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GLOBAL EXISTENCE FOR THE STOCHASTIC BOUSSINESQ EQUATIONS WITH

TRANSPORT NOISE AND SMALL ROUGH DATA

QUYUAN LIN, RONGCHANG LIU, AND WEINAN WANG

Abstract. In this paper, we consider the stochastic Boussinesq equations on T3 with transport noise
and rough initial data. We first prove the existence and uniqueness of the local pathwise solution with
initial data in Lp(Ω;Lp) for p > 5. By assuming additional smallness on the initial data and the noise,
we establish the global existence of the pathwise solution.
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1. Introduction

We are interested in the stochastic Boussinesq equations on a 3D torus T3

du = (∆u− P(u · ∇u− ρe3))dt+ P(b · ∇u + σ(1)(u, ρ))dWt, ∇ · u = 0,

dρ = (∆ρ− u · ∇ρ)dt+ (b · ∇ρ+ σ(2)(u, ρ))dWt.
(1.1)

Here u = u(x, t) is the velocity vector field, ρ = ρ(x, t) is the scalar temperature or density of fluid, P is the
Leray projection (see (2.3)), and Wt is a cylindrical Wiener process valued in some separable Hilbert space
and the corresponding stochastic integral is in the Itô sense. The term (P(b · ∇u), b · ∇ρ)dWt represents
the transport noise and (P(σ(1)(u, ρ)), σ(2)(u, ρ))dWt is the multiplicative noise. The main result of the
paper is the global well-posedness of the system (1.1) in Lp(Ω;Lp(T3)) with p > 5 and small initial data.

The deterministic Boussinesq system describes the evolution of the velocity field u of an incompressible
fluid under the buoyancy ρe3. Recently, there has been a lot of progress made on the existence, persistence
of regularity, and long time behavior of solutions, mostly in the case of positive viscosity. Mathematically,
the 2D Boussinesq system is closely related to the 3D incompressible Euler and Navier-Stokes equations
since they share a similar vortex stretching effect. In the case of zero viscosity and diffusivity, the 2D
Boussinesq equations can be used as a proxy for the 3D axis-symmetric Euler equation with swirl away from
the symmetric axis. For more recent well-posedness and long time behavior results for the deterministic
Boussinesq equations with fractional or full dissipation, cf. [9, 14, 22, 28, 33]. See [29, 38] when boundary
conditions are imposed.

Over the past few decades, there has been a growing interest in investigating the impact of stochastic
effects on fluid models. By introducing white noise terms into the system and assuming random initial
data, these models can account for both numerical and empirical uncertainties. This approach can yield
predictions that not only reflect a realistic trajectory but also provide insight into associated uncertainties.
Along this line of research, Bensoussan and Temam started the study on the stochastic Navier-Stokes
equations [8]. Mikulevicius and Rozovskii [36] addressed global L2 well-posedness. See also [40] for local
well-posednes for the 3D stochastic Navier-Stokes equations. More recently, Kukavica, Xu, and Ziane
considered the stochastic Navier-Stokes system with multiplicative noise and rough initial data [31]. For
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the stochastic Boussinesq equations, Du addressed local well-posedness for the 3D Boussinesq system with
Sobolev initial data [17]. Duan and Millet [18] studied large deviation principle of the stochastic Boussinesq
system. Pu and Guo [37] proved global well-posedness for the 2D Boussinesq equations with additive white
noise while Földes et al [20] considered ergodic and mixing properties of the Boussinesq equations. In [39],
together with Yue, the third author of this paper proved almost-sure global existence of weak solutions
to the Boussinesq equations using random data approach. Luo [34] recently considered 2D Boussinesq
equations with transport noise and Alonso-Orán and Bethencourt de León proved global well-posedness
with transport noise and Sobolev initial data [6]. See also [25] for the stochastic fractional Boussinesq
equations. For the recent progress for other stochastic fluid euations, see, for example, [11, 13, 21] for the
stochastic Euler equations and [12, 15, 16, 23, 24] for the stochastic primitive equations.

To the best of our knowledge, this work seems to be the first one to consider the global well-posedness
for the 3D Boussinesq equations with transport noise and rough data. The transport noise represent
a wider and more general class of noise than the multiplicative noise. In the study of turbulent flows,
the transport noise has been introduced in [26, 27] and widely studied in many different SPDEs, see for
example [2,3,5,10,19,35,36] and refereces therein. It is worthwhile to mention that with transport noise we
are able to prove the existence and uniqueness of solutions when (u0, ρ0) ∈ Lp(Ω;Lp(T3)) with p > 5. The
extension to p > 3 (see [30] for Navier-Stokes equations with multiplicative noise) remains open when the
transport noise is present. Our result is not covered by [5], which investigates the Navier-Stokes equations
in Besov spaces, as Lp spaces and Besov spaces are not equivalent.

Compared to previous results where people consider either multiplicative noise or smoother initial
data, one of the main difficulties in this work is on the rough Lp analysis of transport noise under Leray
projection on the velocity field. Indeed, in the Lp scenario, the regularity of the dissipation is at a scale
weaker than the W 1,p. Therefore, one cannot control the energy of the transport noise through a W 1,p

estimate. In the case when there is no Leray projection, by assuming smallness on the noise intensity, one
can obtain an energy estimate of the transport noise that is comparable with (and hence compensated by)
the dissipation. However, this approach is not directly applicable in the presence of Leray projection due
to the non-local feature of the projection. Our key observation is that the energy of the orthogonal part
of the Leray projection on the transport noise ∇∆−1div (b · ∇u)dWt, when combined with the divergence
free property of the velocity u, can be controlled by Lp energy of the velocity through standard elliptic
regularity estimates. This enables us to obtain a desired energy estimate for the Leray projection of the
transport noise at a scale comparable with dissipation and Lp energy. Another difficulty is to control the
convection term during the fixed point iteration process. This is overcome by using a double cut-off trick
introduced in [31]. The local pathwise solution is then obtained as the limit of solutions to the truncated
systems by sending the truncating scale to infinity. Fixing the cut-off at a small scale, global existence is
proved by analyzing the truncated system, whose solution agrees with the solution to (1.1) over all time
horizon with high probability as long as the initial data is small. This involves an analysis of the transport
noise mentioned earlier that requires its intensity to be sufficiently small.

The rest of this paper is organized as follows. In Section 2, we introduce basic notations and preliminar-
ies. In Section 3 we establish the Lp estimates for the linear parabolic equation with transport noise under
Leray projection. Such estimate is the key to show the local and global well-posedness for the stochastic
Boussinesq equations. Section 4 is devoted to the study of a truncated system from the Boussinesq equa-
tions, and after that by applying a family of suitable stopping times we are able to obtain the maximal
pathwise solution to the original Boussinesq equations. Finally, we prove the global existence of pathwise
solutions in Section 5.
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2. Notations and preliminaries

2.1. Functional settings. The universal constant C appears in the paper may change from line to line.
We shall use subscripts to indicate the dependence of C on other parameters when necessary, e.g., Cr

means that the constant C depends only on r.
Let Lp and W s,p with s ∈ N and p ≥ 1 be the usual Sobolev spaces (see [1]). Let Bs

p,q with q ≥ 1 be

the usual Besov space (see [7]). In the periodic setting, for s ∈ N the n−th Fourier coefficient of an L1

function f on T
3 is defined as

Ff(n) = f̂(n) =

∫

T3

f(x)e−2πin·x dx, n ∈ Z
3. (2.1)

Denote the operator Js by

Jsf(x) =
∑

n∈Z3

(1 + 4π2|n|2)s/2f̂(n)e2πin·x, x ∈ T
3, s ∈ R. (2.2)

In the periodic setting, we have the following equivalent W s,p norm:

1

C
‖Jsf‖p ≤ ‖f‖W s,p ≤ C‖Jsf‖p, s ≥ 0, 1 < p < ∞,

where the usual Lp norms are denoted by ‖ · ‖p.
Next, we define the Leray projector

Pu = u−∇∆−1∇ · u. (2.3)

Here ∆−1 is defined subject to periodic boundary condition with zero mean. Denote by P = (P , id). We
can rewrite system (1.1) in the following abstract form:

dU = (AU +B(U) +G(U))dt + (P(b · ∇U) + σ(U)) dW, (2.4)

where U = (u, ρ) := (U1, U2, U3, U4), AU = (∆u,∆ρ), B(U) := −P(u · ∇U), G(U) = P(ρe3, 0) =
P(U4e3, 0), σ(U) = (Pσ(1)(U), σ(2)(U)). Notice that when

∫
U0 dx = 0, ∇· b = 0, and σ satisfies condition

(2.11) below, one can integrate system (2.4) in T
3 to obtain that

∫
U dx = 0 for all t ≥ 0. For convenience,

we denote by

W s,p
sol =

{
Pf : f ∈ W s,p,

∫

T3

f dx = 0

}
.

2.2. Stochastic preliminaries. We denote by H a real separable Hilbert space with a complete or-
thonormal basis {ek}k≥1. (Ω,F , (Ft)t≥0,P) represents a complete probability space with an augmented
filtration (Ft)t≥0. With {Wk : k ∈ N} a family of independent Ft-adapted Brownian motions, W(t, ω) :=∑

k≥1 Wk(t, ω)ek is an Ft-adapted and H-valued cylindrical Wiener process.

