi-index p = (p1,--+ ,pa) €
(0,00]¢ and any permutation x € .2, the mixed LLP-space is defined by

1

HfHILg = </R </R (V/R|f(xl’ ’xd)|pddxid) Pd d;[,'m) d;[;“> . (21)

When p = (p,---,p) € (0,00]?, the mixed LP-space is the usual L?(R%)-space, simply denoted by
IL?. Note that for general x # x’ and p # p/,

LY £LEALE,.
For multi-indices p, q € (0, 0c]?, we shall use the following notations:
1 1 1 d 1 &1
5 = (p_17 7p_d)7 p-q:= ;Pi% ‘;‘ = ;ZZ’
and
p>q (resp. p>¢q; p=q) < p; > ¢ (vesp. pi 2 qi; pi = ¢;) foralli=1,--- d.
Moreover, we use bold numbers to denote constant vectors in R¢, for example,
1=(,---,1), 2=(2,---,2).
For multi-indices p, q,r € (0, 00]¢ with % + % = %, the following Holder inequality holds

1fgllug < I Fleligley.- (2.2)
For any multi-indices p, g, € [1, 00]? with % + % =1+ %, the following Young inequality holds
I *gllg < [[fllellglly- (2.3)

For any r > 0, let B! be the ball in R? with radius r and center 2. Let x : R? — [0,1] be a
smooth cutoff function with x|p, = 1 and x|pg = 0. For fixed r > 0, we set

Xo(x) == x((z — 2)/7), x,2€R% (2.4)

, we introduce the following localized LP-space (see [51]):
L2 = {1 € Lo ®), I lgg = sup IN.fllz < oo},
and for a finite time interval I C R and ¢ € [1, o],

LI(T2) = {f € Ll x R, Il o) = sup XS ugaey < o0}, (25)

For p € [1, )¢
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where for a Banach space B we set
L{(B) := LY(I;B).

By a finitely covering technique, it is easy to see that the definitions of ng and IE? (IEQ) do not
depend on the choice of r (see [51]), and for any 1 < g2 < ¢1 < 00 and 1 < p, < py < 00,

Ly cLgs, L (L) c L (LE2). (2.6)
This property is the main advantage of using localized spaces. Since the supremum z in the
definition of L{(L2) is taken outside the time integral, we obviously have

L(LE) c L{(LD).
Moreover, for a > 0, let C* be the usual Holder space with norm:

[o]
: Vil f () — VI f(y)]
[fllee := ) IV flloo + sup
¢ ;0

rAyeR |aj - y|a7[a]

)

where V7 stands for the j-order gradient and [a] stands for the integer part of a.. For simplicity
we write

L%(LB) =L

0 (L2), LE =1L 1 (LP), L§F(C7) i= L§5 11(C%).

(0,7]
Example. For i = 1,---,d and a € (0,1), let fi(z) = b(x)|z;|~®, where b(z) is a bounded

measurable function. It is easy to see that f; € LE., where x; = (1, i1, i1, * 5 Ty Ti)
and p = (oo, -+ ,00,p) with p € (1, é) From this example, one sees that for a C'*-diffeomorphism
® from R? to RY, say ®(z) = (x4, 21, -+ ,Ti_1,Tis1, -+ ,Tq), it may happen that

fio® ¢ L.

Throughout this paper, we shall use the same notation I to denote mollifiers in various dimen-
sions N, i.e.,

I.(z)=e NI(z/e), e €(0,1), (2.7)

where I' is a nonnegative smooth density function in R with compact support in the unit ball.
For a function f € L _(RY), the mollifying approximation of f is defined by

loc
fe(z) = f* I (x) = - flz—y)I(y)dy.

The dimension N takes different values in different occasions, which should be clear from the
respective context.
The following lemma is obvious by the definitions.

Lemma 2.1. For any f € IEQ, there is a constant C' = C(p) > 0 such that for all € € (0,1),
If<llzz < Cllflize. (2.8)
and for any R >0,
lim [|(fe = f)xo ez = 0. (2.9)
e—0
The local Hardy-Littlewood maximal function in R? is defined by

Mf(z) = sup flz+y)dy.

re(0,1) |B(T)| By

The following result is taken from Lemma 2.1 in [45].
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Lemma 2.2. (i) There is a constant C = C(d) > 0, such that for any f € L>®(RY) with
VfeLL.(RY,

loc
[f(@) = fW)| < Cla = y|(MIVfl(@) + MIVFI(y) + [ flloc) (2.10)

for Lebesgue-almost all x,y € R, o
(ii) For any (q,p) € (1,00)' %4, there is a C = C(d,p,q) > 0 such that for all f € LL.(LR),

IMFllzy 2, < ClFlzy i) (2.11)
2.2. A study of PDEs with mixed LP-drifts. In this section we show the existence and unique-

ness of strong solutions in the PDE sense to second order parabolic PDEs with drifts in mixed
LP-spaces. For t > 0, let P,f(z) =Ef(xz + W) be the Gaussian heat semigroup, i.e.,

Puf@) = [ e =)y,

where
=2

gi(x) = (27715)_%6_ 2,
First of all, we establish the following easy estimates about P;.

Lemma 2.3. (i) For anyp € (1,00)%, T > 0 and 3 > 0, there is a constant C = C(T, p, 3,d) >
0 such that for all f € L2 and t € (0,7,

1P flles < Ct™2BHED| £ pp. (2.12)
(i) For any q > p, there is a constant C = C(q,p,d) > 0 such that for all f € LP and t > 0,
IVP.flleg < Ct~20F 5 1=1aD) £ . (2.13)

Proof. (i) Note that for m = 0,1, -,
VRS @) = [ V7 — 0f ),
]Rd

For % + % =1, by Holder’s inequality (2.2) and the scaling, we have

1

_ 1 1
IV P flloo < IV™gellgll Flle = t 2200 gy | || £ e,

where [|[V™g1|La < oo. Then estimate (2.12) follows by the interpolation theorem for Holder
spaces.
(ii) For € [1, 0c]¢ with % +i=1+ %, by Young’s inequality (2.3) and the scaling, we have

IVP:fllg < IVgillegl Fliz = ¢ 20120 Vgy gl flles.
Then estimate (2.13) follows because ||Vgi |z < oc. O
We introduce the following index sets for later use:
I = {(q,p)e(l,oo)“rd: HES <m}, m=1,2. (2.14)
Remark 2.4. .#° C 41, where .7 is defined by (1.12). For (¢,p) € #°, it holds that (2, 8) € .7,.
For A > 0 and f € LL(LLP), we define

¢
u(t, x) ::/ e MNP f(s,z)ds, >0,
0

which solves the following non-homeogenous heat equation
Ou=3Au— M+ f, u(0)=0.
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Lemma 2.5. (i) For any T > 0, (¢,p) € H and B € [0,2 — |%| - %), there is a constant
C=0C(T,d,q,p,[) >0 such that for all A > 0,
AV AR D ullg o) < Cllf g (2.15)

(ii) For any T > 0, (¢,p) € H and (¢',p') = (¢,p) with |%| + E < |%| + % + 1, there is a
constant C' = C(T,d, g, p, q,p') > 0 such that for all X\ > 0,

(1 . )\) (I+]= |+ Py | ‘__)HVUHIL"’(]LQ') < C”f”]L%(]Lf:) (216)

(i1i) For any T >0, (¢,p) € %1 and X = 0, there is a constant C = C(\,T,d,q,p) > 0 such that
forall0 <ty <t1 <T,

lu(tr) = u(to) oo < Cltr = t0) %[ fllLg wr)- (2.17)

Proof. (i) For B €[0,2— |5 L —) by (2.12) and Holder’s inequality in the time variable, we have

t
lu®)les < / A1 — )~ EHED | £(5)]| pds
t . 1-4
1 1 L
< ( / (e“s‘“ﬂ*'p))“ds) £l )
0 T
SAvA) 2D £l ).
(ii) For (¢',p") = (¢, p) with |%| + % < |%| + % + 1, by (2.13) we have

¢ _1
||V“(t)”w’5/0 oM (g _ )~ BB £(5) s,

Let 7 > 1 be defined by s = / +1-— %. By Young’s inequality we further have

T ) ) 1/r
—rAs . —5(1+]5]—1=7
IVl gy < (/ e s EIHEI >ds> 1/ llLg. ey
11l
SAANT 3 (1+] 5] I”/I)HfH]Li’F(L,’Z)'
(iii) For 0 < to < t1 < T, by definition we have

to
u(ty) — u(to) = / e MmN (Py, = Py o) f(s,x)ds
0
to
+ (e7Mtato) _ 1)/ e o= p,  f(s,x)ds
0

ty
+/ e M=p  f(s,x)ds
to

= Il —|— IQ —|— Ig.

For I, noting that

1 t t L i
177 =l < 5 [ 18P Slaits S ( [ 57305} 191 S 6419

by (2.12) and Hélder’s inequality, we have

to
Iloe < (1 — to)? / IV Pro—o f(5)]] s
0
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to
< (b —to)} / (to — s>-%<1+'%'>|\f<s>||wds
0

1—
< (t —to) 2t 2(

and because 1 — e~ =) < \(t; — tg),

[L2]loc S Aty = to)ll fllLz we)-
For I3, as above, by (2.12) and Hélder’s inequality, we have

”f”]Lq (LE)>

fi—to _1p1y 2L ?
e S ([ @80 ™as) el < 00— 0 g,
0
Combining the above estimates and because 2 7 | L1 <1, we obtain (2.17). O

Now we shall study the following second order parabolic PDE in Ry x R%:
O = tr(a-V3u) +b-Vu—u+ f, u0)=0, (2.18)
where XA > 0, a := 00*/2, o satisfies (1.13) and
b, f € LL (R x RY).
We introduce the following notion of solutions to PDE (2.18).

Definition 2.6. Let T > 0 and %r C Li, (R xR%) be some subclass of locally integrable functions.
We call u € Ur a solution of PDE (2.18) if for all t € [0,T] and ¢ € C.(R%),

(u(t), p) = /0 (tr(a - V*u) + b - Vu, p)ds — )\/0 (u, p)ds —l—/o (f,p)ds

where we have implicitly assumed that V?u € L . and Vu € LS, so that the terms on the right
hand side are well defined. Here 21 will be specified below in the respective cases.

We first show the following result for bounded drift b (see [29, Theorem 2.1]).

