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GLOBAL EXISTENCE FOR THE STOCHASTIC BOUSSINESQ EQUATIONS WITH
TRANSPORT NOISE AND SMALL ROUGH DATA
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ABSTRACT. In this paper, we consider the stochastic Boussinesq equations on T3 with transport noise
and rough initial data. We first prove the existence and uniqueness of the local pathwise solution with
initial data in LP(Q2; LP) for p > 5. By assuming additional smallness on the initial data and the noise,
we establish the global existence of the pathwise solution.
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1. INTRODUCTION
We are interested in the stochastic Boussinesq equations on a 3D torus T?
du = (Au—P(u-Vu — pe3))dt +P(b-Vu+ oD (u,p)dW,, V-u=0,
dp=(Ap—u-Vp)dt+ (b-Vp+ 0@ (u,p))dW,.

Here u = u(x, t) is the velocity vector field, p = p(x,t) is the scalar temperature or density of fluid, P is the
Leray projection (see (2.3])), and W, is a cylindrical Wiener process valued in some separable Hilbert space
and the corresponding stochastic integral is in the It6 sense. The term (P(b- Vu),b - Vp)dW, represents
the transport noise and (P (o™ (u, p)), 0 (u, p))dW; is the multiplicative noise. The main result of the
paper is the global well-posedness of the system ([LI]) in LP(£2; LP(T?)) with p > 5 and small initial data.

The deterministic Boussinesq system describes the evolution of the velocity field u of an incompressible
fluid under the buoyancy pes. Recently, there has been a lot of progress made on the existence, persistence
of regularity, and long time behavior of solutions, mostly in the case of positive viscosity. Mathematically,
the 2D Boussinesq system is closely related to the 3D incompressible Euler and Navier-Stokes equations
since they share a similar vortex stretching effect. In the case of zero viscosity and diffusivity, the 2D
Boussinesq equations can be used as a proxy for the 3D axis-symmetric Euler equation with swirl away from
the symmetric axis. For more recent well-posedness and long time behavior results for the deterministic
Boussinesq equations with fractional or full dissipation, cf. [9L[1422/28,33]. See [29/38] when boundary
conditions are imposed.

Over the past few decades, there has been a growing interest in investigating the impact of stochastic
effects on fluid models. By introducing white noise terms into the system and assuming random initial
data, these models can account for both numerical and empirical uncertainties. This approach can yield
predictions that not only reflect a realistic trajectory but also provide insight into associated uncertainties.
Along this line of research, Bensoussan and Temam started the study on the stochastic Navier-Stokes
equations [§]. Mikulevicius and Rozovskii [36] addressed global L? well-posedness. See also [40] for local
well-posednes for the 3D stochastic Navier-Stokes equations. More recently, Kukavica, Xu, and Ziane
considered the stochastic Navier-Stokes system with multiplicative noise and rough initial data [31]. For
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the stochastic Boussinesq equations, Du addressed local well-posedness for the 3D Boussinesq system with
Sobolev initial data [I7]. Duan and Millet [18] studied large deviation principle of the stochastic Boussinesq
system. Pu and Guo [37] proved global well-posedness for the 2D Boussinesq equations with additive white
noise while Foldes et al [20] considered ergodic and mixing properties of the Boussinesq equations. In [39],
together with Yue, the third author of this paper proved almost-sure global existence of weak solutions
to the Boussinesq equations using random data approach. Luo [34] recently considered 2D Boussinesq
equations with transport noise and Alonso-Oran and Bethencourt de Leén proved global well-posedness
with transport noise and Sobolev initial data [6]. See also [25] for the stochastic fractional Boussinesq
equations. For the recent progress for other stochastic fluid euations, see, for example, [1T}[13}21] for the
stochastic Euler equations and [T2L[I5L[1623L24] for the stochastic primitive equations.

To the best of our knowledge, this work seems to be the first one to consider the global well-posedness
for the 3D Boussinesq equations with transport noise and rough data. The transport noise represent
a wider and more general class of noise than the multiplicative noise. In the study of turbulent flows,
the transport noise has been introduced in [26,[27] and widely studied in many different SPDESs, see for
example [2|BIET0[T935B6] and refereces therein. It is worthwhile to mention that with transport noise we
are able to prove the existence and uniqueness of solutions when (ug, po) € LP(Q2; LP(T?)) with p > 5. The
extension to p > 3 (see [30] for Navier-Stokes equations with multiplicative noise) remains open when the
transport noise is present. Our result is not covered by [5], which investigates the Navier-Stokes equations
in Besov spaces, as LP spaces and Besov spaces are not equivalent.

Compared to previous results where people consider either multiplicative noise or smoother initial
data, one of the main difficulties in this work is on the rough L? analysis of transport noise under Leray
projection on the velocity field. Indeed, in the LP scenario, the regularity of the dissipation is at a scale
weaker than the W1P. Therefore, one cannot control the energy of the transport noise through a Wh»
estimate. In the case when there is no Leray projection, by assuming smallness on the noise intensity, one
can obtain an energy estimate of the transport noise that is comparable with (and hence compensated by)
the dissipation. However, this approach is not directly applicable in the presence of Leray projection due
to the non-local feature of the projection. Our key observation is that the energy of the orthogonal part
of the Leray projection on the transport noise VA~tdiv (b- Vu)dW;, when combined with the divergence
free property of the velocity u, can be controlled by L? energy of the velocity through standard elliptic
regularity estimates. This enables us to obtain a desired energy estimate for the Leray projection of the
transport noise at a scale comparable with dissipation and LP energy. Another difficulty is to control the
convection term during the fixed point iteration process. This is overcome by using a double cut-off trick
introduced in [3I]. The local pathwise solution is then obtained as the limit of solutions to the truncated
systems by sending the truncating scale to infinity. Fixing the cut-off at a small scale, global existence is
proved by analyzing the truncated system, whose solution agrees with the solution to (II]) over all time
horizon with high probability as long as the initial data is small. This involves an analysis of the transport
noise mentioned earlier that requires its intensity to be sufficiently small.

The rest of this paper is organized as follows. In Section 2, we introduce basic notations and preliminar-
ies. In Section Blwe establish the LP estimates for the linear parabolic equation with transport noise under
Leray projection. Such estimate is the key to show the local and global well-posedness for the stochastic
Boussinesq equations. Section Mlis devoted to the study of a truncated system from the Boussinesq equa-
tions, and after that by applying a family of suitable stopping times we are able to obtain the maximal
pathwise solution to the original Boussinesq equations. Finally, we prove the global existence of pathwise
solutions in Section
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2. NOTATIONS AND PRELIMINARIES

2.1. Functional settings. The universal constant C' appears in the paper may change from line to line.
We shall use subscripts to indicate the dependence of C' on other parameters when necessary, e.g., C.
means that the constant C' depends only on 7.