For a real separable Hilbert space Y, we define l2(H,Y) to be the set of Hilbert-Schmidt operators from
H to Y with the norm defined by

‖G‖2l2(H,Y) :=

dimH∑

k=1

|Gek|
2
Y < ∞, G ∈ l2(H,Y). (2.5)

In this paper, we either regard (2.4) as a vector-valued equation or consider it component-wise. Corre-
spondingly, Y = R or R

d. Let G = (G1, · · · , Gd) and Gek := (G1ek, · · · , Gdek). Then G ∈ l2(H,Rd) if
and only if Gi ∈ l2(H,R) for all i ∈ {1, · · · , d}.

Next, we denote by

W
s,p :=

{
f : T3 → l2(H,Y) : fek ∈ W s,p(T3) for each k, and

∫

T3

‖Jsf‖pl2(H,Y) dx < ∞

}
, (2.6)
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with respect to the norm

‖f‖Ws,p :=

(∫

T3

‖Jsf‖pl2(H,Y) dx

)1/p

. (2.7)

Furthermore, we denote (Jsf)ek = Js(fek). In particular, W0,p is abbreviated as Lp. Letting (Pf)ek =
P (fek), we have Pf ∈ W

s,p if f ∈ W
s,p. Write

W
s,p
sol =

{
Pf : f ∈ W

s,p,

∫

T3

f dx = 0

}
.

For each sufficiently regular f : (t, x) ∈ R+ × T
3 → H⊗ R

3, denote

Nf,k = ‖f‖2L∞(R+;Wk,∞(T3,l2)) =

dimH∑

n=1

‖fn‖
2
L∞

t Wk,∞
x

.

Finally, the Burkholder-Davis-Gundy (BDG) inequality

E

[
sup

s∈[0,t]

∣∣∣∣
∫ s

0

GdWr

∣∣∣∣
p

Y

]
≤ CBDGE

[(∫ t

0

‖G‖2l2(H,Y) dr

)p/2
]

(2.8)

holds for p ∈ [1,∞) and all G ∈ l2(H,Y) such that the right hand side is finite.

2.3. Assumptions on the noise.

Assumption 2.1. We impose the following conditions to the noise coefficients σ, b:

(1) General conditions on σ, b:
(a)

4∑

j=1

‖σj(U)‖
Lp ≤ C (‖U‖p + 1) , (2.9)

4∑

j=1

‖σj(U)− σj(V )‖
Lp ≤ C‖U − V ‖p, (2.10)

σ (W s,p
sol

) ⊂ W
s,p
sol

. (2.11)

(b) For each n, bn(t, x) := ben(t, x) : R+ × T
3 → R

3 is measurable and ∇ · bn(t, ·) = 0 for every
t. In addition Nb,2 < ∞ and the following super-parabolic condition is satisfied: there exists
ν > 0 such that

3∑

i,j=1

(
εij −

1

2

dimH∑

n=1

bin(t, x)b
j
n(t, x)

)
ξiξj ≥ ν‖ξ‖2, (t, x, ξ) ∈ R+ × T

3 × R
3,

where εij = 1 if i = j and 0 otherwise.
(2) For local existence, we assume in addition:

Nb,0 <
p− 1

2(p− 1) + pC2
BDG

. (2.12)

(3) For global existence we assume additionally:
(a) Superlinearity condition:

4∑

i=1

‖σi(U)‖
Lp ≤ ǫ0‖U‖p, where ǫ0 is small. (2.13)

(b) Smallness of the transport noise: Nb,2 is sufficiently small.
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2.4. Definitions of solutions and main results. The followings are the definitions for the local pathwise
solution and maximal pathwise solution for the Boussinesq equations.

Definition 2.2 (Local pathwise solution for the Boussinesq equations). Fix T > 0. A pair (U, τ) is called
a local pathwise solution to system (2.4) on (Ω,F , (Ft)t≥0,P) if τ is a stopping time with P(τ > 0) = 1
and if U ∈ Lp(Ω;C([0, τ ∧ T ], Lp) is progressively measurable and it satisfies

(U(t), φ) = (U0, φ) +

∫ t

0

[(U,Aφ) + (G(U), φ) + (P(u ⊗ U),∇φ) ] dr

+

∫ t

0

[(
σ(U)), φ

)
− (P(b ⊗ U),∇φ)

]
dW (r),

(2.14)

P-a.s. for all φ ∈ C∞(T3,R4).

Definition 2.3 (Maximal pathwise solution for the Boussinesq equations). Fix T > 0. A pair (U, τ) is a
maximal pathwise Lp solution to system (2.4) on (Ω,F , (Ft)t≥0,P) if there exists an increasing sequence
of stopping times τn with τn ↑ τ a.s. such that each pair (U, τn) is a local pathwise solution,

sup
0≤t≤τn

‖U(t)‖pp +

4∑

j=1

∫ τn

0

∫

T3

∣∣∣∇
(
|Uj(t)|

p/2
)∣∣∣

2

dxdt < ∞,

and

sup
0≤t≤τ

‖U(t)‖pp +
4∑

j=1

∫ τn

0

∫

T3

∣∣∣∇
(
|Uj(t)|

p/2
)∣∣∣

2

dxdt = ∞,

on the set {τ ≤ T }.

The following is the main theorem concerning the local and global existence of pathwise solutions to
the system (2.4).

Theorem 2.4. Assume that (1) and (2) in the Assumption (2.1) hold. Let p > 5 and U0 ∈ Lp(Ω;Lp(T3))
satisfying

∫
T3 U dx = 0. Then there exists a unique maximal pathwise solution (U, τ) to (2.4) such that

E


 sup
0≤s≤τ

‖U(s)‖pp +

∫ τ

0

4∑

j=1

∫

T3

|∇(|Uj(s, x)|
p/2)|2 dxds


 ≤ CpE[‖U0‖

p
p + 1], (2.15)

If additionally (3) in the Assumption (2.1) holds, then for every ǫ ∈ (0, 1] there is δ > 0 such that if
E‖U0‖

p
p ≤ δ, then

P(τ = ∞) ≥ 1− ǫ. (2.16)

3. Lp estimates for the linear equation

Consider the stochastic linear parabolic equation with transport noise

dU = (∆U +GU + f)dt+ (P (b · ∇U) + g)dWt,

U(0) = U0,
(3.1)

where U = (u, ρ), GU = (P(ρe3), 0) and P(b · ∇U) = (P(b · ∇u), b · ∇ρ). We denote by f := (f, f4) and

g := (g, g4) where f = (f1, f2, f3) and g = (g1, g2, g3) representing the first three components of f and g,
respectively. We also assume that ∇ · f = ∇ · g = 0. Here f and g are independent of u and ρ. We first
give a result concerning smooth data.
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Lemma 3.1. Let p > 2. Assume the conditions on b as in Assumption 2.1 and

U0 ∈ Lp(Ω;W 3,p), f ∈ Lp(Ω× (0, T );W 1,p), g ∈ Lp(Ω× (0, T );W2,p).

Then there is a unique pathwise solution U to (3.1) on [0, T ] such that

U ∈ Lp(Ω;C([0, T ];W 2,p)). (3.2)

Proof. The condition on U0 implies that U0 ∈ Lp(Ω;B
3−2/p
p,p ) due to the embedding W 3,p →֒ B

3−2/p
p,p . As

f and g are independent of u and ρ, the equation for U4 (which is ρ) is independent of u = (U1, U2, U3):

dU4 = (∆U4 + f4)dt+ (b · ∇U4 + g4)dWt, U4(0) = U0,4. (3.3)

Under the conditions of Lemma 3.1, we can apply Theorem 5.2 in [4] (with κ = 0, p = q) to deduce the ex-
istence of a unique pathwise solution U4 on [0, T ] to equation (3.3) such that U4 ∈ Lp(Ω;Lp((0, T ];W 3,p))∩

Lp(Ω;C([0, T ];B
3−2/p
p,p )). Let f̃ = f + P(U4e3). The equation for the velocity u then becomes

du = (∆u + f̃)dt+ (P(b · ∇u) + g)dWt, u(0) = (U0,1, U0,2, U0,3). (3.4)

In view of the conditions of Lemma 3.1, for equation (3.4) we can apply Theorem 3.2 in [5] (with
κ = 0, p = q, h = 0) to obtain a unique pathwise solution u on [0, T ] to equation (3.4) such that

u ∈ Lp(Ω;Lp((0, T ];W 3,p)) ∩ Lp(Ω;C([0, T ];B
3−2/p
p,p )). The conclusion of the lemma then follows from

the embedding B
3−2/p
p,p →֒ W 2,p. �

Next, we consider rough condition for system (3.1).