Theorem 2.7. Let T > 0 and (q,p) € (1,00)'*. Suppose that (1.13) holds and b is bounded
measurable. Then for any f € LI(LR) and B € [0,2 — |%| - %), there exists a unique solution
u € Ur in the sense of Definition 2.6, where % consists of all u with

L(a_g_|i|_2
LV N FEPD ull e ) + 1V ullgy 2p) < CUF ey i) (2.19)
Here and below, the constant C' = C(T), ko, d,p,q, 3, |bllLse) > 0 is independent of X. Moreover,
for any (¢',p") = (¢, p) with |l| + 2 < |i/| + % + 1, we also have
_2
(1v )0 v NVullgy oy < 1l iz (2.20)
and for all 0 <tg <t1 < T,
1
[ut1) = ulto)llee < CA)(t1 = 10)2 | fllzg i2)- (2.21)

Proof. We only prove the a priori estimates (2.19), (2.20) and (2.21). The existence is then standard
by mollifying the coefficients and a compactness argument. Fix r > 0. Let x7 be the cutoff function
in (2.4) and w, := uy?. It is easy to see that

Oyw, = tr(a- V2w,) — A, +g., w.(0) =0, (2.22)

where
g = tr(a- V)" — tr(a- Viw,) + (b- Vu)x" + fx..
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Let (¢,p) € (1,00)'T. By [29, Theorem 2.1], there is a constant C' = C(T), ko, d, p,q) > 0 such
that

wzllLee ey + ||V2wz||JLq w2y Sc llgzllLe we).- (2.23)
On the other hand, we can write (2.22) as
ow, = Aw, —  w, +tr((a —1) - V2w,) + g, w.(0)=0,

and by Duhamel’s formula,

t
w,(t, ) = / e ME=Ip . (tr((a 1) - V2w, + g.)(s, z)ds.
0
Note that by (2.23),
ltr((a = 1) - V2w2) + gzllue ey < llgzllue z)- (2.24)
For g € (0,2 — |1|— —) by (2.15) and (2.24) we have
Le-A-131-2)
(1vA)z P Jwzllige sy S l92llue ) (2.25)
For (¢',p') > (¢,p) with [ + 2 < || + 2 + 1, by (2.16) and (2.24) we have
1 2|1
AV D T |y ) S sl ) (2.26)
For 0 <to <t1 <T, by (2.17) and (2.24) we have
1
[w: (1) — w=(to)lloo < (81 —t0)2[|gzllLe @2)- (2.27)
Since x2"VIx" = VIx7 for j = 0,1,2, we have
l92llus ey S [IVuVXZllLe ey + [uV?x Sl ey + [0llug [VuxZlioe we)
T T
< (IVxElloo + 1BlLs ) IVax? s we) + VAo lluxz e wz)-
Substituting this into (2.23), (2.25), (2.26) and (2.27) and taking supremum in z € R%, we obtain
lullze @y + 1V ullgs @2y S W lgs ge) + IVullzs zp) + lullza gz, (2.28)
and for 5 € (0,2 — |l| - 2),
2
(AN luf| e sy S Iflzy @z + IVulgs @z) + lullzy @z), (2.29)
! : 1 1
and for (¢,p') = (¢,p) with ||+ 2 < ||+ 2 +1,
Qv WD Gl ) S 1l gp) + IVl ) + (2:30)
Uty @z ~ W T @e) Ullge @zy T Ivlige @2y ,
and for all 0 < tg <ty < T,
lutta) = ulto)loo S (0 = t0)* (Ifllgg gy + IVl @z, + Dullzy iz, )- (2.31)
Note that by the interpolation inequality, for any € € (0, 1),
IVl cp, < <IV2ullgy oz, + Collulizy o)
Substituting this into (2.28) and choosing ¢ small enough, we derive that for any ¢ € [0, T7,

1/q
l@lz + IVl ) S Wy gy + / )y ds)
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By Gronwall’s inequality, we get

lully e gy + 1V ullgs @2y < CUS Nz z):
which together with (2.29), (2.30) and (2.31) yields (2.19), (2.20) and (2.21). O
Remark 2.8. For any T,v > 0 and (¢,p) € %2, there is a C = C(T,~,d, q,p) > 0 such that

T
Sup e ( /O h(s, o + st)ds> < Clhlley o). (2.32)

Indeed, let a = \/~/2I, b =0, A =0 and f(s,2) = h(T — s,x) in PDE (2.18). By (2.19) we have

T T
E( / h(s,xww)ds): / Pyr—of(s,2)ds = u(T,2) S 1 lze co) = Wl co).

In particular, once we have the Gaussian type density estimate for SDEs, then by (2.32), we
immediately have the Krylov estimate as we shall see in Theorem 3.5 below.

Next we consider the drift b being in the mixed LP-space, where each component b; may lie in a
different mixed LP-space. Thus the second order generalized derivative of u stays in a direct sum
space of mixed LP-spaces. The following result seems to be new and is the cornerstone of studying
SDEs with singular mixed L?-coefficients.

Theorem 2.9. Let T > 0. Suppose (1.13) and for some (q;,p;) € S1 andx; € X, i=1,--- ,d,
||bl||1i‘;1 @ey Tt ||bd||iﬁrd(ni§:g) S F1 < 0. (2.33)

Let xo € 2 and (qo,py) € Y1. Define
¥:=1— max
§=0,-+

A1+ 2). (234

For any f € i%’ (Eﬁg) and B € [0,9), there is a constant Cy = Co(T, ko, d, ;,qi, 3) = 1 so that for
all A > Comf/ﬂ, there exists a unique solution w € %y to PDE (2.18) in the sense of Definition
2.6, where Y consists of all u = ug + uy + - -+ + ug with

d
Lig—
Azl ﬁ)HUHL;O(cHB) + Z |||V2Ui|||ii1;‘ (LE) <O |||f|||11quo (L29)> (2.35)
i=0
where Cy = C1(T, ko, d, p;, g, B) > 0 is independent of X\ and k1. Moreover, for all0 < tg < t; < T,
1
[ut) = ulto)llee < CAN)(t1 —10)2 [ Fligao @ro)- (2.36)

Proof. Again we only show the a priori estimate (2.35) since then the existence can be shown by
a compactness argument. Let u = ug + w1 + - - - + ugq, where ug solves the following PDE:

81511{) = tr(a . V2UO) - )\UO + f, UQ(O) = O,
and for each i = 1,--- ,d, u; solves
Opu; = tr(a - V2ui) +b; - Oiu — Augy,  u;(0) = 0.
Let A > 1 and 8 € [0,9) with ¢ being defined by (2.34). By Theorem 2.7 with b = 0, we have
L1 L|_=2_
A o6 700 ™D g e ervs) + IV uollao 2oy S I llao o)

and
1
[uo(t1) = wo(to)llee < C(A)(t1 = t0)2 | fllgao 20):
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and for eachi =1, --- ,d,

ST O IV uilles gy S Wi el gy S Woillgg ez 10wl
ER Wi |lLge (Ct+8) U La (TR ~ 10 iU Lo (@2 ~ IVITe (T2 UL
and
1
lus(t) = uito)lleo < C(A)(tr = t0) 2 [1billga: x| Dsullze -
Summing up the above inequalities for 7 from 0 to d, we obtain
d
19—
A2 | L vy + Z; IVuillgs: g2y < Cillfllgm @20y + Comal| Vullse,
where C1, Cs only depend on 7', ko, d, p;, ¢i, 5, and
1
lu(ta) = ulto)lloo < CON(E = to)¥ (1l Vulz + Il ez, )-
Choosing Co = (C3/2)%/? V/ 1, we obtain (2.35) and (2.36) for all A > Cor?/". 0

3. SDES WITH MIXED LP-DRIFTS

In this section we first establish a priori Krylov estimates for any solution of SDEs with mixed
drifts and for any index (q,p) € %1, where .# is defined in (2.14). Using this a priori estimates,
one can perform the classical Zvonkin transformation (see [46]), and then establish the weak well-
posedness under conditions (1.13) and (2.33). Moreover, we also obtain the two-sided density
estimates. As a byproduct, one improves the Krylov estimate to any index (¢, p) € %, which is
crucial for the strong well-posedness and the propagation of chaos.

Let & be a given R?%valued measurable adapted process. We consider the following SDE:

dXt = [ft + b(t, Xt)]dt + 0'(157 Xt)th, (31)

where b : Ry x R? — R? and 0 : R, x R — R? ® R? are Borel measurable functions. We first
introduce the following notion of solutions, also called weak solutions.

Definition 3.1. Let 8 := (Q,.7,P,(F)i=0) be a stochastic basis, and & be a given R%-valued
measurable Fi-adapted process with fg |€s]ds < oo a.s. for each t > 0, and (X, W) be a pair of

continuous F-adapted processes. Let o € P(R?). We call (X, W, ) a solution of SDE (3.1) with
iniatial distribution ug if

(i) po=Po Xy " and W is a standard Brownian motion on L.
(i) For allt >0,

t t
/ |b(s,Xs)|ds—|—/ lo(s, Xs)|?ds < 00, a.s.
0 0

and

¢ ¢
X =Xo +/ [&s + b(s, Xs)]ds —|—/ o(s, Xs)dWs, a.s.
0 0

By Theorem 2.7, we can establish the following a priori Krylov estimate (see [46]).

Lemma 3.2. Suppose that (1.13) and (2.33) hold. Then for any (¢,p) € S1,x € Z and T,0 > 0,
there is a constant Crs = Cr,5(©) > 0 such that for all f € LL(LR) and any solution X of SDE

(3.1) in the sense of Definition 3.1,
T T
E ( / f(s,xs>ds> <Ifllgy gy | Crs +OE ( / |5s|ds>] . (32)
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Proof. By Theorem 2.7 and as in [46, Lemma 5.5], for any (¢,p) € %1, x € 2 and T,§ > 0, there
is a constant C'rs > 0 such that for any stopping time 7 < 7" and f € L%(LLP),

B ([ 506.X005) < Wy |Cra+ 08 ([ 6l + b x0bas) | 33)

Now for n € N, define a stopping time

t
Ty, = inf {t >0: / |b(s, X)|ds > n} AT.
0

Since (¢;, p;) € H1, by applying (3.3) with f(s,z) = b;(s,x), we obtain
([ s Xlas) < Dol oy O 08 ([ 60+ pts x0as )|

Summing up the above inequalities for 7 from 1 to d, we get

E </O b(s, XS)|ds) <k [Cm 4 OE </OT"(|§S| (s, XS)|)ds)} .