Let LP and W*? with s € N and p > 1 be the usual Sobolev spaces (see [1]). Let By , with ¢ > 1 be
the usual Besov space (see [7]). In the periodic setting, for s € N the n—th Fourier coefficient of an L!
function f on T3 is defined as

Ffn)=fn)= [ f(x)e ™ vdx,  nelZ’ (2.1)
T3
Denote the operator J* by
Jof(x) = Z (14 4n2|n|?)%/2 f (n)e?m e, reT?, seR. (2.2)
nezd

In the periodic setting, we have the following equivalent W*? norm:
1
o fle < Ufllwer <CIT fllp, 520, 1<p<oo,

where the usual LP norms are denoted by || - ||
Next, we define the Leray projector

Pu=u— VAV u. (2.3)

Here A~ is defined subject to periodic boundary condition with zero mean. Denote by P = (P,id). We
can rewrite system (II)) in the following abstract form:

dU = (AU + B(U) + G(U))dt + (P(b- VU) + o(U)) dW, (2.4)
where U = (u,p) := (U1,U2,Us,Uy), AU = (Au,Ap), B(U) := =P(u - VU), G(U) = P(pes,0) =
P(Uyes,0), o(U) = (PeW(U),oc@ (U)). Notice that when [Updxr =0, V-b =0, and o satisfies condition

(2.11) below, one can integrate system (2.4) in T? to obtain that [ U dz = 0 for all ¢ > 0. For convenience,
we denote by

Wep — {Pf:feWS’p,/gfd:vzo}.
']1“

2.2. Stochastic preliminaries. We denote by H a real separable Hilbert space with a complete or-
thonormal basis {ex}r>1. (2, F, (Ft)i>0,P) represents a complete probability space with an augmented
filtration (Fi)i>0. With {Wj, : k € N} a family of independent F;-adapted Brownian motions, W(¢,w) :=
> rk>1 Wi(t,w)ey is an Fi-adapted and H-valued cylindrical Wiener process.
For a real separable Hilbert space ), we define [?(H,)) to be the set of Hilbert-Schmidt operators from
‘H to Y with the norm defined by
dim H
Gl Zey) = D |Gerl3y <00, G EP(H,Y). (2.5)
k=1
In this paper, we either regard ([24]) as a vector-valued equation or consider it component-wise. Corre-
spondingly, = R or R%. Let G = (Gy,---,Gq) and Gey := (Giey, -+ ,Ggey). Then G € 1?(H,RY) if
and only if G; € I*(H,R) for alli € {1,---,d}.
Next, we denote by

WP .= {f (T3 = 12(H,Y) : fexr € WHP(T?) for each k, and / |\J5f||f2(H y) do < oo} , (2.6)
T3 ’
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with respect to the norm

1/p
1 e = ( / Iy dw) - (2.7)

Furthermore, we denote (J*f)er = J*(fex). In particular, WO is abbreviated as LP. Letting (P f)e), =
P (fei), we have Pf € WP if f € WP, Write

We _{Pf:feWS’p,/Tsfda:_O}.

For each sufficiently regular f : (t,2) € Ry x T® — H @ R3, denote
dim H
Nyr = ||f||L°°(]R+,W’€°°T3 12)) Z ||f77f||2oowk°°'
sup

Finally, the Burkholder-Davis-Gundy (BDG) inequality
t p/2
([ 1610 ) ] 28)
s€[0,t] 0

holds for p € [1,00) and all G € 12(7-{, Y) such that the right hand side is finite.

< CgpcE

2.3. Assumptions on the noise.

Assumption 2.1. We impose the following conditions to the noise coefficients o,b:

(1) General conditions on o,b:

(a)

Z los(WllLe < C (U1l +1), (2.9)
Z llos (U Wl < ClIU = Vip, (2.10)
o (Wee ) © Wi - (2.11)

(b) For each n, b,(t,x) := be,(t,z) : Ry x T3 — R3 is measurable and V - b, (t,-) = 0 for every
t. In addition Ny o < 0o and the following super-parabolic condition is satisfied: there exists
v > 0 such that

3 dlm’H
Z( - Z b, (t, )b} )) €5 2 vl€]?,  (t,z,€) € Ry x T x R,
i,j=1

where ;5 = 1 if 1 = j and O otherwise.
(2) For local existence, we assume in addition:

p—1
Ny < . 2.12
% 1)+ 10ho 212
(8) For global existence we assume additionally:
(a) Superlinearity condition:
Z loi(U)|le < €ol|Ullp, where € is small. (2.13)

(b) Smallness of the transport noise: Ny o is sufficiently small.
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2.4. Definitions of solutions and main results. The followings are the definitions for the local pathwise
solution and maximal pathwise solution for the Boussinesq equations.

Definition 2.2 (Local pathwise solution for the Boussinesq equations). Fiz T > 0. A pair (U, 7) is called
a local pathwise solution to system (Z4) on (Q, F, (Fi)t>0,P) if T is a stopping time with P(t > 0) =1
and if U € LP(2; C([0,7 ATY, LP) is progressively measurable and it satisfies

U(#),¢) = Vo, 9) +/0 (U, A¢) + (G(U), ) + (P(u® U),V¢)]|dr
(2.14)

+/0 [(o(U)),0) = (P& U), V)| dW (r),
P-a.s. for all ¢ € C>(T3,RY).

Definition 2.3 (Maximal pathwise solution for the Boussinesq equations). Fiz T > 0. A pair (U,7) is a
mazimal pathwise LP solution to system (Z4) on (0, F, (Fi)e>0,P) if there exists an increasing sequence
of stopping times T, with 7, T T a.s. such that each pair (U, T,,) is a local pathwise solution,

sup ||U( ||P+Z/ /’v U, (t |P/2)’ dzdt < oo,

0<t<t,

and

sup ||U(t ||p+Z/ / ‘V |U |p/2)‘ dxdt =

0<t<r
on the set {T <T}.

The following is the main theorem concerning the local and global existence of pathwise solutions to
the system (24)).

Theorem 2.4. Assume that (1) and (2) in the Assumption 2J) hold. Let p > 5 and Uy € LP(£2; LP(T3))
satisfying fw Udx = 0. Then there exists a unique maximal pathwise solution (U, 7) to (24 such that

E| sup [[UGs)]2+ / / V(U (s, 2)[P/2)|2 deds | < CLE[[To]2 + 1, (2.15)
—1 /T3

0<s<rt

If additionally (3) in the Assumption (2.1) holds, then for every e¢ € (0,1] there is § > 0 such that if

P(r=00)>1—c¢. (2.16)

3. LP ESTIMATES FOR THE LINEAR EQUATION

Consider the stochastic linear parabolic equation with transport noise
U= (AU 4+ GU + f)dt + (P (b-VU) + g)dW,,

U(0) = Up, (3.1)

where U = (u, p), GU = (P(pes3),0) and P

(b-
g9 := (g,94) where f = (f1, f2, f3) and g = (g1,
respectively. We also assume that V- f =V -
give a result concerning smooth data.

VU) = (P(b- Vu),b- Vp). We denote by f := (f, f4) and
g2, g3) representing the first three components of f and g,
g = 0. Here f and g are independent of v and p. We first
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Lemma 3.1. Let p > 2. Assume the conditions on b as in Assumption [21] and
Up € LP(QW3P), f € LP(Q x (0,T); WhP), g € LP(Q x (0,T); W?P),
Then there is a unique pathwise solution U to BI) on [0,T] such that
U € LP(; C([0, T); W2P)). (3.2)

Proof. The condition on Uy implies that Uy € LP(£2; Bg’;z/p) due to the embedding W37 — BS;Q/]D. As
f and g are independent of u and p, the equation for Uy (which is p) is independent of u = (Uy, Us, Us):

AUy = (AUs + fa)dt + (b- VUs + g4)dWy,  Us(0) = Up 4. (3.3)
Under the conditions of Lemma [3.1] we can apply Theorem 5.2 in [4] (with x = 0, p = ¢q) to deduce the ex-
istence of a unique pathwise solution Uy on [0, T'] to equation ([B.3) such that Uy € LP(Q; LP((0,T); W3P))N
Lr(Q; C([0,T); Bﬁj/p)). Let f = f + P(Uses). The equation for the velocity u then becomes

du = (Au + f)dt + (P(b . Vu) + E)th, U(O) = (UO,17 U072, ong). (34)

In view of the conditions of Lemma Bl for equation [B.4) we can apply Theorem 3.2 in [5] (with
k = 0,p = gq,h = 0) to obtain a unique pathwise solution u on [0,7] to equation ([B4) such that
w € LP(Q; LP((0,T); W3P)) N L%Q;C([O,T];Bg;wp)). The conclusion of the lemma then follows from
the embedding By ,2/? — W2P, O

Next, we consider rough condition for system (B.1).