Theorem 3.2. Assume the conditions (1b) and (2) on b as in Assumption 2.1. Let p > 2 and 0 < T < ∞.
Suppose U0 ∈ Lp(Ω;Lp(T3)), f ∈ Lp(Ω× [0, T ];W−1,q(T3)), g ∈ Lp(Ω× [0, T ];Lp(T3)), where

3p

p+ 1
< q ≤ p. (3.5)

Then there is a unique maximal solution U ∈ Lp(Ω;C([0, T ], Lp)) to equation (3.1) such that

E



 sup
0≤t≤T

‖U(t, ·)‖pp +
4∑

j=1

∫ T

0

∫

T3

∣∣∣∇
(
|Uj(t, x)|

p/2
)∣∣∣

2

dxdt





≤ CE

[
‖U0‖

p
p +

∫ T

0

‖f(t, ·)‖p−1,qdt+

∫ T

0

‖g(t, ·)‖
p
Lp dt

]
,

(3.6)

where C > 0 depends on T, p, b.

Proof. The proof is divided into the following three steps.

Step 1. Let

ρǫ(·) =
1

ǫ3
ρ
( ·
ǫ

)

be a standard mollifier and denote

f ǫ = f ∗ ρǫ, gǫ = g ∗ ρǫ, U ǫ
0 = U0 ∗ ρǫ,

where ∗ represents the convolution. The smoothness of the mollified objects and Lemma 3.1 imply that
the following system

dU ǫ = (∆U ǫ +GU ǫ + f ǫ)dt+ (P (b · ∇U ǫ) + gǫ)dWt,

U(0) = U ǫ
0 ,

(3.7)
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has a unique pathwise solution U ǫ ∈ Lp(Ω;C([0, T ];W 2,p)). For each j ∈ {1, 2, 3, 4}, it follows from Ito’s
formula that

‖U ǫ
j (t)‖

p
p + p(p− 1)

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dxdr

= ‖U ǫ
0,j‖

p
p + p

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2U ǫ
j (r)

(
(GU ǫ)j(r) + f ǫ

j (r)
)
dxdr

+ p

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2U ǫ
j (r)

((
P (b · ∇U ǫ)

)
j
+ gεj (r)

)
dxdWr

+
p(p− 1)

2

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2‖
(
P (b · ∇U ǫ)

)
j
+ gεj (r)‖

2
l2dxdr.

(3.8)

Step 2. We now deduce estimate (3.6) for Uε. We first recall the following Poincaré type inequalities
(see [31, 32])

∥∥|v|p−1
∥∥
q
≤ C

∥∥∇
(
|v|p−1

)∥∥
q
,

∥∥∥|v|p−2 v
∥∥∥
q
≤ C

∥∥∥∇
(
|v|p−2 v

)∥∥∥
q
, p, q > 1,

(3.9)

which is valid for zero mean functions v with sufficient regularity so that the expressions make sense. It
then follows from (3.9) that

p

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2U ǫ
j (r)

(
(GU ǫ)j(r) + f ǫ

j (r)
)
dxdr

≤ C

∫ t

0

‖∇(|U ǫ
j (r)|

p−2U ǫ
j (r))‖q′‖(GU ǫ)j(r) + f ǫ

j (r)‖−1,qdr,

(3.10)

where 1/q + 1/q′ = 1. Let r̄ be such that 1/r̄ + 1/2 = 1/q′, then by Hölder inequality one has

‖∇(|U ǫ
j |

p−2U ǫ
j )‖q′ ≤ C

∥∥∥
∣∣U ǫ

j

∣∣p/2−1
∇
(∣∣U ǫ

j

∣∣p/2
)∥∥∥

q′
≤ C

∥∥∥
∣∣U ǫ

j

∣∣p/2−1
∥∥∥
r̄

∥∥∥∇
(∣∣U ǫ

j

∣∣p/2
)∥∥∥

2

= C
∥∥∥
∣∣U ǫ

j

∣∣p/2
∥∥∥
(p−2)/p

r̄(p−2)/p

∥∥∥∇
(∣∣U ǫ

j

∣∣p/2
)∥∥∥

2
.

(3.11)

In view of the condition (3.5), we have

2 ≤
r̄(p− 2)

p
< 6.

By Poincaré type inequalities (3.9) and Gagliardo-Nirenberg inequality, we deduce
∥∥∥
∣∣U ǫ

j

∣∣p/2
∥∥∥
r̄(p−2)/p

≤ C
∥∥∥
∣∣U ǫ

j

∣∣p/2
∥∥∥
1−α

2

∥∥∥∇
(∣∣U ǫ

j

∣∣p/2
)∥∥∥

α

2
, (3.12)

where α = 3
2 −

3p
r̄(p−2) . Combining inequalities (3.10)-(3.12), and Young’s inequality with δ > 0, we obtain

p

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2U ǫ
j (r)

(
(GU ǫ)j(r) + f ǫ

j (r)
)
dxdr

≤ C

∫ t

0

∥∥∥
∣∣U ǫ

j

∣∣p/2
∥∥∥
(1−α)(p−2)/p

2

∥∥∥∇
(∣∣U ǫ

j

∣∣p/2
)∥∥∥

1+α(p−2)/p

2
‖(GU ǫ)j(r) + f ǫ

j (r)‖−1,qdr

≤ δ

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dxdr + δ

∫ t

0

‖U ǫ
j (r)‖

p
pdr

+ Cδ

(∫ t

0

∥∥f ǫ
j (r)

∥∥p
−1,q

dr +

∫ t

0

‖(GU ǫ)j(r)‖
p
−1,p dr

)
,

(3.13)
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where we used the fact ∫

T3

∣∣∣∇
∣∣U ǫ

j

∣∣p/2
∣∣∣
2

dx =
p2

4

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dx.

To deal with the terms involving transport noise, we utilize the following property of Leray projection

P(b · ∇uǫ) = b · ∇uǫ −∇∆−1div (b · ∇uǫ), uǫ = (U ǫ
1 , U

ǫ
2 , U

ǫ
3).

As a result, we have

P (b · ∇U ǫ) = b · ∇U ǫ −Q (b · ∇U ǫ) , Q (b · ∇U ǫ) :=
(
∇∆−1div (b · ∇uǫ), 0

)
. (3.14)

Since uǫ is divergence free, one has

(Q (b · ∇U ǫ))j = ∂j∆
−1

3∑

k,ℓ=1

∂kb
ℓ∂ℓu

ǫ
k, j = 1, 2, 3. (3.15)

To estimate the last term in (3.8), we first note

p(p− 1)

2

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2‖
(
P (b · ∇U ǫ)

)
j
+ gεj (r)‖

2
l2dxdr

≤ p(p− 1)

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2‖b · ∇U ǫ
j + gεj (r)‖

2
l2dxdr

+ p(p− 1)

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2‖(Q (b · ∇U ǫ))j‖
2
l2dxdr := I1 + I2.

(3.16)

For I1, we have

I1 ≤ 2p(p− 1)Nb,0

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dxdr + 2p(p− 1)

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2‖gǫj(r)‖
2
l2dxdr

≤ 2p(p− 1)Nb,0

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dxdr +

∫ t

0

∥∥U ǫ
j (r)

∥∥p
p
dr + C

∫ t

0

∥∥gǫj(r)
∥∥p
Lp

dr

(3.17)

where we applied Young’s inequality in the last step. For I2, it follows from (3.15) that

I2 = p(p− 1)

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2‖(Q (b · ∇U ǫ))j‖
2
l2dxdr

= p(p− 1)

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2
dimH∑

n=1

∣∣∣∣∣∣
∂j∆

−1
3∑

k,ℓ=1

∂kb
ℓ
n∂ℓu

ǫ
k

∣∣∣∣∣∣

2

dxdr

≤ p(p− 1)

dimH∑

n=1

∫ t

0


‖U ǫ

j (r)‖
p−2
p

∥∥∥∥∥∥
∂j∆

−1
3∑

k,ℓ=1

∂kb
ℓ
n∂ℓu

ǫ
k

∥∥∥∥∥∥

2

p


 dr

(3.18)

By standard elliptic estimates, we have
∥∥∂j∆−1

(
∂kb

ℓ
n∂ℓu

ǫ
k

)∥∥2
p
≤ C

∥∥∂kbℓn∂ℓuǫ
k

∥∥2
W−1,p

= C

∣∣∣∣∣ sup
‖φ‖

W1,p′=1

(∂kb
ℓ
n∂ℓu

ǫ
k, φ)

∣∣∣∣∣

2

= C

∣∣∣∣∣ sup
‖φ‖

W1,p′ =1

(uǫ
k, ∂ℓ(∂kb

ℓ
nφ))

∣∣∣∣∣

2

≤ C‖∂kb
ℓ
n‖

2
L∞

t,x
‖uǫ

k‖
2
p + CE‖∂ℓ∂kb

ℓ
n‖

2
L∞

t,x
‖uǫ

k‖
2
p

≤ C max
1≤k,ℓ≤3

‖∂kb
ℓ
n‖

2
L∞

t,x
‖U ǫ‖

2
p + C max

1≤k,ℓ≤3
‖∂ℓ∂kb

ℓ
n‖

2
L∞

t,x
‖U ǫ‖

2
p .
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Therefore,

I2 ≤ C(Nb,1 +Nb,2)

∫ t

0

‖U ǫ(r)‖
p
p dr. (3.19)

Combining this with (3.16) and (3.17), we obtain

p(p− 1)

2

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2‖
(
P (b · ∇U ǫ)

)
j
+ gεj (r)‖

2
l2dxdr

≤2p(p− 1)Nb,0

∫ t

0

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dxdr

+ C

∫ t

0

‖U ǫ(r)‖
p
p dr + C

∫ t

0

∥∥gǫj(r)
∥∥p
Lp

dr.