Letting 6 = 1/(2k1) and n — oo, we obtain

T 1 T
E </ |b(S,X5)|dS> < KICT,l/(in) + §E / (|§S| + |b(57XS)|)dS )
0 0

T T
E (/ |b(s,Xs)|ds> < 261071 (2mr) + B (/ |§S|ds> .
0 0

Substituting this into (3.3) with 7 = T', we complete the proof. O

which implies

In the above lemma, the requirement of (¢, p) € #; is too strong for applications. We need to
improve it to (¢,p) € #». Firstly, we use Theorem 2.9 and the above a priori Krylov estimate
to construct the Zvonkin transformation. For each i = 1,--- ,d, consider the following backward
PDE:

Ou; + str((00™) - V) +b- Vu; — Mu; +b; =0, w;(T) = 0. (3.4)

By reversing the time variable and by Theorem 2.9, there is a unique solution wu; satisfying the

following estimates: for any 8 € (0,%), where ¥ is defined in (2.34), there are C, C; > 1 such that

for all A > Cor/?,

d
AEOB) |l oo crmy + 3 IV los gz < Cuma, (3.5)
§=0
and for all 0 <tg <ty < T,
[us(tr) = wilto)[loe < CN)[t1 — to|"/, (3.6)
where
U; = Uio + Ui1 + Uiz + -+ - + Uid, (3.7)
and

qi0 = qi, Do = P;, Xi0 = X4, qij = (45, pz] :p]7 Xij = Xj, .7: 17 7d'
Below we set
u=(up, - ,uq)-
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By (3.5), for any 5 € (0,7), we can choose A large enough so that
[VullLse < [[ullLeecr+sy < 3-
Once A is chosen, it shall be fixed below without further notice. Now if we define
O(t,x) .=z +ult,z),
then for each ¢,
x — ®(t, ) is a C'-diffeomorphism,
and
Vel + Ve Ly <2, (3.8)
and by (3.6), for all 0 <tg < t; < T,
1@ (t1) = @(t0)lloo < CN)(t1 —t0) /2. (3.9)
We have the following result (see [46, Theorem 3.10]).

Lemma 3.3 (Zvonkin’s transformation). Under (1.13) and (2.33), Y := ®(t, X;) solves the fol-
lowing SDE

t t t
Y: =Y, —I—/ & - VO(s, & (s, Y,))ds —i—/ b(s,Ys)ds —i—/ a(s,Ys)dWs, (3.10)
0 0 0

where Yy := ®(0, Xo) and
b(s,y) = Au(s, @7 (s,9)), G(s,y) = ("Ve)(5, 2" (5,9)).
Moreover, for any 8 € (0,9 A7), where 9 is defined by (2.34),
b, Vb e L¥, 6 € L¥(CH), (3.11)
and for some ko > 1,
Ro 'nl* < 1o (s, y)nl® < Rolnf®, 1 e R (3.12)
Vice versa, if Y; solves SDE (3.10), then X; := ®~1(t,Y;) solves SDE (3.1).
Proof. For each n € N, define
u"(t,z) = (u(t,:) * I'yp)(z), " (t, ) =z +u"(t,z).

By Ito’s formula, we have

t

t
B (¢, X,) = 3™ (0, Xo) + / €, - VO™ + 207 (s, X, )ds + / (0" V")(s, X,)dIV,,
0 0

where
£ =05+ tr(a- V2) +b-V, a:=(c0c")/2.
Since z — u(t, z) is C'P_continuous, it is easy to see that for each ¢, z,
lim VI®"(t,z) = V/®(t,x), j=0,1.
n—oo

Therefore, to show (3.10), it suffices to show that as n — oo,
t
/ |ZD™ — Aul(s, Xs)ds — 0, a.s.
0
For m € N, we define the stopping time

t
T := Inf {t >0 Xy +/ |€slds > m}
0
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Since 7, — 00 as m — oo, it suffices to show that for each fixed m € N,

tATm
E (/ 125" — Aul(s, Xs)ds) 0. (3.13)
0

Note that by definition,
L™ — \u = 0,u" + tr(a- V2u") +b-Vu" +b— \u
= [tr(a- (V?u) x I' ) — tr(a- V) = Iy,
+[b-V(uxIty,)—(b-Vua) I,
+[bo* Iy — b+ [Mu* I —u)l.

(3.14)

For each 1, j, since (gij, p;;) € #1, by the Krylov estimates (3.2) and (3.5), we have

tATm
E (/0 IV2ul — V2uij|(s,XS)dS> < C| V2 (ufy — ugy)1p,, HLQT”@Q?) — 0.

From this and by (3.7) and (3.14), it is easy to see that (3.13) holds. Moreover, (3.11) and (3.12)
directly follow by their definitions and (3.5). On the other hand, if ¥; solves SDE (3.10), then by
similar calculations, X; := ®~1(¢,Y;) solves SDE (3.1). We omit the details here. O

Remark 3.4. Consider SDE (3.1) with £ = 0 and assume (1.13) and (2.33). An immediate
consequence of Zvonkin’s transformation together with (3.8) and (3.9) is that for any p > 1 and
T > 0, there is a constant C' = C(p, T, ©) > 0 such that

E|X; — Xs|* < C|t — s, t,s€0,T]. (3.15)
Now we show the following main result of this section.
Theorem 3.5. Suppose that (1.13) and (2.33) hold. For any py € P(RY), there is a unique

weak solution to SDE (3.1) with & = 0 and initial distribution ug in the sense of Definition 3.1.
Moreover, we have :

(i) For each t > 0, X, admits a density p;X (y) with the following two-sided estimate: for any
T > 0, there are 61,0y > 1 such that for all t € (0,T] and y € RY,

Rd
(i1) Let ¥ be defined as in (2.34). For any B € (0,9 Avy) and T > 0, there are §2,C2 > 1 such
that for all t € (0,T] and y,y' € R,

X _ X () lo—yl2 lo—y'|2
|pi (y)_ P/tﬁ(y )| < Cpt— " [/ T 110(dz) +/ e mrpg(da)] . (3.17)
ly =y R Rd

(iii) For any (¢,p) € F2 and T > 0, there is a constant Co > 0 such that for any f € Hji}(ﬂjg),

071 _M Cl 7‘1‘71}‘2
td1/2 e 7 po(dr) < p(y) < a2 /Rde ST po(da). (3.16)

T
E ( / f<s,Xs>ds> < Collfllzy (3.18)

Proof. By (3.11) and (3.12), it is well known that SDE (3.10) with £ = 0 admits a unique weak
solution (cf. [41]). The existence and uniqueness of weak solutions for the original SDE follow
from Lemma 3.3. Next we shall prove (3.16), (3.17) and (3.18).

(i) Let Z be the generator of SDE (3.10), i.e.,
2 =1r((55*)- V> /2+b- V.
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By (3.11), (3.12) and Theorems 1.1, 1.3 and 2.3 of [9], there is a fundamental solution p(s, x,t,y)
associated with ., which satisfies the following estimates: for all 0 < s <t < T and z,y € R?,
Cyl _sole—u® Co  _l=—u?
-0 < < —0 e nG9
(t—S)d/2e \p(s,x,t,y)\ (t—S)d/2e 0 ’

and for any B € (0,9 A7), and for all 0 < s <t < T and z,y,y’ € R?,

d lz—yl|? |z—y’|2

p(s, 2, t,y) — p(s, 2, t,y')| < Coly —y/'|P(t — s)~ %" e %009 4 5009

where 8y, Cy > 1 only depend on © and the bounds of b and 6. In particular, p(0,2,t,y) is just
the density of the solution of SDE (3.1) starting from x at time zero. Note that the density p) (y)
of Y; starting from the initial distribution fig = pp o ®(0,-)~! is given by

p) = [ p(0.0.t)io(da).

This can be shown by considering a smooth approximation and taking weak limits (see [31, Section
5.1] for more details). We thus have that for any ¢ € (0,7] and all y,3’ € R9,

Cy! _solz—ul _ Co lz—wi?
_tdo/_Q e” T fo(dz) < py (y) < a7 /R e jio(dw)

Rd
and
o ) o ) <« SRV [ o o5 g (3.19)
pt Yy pt Yy ~X t(d+ﬂ)/2 - Ho . .
On the other hand, by change of variables, we have
P (y) = p} (D(t,y)) det(VO(t,y)), (3.20)
and for some C'O > 1,
C'O_l 50l (0,2) =B (t,y)|2 x C'O_l _ \tP(O,z)f?(t,y)\Q
W [, e~ 0 po(dx) < pp (y) < VTe) /Rd e sot pio(dz).

which together with the following two estimates yields (3.16),

(3.8)(3.9)
|©(0,2) — (t,y)|* = 3[®(t, ) — O(t,y)]* = [®(0,2) — D(t,2)]* > il —y[>—Ct,

and

(3.8)(3.9)
|®(0, z) —<I>(t,y)|2 < 2|®(t, x) —<I>(t,y)|2+2|<1>(0,:1c) —@(t,x)|2 < 8|:1c—y|2 — Ct.

(i) By (3.20) and (3.19), we have
o () — P (W) < [p) ((t, ) — pi (R(t,3"))| det(VE(t, y))
+pp (®(t,y"))|det(VO(t,y)) — det(VE(t,y"))|

ly —y'|? _lemeea)® _e—ea2]
< Z 7 5 5ot
Sy@ee [, |0 0 Te | e(de)

1 _le—®ty)|?
o [T vy - Vet
R

which in turn implies (3.17) by (3.5).
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(iii) For nonnegative f € L (Lp) with (¢, p) € 5, by (3.16) and (2.32), we get

(/st ) //fsyps )dyds
< /0 [ 1) (Sf—f; /e ’”265’5uo<dx>)dyds

T
= 02(271-51)(1/2 /d (/ Ef(s,xz— W(;ls)ds> to(dz) < Cg|||f|||EqT(i£).
0

R
The proof is complete. O
As a corollary, we have the following important exponential integrability of singular functionals.

Corollary 3.6. (Khasminskii’s estimate) Let X be the unique solution of SDE (3.1) in Theorem
3.5. For any T,\ > 0, (¢,p) € S and 5 € (0,2 — |%| — %), there is a constant C1 > 0 depending

only on T\, d, B, ko, K1, Qi Di, ¢, P Such that for all f € iqT(ff,g),

T I
Eexp{)\/ f(s,Xs)ds} <e 1mf”lLT(Lx), (3.21)
0
Moreover, if b is bounded measurable, then for some Cy = Co(T, A\, d, 8, ko, ¢, p) > 0,
T O (161200 2/8_
Eexp {)\/ f(s, Xs)ds} < o 2(” ”LT ermeT(Lx)) . (322)
0

Proof. Let 5 € (0,2 — |%| - %) For (3.21), by [46, Lemma 3.5], it suffices to show that for any
0<tg <ty T,

t1
B ([ 56, x005| 2, ) < Cotts — 0) iy (323)

to

Let & = %—l— g Since 8 € (0,2 — |z_17| — %), we have (¢, p) € . By (3.18) and Holder’s inequality,

t1—to
E( [ 16.X00) < Collflyy oy < Colts — 10y o
By the Markov property of X;, we get (3.23). (3.22) follows by Girsanov’s theorem. O

Theorem 3.7. (Strong well-posedness) In addition to the assumptions, in Theorem 3.5, we
also assume (1.14) and that (¢;,p;) € #° in (2.33). Then there is a unique strong solution to SDE
(3.1) with £ = 0.

