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A POSITIVE AND MOMENT-PRESERVING FOURIER SPECTRAL
METHOD*
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Abstract. This paper presents a novel Fourier spectral method that utilizes optimization tech-
niques to ensure the positivity and conservation of moments in the space of trigonometric polynomials.
We rigorously analyze the accuracy of the new method and prove that it maintains spectral accuracy.
To solve the optimization problem, we propose an efficient Newton solver that has quadratic con-
vergence rate. Numerical examples are provided to demonstrate the high accuracy of the proposed
method. Our method is also integrated into the spectral solver of the Boltzmann equation, showing
the benefit of our approach in applications.
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1. Introduction. In kinetic theories, the distribution functions are introduced
to describe the number density of particles in the position-velocity space. These func-
tions are non-negative everywhere, and the moments of these functions often corre-
spond to fundamental physical quantities such as density, energy and electric charge,
many of which are conservative by fundamental laws of nature. These properties
are also reflected in kinetic equations such as the Boltzmann equation, the radiative
transfer equation and the Vlasov equation. Numerically, researchers have also been
making efforts to preserve these properties [5, 7, 10, 14, 18, 27, 32].

In general, it can be observed that for spectral methods, it is much harder to
achieve positivity due to the oscillatory behavior of high-frequency basis functions,
and sometimes the conservation laws are also lost when domain truncation is needed.
In particular, for the Boltzmann equation, the Fourier spectral method has a much
lower computational complexity for the quadratic collision operator compared with
other methods. However, the Fourier spectral method does not preserve momentum
and energy conservation, so that the equilibrium turns out to be a constant instead
of the Maxwellian [11]. The momentum and energy conservation can be fixed by a
post-processing after each time step [12, 24], but the positivity is still absent, which
may affect the quality of the solution in long-time simulations. The positivity of the
solution can be recovered by applying filters [5, 26], but a positivity-preserving filter
will reduce the convergence rate to second order, and it is unclear how to combine the
filtering and the conservation fix: applying one after another will ruin the property
achieved by the former.

In this work, we focus on the Fourier spectral method and propose a numerical
strategy that preserves both the moments and the positivity on collocation points.
The approach is based on an optimization problem with both equality and inequality
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constraints, and it will be shown that our approximation retains the spectral accuracy
under mild conditions. Our method can be considered as an extension of a previous
work in [24], where only the equality constraints are considered to preserve moments.
We will then introduce an efficient numerical algorithm for the optimization problem,
and integrate the method into the solver of the Boltzmann equation. Since the nega-
tive part of the distribution function can be controlled in the original Fourier spectral
method [2, 11, 16], the spectral accuracy is also observed in the positivity-preserving
Boltzmann solver. With positivity guaranteed, we can further combine the solver
with an entropic scheme introduced in [6], so as to achieve good quality in long-time
simulations.

The paper is organized as follows. Our main results are in section 2, our detailed
proof is in sections 3 to 5, a practical algorithm is given in section 6, numerical results
are in section 7, and the conclusions follow in section 8.

2. Main results.

2.1. Positive and moment-preserving projection. The major task of this
paper is to find a positive and moment-preserving spectral approximation of a positive
periodic function f € L2([—m, @), f > 0 in the discrete function space

(2.1) SN = span{e®*® | k € N} NR,

where

N ={=N,---,N}.

Since requiring the function to be pointwisely positive may harm the spectral accuracy,
here we consider the approximation in a subset of SV containing only functions that
are positive on all the collocation points z = 27k/(2N + 1), k € N'¢. For simplicity,
we define this subset as Sf :

(2.2) SN = {fx €SV | fnlzy) >0, Vay, = 27k/(2N + 1), k € N}
Meanwhile, using (p(x)) to denote the integral of ¢(z) on [—,7]¢, we want the
moments p(f) := (m(z)f(x)) to be preserved during the approximation, where m(z)
refers to a vector of M linearly independent polynomials. In addition, one component
of m(z) is required to be a constant, which implies the conservation of mass. For
the Boltzmann equation, we may consider choosing m(z) = (1,z,2%)T to preserve
mass, momentum and energy. Under these constraints, a natural idea to find the
approximation is to solve the following convex optimization problem:

(2:3) Y f = argmin|lg - fI3, st p(g) = p(f).

N
gESJr

This approach is similar to the method in [24], where the authors only considered the
preservation of moments, so that f is approximated by

(2.4) IV f = argminlg — f[3, st p(g) = p(f).
gesN

Compared to the solution of (2.4), our new L? projection (2.3) requires only an
additional constraint on the positivity.

Here we state our main result as Theorem 2.2; the proof is deferred to sections 3
to 5. Throughout this paper, we will use the notation “A < B” to denote the inequal-
ity “A < CB” for a constant C' that can depend on the dimension d, the size of the
domain (27)%, the polynomials m.
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DEFINITION 2.1. We recall the interpolation operator IV from C((—m,m)%) to S
and projection operator PN from L2((—m,7)%) to SN, which are

(2.5) IV g)(xx) = g(x), Yk € N'Y; PNg = Z Geettr
keNd

where gi is the Fourier coefficients

1 .
2.6 gk = —/ g(x)e *dz.
( ) (27T)d [=m,m]d ( )

THEOREM 2.2. For non-negative f € L2([-m,7]%) N C((=m,m)?), under condi-
tions
(H1) the component functions of m(x), denoted as mj(x) for 1 < j < M, are
linearly independent;

(H2) g > 0 such that p(g) = p(f);
d
(H3) 3g € SN such that g(zy) >0 for ke N4 and % Srend 9(@r) PV m(ay) =

p(f);
there exists a No > 0, such that for N > No, II¥ f in (2.3) is well defined, and

(2.7) 1 =T fll2 S (1 =T Fll2 + [1f = 2V f]l2) -

Based on the spectral convergence of interpolation error and the spectral conver-
gence of || f — IV f||2 in [24], we directly obtain a corollary of the above theorem.

COROLLARY 2.3. Under the conditions (H1)-(H3), if f > 0 and f € H}([-, !
where r > d/2 is an integer, it holds that for sufficiently large N,

(23) 17 =T 7l S 55 iy

3. On the optimization problem. Before proving the error estimate, we will
first study the well-posedness of the optimization problem (2.3) and reformulate it
into a different form. The major obstacle in the analysis is that the exact solution of
(2.3) cannot be written due to the inequality constraints. The purpose of this section
is to provide a convenient form of the solution that will be used in the error analysis.

3.1. Existence and uniqueness. We will now prove that (2.3) admits a unique
solution so that the operator HN is well defined.

