arXiv:2304.12157v3 [math.OC] 16 Nov 2023

FUGLEDE-TYPE ARGUMENTS FOR ISOPERIMETRIC PROBLEMS AND
APPLICATIONS TO STABILITY AMONG CONVEX SHAPES

RAPHAEL PRUNIER

ABsTRACT. This paper is concerned with stability of the ball for a class of isoperimetric problems
under convexity constraint. Considering the problem of minimizing P + ¢R among convex subsets of
RY of fixed volume, where P is the perimeter functional, R is a perturbative term and € > 0 is a small
parameter, stability of the ball for this perturbed isoperimetric problem means that the ball is the
unique (local, up to translation) minimizer for any e sufficiently small. We investigate independently
two specific cases where Q — R(Q) is an energy arising from PDE theory, namely the capacity and the
first Dirichlet eigenvalue of a domain Q C RY. While in both cases stability fails among all shapes, in
the first case we prove (non-sharp) stability of the ball among convex shapes, by building an appropriate
competitor for the capacity of a perturbation of the ball. In the second case we prove sharp stability
of the ball among convex shapes by providing the optimal range of € such that stability holds, relying
on the selection principle technique and a regularity theory under convexity constraint.

1. INTRODUCTION

1.1. Stability in shape optimization. In this article we are interested in the question of stability of
the ball for isoperimetric-type problems under a convexity constraint. It takes place in the framework of
shape optimization problems involving the perimeter functional P, which consists in the minimization
problems

inf {P(A) + R(A), Ae A}

where A is a class of measurable subsets A C RY of volume |A| = 1, P(A) is the perimeter of A in the
usual De Giorgi sense, and R : A — R is a functional thought of as a perturbative term. Due to the
well-known isoperimetric inequality, any ball B C RY of unit volume is minimal for the minimization
of P+ R among all sets in A when R = 0: for all measurable sets A C R with volume |A| = 1,
P(A) > P(B) with equality if and only if (up to a set of measure 0) A is a ball of unit volume. By
stability of the ball for the problem P + R we mean that, considering R, := R for a small parameter
€ > 0, then provided ¢ is close enough to O:

The ball B is a local minimizer of P+ eR in A

where by locality we mean that the L' distance of Q € A with B is small (i.e. |QAB| < 1). In
other words, this notion of stability states that the ball is still a minimizer of the perimeter functional
when it is perturbed by another functional R. Another way of putting it comes from rewriting the
minimality of B as

P(A) - P(B) > ¢ (R(B) — R(A))

so that, assuming moreover that R(B) > R(A) for each A € A (which is always verified for the cases
we have in mind), then the deficit of perimeter quantifies the deficit of the functional R. Let us
mention that this point of view on stability encompasses what is usually refered to in the literature
as quantitative inequalities, the most famous one being the sharp quantitative isoperimetric inequality,
proven in | |. It claims that by setting

op(A) == inf{|]AA(B + z)|, =z € RV}
the Fraenkel asymmetry of a set A C RY of unit volume, then there exists ¢y > 0 such that
P(A) — P(B) > cy6p(A)2

In our stability setting this can be rephrased into stability of P — 6% among all sets of unit volume. The
literature on quantitative inequalities in shape optimization is very prolific, and we refer for instance
among many others to | |, | |, | |, | |, | |, | |, | | and to
[ | for a nice review of stability results linked to the isoperimetric inequality.
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1.2. Stability of the ball under convexity constraint. We are more specifically interested in
shape optimization problems where A only contains convex shapes, that is

inf { P(K) +eR(K), K € KV, |K| =1}

where KV denotes the class of convex bodies of RV (that is, compact convex sets with non-empty
interior). The addition of the convexity constraint is interesting since stability among all shapes fails
for the functionals we will consider. This happens for some problems where R is of PDE-type, by which
we mean that R(K) is an energy associated to a PDE which is set on K or RV \ K. In this paper we
investigate independently two specific problems falling into this category. Let us now introduce them
and state the stability results associated.

1.2.1. Weak stability for P+ Cap~'. We are interested in a first problem which involves a PDE set on
the exterior of the domain. For N > 3 we introduce the capacity functional Cap : KV — R which we
define as the usual electrostatic capacity:

(1) Cap(K) := inf{/ |Vaul?, u € C(RY) with u > 1K} .
RN

When N = 2, one can see by looking at the energy of rescaled and truncated versions of the
fundamental solution of the Laplacian that the infimum in (1) is always 0. Therefore one must proceed
differently to define the capacity for N = 2 (see Remark 2.3).

We now set the problem: letting € > 0 be a small parameter, we are interested in the minimization

(2) inf { P(K) + eCap(K) ', K € KV, |K| =1}

for N > 3. Before giving motivations and context for this problem let us state the stability result
which we obtained.

Theorem 1.1 (Weak stability of the ball for the capacity). Let N > 3. There exists eg = £9(N) > 0
such that for any ¢ € (0,e0) the centered ball of unit volume B is the unique (up to translation)
minimizer of (2).

We call this result weak stability in the sense that the £y found is not optimal (contrarily to Theorem
1.2 below), and is in fact not even explicit. On the other hand note that this minimality result is global.
It is the N > 3 version of the two dimensional result | , Corollary 1.3], where the authors prove
weak stability of the ball with the logarithmic capacity instead. Our approach is however very different,
see Section 1.3.

Due to the isocapacitary inequality (see for instance | |) which states that

vQ ¢ RY open, |Q] =1, Cap(Q) > Cap(B)

and the isoperimetric inequality, there is a competition in the minimization (2) which makes the
problem non trivial. The introduction of the convexity constraint in the problem comes from the fact
that existence does not hold without any additional geometric assumption (for non-existence for any
e > 0 and in all dimensions N > 2 see | , Theorem 3.2 and Theorem 6.2]). On the other hand
(2) admits minimizers for any € > 0 (see | , Theorem 1.1]).

1.2.2. Strong stability for P — \;. If Q@ C RY is an open set with finite volume we let A(Q2) be its first
Dirichlet eigenvalue, defined as the smallest number A € R such that there exists a non trivial function
u verifying

—Au = Au, in

u € HHQ)

where the first equation holds in the distributional sense in 2. It has a variational characterization:

u2
A(Q) = inf{%, u € H&(Q)} .

For K € KN we set A\;(K) := A1 (Int(K)). Consider then the minimization problems

inf { P(Q) — cA1(R), @ C RY open, [Q| =1}, inf{P(K)—c\i(K), K € KN, |K| =1}

for any fixed parameter ¢ > 0. There is a competition between the perimeter and Ay, as it is known
from the isoperimetric and Faber-Krahn inequalities that a ball B of volume 1 minimizes them both
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among shapes of unit volume. Intuitively, we expect that the perimeter is the dominant term for small
values of ¢ while we expect that this is no longer the case in the regime ¢ — +oco, so that B might
be a local minimizer for small values of ¢ and not for large values of ¢. As such there is no global
minimizer to any of the two problems, taking for instance a sequence of long thin rectangles of unit
volume. However, even in a loose local sense there is no stability of the ball for the first problem,
meaning that for any ¢ > 0 there exists a sequence (§2;.);en of open sets with

Q| =1, |92 AB] = 0 and (P — cA)(Qj,c) < (P —cA)(B) for each j € N

as one sees by comparing the energy of the ball to the energy of the ball perforated by a small hole at
its center (see for instance | , Proposition 6.1]). A strong geometric constraint such as convexity
of the admissible sets forbids this kind of behaviour, so that one might expect stability in this case.
This is the object of the second main result of this article, which can be seen as sharp stability of the
ball under convexity constraint for the functional P — A;. The result is as follows.

Theorem 1.2 (Sharp stability of the ball for A1). Let N > 2. Let wy be the volume of a ball of radius
1, and py :== Nwp, Iy := ‘7']2\,/2_1 be respectively the perimeter and first eigenvalue of a ball of radius
1 (jnja—1 is the first zero of the Bessel function of the first kind of order N/2 —1). Set

N(N + 1)pn

(3) c = N
4lN(lN — N)wNN

Let B be a ball of unit volume.
o Let 0 < c < c*. Then there exists 6. > 0 such that

(4) VK € KN, |K| = 1 with |[KAB| < 6., (P —c\i)(E) > (P — c\)(B).

o Let ¢ > c*. There exists a sequence of smooth convex bodies (K .)jen of unit volume for which
|K; AB| — 0 and

(5) (P —c\)(Kje) < (P —cA)(B) for each j € N.

Note that the novelty of this result comes from the first item (inequality (4)), as (5) was already
obtained by | | (see the second point below). We thus give an answer to the question of local
minimality of the ball for the problem P — ¢\; under convexity constraint for any value ¢ > 0 (except
¢ = c*). Let us place it among existing results in the literature.

e First, in a weak form the stability of the ball for P —A; (in the sense of (4)) was already known.
It was first obtained in two dimensions by Payne and Weinberger in | | for the larger class
of simply connected domains. More precisely, the Payne-Weinberger inequality states that for
any Q C R? open, simply connected with unit volume it holds

P@) )

(6) A (Q) = Mi(B) < Mi(B) (J1(jor) 2 — 1) ( pm

where .J; is the Bessel function of the first kind of order one, and jg; is the first zero of the
Bessel function of the first kind and of order zero. While this inequality is much more general
since it gives a control of the Faber-Krahn deficit by the isoperimetric deficit for any simple
connected set, it implies in particular stability of the ball among simply connected sets §2 for
which P () is bounded from above. One can in fact derive the inequality

VQ C R? open and simply connected with |Q| =1, (P(Q2) — P(B)) > P(B€)2+ - (

where g5 := 47\ (B) 71 (J1(jo1) 72 — 1)1, provided P(Q2) < C. Note that letting C — P(B)
the constant e9/(P(B) + C) becomes
_ ‘ o ~1
£2(2P(B))! = (Vmigi(Ji(Gor) > — 1)) ~ 0.036,
while the optimal constant given by (3) equals

3
VT (G — 2)

A1(©) = Mi(B))

*

c ~ 0.077.
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On the other hand, a Payne-Weinberger type inequality for convex sets was proven in any
dimensions N > 2 by Brandolini, Nitsch and Trombetti | , Theorem 1.1| using the
Brunn-Minkowski theory. They prove that for any open convex set  C RY it holds

M (Q) — M (B*) P(Q)¥T — P(B)¥1
Ny S ( PQ)¥ >

for some explicit constant C'y > 0, where B* is a ball with same perimeter as €). This again
implies a non-optimal local stability of the ball for convex sets in the sense given by (4).

e Second, in | , Theorem 1.2| (see also | , Proposition 5.5 (ii)]) Nitsch conjectured the
optimal value ¢* > 0 by proving that (i) if ¢ < ¢*, the ball B is a minimizer of P — c\; among
unit volume perturbations of the ball by a smooth vector field £ i.e. for Be := (Id+¢&)(B) with
[€]]cee < 1 and (ii) if ¢ > ¢*, there exists ||€j[lcee — 0 with (P — cA1)(Bg,) < (P — cA1)(B).

e Finally, one can interpret this result in the context of Blaschke-Santalo diagrams. In fact, it
provides the exact value of the tangent at (xg,yo) := (P(B), A1(B)) of the upper boundary of

the diagram for (P, A1, | -|) in the class of planar convex sets, that is of the set
(7) D:={(z,y) eR? IK € K?, P(K) =2, M(K) =y, |K|=1}
It was proven in | | that this diagram lies between two continuous increasing functions,

meaning that
D = {(z,y) € [0, +00[xR", f(z) <y < g(x)}

for some continuous increasing f, g : [xg, +00) — R*. Relying on non minimality of the ball for
¢ > c*, the authors proved that limsup, ., %ﬁ(f(ﬂ > L (see | , Corollary 3.17]). On
the other hand, minimality for any ¢ < ¢* from Theorem 1.2 ensures that the reverse inequality
holds, so that the function g admits a tangent at (zg,yo) with coefficient (c¢*)~!. The precise

result is thus the following.