Proof. By Yamada-Watanabe’s theorem, it suffices to show the pathwise uniqueness. But this
follows by Zvonkin’s transformation (see Lemma 3.3), Lemma 2.2 and (3.21) (see [46, Theorem
3.9] for more details). O

4. WELL-POSEDNESS OF DDDSDES WITH MIXED LP-DRIFTS

We consider the following distribution density-distribution dependent SDE (abbreviated as
dDDSDE):

dX; = b(tv Xta pt(Xt)v /LXt)dt + U(tv Xt)tha (41)

where p;(z) is the density of X; and b(t,z,7, i) : Ry x R? x Ry x P(R?) — R? is a measurable
function. As in Definition 3.1, we introduce the following notion of solutions to the above SDE.
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Definition 4.1. Let 8 := (Q, .7, P, (F)i>0) be a stochastic basis and (X, W) be a pair of contin-
uous Fy-adapted processes. Let po € P(RY). We call (X, W,4) a solution of dDDSDE (4.1) with
iniatial distribution ug if

(i) o =P o Xy ' and W is a standard Brownian motion on il.

(i) For each t > 0, the distribution px, of Xi admits a density py,

t t
/ 155, X ps(Xs), i, )lds + / lo(s, X,)Pds < 0o, a.s.,
0 0

and

t t
X, = Xo+ / b(s, Xou ps(Xs), pix, )ds + / o(s, Xo)dWs, a.s.
0 0

Let 7' > 0 and Cr be the space of all continuous functions from [0, 7] to R?. We use w to denote
a path in Cr and by wi(w) = w to denote the coordinate process. Let B; := o{ws,s < t} be
the natural filtration. We also introduce the following notion of martingale solutions to dDDSDE
(4.1).

Definition 4.2. Let g € P(RY). A probability measure P € P(Cr) is called a martingale solution
of dADDSDE (4.1) with initial distribution po if Powy* = po and for any f € C2(RY), the process

M (@) = flwn) = Flwn) = [ (o0 (svw0) - 92) 4 bs, s pulw) ) V) flwads (42)
0

is a Bi-martingale, where pis :=Pow; ! has a density ps(x). We shall use //li(;b to denote the set
of all martingale solutions of ADDSDE (4.1) associated with o,b and initial distribution .

Remark 4.3. It is well known that weak solutions are equivalent to the martingale solutions
(see [41]). If we consider the classical SDE, i.e., b only depends on (¢, z), and if for each starting
point (s, z), there is a unique martingale solution starting from (s, z), then as usual, we say the
martingale problem is well-posed.

4.1. Relative entropy. In this subsection we recall the notion and some basic facts about the
relative entropy. Let E be a Polish space and u, v be two probability measures on E. The relative
entropy H(p|v) is defined by

du du
— log ( — )dv, L v,
H(pulv) =< Jp dv & (du) g p=v

0, otherwise.

(4.3)

Since x — xlogx is convex on [0, 00), by Jensen’s inequality, we have H(u|v) > 0.
The following theorem contains the main tools used below (see [4, Theorem 2.1(ii)], [12, Lemma
1.4.3(a)] and [10, Lemma 3.9]).

Theorem 4.4. (i) (Pinsker’s inequality) For any two probability measures i, v,

e = vlZar < 2H (ulv). (4.4)
(ii) (The weighted Pinsker inequality) For any p,v € P(E) and Borel measurable function f,
v PP <2 <1 +log | ef<f>2u<dx>> H(ulv). (45)
E

(iii) (Variational representation of the relative entropy) For any u,v € P(E),

H(plv) = sup </ wdu—log/ ewdu) , (4.6)
PEB(E) E E
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where By(E) is the set of all bounded Borel measurable functions.

(iv) (Dimensional bounds on entropy) Let uN be a symmetric probability measure on EV and
w € P(E). Then for any k < N,

2k
N.k|, @k
'H,(u |1 ) < N

where pN'F is the marginal distribution of the first k-component of u™N .

H (N ), (4.7)

We recall the following entropy formula for the martingale solutions of classical SDEs, which is
a consequence of Girsanov’s theorem (see [27, Lemma 4.4 and Remark 4.5] for the most general
form).

Lemma 4.5. Fori=1,2, let b’ : Ry x R? = R? be two measurable functions. Suppose that the

martingale problem associated with (o,b) is well-posed (see Remark 4.3). Let pg, ug € P(RY) be

two initial distributions. For any two martingale solutions P; € ./\/lz;-bl, 1=1,2, and any t > 0, if
0

we let pt == P; ow; ' be the marginal distributions, then

1 .
M) < 1) + 557 ([ lo7 w0160 - (s, )P

4.2. Stability of density. In this section we prepare a stability result about the density of classical
SDEs. Our starting point is the associated Fokker-Planck equation. Fix z € R?. Let

AZ = / A(r, z)dr with A(r, z) = (ai;(r, 2)) = ((00*):5(r, 2)) /2.

Let P7,f(z) be the Gaussian heat kernel associated with A% ,, i.e.,

Piof@) = [ has (o =) ).

where for a symmetric positive definite matrix A,

h ( e—(A711,1>/2
r) = —F(/—.
Al) 2m)2 det(A)

Lemma 4.6. Let 3 €[0,1], k € Ng, p € [1,00]? and x € 2. Under (1.13), for any T > 0, there
is a constant C' = C(T,d, B, k,p, ko) > 0 such that for all0 < s <t <T and 0 < f € LP,

IVFP (- 1P 1)(0)] < Ct = )2 1D fllgp.

Proof. First of all, by definition and (1.13), it is easy to see that for some A > 0,

ket |z|2

IVEha: (@) S (¢~ 8)" F e T3 = (t— ) 520N Ega g (@),

and for some \ > A,

VPO =97 [ ool f0)d

[N}

_k
SE=984 [ o) f)dy
Let p’ € (1,00) be defined by % + % = 1. Fix r > 0. By Holder’s inequality we have

1
L w0 @1@ay =z [ ] ovieow)Le) s na:
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< 177 L oroxolly NLocflipds

1
< — 1prgs ool »d . 4.8
(L Mzl g ) 1l (45)

Below, without loss of generality, we suppose s = 0. By a change of variables, we have

_d _?
/ 1Lpcgall,prdz = (2mAe) / 165 | pd
R * R *

1

d 7 d
d phlyil? Pi d
T AV T R 2
i=1 /R \Jlyi—zil<r i=1
For each i, we have

A 7 AL &
Ji = e x dy; dz; + e xt dy; dz;
|z;|<2r lyi—zi|<r |zi|>2r lyi—zi|<r
1 7
_ phlyil? I _ph(zil=m)? Pi
e At dyz le + e At dyz le
|z;|<2r R |zi|>2r lyi—zi|<r

1
P} \yl A _ phlzl? 1 1 1 11—
< e dy; + [ e T dy St 12 St =120 Rl
R R

_d 1
[ szl = < 2Ht2 E) =132,
R4 *

Combining the above estimates, we obtain the de51red estimate. O

N

Hence,

The following stability result shall be used below to show the existence and uniqueness.

Lemma 4.7. Let by, by be two Borel measurable functions satisfying (2.33) and for k = 0,1,
pr(de) = pp(x)da with pf € L>°. Let P, € M3 be the unique martingale solution and py(t, )
be the density of the coordinated process wy under Py. Then for any T > 0, there is a constant
C =C(T,0) > 0 such that for all t € [0,T],

d t
(1| )y p
loo(t) = pr(D)llLe S lof — il + Y / (=) 2 (s) = 03 ()llpids. (4.9)
i=1
Proof. First of all, by the heat kernel estimate (3.16), we have for all ¢,y,

& _lz—y? o
prlt,y) < / T R @)de S g, k= 0,1, (4.10)
Note that py solves the following Fokker-Planck equation in the distributional sense:
Orpr. = 0;0j(aijpr) + div(bepr), k= 0,1,

where a = 00*/2 and we use the Einstein convention for summation. Below we use the freezing
technique to show our result. Fix z € R%. For a function f, we set

T.f(x) = f(x + 2), L(t,x):=po(t,x) — p1(t, x).
By the invariance of shifting the spatial variable z, we have

Oyl = 0;0;(T5ai57:4) + div(1,b07:€) + div(7, (bo — b1)72p1)
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= Q45 (t, z)@iaszﬁ + 61-8]»((Tzaij — Q45 (f, Z))Tzf)
+ div(7.boT.0) 4+ div(7: (bg — b1)T2p1)-

By Duhamel’s formula we have

t
rl(t,7) = P mb(0,) + / P(0:0;((raai; — agj (5, 2))70)) (5, )ds
0

t t
—|—/ P;tdiv(szoTzf)(s, x)ds +/ P;tdiv(Tz (bo — b1)72p1) (s, 2)ds.
0 0
By (1.13) and Lemma 4.6 we have

t
|7L(t,0)| S|Py ,7-£(0,0)] +/ (t — S)’YTO_lﬂTzé”]LoodS
0

d t
3 / (t — )" 307130 b o, ds
i=170 !
d t 1 1 . -
+ Z/O (t— S)—§(1+\E\)|||7-z(b6 — bll)sz1|||K;- ds.
1=1

Noting that
I7-b57=Lllz: < Ir=bollzz: I7=Clee < all€]ie,

and by (4.10),

I7-(86 = b)7epallze: < 7= (b — b1)llzz: I7=p1 |

= I — Bl

prll < 186 — billgz: o9l

we further have

t
[l = sup [=£(t, 0)] < [1€(0) [~ +/O (t—5)= 7H(s)[[L~ds

d t
+30 =9 D e s
i=170
d t 1 1 . .
+Z/uﬂrwwﬂm—mwm
i=1 70 ‘

By Gronwall’s inequality of Volterra’s type (see [47, Lemma 2.2]), we obtain the desired estimate.
O

4.3. Well-posedness of dDDSDEs. Now we are ready to prove the main result of this section.

Theorem 4.8. (Weak well-posedness) Suppose that (1.13) holds and for any T > 0 and i =
1,--+,d, there are indices (q;,p;) € #° and x; € X such that

sup —sup (e, )|l ey < s (4.11)
neC([0,T);P(RE)) =0 H

and for some h; € L% (L2 and for all t,z € [0,T] x R%, .+ > 0 and p,v € P(RY),
o' (¢, z,r, 1) — b (2,7’ v)| < hi(toz) (Ir — 7|+ [ — V] var) - (4.12)