To show the existence of (2 3), it is more convenient to rewrite it as a finite-
dimensional quadratic programming with linear constraints. Making use of Parseval’s
theorem, the optimization problem in (2.3) can be rewritten as

(3.1) mln Z gk — frl?, s.t. Cg >0 and (27)? Z migr = p(f),
keNd keNd

where gy, , fi and 1y, are, respectively, the Fourier coefficients of function g(x), f(x)
and m(z) defined as in (2.6); the matrix C € CEN+D'X@N+D" denotes the inverse
discrete Fourier transform such that the components of Cg are g(x3,) for k € N4, and
“> 07 means each component is non-negative.

The problem (3.1) is a finite-dimensional quadratic programming with linear con-
straints and a strictly convex objective function. Therefore, the existence and unique-
ness of the solution is guaranteed provided that the feasible set

{g €SN | glz) > 0¥k e N, 2m)" > 1ugr = p(f)}
keNd
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is not empty. Nevertheless, we introduce a stronger condition (H3) to fulfill our later
proof, and this condition could be viewed as a sufficient condition for (3.1) having a
unique solution. Moreover, we can mimic the above proof to get the existence and
uniqueness of (2.4) under the same condition (H3).

3.2. Reformulation of the optimization problem. Compared with the op-
erator IIV f defined in (2.4), the explicit form of II¥ f cannot be written due to the
inequality constraints. As a result, the analysis of Hf f is significantly harder. In this
section, we will focus on the representation of Hf f& with f$ € SV by assuming the
knowledge of the active constraints of the optimization problem.

We decompose SY in (2.1) into the direct sum of two subspaces:

(3.2) SN =M e M+,

where

(3-3) M= {fv €S" | p(fn) = 0}.

Thus, for any f§ € SV, it holds that

(3.4) T (fR) = fxl13 = min [B]13, st h(ex) + fR(ex) 2 0, ke N7

Consider a real orthonormal basis of M such that M = span{«;(z)}, then the opti-
mization problem in (3.4) is equivalent to

. 1 2 c d
. — .t. > .
(3.5) min Ez 51l 8.8 Ez hihi(zy) + (k) >0, k€ N

Similar to the idea of the active set method (e.g., see [23, Chapter 16]), these inequality
constraints can be decomposed into active and inactive constraints. Precisely speak-
ing, given the vector h* = (h}) that optimizes the objective function in (3.5), we can
separate the index set for the constraints N into two disjoint subsets N4 = AU R,
such that

S hii(ar) + fi(ar) =0, Ve € A, Y hiwn(a) + fi(z) > 0, Vk € R.
1 1

This indicates that A is the set of active constraints, and therefore (3.5) is equivalent
to

in 3 %|hl|2, st S hn(an) + f (o) =0, k€ A,

(3.6) ! !

> (k) + fR (@) > 0, ke R.
l

For simplification, we define f 4 and fx as vectors of f5 (xy) for k € A and k € R,
respectively, and thus the constraints in (3.6) can be represented as

(3.7) Cuh+f =0, Crh+fg >0,

where the components of C4 and Cr are the values of basis functions ¢;(zy). As-
suming that the active set A is given, we can write the Karush-Kuhn—Tucker (KKT)
conditions as

(3.8) h—CIA=0, Cuh=—f,, Crh+fp>0 A>0,



A POSITIVE AND MOMENT-PRESERVING SPECTRAL METHOD )

where A € Rl is the Lagrange multiplier. Furthermore, we can assume that C'4 in
(3.8) is of full row rank, since if C'4 has linearly dependent rows, we can simply remove
some constraints such that all the remaining constraints are independent. Under this
assumption, the first two equations in (3.8) can already determine the vectors h and
A uniquely. The solutions are

(3.9) h=-CL(CACT) ' fa, A=—(CACH) ' fa

The well-posedness of (3.5) or (3.6) guarantees that the solutions (3.9) automatically
satisfy the last two conditions in (3.8).

The solution of h in the form of (3.9) will be used in the proofs in the next
sections. However, it should be remarked here that this form cannot be used in the
algorithms since the active set A is generally unknown. A practical algorithm to solve
(2.3) will be given later in section 6.

4. Proof of Theorem 2.2. We will prove (2.7) by several inequalities sequen-
tially. The main idea is summarized as follows.
e The optimality of Hf f shows that

(4.1) If =1 Fllz < [If =1 @Y F)ll2 < (| =1 fllo+ ]IV f — T (ITY £) 2,

since TV f € SN and p(ITIV f) = p(f).
e By choosing f$ = IV f in (3.4), its solution h (3.9) satisfies

(4.2) T AV ) = TN fll2 = (a2 < [ICHII201(CACT) " I2llF all2-

e Further proof requires independent estimations of the three terms on the
right-hand side of (4.2). The results are

(4.3) 1F all2 S @N + DY CAlZI(CACH) M MZY (f57) 12,
(4.4) ICallz S (2N + )42,
(4.5) (CACT) M2 S 2N +1)77,

where f5;, = max(—fg,0) and f§ again refers to IIV f.
e Finally, the term [|ZV (f§7) [|2 on the right-hand side of (4.3) can be esti-
mated by

(4.6) IZY (F57) N2 S If = FRllz + 1Lf = Z £l

It is clear that concatenating all the inequalities above will lead to the conclusion of
Theorem 2.2. In this section, we will show the proofs of (4.3), (4.4), and (4.6) in
subsection 4.2, subsection 4.1 and subsection 4.3, respectively. The proof of (4.5) is
more involved, and we will defer it to section 5.

4.1. Proof of (4.3). To distinguish the negative and the positive components
of f 4, we decompose it as

(4.7) fa=Fh—-Ta

where fj = max(f 4,0) and f, = max(—f4,0). By definition, the negative part
can be estimated by

d
@8) [1£23="" (min(f§ (x),0)> < Y (fi (@)’ = M||IN<ff(>||§,

d
ke A keNd (2 )
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where the last equality comes from Parseval’s theorem and Z%V is the interpolation
operator (2.5). Therefore, to prove (4.3), we just need to use || £ ]| to control || £4]l,
which will be done in the rest part of this subsection.

Since C'4 has full row rank, its pseudoinverse Cl = chL(c ACL)_l. To make use
of the optimality of h in (3.6), we consider the following perturbation of h:

(4.9) h. =h+ChLfY,

where ¢ is chosen as a positive real number. Recalling the definition of Cy in (4.15),
direct computation shows

Cphe + f = Cph+ f +eCyClifi=Cuh+ f +< (g;‘) CT(CACT) 4

_ (cAh+fA) N ( i )
= g t e+ |-
CRh + fR CRC_Af.A
Since Cah+f 4 = 0 and Crh+ fr > 0 (see (3.7)), it can be seen that all components

of the vector in the right-hand side of (4.10) are non-negative for sufficiently small .
Therefore, h. stays in the feasible set, and the optimality of h suggests

(4.10)

d /1 )
. — | = >
(@1) = (3Im)| =0
which is
(4.12) 0<hTCl i = RTCT(CACT) L fli = —FL(CACT) 111

Then we plug (4.7) into the above equation to get
(F)T(CACT) T f i = (FL)T(CACH) ™ F4 > 0,
which yields [|CT, £ 1112 < ICT £ 52/ CTll2]l £ 2ll2- Therefore,

£z < NCAll2lChf hllz < NCAlNCh 1215 42
< NICAll2NICHI20(CACT) Il £ 42

Combining (4.8) and the above equation yields (4.3).