(3.20)

Next, the decomposition (3.14), BDG inequality and Minkowski’s inequality yield

E sup
t∈[0,T ]

∣∣∣∣
∫ t

0

∫

T3

|U ǫ
j (r)|

p−2U ǫ
j (r)(b(r) · ∇U ǫ

j (r) + gǫj(r))dxdWr

∣∣∣∣

≤ CBDGE

(∫ T

0

∥∥∥∥
∫

T3

|U ǫ
j (r)|

p−2U ǫ
j (r)b(r) · ∇U ǫ

j (r)dx

∥∥∥∥
2

l2
dr

)1/2

+ CBDGE

(∫ T

0

∥∥∥∥
∫

T3

|U ǫ
j (r)|

p−2U ǫ
j (r)g

ǫ
j(r)dx

∥∥∥∥
2

l2
dr

)1/2

+ CBDGE

(∫ T

0

∥∥∥∥
∫

T3

|U ǫ
j (r)|

p−2U ǫ
j (r) (Q (b · ∇U ǫ))j dx

∥∥∥∥
2

l2
dr

)1/2

:= J1 + J2 + J3.

(3.21)

By Minkowski’s inequality and Hölder’s inequality, we obtain

J1 = CBDGE

(∫ T

0

∥∥∥∥
∫

T3

|U ǫ
j (r)|

p−2U ǫ
j (r)b(r) · ∇U ǫ

j (r)dx

∥∥∥∥
2

l2
dr

)1/2

≤ CBDGE sup
t∈[0,T ]

‖U ǫ
j (t)‖

p/2
p

(∫ T

0

∫

T3

|U ǫ
j (r)|

p−2
∥∥b · ∇U ǫ

j (r)
∥∥2
l2
dxdr

)1/2

≤
1

4p
E sup

t∈[0,T ]

‖U ǫ
j (t)‖

p
p + pC2

BDGNb,0E

∫ T

0

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dxdr.

(3.22)

A similar estimate yields

J2 ≤
1

4p
E sup

t∈[0,T ]

‖U ǫ
j (t)‖

p
p + CTE

∫ T

0

‖gǫj(r)‖
p
Lpdr. (3.23)
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To estimate J3, we denote h = |U ǫ
j (r)|

p−2U ǫ
j (r) and note that by integration by parts and (3.15), since

∆−1 is a self-adjoint operator,

∫

T3

h (Q (b · ∇U ǫ))j dx =

3∑

k,ℓ=1

∫

T3

h∂j∆
−1
(
∂kb

ℓ∂ℓu
ǫ
k

)
dx

= −

3∑

k,ℓ=1

∫

T3

∆−1(∂jh)∂kb
ℓ∂ℓu

ǫ
kdx

=
3∑

k,ℓ=1

(∫

T3

∂ℓ∆
−1(∂jh)∂kb

ℓuǫ
kdx+

∫

T3

∆−1(∂jh)∂ℓ∂kb
ℓuǫ

kdx

)
.

(3.24)

As a consequence, we have

∥∥∥∥
∫

T3

h (Q (b · ∇U ǫ))j dx

∥∥∥∥
l2

≤

3∑

k,ℓ=1



∫

T3

|∂ℓ∆
−1∂jh|

(
dimH∑

n=1

|∂kb
ℓ
n|

2

)1/2

|uǫ
k|dx +

∫

T3

|∆−1∂jh|

(
dimH∑

n=1

|∂ℓ∂kb
ℓ
n|

2

)1/2

|uǫ
k|dx




≤ N
1/2
b,1

3∑

k,ℓ=1

∫

T3

|∂ℓ∆
−1∂jh||u

ǫ
k|dx+ 3N

1/2
b,2

3∑

k

∫

T3

|∆−1∂jh||u
ǫ
k|dx.

(3.25)

By Hölder’s inequality and standard elliptic regularity estimates, we have for 1/p′ + 1/p = 1

∫

T3

|∂ℓ∆
−1∂jh||u

ǫ
k|dx ≤ ‖∂ℓ∆

−1∂jh‖Lp′‖uǫ
k‖p

≤ C‖h‖p′‖U ǫ‖Lp ≤ C‖U ǫ‖p−1
p ‖U ǫ‖p = C‖U ǫ‖pp.

(3.26)

Similarly we deduce

∫

T3

|∆−1∂jh||u
ǫ
k|dx ≤ C‖U ǫ‖pp.

Combining this with (3.25) and (3.26) one has

J3 = CBDGE

(∫ T

0

∥∥∥∥
∫

T3

|h (Q (b · ∇U ǫ))j dx

∥∥∥∥
2

l2
dr

)1/2

≤ C(N
1/2
b,1 +N

1/2
b,2 )E

(∫ T

0

‖U ǫ‖2pp dr

)1/2

≤
1

4p
E sup

t∈[0,T ]

∥∥U ǫ
j (t)

∥∥p
p
+ CE

∫ T

0

‖U ǫ‖
p
p dr.

(3.27)



STOCHASTIC BOUSSINESQ EQUATIONS 11

Therefore by combining (3.21), (3.23), (3.22) and (3.27), we have

pE sup
t∈[0,T ]

∣∣∣∣
∫ t

0

∫

T3

|U ǫ
j (r)|

p−2U ǫ
j (r)(b · ∇U ǫ

j (r) + gǫj(r))dxdWr

∣∣∣∣

≤
3

4
E sup

t∈[0,T ]

‖U ǫ
j (t)‖

p
p + p2C2

BDGNb,0E

∫ T

0

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dxdr

+ CE

∫ T

0

‖U ǫ‖
p
p dr + CTE

∫ T

0

‖gǫj(r)‖
p
Lpdr.

(3.28)

Now taking supremum over [0, T ] on both sides of (3.8) and integrating over Ω, using inequalities (3.13),
(3.20) and (3.28), we derive for j = 1, 2, 3,

E

[
1

4
sup

t∈[0,T ]

‖U ǫ
j (t)‖

p
p + p(p− 1)

∫ T

0

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dxdr

]

≤ CδE

∫ T

0

‖U ǫ‖pp dr +KE

∫ T

0

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dxdr

+ CE

[
‖U ǫ

0‖
p
p +

∫ T

0

‖f ǫ(r)‖p−1,q dr +

∫ T

0

‖(GU ǫ)j(r)‖
p
−1,p dr +

∫ T

0

‖gǫ(r)‖p
Lpdr

]
.

(3.29)

Here

K = δ + 2p(p− 1)Nb,0 + p2C2
BDGNb,0.

For j = 4, observe that (GU ǫ)4 ≡ 0 and (Q (b · ∇U ǫ))4 ≡ 0. Therefore from (3.13), (3.16)-(3.17), and
(3.21)-(3.22), we obtain

E

[
1

2
sup

t∈[0,T ]

‖U ǫ
4(t)‖

p
p + p(p− 1)

∫ T

0

∫

T3

|U ǫ
4(r)|

p−2|∇U ǫ
4(r)|

2dxdr

]

≤ CδE

∫ T

0

‖U ǫ
4‖

p
p dr +KE

∫ T

0

∫

T3

|U ǫ
4(r)|

p−2|∇U ǫ
4(r)|

2dxdr

+ CE

[
‖U ǫ

0,4‖
p
p +

∫ T

0

‖f ǫ(r)‖
p
−1,q dr +

∫ T

0

‖gǫ(r)‖p
Lpdr

]
.

(3.30)

In view of the condition (2.12) on b, we can choose δ > 0 small such that p(p− 1)−K > 0. Fix such a δ.
Then

E

[
sup

t∈[0,T ]

‖U ǫ
4(t)‖

p
p +

∫ T

0

∫

T3

|U ǫ
4(r)|

p−2|∇U ǫ
4(r)|

2dxdr

]

≤ CE

[
‖U ǫ

0,4‖
p
p +

∫ T

0

‖U ǫ
4‖

p
p dr +

∫ T

0

‖f ǫ(r)‖
p
−1,q dr +

∫ T

0

‖gǫ(r)‖p
Lpdr

]
.

It follows from Gronwall’s inequality that

E

[
sup

t∈[0,T ]

‖U ǫ
4(t)‖

p
p +

∫ T

0

∫

T3

|U ǫ
4(r)|

p−2|∇U ǫ
4(r)|

2dxdr

]

≤ CE

[
‖U ǫ

0,4‖
p
p +

∫ T

0

‖f ǫ(r)‖
p
−1,q dr +

∫ T

0

‖gǫ(r)‖p
Lpdr

]
.