Then for any probability measure po(da) = po(z)dx with py € L°°, there is a unique weak solution
(X, W, L), or equivalently, a martingale solution to dDDSDE (4.1) with initial distribution po.
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Proof. We divide the proof into three steps.
(Step 1). Let u = g for any ¢ > 0. We consider the following Picard iteration: for n € N,

AXD = bu(t, XM)dt + o(t, XP)aWs, X8 2 o, (4.13)

where
bu(t, @) == b(t, 2, o}~ (), pi "),
and
p ! is the marginal distribution of X;*~!, which has a density pj" . (4.14)
By (4.11), one sees that for each i =1,--- ,d,
S e (4.15)
Thus, by Theorem 3.5, for each n € N, there is a unique weak solution (X", W", ") to SDE
(4.13), where
U= Q" T, Prs (F)iz0),
and for each ¢t > 0, X" admits a density p} satisfying the following estimate: for all (¢,y) €
[0,7] x RY,

" C _lz—y?
PPy < o5 | e po(z)dzr S lpolloe. (4.16)
/2 Jpq

Moreover, for any T > 0, by (3.15), there is a constant C' > 0 such that

sup EP" [ X7 — XT|* < CJt = 5%, st €[0,T],

and by (3.18), for any (o, py) € %2, there is a constant C' > 0 such that for all f € IE%O (IEQ”),

sup P ( / (s, X™)d ) Ol fllzae 3o, (4.17)

In particular, by Kolmogorov’s criterion,
the laws P, of X™ in Cr are tight. (4.18)

(Step 2). For simplicity of notations, we write

Lo (t) = o = P e + llof = pi* [l
Noting that by (4.12) and (4.14),

b7, (5, 2) = b (5, 2)| < ha(s, ) (1087 (@) = P07 @)+ e ™" = 68 Hlvar) < hils, @) Tn-1,m-1(s),

we have

167,(5) = b ()llgzs < NPi()lizes Cn1.m—1(s) =t £i(8)Tn—1,m-1(s). (4.19)
Since (4,2:) € %, by Lemma 4.5 and (4.17), (4.19), we have

H(uy|pwy) < Epm (/ lo ™ (s, wg ) (by (s, ws) — bm(s,ws))|2ds>

o1
§| ”OOEP </ [br (s, w5) — (s,w5)|2ds>

‘ 2
7 7, i /2 i
<3 ([ et~ Pz s

i=1
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||
Q
?

|

°;
‘:
=
;'5
\_/

By Pinsker’s inequality (4.4), we get

d t q—li
ot =l = = o € 3 ([ 206 )ds> . (4.20)
i=1
On the other hand, by (4.9), (4.19) and Holder’s inequality, for ¢; = —%+,

S

t
ok — ol / (t— 8)FOF 1D 0, () s (s)ds
0

ot ) ([ e o)
() ) (/ )

23 (/Otﬁ?% Ty 1(s>ds)q_li,

=1

-

1=1

1
o
i

A
.M&

1

which together with (4.20) yields

L ( 52(/6% Fgflml()ds) :

i=1

Let g =q1 V-V qq. By Holder’s inequality with respect to £ (s)ds, we get

Xd:(/ 08 ()T (s )ds> </Ot€§i(s)ds>:i

/ ZEQZ I 1,m— 1(s)ds.

Therefore, by (4.16) and Fatou’s lemma,

lim T'¢ . /ZEQI lim T?_,  (s)ds,

n,m—odo n m—r oo

-1

which implies by Gronwall’s inequality that for each t € [0, 77,
Jim (lef = e + 67 = plls) = | Tim T (8) = 0. (4.21)
Now by (4.18), there is a subsequence nj such that as k — oo,
P,,, weakly converges to some PP € P(Cr),
and by (4.21), Pow; *(dz) = u(dx) = pi(x)dx and for each t € (0,7,

T (6} — pellie + l16f — pells) = 0. (4.22)



28 ZIMO HAO, MICHAEL ROCKNER, XICHENG ZHANG

(Step 3). In this step we show P € Mzbb. More precisely, we want to show that for fixed

f € C2(R%), the process Mtf defined by (4.2) is a B;-martingale under PP, that is, for any to < ¢
and every bounded B;,-measurable continuous function 7,

E((M] — M )m) =o. (4.23)
Note that for each k € N, by SDE (4.13) and It6’s formula,
Efre (Mf = ME)n) =0,
where
Mt = 1) = flan) = [ (iran, 925 + b 91 )50

Since x — ay, (s, x) is continuous, to show (4.23), the key point is to prove the following:
t1 tl
g B ([ o) Trsvwas ) =8 (o [ b5 g0, g0) - D (5,05 ).
—00 to to

which follows from:

t1
lim supEFm (/ |bp,, (8, ws) — b(s,ws,ps(ws),usﬂds) =0, (4.24)

m— o0 k to

together with
t1 ty
klggo EFn <77/t bn,, (S, ws) - Vf(ws)ds) =EF (n/t bn,, (s, ws) - Vf(ws)ds> (4.25)
0 0

for each m € N. The first limit (4.24) follows by the Krylov estimates (4.17), (4.12) and (4.22).
For the second, let

bflm (S’ ‘T) = bnm (87 ) * FE(CE), € e (07 1)7

where I, is the mollifiers in (2.7). For each ¢ € (0, 1), since x — b;, (s, ) is bounded continuous,
by the weak convergence of P, , we have

i 5 ([ " () Vstwn)as) =5 (o " (s wa) Viw)is).  (120)

k—o0 to to

Moreover, for each m € N and R > 0, by the Krylov estimate (4.17), we also have

t1
lim sup EFx (/ |65, — bn,.|(s, ws)|]]-wS<RdS>
e—0 Lk m =

to

. (4.27)
S ;{}%Z; (b5, = bn,) Lpgllpe ey =0,
and
ty
i sup e ([, = b o) L s ) 0. (1.25)
R—oo ke to m

Combining (4.26), (4.27) and (4.28), we obtain (4.25). Thus we complete the proof of existence.
On the other hand, by the same calculations as in (4.21), one can show that any two weak solutions
have the same marginal distribution. Then by Theorem 3.5, we get the weak uniqueness. O
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Remark 4.9. If b does not depend on the density variable r, then we can drop the assumption
to(dz) = po(x)dx. In this case, we can only use (4.20) to show that p}' is a Cauchy sequence.
We note that a similar result has been shown in [44]. However, even in the non-mixed norm case,
the results in [44] do not cover our case since we are using the total variational norm in (4.12).
Moreover, our proofs are based on the Fokker-Planck equation, and Wang’s proofs are based on
the backward Kolmogorov equation.

Theorem 4.10. (Strong well-posedness) In addition to the assumptions in Theorem 4.8, we
also assume (1.14). Then there is a unique strong solution.

Proof. This is a direct consequence of Theorems 4.8 and 3.7. O
5. WEAK CONVERGENCE OF PROPAGATION OF CHAOS

Throughout this section we assume (H”) and (H®). Let
XN = (xN o XN W = W,

and for x = (2!,---,2"), define
1 & 1Y
o 1 1 N N _j
B(t,x) = F(t,x ,N;@(x ,3:3)),-~- ,F(t,x ’N;‘bt(“’ ,xﬂ)) , (5.1)
and a (dN) x (dN)-matrix o by
O'(t,X) = diagN(U(tv'rl)a o ,O'(t,:EN)). (52)

Then the particle system (1.1) can be written as an SDE in R:
dXY = B(t, XN)dt + o (t, XN )dW.
Noting that by (H?),

N
. K . .
|Bilt,x)] < At ') + 55 D lon(at,al)],
Jj=1

we have for p = (co,---,00,p) € [1,00]*N and for x; = (--- 2"~ 2+ ... 2N 2P)
é
< 0.

T
| s ol

. . < -
I B |||]]}T L2) S |||h|||LqT(]L§) + K1 o

Then, by Theorem 3.7, for any initial value X@', there is a unique strong solution to the above
SDE. In particular, there is a measurable functional ® : RN x (C¥ — (C¥ such that

XN =o(X), WN)(1t), telo,T). (5.3)

5.1. Martingale approach. In this section we use the classical martingale approach to show the
following qualitative result of weak convergence.

Theorem 5.1. For any N € N, let &Y, .-+ &N be N-random variables and po € P(R?). Suppose

that the law of (€, €N is invariant under any permutation of {1,---, N}, and for any k < N,
Po(eN, -, &N) ™ = %, N = oo (5.4)
Then for any k < N and T > 0,
N,1 N,k \—1 Rk
Po (X[07T], e ,X[O)T]) = o N = oo, (5.5)

where pujo, 1) is the law of the unique solution of dDDSDE (1.2) with initial distribution po on Cr.
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First of all, we use the partial Girsanov transform as used in [21, 43] to show some uniform Krylov
estimate for particle system (1.1). Let {W;,z € N} be a sequence of independent d-dimensional
standard Brownian motions. For each z € R? let Z;(x) be the unique strong solution of the
following SDE starting from x:

A%, = o(t, Z)AW}, Zy = .

For each z = (22,--- ,2N) e RIN-14 et ZN(2) := ZN .= (z]N?,... | ZV'™) be the unique strong
solution of the following SDE starting from z:

Az =b(t, 2% gy )dt + o (t, 2V )Wk, 2] = 2,
where k =2,---, N and

1 N
n=(dy) = Z 8. (dy).

In particular, as Brownian functionals of W1 and (WQ, e ,WN ) respectively,
Z.(+) is independent of ZV(-), (5.6)
and by the notion of strong solution of SDEs (see (5.3)),
XM= 2, (X2 XYy = 2N = Y (5.7)
solves the following SDE:
AR = ot KT, XY= €,
and for each k =2,--- | N, (5.8)
AXMF = 0(t, XVF g )dt + o (8, XVF)dWE, X0 =€,
where

1 N
nY{V = N Zé}zg\u (dy)
j=2

Now let us define
N
1 ~ _ ~
Mgy (dy) = 5 D Ogwaldy), HYi= o (6, X0 7 b(L X ngy),
j=1

and for k=2,---, N,
HY'F = o (6, X057 o6 XN mgr) = 0(6 X vy ).
By the above definition, we clearly have for each i =1,--- | N,
AX = b(t X ng ) dt + o (4, X)) (AW] — Hdt). (5.9)

The following uniform estimate is the key step for performing the Girsanov transform to derive
the Krylov estimate for the particle system, whose proof strongly depends on the independence in
(5.6) and the strong uniqueness used in (5.8).