(4.13)

4.2. Proof of (4.4). To show the inequality (4.4), we recall that the entries of
C4 are ¢(zx) with & € A and | being the index of the basis functions of M. The
following lemma is a basic property of Fourier spectral methods:

LEMMA 4.1. For any two basis functions ¢; and iy,

d
(414) S (o) = 2ot D

——d.
keNd (27T)d 8

This conclusion can be drawn by the fact that {¢;(x)} is an orthonormal basis of

a subspace of SV. We can now show the estimate (4.4) as follows:
Proof of (4.4). Let

(4.15) Cyp = (g;‘) :
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d
Lemma 4.1 indicates that C;Cw = (2(1\2[:)? I, where I denotes the identity matrix.

Then for any vector y, it holds that
(4.16)  [Cypyll3 = yTC]Cpy = yTCLCay + yTCECry > yTCCuy = [[Cayll3.
Therefore,

(2N + 1)d

(4.17) IChll2 = [|Callz < |Cyll2 = Tl

4.3. Proof of (4.6). Below we will prove a more general result in Lemma 4.2,
where setting g = f§ gives the inequality (4.6).

LEMMA 4.2. For a given non-negative continuous function f > 0, it holds that
for any continuous function g,

IZ¥(g M2 < 2(I1f =ZV fllz + I1f = TV gll2)

Proof. Making use of the discrete Fourier transform and Parseval’s theorem, it is
not difficult to see that for any two functions ¢ and w in S¥,

(4.18) (gw) = (2m)¢ Z Gl = (@i Z glxp)w(zy).

d
keNd 2N +1) keNd
Using f > 0 and (4.18), it holds that | Z% (g7 — f)||l2 < |[Z% (g — f)||2- Therefore,

IZY (g 2= 1TV (g~ —g" + f = f+9D)l2
<|ZV(f = Dll2 + 1TV (g7 = f)ll=
<21ZV(f = 9ll2 <2 (IZVF = fllz2+ IILf =TV gll2) - 0

5. Proof of (4.5). Suppose a real orthonormal basis of M+ is {¢;(z)}. We
can follow the definitions of C4 and Cxr to define matrices B4 and Bg, where the
elements of B4 and B are ¢;(xx) with k € A and k € R = N9\ A, respectively, and
k denotes the row index and j denotes the column index. Thus, by Lemma 4.1, one
can conclude from the orthogonality of the basis functions {¢;(x)} and {¢;(x)} that
the square matrix

(2m)? <CA BA)
(2N +1)¢ \Cr Br

is an orthogonal matrix. Therefore,

(2N + 1)¢

a4

(5.1) CACY + BaBT, =

In this section, we are going to show that there exists a constant C'p independent of
N such that

(5.2) B.ABL <Cp<l1

v




8 Z. CAI, B. LIN AND M. LIN

for sufficiently large N. Then by (5.1), we have

—1
(mv+1) . (2m)4
—||(C CT <\ I4—- ——=—~2—B4BT,
< 1 1
T1- _(emd _B4BT, 1—CB’
@2N+1)IPAPA

which proves (4.5).
For simplicity, we define

O, — (2ky — D) (2k1 + )7 . x (2kg — D) (2kq+ )7
FT1T2N 1 ) 2N+ ON+1 ' 2N +1

], ke N9

In fact, O denotes a d-dimensional hypercube whose center is x; and the length of
edges are %, and it satisfies Uy e = [—7, 7]¢. We can then describe the main
idea of our proof of (5.2) in the following steps:

e For any vector v, we can construct a polynomial P(z) such that

(2m) / vy
5.3 BB Y2dz| < C .
[ SV i R

€A

Therefore, by triangle inequality, it holds that

(2m) = _WTBTBav <Cl—+Z/

(2N 4+1)d" A
ke A
e The sum of the integrals can be bounded by the integral on [—7, 7|¢ as
(5.4) 3 / 12dz < F (—2L Y 1p@)2
O, (2N +1)d ’

ke A

where F(x) > 0 is a strictly increasing function on [0, 1] with F(1)
e Then it remains to estimate two terms in the right-hand side of (5. )

Al
C T
59 IP@IE< 1+ 2o,

Combining all the inequalities above leads to

(2m)¢
(2N + 1)d

2
vTBY Byv| < <f(02) + Gt 2;:N(Cg)03 + ]:(CJ?C%) v,

which proves (5.2) with constant Cp = N sufficiently large. In this
section, we will show the proofs of (5.3)—(5.5) in subsections 5.2 to 5.4, respectively.
(5.6) is a corollary in the proof of (5.3), which is shown in subsection 5.2.

7}-(022)“ for
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5.1. On the Fourier series of polynomials. As the Fourier spectral method
is adopted and the introduced m(x) is a vector of polynomials, the remaining proof
in this section depends highly on the properties of PNm(z). These properties are
stated in Lemma 5.1, where its proof is deferred in Appendix A.

LEMMA 5.1. For a polynomial of degree K

pa)= 3 par®,  a% =gt o
la| <K
where a = (1, ..., ag)T € N? is a multi-index and |a| := E?Zl o, it holds that
(5.7) PPl < C(K,d,p)VN,  [P¥p—pll> < C(K,d,p)N'/2,
where
2drK AN ? (72 -t
C(K, d,p) = \/M <T) <§ n 1) S el
la| <K

Since the space of polynomials of degree lower than or equal to K is finite dimen-
sional, we can use the equality of norms in finite dimensional spaces to obtain the
following corollary:

COROLLARY 5.2. For any polynomial of degree less than or equal to K, there exist
a constant C depending only on K and d such that

[P¥plgs < ClipllaVN,  [PVp —pll2 < Clipll2N 712,
We can now show the linear independence of {PVm;(z),j =1, ..., M} under the
condition (H1).

LEMMA 5.3. For a vector of polynomials m(x) satisfying (H1), there exists No >
0 such that for N > Ny, it holds that |la| < |la?PVm(z)|2 for any real vector
a € RM,

Proof. For any vector a = (a1, ...,apn)T, we apply Lemma 5.1 and triangle in-
equality to get

M M M
||aT'PNm(iZT)||2 > Zajmj(g;) — Z ajmj(a:) — Z ajPij(x)
j=1 Jj=1 J=1

2 2

v

M M

2
S aymi@)|| = llallzy| > Ims(x) — PNmy()|;
j=1 5 j=1

M
> Y aymi@)| —oillal2N7V2,
i=1 )

where the constant o1 depends on the dimension d and the polynomials m(z). On the
other hand, the linear independence of m;(z) (from (H1)) implies that there exists a

constant oy such that szj\il a;m;(z)

[ V)

> o03]|al|2, where the constant oy is positive

and depends only on the polynomials m(x). Therefore,

(5.8) la™PVm(@)ll2 = (o2 = 1N /2) al .
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We can pick a sufficiently large Ny such that the constant in front of ||al|2 is larger
than o2/2 when N > N, which proves the conclusion of the lemma. a

Lemma 5.3 shows that a” PV m(z) = 0 implies @ = 0, which is summarized in
the following corollary.