12 QUYUAN LIN, RONGCHANG LIU, AND WEINAN WANG

This shows that for j = 1, 2, 3, by the boundedness of Leray projection, we have

∫ T

0

‖(GU ǫ)j(r)‖
p
−1,p dr =

∫ T

0

‖(P(U ǫ
4e3))j(r)‖

p
−1,p dr

≤ C

∫ T

0

‖U ǫ
4(r)e3‖

p
−1,p dr ≤ CT sup

t∈[0,T ]

‖U ǫ
4(t)‖

p
p

≤ CE

[
‖U ǫ

0,4‖
p
p +

∫ T

0

‖f ǫ(r)‖
p
−1,q dr +

∫ T

0

‖gǫ(r)‖p
Lpdr

]
.

(3.31)

Combining (3.29), (3.30) and (3.31), one obtains

E



 sup
t∈[0,T ]

‖U ǫ(t)‖pp +

4∑

j=1

∫ T

0

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dxdr





≤ CE

[
‖U ǫ

0‖
p
p +

∫ T

0

‖U ǫ‖pp dr +

∫ T

0

‖f ǫ(r)‖p−1,q dr +

∫ T

0

‖gǫ(r)‖p
Lpdr

]
.

(3.32)

Again using Gronwall’s inequality we obtain the desired estimate

E


 sup
t∈[0,T ]

‖U ǫ(t)‖pp +

4∑

j=1

∫ T

0

∫

T3

|U ǫ
j (r)|

p−2|∇U ǫ
j (r)|

2dxdr




≤ CE

[
‖U ǫ

0‖
p
p +

∫ T

0

‖f ǫ(r)‖
p
−1,q dr +

∫ T

0

‖gǫ(r)‖p
Lpdr

]
.

(3.33)

Step 3. By the linearity of the equation and the result of the previous step, we have for U ǫ − U ǫ′ ,

E

[
sup

t∈[0,T ]

‖U ǫ(t)−U ǫ′(t)‖pp

]
≤ CE

[
‖U ǫ

0 − U ǫ′

0 ‖pp +

∫ T

0

∥∥∥f ǫ(r)− f ǫ′(r)
∥∥∥
p

−1,q
dr +

∫ T

0

‖gǫ(r)− gǫ
′

(r)‖p
Lpdr

]
.

By the fundamental properties of mollifiers, we see that the right hand side of the this inequality goes to
zero as ǫ, ǫ′ → 0. Therefore, there exists an element U ∈ Lp(Ω, C([0, T ], Lp)) and a subsequence U ǫn → U
in Lp(Ω, L∞([0, T ], Lp)), where ǫn → 0 as n → ∞. Using integration by parts as in [31], one can show that
U is a pathwise solution of (3.1). Indeed, one has

(U ǫn , φ) = (U ǫn
0 , φ) +

∫ t

0

(
(U ǫn , Aφ) + (GU ǫn + f ǫn , φ)

)
dr

+

∫ t

0

(
− (P (b⊗ U ǫn) ,∇φ) + (gǫn , φ)

)
dWr, (t, ω)− a.e.,

for all φ ∈ C∞(T3;R4) and n ≥ 1. Then Hölder’s inequality and dominated convergence theorem imply
that as n → ∞,

(U ǫn , φ)− (U ǫn
0 , φ) → (U, φ)− (U0, φ),

∫ t

0

(
(U ǫn , Aφ) + (GU ǫn + f ǫn , φ)

)
dr →

∫ t

0

(
(U,Aφ) + (GU + f, φ)

)
dr.
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By the BDG inequality and Minkowski’s inequality, we have

E sup
t∈[0,T ]

∣∣∣∣
∫ t

0

(
−P(b ⊗ (U ǫn − U)),∇φ) + (gǫn − g, φ)

)
dWr

∣∣∣∣

≤ CE

(∫ T

0

‖(P(b ⊗ (U ǫn − U)),∇φ)‖
2
l2 dr

)1/2

+ CE

(∫ T

0

‖(gǫn − g, φ)‖
2
l2 dr

)1/2

≤ Cb‖∇φ‖L2‖E sup
t∈[0,T ]

‖U ǫn(t)− U(t)‖p + C‖φ‖L2E

∫ T

0

‖gǫn(t)− g(t)‖p
Lpdt,

which converge to 0 as n → ∞. Hence there is a subsequence ǫnj
such that

∫ t

0

(
−P(b⊗ U ǫnj ),∇φ) + (gǫnj , φ)

)
dWr →

∫ t

0

(
−P(b ⊗ U),∇φ) + (g, φ)

)
dWr, (t, ω)− a.e..

Hence U is a pathwise solution of (3.1). Lemma 4.4 in [31] with (3.33) also imply that (3.6) is true.
To show the uniqueness, we let U1, U2 be two pathwise solutions to (3.1), then their difference V =

U1 − U2 solves

dV = (AV +GV )dt+P(b · ∇V )dWt,

U(0) = 0.

Then Ito’s formula and estimates as above give

E sup
0≤t≤T

‖V (t, ·)‖pp = 0.

So V ≡ 0 almost surely. �

4. Local existence and uniqueness

In this section we will establish the existence and uniqueness of maximal pathwise solution for Boussinesq
system (2.4).

4.1. Truncated system. We first consider the following truncated system

dU −∆Udt = ϕ
(
‖U‖p

)2
B(U)dt+G(U)dt+ ϕ

(
‖U‖p

)2
σ(U)dWt +P(b · ∇U)dWt,

∇ · u = 0,

U(0) = U0,

(4.1)

on [0,∞) × T
3 with ∇ · u0 = 0 and

∫
T3 U0dx = 0 a.s.. Here for some fixed δ0 > 0 we denote by

ϕ : [0,∞) → [0, 1] a decreasing smooth function such that ϕ ≡ 1 on [0, δ02 ] and ϕ ≡ 0 on [δ0,∞). In
addition, we have the Lipschitz continuity for ϕ:

|ϕ(x1)− ϕ(x2)| ≤
C

δ0
|x1 − x2|.

The following theorem concerns the existence and uniqueness of solution to system (4.1).

Theorem 4.1. Let p > 5 and U0 ∈ Lp (Ω;Lp). For every T > 0, there exists a unique pathwise solution
u ∈ Lp (Ω;C ([0, T ], Lp)) to (4.1) such that

E



 sup
0≤s≤T

‖U(s, ·)‖pp +
∑

j

∫ T

0

∫

T3

∣∣∣∇
(
|Uj(s, x)|

p/2
)∣∣∣

2

dxds



 ≤ CE

[
‖U0‖

p
p

]
+ CT . (4.2)
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In order to solve system (4.1), we consider the first iteration procedure

dU (n) −∆U (n)dt = ϕ

(∥∥∥U (n)
∥∥∥
p

)
ϕ

(∥∥∥U (n−1)
∥∥∥
p

)
B(U (n−1))dt+G(U (n))dt

+ ϕ

(∥∥∥U (n)
∥∥∥
p

)
ϕ

(∥∥∥U (n−1)
∥∥∥
p

)
σ(U (n−1))dWt +P(b · ∇U (n))dWt

∇ · u(n) = 0,

U (n)(0) = U0,

(4.3)

where U (0) is the pathwise solution to

dU (0) −∆U (0)dt = G(U (0))dt+P(b · ∇U (0))dWt,

∇ · u(0) = 0,

U (0)(0) = U0.

(4.4)

By Threorem 3.2, we obtain an unique solution U (0) ∈ Lp(Ω;C([0, T ], Lp)) and

E



 sup
0≤t≤T

‖U (0)(t, ·)‖pp +

4∑

j=1

∫ T

0

∫

T3

∣∣∣∣∇
(∣∣∣U (0)

j (t, x)
∣∣∣
p/2
)∣∣∣∣

2

dxdt



 ≤ CE

[
‖U0‖

p
p

]
.

Next, one needs to establish the existence of unique solution to system (4.3) for each n ∈ N. For this
purpose, we consider

dU −∆Udt = ϕ (‖U‖p)ϕ (‖V ‖p)B(V )dt+G(U)dt + ϕ (‖U‖p)ϕ (‖V ‖p)σ(V )dWt +P(b · ∇U)dWt

∇ · u = 0

U(0) = U0, (4.5)

where V = (v, θ) satisfying ∇ · v = 0 and

E



 sup
0≤t≤T

‖V (t, ·)‖pp +
4∑

j=1

∫ T

0

∫

T3

∣∣∣∇
(
|Vj(t, x)|

p/2
)∣∣∣

2

dxdt



 ≤ CE

[
‖U0‖

p
p

]
+ CT . (4.6)

To the end, we employ the second iteration process

dU (n) −∆U (n)dt = ϕ
(
‖U (n−1)‖p

)
ϕ (‖V ‖p)B(V )dt+G(U (n))dt

+ ϕ
(
‖U (n−1)‖p

)
ϕ (‖V ‖p)σ(V )dWt +P(b · ∇U (n))dWt,

∇ · un = 0,

Un(0) = U0, (4.7)

in order to solve system (4.5). Here U (0) is the solution to (4.4), but for n ≥ 1 the U (n) in (4.7) is different
from the one in (4.3).

The following lemma concerns the induction step in order to establish the existence of unique solution
to system (4.7) for each n.