Theorem 3.2. Assume the conditions (1b) and (2) on b as in Assumption[21. Letp > 2 and 0 < T < oo.
Suppose Uy € LP(2; LP(T3)), f € LP(Q x [0,T); W=14(T3)), g € LP(Q x [0, T]; LP(T?)), where
3p
— < g <p. 3.5
p+1 1=P (3.5)

Then there is a unique mazimal solution U € LP($2; C([0,T], LP)) to equation BI) such that

4 T 9
B | s (Ul + [ [ [ (5| ded
=1Jo Jr3

0<t<T

< CE

T T
IIUollﬁJr/0 ||f(t7')||111,th+/0 (¢, )Ly dt] :

where C' > 0 depends on T, p,b.
Proof. The proof is divided into the following three steps.
Step 1. Let

be a standard mollifier and denote

fEZf*pea gezg*peu USZUO*peu

where x represents the convolution. The smoothness of the mollified objects and Lemma B1] imply that
the following system

dU¢ = (AU + GU* + f9)dt + (P (b- VU®) + ¢g°)dW,,

U(0) = UE, (3.7)
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has a unique pathwise solution U¢ € LP(Q2; C([0,T]; W?P)). For each j € {1,2,3,4}, it follows from Ito’s
formula that

WUE @2+ pp — 1) / [ 105219050 Paaar
= 106115+ / / USRS () (GU);(r) + f5(r)) deedr
+p/0 /Tr U5 ()P~ U;(r)((P (b-VUE))j+g§(r))dxdWT
]L_D ¢ <(p p—2 . € (r 2 edr
HHEZ D [ s 21 0 90), -+ 650 e

Step 2. We now deduce estimate (B.6) for U®. We first recall the following Poincaré type inequalities
(see [311132])

=11, < € [¥ (o), N
[ler==o] < |v (0P ) (39)

, P >1,
q

which is valid for zero mean functions v with sufficient regularity so that the expressions make sense. It
then follows from (B3] that

! € P=2[7¢(p N(r (r xdr
p [ ]G0 6) (GU) ) + £5() dad

) (3.10)
< C/O IV (U5 (r)[P=2U5 ()l INGU<)5(r) + £5 ()| - 1,qdr
where 1/g+ 1/¢' = 1. Let 7 be such that 1/7 4+ 1/2 = 1/¢, then by Holder inequality one has
€E|p— € € /271 € /2 € /271 € /2
IvGusP=2ule < |los 7w (josi)| < eflos* )| |v (wsr)],
’ (3.11)
c(p/2||(P=2)/P |p/2
=,y ¥ (2],
m(p—2)/p 2
In view of the condition ([B.5]), we have
r(p—2)
2< < 6.
p
By Poincaré type inequalities (39) and Gagliardo-Nirenberg inequality, we deduce
e’ «
e[ <o || v (jos ) 3.12
o, <eler] | (o). 3.12)
where o = % — f(ﬁf 57 Combining inequalities [B.10)-(B3.12), and Young’s inequality with § > 0, we obtain
t
p [ ] IU0EU60) (GU ) + 55(r) dads
t
cip/2||(1—a)(p=2)/p cip/2\ ||1Te=2)/p . .
co [ 1L o () o
y (3.13)

t t
Sé/ / |U;(r)|p_2|VU;(r)|2dxdr—|—5/ |U; (r)|[5dr
o J13 0

w0 ([ 1500 ar+ [ 16U, ).
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/.

where we used the fact

2 2
v |us || dwz%/ U (r) P2V US () Pda
T3

To deal with the terms involving transport noise, we utilize the following property of Leray projection

P(b-Vu) =b-Vu® — VA~ div (b- Vue), uf = (US,Us,US).
As a result, we have
P(b-VU)=b-VU —Q(b-VU ), Q(b-VU):= (VA 'div (b- Vu),0).
Since u€ is divergence free, one has
3
(Q(-VUY)); =0;A7" > opbOpuy, j=1,2,3.
k=1

To estimate the last term in (B8], we first note
-1 t
o= [ [ oo 2P o v0)), + 650 dadr
2 0 Jrs I
t
< plp— 1)/0 /T ) P2 (1b - VUS + g5 ()| ddr

t
+p(p — 1)/0 /T () P21(Q (b VU)); |72 dadr := Iy + L.

For I, we have

t t
L < 2p(p — 1)Npo / / (U (r) [P~ [V US(r) [2dadr + 2p(p — 1) / / S () P2 g5 (r) o derdr
0 T3 0 T3

t t t
< 2p(p_1)Nb’0/o /T3|U;(r)|P—2|VU;(r)|2dxdT—|—/O HU;(T)HidT-i-C/O Hgg(r)HEp dr

where we applied Young’s inequality in the last step. For I, it follows from ([B.I5) that

b=pp=1) [ [ 050P Q- VU, drdr

" dimH 3
:p(p—l)// Us()P=2 Y |98 Y okblopuf,| dadr
o Jr? n=1 k=1
2
dimH ¢ 3
<po-1 Y [ 10502 |oat Y oo | ar
n=1 0 k,e=1
P
By standard elliptic estimates, we have
_ N2 N2
10; 471 (Obrdeii ) ||, < C || Okbr Dot [| -
2 2
=C| sup  (OkbpOpuf,9)| =C| sup  (uf,0(Ikbi0))
ol y1,pr =1 oMl y1,pr =1

2 2
< CllowbplZg, luglly, + Crlloedkby | Ze lugll,

012 €2 012 €2
< s (063, 10712+ C o 100000 3, U2

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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t
I, < C(Np1 + Nb,2)/ |U<(r)l} dr.
0

Combining this with (8I6) and [BI7), we obtain

p(

p

t
<2p(p — 1)Nb,0/ /3 |U;(r)|P—2|VU;(r)|2dxdT
o Jr

t t
e / \0* ()2 dr + C / lg5)|I7, dr:

_1) t € p—2 . € (r 2 vdr
2 /O/TS'UJ'(’")' [P (b-VU)),; + 5 () [dd

Next, the decomposition [B.I4)), BDG inequality and Minkowski’s inequality yield

E sup
t€[0,T

T
< CgpcE (/
0
T
4 CppcE ( /
0
T
+ CppcE (/
0

|U;(r) |p_2U; (r)b(r) - VU;(’I“)dI

T3

T3

/O . (U5 (r)[P~2U5 (r)(b(r) - VU (r) + g§(r))dzdW,

U (r)[P=2U5 (r) g5 (r)da:

T3 U5 (n)[P2U5(r) (Q (b VUS)); da

9 1/2
dr)

l2

5 1/2
dr)

12

2

12

By Minkowski’s inequality and Holder’s inequality, we obtain

T
J1 =CspcE </
0

- 1/2
< CppcE sup ||U;(t)||£/2 (/ / |U;(T)|p_2 Hb . VU;(T)H; dwdr)
te[0,T) 0 T3

1
< —E sup ||US(t
4p te[0,7)] | J( )

A similar estimate yields

1
Jo < —E
2_4p

US(r)|P~2US (r)b(r) - VUS (r)da

T3

sup
tel0,T

T
4 pChoaNuk [ [ |U5nP2I9Usr)
0 T

T
5Ol +CrE / g5 (P2, dr.