COROLLARY 5.4. For a vector of polynomials m(x), under the condition (H1),
there exists No > 0 such that for N > No, {P¥m;(z)} are linearly independent.

5.2. Proofs of (5.3) and (5.6). We recall that the entries of B are ¢;(z)
with ¥ € A and j being the index of the basis functions of M. On the other
hand, from the definition of M in (3.3), M+ = span{P"m;(z) | j = 1,--- ,M}.
Corollary 5.4 shows that PN¥m;(z) are linearly independent for sufficiently large N,
meaning that that {PV¥m;(z)} is also a basis of M*. Thus, there exists a matrix
A € RM*M guch that for any v = (v1,--- ,vp)T € RM]

M
(5.9) Z v;pi(x) = vTAPNm(z) = PV (vTAm)(z).

Lemma 5.3 and the orthogonality of {¢,} show that

(5.10) ol = [T APN m(a)]l2 2 [|AToa,

which indicates that ||AT||2 is bounded uniformly in N. Below we will choose
(5.11) P(z) = vTAm(x)

and prove the inequality (5.3). Since

2
M

'UTBLB_A'U g Z Zvj¢j(Ik) - Z ('PNP(ij))2,

ke A \ j=1 keA

we can rewrite the left-hand side of (5.3) as

Z/ (PN P(xx)) d;v—Z/

ke A ke A

(5.12)

Based on the above reformulation, (5.3) can be proved by triangle inequality if

vTo
(5.13) Z/ (PN P(ax) dx—Z/ (PN P(z))?dz| < —,
keA Bk ke A \/N
vTv
(5.14) Z/ (PNP(x d;v—Z/ < —.
ke A ke A \/N

These two inequalities will be shown in this subsection.
(5.13) can be regarded as an interpolation on a portion of collocation points for
function (PYN P(z))? € S*V. To estimate it, the following lemma is introduced.

LEMMA 5.5 (Interpolation of trigonometric polynomials). For any ¥ € S?V, it
holds that

>

keNd

/D (\P(Ik) —\I/(:E)) dz ,SN_1|\I/|W1,1([,.“.7,T]¢1).
k
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Proof. On the one hand, the local quadrature error for smooth function ¥ satisfies
(e.g., see [29, Chapter 3])

max(3,d+1)

> NI oy-
=2

(5.15)

/ (W(ay) — U(x)) da| <
Ok

On the other hand, by the inverse inequality or Bernstein’s inequality (e.g., see [22,
Chapter 1.4]), it holds that for any 1 < j <d+1,

1 Wit ((mrmjty S N7t (o ]y

As a result, we take a sum of £ € A’ in (5.15) and apply the above inverse inequality

to obtain
2

/ (W) — W() da
keNd U

max(3,d+1)

SO NIy SN THE i (e
=2 H

We are now ready to prove the inequalities (5.13) and (5.14). During the proof,
the inequality (5.6) will be used as an intermediate result. Below we will present three
proofs for these three inequalities.

Proof of (5.13). Lemma 5.5 shows

Z/ (PN P(ar)) dx—Z/ (PNP(z

ke A ke A
(5.16) < Z / ((PNP(xk))2 _ ('PNP(.”L'))2) dz
ke 170k
SNTHPYP(@)? lwra (mmmj)s

By the chain rule,
(5.17)

(PYP@P s onm =2 [ [VPYP@)h PN P()jds

[_77>7r]d

< 2Vd||PVP(x)[|2|PY P ()| = 2Vd| w2l PV P(2) a1,

where the last equality utilizes the equality in (5.10). Then according to (5.9)—(5.11)
and Lemma 5.1,

M
(5.18) [PYP(@)|m < [[ATv]l2y | Y 1PYmy(@) 3 S ol
j=1
Plugging (5.17) and (5.18) into (5.16) proves (5.13). O

Proof of (5.6). By Corollary 5.2 and (5.9)—(5.11), we get the following estimate
of the projection error for sufficiently large N:

(5.19)  [PNP =Pl S NTV||P|s < N7V2|ATo|l5[mTm |y S N7V2 o2,
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Assume that the constant in this equality is Cs, i.e., |[PNP — Pl < C3N~Y2?||v||2.
Then by triangle inequality,

Cs
5.20 Plly < |PVP||s+ |PNP - P §(1+—> vl[s.
(5.20) IPll2 < || ll2 + |l ll2 N ]2

Taking the square on both sides of (5.20) yields (5.6). d
Proof of (5.14). The left-hand side of (5.14) satisfies

(5.21)
<| (P¥P+ P) (PP -P) |

<|[PYP + Pla||PV P — Pll2 < 2|| P3| PN P — P||2,

where [PV P|y < ||P||2 is used in the last inequality. We can now apply (5.19) and
(5.20) to obtain

C
<N—1/2(1+—3> v||2 < N2 w2
< Y o3 £ N0l

> /D (PN P(2))? - (P(2))?) da

keA

5.3. Proof of (5.4). The proof of (5.4) requires a theorem introduced in [4].
Here we rewrite it as a lemma:

LEMMA 5.6 (Remark 3 in [4]). Let P(z) be an arbitrary polynomial of degree K
and V be a d-dimensional convex set of positive measure. Then for any subset Q C V
of positive measure,

(5.22) (ﬁ/v|P(;v)|2dx)l/2 <o, K)<||8||> (Kl)' Pz )|2dx>1/2,

where constant C(d, K) > 1 depends on d and K.

Based on the notations in Lemma 5.6, we plug V' = [, 74, Q = UpeaOk,
0 =V\Q and P(z) from (5.11) with degree K into Lemma 5.6,

/V|P(l’)|2dx§(0(d,K))2 <%>2K1/S2|P(x)|2dx.

Since Q = V\(, the above inequality can be written as

) ) 9\ )
(5.23) Q|P(3:)| dz < <1—(O(d,K)) < |V|> /V|P(3:)| dz.

It is easy to see that ‘I_Q\| = AL Therefore, (5.23) shows that (5.4) holds with

@N+D)
function F(x)

Fx)=1—(C(d,K))2(1— ),
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5.4. Proof of (5.5). We will estimate the size of active set to show ﬁ <
Cs < 1, which is based on the construction of a series of positive and moment-
preserving functions. This series of functions will converge to a L? function. The

construction and related proof are mainly from [19, 20].