Lemma 4.2. Let p > 5, n ∈ N, and T > 0. Suppose U0 ∈ Lp (Ω;Lp) and assume that for each n ∈
{1, 2, . . . , k − 1}, there exists a unique solution U (n) ∈ Lp (Ω;C ([0, T ], Lp)) to the initial value problem
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(4.7), where V and U (n) satisfy (4.6). Then for n = k, the initial value problem (4.7) also has a unique
solution U (k) ∈ Lp (Ω;C ([0, T ], Lp)), and moreover,

E


 sup
0≤t≤T

∥∥∥U (k)(t, ·)
∥∥∥
p

p
+

4∑

j=1

∫ T

0

∫

T3

∣∣∣∣∇
(∣∣∣U (k)

j (t, x)
∣∣∣
p/2
)∣∣∣∣

2

dxdt


 ≤ CE

[
‖U0‖

p
p

]
+ CT . (4.8)

Assuming Lemma 4.2 holds, one can achieve the existence of unique solution to (4.7) for each n from
the existence of U (0) solving (4.4) and mathematical induction. The next lemma shows the existence of
unique solution to (4.5).

Lemma 4.3. Let p > 5 and suppose that U0 ∈ Lp (Ω;Lp). Then there exists a time t > 0 small enough
such that the initial value problem (4.5), where V satisfies (4.6), has a unique pathwise solution U ∈
Lp (Ω;C ([0, t], Lp)), which satisfies

E



 sup
0≤s≤t

‖U(s, ·)‖pp +

4∑

j=1

∫ t

0

∫

T3

∣∣∣∇
(
|Uj(s, x)|

p/2
)∣∣∣

2

dxds



 ≤ CE

[
‖U0‖

p
p

]
+ Ct (4.9)

We postpone the proof of Lemma 4.2 and 4.3 to Section 4.3. Assuming Lemma 4.3 holds, we are ready
to prove Theorem 4.1.

Proof of Theorem 4.1. Consider the system (4.3). Thanks to Lemma 4.3 and by induction we know that
for each n ∈ N there exists an unique solution U (n) ∈ LP (Ω;C([0, T ], Lp)) to system (4.3) with T > 0
sufficiently small, and satisfies

E



 sup
0≤t≤T

∥∥∥U (n)(t, ·)
∥∥∥
p

p
+

4∑

j=1

∫ T

0

∫

T3

∣∣∣∣∇
(∣∣∣U (n)

j (t, x)
∣∣∣
p/2
)∣∣∣∣

2

dxdt



 ≤ CE

[
‖U0‖

p
p

]
+ CT .

Next, we consider the difference V (n) = U (n+1) − U (n). For each n ∈ N denote by

ϕ(n) = ϕ
(
‖U (n)‖p

)
.

Thanks to the linearity of G and the transport noise, we have

dV (n) −∆V (n)dt = ϕ(n+1)ϕ(n)B(U (n))dt− ϕ(n)ϕ(n−1)B(U (n−1))dt+G(V (n))dt

+ (ϕ(n+1)ϕ(n)σ(U (n))− ϕ(n)ϕ(n−1)σ(U (n−1)))dWt +P(b · ∇V (n))dWt,

∇ · v(n) = 0,

V (n)(0) = 0 a.s..

(4.10)

The first equation can be rewritten as

dV (n) −∆V (n)dt =

3∑

i=1

∂ifidt+G(V (n))dt+ gdWt +P(b · ∇V (n))dWt,

where

fi =− ϕ(n+1)ϕ(n)
(
P
(
u
(n)
i U (n)

))
+ ϕ(n)ϕ(n−1)

(
P
(
u
(n−1)
i U (n−1)

))

=− ϕ(n)
(
ϕ(n+1) − ϕ(n)

)(
P
(
u
(n)
i U (n)

))
− ϕ(n)

(
ϕ(n) − ϕ(n−1)

)(
P
(
u
(n)
i U (n)

))

− ϕ(n)ϕ(n−1)
(
P
(
v
(n−1)
i U (n)

))
− ϕ(n)ϕ(n−1)

(
P
(
u
(n−1)
i V (n−1)

))

=f
(1)
i + f

(2)
i + f

(3)
i + f

(4)
i ,

(4.11)
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and

g =ϕ(n+1)ϕ(n)σ
(
U (n)

)
− ϕ(n)ϕ(n−1)σ

(
U (n−1)

)

=ϕ(n)
(
ϕ(n+1) − ϕ(n)

)
σ
(
U (n)

)
+ ϕ(n)

(
ϕ(n) − ϕ(n−1)

)
σ
(
U (n)

)

+ ϕ(n)ϕ(n−1)
(
σ
(
U (n)

)
− σ

(
U (n−1)

))

=g(1) + g(2) + g(3).

(4.12)

As P is a bounded operator, we can now use the estimates of (5.19) and (5.20) in [31] to get

E

[∫ t

0

‖f‖pqds

]
≤ CtE

[
sup

s∈[0,t]

‖V (n−1)‖pp

]
+ CtE

[
sup

s∈[0,t]

‖V (n)‖pp

]
,

E

[∫ t

0

‖g‖p
Lpds

]
≤ CtE

[
sup

s∈[0,t]

‖V (n−1)‖pp

]
+ CtE

[
sup

s∈[0,t]

‖V (n)‖pp

]
.

(4.13)

Thanks to Theorem 3.2 and the fact that V (n)(0) = 0, we know

E

[
sup

s∈[0,t]

‖V (n)(s, ·)‖pp

]
≤ CtE

[
sup

s∈[0,t]

‖V (n−1)‖pp

]
+ CtE

[
sup

s∈[0,t]

‖V (n)‖pp

]
. (4.14)

In particular, by choosing t = t∗ small enough we obtain exponential convergence rate, and there exists a
fixed point U ∈ Lp(Ω;C([0, t∗], Lp)) of system (4.3). As U (n) is the solution to system (4.3) for each n, we
have

(
U (n)(s), φ

)
=(U0, φ) +

∫ s

0

(
U (n)(r), Aφ

)
dr +

∫ s

0

(
G(U (n)(r)), φ

)
dr

+

3∑

i=1

∫ s

0

(
ϕ(n)ϕ(n−1)P

(
u
(n−1)
i U (n−1)

)
, ∂iφ

)
dr

+

∫ s

0

(
ϕ(n)ϕ(n−1)σ

(
U (n−1)

)
, φ
)
dWr −

3∑

i=1

∫ s

0

(
P
(
biU

(n)
)
, ∂iφ

)
dWr,

for a.a. (s, ω) ∈ (0, t∗) × Ω and all φ ∈ C∞
(
T
3;R4

)
. By the exponential convergence rate and thanks to

Lemma 5.2 and Remark 5.3 in [31], one has

‖U (n)‖p → ‖U‖p for a.a. (s, ω) ∈ (0, t∗)× Ω.

Therefore,
(
U (n)(s), φ

)
→ (U(s), φ) , ϕ(n) and ϕ(n−1) → ϕ(‖U(s)‖p) := ϕ for a.a. (s, ω) ∈ (0, t∗) × Ω.

Thanks to the dominant convergence theorem, one obtains

∫ s

0

(
U (n)(r), Aφ

)
dr +

∫ s

0

(
G(U (n)(r)), φ

)
dr +

3∑

i=1

∫ s

0

(
ϕ(n)ϕ(n−1)P

(
u
(n−1)
i U (n−1)

)
, ∂iφ

)
dr

→

∫ s

0

(U(r), Aφ) dr +

∫ s

0

(G(U(r)), φ) dr +
3∑

i=1

∫ s

0

(
ϕ2P (uiU) , ∂iφ

)
dr
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for a.s. (s, ω) ∈ (0, t∗)× Ω. Next, by BDG inequality and thanks to the property of σ, we have

E

[
sup

s∈[0,t∗)

∣∣∣∣
∫ s

0

(
ϕ(n)ϕ(n−1)σ

(
U (n−1)

)
− ϕ2σ(U), φ

)
dWr

∣∣∣∣

]

≤E



(∫ t∗

0

∥∥∥
(
ϕ(n)ϕ(n−1)σ

(
U (n−1)

)
− ϕ2σ(U), φ

)∥∥∥
2

l2
dr

)1/2

→ 0,

and

E

[
sup

s∈[0,t∗)

∣∣∣∣∣

∫ s

0

3∑

i=1

(
P
(
biU

(n)
)
−P (biU) , ∂iφ

)
dWr

∣∣∣∣∣

]

≤CBDG

3∑

i=1

E




(∫ t∗

0

∥∥∥
(
P
(
biU

(n)
)
−P (biU) , ∂iφ

)∥∥∥
2

l2
dr

)1/2


→ 0.

Thanks to Lemma 5.2 and Remark 5.3 in [31], one has
∫ s

0

(
ϕ(n)ϕ(n−1)σ

(
U (n−1)

)
, φ
)
dWr →

∫ s

0

(
ϕ2σ(U), φ

)
dWr,

3∑

i=1

∫ s

0

(
P
(
biU

(n)
)
, ∂iφ

)
dWr →

3∑

i=1

∫ s

0

(P (biU) , ∂iφ) dWr.