1/2
d’l“) =J1+ Jo+ Js.

5 1/2
dr)
l2

2dadr.

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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To estimate J3, we denote h = |US(r)[P~2Us(r) and note that by integration by parts and (B.I5), since

A~ is a self-adjoint operator,

/h(Q(b VUe)); dz = Z/ hO; A (9b Opus) dz
TS

k=1
=— Z ~L(9,h)Ob Dl da (3.24)
k=1 TS
3
=> ( DAY (0;h)Okb ugda + / Al(ajh)agakbfu;dx).
k=1 \WT° T3

As a consequence, we have

/Tg h(Q(b- VU9)), da

12

dimH /2 dimH 1/2
< Z / ENe) h|<z |0k D", |2> |uk|d:b+/ A1, h|<z |90 b, |2> Juildz | (3.95)

k=1 n=1

N, Z/ |8, A10; h||uk|dx+3Nb1/222/ |A10;h|ug|dx.

k=1

By Holder’s inequality and standard elliptic regularity estimates, we have for 1/p’+1/p=1

[ 108 0yl < 1007030
< Oy [V 1 < CNO [0l = CJU I,

(3.26)

Similarly we deduce

[ 187 0pnlluilae < U,

Combining this with (3:225) and [B26]) one has

T 9 1/2
= CBng (/ dT‘)
0 12
1/2 1/2 r i
< O, + N, )E ( / ||U€|?f’dr> (3.27)

T
< —E sup ||Us(t H —I—CE/ U<l dr.
P tefo,T] 0

[ h@@- U, dr
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Therefore by combining (321)), 3:23), 322) and BZT), we have

| [ s 205016 90 ) + g5 e,

pE sup
t€[0,T]

3 r ~ .
< 7E swp ||U;(t)||g+p2O§DGNb,OJE/ / \US (r)[P=2|VUS (r) | dadr (3.28)
t€[0,T] 0 T3

T T
+CE/ o dr+C’TE/ g5 ()L dr.
0 0

Now taking supremum over [0, 7] on both sides of (3.8) and integrating over Q, using inequalities (313)),

B20) and B2]), we derive for j =1,2,3,

1 T _ .
E |7 sw [UF@F +pe—1) / / U5 (r)I” QIVUj<T>I2dwdT]
te[0,T] 0 JT3
T T
< C'gE/ [Lead e dr+KE/ / \US (r) P72 |V US (r) P daedr (3.29)
0 0 T3

T

T T
+CE |5+ [ I+ [ NG00l ar+ [

||QE(T)||£pdT] -

Here
K =364 2p(p —1)Nyo + p*C3pcNo.o-

For j = 4, observe that (GU)4 = 0 and (Q(b-VU*))s = 0. Therefore from B.13), BI16)-B.I17), and
B21)-(B3:22), we obtain

1 T ~ .
Egsw|wmmgu@—n/’/|ﬁ@w2wvaMM]
te[0,T] 0 T3
T T
< C[;]E/ 1USID dr + KE/ / |US(r) P2V U (7) |2 ddr (3.30)
0 0 T3

+ CE

T T
W@M+Anfmwmw+A|MMMAﬂ.

In view of the condition (2I2)) on b, we can choose § > 0 small such that p(p — 1) — K > 0. Fix such a 4.
Then

T
E mmnwww+/’/|va*ww&Wmm
t€[0,T] 0 T3
T T T
SCEM@M+Anwmm+AHfMWMM+Anﬂmmm]

It follows from Gronwall’s inequality that

E

T
sup IIUZ(lﬁ)llﬁﬂL/O /TB IUZ(T)I’)_2IVU§(T)I2da:dT]

t€[0,T]

T T
<CE ||U5,4||£+/O ||f€(7")||]il,qdr+/O IIQE(T)II’ﬁpdT]-
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This shows that for j = 1,2, 3, by the boundedness of Leray projection, we have
T T
| ieu e, dr = [ Ipwien, e,

T
<c [ Wikl dr < Cr sw VIO (3.31)
€10,

te[0,7]

< CE

T T
||U5,4||£+/0 IIfE(T)II’il,daJr/O ||9€(T)||€pdr]~

Combining (3:29), (330) and B3], one obtains

t€[0,T]

4 T
E| sup [Tz +3 / / U () P2 VU () [2ddr
—iJo Jrs

(3.32)
T T T
<CE||sl+ [ 10l + [ i+ [ IOl
Again using Gronwall’s inequality we obtain the desired estimate
4 T
B | sup U+ Y [ [ W50 Pdads
te[0,T) /o Jrs
(3.33)

< CE

T T
HU5||£+/0 IIfE(T)IIIil,qdrjt/O ||96(7°)||£pd7°] :

Step 8. By the linearity of the equation and the result of the previous step, we have for U¢ — U ¢

E| sup |U(t)-U* ()|
t€[0,T]

’ T ’ p T ’
<CE |05 =05 I+ [ [ro =@ are [ 1) - Olar|

By the fundamental properties of mollifiers, we see that the right hand side of the this inequality goes to
zero as €, € — 0. Therefore, there exists an element U € LP(Q2, C(]0,T], L?)) and a subsequence U¢» — U
in LP(Q, L*°([0,T], L?)), where €, — 0 as n — co. Using integration by parts as in [31], one can show that
U is a pathwise solution of (BI]). Indeed, one has

U0 = Ug.0)+ [ (W 49) + (GU + £,0))dr

+ /Ot (_ POU™),Ve) + (gE",Qﬁ))dWT, (t,w) — a.e.,

for all ¢ € C°(T?3;R*) and n > 1. Then Hélder’s inequality and dominated convergence theorem imply
that as n — oo,

U, ¢) — (Ug™,¢) = (U, ¢) — (Uo, 9),
/0 ((UE",A¢)+(GUE"+ ffn,¢))dr—> /O ((U,A¢)+(GU+ f,qs))dr.
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By the BDG inequality and Minkowski’s inequality, we have

E sup
te[0,T]

/Ot (_ Pbe (U™ -U)),Ve)+ (9 — g,(b))dWT

T
+CE ( / (g — g, 0)|12 dr)

T
< Cb||v¢||L2||EtS[%pT] 1T (#) = U D), + C|I¢||L21E/O g (8) — 9@ 1L, dt,
€10,

1/2 1/2

T
<CE </O PG U™ ~1)), Vo)l d?")

which converge to 0 as n — oo. Hence there is a subsequence ¢,; such that

/Ot(—P(b®U€"J‘),V¢)+(ge”ﬂ',gb))dWT—>/Ot(—P(b@U),V¢)+(g,¢))dWT, (t,w) — a.e..