Corollary 1.3. Let B C R? be a ball of unit volume and set (zo,yo) := (P(B),A\1(B)). Let c*
be given by (3). Then the upper boundary of the diagram (7) admits a tangent at (xo,yo) with
coefficient (c*)71, d.e. g'(x0) = (¢*)7 1.

Although the convexity constraint is a natural class for proving this strong form of stability of the ball,
our result opens up the question as to finding the more general class for which this could hold. Since a
weak form of stability holds in two dimensions for perturbations of the ball which are simply connected
(by the Payne-Weinberger inequality), we believe that it would be interesting to investigate whether
the sharp stability we obtained could be extended to this class. As shown in | , Remark 6.2], one
cannot hope for such a general class when N > 3, but one can however make the same conjecture for
the class of Lipschitz perturbations of the ball (see also further (ii) from Proposition 2.5).

1.3. Strategy of proof. Although the two results are independent, the strategy we employ for proving
them follows a general scheme, which is recurrent in the literature and not specific to convexity (see
[ | for a detailed description). We rely on the following steps:

(1) Fuglede-type computations: minimality of the ball for the functional among “smooth" pertur-
bations of the ball (Theorems 2.1 and 3.1).
(2) Local minimality of the ball for convex sets (Theorems 1.1 and 1.2).

The first step of this strategy refers to the seminal work | | of B. Fuglede, where the author
obtained it for the perimeter functional. By “smooth" perturbations of the ball B in the first step
we mean that minimality holds for domains Q = (Id + &)(B) with £ lying in some normed space of
smoothness X and [|{||x is small enough. Since they are independent of convexity, the respective
results Theorems 2.1 and 3.1 constituting the first step bear interest in themselves. On the other hand,
in the second step one studies the regularity of minimizers of the associated problem, aiming to prove
that each minimizer ) can be written Q = (Id + £)(B) with £ € X and X is the space obtained in the
first step. The two parts of the strategy are thus closely linked to each other through the choice of the
space X.

Let us now explain separately how we proceed for proving Theorems 1.2 and 1.1.
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1.3.1. Weak stability with Lipschitz regularity. For proving Theorem 1.1 we first perform Fuglede-type
computations for Lipschitz perturbations of the ball. This is done in Theorem 2.1. It is an improvement
of previous results from | , Corollary 5.6], where the authors perform Fuglede-type computations
for a class of C1! sets with curvature uniformly bounded from above. The proof of Theorem 2.1 relies
on a second-order estimate of the variation of the capacity for Lipschitz perturbations of the ball,
shown in Lemma 2.2. To obtain this latter bound we take advantage of the fact that the capacity is
defined as a minimum, thus enabling us to estimate it from above by providing a natural competitor,
for which only low regularity is needed.

Theorem 1.1 is then obtained from Theorem 2.1 by using Lipschitz regularity of convex sets as in
[ |. In reference to the two steps strategy described above, note that in this case the passage from
the Fuglede-type computations to local minimality of the ball in the class of convex sets is quite direct,
due to the fact that we are able to perform these computations for a space X with low regularity.

1.3.2. Strong stability with a C%* regularity theory. Since it was proven in | , Theorem 1.2] that
minimality in (4) holds among smooth perturbations of the ball for any ¢ € (0, ¢*), the idea of Theorem
1.2 is to pass from smooth to non-smooth convex perturbations of the ball in the minimality. The
strategy we will use is the so-called selection principle, which was first introduced by Cicalese and
Leonardi in | | as a means to give a new proof to the sharp quantitative isoperimetric inequality.
The robustness of their method allowed it to be employed in many other contexts for proving various
inequalities for shapes, among which we can quote the sharp quantitative Faber-Krahn inequality proven
in | |. The strategy consists in a refinement of the two steps method described above. Roughly
speaking, if one wants to prove local minimality of the ball of unit volume B for a functional J among
a class A of shapes, the idea is to reduce the proof of the inequality in A to the inequality in a class of
smooth shapes through a regularizing procedure. This is usually based on a regularity theory related
to the functional J under study.

In order to apply this selection principle method we first need to prove Fuglede-type computations for
the functional P — c)\; for C%* perturbations of the ball (in Theorem 3.1), which are not contained in
the available results in the literature (in | , , , |; see Section 3 for a justification).
On the other hand, to perform the second step of the strategy we prove a convergence result for quasi-
minimizers of the perimeter under convexity constraint (Corollary 4.3), which uses the regularity theory
from | ]

Note that the proof of Theorem 1.2 is much more involved than the proof of Theorem 1.1. This is
related to the fact that it relies on a regularity theory among convex shapes, but is also because in
order to prove the Fuglede-type computations we are led to perform very technical computations (see
the proof of Theorem 3.5).

1.4. Plan of the paper. Section 2 is dedicated to the proof of Theorem 1.1. Sections 3 and 4 are
independent of this first section, and deal with proving Theorem 1.2: in Section 3 we show the first step
of the selection principle method by proving minimality of the ball for P —c\; in a C® neighborhood;
then, in Section 4 we perform the regularizing procedure in itself. We provide a small appendix in
Section 5.
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referees for their precious readings and comments. This work was partially supported by the project
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2. STABILITY OF THE BALL FOR AN ISOPERIMETRIC PROBLEM WITH CONVEXITY CONSTRAINT
INVOLVING CAPACITY. PROOF OF THEOREM 1.1

In this section we prove Theorem 1.1, which is the stability result associated to (2). Recall that we
have defined in (1) the capacity functional in dimensions N > 3. It is proven in | , Theorem 2 and
3] that provided K is sufficiently smooth, the minimization in (1) is uniquely solved by the so-called
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capacitary function ux which verifies
—Aug =0in RV \ K

(8) ug = 1 over K, ug € CO(RY)
ug(x) = 0 as |z| — +o0

The number Cap(K) also appears in the asymptotic expansion of u:

ug(z) ~ |z>N <Cap(K)JN(N - 2)7(N71)/(N72)> as |x| — o0

with o denoting the (N — 1)-dimensional measure of the unit sphere in RY. Finally, let us also note
that Cap(K) = (Iy_2(K))~! where Iy_ is the Riesz potential energy which is given by

i)t { [ o= P N audut, we P}

with P(K) denoting the set of probabilities supported on K (see | , Remark 2.5]).
When N = 2, one must proceed differently to define the capacity (see further Remark 2.3). Stability
of the ball among convex sets in two dimensions was obtained in | , Corollary 1.3] using the two

steps strategy we described in the Introduction, by proving (i) Fugldede-type computations in a certain
class of "smooth" perturbations and (ii) regularity of minimizers of (19). Theorem 1.1 is the N > 3
version of this result. Instead, here we prove (i) for Lipschitz perturbations (in Theorem 2.1 below),
which will be enough in order to obtain local minimality of the ball for convex sets without having to
prove regularity of the minimizers. The result is as follows.

Theorem 2.1 (Fuglede-type computations for P + eCap~!: minimality for Lipschitz perturbations).

Let N > 3, and let B denote the centered unit ball. For h € W1*°(9B) we denote By := {tz(1 +
h(z)), t € [0,1), = € dB}. There exists 1 > 0 and g9 > 0 such that for all h € WH*°(dB) verifying
[Allwiee@py < n with |By| = |B| and such that By, has barycenter at the origin, and for all e € (0, &),
then
P(By,) +eCap(By)~! > P(B) + eCap(B)~!

with equality only if By, = B.

The proof of Theorem 2.1 importantly relies on Lemma 2.2 below, which consists in a weak (IT)
property (see the statement of Theorem 3.4 for a strong (IT) property).

2.1. Weak (IT) property. For h € Wh>°(dB) with ||h| 195y < 1/2 we set By, the Lipschitz open
set
By, := {tz(1 + h(x)), t € [0,1), = € OB}.
In the following Lemma we estimate from above the variation of Cap for a Lipschitz perturbation

By, of B in terms of the H! norm of h. Since the Lemma does not use the convexity of the sets By, it
is stated for general h € W1°(9B).

Lemma 2.2 (Weak (IT) g1 ). Let N > 3. There exists Cy > 0 such that if h € W*°(0B) with
By, of volume |By| = |B| and ||h||p~@p) < 1/2 then

Cap(Bp) — Cap(B) < On|Ihl|31 gp)-

Proof of Lemma 2.2. Fix h € Wh(9B) with ||h||9p) < 1/2 and |Bp| = |B|. We extend h over
RN\ {0} by setting h(z) := h(x/|z|), thus getting a 0-homogenous function h : RV — R. Let then ¢y,
be the Lipschitz homeomorphism
én: RN — RN

_r

(14 h(z))

Let us denote more simply & := (1 + k)™, so that ¢,(z) = h(z)z. We have Dy (z) = h(z)ld + z
Vh(x), so that using the formula det(Id + a ® b) =14 a - b for vectors a,b and since Vh(z) -z =0 (h

being constant on half-lines {Az, A > 0}) it holds det(D¢y,) = hY. As a consequence, thanks to the
change of variable y = ¢y (z) and using polar coordinates, the hypothesis |Bj| = |B| reads

(10) /93(1+h)N:/831

(9) r
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Expanding (1 +h)N —1 = Nh+ Zf\;2 (]j) h' we thus get that there exists Cy > 0 such that

(11) i [[hll e o) < 1/2. /a < Ol

We set up(z) := min{1, |2|>~¥} the capacitary function for B, which is the unique solution to (8)
for K = B.

Step 1': Cap(Bj) < [on |V(up o ¢p)>. For R > 2 (note that we thus have B, C Bg(0)) let
0r : RV — R be some cut-off function such that

6r =1 on Bg(0), Og =0 on RV \ Byr(0)
10R Le@yy < 1, VORI po@yy < &

Then vp(x) := Op(x)(up o ¢p)(x) € WH(RY) and has compact support, so that by standard mol-

lification vp can be approached in H' norm by C°(RY) functions. As a consequence by (1) we

get

(12) Cap(By) < / Vugf?
RN
We now verify that Vg — V(ug o ¢p) in L2(RY) as R — +oc.
We have
[Vor = V(ug o ¢n)ll2@ny = IVor — V(up o é1)ll 12w\ By)
<|[[(0r —1)V(up o ¢h)”L2(RN\BR) +|[VOr - (up o ¢h)”L2(RN\BR)
(13) <|[V(upo ¢h)”L2(RN\BR) + [IVOR - (up o ¢h)”L2(RN\BR)

Since V(up o ¢p) = (Dop)TVupg o ¢, with ¢, € WH(RY) and Vup € L2(RY), it holds
[ 19 0 0 < D0y et Doy [ Vsl < o
Hence ||V (up o ¢p)l|L2mv\py) — 0. On the other hand, as |1+ Al Lo gy < 3/2 we have for [z| > 3/2,

N-2
oo =lo@P Y < () laP

Since |VOg| < R™!, using polar coordinates this gives for R > 3/2

3\ V-2 2R
[ IVon: (un ool < P(B) (-) A
B2r\Br 2 R
e (B) [ N R (@R - R N £
2 R™2log(2) if N =4

In any case we thus get
/ |VOg - (up o ¢p)> = 0 as R — +oc.
Bar\Br

Pluging this into (13) we deduce in fact
IVog — V(up o ¢h)||L2(RN) — 0, as R — +o
so that
Cap(By) < [ | V(un o 00

thanks to (12).
Step 2: Estimate of the energy of up o ¢;,. Recall that

(14) vz € RN, D¢y (z) = h(2)Id + 2 ® Vh(z)

IThis argument for admissibility of ug o ¢, was suggested to us by M. Goldman, M. Novaga and B. Ruffini.
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so that
IV (ug o )% = |(Don)T - Vup o ¢
- ‘E - (Vug o ¢p) + Vh((Vug o ¢y) - ) i

Since up is radial, the vector Vup(¢p(z)) is thus proportionnal to ¢p(z) and hence to x, which yields