Combining the discussion above, by taking n → ∞ we get

(U(s), φ) = (U0, φ) +

∫ s

0

(U(r), Aφ) dr +

∫ s

0

(G(U(r)), φ) dr +

3∑

i=1

∫ s

0

(
ϕ2P (uiU) , ∂iφ

)
dr

+

∫ s

0

(
ϕ2σ (U) , φ

)
dWr −

3∑

i=1

∫ s

0

(P (biU) , ∂iφ) dWr.

Therefore we obtain the existence of a solution U ∈ Lp(Ω;C([0, t∗], Lp)) to system (4.1).
Next, for the uniqueness we consider two pathwise solutions U, V ∈ Lp(Ω;C([0, t∗], Lp)) to system (4.1).

By denoting W = U − V we have

dW −∆Wdt =
(
ϕ2
UB(U)− ϕ2

V B(V ) +G(W )
)
dt+

(
ϕ2
Uσ(U)− ϕ2

V σ(V ) +P(b · ∇W )
)
dWt,

∇ · (W1,W2,W3) = 0,

W (0) = 0, a.s.. (4.15)

Here ϕU = ϕ(‖U‖p) and ϕV = ϕ(‖V ‖p). Similar as the treatment for (4.10), we can rewrite the first
equation of (4.15) as

dW −∆Wdt =

3∑

i=1

∂ifidt+G(W )dt + gdWt +P(b · ∇W )dWt,

where

fi =− ϕ2
U (P (uiU)) + ϕ2

V (P (viV ))

=− ϕU (ϕU − ϕV ) (P (uiU))− ϕUϕV (P (wiU))

− ϕUϕV (P (viW ))− ϕV (ϕU − ϕV ) (P (viV ))
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and

g = ϕ2
Uσ(U)− ϕ2

V σ(V )

= ϕU (ϕU − ϕV )σ(U) + ϕV (ϕU − ϕV ) σ(V ) + ϕUϕV (σ(U)− σ(V )) .

Similar to (4.13) we obtain

E

[∫ t∗

0

‖f‖pqds

]
≤ Ct∗E

[
sup

s∈[0,t∗]

‖W‖pp

]
, E

[∫ t∗

0

‖g‖p
Lpds

]
≤ Ct∗E

[
sup

s∈[0,t∗]

‖W‖pp

]
. (4.16)

Therefore thanks to Theorem 3.2 we obtain

E

[
sup

s∈[0,t∗]

‖W‖pp

]
≤ Ct∗E

[
sup

s∈[0,t∗]

‖W‖pp

]
. (4.17)

When t∗ is small enough we obtain that W = 0. Thus the solution is unique.
Finally, note that the constant C appearing in (4.14) and (4.16) does not depend on the initial data,

and thus t∗ is independent of the initial data. For arbitrary T > 0, one can consider N large enough
such that T

N < t∗. Then by establishing the existence and uniqueness of pathwise solution inductively on

[ i
N T, i+1

N T ] for i ∈ {0, 1, 2, ...N − 1}, we obtain a unique pathwise solution on [0, T ]. As T is arbitrary, the
solution exists globally in time. �

4.2. Proof of Theorem 2.4. Now by applying a family of suitable stopping times we are able to prove
the existence and uniqueness of maximal pathwise solution to system (2.4), which gives Theorem 2.4.

Proof of Theorem 2.4. For n ∈ N, denote by U (n) the solution of the truncated system (4.1) with δ0 = n.
Also, introduce the corresponding stopping times

τn(ω) =





inf
{
t > 0 :

∥∥U (n)(t, ω)
∥∥
p
≥ n/2

}
, if

∥∥U (n)(0, ω)
∥∥
p
< n/2,

0, if
∥∥U (n)(0, ω)

∥∥
p
≥ n/2

By uniqueness, the sequence is non-decreasing a.s. and U (m) = U (n) on [0, τm ∧ τn]. Let τ = limn τn ∧ T .
Then, P(τ > 0) = 1. Also, for any integer n ∈ N, define U = U (n) on [0, τn ∧ T ]. It is easy to check that
(U, τ) satisfies all the required properties. �

4.3. Proof of Lemma 4.2 and 4.3.

Proof of Lemma 4.2. Let n = k, and denote by

ϕ(n−1) = ϕ
(
‖U (n−1)‖p

)
, ϕV = ϕ (‖V ‖p) ,

then we can rewrite the first equation in (4.7) as

dU (n) −∆U (n)dt = ϕ(n−1)ϕV B(V )dt+G(U (n))dt+ ϕ(n−1)ϕV σ(V )dWt +P(b · ∇U (n))dWt. (4.18)

For the nonlinear term, we rewrite

ϕ(n−1)ϕV B(V )dt = −ϕ(n−1)ϕV P(v · ∇V )dt = −
3∑

i=1

ϕ(n−1)ϕV ∂i (P (ViV )) dt.

In order to apply Theorem 3.2 we consider p, q, r, l satisfying

3p

p+ 1
< q ≤ p,

1

r
+

1

l
=

1

q
, and l ≤ p, r ≤ p. (4.19)
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Thanks to (4.6) and the boundedness of P, we have

CE

∫ T

0

‖ϕ(n−1)ϕV B(V )‖p−1,qdt ≤ C

3∑

i=1

E

[∫ T

0

∥∥∥ϕ(n−1)ϕV ViV
∥∥∥
p

q
ds

]

≤CE

[∫ T

0

ϕ(n−1)ϕV ‖V ‖
p
r ‖V ‖pl ds

]
≤ CE

[∫ T

0

ϕ(n−1)ϕV ‖V ‖
2p
p ds

]
≤ CT .

As V satisfies (4.6), we have ϕ(n−1)ϕV B(V ) ∈ Lp(Ω× [0, T ],W−1,p). Here from (4.19) we know 1
r +

1
l ≥ 2

p ,

and thus 2
p < p+1

3p , which gives p > 5.

Next, by the sub-linear growth of σ(V ) and the property of V , one can easily verify that ϕ(n−1)ϕV σ(V ) ∈
Lp(Ω × [0, T ],Lp). Thus by applying Theorem 3.2 we know unique solution U (k) ∈ Lp(Ω;C([0, T ], Lp))
and the bound (4.8) holds. �

Proof of Lemma 4.3. For U (n+1) = (u(n+1), ρ(n+1)) and U (n) = (u(n), ρ(n)) solving system (4.7), we con-
sider the difference Z(n) = U (n+1) − U (n), where Z(n) = (z(n), κ(n)), z(n) = u(n+1) − u(n), κ(n) =
ρ(n+1) − ρ(n). By direct calculation one gets

dZ(n) −∆Z(n)dt =

3∑

i=1

(ϕ(n) − ϕ(n−1))ϕV ∂i(P(ViV ))dt+G(Z(n))dt

+ (ϕ(n) − ϕ(n−1))ϕV σ(V )dWt +P(b · ∇Z(n))dWt,

where ∇ · z(n) = 0 and Z(n)(0) = 0. Thanks to the Lipschitz property of ϕ, we have

|ϕ(n) − ϕ(n−1)| ≤
C

δ0

∣∣∣‖U (n)‖p − ‖U (n−1)‖p

∣∣∣ ≤
C

δ0
‖U (n) − U (n−1)‖p =

C

δ0
‖Z(n−1)‖p.

Then by the boundedness of P we can estimate

E

[∫ t

0

‖

3∑

i=1

(ϕ(n) − ϕ(n−1))ϕV P(ViV )‖pqds

]
≤

C

δp0
E

[∫ t

0

‖Z(n−1)(s)‖ppds

]
≤ CtE

[
sup

s∈[0,t]

‖Z(n−1)(s)‖pp

]
,

and thanks to the property of σ and V ,

E

[∫ t

0

‖(ϕ(n) − ϕ(n−1))ϕV σ(V )‖p
Lpds

]
≤ CE

[∫ t

0

‖Z(n−1)(s)‖ppds

]
≤ CtE

[
sup

s∈[0,t]

‖Z(n−1)(s)‖pp

]
.

By applying Theorem 3.2 we conclude that

E

[
sup

0≤s≤t
‖Z(n)(t, ·)‖pp

]
≤ CtE

[
sup

s∈[0,t]

‖Z(n−1)(s)‖pp

]
.

By taking t ∈ (0, T ] small enough one can follow the proof of [31] Lemma 5.5 to conclude the existence of
unique solution U ∈ Lp (Ω;C ([0, t], Lp)) and satisfies (4.9).

�
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5. Global existence with small initial data and small noise

To prove the global existence part in the main Theorem 2.4, we first recall the truncated stochastic
Boussinesq system:

dU −∆Udt = ϕ
(
‖U‖p

)2
B(U)dt+G(U)dt+

(
P(b · ∇U) + ϕ

(
‖U‖p

)2
σ(U)

)
dWt

∇ · u = 0,

U(0) = U0,

(5.1)

on [0,∞)×T
3 with ∇ · u0 = 0 and

∫
T3 U0dx = 0 a.s., where ϕ is defined as in Section 4. Then it has been

shown in Section 4 that system (5.1) is globally well-posed. Observe that when ‖U‖p ≤ δ0/2, the original
system (2.4) coincides with this truncated model. Hence, an estimate of the likelihood that ‖U‖p exceeds
δ0/2 determines the time of existence for the solution to (2.4). The global existence part in Theorem 2.4
then follows from Markov inequality and the following theorem.