Hence U is a pathwise solution of (3]). Lemma 4.4 in [31] with (833)) also imply that [B.6]) is true.
To show the uniqueness, we let Uy, Uz be two pathwise solutions to (B]), then their difference V' =
U, — Us solves

dV = (AV + GV)dt + P(b- VV)dW,,
U(0)=0.
Then Ito’s formula and estimates as above give
E sup [|V(t, )||§ =0.
0<t<T
So V =0 almost surely. ]

4. LOCAL EXISTENCE AND UNIQUENESS

In this section we will establish the existence and uniqueness of maximal pathwise solution for Boussinesq

system (2Z.4).

4.1. Truncated system. We first consider the following truncated system

2 2
dU — AUdt = ¢ (||U||p) B(U)dt + G(U)dt + ¢ (||U||p) o(U)dW, + P(b- VU)dW,,
V-u=0, (4.1)
U(0) = Uy,

on [0,00) x T3 with V- ug = 0 and fw Updxr = 0 a.s.. Here for some fixed dg

¢ : [0,00) = [0,1] a decreasing smooth function such that ¢ = 1 on [0, %] and ¢

)
addition, we have the Lipschitz continuity for ¢:

0 we denote by
0 on [dp,00). In

v

C
lo(r1) — @(x2)] < 6—|331 — Tal.
0
The following theorem concerns the existence and uniqueness of solution to system (@.I]).

Theorem 4.1. Let p > 5 and Uy € LP (Q; LP). For every T > 0, there exists a unique pathwise solution
we LP(Q;C ([0,T],LP)) to @I) such that

0<s<

T 2
E supT||U(s,.)||g+zj:/O /T ’v(wj(s,xnp/?)] dds SOE{HUOHZ] +Cr. (4.2)



14 QUYUAN LIN, RONGCHANG LIU, AND WEINAN WANG

In order to solve system (1], we consider the first iteration procedure

(i

+o (HU<"> ) o (HU<"—1>H ) o(UCD)AW, + P(b- VU )AW, (4 3)
p r

V-u™ =0,
U™ (0) = U,

dU™ — AU™dt = (HU<">

) BU™Mdt + GU™)dt

p

where U is the pathwise solution to

dU© — AUOdt = GUO)dt + P(b - VU ) dW,,
U©(0) = U.

By Threorem 3.2, we obtain an unique solution U®) € L?(Q;C([0,T], L?)) and

4 T
/2
B s 00w+ Y [ [ |9 (joea|”)
0<t<T o Jr

Next, one needs to establish the existence of unique solution to system ([£3]) for each n € N. For this
purpose, we consider

" gt < CE {||U0||5} .

dU — AUdt = ¢ ([[U]lp) ¢ (IIV]lp) B(V)dt + GU)dt + o (|U]lp) ¢ ([V]|p) o(V)dW, + P(b- VU)dW,
V-u=0
U(0) = Uy, (4.5)

where V' = (v, 0) satisfying V- v = 0 and

4 T 2
: /
E 02?5T||V(t,~)||§+;/0 /T }v(m(t,xnp 2)] dwdt ch[HUOHZ} +Cr. (4.6)

To the end, we employ the second iteration process
au — AU dt = o (JUIL,) @ (V1) BOV)dt + GU™)de

+ & (101 ¢ (IV1lp) (V)W + P(s- VU)W,
V-u" =0,
U™(0) = Uy, (4.7)

in order to solve system (EH). Here U is the solution to @4), but for n > 1 the U™ in @) is different
from the one in ([@3).

The following lemma concerns the induction step in order to establish the existence of unique solution
to system (471 for each n.

Lemma 4.2. Let p > 5,n € N, and T > 0. Suppose Uy € LP (Q; LP) and assume that for each n €
{1,2,....k — 1}, there ezists a unique solution U™ € LP (Q;C ([0,T],LP)) to the initial value problem
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@), where V. and U™ satisfy @8). Then for n = k, the initial value problem @) also has a unique
solution U € LP (Q; C ([0,T], L?)), and moreover,

v (‘U;k) (t, x)‘p/Q) 2

Assuming Lemma holds, one can achieve the existence of unique solution to ([@X1) for each n from
the existence of U(®) solving ([E4) and mathematical induction. The next lemma shows the existence of
unique solution to (ZI).

E | sup HU(k) (t
0<t<T

dzdt| < CE [||UO||§]+CT. (4.8)
'JI‘3

Lemma 4.3. Let p > 5 and suppose that Uy € LP (Q; L?). Then there exists a time t > 0 small enough
such that the initial value problem (LX), where V satisfies [@0l), has a unique pathwise solution U €
L? (2, C ([0,¢], LP)), which satisfies

B | sup U, ||P+Z// ’v U, (s, z)|P? )‘ dds <01E[||Uo|| }+ct (4.9)

We postpone the proof of Lemma and 43l to Section [£3l Assuming Lemma holds, we are ready
to prove Theorem ]

Proof of Theorem[{.1} Consider the system (43]). Thanks to Lemma A3l and by induction we know that
for each n € N there exists an unique solution U™ € L¥(Q; C([0,T], L?)) to system @3) with T > 0

sufficiently small, and satisfies
4 T
2

Next, we consider the difference V(") = U+ — ("), For each n € N denote by

o™ = (JU,) .
Thanks to the linearity of G and the transport noise, we have
AV — AVt = oD ) BU ™) dt — o™ =D B dt + G(V ™) dt
+ (M (UM) — MV (UPD)) AW, + P(b- VV )W,
VoM =0,
V0)=0 a.s.

The first equation can be rewritten as

p/2\ |?
E| sup HU<">(t v(}U;’”(t,x)‘ )} dzdt| < CE [||Uo||§}+CT.

0<t<T

(4.10)

3
AV — AV dt =" 0, fidt + G(V™)dt + gdW, + P(b- VV)dW,,
1=1

where
u§”>U<”>)) (n) (n=1) (P (un Dyr(n=1) )

P ( )
) () 0 () (e ()
P(vf"’l)UW)) () (B (uft VD))

S LR R P

— ™ (<p<n+1>

o=t
_ cp(")go("_l)
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and

g =) M (U(")) _ M1y (U("—1)>

— ™ ( (n+1) _ <n>) (U<">) (n) ( (n) _ <n—1>) (U<">)
¥ P P g +@ P ¥ g
(4.12)
INCOPNCESY (U (U(”)) . (UWU))
ENCIRNC RO
As P is a bounded operator, we can now use the estimates of (5.19) and (5.20) in [31] to get
t
B | [ 15l5ds)| < 8 | sup D)+ cri | sup vl
0 s€[0,¢] s€[0,¢]
t (4.13)
B | [ loltads| < ot | swp [veVip| s crm | sup (vl
0 s€[0,¢] s€(0,1]
Thanks to Theorem B2 and the fact that V() (0) = 0, we know
E | sup |V (s, )E| < CtE | sup |V (= 1)||p + CtE | sup |V ")||p (4.14)
s€[0,t] s€[0,t] s€[0,t]

In particular, by choosing ¢ = t* small enough we obtain exponential convergence rate, and there exists a
fixed point U € LP(Q; C([0,t*], LP)) of system ([@3). As U™ is the solution to system (&3] for each n, we
have

(U<">(s),¢) = (Uo, ) +/OS (U<">(r),A¢) dr—|—/os (G(U<">(r)),¢) dr
—|—g/0S (w(”)w("fl)P (ugn_l)U(”*l)) ,8@) dr
+ / (so<"’<p<"‘1>a (U<"—1>) dW Z/ b U<" zcb)
0

for a.a. (s,w) € (0,t*) x Q and all ¢ € C> (T3;R*). By the exponential convergence rate and thanks to
Lemma 5.2 and Remark 5.3 in [31], one has

[V = Ul for aca. (s.) € (0,¢7) x 2.