LEMMA 5.7. Consider two optimization problems

27T
(5.24) JN(aN)_ﬁrénn {JNn(B) = (2J(V+1dkzj\/dexp,3 PNm(z)) — B p(f)},
(5.25) J(a) = min {J(B) = (exp(B8-m(x))) — B-p(f)}.

ﬁeRA{

Under (H1)-(H3) and for sufficiently large N, both Jy and J have unique solutions
ay and o, respectively. Moreover, Jy is locally uniformly convergent to J on RM,
and oy converges to o.

The proof of this lemma is almost identical to the proof of Theorem 3.1 in [19]
(see also the proof of Theorem 1 in [20]). We omit the details here.

LEMMA 5.8 (Proof of (5.5)). For the active set A = A(N) defined in (3.6),
under the conditions of Lemma 5.7, there exist constants 0 < Cy < 1 and Ny > 0
such that for all N > No, (5.5) is satisfied.

Proof. We will prove this lemma by contradiction. If the lemma is not true, for
any € > 0 and Ny, there exists N > N such that

(2N + 1)¢ '
Recalling R is the complement set of A such that R = N'%\ A, it holds that

IR
2N +1)d =

By definition, for all k € A, we have II¥ (f5)(zx) = 0. Therefore, according to the
Cauchy—Schwarz inequality and (4.18), it holds that

A (50 = =0 S Y () = =20 S I () ()

CN+1)? (2N+1d’“ER
(2m)4|R) (27r Z HN (f$) ))2 1/2
2N +1)* \ (2N +1)4 2 v

)R
I (75 < lem el )l

On the other hand, the left-hand side (IIY (f§)) = (f) > 0. Therefore,

()
(2m)de

In particular, we take ¢ = 1/Ny and let Ny go to infinity to construct a subsequence of
[ITIY (£5)|2 that goes to infinity. Together with the uniform boundedness of || £ — f||2

(5.26) I (5|2 >
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[24], it holds that the subsequence of |[II¥ (f§) — f5|l2 also goes to infinity, which
means there exists a subsequence of the optimal objective functions in (3.4) that
tends to infinity.

Now we start to show that there is a feasible solution of (3.4) for each sufficiently
large N, and the L? norms of these feasible solutions are uniformly bounded. This
means the optimal value of (3.4) is uniformly bounded.

According to Lemma 5.7, the optimization problem (5.24) has a unique solution
ay for any sufficiently large N. The first-order optimality condition of (5.24) shows

(2W)d N N
=3 explay - PYm(a))PVmar) = p(f).

Then, the function
En(z) = TN (exp(ay - PVm(z))) € S

satisfies Ex(zx) > 0 for all k € N4 and p(Ex) = p(f). Thus, using triangle inequality
and the optimality of I (f§), we have

IEnllz 2 €N = fRll2 = /& ll2 2 IR (FR) = fRll2 = /& 2,

which implies that ||En |2 also diverges to infinity in the subsequence.

However, by Lemma 5.7, any converges to o, which is the unique solution of
(5.25). Making use of (4.18) and the (local) uniform convergence of Jy to J in
Lemma 5.7, this sequence satisfies

)
W(VQ +) Ty 2 exp(2ew - PVm(zi)) = (exp(2a - m(a))),
keNd

2

[En(2)llz =
which is bounded. This contradicts our previous conclusion that the subsequence of
IEn]l2 tends to infinity. By the method of contradiction, the constant Cy < 1 must
exist. ad

6. An efficient solver of the optimization problem. In this section, we aim
at designing an efficient numerical scheme to solve (2.3).

To brief the idea more clearly, we can further apply (4.18) to (3.1) and obtain an
equivalent form of the minimization problem in (2.3) as

H;inz gr — (P f)(xk)) st. gr >0 and —F— 2N+1 =Y PNm(a)gr = p(f).

keNd keNd

The above optimization problem can be represented as a matrix-vector form as
. 2N+1)¢
(6.1) minlg — fyl3 st g e REV and Mg = p().

where f is the vector of (PYN f)(zy) for k € N'?; the entries of the matrix M €

RMx@N+D)? g %P m;(zx), and j denotes the row index and k denotes the
column index. By (H3), we have p(f) € Ran(M), where Ran(M) is the range space
of M. According to subsection 3.1, (6.1) admits a unique minimizer, denoted as g*.

Furthermore, Corollary 5.4 and (4.18) implies Ran(M) = RM for sufficiently large N.
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The problem (6.1) is a convex quadratic programming problem, which computes

the projection of f, onto a polyhedral set {g € RfNH)d : Mg = p(f)}. By
introducing a Lagrange multiplier A € Ran(M), the Lagrange function associated
with the problem (6.1) is given as

(6.2) L(g;A) = [lg— Fnll3+04(9)— AT (Mg — p(f)), (g,A) € REN+D" x Ran(M),

d
where ;4 (+) is the indicator function of the non-negative orthant RfNH) . Based on

(6.2), the dual problem of (6.1) takes the form as

(6.3) max { min L(g;)\)}.

A€Ran(M) | gerE@N+1)4

By rewriting the Lagrange function L(g;A) as

2 2

1
LN = g~ (£x -+ 3M7A) I,
2

5, (g) + ATp(f) - HfN M

2

we can find that g = II; (fN + %MT)\) minimizes L(g; ) for any fixed A, where

d
I1, (+) is the projection operator onto RfNH) defined as: for any w € R@N+D",

(H+ ('w)) - max(0, wg), Vk.

Then the dual problem (6.3) can be written equivalently as

1
— _ ZMT
(6.4) AerRlﬁj(i/vl) {‘I)()\) = HH+ (fN + 2,/\/l )\)

2
+ATp(f) + ||fN|§}-
2

Note that the subspace constraint A € Ran(M) is imposed to ensure the boundedness
of the solution set of the dual problem (6.4).

We are going to focus on solving the dual problem (6.4), which is an unconstrained
maximization problem on Ran(M) with a concave objective function. As long as we
obtain a maximizer A* of (6.4), we can compute the unique optimal solution to (6.1)
as g* =I; (fy + 3 MTA*).

According to [21], we can see that ®(+) is continuously differentiable with respect
to A on Ran(M) with

Vo(A) = —MIL; <fN + %MTA) + p(f), for any A € Ran(M).

Then the dual problem (6.4) can be solved by the nonsmooth equation
(6.5) V®(A) =0, A€ Ran(M).

Noting the fact that V®(-) is nondifferentiable, we cannot apply the commonly-used
derivative-based methods directly. Fortunately, since I () is strongly semismooth
[33], we can develop a semismooth Newton method to solve the nonsmooth equation
(6.5) and expect a quadratic convergence rate.