Lemma 5.2. For any v, T > 0,

N T .
sup E exp {WZ/ |HtN’Z|2dt} < 0. (5.10)
N — o
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Proof. For x € RY and y = (y?,--- ,y") € RN=D4 et us write 1, := ~ Z;VZQ dy; and define
Ti(t,x,y) == J(t,:c)flb <t, T, % + ny> ,
and for k=2,---, N,
Lyt z,y) = o(t,y*) ! {b <t,yk,6ﬁx + ny> —b (t,yk, ny)] )
From the very definition, one sees that for each i =1,--- | N,

HN =T(s, XM, vY),
and by (5.7) and (5.6),

N T T N
E exp {WZ/ |HSN’Z|2ds} =Eexp {7/ Z|Fi(s,Zs(§{v),Yév)|2ds}
i=170 0 =1

T N

- (Eexp {’y/ Z|Fi(svzs($)7ys)|2d5}
0 =1
T N

< sup Eexp {'y/ Z|Fi(svzs(x)7ys)|2ds}
z,Y. 0 i=1

(2= {V,Y.N>>

T
= supEexp {7/ fy(s, Zs(x))ds} , (5.11)
zy. 0
where for y = (ys)SE[O,T]v
N
fy(s,z) = Z |I‘i(s,x,ys)|2.
i=1

Note that by (1.15) and because ¢;(x,x) = 0,

N
Du(t2,9)| = o) F (6, < (6u(m,2) + D louta, 7))

j=2
o N
-1 M j
<o o | lt2) + 523 oy |
Jj=2
and
—1
K1||O fo%s)
utt 2 )] < ST loe g (o )

and by (1.16),

T 1/q
( [ sl -,y>|||§£dt> <o Ul (s + 2)

and

T 1/q o1
Killo™ oo
sup [Tk (t, - y) 12, dt <=

(/0 y Lx N -1
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From these two estimates, by Minkowskii’s inequality, we derive

T 2/q N T 2/‘1
2 2
( / sup|||fy_<s,->|||§{,/2dt> <Z< / sup||||ri<t,~,y>|2|||§{,,2dt>
0 ¥ x I \Jo v x
N T 2/‘1
- ( / sup|||ri<t,-,y>|||ﬂ%pdt>
192 22 , K1
<ot (G + )2+ 51,

Thus, because (4,%) € %, by (3.21) we have

T
sup E exp {7/0 fy(s,Zs(:v))ds} < C,

T,y

which together with (5.11) yields (5.10). O

Now if we define

N t N 1 N t
&N = exp{Z/O Hé\“dWSZ—§Z/O |Hév’i|2ds},
i=1 i=1

then by (5.10) and Novikov’s criterion, t — Z; is an exponential martingale and

N t
EN =1+ Z/ HNigNaw?.
1=1 0

Thus, by Girsanov’s theorem, (W; - fot HYN lds)z[l()T]N are N-independent standard Brownian
motions under the new probability measure '
Q:= &NP.
Moreover, by (5.9) and the weak uniqueness for SDE (1.1), we have
-1 -1
Qo (XFq) =Po(XFz) (5.12)
and for any v € R, by (5.10) it is standard to derive that
supE [ sup |6V | < . (5.13)
N t€[0,7)

From these, we can derive the following crucial Krylov estimate for the particle system.

Lemma 5.3. (i) The law of (XtN’l)te[oﬁT], N e N, in Cr is tight.
(it) For any T >0, (q,p) € S and x € £, there is a constant C; = C1(T,0) > 0 such that for
any f € Ly (L),

T
supE < /0 f(t,Xi“)dt> < Cillfllgs @z, (5.14)

and for any A > 0 and § € (0,2 — |%| — %), there is a Cy = Co(T,0,\, 3) > 0 such that for
any f € LL(LE),

T N1 Call 245 p
sup E exp /\/ f, X, )dt p <e L0, (5.15)
N 0
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(iii) Let py,py € (1,00)¢ and let q € (1,00) with |p—11| + |p%| —i—% < 2 and x1,%x2 € 2. Then for
any T > 0, it holds that for some C3 = C5(T,0) > 0,

T
sup E ( / f(t,va’l,va’Q)dt> < Csllf lgo iz oy (5.16)
N 0 1 2

where HNJF} (L2 (ILP2)) s the localization of L4 (L (ILR2)) as in (2.5).

Proof. (i) By (5.12), Holder’s inequality, (5.13) and (5.8), there is a constant C' > 0 such that for
all0<s<t<T and N € N,

EIXNT - XN = B8 EN - XN
< (B(E)) ' (BIXN - X))

which, together with (5.4), implies the tightness by Kolmogorov’s criterion.
(i) Let v > 1 be such that (,2) € %5. By (5.12), Hélder’s inequality, (5.13) and (3.2), we

have
T T -
E (/0 f(t,XtN’l)dt> =E (5%/0 f(t,XtN’l)dt>

< [E(é":,{v)%} E (/OT |f(t,)~(lgv,1)|vdt>]

1
< OIS oy = Ol @2y

V2 <ot - s,

-1/ 1/~

(5.15) follows by the same method and (3.21).
(iii) Let v € (1, min;(p14,p2i) A ¢) be such that |
inequality and (5.13), we have

T T
E ( / f(t,va’l,va’z)dt> =E (e@TN / f(t,Xiv’l,va’Q)dt>
0 0
y—1 T _ _
E ( / If(t,XiV’l,Xiv’Q)lvdtﬂ
0

r TN .24 1y Y
E(/ (. Zo(), X)) dt)

< [E@)™] 7
R
| + q/v < 2, one can choose q1,q2 > 7 so that

|+ 15

| + Q/v < 2. By (5.12), Holder’s

1
P/ P2/

2=

< sup

x

1 1
Y|p/v|+|z72/v q/7+qz/v = 1+ 5 and
(¢:/7,Di/7) € Fa, i = 1,2. Since Z.(z) and X2 are independent by (5.6) and (5.7), and satisfy

the Krylov estimate (5.14), the desired estimate now follows by using [37, Lemma 2.6]. |
In the following, in order to take weak limits, we need to mollify the coefficients. For e € (0, 1)
and k € N, we define
be i (t,z, 1) == Fo(t, x, (¢F ® p)(z)), (5.17)
where
E.(t,x,r) = (= YV ((F(t,,r)« I[)(z)) Ae

and

d)f(xay) = (_k) \% (((bt * Fl/k)(xay)) Nk.
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We have the following properties for the above approximation.
Lemma 5.4. (i) b.j € L (Cp(RY x P(R?))) and
|be i (t, @, )| < he* I(z) + “O(Qbf ® p) * I (z)

and
|b— bkl (£ 2, 1) < Sup [Fe = Fi(t,2,7) + kol (65 — ¢1) @ pl(x).
r|<k
(it) For any T > 0,
T
lim lim supE / b — bei| (s, X ,an)d =0. (5.18)
k—ocoe—0 N 0

Proof. (i) is obvious by definition and the assumptions. We now show (ii). Note that

N
|b— be il (5, X2 g ) < sup [Fe — F(s, X2 r) + % DIk — o (XL XN (5.19)

[r|<k =1

We first show that for fixed r € R™,
T
lim sup B (/ |F. — F|(s,XSN’1,r)ds> =0. (5.20)
e—=0 N 0

Let R > 0. Since (£,%) € S and ||F(-,r
and (5.14), (2.8), we have

T
E </O |F. — F|(s,XSN’1,r)]lXév,1|>Rds>
1
T 2 T
E (/ |F. — F|2(3,X§V’1,r)ds>1 V P XN > R)ds
0 0

T
SR P o | [ (P02 00 ) 00 - )

T N,1 N,1
E[ XN - x|
SIEC )z 2 [/ <—R — +P(IXp > %)) ds]
0

1
O 2
Sl e |7 + P> B] 20 R (521)

)|||]Lq iz < by (1.15) and (1.16), by Hélder’s inequality

Nl=

<

2

On the other hand, for each R > 0, by (5.14) again, we have

T (2.9)
E ( / F. ~ F|<s,X;V’1,r>nX;v,1|<Rds> SI(F — F)( )l gy — 0 € =0,

which together with (5.21) yields (5.20).
Since |F.(t,z,r) — F-(t,z,7")| < kolr — ’|, by (5.20) and a finite covering technique, for each
k € N, we further have

T
lim sup E (/ sup |Fr — F|(S,Xév’1,r)ds> =0. (5.22)
0

e—=0 N |r|<k
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Indeed, for any given § > 0, one can find M-balls in R™ with centers in {r;,i = 1,---, M} and
radius 0 such that

{r Ir] < k} C Ujzt,... . mBs(r4).
Thus,

T M T
E (/ sup |F. — F|(s,X§V’1,r)ds> < ZIE (/ |F. — F|(S,X£V’I,Ti)d8> + Kg0.
0 Pl 0

i<k

By (5.20) and firstly letting € — 0 and then § — 0, we get (5.22).
Moreover, for j # 1, since

T T
E(/ |¢’;—¢S|<Xg“,xéw>ds>=E</ |¢’:—¢s|<xé“l,xz“>ds>,
0 0

as in proving (5.20) and by (1.16) and (5.16), we also have

T
lim supE < / |04 —¢s|<X£V*1,XéV’2)ds> =0,
k—oo N 0

and because ¢4(x,z) = 0 and (5.14),

T
lim supE (/ |¢§|(X§’1,Xév’l)ds> =0.
k—oo N 0
Hence,
T .
lim sup sup E </ | —¢SI(X£V’1,X5V’”)dS> =0,
k—oo N j=1, 0
which together with (5.22) and (5.19) yields (5.18). O

Now we are ready to give the

Proof of Theorem 5.1. Consider the following random measure with values in P(Cr),

w— y(w,dw) : NZ(SXNI

By (i) of Lemma 5.3 and [42, (ii) of Proposition 2.2], the laws of IIy, N € N, are tight in
P(P(Cr)). Without loss of generality, we assume that the laws of Iy weakly converge to some
Il € P(P(Cr)). By (5.14) and (5.16), it is standard to derive that for any (¢,p) € # and
f € L4(ILP) (see [46, Remark 3.4]),

o ([ o)

and for any p;,p, € (1,00)¢ and ¢ € (1,00) with |pil| + |pi2| +§ < 2, and x1,%x2 € 2, [ €
L (L (LRs)).