Therefore, (UM(s),¢) — (U(s),), ™ and o™= — o(||U(s)|,) = ¢ for a.a. (s,w) € (0,*) x Q.
Thanks to the dominant convergence theorem, one obtains

/ S (U0, 49) dr + / S (W™ ), 0)dr+ 23: / ) (¢ VP (u" DU 0i) dr
0 -

0
—>/OS(U(7"),A¢)dT+/OS(G( dr+Z/ ¢°P (u;U), 0i9) dr
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for a.s. (s,w) € (0,¢*) x Q. Next, by BDG inequality and thanks to the property of o, we have

/OS (sﬁ(”)w("’”ff (U("’”) - p*o(U), ¢) AW, ]
, 1/2
2 dr) ] — 0,

LSB‘% /0 b v n)) P (bz'U),&fb) AW, ]

3 o ) 1/2
<Cppc Y _E (/0 H (P (biU(")) — P (hU) ,(’%(b) Hl dr) 0.
=1

Thanks to Lemma 5.2 and Remark 5.3 in [31], one has

/S( (n) (1) 5 (U( —1)) 7¢) AW, _>/S (P20 (U), ¢) dW,,
Z/ z<l5 dW —>Z/ 8id) AW, .

Combining the discussion above, by taking n — co we get

E | sup

s€[0,t*)

([ Nt o

and

S

(U(s).0) = 00.0) + [ (U 40)dr+ [ (G100 dr+z / (PP (wil)) , 0i0) dr

S 3 S
+ /0 (o @).0) v, =3 /0 (P (b,U), 8:8) dW,.

Therefore we obtain the existence of a solution U € LP(; C([0,t*], L)) to system (ZI]).
Next, for the uniqueness we consider two pathwise solutions U,V € LP(Q; C([0, t*], L)) to system (@.T).
By denoting W = U — V we have
dW — AWdt = (¢, B(U) — o3 B(V) + GW)) dt + (¢50(U) — o3 a(V) + P(b- VIV)) dW,,
v : (W17W27 W3) = 07
W(0)=0, as. (4.15)

Here oy = ¢(||U|lp) and pv = @(||V]|p). Similar as the treatment for (LI0), we can rewrite the first
equation of (@R as

3
AW — AWdt =~ 0; fidt + G(W)dt + gdW, + P(b- VIV)dW,,
i=1

where

fi=—ot (P (wl)) + g3 (P (v;V))
=— v (v —¢v) (P (wl)) — euev (P (w;U))
— v (P (vilW)) — v (eu — ¢v) (P (v;V))
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and
9=vpoU) —gpa(V)
= v (v —ov)o(U) + v (v —pv)o(V) +puev (0(U) —a(V)) .
Similar to (Z.13) we obtain

t* t*
E / ||f||’q’ds < Ct*E | sup ||W||£ , E / llgllfsds| < Ct'E | sup ||W||£ . (4.16)
0 s€[0,t*] 0 s€[0,t*]
Therefore thanks to Theorem we obtain
E| sup [[W|E| <Ct'E| sup [[W]E]|. (4.17)
s€[0,t*] s€[0,t*]

When t* is small enough we obtain that W = 0. Thus the solution is unique.

Finally, note that the constant C' appearing in ([@I4) and ([@I6) does not depend on the initial data,
and thus t* is independent of the initial data. For arbitrary T" > 0, one can consider N large enough
such that % < t*. Then by establishing the existence and uniqueness of pathwise solution inductively on

[%T, %T] for i € {0,1,2,...N — 1}, we obtain a unique pathwise solution on [0,T]. As T is arbitrary, the

solution exists globally in time. g

4.2. Proof of Theorem [2.4. Now by applying a family of suitable stopping times we are able to prove
the existence and uniqueness of maximal pathwise solution to system (2.4]), which gives Theorem 2.4

Proof of Theorem[Z2. For n € N, denote by U™ the solution of the truncated system (@) with §y = n.
Also, introduce the corresponding stopping times

inf {t > 0: [T (tw)], Zn/2}, if [U©w)]|, <n/2,
0, if [|UC™(0,w)]], = n/2

Tn(w) =

By uniqueness, the sequence is non-decreasing a.s. and U™ = U™ on [0, 7,, A 7,]. Let 7 = lim,, 7,, A T".
Then, P(7 > 0) = 1. Also, for any integer n € N, define U = U™ on [0, 7, A T]. It is easy to check that
(U, 7) satisfies all the required properties. O

4.3. Proof of Lemma and

Proof of Lemma[{.3 Let n =k, and denote by

e =6 (U, ), v = eIV,
then we can rewrite the first equation in (7)) as
dU™ — AUMdt = oV oy B(V)dt + GU™)dt + o Voyo(V)dW, + P(b- VU ™)dW,.  (4.18)

For the nonlinear term, we rewrite

3
"oy B(V)dt = —" Dy P(v-VV)dt = =Y 0" Voyo, (P (V;V)) dt.
i=1
In order to apply Theorem we consider p, q,r, [ satisfying

3p 1 1 1
_ < 4 == dl < < p. 4.19
» 1<q_p, 7“+l q,an <p, r<p ( )
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Thanks to (@8] and the boundedness of P, we have

T 3 T
p

E/ le Doy BW)|P, dt < CS E / e Devviv | ds
0 i=1 0 q

T T
<CE / oDy VI[P [VI[Pds| < CE / P Dy VI ds| < Cr.
0 0

As V satisfies [.0), we have (" Doy B(V) € LP(Q x [0,T], W=17). Here from @IJ) we know + 4§ > 2
and thus % = +1 , which gives p > 5.

Next, by the sub linear growth of o(V') and the property of V, one can easily verify that o(* =Yy o(V
LP(Q x [0,T],LP). Thus by applying Theorem B2 we know unique solution U®*) € LP(Q;C([0,T], LP
and the bound (@8] holds.