We present our proposed method for solving (6.1) in Algorithm 6.1, together
with its convergence results in Theorem 6.1. The detailed proof can be found in
Appendix B.
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Algorithm 6.1 A semismooth Newton based algorithm for solving (6.1)

1: Initialization. Given 7,72 € (0,1) to ensure the non-negative definiteness of
Hessian matrices and p € (0,1/2), § € (0,1) to set line search step sizes. Let the
initial point A° be the zero vector in RM. Set j = 0.

2: repeat

Step 1 (Newton Direction) Let the vector u/ € RN+’ be defined as:

3:
for each k, (w/), = 1 if (fx + 2MTA), > 0 and (w), = 0 otherwise. Set
gj = 7 min{7y, |[VO(N)|} and solve d’ € Ran(M) from the linear system
1 , .
(—§MDiag(u‘7)MT - Ejfju) d= —V‘I)()\J)
4:  Step 2 (Line Search) Let n; be the smallest non-negative integer n for which
BN +6"d’) > (N + pd™(VO(N), d7).
5. Step 3. Set X' =N +§%dl, and j « j+ 1.
6: until ||[V®(A?)|| is smaller than the given tolerance.

7: return An approximate solution g := I (fN + %MT)\j) to (6.1).

THEOREM 6.1. Let {)\j} be the infinite sequence generated by Algorithm 6.1.
Then {N'} C Ran(M) is a bounded sequence and any accumulation point is an opti-
mal solution to the problem (6.4).

Furthermore, let K := {k € N4 : (g*);, > 0} and assume

(6.6) span({ M. ;. }rex) = Ran(M),

where M. i is the kth column of the matriz M, then the sequence {)\j} converges to
an optimal solution X" to (6.4) and

1A= X7 < O(IN = X7|J?).

7. Numerical results. In this section, we will present numerical results to
demonstrate the performance of our positive and moment-preserving Fourier spec-
tral method. We will take the number of dimensions d = 3 in all the numerical
examples and denote the spatial variable as (x,y,2)T € R3.

7.1. Convergence test. In this example, we choose different functions f and
check the error of Hf f. Since Hf f € SV, we can apply Parseval’s theorem and obtain

If =T fI3 = ILf = PYFIE + (1PN f — I £15.

All the three errors in the above equality will be presented for a detailed comparison.
Ezample 1: H)" functions. In the first example, we consider periodic functions
defined on [—m, «]® with the following expression:

(7.1) fa,y,2) = [(1 = cos(x)) (1 — cos(y)) (1 — cos(2))]".

Three choices of ¢ will be studied:
e ¢ =4/5, for which f € HZ([-m,x]*) but f & H3([-m,7]%).
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TABLE 1
Errors of projections for f = [(1 — cos(z)) (1 — cos(y)) (1 — cos(2))]9.

N 2 4 8 16 32
q=4/5
[PYf—TIY flla 294x1072 228x10° 1.31x107% 6.35x107° 2.83x 107"
IPNf—TIVflla 285x1072 226x 1073 1.31x107% 6.35x1076 283 x 1077
lf=PNflla  527x1071 1.54x 1071 4.04 x 1072 1.00 x 1072 242 x 1073
[F—TNfll. 528x10° 7 154x10° T 4.04x10°2 1.00x10°2 242x1073
order 1.78 1.93 2.01 2.05
q=13/10
[PYf—TIY flla 9.08x 1071 123x10"1 1.61x1072 2.00x 1073 2.42x10~*
[PNf—TINflla 4.06 x1072 1.74x 1072 5.34x107° 1.33x 1075 3.02x 1078
If=PNflla  7.69x107t 1.18 x 1071 1.61 x 1072 2.05 x 1072 2.51 x 10~*
1f =T fll2 1.19x 10° 1.70x 107" 228 x 1072 286 x 1073 3.49x 10~*
order 2.81 2.90 2.99 3.03
q=19/5
[PYf—TIY flla  1.02x10° 6.61x1072 4.40x10~% 2.80x10~* 1.71x107°
IPVNf—-TIVflla 541 x1072 1.13x107% 1.78 x107° 228 x 1077 2.59 x 107"
If —PNfll2 1.06 x 10°  7.67x 1072 5.33x 1073 346 x 107* 214 x 1075
1f =17 f12 1.47x 10°  1.01x 1071 6.91x 1073 445 x 10=% 2.74 x 1075
order 3.86 3.87 3.96 4.02

e ¢ =13/10, for which f € H3([—m,n]*) but f & H,([—n,7]®).
e ¢ =9/5, for which f € H}([—m,n]*) but f & H>([—m,7]?).

Table 1 shows that the error of our new projection || f — IIY f||2 is always at the
same magnitude as the error of the direct projection ||f — P¥ f|l2. Moreover, the
convergence order of || f — ITY f||2 differs with respect to the regularity of function f,
which agrees with Corollary 2.3.

Ezxample 2: smooth function. The second example is a smooth and periodic func-

tion

(7.2)

f(x7 y7 Z)

= (sin2 x + sin? y + sin? z) exp (—

1

1

sin? z

sin? y

1
. Y
sin? 2

for which the spectral accuracy of || f — II¥ f||2 can be observed in Table 2.

TABLE 2

Errors of the different projections for f in (7.2).

N 2 4 8 16 32
[PYf—TIY fllo 1.08x10°" 1.40x10"2 3.80x107° 214x10"* 6.03x10°°
[PVNf—TIVfll2 3.35x1073 422x107% 388x107° 1.02x1076 7.13x 107"
If =PNflla  6.24x1072 2.29x1072 4.15x 1073 4.04 x 107* 9.40 x 1076
—T¥fle 1.25x10°1 268 x1072 5.63x10°% 457x10"% 1.12x 107°
+
order 2.22 2.25 3.62 5.35

7.2. Application to the Boltzmann equation. The initial value problem of
the space homogeneous Boltzmann equation describes the evolution of non-negative
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distribution function f(¢,v) in three dimensions (d = 3) as

of
3 S = QU

f(t:()vv):fO(v)a UGRB,

where the bilinear collision or interaction operator

(74) QU.f(v) = / 3 / B~ vl cos0) (FWF) ~ F(0.) () dod(v — v.).

The parameters in (7.4) discribes the details of bilinear collision, where (v,v,) and

(v',v.) are pre-collisional velocity pair and post-collisional velocity pair, respectively;
o is the specular reflection direction and cosf = %; B(Jv — vi|,cos8) is the

collision kernel. For elastic collisions, the collision operator in (7.4) satisfies

(75) [, QU nowdo =0, o) = 101,020,

which implies the conservation of mass, momentum and energy for f in (7.3).