Vug(dn(z)) - Vh(z) = 0 (because h is constant in the direction z). We deduce
IV (up o ¢n)|> = B2|Vug o ép|? + (Vug o ép) - 2)?| VA%

We can therefore write the energy of upg o ¢y, as follows

(15) [ Wasoo? = [ BivumoaP+ [ (Vuno o) oPIVAP,

Let us first deal with the term [px h2|Vup(én)2. Recalling that det(Dgp) = hN we get by the
change of variable y = ¢y ()

/ %Q‘VUBO(ﬁh‘Z :/ (1—|—h)_2‘quo¢h’2
RN RN

_ /RN(Hh)N—QwuBP

N-2
N —2 <
_ 2 hz 2
AN|VUB|+;< Z, >/RN Vus|
N-2

N -2 -
= B R 2,
o) + 3 (M%) [ v

Letting v(r) := min{1,72~"} be the function such that v(|z|) = ug(z) for all 2 € RV, then using the
co-area formula we have for i > 1

/RN W |Vug|? = (/OOO 1/(7’)27*N1dr> (/83 hl’)
- /8B 4

where we set ay = [;°v(r)*rN " ldr = P(B)™! [pn [Vupl?. For i > 2, since ||h|p=@op) < 1/2 we
thus get

/RN W |[Vup|® < Cn|[P]122(5p);

while if 4 = 1 thanks to (11) we have [, h < CNHhH%%aB) so that

[ HIVusl < Ol o,

These two give

(16) | FI9un(@n)l? < Cap(B) + Ox il o,

for some dimensional constant Cn > 0.
We now turn to the estimate of [pn((Vup o ¢p) - 2)2|Vh|2. Denoting by a(z) := z/|z|, then for
x#0
Vh(z) = —h?Da(z)"V h(a(z))
where V, is the tangential gradient. As each coefficient of Da(z) is controlled by 2|z|™!, since
||7L||Loo(33) < 2 this yields
(Vup o ¢n) - 2)*|Vh(x)|® < 8|Vug o ¢l*|V-h(a(x))?

Changing variables and using polar coordinates in the same fashion as before, this ensures that

a7) | (s 0 61) -2 [VRE < CnlIV o
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for some Cy > 0. Injecting this estimate together with (16) into (15) finally yields

/R IV(ug o 6n)? < Cap(B) + O [[hl3s o)

for some C'y > 0.
Conclusion: Thanks to Step 1 it holds

Cap(Ba) < [ [V(uno o)l
RN
from which we get using Step 2
Cap(Bp) < Cap(B) + On ||kl 31 o)
This finishes the proof of the Lemma. O

Remark 2.3. In two dimensions, one defines the capacity functional as follows. We first set the Robin
constant Vi of some K € K2: letting

(18) Capp(K) = inf{

then we define Vi :=lim (2rCapp(K) ™! —log(R)) as R — co. Note that one also has

Vieomint { [ tog(le ~ shdn(oiduto), ne P}

(see | , Theorem 4] and section 3 in | ). The logarithmic capacity of K is then given by
Cap(K) :=e V&
Instead of (2) we thus set the minimization problem
(19) inf { P(K) + eV, K € KN, |K| =1}

where € > 0 is a small parameter.

We tried to apply the same strategy in the case N = 2 in order to retrieve the result from | |.
However, due to the specificity of the definition of capacity in the two dimensional case, this brings
additional difficulties and we do not know whether the argument could work.

\Vul|?, u € HY(BR(0)), u>1 over K} ,
R2

2.2. Proof of Theorems 2.1 and 1.1. Relying on Lemma 2.2, we first prove the Fuglede-type com-
putations for Lipschitz perturbations from Theorem 2.1.

Proof of Theorem 2.1. Let h € WH(0B) with |||/ @p) < 1/2, such that |B,| = |B| and By, has
barycenter at the origin. It is proven in | , Theorem 3.1] that there exists 77 > 0 such that

. 1
if |hllwreeam) < n. P(Bp) — P(B) > 1||Vrh||%2(33)-

Thanks to (10) there exists § > 0 such that if |||z 9p) < & one has the Poincaré type inequality (see
also | , Proof of Theorem 3.1])

1hlF 208y < 20V-hll72m)-
Setting 7 := min{n, §}, we thus deduce thanks to Lemma 2.2 that if ||A[|yy1.0(95) < 7 then
_ —1_ Cap(Bp) — Cap(B) Cn
Bl — B ! = < hl?
Cap( ) Cap( h) Cap(B)Cap(Bh) = Cap(B)2 H ||H1(8B)
< W\thﬂy(am

12Cy (

~ Cap(B)?

P(By) — P(B))

2
where we also used the isocapacitary inequality in the first line. Taking ¢( := ng}% e get in fact

P(By) +€Cap(By) ™" > P(B) + Cap(B) ™,

for any € € (0,e0). Furthermore, the equality case enforces P(By,) = P(B), so that h = 0 by following
the chain of inequalities. This concludes the proof of the Theorem. O
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We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let us first note that (2) admits a solution for any ¢ > 0 (it was proven in
[ , Theorem 1.1]).
Due to convexity, any K € KV with barycenter at the origin can always be written

K = {tx(1 + hg(x)), t € [0,1], = € OB}
where hx : OB — R is such that 1+ hg(z) = sup{r > 0,7z € K} is the distance function to the
origin.
Let K € KV be minimizing (2), and suppose that K has barycenter at the origin. Let 7 > 0 and
€9 > 0 be given by Theorem 2.1. Now, by minimality

Cap(K) — Cap(B)

P(K)—- P(B
)= ) = =G (k)G ()
€
<
~ Cap(B)
Thanks to | , Lemma 3.3] there exists d,, > 0 such that provided P(K) — P(B) < 6, then

Ak |lw1eo (o) < 1. We therefore deduce that if € € (0, Cap(B)dy), we have in fact ||hx|lw1.08) <7,
so that taking e € (0, min{eg,,Cap(B)}) we can apply Theorem 2.1 to get that K is a ball. This
finishes the proof. O

2.3. Further stability results. The strategy we employed for proving Theorem 1.1 can be adapted
to the case of A1. In fact, one can proceed likewise to get a result analogous to the Lemma 2.2 below
in the case of A; (see (i) in Proposition 2.5), leading to a result of the same type as Theorem 1.1. Note
that in this case the minimality of the ball is only local, since the functional has no global minimizer
(as one sees by taking a sequence of long thin rectangles of unit volume). Let us state the stability
result for the sake of clarity.

Proposition 2.4 (Weak stability of the ball for A;). Let N > 2. There exists eg > 0 and 6 > 0 such
that for any € € (0,eq),

VK € KN, |K| =1 with |[KAB| <68, (P —e\)(K) > (P —eA)(B).

Although this gives a simple proof of the stability of the ball in the case of A;, this Proposition is
strictly weaker than the stronger result we prove in Theorem 1.2, since the range of € > 0 for which the
ball is locally minimal is not optimal (and was already known, see Section 1.2). On the other hand,
since the analogues of Lemma 2.2 and Theorem 2.1 in the case of A\; do not explicitly appear in the
literature (up to our knowledge), we think it might be of interest to state them rigorously. This is the
object of the next result.

Proposition 2.5. Let N > 2.
(i) (Weak (IT)p1 o). There exists Cy > 0 such that if h € WH*(9B) with By, of volume
|Bp| = |B| and ||h]|Le @By < 1/2 then
M(Br) = M(B) < Cx|lhl[7n op-

(11) (Stability of the ball for Lipschitz perturbations). There exists n > 0 and g9 > 0 such that for
all b € Wh(0B) verifying ||h|lwie o) < 1 with |Bp| = |B| and such that By, has barycenter
at the origin, and for all € € (0,e¢), then

P(Bh) - 8)\1(Bh) 2 P(B) - E}\l(B)
with equality only if B, = B.

Let us comment on the second item of this Proposition. While this non-optimal stability of the ball
for Lipschitz perturbations is implied by the Payne-Weinberger inequality (6) in two dimensions, it
does not seem to be known in the case N > 3. It opens up the question regarding a natural class of
sets for which the optimal stability from Theorem 1.2 might hold: can one prove optimal stability of
the ball for Lipschitz perturbations?
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3. MINIMALITY OF THE BALL IN A C'1'® NEIGHBORHOOD

The goal of this section consists in proving the first step of the selection principle strategy as we
described it in the Introduction, namely that the ball is a strict (up to translation) minimum in a C1®
neighborhood of the functional P — cA; for ¢ € (0,¢*) and any « € (1,1). This is stated in next result.

Let us set a few preliminary notations. The notation B refers to the open ball of unit volume
centered at 0. In this section, any function h : 0B — R defined on the sphere is extended to the
whole of RY by setting h(z) := H(x)h(‘%) (for some smooth 6 with § = 1 near dB) into a compactly
supported function as smooth as h and which is constant near 9B along directions normal to 9B. Note
that this extension is different from the one we make in Section 2 (in Lemma 2.2). For any a € (0, 1]
and h € C1*(0B) we denote &, (x) := h(x)x, so that [&nll(cr.0@nyy v < CllAllcre @By, for some C > 0.
We set

By, = {tz(1 + h(z)), t €[0,1), 2 € 9B} = (Id + &,)(B),
which is a bounded Lipschitz open set provided ||&pl| (1,00 (mayyn < 1 (Which we will always assume in
the remainder of this section), with boundary 0By, = {z(1 + h(x)), = € 0B}.

Theorem 3.1 (Fuglede-type computations for P—c)\;: minimality for C'1* perturbations). Let N > 2.
For ¢ >0 set J. :== P —c\; and let ¢* be given by (3). For any o € (3,1) and 0 < ¢ < c* there exists
Sc,a > 0 such that for all h € CH*(B) with ||h||crep) < de,q and |By| = |B| then

jc(Bh) 2 jc(B)
with equality only if (up to translating) B, = B.

Note that this result is of interest in itself, in particular no convexity constraint of the sets By, is
assumed. Let us emphasize on the importance of the space C%¢ in which we obtain minimality of the
ball, regarding the general goal of proving minimality of 7. for all convex shapes (see Theorem 1.2).
In fact, Theorem 3.1 is to be compared to | , Proposition 5.5|, where the authors get minimality
of the ball for the same interval of ¢’s but in a W?P neighborhood (for any p > N), which was
an improvement of previous works for C*% perturbations from | , |]. Note that neither
Theorem 3.1 nor | , Proposition 5.5] implies the other result, as the Holder space C*® and the
Sobolev space W2P are not comparable in general. On the other hand, the cited C*® and W?P results
are not enough to apply the selection principle strategy, as this procedure does not give more than
convergence in any Ch* sense of quasi-minimizers (see Corollary 4.3 and Remark 4.4).

One of the main ingredients of the proof of Theorem 3.1 consists in proving a so-called (IT) property
for the functional

Je:= P —c)\q.
This is achieved in Theorem 3.4. This property was introduced in | , p- 3012], and describes a
suitable second-order Taylor expansion at the ball B for the functional 7., where one identifies the
remainder as the product of some “weak" Sobolev norm of the perturbation by something which goes
to 0 as the perturbation goes to 0 in a much stronger sense (see Theorem 3.4 for a precise statement).

Let us first define the notion of shape differentiability for a shape functional. If Q C R¥ is a bounded
open set and & € Wh°(RY RY) we denote by Q¢ := (Id + £)(£2) the open Lipschitz deformation of

by &.

Definition 3.2. Let N > 2. Let 7 : {Q C RN, Q open bounded} — R be a functional. Let @ C RN be
open bounded and let X C WH(R™, R") be a normed space. For k € {1,2} we say that J is k-times
shape differentiable around Q0 (for the space X ) in the direction & € X if the function

Ja: €€ X T(Q)

is k-times differentiable Fréchet-differentiable in a neighborhood of 0. We denote by J(€) € LY(X,R)
(respectively T4 (&) € L2(X x X,R)) the first (respectively second) derivative at & € X.