Theorem 5.1. Let p > 5. Then the global solution U ∈ Lp (Ω;C ([0,∞), Lp)) to (5.1) satisfies

E

[
sup

s∈[0,∞)

eas‖U(s)‖pp +

∫ ∞

0

eas
∑

i

∥∥∥∇
(
|Ui(s)|

p/2
)∥∥∥

2

2
ds

]
≤ CE

[
‖U0‖

p
p

]
, (5.2)

provided that a, δ0, ǫ0 > 0 and Nb,2 are sufficiently small constants.

We first supply a proof of (2.16) in Theorem 2.4 by assuming Theorem 5.1.

Proof of global existence in Theorem 2.4. Let E ‖U0‖
p
p < δ. It then follows from Markov inequality and

(5.2) that

P

(
sup

s∈[0,∞)

eas‖U(s)‖pp ≥
δ0
2

)
≤

Cδ

δ0
.

Since when ‖U‖p ≤ δ0/2 the original system (2.4) coincides with this truncated model, we have

P(τ = ∞) = P

(
sup

s∈[0,∞)

‖U(s)‖pp ≤
δ0
2

)

≥ P

(
sup

s∈[0,∞)

eas‖U(s)‖pp ≤
δ0
2

)
≥ 1−

Cδ

δ0
.

By choosing δ sufficiently small, we obtain (2.16) as desired. �

Proof of Theorem 5.1. Let T > 0. Applying the Itô-Wentzel formula to Fi(t) = eat ‖Ui(t)‖
p
p, for a fixed

i ∈ {1, 2, 3, 4}, we obtain

d
(
eat ‖Ui(t)‖

p
p

)
= aeat ‖Ui(t)‖

p
p dt+ eatd

(
‖Ui(t)‖

p
p

)
. (5.3)
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Similar to the Ito expansion as in Section 3, we have

eat‖Uj(t)‖
p
p +

4(p− 1)

p

∫ t

0

eas
∥∥∥∇
(
|Uj(s)|

p/2
)∥∥∥

2

2
ds

= ‖U0,j‖
p
p + p

∫ t

0

easϕ2

∫

T3

|Uj(s)|
p−2Uj(s)B(U)jdxds + p

∫ t

0

eas
∫

T3

|Uj(s)|
p−2Uj(s)G(U)jdxds

+ p

∫ t

0

easϕ2

∫

T3

|Uj(s)|
p−2Uj(s) ((P(b · ∇U))j + σ(U)j) dxdWs

+
p(p− 1)

2

∫ t

0

easϕ4

∫

T3

|Uj |
p−2‖

(
P (b · ∇U)

)
j
+ σ(U)j‖

2
l2dxds + a

∫ t

0

eas ‖Ui(s)‖
p
p ds.

(5.4)

Choosing r̄, r, q, l as in (3.11) and (4.19), and using integration by parts, one obtains

peasϕ2

∣∣∣∣
∫

T3

|Uj |
p−2 UjB(U)jdx

∣∣∣∣

= peasϕ2

∣∣∣∣∣

3∑

i=1

∫

T3

∂i

(
|Uj |

p−2
Uj

)
(P (UiU))j dx

∣∣∣∣∣

≤ Ceasϕ2
∥∥∥∇
(
|Uj(s)|

p/2
)∥∥∥

2

∥∥∥|Uj |
p/2−1

∥∥∥
r̄
‖Ui‖r‖U‖l

≤ Cδ0e
asϕ2

∥∥∥∇
(
|Uj(s)|

p/2
)∥∥∥

2

∥∥∥|Uj |
p/2−1

∥∥∥
r̄
‖U‖p,

(5.5)

where we used the facts that r, l ≤ p and ϕ‖U‖p ≤ δ0. Now estimates as in (3.10)-(3.13) give

∣∣∣∣
∫ t

0

peasϕ2

∫

T3

|Uj |
p−2

UjB(U)jdxds

∣∣∣∣ ≤ δ

∫ t

0

eas
∥∥∥∇
(
|Uj(s)|

p/2
)∥∥∥

2

2
ds+ Cδδ

κ
0

∫ t

0

eas‖U(s)‖ppds, (5.6)

where δ > 0 is arbitrary, κ > 0 is a constant depending on p . Assumption (2.13) and estimate as in (3.22)
and yield

E

[
sup

t∈[0,T ]

∣∣∣∣
∫ t

0

easϕ2

∫

T3

|Uj(s)|
p−2Uj(s)σ(U)j(s)dxdWs

∣∣∣∣

]
≤

1

4p
E sup

s∈[0,T ]

eas‖Uj(s)‖
p
p

+ Cǫ0E

[∫ T

0

eas‖U(s)‖ppds

]
.

(5.7)

Assumption (2.13) on the noise also implies

p(p− 1)

∫ t

0

easϕ4

∫

T3

|Uj |
p−2‖σ(U)j‖

2
l2dxds ≤ Cǫ20

∫ t

0

eas‖U(s)‖ppds. (5.8)

Estimates as in (3.16), (3.17) and (3.19) yield

p(p− 1)

∫ t

0

easϕ4

∫

T3

|Uj |
p−2‖

(
P (b · ∇U)

)
j
‖2l2dxds

≤ C

(
Nb,0

∫ t

0

eas
∥∥∥∇
(
|Uj(t)|

p/2
)∥∥∥

2

2
ds+Nb,2

∫ t

0

eas ‖U(s)‖
p
p ds

)
.

(5.9)
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Also estimates as in (3.21), (3.22) and (3.27) imply

E

[
sup

t∈[0,T ]

∣∣∣∣
∫ t

0

easϕ2

∫

T3

|Uj(s)|
p−2Uj(s)σ(U)j(s)dxdWs

∣∣∣∣

]

≤
1

2p
E sup

s∈[0,T ]

eas‖Uj(s)‖
p
p + CNb,2E

[∫ T

0

eas‖U(s)‖ppds

]
+ CNb,0E

∫ T

0

eas
∥∥∥∇
(
|Uj(t)|

p/2
)∥∥∥

2

2
ds.

(5.10)

Combining (5.6)-(5.10), one has

E

[
1

4
sup

s∈[0,T ]

eas‖Uj(s)‖
p
p + L1

∫ T

0

eas
∥∥∥∇
(
|Uj(s)|

p/2
)∥∥∥

2

2
ds

]

≤ E

[
‖U0,j‖

p
p + L2

∫ T

0

eas‖U(s)‖ppds+ p

∣∣∣∣∣

∫ T

0

eas
∫

T3

|Uj(s)|
p−2Uj(s)G(U)jdxds

∣∣∣∣∣

]
,

(5.11)

where

L1 = L1(δ, b, p) =
4(p− 1)

p
− δ − CpNb,0,

L2 = L2(δ, b, p, δ0, a) = Cδδ
κ
0 + Cǫ20 + CpNb,2 + a.

(5.12)

For j = 1, 2, 3, the fact (GU)j = P(U4e3))j and the estimate like (3.13) give

p

∣∣∣∣∣

∫ T

0

eas
∫

T3

|Uj(s)|
p−2Uj(s)(GU)j(s)dxds

∣∣∣∣∣

≤ η

∫ T

0

eas
∥∥∥∇
(
|Uj(r)|

p/2
)∥∥∥

2

2
dr + η

∫ T

0

eas‖Uj(s)‖
p
pds+ Cη

∫ T

0

eas ‖U4(s)‖
p
p ds,

(5.13)

where η > 0 is arbitrary. Note that (G(U))4 ≡ 0. Hence inequality (5.11) for j = 4 and the Poincaré (3.9)
imply that

E

∫ T

0

eas ‖U4(s)‖
p
p ds ≤ CPE

∫ T

0

eas
∥∥∥∇
(
|U4(s)|

p/2
)∥∥∥

2

2
ds

≤ E

[
CP

L1
‖U0‖

p
p +

CPL2

L1

∫ T

0

eas‖U(s)‖ppds

]
.

(5.14)

Combining (5.11)-(5.14), we arrive at

E



1
4

sup
s∈[0,T ]

eas‖U(s)‖pp + L

4∑

j=1

∫ T

0

eas
∥∥∥∇
(
|Uj(s)|

p/2
)∥∥∥

2

2
ds



 ≤ Cη,L1
E‖U0‖

p
p, (5.15)

where L = L1 − η − C
(
L2 + η + C(η)L2

L1

)
. In view of (5.12), we can first choose δ,Nb,0, η small enough,

and then choose δ0, ǫ0, Nb,2, a in L2 sufficiently small to make L > 0. We then deduce (5.2) by letting
T → ∞. �
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[8] A. Bensoussan and R. Temam. Équations stochastiques du type Navier-Stokes. J. Functional Analysis, 13:195–222, 1973.
[9] L. Brandolese and J. He. Uniqueness theorems for the Boussinesq system. Tohoku Math. J. (2), 72(2):283–297, 2020.
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