To discretize (7.3) by the Fourier spectral method (see [25] or the review paper
[9] and the references therein), we assume f(¢,z) has a compact support in a ball
Bo(R) and truncate the simulation domain into a larger bounded hypercube [—L, L]
where L > %R to avoid aliasing error. Furthermore, we can periodize both the
distribution function and the collision operator so that the right-hand side of the
Boltzmann equation becomes

(7.6)
Q™ (f. )(v) = / / B(jo — v, cos ) (F(}) (') — F(wa) f(v)) dod(v — v.).
Bo(2R) Js?

It should be noted that the operator Q¥ does not preserve all the collision in-
variants of the original operator. In particular, the conservations of momentum and
energy are lost. Considering the following expansion of the distribution function:

A o 1 ;T
R R O e
keZNg (2L)* J-p,1ps
the Fourier coefficients of QF(f, f) can be approximated by
(7.8) Q= Y (BUm)=Bmm) fifm.
(I+m) mod N=k

and the thus Fourier method for the truncated Boltzmann equation is

dfy,
7.9 — = Q-
(7.9) T Qk
The initial distribution function can be approximated by either interpolation or pro-

jection.
In our tests, we consider the Maxwell gas molecules by taking B(|v —v.|,cos0) =
£, which implies B(l,m) in (7.8) as

(£ +n)sin(§ —n) — (§ —n)sin(§ +n)

31, m) = 327 R?
B(l,m) = 32mlt 26n(&+n)(& —n) ’
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I+m|R I-m|R
where ¢ = 72' T o= 72' T
For a forward Euler method with uniform time step At, we denote the vector of
the coefficients fr at the nth time step as f". Then the temporal discretization of
(7.9) becomes

(7.10) Fr = AU M),

where @ is the vector of Qk In general, this method preserves only mass conservation,
and we will fix the momentum conservation, the energy conservation and the positivity
by applying our positive projection after each time step, so that the numerical scheme
becomes

U= AU ),

(7.11) N = argmin|lg — fATS st ple) = p(fR),
gesy
=1 fo.

For the purpose of comparison, we will also present the solution with moment con-
servation only, where Sf is the above scheme is replaced by SY. Also, the scheme
in (7.11) can be easily generalized to higher-order scheme by using Runge-Kutta
methods. In our implementation, we use the third-order strong stability-preserving
Runge-Kutta method [13] by applying projection to each stage.

In the following two examples, we take R = 3 and time step At = 0.01. The error
of moments is computed by the [ error of the five conserved moments.

Ezample 1: BKW solution. The first example is the Bobylev-Krook-Wu (BKW)
solution[3, 17], which is an exact solution of (7.3) as

1 v|? 58 -3 1-5
(712) f(t,’l)) = Wexp <_%> ( 28 + 252 |U|2) )
where S =1 — 2exp(—t/6)/5.

TABLE 3
Errors and properties of fn att = 0.1.

N 4 8 16
spectral method
IZV f — full2 6.39 x 10~2 3.03x 1073 2.10 x 1078
lp(f) — p(fn)ll2 1.70 x 1073 2.66 x 1073 1.06 x 10~°
mingeps (fa(or))  —2.55x 1074 —1.43 x 107*  —1.68 x 10710
moment projection
IZV f — fwll2 6.39 x 10~2 3.03x 1073 2.10 x 1078
lo(f) — p(fn)ll2 4.86x 10715 249 x 10~ 2.70 x 10714
mingeps (fa (o)) —2.55x 1074 —1.43 x 107 —1.68 x 10710
positive and moment-preserving
IZV f — fulle 6.62 x 10~ 2.99 x 1073 2.10 x 1078
lo(f) — p(fn)ll2 6.39x1071¢  4.01x 107  1.26 x 10~
minges (fy(ex)) 0 0 0

It can be seen in Table 3 that all three methods exhibit spectral convergence at ¢t =
0.1. Meanwhile, although both moment-preserving methods preserve the conservation
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107 1073 ~ ,x107
= spectral method = )
5= mol.n‘em preserving ) , @ 106 Z 0 e~
= positive and moment-preserving g P ~.
w4 / 3 3 ~
15} =1 == spectral method o \
= V4 = 10° . 2 -4 .
Z3 ) =-moment preserving 5 .,
o = = positive and moment-preserving > -6
2 é 10712 £ _g| =spectral method .
1 N’“ g ==moment preserving N
~ 10715 ‘g 101 - positive and moment-preserving™s,
g -12
30 0 10 20 30 0 10 20 30

time time time

(@) IZV f = fwll2- () lle(f) = p(fn)ll2- (¢) mingeprs(fnv(2k))-

F1G. 1. Ezample of the Boltzmann equation for BKW solution. Time evolution of the L? error
IZNf — fnll2, 12 error of moments ||p(f) — p(fn)ll2 and minimum value mingc nrs (fn (zk)) for
N = 16.

of all moments (up to machine accuracy), our new positive and moment-preserving
Fourier method is the only one that preserves positivity.

We are also interested in the long-time performance of all three methods in Ta-
ble 3. Therefore, we simulate the BKW problem to a longer time ¢t = 30 for N = 16,
and we plot the result in Figure 1. It can be observed that the positive and moment-
preserving method achieves better accuracy for a relatively longer simulation.

Ezxample 2: discontinuous initial value. This example adopts a discontinuous
initial value [5] as

2
Lexp( ﬂ), if v1 >0,

(27Ty)3/2 2Ty
A P
WCXP <_2—/_T2> s if v < 0,

where p1 = 6/5, p2 = 4/5, Ty = 2/3 and T> = 3/2. Numerical solutions for N = 16
on the line y = z = 0 at t = 0.5 are plotted in Figure 2.

-©-spectral method %1073
0.15 ~<-moment preserving 8
-% positive and mment—preserving 6
g 4
5 E2
2 2 5
-©-spectral method
-2 ~-moment preserving
4 ‘ -* positive and moment-preserving
-5 0 5
X X

Fic. 2. Exzample of the Boltzmann equation for discontinuous initial value. N = 16 and t = 0.5.

Due to the discontinuity occurring in the initial value, we observe the Gibbs
phenomenon for all three methods in Figure 2. Nevertheless, the solution of positive
and moment-preserving method is always non-negative, and the magnitude of its
oscillation is smaller than that of the other two methods.

8. Conclusions. This work focuses on maintaining the positivity and the con-
servation of moments when applying the Fourier spectral method. By introducing
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an optimization problem in the space of trigonometric polynomials, a new projection
is constructed such that all moments are conserved and the projected trigonometric
polynomial is non-negative on all collocation points. We analyze the accuracy of the
new projection, and prove the spectral accuracy is maintained. Moreover, an effi-
cient and practical Newton’s method is proposed to solve the associated optimization
problem, which is proved to enjoy quadratic convergence. The spectral accuracy of
the new Fourier spectral method is further validated by numerical examples including
applications to the Boltzmann equation.

Regarding the generality of this new projection, future works include the extension
to other equations where positivity is an important issue in numerical implementation,
e.g., the Fokker-Planck equation or the Cahn-Hilliard equation with a logarithmic
potential. The idea of constructing new projection may also be applied to other
spectral methods.