Remark 3.3. Note that although (&) and J(§) are a priori linear and bilinear continuous forms
over X, provided the set {2 enjoys some regularity properties it happens very often that they can be
naturally extended to spaces of much lower regularity; for instance, the perimeter functional P has its
first derivative continuous for the L? norm, while its second derivative can be continuously extended
in H'. In the case of \; it is respectively the L? and H'/? spaces over which the first and second
derivatives can be defined (see for instance | , Lemma 2.8]|).
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We can now state the second main result of this section.

Theorem 3.4 ((IT) property for J.). Let N > 2 and o € (3,1). For ¢ >0 set J. := P —c\y. For
any ¢ > 0 there exists 6. > 0 and a modulus of continuity w. such that for all h € CY*(0B) with
||hH01,a(3B) < (Sc it holds

Te(Ba) = Tu(B) + (Z.)5(0) - (&) + 5 (T5(0) - (66, 0) + wlllcroom) 113 o)

This condition was defined in [ | as the (IT) g1 c1.0 condition, meaning that the functional J.
verifies a second-order Taylor expansion with the remainder term behaving as the product of [|A||5,
with a modulus of continuity of ||||c1.«. It was shown by Fuglede in | | that the perimeter satisfies
a stronger (IT) g1 1.0 condition (see for instance | , Proposition 4.5|: there exists wp a modulus
of continuity and §p > 0 such that for all h € WH(0B) with [|h|lyy1.00(9p) < dp it holds

(200 P(BM)=P(B)+ Ph(0) (@) + 5 PhO) - (€ &) +wr (hlhws~ o) [l

As a consequence, proving Theorem 3.4 reduces to proving an (IT)g1 1. condition result for g
(see the proof of Theorem 3.4 for this reduction), and in fact we will prove a stronger (IT) H1/2,Clo

condition for A (for any o € (3,1)). In order to do so we follow the strategy laid out by | |:
it will be convenient to show that A; verifies the so-called condition (IC) /2 c1.a, as stated in next
Theorem, which constitutes the core result of this section.

Theorem 3.5 ((IC) property for \1). Let N > 2 and o € (3,1). For any t € [0,1] and h € CY*(0B)
let A\i(t) := Ai(Buw). Then the functional Ay satisfies an (IC) g2 cro condition at the ball B, i.e.
there exists 6 > 0 and a modulus of continuity wy, such that for any h € C*(dB) with ||h|cr.e@p) < 6
we have

(21) vt € [0,1], M () = M (0)] < wxy (I1Bllcra@p) 17l 32 op):

The proof of this result is inspired by the strategy of | , Theorem 1.4] for proving that A
satisfies an (IC) m1/2 y2p condition. Nevertheless, as C1 functions may not be twice differentiable
even in a weak sense, some estimates require a refined analysis (see Lemma 3.7) and new methods
(see Lemma 3.6). We believe that this result is of independent interest, since it goes strictly below
spaces with second derivatives as C>® or W?2P spaces, which are the usual spaces for which this kind
of property is obtained (see for instance | | or | D-

Let us mention that in order to prove Theorem 3.5 we will first prove it for functions h € C11(9B)
instead of h € C1%(9B), as it will allow us to consider the second-order geometric quantities of
By, (such as the mean curvature and second fundamental form) in the classical sense as functions of
L>(0By},), thus easing the computations (in particular in Lemmas 3.7, 3.9 and 3.10). We then remove
this additional regularity assumption by a density argument.

The expression of \/(¢) (see Lemma 3.10) involves both PDE-type terms and geometric terms. We
start this section by proving three preparatory Lemmas in Section 3.1, which provide continuity-type
estimates in the domain Q of the quantities involved in the expression of /().

3.1. Continuity in the domain 2. In this section we prove three preparatory Lemmas. Lemmas 3.6
and 3.8 will be useful for us to estimate the PDE terms in the variation |[A/(¢) — A{(0)|, while Lemma
3.7 will enable us to estimate the geometric terms. Note that we will also use them as a means to
justify the expression of A\/(¢) from Lemma 3.10. Let us set some notations for this section.

Geometric notation. Let 2 be a Cb! bounded open set. For the remainder of this section we
consider a vector field ¢ € WH(RY, RY) such that [€llwre@nyy < 1, so that (Id + &)(Q2) is a
Lipschitz open set.

We consider £ € CH1(RYN,RY) and set ¢ the C1! open set (Id + £)(Q2). The operator V. denotes
the tangential gradient over 9, div;, and D, respectively the tangential divergence and jacobian.
Setting ne € C%1(0€) the outer unit normal of ¢ (in particular ny denotes the outer unit normal of
Q), we set H¢ := divy, (ng) € L>(98) (respectively be := Dr.ng € (L>(98 x )N >N the mean
curvature (respectively, second fundamental form) on 0.

Letting ¢¢ be the Lipschitz homeomorphism Id +¢, when a function f¢ is defined on ¢ (respectively

0€)¢) we denote ]?5 the function feoge defined over Q (repectively 0€2). We also introduce jg the surface
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Jacobian from 99 to 9Q given by the expression Jg = det(D(bg)\D(bngo\, meaning that for a C'(9€)
function fe we have

= | Jefe.
#2) Bﬂgfg /an efe

PDE notation. For £ € WH°(RY RY), we denote by ve the first L? normalized and nonnegative
Dirichlet eigenfunction over ¢, and set A¢ := A1 (€2¢).
We start by proving a continuity-type estimate of ve and A¢ in the spirit of | , Lemma 4.8|.

Lemma 3.6. Let Q be a CY' bounded open set. Let 0 < o/ < o < 1. There exists a modulus of
continuity w : RT — R only depending on «, o/ and Q such that for all € € CY*(RN,RYN) it holds

(23) 19¢ = vollcr.e @y < wlll€ll(cra@nyv)-
Moreover, it holds
(24) )\g — )\0 as HSH(WI,OO(RN))N <1 and ”gH(Loo(RN))N — 0.
To prove (23) we adapt the method used by | , Proposition 4.1], which is based on a compactness

argument itself relying on a bound for an appropriate norm of v¢.

Proof. Proof of (24). The condition on & ensures that the ¢ are uniformly Lipschitz open sets, and
the result therefore follows for instance from | , Theorem 2.3.18].

Proof of estimate (23). The proof is divided in two steps.

Step 1: C1® bound of @;. Let us first prove that provided £ € CH(RY, RY) verifies 1]l (cte @y <
Cy for some C7 > 0 then it holds

(25) 10l @) < Co

for some constant Co independent of &.
This bound relies on standard elliptic estimates. In fact, the equation verified by v

—Ave = in Q
(26) Ve ; )\5?}5 m 3¢,
Ve € HO (Qg)
translates into the following elliptic equation for vg
—div(AVig) = Ug Q0 Je :=det(Id + D
(27) Ale( fv%) )\ngvg over where 13 € ( + f) X T
U¢ € HY(Q) Ag == Je(Id+ D)™t ((Id + DE) )
We now apply first order Schauder estimates (see | , Theorems 8.33, 8.34]) to get
(28) 10| ey < C ([0l oo () + [ Ae TeUel| oo )

where C' = Cn(7e, [[Aell(co.0@))vxn) with ye the ellipticity constant of A¢. Now, there exists C' > 0
such that for all £ it holds

(29) [l 2= (2, [| Aell co.o @yynxw < C <1 + Hf”(cl,a(ﬁ))N) :

By assuming that ||| yy1.00@ny)v < 6 for some § small enough we can suppose that v¢ > 1/2, and
also that ¢ contains a fixed ball for any &, thus ensuring that ¢ is bounded thanks to the monotonicity
of A\1. Moreover, we have the L> bound (see | , Example 2.1.8])

S T\ IN/4
(30) 15el 2oe() = lvell (o) < /570872,

Inserting (29) and (30) into (28) provides the desired estimate (25).
Step 2. We proceed by contradiction, therefore assuming that there exists g > 0 and a sequence
ng”(cl,a(RN))N — 0 such that

(31) v.] >0, Hfﬁf\J - UOHcl,a’(ﬁ) > €9
Thanks to the bound (25) we can use the Arzela-Ascoli theorem to infer the existence of v € C1%(Q)

such that up to subsequence
Vg, — v in ch(Q)
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Now, since [|€jlc1.amy gy — 0 we have that Ag; and Jg; go respectively to Id and 1 in C%(Q), and
furthermore A¢;, — Ao (thanks to (24)). We can therefore pass to the limit in the sense of distribution
in (27) to get

—Av = Agv, in

v e HHQ)
Now, since we also have v > 0 and [[v[[z2(q) = 1 we deduce that v = vg, which enters in contradiction

with (31). This concludes the proof of estimate (23) and hence the proof of the Lemma.
U

In the following Lemma we prove continuity type-estimates of several geometric quantities associated
to a set {). Let us recall that most notations of the Lemma have been set at the beginning of Section
3.1 (ng, Je, He, be and so on). We also denote ag := ng - ng and f¢ := agng — no.

Lemma 3.7. Let  be a CY' bounded open set. For any a € (0,1) there exists C = C(a) > 0 and
§ = 6(a) > 0 independent of € € CH(RN | RYN) such that if [€llcre@n gy < 6 then
o ||Je — llgoa(any < Cliéllcra@vyn- R
o [ne — nollcoaian) < Cléllcramvyn, lae — Hgoapa)y < Cléllcramvyy, [1Bellcoa@a) <
Clléll (e @y -
Let a € (0,1) and 1 —a < s < 1. Let p € (1,00) and denote by p' its conjugate exponent. There exists
§ > 0 such that if € € CHYRYN | RN) with [ll(cr.e@nyyv < 8, we have the following expansions

H§ — Hpy = ws,p,a(§)7 62 —bo = ws,p,a(g)a

Vrgag = Ws,p,a(f)
where the notation wspo(§) means that there exists ai¢, ase, big, bage (independent of s, p and a)

such that ws pa(§) = a1,¢b1 ¢ + azeba ¢ with

lavelly—ss 90y < CliElcrammyn,  [Ibrellcoean) < C,

lazgllw s a0y < C [b2,¢[lco.a a0y < CliEll (10 @y -

Proof. All of these estimates rely on an appropriate expression for n¢. Following | , Lemma 4.3]
we write = {w < 0} for some w € CH(RY) with Vw not vanishing in a neighborhood of 992, so
that Q¢ = {wo ngl < 0} and

_ Vwog) Dt Vu(g)
IV(wo g )l Do V(g )l

Notice that ng only involves Vw € C%1(92) and D¢ € CO*(RN,RY). As a consequence, expanding

the maps A +— (A™)T and A ~ det(A) around Id and y ~ |y| around ng we get in fact ng -

Ulgo.aaa) < Clléll(cramnyn. As for ng, ag and B, we expand z +— fa7 around % and get likewise

e

the announced estimates.
The case of Hg, be and V. g is more involved as the second derivatives of § and w come into play.