Dzm

Proof of Lemma[f-3. For UM+ = (y(+1) p(+1) and UM = (u(™ p(™) solving system (&), we con-
sider the difference Z(" = UMD — UM where Z(" = (2(™ M) 20 = 3+ _ 4 g0) —
1) — p(") By direct calculation one gets

3
7" = AzMdt =3 (oM = ")y 0,(P(ViV))dt + G(Z™)dt
i=1

+ (™ — Ny o(V)dW, + P(b- VZ™)dW,,

where V - 2™ = 0 and Z(™(0) = 0. Thanks to the Lipschitz property of ¢, we have

n n— C n n—
[ =] < o J0 )y~ U,

C n n— C n—
< U — U, = = 207D,
50 50

Then by the boundedness of P we can estimate

t 3 t
_ c ne
E| [ 1306 - ot 1))<PVP(V1'V)||§dS] <& | [ 120 < o
i=1

sup ||Z("_1)(8)||§] :
s€[0,t]

and thanks to the property of o and V,

[/ (1% = "o o(V)|Eds| < CE [/ 200 lgas| < e

sup ||Z("_1)(5)||§] :
s€[0,t]

By applying Theorem we conclude that

E { sup ||z<”>(t,-)||g;] < CtE

0<s<t

sup IIZ("_”(S)IIZ] -

s€[0,t]

By taking t € (0,T] small enough one can follow the proof of [31] Lemma 5.5 to conclude the existence of
unique solution U € L? (Q; C ([0,t], L?)) and satisfies ([@.9]).
O
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5. GLOBAL EXISTENCE WITH SMALL INITIAL DATA AND SMALL NOISE

To prove the global existence part in the main Theorem [2.4] we first recall the truncated stochastic
Boussinesq system:

dU — AUdt = ¢ (||U||p>2 B(U)dt + G(U)dt + (P(b VU) + ¢ (||U||p)2 U(U)) W,

V-u=0,
U(0) = Uy,

(5.1)

on [0,00) x T? with V - up = 0 and Jps Uodx = 0 a.s., where ¢ is defined as in Section @ Then it has been
shown in Section M that system (5.1 is globally well-posed. Observe that when ||U||, < do/2, the original
system (2.4)) coincides with this truncated model. Hence, an estimate of the likelihood that ||U]||, exceeds
J0/2 determines the time of existence for the solution to ([Z4]). The global existence part in Theorem 2]
then follows from Markov inequality and the following theorem.

Theorem 5.1. Let p > 5. Then the global solution U € L? (Q; C ([0, 00), LP)) to (B1)) satisfies

E| sup e |U(s)[E+ / asZHvQU |P/2)H ds

s€[0,00)

< CE [llvolly] (5.2)

provided that a,dg,e0 > 0 and Ny o are sufficiently small constants.

We first supply a proof of (2I6) in Theorem [Z4] by assuming Theorem [E11

Proof of global existence in Theorem[2.4 Let E ||U0||Z < 4. It then follows from Markov inequality and

(E2) that

s€[0,00)

as cé
P(SM)@lW(W§Z§> o

Since when ||U||, < dp/2 the original system (Z.4]) coincides with this truncated model, we have

P(T—OO)—P< sup [|U(s)][} < 3>

s€[0,00)
] o)
>P| sup e*|U(s )||p< O)>1- ==,
s€[0,00) do
By choosing ¢ sufficiently small, we obtain (2.I6) as desired. O

Proof of Theorem 2. Let T > 0. Applying the Ito-Wentzel formula to Fi(t) = e [|U;(t)|]}, for a fixed
i€{1,2,3,4}, we obtain

a (et UL = ae |U(0) [} dt + e (JU)]L) (5.3)
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Similar to the Ito expansion as in Section [3 we have

ooy + X2 [ e v (1) as
= ||Uo,J||p+p/ s 2/ |U;(s)[P~2U,(s)B(U)dxds —i—p/ote“S /1r3 \U;(s)[P~2U;(s)G(U) jdxds o
+p/0 g [ 0P (5) (Plb- VO, +0(V),) dedW,

2—1)/ as 4 |U P2(P (b~ VU)),; +0(U )||lzdxds+a/0 e® |Ui(s)|ly ds.

Choosing 7,1, ¢, as in (BI1]) and [@I9), and using integration by parts, one obtains

n p(p

_— / P U B(0) e
e 8 [ (o) e o 65
< Ceas 2w (|Uj(5)|p/2)H2 H|Uj|p/271HfHUiHTHUHl

< oo |V (1w;) ) | |1t | 10l

d ¢||U]lp < do. Now estimates as in (310)-BI3) give

¢
|U |P/2)H ds+C550/ e |U(s)||hds, (5.6)

where we used the facts that r,{ < p an

/pe%?/ U;|P~2U; B(U);dzds <5/ as

where § > 0 is arbitrary, £ > 0 is a constant depending on p . Assumption ([ZI3)) and estimate as in ([B:22])

and yield

1
] < —E sup e*||U;(s)ll}
P sefo,1] (5 7

T
/ e“s||U(s)||§ds] .
0

E | sup

te[0,T]

[ e [ mer-2usew,e

+ OEOE

Assumption (ZI3) on the noise also implies
t
o) [ et [ o < 06 [ e ws)igas
Estimates as in (.16]), 3I7) and (B19) yield
p—1) / o 4/ U; P72 (P (b- VU) ) |[fodwds
(5.9)

t
_C(Nb,o/ e V(|Uj(t)|p/2)H ds+Nb,2/ e ||U(s)||gds).
0 2 0

(5.8)
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Also estimates as in (3210, 22)) and B27) imply

/ i [P U)o

E | sup
te[0,T]
(5.10)
1 T T PN
< —E sup e ||U;(s)||2 + CNy2E / e ||U(s)||Pds | + CNb,oE/ e’ ||V (IUj(t)|p )H ds
2D sejo,] 0 0 2
Combining (5:6)-(E10), one has
1 ’ 2
B |5 sw U+ Ly [ e |V (i) ds
4 selo,1] 0 2
(5.11)
T T
<E ||Uo,j||£+L2/ e®||U(s)|[bds + p / e‘“/g |Uj(s)|P2Uj(s)G(U)jdxd31,
0 0 T
where
Alp—1)
Li=Li(8,bp) = —L— _§—C Ny,
1=L1(6,b,p) ’ P60 (5.12)
Ly = Ly(8,b,p, 60, a) = Cs65 + Ceg + CpNp 2 + a.
For j =1,2,3, the fact (GU); = P(Uyses)); and the estimate like (BI3) give
$)[P72U;(s)(GU) (s)dzds
(5.13)

Sn/o g (|U AP [ etoslas o, [ e wieigas

where n > 0 is arbitrary. Note that (G(U))4 = 0. Hence inequality (511]) for j = 4 and the Poincaré ([8.9])
imply that

T T 9
E/ 1 ||U4(s)||§dsch1E/ et [ (1)) | as
0 0 2

Cp CpLs /T
—|Up||2 + ——= e®||U(s)||Pds| .
vl + =2 [ e

<E

Combining (BI1)-(EI4), we arrive at
- sup eas||U ||p—|—LZ/ @s

v (1)) ds | < Con EITRIE, (5.15)

where L =L, —n—-C (LQ +n+ ( ) ) In view of (BI2), we can first choose 8, Ny 0,7 small enough,

and then choose &g, €9, Np 2,a in Lo sufﬁmently small to make L > 0. We then deduce (&2) by letting
T — oo. O

6. ACKNOWLEDGEMENTS

WW was partially supported by an AMS-Simons travel grant.



(1]
2]

3]

[4]

STOCHASTIC BOUSSINESQ EQUATIONS 23

REFERENCES

R. A. Adams and J. J. Fournier. Sobolev spaces. Elsevier, 2003.

A. Agresti, M. Hieber, A. Hussein, and M. Saal. The stochastic primitive equations with non-isothermal turbulent
pressure. arXiv preprint arXiv:2210.05973, 2022.

A. Agresti, M. Hieber, A. Hussein, and M. Saal. The stochastic primitive equations with transport noise and turbulent
pressure. Stochastics and Partial Differential Equations: Analysis and Computations, pages 1-81, 2022.

A. Agresti and M. Veraar. Stochastic maximal [P (19) -regularity for second order systems with periodic boundary con-
ditions. arXiv preprint arXiv:2106.01274, 2021.