Appendix A. Proof of Lemma 5.1. With the help of triangle inequality, it
suffices to estimate the H' semi-norm and the projection error of monomials, which
are given in Corollaries A.2 and A.3, respectively. They are based on the computation

and estimate of monomials % = z{"x5? - - - 2 shown in the following lemma.

LEMMA A.1 (Fourier coefficients of monomials). For a given monomial z%, its
Fourier coefficients (x®)y, satisfy

d

—~ 1— b0,
(A1) @)k < Clal,d) [] <50,kj + ﬁ) . Vk= (k1. ka)T,
j=1 J
where 11231“ =0 when k; =0, and the constant C(|a|,d) = w.

Proof. A direct computation yields

d
o 1 —ik-x
(A.2) (%), = W/[ ]dxo‘e Fede = H F(kj, o),

Jj=1

where F'(m,n) for two integers m and n > 0 is the one-dimensional Fourier transform
of monomial

1 (" ,
(A.3) F(m,n) = —/ the "Mt

2 J_,
When m = 0, F(0,n) = LA™ When m # 0 and n = 0, F(m,0) = 0. When
m # 0 and n > 0, we can apply integration by parts and get

. m a1 n(n—1 .
(A4) Flm,n) = i(—1) S %F(m,n —2), nisodd,
’ (—1)’”% - %F(m,n —2), nis even,

where we specify F(m,—1) = 0 in the above equality. By the definition in (A.3), it
holds that when n > 1,

n—2

—-1

1 [ T
F —2)| < — t"2dt =
Flmn-2) < o [ tae=T

-7

Plugging the above inequality into (A.4) yields |F(m,n)| < 207" 7L for all m # 0.

[m]
On the other hand, it is obvious that |F(0,n)| = ‘%

< 7™. Combining the
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above different cases of |F(m,n)|, we get an estimate for all m and n that
n 1—460,m
(A.5) |F(m,n)| <2nz™ | 60,m + ﬁ .
m

By plugging the above estimate into (A.2), we obtain the desired (A.1) where the
constant C(|a|,d) comes from H;l:l 2a;m% = 24xlel H;l:l a; < Qd”‘;#. O

Based on this lemma, two corollaries will be shown, which are related to the H*
semi-norm and the projection error of monomials.

COROLLARY A.2 (H! semi-norm of monomials). The H' semi-norm of PNx®

satisfies

(A.6) PN g < C(lal,d)VN,

« 2 —
where C(lal,d) = \/2d (M) (% + 1)d ' is a constant.

Proof. By the definition of H' semi-norm and Lemma A.1,

d
[Pt = Y D kPl@ )il

keNd I=1

2d7r|0“|a| 9 — 00,k; 2
< ZZVM H So.k; + |k|
= 1k6/\fd
2

2drlal|q)d % & 2 ¢ & 1 —dok,
= qd Z Z (Ikild0,, +1 = So,k,) H Z do,k; + — ™
=
£

—

kl:—N ]: ij:—
J

:(Zdﬂ—%'d 2Zd:(2N 1 Z
dd

1=1 j=1 \ k;=1 Ik
J#l

2drled || 2 72 -t
< (T) d(2N) (§+1> . 0

COROLLARY A.3 (Projection error of monomials). For a monomial x®,

(A.7) PNz — 2%z < C(lal,d)N /2,

where constant C(|al,d) = \/2d (M) (%2 + l)d_l.

Proof. By Parseval’s theorem and Lemma A.1,

o0

d oo oo oo
IPYa® —a3<d> > - > > D e > @

=1 k1=—00 ki_1=—o00 |k;|>N kjf1=—00 kg=—00

2d7lal|q)d d . 1— bok, 2
< () S S I Y (e s )

=1 |k|>N j=1kj=—00
J#l

2drlel| o ? 1 (72 -1
()

n>N

+
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On the other hand, Y-, _ y = W = = ¢p(M(N + 1), where (™ (2) denotes the polygamma
function [1, Section 6.4]. It is shown in [28] that for z > 0,

(m—1)! m!

m + Zm-i—l :

(—1)mym () <

Therefore,
N N
N = NyM(N +1 <1
Z VWD S et e S
n>N
and (A.7) is proved. O

Appendix B. Proof of Theorem 6.1. We first note that the function V®(-) is
Lipschitz continuous on Ran(M), as I1 (+) is Lipschitz continuous with modulus 1 [30].
According to Rademacher’s theorem [31, Section 9.J], V®(:) is almost everywhere
Fréchet-differentiable in Ran(M). Let A € Ran(M) be any given point. Define the
following operator

) 1 1
PB(N) = —5 ML (fy + 5 MTAMT,

where OIL; (f v + 2 MTA) is the Clarke subdifferential [8] of the Lipschitz continuous
function 1T (-) at fy + 2 MTA, defined as the following set of diagonal matrices:

ug =1, wg > 0, 4
(B.1) I, (w) = { Diag(u)| ux €[0,1], wy =0, », forall we RENTD",
ur =0, wg < 0,

From [15], we have that
Od(N)d = *®(N)d, for all d € RM,

where 92®(\) denotes the Clarke subdifferential of V®(-) at A. Moreover, it can
be seen that the elements in 52@()\) are all symmetric and negative semidefinite.
Furthermore, V®(-) is strongly semismooth [33] with respect to 92®(A).

Based on the above discussions, we can design a semismooth Newton method to
solve the nonsmooth equation (6.5). The semismooth Newton method is a generalized
version of the classical Newton method, where the main modification is to replace the
Hessian matrix by a generalized Hessian operator. In our case, any element in 32<I>()\)
can be seen as a generalized Hessian of ®(-). In particular, we can pick

—%MDiag(u)MT € 8d(N),

where u € REN+D" ig defined as: for each k, up = 1 if (fy + FMTA), > 0 and
ug = 0 otherwise.

The first part of the convergence results in Theorem 6.1 then follows from [34,
Theorem 3.4]. In order to ensure the quadratic convergence rate in the second part,
according to [34, Theorem 3.5], we only need the constraint nondegeneracy assumption

(B.2) M (T on 0 (g7)) = Ran(M),

R
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d
where T 2 11)a (g*) denotes the tangent cone of RfNH) at g*, and lin(ﬁg(wﬂ)d ("))
+ +

denotes the lineality space of &(2 ~+nd (@), that is the greatest linear subspace con-

i
tained in &(QNHW (g*). By noting the fact that
+

’G@@NH)UZ (g") = {9 € R(2N+l)d’gk >0, ke Nd\’C} ;
iy

where K is defined in the theorem, we have that

lin(T, s 0 (g") = {g € REVFV g = 0, ke N\K
+

Therefore, we can see that the condition (B.2) is equivalent to (6.6) in Theorem 6.1.
This completes the proof.
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