Z

As the argument is analogous in the three cases we only prove the estimate for I-/I\g Write a(zx) := o]

and ¢ := Dg " Vw(¢g ). Then
Hy = div(a o ¢¢) o 6 = Da(tix o ¢) : DY (¢¢)
where : is the matrix dot product. In particular, one has
Hy = div(a o Vw) = Da(Vw) : D*w.
Writing z¢ = (D(ﬁET(qﬁg) —1d)Vw, we let ¢ := Dwg(qﬁg) — D*w and ¢ := Da(Vw + z¢) — Da(Vw).
We therefore rewrite }/I\g = (Da(Vw) + c2) : (D?>w + ¢1) and we thus want to estimate
I-/I\g — Hy = (Da(Vw) 4 ¢3) : (D*w + ¢1) — Da(Vw) : D*w
(32) = Da(Vw) :c1+cp: D*w+cy : ey
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By expanding c; at £ = 0, we see that it is a sum of terms of the form d;;1,0;;&1, where d;;;, only involves
first derivatives of w and &, and of terms of the form dgjal-jw where d;j only involves first derivatives of

w and € with [|dj; || co.ea0) < Cll€l[(c1.e@nyv. Using (ii) and the embedding CO(90) ¢ W' (5Q)
from (i) of Proposition 5.2 (note that we have in fact & > 1 — s), there exists C' > 0 such that
Haijfknw—s,p/(ag) < C||V£k||wl—s,p/(ag)
< Cliéllcra@myn-

On the other hand, it holds [|d;;k||co.aq) < C. Proceeding likewise for the terms d;;0;;w we deduce
that ¢; has the form ¢; = wsp o(§).
We now expand co at £ = 0: one has

1
c2 = Da(Vw + z¢) — Da(Vw) = / D?a(Vw + tz) - zedt
0

As | zell (o @mvyyy < Clléll(cr.a@yyv, using the same ideas we get

1
/ D2a(Vw + tz) - zedt
0

1
< C ‘ / D2a(Vw + tZg)dtH Hz&H(CO,a(RN))N
00 (5Q) 0 00 (5Q)
< C (Jlwlleraqon) + Izeliooa@my ) 2l con@myn
< Cligllcro@myyyy
for some C' > 0. As a consequence ||czl|co.a@n) < CllEl(cre @y~
Since ¢1 = wspa(§) and [[c2fcoa@a) < Cléll(crom@mnyn, we deduce from (32) the announced ex-

pansion for ]-/I\g, thus finishing the proof of the Lemma. O

We now prove a final preparatory Lemma, which consists in proving a continuity estimate in terms
of ¢ and 6 for the H! norm of the derivative of the first Dirichlet eigenfunction on (Id + t0)(£2).

Lemma 3.8. Let Q be a CY! bounded open set and let o € (%, 1). For any & € C1® (]RN,RN) and
6 ¢ ohe (]RN,RN) we let Ué,e be the derivative at 0 of the map t — V(ra1i0)(0) € L2(RYN), where
V(1d+10)(Q) denotes the first Dirichlet eigenfunction on (Id+ t0)(Q¢). Then there exists a modulus of
continuity w such that for all § and 0 with (||| cr.a@mvyyy and [|0]|(c1.e@nyy~ sufficiently small it holds

(33) lvg.0ll 1 () < CNON (rr/200))~
and

(34) [vg 9 = vo,0ll a1 (@) = Wora g1z (€,0)
where

wera /2 (§,0) == w([[Ell(cra @)yl 120y + w10l cre @ y)yw)IEN a2 @a) -

Proof. We denote \; 4 := ()\1)225(0) - (0). It is classical (see for instance | , Theorem 5.3.1|) that
the functions véﬂ satisfies the following equations

—Avé,e = )\gvé’e + )\'&91)5, in Q¢

Vg g = —(Oneve)0 - mg, over OS2

fﬂg ”279”6 =0
Let H¢ g be the harmonic extension on )¢ of (Bngvg)e -ng. Then recalling the expression of X&ﬁ (see
for instance | , Section 5.9.3]) we can write

)\,5,9 = —/ (8n£?)£)20 . ng = —/ (8nEU£)H§79 = )\g/ UgHg,G
0 0 Q¢

where we used Green’s formula and fQ& VveVHg g = 0. We decompose vé o = —meHe g + we g where
2

¢ is the orthogonal projection onto {v¢}+ for the L? scalar product on L?(€2¢). Thanks to the above
expression for )\’5 ¢ we know that
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wg g solves
(A = Agweg = —AcmeHe p, in Qe
(35) we,p =0, over 0
Jo vewep = 0.

We estimate separately H¢ g and we g.

Estimate of H¢ p. Since H¢ g is harmonic inside €2, I-/IZQ satisfies —div(A§VI-/IZg) = 0in €, where
A¢ was defined in (27). As a consequence, we have that

A(He g —Hog) = AHe g = —div((A¢ — Id)VH; ¢)

so that by using standard elliptic estimates (see for instance | , Corollary 8.7] combined with a
trace estimate from | , Proposition 3.31|) we get
(36) 1Fley — Hooll o) < Cn (I(A¢ — 1) VHegll 20 + [ Hles — Hooll iz on )

for some Cp > 0. There exists C' > 0 such that
| (Ag — 1) VHggll2(o) < 14¢ — 1oy (IVHep — VHogl o) + | VHog 2
< Cllell gy (IFeo — Hogllmay + 18 mollri/2 o
where we used that
IVHogl 122 < [Hogll1/2000) = 19n0v0(8 - 10) 11120y < €118 - m0ll 17200

using vy € C1*(Q2) and the product law C%*(0Q) - H/2(9Q) C HY2(09) thanks to a > 1 (see (iii)
of Proposition 5.2). Assuming that ||| 1,00 @nyny < ﬁ we thus get from (36) that there exists
C > 0 such that

(37) He,o — Hopll i) < C (H5||(W1700(RN))N||9H(H1/2(8Q))N + [[Hep — H0,6||H1/2(aﬂ)) :
Now, to estimate ||I-T§\ﬁ —Hooll g/200) = 10nve(0 - ng) — Ongvo(0 - n0) |l gr1/2 (90 We write

(38)  Bueue(8- ) — Ongvo(0 - m0) = Bt (8- 1) — (8- m0)) + (0 n0) (Fngv — D)
Let us decompose
Ong Ve — Onyvo = (Vog — V) - ng + Vg - (7ig — o)
— (Do "V — Vuo) - no + Do TV - (7 — o).

Choosing some o € (3, «) and relying on Lemmas 3.6 and 3.7 we thus have Ha/ng\vg — 8”0?}0“0070/(89) <

w (HgH(Cl,a(RN))N). Using again the product law C%% (9Q) - H'/2(9Q) ¢ H'/?(99) we obtain

| (Fncve = Onav0) (010} l11/205) < Cl19me v = Dngtoll o oy 16 - moll 120
(39) < w(llEllcra @y g2 o0)~
On the other hand, we have
0-ne—0-ng=(0—0) 7 + 6 - (g — no)

With the same tools as before we get [|0 - (g — 10| 1/2(90) < ClOl mr/2(90))~ [1€]l (010 )y - For the
other term we write

N 1
B() — 0(x) = /0 VO(x + t€(x)) - £(x)dt
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so that the product law C%*(9Q) - H'/2(9Q) ¢ HY?(0Q) again gives

1
16— 62090 < C H [ vote +teto T

(CO,a (RN ))N

< Clol ooy (1+ €l com @y ) 1€l r2coay
< OOt @my~ 1€l rrrrz o0y~

yielding ||(6 — 6) gl 2oy < ClEl 17200~ 101l (1o @y~ . Combining the two estimates we thus
get

HH ‘Mg — 0 - no||H1/2(ag) = Wcl,aJ{l/? (5,9)

This estimate together with (39) enable to estimate HI@ —Ho 0l gr1/2(90) thanks to the decomposition
(38), so that (37) becomes

(40) [Heo — Hopllm (o) = wete g2 (€,0).
This finishes the proof of the estimate of He g.
Estimate of w; g. To estimate ||we g — wo gl 1 (o) let us write the equation verified by we g — wo 6.

If one writes L¢ := div(A¢V-), then for a function f¢ : Q¢ — R one has Z\fg = Egjz. Recalling (35) we
therefore have

(=2 = 20)(@ep — wog) = [(—A = Xo) = (—L¢ = Ae)] g — AemeHe g + AomoHp g in Q
We.p — wo g = 0 over 0N

Using that (—=A — Xo) ™' : H-YQ) N {f € HY(Q), (f,vo) = 0} = {vo}* N HI(Q) is an isomorphism
(recall that )¢ is simple, so that —A — )¢ is one-to-one on {vy}* thanks to the Fredholm alternative),
there exists C'y > 0 such that

lweo — woo — Ye0v0ll () < Cn (II(Ag — Id)Viggllzzo) + [Ae — Molllwepll r2 ()
+[[AemeHe o — )\oWoHo,GHm(Q))

where 7¢9 € R is chosen so that weg — wop — Yeov0 € {vo}™. Now, since [|A¢ — Id|| () <
CllEllwreemnyyvy and [Ae — Ao| = w(([€]] (oo @ny)~) (thanks to Lemma 3.6) we get

(41)  [lwe o — wo.0 — ve.0v0ll a1 () < ClEll w0 may)w (H@HHl(Q) + [|AemeHe g — )‘07T0H0,0HL2(Q))
If we denote (-, )¢ the scalar product in L?({), we write

(42) meHe g — moHop = (Feg — Hop) — ((Heg, ve)ete — (Ho, vo)ovo)

Using estimate (23) from Lemma 3.6 and the Harmonic estimate (40) we have

(43) |(He 0, ve)e — (Ho,p, v0)o| = /Qﬁg\,e@%]g - /QHo,avo
(Je was defined in (27)) so that using again (23), (24) and (40) we deduce

(44) ”)\gﬂ'gHg,g — )\07T0H079HL2(Q) = wc1,a7H1/2 (f, 0)
Estimate (41) thus becomes

= Wela fi/2 (5a 9)

(45)  l@es — wos — veovollima) < C (el 1Tl @) + wora e (6,6))

Now, since fﬂg we gV = [, wo,ov0 = 0 we have

/(@ - wo,e)vo
Q

using again Lemma 3.6, which gives

Ve0l = = ‘/Q@(Q‘Jf —vo)| < w(l[€ll(cre @y ) [ Wepll L2 (o)

[we.o — wopll ) < WIEll(cre@yy)n)We ol a1 Q) + wera gz (€,0)

(46) < w([léllora @y ) (g — wollm @) + lwosllpe)) + wora gz (€ 6)
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Using [[wo ol 1 (o) < ClHoollz2) < CllON (zr1/2(060))~ based on (35), and taking w(||€[l(cre@yyy) < 3
finally yields

(47) |we.0 — wopllat (o) = wWera gz (€,0) .

Conclusion: Working from the decomposition (42) and using the harmonic estimate (40), estimate
(43) and also (23) from Lemma 3.6, we obtain

|meHe g — moHo ol g1 (@) = Wotia gi/2 (€,0) -
This latter bound together with (47) provides the desired (34). As for (33), we have seen that
lwoell @) < ClOI(p1/200))~ based on (35). On the other hand, |[moHogllz2() < [[Hoollr2(0) by
definition and

IVToHo0l172(0y = IIVHo6ll72() — (Hog,v0)?
since fQ VHy¢Vvg = 0, thus yielding also
IVroHoellz2() < [Hoollmr ) < ClHooll m1/200) < ClON (m1/200))~

Hence |[moHopllmi) < CllOll(gr/290)~, so that we finally have [lvgllmi) < [ImoHoollmi @) +
Hwo,gHHl(Q) < CHH”(Hl/Q(aQ))N, thus giving (33) O

3.2. Second derivative of \;. A final preparatory step to estimate \](¢) — A\/(0) is to justify that
the expression (48) below of the second derivative (A1)g(0) is valid when Q = (Id + §)(B) for some
vector field ¢ which is only C*!. Formula (48) is indeed well-known for C3 domains (see for instance
[ , Theorem 5.9.2 and Section 5.9.6]), but for C1*! domains it does not seem to have been justified
in the literature. As a matter of fact, the expression (48) has been implicitly used in | | without
further justification for domains (Id + £)(B) with & € W2P(RN, RY). From (48) we will immediately
deduce a corresponding expression for A (t), see Lemma 3.10.

In this paragraph, if £ is a Lipschitz vector field and f¢ is defined on Q¢ or 9€Q¢ we still write ]?5 the
function f¢ o ¢¢ defined on Q or 9.

Lemma 3.9. [Second derivative of \1] Let @ C RN be a bounded open set given by Q = (Id+ ¢)(B)
for some € CI’I(RN,RN). Let n, H and b denote respectively its outer unit normal, curvature and
second fundamental form. Let o € (3,1). Denote by g := \(Q). Then for any § € CL2(RN,RY) 4t
holds

(48) A§s<o>-<e,e>=2( LveE = [ |v’|2) + [ @ (1O ) ~b(0:.0)+ 29,0 -m) -0,

where 0, denotes the tangential component of 0, v is the first L? normalized and nonnegative eigen-
function of Q and v’ is uniquely determined by the equations

—Av = Xgv' + (AG(0) - O)v, in Q
v = —=0,v(0 - n), over 02
Jov'v=0.