/P<CT> [cT [cT </0T f(s’ws’wg)d5> v(dw" )y (dw)le (dv)

Our aim below is to show that Il is a Dirac measure, i.e.,
I (dv) =6,(dv), g —a.s.,
where 1 € MZLb is the unique martingale solution of dADDSDE with initial distribution puy.

< Cllfllgs czy (5.23)

<Oy gm gz (520
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We divide the proofs into two steps.
(Step 1) For given f € CZ(R?) and v € P(Cr), we define a functional on Cr by

M}Tf(t,w) = f(wt) - f(wo) - A g;bf(sv wS)dsv te [07 T]?
where
Lo f(s,x) = %tr(aa* “V2f)(s,x) + b(s, z,vs) - Vf(x),

and
vs :=vow, ' is the marginal distribution of v at time s.

Fix n € N. For given g € CO(R"d) and 0 < 51 < --- < 8, < 8, we also introduce a functional E‘}'»
on P(Cr) by

Ef(v) = /C (M}i’f(t, w) — M;’If(s,w))g(wsl, < ws, Jv(dw).
T

In particular,

N
—_ 1 o [ o 7 1 [
EHIN) = 5 > (M, (6, XN = Mg (s, X)) g (XN, X [) (5.25)

and
-1
Hyows ™ =nxw.

Noting that by It6’s formula,
t t
M;’I%N(t,x%):f(XtNﬂ)—f(XgW)—/o .,s,ﬂg;jf(s,xjw)ds:/o (0" - V) (s, XN aw?,

by (5.25) and the It6 isometry for stochastic integrals, we have

2
N t
E|=4 Iy )|* = m1E Z/ (0" -V, XN g (XN XN aw)
=17
1 /[ * N, N, N,iy|2
:mz E‘(U 'vf)(T’XT )g(XS1 7.'.7X5n)‘ dr
i=1""%
1 *
S yt=slo VEZNgl%- (5.26)
Suppose that we have proven
lim E[Z%(Iy)| :/ |24 (1) Moo (dv). (5.27)

Then by (5.26) and (5.27), for each f € C2(R?) and n € N, g € Cp(R"?),
/ =% (V)Mo (dv) = 0 = E%(v) = 0 for Ilc-a.s. v € P(Cr).
P(Cr)

Since CZ(R?) and Cp(R"?) are separable, one can find a common Il.-null set A” C P(Cr) such
that for all v ¢ N and for all 0 < s <t < T, f € C3(R%) and n € N, g € Cp(R"?),

=9() = /C (ME (0 w) — MIH(5,0)) gl - s, () = 0.
T

Moreover, by (5.4) and (1.9), we also have
Hoo{r € P(Cp) : vp = po} = 1.
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Hence, for Il .-almost all v,

S Mzg’.
Since Mbe only contains one point by uniqueness (see Theorem 4.8), all the points v ¢ N are the
same. Hence, Iy weakly converges to a one-point measure. By [42, (ii) of Proposition 2.2], we

conclude (5.5). Thus it remains to show (5.27).
(Step 2) Let b, ;; be defined by (5.17) and define

Ek(v) = /C (M;’fs”“(t,w) - M;’fs”“(s,w))g(wsl, < ws, Jv(dw).
T

By b. € L (Ch(R? x P(R?))), we have
Ea,k S Ob(P(CT)), Ve > 0,k € N. (5.28)
Indeed, note that

2a) = [ ()= s+ 3 [ o 000 ) o o )

t
+ / (/ (ba,k : Vf)(T‘, Wr, Vr)dr) g(wsla T ,wsn)u(dw) = ESI&(”) + ES}&(”)
Cr s

Since f € C? and o, g are bounded continuous, we have Eil,l € Cy(P(Cr)). For Ef,z, since it is a
=2
e,k

)

non-linear functional of v, we have to take some care for the continuity of v — (v). Suppose

that v, € P(Cr) weakly converges to v € P(Cr). By definition, we have

[ ([ 0 @000 ) g~ )

t
+ 0|V Sl | ( [ 1ot e - u>r|<wr>dr) Vo () =2 IO 4 1),
Cr s

where we have used that
|Fe(r,z,51) — Fe(r, o, s2)| < Kols1 — sal.

For L(y% ), we clearly have
lim I = 0.

m—r oo

For I,(n2 ), by the dominated convergence theorem, it suffices to show that for each r € [s, ],

lim |¢7]f ® (Um — V)| (wr)vpm (dw) = 0,
Cr

m—r oo
which follows by noting that (see the proof of (5.22))
lim_ |6} @ (vm = v),|(z) =0, = € RY,

and
lim  sup|(¢F @ Vi) (2) — (85 @ v ) (y)] = 0.

|[z—y|=0 m

Thus we get (5.28), and so,

Jim E|5€,k(HN)|=/ 15 ()| T ().
N—o00 P(CT)
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On the other hand, we note that
t
2x0) = 240) = [ ([0 00)000) T ) gl (o),
T s

C

and
N

- = 1 ! i i i
Ee(lly) = E7(1ly) = & > (/ (b= be) - V) (r, X anX’J)dT) g(XIt - X,
i=1 \/s

By (5.18), we have
lim lim sup E|Z. x(Ily) — Z4 (x|

k—ocoe—0 N

t
<[V fllsollglloo lim lim sup E </ b — be,e|(r, Xiv’1777xzy)d7") =0,
k—ocoe—0 N s "
and by (5.23) and (5.24), as in showing (5.18),

lim lim |Zex(v) — ES(v)|Teo (dv)
k—o00 e—0 P(Cr)

T
< IV Sfllsollglloo lim lim |b — b k| (s, ws, vs)ds | v(dw)I(dv) = 0.
k—o00 e—0 PCr) JCr 0 ’

Thus we obtain (5.27) and the proof is complete. O

5.2. Entropy method. In this section we recall the entropy method used in [20] to show a
quantitative result for weak convergence when the interaction kernel is bounded measurable, which
is essentially contained in [20]. For the completeness of the paper, we provide a detailed proof. We
first prepare the following lemma.

Lemma 5.5. Let ¢ : R x RY — R be a bounded measurable function with ¢(x,z) = 0 and
&:= (&, -+ ,&N) be a sequence of independent identical distributed random variables. Set

P(2,y) = o(x,y) — (¢ ® p)(x).
Then for any A < W,
Ee MV(@@ne) (0l ¢
where ng(dy) := 5 3L, 0, (dy)-

Proof. Note that by Taylor’s expansion,

oo

00 N
AN [(P®ne) (€)1 _ Z )\mni\![m|($®77£)(§l)|2m _ Z %}Zé(fl,@) 2m
m=0 m=0 j=1
> AT — N _ 2m
<3 22m (| (6r, 1) P + ]jz_;sb(sl,&j)] )
(AN [ N _
S ;;;Nm Il¢l\i?+j Z &) 06 En)

Let J be the set of all indices (ji,- -+, jom) € {2,-++, N}?™ such that there is at least one index
ji different from all others. Since for j € {2,---, N} and = € R?,
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by the independence of the components of &, we have for any (ji, -, jom) € J,

E[3(61, &)+ 06 €)= E[EB[6(@ &) -+ 82,5, )]lames ] = 0.

Hence,
o0
AN(3 2 (anNm™ -
EMN(@®ne) €)1 Zomwml\¢||§2”(1+wc),
m—
where £J¢ stands for the cardinality of the complement set J°.
Suppose 2m < N. It is easy to see that (ji,- -, jom) € J¢ if and only if each ji appears at least
twice and there are at most m-distinct ji. Thus one has
Jo=uUJ,,
where J,, is the set of (j1,- -, jam) such that each jj appears at least twice and exactly n-integers

appear. Clearly, by Stirling’s formula n” < e"n! < e2"n", we have
— N -—-1)" (N —1)"
n n! nn
Thus, for 2m < N,

13 <Y (Ne)"n™ < 2(Ne)™m™ < 2(Ne)™e™m).
n=1
Moreover, for 2m > N, we obviously have
136 < N?™ < N™(2m)™ < N™(2e)™m!.

SO, for A § W,

oo o0

b - 1
EeMN1(6@mn¢)(€1)1? < Z (4)\)ml|¢”g;n(ml]\]m + (2e)m) <92 Z 9-m _g.
m=0 ’ m=0

The proof is complete. 0
Now we can use the entropy formula in Lemma 4.5 to show the following result.

Theorem 5.6. Suppose that (H?) and (H®) hold and ¢ is bounded measurable. Let ul be the
law of XY in R and p; be the law of X; in R%. Then there is a constant C = C(kg, k1) > 0
independent of ¢ such that for any t > 0,

H (™) < I (A () ™) + Cllo) et ).

Proof. Let 1, == % sz\il dwi and B, o be defined by (5.1) and (5.2), respectively. By Lemma
4.5 and (1.15), we have

1/t w B
H(py ™) <”H(uévlu?N)+—/O E* |o(s,ws) " (B(s, ws, p1s) — B(s, ws, M, ))|*ds

2

t
K N
<Hpd ™) + 70/ EFs | B(s, ws, ps) — B(s,ws, N, )|*ds
0
I N t N
0l 7 7
< H (' |p§N) + TZ/ B |(gs @ pus)(wh) — (ds ® N, ) (w?)|ds
i=1 70

t
Rok N, -
= 15™) + 75 [ NE G @ )P
0
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Now by the variational representation (4.6) and Lemma 5.5 with A = W, we further have
t .
H(uN N < H(Ed ugN) + F”;;l / [H(uivlu;w) +lnE“§N6AN‘(¢S®"“’S)(”;)‘2}ds
0

t
< W) + Clol [ [HG21E™) +moas,

which yields the desired estimate by Gronwall’s inequality. 0
Remark 5.7. By the Pinsker inequalities (4.4) and (4.7), we have for any k < N,

Cllollz, tk
k k €
% = " v < 2R (0 F i) < | )+ Cllglt).

Note that when F'(t,x,r) = r is linear and ’H(ut k |ut ) < Cok2/N2, by a delicate analysis of the
BBGKY hierarchy, the following sharp estimate is obtained by Lacker (see Theorem 2.10 of [27]):

N,k k N,k ®Fk
e = 1P lvar < \/2H (1" u$F) < CK/N.
6. FROM WEAK CONVERGENCE TO STRONG CONVERGENCE: PROOF OF THEOREM 1.1

In this section we show how to use the previous weak convergence result to derive the strong
convergence of the particle system. The following lemma is the key point.