A. Agresti and M. Veraar. Stochastic navier-stokes equations for turbulent flows in critical spaces. arXiv preprint
arXw:2107.03953, 2021.

D. Alonso-Oran and A. Bethencourt de Leén. On the well-posedness of stochastic Boussinesq equations with transport
noise. J. Nonlinear Sci., 30(1):175-224, 2020.

H. Bahouri, J.-Y. Chemin, and R. Danchin. Fourier analysis and nonlinear partial differential equations, volume 343.
Springer, 2011.

A. Bensoussan and R. Temam. Equations stochastiques du type Navier-Stokes. J. Functional Analysis, 13:195-222, 1973.
L. Brandolese and J. He. Uniqueness theorems for the Boussinesq system. Tohoku Math. J. (2), 72(2):283-297, 2020.
Z. Brzezniak, M. Capinski, and F. Flandoli. Stochastic navier-stokes equations with multiplicative noise. Stochastic
Analysis and Applications, 10(5):523-532, 1992.

Z. Brzezniak and S. Peszat. Stochastic two dimensional euler equations. Annals of probability, pages 1796-1832, 2001.
Z. Brzezniak and J. Slavik. Well-posedness of the 3d stochastic primitive equations with multiplicative and transport
noise. Journal of Differential Equations, 296:617-676, 2021.

M. Capinski and N. J. Cutland. Stochastic euler equations on the torus. Annals of Applied Probability, pages 688-705,
1999.

D. Chae and H.-S. Nam. Local existence and blow-up criterion for the Boussinesq equations. Proc. Roy. Soc. Edinburgh
Sect. A, 127(5):935-946, 1997.

A. Debussche, N. Glatt-Holtz, and R. Temam. Local martingale and pathwise solutions for an abstract fluids model.
Physica D: Nonlinear Phenomena, 240(14-15):1123-1144, 2011.

A. Debussche, N. Glatt-Holtz, R. Temam, and M. Ziane. Global existence and regularity for the 3d stochastic primitive
equations of the ocean and atmosphere with multiplicative white noise. Nonlinearity, 25(7):2093, 2012.

L. Du. The local existence of strong solution for the stochastic 3D Boussinesq equations. Bound. Value Probl., pages
Paper No. 42, 14, 2019.

J. Duan and A. Millet. Large deviations for the Boussinesq equations under random influences. Stochastic Process. Appl.,
119(6):2052-2081, 2009.

F. Flandoli. An introduction to 3d stochastic fluid dynamics. In SPDE in hydrodynamic: recent progress and prospects,
pages 51-150. Springer, 2008.

J. Foldes, N. Glatt-Holtz, G. Richards, and E. Thomann. Ergodic and mixing properties of the Boussinesq equations
with a degenerate random forcing. J. Funct. Anal., 269(8):2427-2504, 2015.

N. E. Glatt-Holtz and V. C. Vicol. Local and global existence of smooth solutions for the stochastic euler equations with
multiplicative noise. The Annals of Probability, 2014.

T.Y. Hou and C. Li. Global well-posedness of the viscous Boussinesq equations. Discrete Contin. Dyn. Syst., 12(1):1-12,
2005.

R. Hu and Q. Lin. Local martingale solutions and pathwise uniqueness for the three-dimensional stochastic inviscid
primitive equations. Stochastics and Partial Differential Equations: Analysis and Computations, pages 1-49, 2022.

R. Hu and Q. Lin. Pathwise solutions for stochastic hydrostatic euler equations and hydrostatic navier-stokes equations
under the local rayleigh condition. arXiv preprint arXiv:2301.07810, 2023.

J. Huang, Y. Zheng, T. Shen, and C. Guo. Asymptotic properties of the 2D stochastic fractional Boussinesq equations
driven by degenerate noise. J. Differential Equations, 310:362-403, 2022.

R. H. Kraichnan. Small-scale structure of a scalar field convected by turbulence. The Physics of Fluids, 11(5):945-953,
1968.

R. H. Kraichnan. Anomalous scaling of a randomly advected passive scalar. Physical review letters, 72(7):1016, 1994.

I. Kukavica and W. Wang. Global Sobolev persistence for the fractional Boussinesq equations with zero diffusivity. Pure
Appl. Funct. Anal., 5(1):27-45, 2020.

I. Kukavica and W. Wang. Long time behavior of solutions to the 2D Boussinesq equations with zero diffusivity. J.
Dynam. Differential Equations, 32(4):2061-2077, 2020.

I. Kukavica and F. Xu. Local existence of strong solutions to the stochastic navier-stokes equations with Ip data. Journal
of Differential Equations, 359:183-210, 2023.



24

QUYUAN LIN, RONGCHANG LIU, AND WEINAN WANG

[31] I. Kukavica, F. Xu, and M. Ziane. Global existence for the stochastic Navier-Stokes equations with small LP data. Stoch.

Partial Differ. Equ. Anal. Comput., 10(1):160-189, 2022.

[32] I. Kukavica and M. Ziane. Regularity of the navier-stokes equation in a thin periodic domain with large data. Discrete

and Continuous Dynamical Systems, 16(1):67-86, 2006.

[33] A. Larios, E. Lunasin, and E. S. Titi. Global well-posedness for the 2D Boussinesq system with anisotropic viscosity and

without heat diffusion. J. Differential Equations, 255(9):2636-2654, 2013.

[34] D. Luo. Convergence of stochastic 2D inviscid Boussinesq equations with transport noise to a deterministic viscous

system. Nonlinearity, 34(12):8311-8330, 2021.

[35] R. Mikulevicius and B. L. Rozovskii. Stochastic navier—stokes equations for turbulent flows. STAM Journal on Mathe-

matical Analysis, 35(5):1250-1310, 2004.

[36] R. Mikulevicius and B. L. Rozovskii. Global La-solutions of stochastic Navier-Stokes equations. Ann. Probab., 33(1):137—

176, 2005.

[37] X. Pu and B. Guo. Global well-posedness of the stochastic 2D Boussinesq equations with partial viscosity. Acta Math.

Sci. Ser. B (Engl. Ed.), 31(5):1968-1984, 2011.

[38] W. Wang. On the global stability of large solutions for the Boussinesq equations with Navier boundary conditions. Arch.

Math. (Basel), 116(4):445-456, 2021.

[39] W. Wang and H. Yue. Almost sure existence of global weak solutions to the Boussinesq equations. Dyn. Partial Differ.

Equ., 17(2):165-183, 2020.

[40] R. Zhu and X. Zhu. Three-dimensional Navier-Stokes equations driven by space-time white noise. J. Differential Equa-

tions, 259(9):4443-4508, 2015.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, SANTA BARBARA, CA 93106
Email address: quyuan_lin@ucsb.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ARIZONA, TUCSON, AZ 85721
Email address: 1rc6660math.arizona.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ARIZONA, TUCSON, AZ 85721
Email address: weinanwang@math.arizona.edu



	1. Introduction
	2. Notations and preliminaries
	2.1. Functional settings
	2.2. Stochastic preliminaries
	2.3. Assumptions on the noise
	2.4. Definitions of solutions and main results

	3. Lp estimates for the linear equation
	4. Local existence and uniqueness
	4.1. Truncated system
	4.2. Proof of Theorem 2.4
	4.3. Proof of Lemma 4.2 and 4.3

	5. Global existence with small initial data and small noise
	6. Acknowledgements
	References