Note that when € is C? the term [, [VV/|> = Aq [, [v/|* is more commonly written as the boundary
term [, v'9,v" (which we cannot justify if Q is merely chh.

In our case one does not have enough regularity over {2 to perform the classical integration by parts
leading to expression (48). As a consequence, in order to prove (48) in the C1! case we rely on (48)
in the smooth case combined with a low-regularity formula of (A1) (0) - (6,6) which holds true for
bounded Lipschitz open sets, proven in | , Theorem 2.1]| (see also | | for an expression for the
Dirichlet energy in the same spirit).

Proof of Lemma 3.9. One can apply the second derivative formula from | , Theorem 2.1] which
holds true for any Lipschitz domain and § € WH(RN RN):

A0 - (0,0) = /Q (=2|Vig|* + 2Xalt9|* + 2(Sq : DO)div(0) + (Aa|v]* — |Vv[*)(div()* + DOT : DY)

(49) + / (2(2D6? + DODOT)|Vu|? — 206,(0) - (0)div(0)|v[?)
Q
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where : is the matrix dot product, Sq = (|Vv|? — A\q|v|?)Id — 2Vv ® Vo, and 9y denotes the material
derivative of v in the direction 6, meaning the derivative at 0 in the direction 6 of the function
0 € WH s vgo (Id + 0) € HL(Q) where vy is the first L? normalized eigenfunction of . Note that
vy verifies the elliptic equation

—Avy — Aoty = Aqudiv(0) + (A(0) - (9)) v + div(A4;Vv), in Q
9 = 0 over OS2
Jo vov = —3% [, [v[*div(0)

with Aj, := div(9)Ild — D6 — DT

Recall that Q = B, = (Id + ¢)(B). Since ¢ € CLYRN RY), there exists ¢; € C®°(RN,RY)
converging locally to ¢ in C1# for each B8 € (0,1). Letting Q; := Be, = (Id + ()(B), we have
Q; = (Id+¢;) o (Id+¢)~H(B¢) so that ; = (Id+&;)(Q) with &; := (Id+ ;) o (Id+¢)~* —Id converging
locally to 0 in C# for each 8 € (0,1). As ; is smooth, )‘61 (0) - (0,6) both equals (48) (see | ,
Theorem 5.9.2 and Section 5.9.6]) and (49) and we will pass to the limit in both expressions.

Through the proof we give an additionnal index j to the notations linked to €2;: v; is the first
eigenfunction of Q;, A’ := )\bj (0)-(0), ; is the material derivative of v; in direction 6 and v} := véj,e(the
notation was introduced in Lemma 3.8). As for the geometric quantites related to €2, n; denotes the
outer unit normal to {2;, and so on. The proof of the Lemma is divided into two steps.

Step 1: continuity of \}(0) - (6,6) in Q. In this step one can assume that § € WL°(RY RY).
Let us prove that Xg'lj(O) -(6,0) — X(0) - (0,0).

Since 2; — Q in o (in the sense introduced above), one can find D C RY open bounded such
that Q;,Q C D for every j. Setting v; := [, 0jv; we have

195 = vvill gy oy < Ao divO)lla-1(,) + INvill -1 (0 + 1div(AG Vo)l g-1q;)

Now, since )\; = fﬂj S; : D thanks to | , Theorem 2.1|, and using that A; is bounded and v;

is bounded in H! (thanks to Lemma 3.6) we deduce that ©; — v;v; is bounded in H{(D), yielding in

turn that ©; is bounded in H} (D) as v; = —3 [, |vj|?div(6). As a consequence, ©; converges (up to
J

subsequence) towards some ¥ € H&(D) weakly in H', strongly in L? and almost everywhere. Using
again Lemma 3.6 we have that \; — Ao, \} = Ag(0) - (f) and v; — v in H', so that relying also on
the Hausdorff convergence {1; — €1 one can pass to the limit in the sense of distributions in

—Nbj — Ajby = Ajudiv(6) + Nwj + div(4)Vy), in Q;
v = 0 over 082,
fﬂj 0 = —3 fQj [v[*div(6)
to deduce that v verifies
—AD — A = Aqudiv(§) + (AG(0) - (§)) v + div(A4;Vv), in Q
Jo v =—3 [, [v]*div(6)
Since (2 is Lipschitz it suffices to prove that o = 0 a.e. outside Q to deduce that o € HZ(Q) (see for
instance | , Proposition 3.2.16|) and therefore that o = v. But this is seen directly by passing to
the limit a.e. in the identity 1p\q,0; = 0, since ¥; — ¥ a.e. and |[2;AQ| — 0 (as ; — Q in chh).
Now, the convergence of v; towards v is strong in H 1 since by multiplying the equation by v; and
integrating by parts we get ||V, z2py — |[VO 12(py. We can therefore pass to the limit as j — +oo
in (49) to deduce that we have in fact )‘/flzj (0) - (0,0) = X4(0) - (6,0).
Step 2: continuity of (48) in Q. In this step we rather assume § € CH*(RY, RY) for some
o€ (%, 1). We want to pass to the limit in the expression

(50) 2 / IVoi|* — Aj/ CARES / (On,v;)? [Hj(0 - nj)* = bj(0-,,0-,) + 2V, (0 - ny) - 0- ]
Q; Q; 09,
Thanks to a change of variable, the integral on €); can be written

o |2 T2 — T i T (2
Q/Q (Va2 = At ) g, _2/Q (4,90, Vel = A5 142)
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where J; := Jg; and Aj 1= Ag, are defined in (27). We have that A; and J; go respectively to Id and
1in L%°(Q) as j — +oo, and also A\; — Aq, while on the other hand v converges to vj 4 in H(Q)
thanks to Lemma 3.8. As a consequence the integral on ; converges to 2 ([, |[VV'|* = Aq [q [v']?).

For the convergence of the integral on 0€2;, we show that fan (On,v5)?H;(0-15)* — [50(0n0)*H(0-n)?
and the other terms can be treated similarly. We can write

—

/ (8njvj)2Hj(9-nj)2:/ J;(Bn,07)2H;(8 - ny)?
09, o9

= / H;g;
o0

for g = Jj ((9;\%) (9,/7?)2’ where J; 1= jgj is the surface jacobian defined in (22). We claim that
— (0pv)2(0 - n)? =: g in C%. This comes from Lemmas 3.6 and 3.7, and moreover one estimates

((fn\j) ~0-n) as follows

16 - 15) = 0 - nllcoa@oa) <10 (5 —n)llcoaian) + (0 = O)njllcos o)

< |10[l(co.x @0~ 1§51l (e @)y + ClIOll 1. @ay)n 1§51 (coe a0))™

where the estimate of § — 6 comes from writing 6 — 6 = fol VO((1—t)-+tee,)-&dt. On the other hand,
picking s € (0,1) such that 1 —a < s < a and any p € (1,00) it holds f-I\J — H = w, (&) thanks to
Lemma 3.7, so that we also have H;g; — Hg = ws p o(&;) thanks to the convergence of the g;. We may
therefore use a W= . WP duality estimate and the embedding C%*(9Q) C W*P?(9) (see (i) from
Proposition 5.2) to deduce that

Q o0

This proves the convergence of (50) towards the corresponding expression for €2, and thus concludes
Step 2.
Conclusion. Since each 2; is smooth we have that )‘/flzj (0)-(8,0) both equals (50) and (49) for each

j. The two previous steps ensure that we can pass to the limit on both sides to deduce that (48) holds
for €. 0

3.3. Estimate of \/(¢) and proof of the main results. Relying on the expression of the second
derivative given by Lemma 3.9 we can now tackle estimating the variation of the second derivative of
A1 (t) = M ((Id + t€,)(B)). We first obtain an expression for X/ (t), which we state in the next Lemma.

Let us first recall and set some notations for the remainder of this section. We use the notations from
Theorems 3.1, 3.4 and 3.5: any h : 9B — R is extended to the whole of RY into some h locally constant
in normal directions around 9B, and we then set §, () := h(z)x so that ||, |1 @mnyyy < Cllh|lc1aap)
for any o € (0,1] and h € C1*(9B). We let By, := (Id + &,)(B) and B; := By, for t € [0,1]. The
notations ny, H; and b; refer respectively to the outer unit normal, curvature and second fundamental
form of B;.

Lemma 3.10. Let h € CHY(OB). For all t € [0,1] it holds
(51)

AT (t) =2 < B Vo]? — >\1(t)/B |v£|2> +/83 (Onyve)? [He(En - 1e)* = be(€n) e (€n)m) + 2V, (€ - 1e) - (En)ra]

where (£)r, is the tangential (over OB;) component of V&, vy is the first L? normalized eigenfunction
of By and v} is determined by the equations

—Av; = M (t)v; + Ny (t)ve, in By
vy = =0, v¢(&p - 1), over OBy
th vy = 0.

Proof of Lemma 3.10. By Definition 3.2 it holds

A (t) = N5(t&n) - (&ny En)



FUGLEDE-TYPE ARGUMENTS FOR ISOPERIMETRIC PROBLEMS AND APPLICATIONS TO STABILITY 21

but since Byt = (Id + (s + 1)) (B) = (Id + s8,)(B:) when ||k 1 (9p) is small we immediately get
Np(ten) - (€n,&n) = N, (0) - (€, &n)
The result then follows from applying Lemma 3.9 with = B;. U
Relying on the expression of A/ (¢) given by this Lemma we are now ready to prove Theorem 3.5.

Proof of Theorem 3.5. Let us first suppose that h € C11(9B). We can therefore use the expression of
A/ (t) from Lemma 3.10 which we rewrite in the following way

)\Il/(t) = 2 < ]va — Al(t)/ ”UH2> +/8 (Bntvt)2 [Hta? — bt(ﬁhﬂt) — 2thC¥t . Bt] h2
By Bt Bt

(52) —2/ (8ntvt)2at(/8t . VTth)h
OBy
= Ta(t) + Ta(t) + T3(t)
where we put oy := ny - n and B¢ := ayny — n. We thus prove for each 1 <i <3
(53) vt € [0,1], [Tit) = Ti(0)| < w(llhllore@p)PlFn2op):

Estirr/l\ate/\of Ti(t). See that v; = vy, . in the notations of Lemma 3.8. Writing 5, |Vvj|? =
[5(A:Vv;, Vu;) where A; := Ay, is defined in (27), we get

' [ v - [
By B
< w(llllene @) n,

thanks to Lemma 3.8. On the other hand,

= ‘/ (Ay — 1)V, Vi) + (V) — Vp) - (Vol + V)
B

M) |0 = x0) /B b ?

By

- \wt) 00 [ WP+ 20 [ (= DR + = )+

By
< w(llbllova@m) 1112 om
using Lemmas 3.8 and 3.6. Putting these two together finally yields

I71(t) = T2(0)] < wllhllcra@r) 732 o5

thus finishing the proof of the estimate of 71 (t).
Estimate of 73(t). Thanks to a surface change of variables we have T5(t) = [, ¢h where

Gi 1= (Bny00)? | Hi” = bu(Bi. o) = 2V B i
with J; the surface Jacobian. We have

(54) | Ta(t) = T2(0)] =

fa-on

Notice that 7; is a sum of terms of the form 7; x z; for some 7; € {f-l\t, (l;;)l-j, (V/TE)Z} with z; which
is a product of terms in {o@,(ﬂ,ﬁ\t, jt} Let p € (1,2) be given by (iv) from Proposition 5.2 and
choose some s € (0,1) verifying 1 — a < s < % < «, ensuring that the triple («, s, p) satisfies both the
hypotheses of Lemma 3.7 and Proposition 5.2 (iv). We thus have that 73 —yo = ws p () (uniformly in
t), which we denote more simply ws (k). On the other hand, thanks to Lemmas 3.6 and 3.7, choosing
some o € (3, ) there exists w such that ||z — ZOHCM’(E)B) < w(||hllcra@p)). As a consequence we get
that 6; — 09 = ws p o/(h), which we write ; — 09 = a1 401 4 + a2 b2, in the notations of Lemma 3.7.