Lemma 6.1. Let ¢ : R, x R x R? — R be a measurable function. Set

Q_St(.f,y) = (bt(xay) - (¢t ® ‘UX,L)(ZE)
(i) If ¢ is bounded measurable, then there is a constant C = C(ko, k1) > 0 such that for all t > 0,

El(dr @ ey ) (X" < Ol M1 (1 |45 N) + 1) /N, (6.1)
(i) If ¢ satisfies (1.16), then for any T > 0,
T —

Jim | ( /0 [€2 ®77X{V)(XtN’l)|2dt> =0. (6.2)

Proof. (i) By the variational representation (4.6), for any £ > 0, we have
ENE|(d @ nxy ) (X = eNET [G(uwh )P < Huf [0 ™) 4+ log BIE o N9t e,

which in turn implies (6.1) by Lemma 5.5 with ¢ = and Theorem 5.6.

1
16e7T3l12
(ii) By definition we have

Tz 8 1 i N,
E(/ (@0 m )X |dt> Ly (/ (X2 ,XtN*,XtN’“)dt>, (63)

7,k=1
where - -
Li(z,y,2) == ¢(x,y)de (2, 2).
Let ¢5(x,y) := (¢ * I-)(x,y) be the mollifying approximation of ¢; and
0; (z,y) = ¢ (x,y) — (¢f ® px,)(x),

and

Ui (z,y,2) = 67 (x,9)¢; (z, 2)-
Noting that

(T = T5)(2,y, 2) = (6 — 65) (@, 9) 5 (2, 2) + b (@, y) (b — 6F) (=, 2),
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by Holder’s inequality, we have

T .
o [ w e )
0
T’ 1/2 - 1/2
< (oG- aroeta) (e[ oo eys)
0 0

- 1/2 - 1/2
+ (E / (X, X) dt) (E / (6 — ¢§>2(X5V’1,Xiv’k)dt> :
0 0
Using the Krylov estimate (5.16) and as in showing (5.20), we get

lim sup sup Ijj-vk () =0. (6.4)
e—=0 N gk ’

On the other hand, for fixed €, by (5.5) we have

T .
lim sup E /Fi(XtN’l,XtN’J,XtN’k)dt
N=oo jzkz1 \Jo

T
= lim E(/ Ff(XtN’l,XtN’Q,XtN’?’)dt>
0

I‘]]Yk(f‘:) =

N —o00

T
=E < / I (X#XﬁX?)dt) =0, (6.5)
0
where the last step is due to the fact that
EL} (X}, X7, X7) = E [E¢; (v, X)E¢; (v, X}');w = X[] = 0.
Thus by (6.4) and (6.5),

T .
lim sup E (/ I‘t(XtN’l,XtN’J,XtN’k)dt> =0. (6.6)
N—00 jtht1 0

Moreover, by the Krylov estimate (5.16) we also have

T
supE </ Ft(XtN’l,XtN’J,XtN’k)dt>
0

jik
T } 3 T 3
< supE </ qst(XtN’l,XtN’det) E </ ¢t(X§V’1,X§V”“)2dt>
Jk 0 0
T .
=supE </ ét(XtN’l,XtN’J)th> < 00. (6.7)
j 0
By (6.3), (6.6) and (6.7), we obtain (6.2). O

Now we can give the

Proof of Theorem 1.1. Let X; be the unique strong solution of dDDSDE (1.2) starting from X
(see Theorem 4.8). Define

b(ta I) = b(ta €, :uXt) = F(ta €L, (¢t @ /LXt)(x))'
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By (H?), it is easy to see that
b= bl ) <
Consider the following backward PDE
du+ 3tr(oo* - V?u)+b-Va—du+b=0, u(T)=0.

By reversing the time variable and Theorem 2.9, there is a unique solution u satisfying the following
estimate: for any 5 € (0,9), where 9 := 1—|%|—§, there is a constant Cy = Co(T', ko,d,p,q, ) > 1

such that for all A\ > Coh?/?,
Lg—
A2O7B) |lu||pze criey + IV*ullzy &2y < Cob. (6.8)
In particular, one can choose A = (2Cob)%/? so that
[VullLe < 3. (6.9)
Now if we define
O(t,x) =z +ult,z),
then for each ¢,
x> ®(t,x) is a O'-diffeomorphism on R?,
and
V@[l + [V Ly < 2. (6.10)

Define
Y =&t X,), Y= XN,

By Itd’s formula (see the proof in Lemma 3.3), we have
dY; = \u(t, X;)dt + &(t, X¢)dW,}!
and
vVt = au(t, x,VNdt + (B - va) (6 X0 dt + 6 (4, XN dW

where ¢ := 0*V® and
B(t,x) = b(t,z,nx~) — b(t, z, px, ).

In particular, we have

t
YV -y, = (0, X)) — 9(0, Xo) + A/ [u(s, X - u(saXs)]ds
0

t t
+/ (B-Vu) (s, XN")ds +/ [&(S,XSNJ) — 5(3,X5)}dW81.
0 0
By It6’s formula and (6.9), (6.10), we further have
¢
VY =V <AIX0 = Xof? +/ Y =Y (AXD = X+ [B(s, X1 [)ds
0

. (6.11)
+ / |6 (s, XNV — 5 (s, X)[2ds + M;,
0

where M, is a continuous local martingale. Note that by (2.10),
[5(s, X0 = 65, Xo)? < 26n,0(5)| X = X,

where

Una(s) := MIVG (s, ) P(X) + M|V (s, ) *(Xs) + 115115 + A + 1.
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Thus, by (6.11) and (6.10) we have

t
XX < c<|XéV>1 X0+ [ XN - X s
0
. (6.12)
+/ |B(s, XN1)|?ds | + M,
0

where C' > 0 is an absolute constant. By the chain rule, we have
MIVE|? <AM|Val? + ||o]|ZM|V2ul?.
By (2.11) and (1.14), we have
IMIV Ol g0/2 g2y S T2 o2, = IV N2 ) < 0
and by (6.8),
IMIV0P g gy S IV s sy = 192002, oy < (Cob)

Since (%, 20), (£,2) € %, by (5.15) and (3.21) we have for any v > 0,

T
A, :=supEexp {7/ EN),\(s)ds} < 0.
N 0

Thus by (6.12) and the stochastic Gronwall inequality (cf. [39] or [46, Lemma 3.7]), we get for any
7 €(0,1),
gl

T
IE( s[upT] |x N —Xt|27> < CyAzn <E|X5“ —X0|2+E/ |B(s,XSN*1)|2ds> . (6.13)
telo, v 0

Noting that by (1.15),
|B(t, x)| < K1l(dr ® nxen ) (2) — (61 ® px, ) (@) = w1](dr ® mxen ) ()],
where

ét(xvy) = (bt(xuy) - (¢t ® NXt)(:E)u
we further have for any v € (0, 1),

T Y
E ( sup | X! —Xﬁ) < CyAsn <E|Xé“ — X|? +R%E/ (s ®77xgv)(XsN’l)|2d8> :
t€[0,T) =L 0

Now, (i) follows by (6.2) and the above estimate.
(ii) When h and ¢ are bounded, by (1.15) one has

[b(t, 2)| < [lhlloo + K]l Hllo-

Thus for any § > 2, one can choose ¢,p in (6.8) close to co so that ¥ = 2 =1 — % - |%| and
> 1= Ibll g 72 < O+ |8]0):

By (5.15), (3.22) and for A\ = (2Ch)?/?, we have
T
A, =supEexp {y/ éN,)\(S)dS} < CeCP?’ < CeCllIZL’
N 0

Estimate (1.19) now follows by the above estimates and (6.1). O
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7. MODERATE INTERACTING PARTICLE SYSTEM: PROOF OF THEOREM 1.3
We consider the following McKean-Vlasov type approximation for density-dependent SDE (1.4):
dX§ = F(t, X, (¢ * p5)(XE))dt + o(t, X)dAW,, X§ = Xo,

where ¢.(z) = e %¢(x/c), and ¢ is a bounded probability density function with support in the
unit ball, F' is bounded measurable and pf is the density of X;.
We first show the following lemma.

Lemma 7.1. For any T >0, 8 € (0,7) and v € (0,1), there is a constant C = C(T, 3,v,0) >0
such that for all € € (0,1),

E| sup |Xf—X,* | <Ce*.
t€[0,T

Proof. Let X; be the unique strong solution of DDSDE (1.4) starting from Xy. Define

b(t,z) :== F(t,x, pi(x)).
By assumption we have
[llLee < [|FLss-
Consider the following backward PDE
du+ itr(oo* - V?u)+b-Vu—Au+b=0, u(T)=0.
As in the proof of Theorem 1.1 we construct a C''-diffeomorphism
O(t,x) ==z +u(t,z),
and define
Vi =0t X7), Yii=@( Xy).
By the generalized 1t6 formula, we have
dY; = Au(t, X¢)dt + &(t, X¢)dW}
and
dYF = Au(t, X{)dt + (B. - Vu) (¢, X7)dt + 6 (t, X7 )dW,,
where ¢ = ¢*V® and
Bu(t,7) = F(t,a, (- % p5) (@) — F(t,, pi(2)).

In particular, we have
t ¢
YE Y, = )\/ [u(s,Xj) - u(s,Xs)} ds +/ (B- - Vu) (s, X%)ds
0 0
t
+/ [&(s, X5) — (s, XS)} awl.
0
By It6’s formula and (6.9), we further have

t
Ve Vi< [ IV VAN - X B, X2) s
0
t (7.1)
+/ (5, X5) = 6(s, X5)|*ds + M,
0
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where M, is a continuous local martingale. Completely the same way as in proving (6.13), we have
T Y

EXN! — X )? < E/ 1B (s, X2)|2ds | . (7.2)

0

On the other hand, for any p > d, by Lemma 4.7 we have
e ! —-1+49)
1pF = pellL~ <c ; (t — )7 2072 Be(s) [l ds.

By the Lipschitz assumption on F in r, we have

I1B= ()l < I1Be(s)llLoe S [de * p5 = pslle < ll05 = psllue + [[d * ps — psllLee.
For any 3 € (0,70), noting that by (3.17),

Ips+9) = pallie < Cllpollolsl?s™"2,
we have
6 px = plle < [ lpaCc+8) = pullm - 6.0y
S5 [l ety S 5P, (73)
Hence,

1 = pellL= Sc /Ot(t —5) 720D (lf = pallie + 575 P)ds.
By Gronwall’s inequality of Volterra’s type, we have
pE = pillie < Ct2— 328 < Ot %65, (7.4)
Note that by (1.15), (7.3) and (7.4),

E|Be (s, X{)|* < ki / |6e * p5(x) — ps(x)[2p5 (2)dx
R
< K1l ¢e * pS — psllfe < Cs P
Substituting this into (7.2), we obtain the desired estimate. 0
Now we can give the

Proof of Theorem 1.3. This is a direct combination of Lemma 7.1 and (ii) of Theorem 1.1. O
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