Thanks to (iv) from Proposition 5.2 the product law HY/2(dB) - H/?(dB) c W*P(dB) holds, and
we thus have

165.18% lwsr(omy < Clbinbl /e om) |1l 12 05y
Using the product law C%*'(9Q) - H/2(8Q) ¢ H'/2(8Q) from (iii) of Proposition 5.2 we get
||b1,hh||H1/2(aB) < CHhHHl/?(BB)a

1b2,nPll 12 (0) = w (IRllcre@m)) 1PNl 12 08)-



22 R. PRUNIER

Using a duality estimate W~ . W*? we can therefore estimate (54)
I72(t) = T2(0)] < llavpllyy-eor oy 1010 0* lwsw @) + lazpllyy—or o) 1b20h* s o)
— w(lbllere@m)Ibl s op)-
Estimate of 7T3(t). Using a surface change of variables we have T3(t) = [,z h(p; - V7 h) where
pr 1= (On,0)2GiBrJr, Vih = Vh — (Vh- )iy

We write

| Ts(t) — T3(0)] =

| i (ah=Vam)+ [ @) oh).
0B 0B

Now, V:h — Vzh = (Vh-n)ny = V. h- (ny —n)ng since Vh-n = 0. On the other hand ||p; —

pollcoe (o) < w(llhllcre@m)) choosing some 3 < d < a, thanks to Lemmas 3.6 and 3.7. Using a

duality estimate H~/2. H'/2 the product law C** . H'/2 ¢ H'/? and the fact that IVrhllg-17298) <
Cl|n[l 1729y (see (iii) and (ii) from Proposition 5.2) we thus get

| T3(t) = T3(0)] < [[hpe(ne — n)7ul| ooy Vbl a-120m) + 100t = po)ll 2@y IVl =12 a8y
< w(llhllcra@e)lblie@p

using Lemma 3.7. This finishes the proof of the 73(¢) estimate.

We have thus proved (53) and hence Theorem 3.5 in the case where h € CH1(0B). We then
reduce the regularity hypothesis made over h to h € C»*(0B) with a density argument. Recall that
M (t) = N, (0)- (&, &) since By = (Id+(s+1)&,)(B) = (Id+s&,)(Bt) when ||Al| L~ (sp) is small. Let
then h; be smooth and converging to h in C*#(9B) for each 0 < 8 < a with ||h; lcte@s) < Ihllcte@b)-
With an argument similar to Step 1 of the proof of Lemma 3.9 we can pass to the limit in the expression
)\%thj (0) - (&n;,En;) to get that )\%thj (0) - (&n;»En;) — AY(t). We can thus let j — +oc in

Bun, (0) + (ny26ny) = X5 (0) - (&n,08n,)| < wllhsllcraqm) sl e om)

and get the desired estimate. This finishes the proof in the general case.
O

Theorem 3.4 is now a consequence of Theorem 3.5. The way to pass from an (IC) to an (IT) con-
dition was shown in [ | (see | , p-3014]), but we reproduce the short proof for the convenience
of the reader.

Proof of Theorem 5./ . Fix ¢ >0 and « € (3,1). Thanks to Theorem 3.5 we find § > 0 and a modulus
of continuity wy, such that for all h € C*(0B) with [|k||c1.a@p) < 4 it holds

(55) vt € [0,1], M () = M) < wx (I8llcra@a) 1l 2 om)
We can write
M) = M (B)+ ()p(0) - (6) + 5050 - €n.6) + [ (D)~ M) (1 e
using a second-order Taylor expansion with integral remainder. Using (55) we thus get
AL(Br) = M(B) + (A1)(0) - () + %()\1)79(0) (&ns€n) +wx (Ihllraon) IRl 2 o)

hence that \; satisfies an (IT) /2 cre condition. Combining this together with the expansion for P
(see (20)) we get the expansion for J. = P — c)\y:

1
Je(Bp) = Je(B) + (Je)B(0) - (&n) + 5(.7@)'[;(0) < (&ns&n) + welllPllore @) 1Al o)
with w. := wp — cwy,. This concludes the proof. O

We are now able to prove Theorem 3.1, relying on the stability results proved in | |.
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Proof of Theorem 3.1. We proved in Theorem 3.4 that the functional J. satisfies an (IT) g1 1.0 con-
dition in the sense of | , Theorem 1.3]. It also satisfies a (Cp1) hypothesis (see | , Lemma
2.8]). On the other hand it was proven in | , Theorem 1.2] (see also | , Proposition 5.5 (ii)])
that B is a critical and strictly stable shape under volume constraint and up to translations for [J.

whenever ¢ € (0,c¢*). For any such ¢ we therefore apply | , Theorem 1.3| and get that there exists
d. > 0 such that for any h € CH*(9B) with [|h]|cra@p) < dc and |By| = |B] it holds

jc(Bh) > jc(B)

with equality only if By, is a ball. This gives strict minimality (up to translations) of B in a C'h¢
neighborhood, thus concluding the proof of the Theorem. O

4. SELECTION PRINCIPLE: MINIMALITY OF THE BALL AMONG CONVEX SETS. PROOF OF
THEOREM 1.2.

This section is dedicated to the second part of the selection principle strategy which we described in
the Introduction, namely the regularizing procedure which enables to reduce the proof of the inequality
from Theorem 1.2

VK € KV with |KAB| < 6., (P —c\)(K) > (P —c\)(B)

for general convex perturbations K of B to the same inequality for C1® perturbations of B. As is usual
in this procedure (as was originally done by | |, see also among many others | I, | |,
| |) the argument goes by contradiction: we assume that (4) does not hold, meaning that there
exists a sequence (K;) converging to the ball in the L' sense but for which J.(K;) < J.(B). The

strategy is then to replace the sequence K; by a sequence f(\; also converging to B, for which (4) is
still not verified and in which each K; is meant to be much smoother than K;. The convergence of the
sequence K; and the fact that it still contradicts (4) is somehow built-in the construction of these sets

itself, as minimizers of an auxiliary minimization problem involving the K;. The regularity of I?J then
comes from the fact that it is a minimizer of an isoperimetric problem under convexity constraint: it
was shown in | ] that such minimizers are C'!, and we will provide a uniform version of this result
(see Theorem 4.2). This will enable us to apply the result of minimality in a smooth neighborhood
proven in Section 3 (see Theorem 3.1) to finally get a contradiction.

In this section B C R¥ still denotes the open unit ball centered at 0.

4.1. Regularity theory for the quasi-minimizer of the perimeter under convexity con-
straint. This subsection is dedicated to the regularity theorem which is central to the selection prin-
ciple we perform in Section 4. When working in the framework of quasi-minimizer of the perimeter
without convexity constraint, a very useful type of results concerns the strengthening of convergence for
a sequence of quasi-minimizers converging to the ball: if a sequence (F;) of (uniform) quasi-minimizers
converges to the ball in a L' sense, then E;is C L1/2 for large j and it converges (up to subsequence)
to the ball in C%* for each a € (0,1/2) (see for instance | , Theorem 4.2| for a rigorous state-
ment). This is a compactness-type result, which is a direct consequence of the C11/2 regularity of
quasi-minimizers and an estimate of their norm. We want here to prove an analogous result in our
convexity constrained case. The regularity result we state below (Theorem 4.2) importantly relies
on the CH! regularity results from | | (see | , Theorem 2.3|). Nevertheless, in comparison
with | , Theorem 2.3| we have to follow the constants in the proof in order to show that a quasi-
minimizer is locally parametrized in cartesian graphs by C''! functions with norm only depending on
the relevant constants. We then pass from this quantified local cartesian C'b! regularity to a global
spherical estimate. Although this passage often comes as classical in the literature, it does not seem
to be so well referenced and we believe that a careful examination of all the arguments can be of use
(see also | , Appendix B] for similar arguments).

Let us first define the notion of quasi-minimizer of the perimeter under convexity constraint which
was introduced in | , Definition 2.1].

Definition 4.1 ((A,e)-qm.p.c.c.). Let N > 2. Let A > 0, ¢ > 0. We say that K € KV is a
(A, €)-quasi-minimizer of the perimeter under convexity constraint (or (A, e€)-g.m.p.c.c. for short) if

(56) VK € KN such that K ¢ K and |K \ K| <e, P(K)<P(K)+A|K\K]|.
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For x € RY, let vg(z) := x. Any function h : B — R is extended to RY as in Section 3 (see
the beginning of Section 3). For r > 0 and z € R¥ the notation B,(z) denotes the ball of radius r
centered at z. The q.m.p.c.c. regularity result is the following.

Theorem 4.2 (Regularity of qm.p.c.c). Let N > 2, A >0, e >0 and 0 < m < M. Let K be a
(A, e)-g.m.p.c.c. verifying By (z) C K C Bp(z) for some z € RN. Then there exists h € C1(0B)
such that (up to translation) K can be written

K = (Id+ hvp)(B) = {tz(1 + h(z)), t € [0,1], x € OB}, with ||h||c119p) < C
with C' = C(N,A,e,m, M) > 0 only depending on the indicated parameters.

Let us postpone the proof of this Theorem and show first how we deduce from this result a conver-
gence type result of quasi-minimizers (as in the classical setting).

Corollary 4.3 (Convergence of q.m.p.c.c). Let N > 2, A > 0, ¢ > 0. If (Kj) is a sequence of
(A,€)-g.m.p.c.c. such that |K;AB| — 0, then there exists a sequence hj € CYY(OB) such that

Vj e N, Kj = (Id+ thB)(B),
and for all a € (0,1) it holds hj — 0 in CHe.
Remark 4.4. Let us note here that this C1® convergence for all a € (0,1) is essentially optimal in

the sense that one cannot hope for more than C1! regularity for a q.m.p.c.c. (see | , Proposition
3.18] for a counter-example to higher Holder regularity in two dimensions).

Proof of Corollary 4.5. Since |K;AB| — 0, one also has that K; — B in the Hausdorff sense thanks
to Proposition 5.4. As a consequence, there exists z € RN and 0 < m < M such that
VjeN, Bm(z) - Kj - BM(Z)

The existence of the upper ball follows directly from the definition of the Hausdorff convergence; we
refer for instance to | , Proposition 2.8, 2.] for the existence of a lower ball. Therefore, thanks to
Theorem 4.2 we deduce that there exists h; : 0B — R such that

Vi e N, Kj = (Id + thB)(B) and thHCLl(BB) <C
for some C' > 0 independent of j. From this bound on the C''! norms we deduce for each a € (0,1)
the convergence (up to subsequence) of h; in C1* norm to some h € C11(9B), using the Arzela-Ascoli

Theorem. Since K; — B in the Hausdorff sense we must have h = 0, which ensures also that the whole
sequence (h;) converges to 0. This finishes the proof of Corollary 4.3. U

We can now pass to the proof of Theorem 4.2.

Proof of Theorem /.2. Step 1: cartesian estimates of K. Let 75 € 0K be fixed. We claim that
there exists

e a hyperplane H C RY containing Zg and a unit vector ¢ € RY normal to H,

e a (N — 1) dimensional ball Bév_l = Bév_l(fa) centered at xo and of radius 8 = B(m, M) >0
with BY ™' C H,

such that, denoting by (x,t) a point in H x R coordinates (according to the orthonormal frame H x R¢)
and defining w : Bév_l — R by the formula u(x) := min{t € R, (x,t) € K} we have

(57) {(z,u(x)), z € By '} COK
(58) KN (B ™' xR¢) C {(z,t) € By ™' x RE, u(x) <t}
and u € b1 <Bév71> with

(59) lull ., =v=1, < C, where C = C(N,A,e,m, M)

In this Step, for any z € H and r > 0, we denote by BYN~!(z) C H the (N — 1)-dimensional ball of
radius 7 centered at z.
The existence of H, &, ', u such that

/8/ = ﬁ/(m’ M)
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u € CON(BY (@), with |[Vaull o 1) < Clom, M)

(o))
and such that (57) and (58) are satisfied for B é\f ~1(Zy) comes from the convexity of K (it is proven for
instance in | , Proposition 4.3]). We now prove (59) for g := '/2. Let y € Bévfl = Bévfl(:/ca),
p € du(y) and set for each r € (0, 3)

M, (y) == sup (u— (u(y)+(p, —¥))
BNy

Using quasi-minimality of K and the estimates of 3 and HVUHLOO(BZ;—l(ia)) above, we can use | ,
Theorem 2.3] (see last equation of the proof of Theorem 2.3) to deduce that there exists
C=C(N,\e,m,M)
ro =ro (e,m, M)

such that

Yy € Bév_l, vr € (0,70), M,(y) < Cr?
We now apply Lemma 3.2 in | ] which ensures that u € C1:! <Bév _1) . More precisely, it is proven
in | , Lemma 3.2] that there exists pg > 0 and n > 0 only depending on ry and the Lipschitz

character of Bév ~! (hence only on 3) such that
Vr € Bévfl, Yy € Bévfl N Bé\g_l(:c), |Vu(z) — Vu(y)| < C'z — y|
where C’ = 6n~!. As we also have
Vo € Bév_l, Yy € Bév_l with |y — 2| > po,
Vu(z) ~ Vu(y)] < 2Vul o v-1y05 e~ 3]
then gathering the two we get that
V,y € Bév_l, \Vu(z) — Vu(y)] < Clz —y|

by setting C' := max {C/’QHVuHLOO(BNﬂ)po_l}. This together with the bound on HVUHLOO(BN—I(EB))
B ﬁ/
above, and
HUHLOO(BZ;’”) < diam(K)

yield the desired estimate on HuHcL1 B

Step 2: local spherical estimates of JK. This step and the next one are similar to | ,
Appendix BJ. Fix g € K. We apply Step 1 at Zg, and up to translating and rotating we assume
without loss of generality that z = 0 (so that B,,(0) C K C By(0)) and ¢ = ey is the N*® canonical
direction. In this step we consider z as the origin, so that the coordinates (z,t) € H x R will now take
this into account. As a consequence, Zg is now written 7o = (0, ) for some ¢y < 0, and if 2 := Bév -1

denotes the (N — 1)-dimensional ball found in Step 1, we have
Vo € Q, u(x) := (z,u(z) + t9) € OK
Since H is orthogonal to £ = ey and contains zg we have
H =27+ {any =0}

We write more simply B, := B,,(0). Let 6 be the map

0:Q — 0By,
u(z)
[a(z)]

which associates to x € 2 the spherical coordinates corresponding to @(x). Let now pg : 0B, — (0,00)
be the distance function of the convex set K, meaning that for any ¢ € 9B,,, px(¢) is the unique
t > 0 such that t¢ € OK. Then for each z € €2, it holds (z)pr (0(x)) = u(z), so that

r—=m

(60) o (6()) = 2@

m
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As a consequence, pr o € CH1(Q) with norm only depending on the C'! norm of u. The rest of
Step 2 consists in showing that px itself is C1'! in a neighborhood of #(xg) and to estimate its norm,
by using a suitable version of the inverse function Theorem.

We let 6 be the map

0 : QxR —RY
(x,t) — 0(z)(1+1)
Note that ' € CH1(Q x R) and Olax oy = 0- Then it holds

-1
(61) D8'(F5) = m| oI v

Using a quantitative version of the inverse function Theorem (see Theorem 5.1) we deduce the
existence of a radius ro = 7 (||9’H01,1(V0), |DY'(z0)~ |, B), Vo and Wy respectively open neighborhoods
of Zg and #'(Zg) such that ¢’ is a C''!-diffeomorphism from V; onto Wy, with

(62) By (T0) C Vo, Bry (60 (20)) € Wo
and
(63) 1) leragvy) < C (16 lcrav) DO (20) 1)

Now, by definition of 6’ and 6, and since [@(x)| > m, it holds [|6/||cr1 () < C ([Jullcr1 gy, m™t). On
the other hand, by (61) we have |(D6')(z¢)~}| < C(|to],m™1). As K C Bys(0) we have |to] < M so
that (62) and (63) become respectively
(64) By (75) C Vo By (6/(55)) C Wo, with 0 = 7o (8, m. M. [[ullcr. (o)
and

1) Ml ey < C (my M, |lull e ()
Recalling that 9|,Q><{0} = 0 there exists a constant C' > 0 such that ||~ et wonos,m < |l Cam e (we)-
Hence, by (60) and the latter estimate of " we get

”PK”CLI(WOmaBm) <|lpx o HHC’M(VOOH)Hail”Cl’l(WoﬁaBm)

(65) < C, with C = C (m, M, ||lullcr1(0))

Using the estimates of 8 and ||u[[¢c1.1(q) found in Step 1 we finally get that the radius 7o and constant
C respectively from (64) and (65) only depend on N, A, e, m, M.

Step 3: global estimate of pg: relying on the local estimate (65) of px proven in Step 2 we now
estimate ||pk|lc119B,,)-

According to Step 2, for any ¢ € 9B, there exists Wy C RY an open neighborhood of ¢ such that

Bro (¢) - W¢

o llcraiw,ynos,) < C
where g = 79(N,A,e,m, M) and C = C(N, A,e,m, M). Using a standard compactness argument over
0By, we find n > 0 only depending on 7y such that for any ¢, € 9B, with |¢ —¢| <n
o (9) = pr ()| _  [VPE(9) = Vo (¥)]
¢ — 2| T ¢ — ¥
Combining these with a global bound |[|pk|lw1..(9p,,) < C we deduce that the same estimates hold
for |¢ — | > 1 so that we finally have

(66) lpxllcri@op,) < C
for some C' = C(N, A, e, m, M).

Conclusion. Let h(¢) := pg(m¢) — 1 for each ¢ € dB. Then we have that K = (Id + hnp)(B)
and (66) ensures that

<C

[[hllcriom) < C
for some C' = C(N,A,e,m, M) > 0. This concludes the proof. ]
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4.2. Proof of Theorem 1.2. In this subsection we perform the selection principle, relying both on
the convergence result for quasi-minimizers (Corollary 4.3) and the strict minimality of the ball in a
C1@ neighborhood shown in Theorem 3.1.

We will use the fact that A; satisfies some kind of Lipschitz hypothesis for the Volume distance.
This is stated in next Proposition.

Proposition 4.5. Let N > 2. Let D € KV and 0 < Vi < |D|. There exists C = C(Vy, D) such that
for all convex bodies K1, Ky C D with |K1|,|Ks| > Vp it holds

(67) I\ (K1) — M (K2)| < C|K 1 AKy).

Note that this Lipschitz-type property is an improvement of the result obtained for A; in | ,
Theorem 3.2 and Remark 3.3|. We refer also to | , Theorem 4.23] for a similar result proven for a
different class of sets.

Proof of Proposition 4.5. It was proven in | , Theorem 3.2 and Remark 3.3] that for any D' C D €
ICN there exists C = C(D’, D) such that for all D' ¢ K1 C D, D' C Ko C D it holds
(68) [M(K7) — M (K2)| < C|K1AK,|

Let then Ki,Ky C D with |Ki|,|K2| > Vp. Assume first that |[K;AKy| > Vp/2. Thanks to (ii)
in Proposition 5.3 we can find e = &(Vp, D) > 0 independent of Kj, Ky such that the inradii satisfy
K, TK, > €. As a consequence, for ¢ = 1,2 there exists x; € RN such that B.(z;) C K;. By
monotonicity of A\; we deduce

(69) (K1) = Ar(K2)| < 2M1(B:(0)) < 4V ' A1(B:(0))| K1 ARy |
Assume otherwise that |K1AKs| < Vp/2. Then we have
|[K1 N Ka| = |Kq| — [Kq\ Ka| > Vo/2

Using again (ii) from Proposition 5.3 we can therefore find &’ = &/(Vp, D) > 0 such that the inradius
of the convex body Kj N Ky C D satisfies rx,nx, > €. Hence, there exists z € D such that B./(x) C

KiNKy; C Ky, i =1,2. Letting R > 0 be such that Br(z) D D, we have B./(0) C K; —x C Bg(0) for
i = 1,2 and we therefore use property (68) to deduce

[AL(K1) = M (EK2)| = [Ai (K1 — ) — A (K2 — )|
< C[(Ky — 2)A(Kz — 2)
= C|K1AK,|
This estimate together with (69) gives the conclusion. O

We can now pass to the proof of Theorem 1.2.

For convex bodies K7 and K the notation dy (K, K2) refers to the usual Hausdorff distance between
K, and Ky (see Section 5.3 in the Appendix for some facts about the Hausdorff distance for convex
sets).

Proof of Theorem 1.2. Step 1: penalization. As a preparation of the selection procedure from
Step 2 below, we prove in this step that if we let D € KV, 0 < Vo < |D|, a € R,x > 0 and set
R = -\ + p||KAB| — al, then a minimizer K* of

(70) inf {P(K)+ R(K),K e KN, K C D, |K| =1V}
verifying 0 := d(K*,0D) > 0 is a (A,e)-q.m.p.c.c. (see Definition 4.1) for some A = A (Vp, d, u, D) and
e =¢ (W, 0, u, D). This result is an adaptation of | , Lemma 2.11].

Let K* be such a minimizer, and set 0 < vg < Vj and § := d(K*,0D) > 0. We introduce the class
Aws ={K €KY, KD, |K|>w, dK,0D) > 4}

which is compact for dp, by Proposition 5.3 and continuity of the volume for the Hausdorff distance.
Note that the set K* belongs to this class for vg = Vj. Set

Ve >0, O(K*):={KeKN, KCc K*|JK*\K|<¢}
and let for any convex body K C D and t € [0, 1]
K,:=(1—-t)K+1tD
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We first claim that there exists constants (gg, ¢, ) € (0,00)3 depending only on Vp,d and D (hence
independent of the minimizer K*) such that

(71) VK € Oy (K™), Vt €0,to], |Ki| —|K| > ct.

Setting fx (t) := | K|, it is shown in | , Lemma 2.11] that fx is a polynomial in ¢ of degree N
with coefficients continuous in K for dg, and that f5-(0) is positive whenever K C D. Set gy := Vp/2.
By compactness of A, s inside {K € K, K C D} and continuity of K ~— f};(0) for dp, then one
can find ¢ = ¢(Vp,9,D) > 0 such that for any K € A, it holds f;(0) > ¢. Any K € O (K*)
verifies |K| > V/2, so that for such K it holds K € A, s hence f}(0) > c. Since the coefficients of
the polynomial fr(t) are continuous in K for dg, they are uniformly bounded for K € A, ;. This
together with the lower bound on f7-(0) yields the above estimate.
The existence of C'= C(D) such that

vt € [0,1],YK € KV with K ¢ D, P(K;) — P(K) < Ct

is proven in | , equation (54)]. As a consequence, this together with (71) gives
(72) VK € O (K7), Yt € [0,], P(Ky) — P(K) < C"(|Ki| — |K])
with C":= C/c.

Since any K € O (K*) verifies |K| > V;/2 we can apply Proposition 4.5 to get the existence of
C = C(Vh, D) such that for all t € [0,1] and K € O, (K™*)
R(K;) — R(K) = M(K) = M(Ky) + p (|| K:AB| - a| - [[KAB| —al),
< C|Ki \ K| + p|| Kt AB| — [KAB]|,
(73) < (C+p)|Ke\ K.
Let us now show that for € := min{eg, ctp} there exists A = A(Vp, d, D, p1) such that a minimizer K*
of (70) is a minimizer of
(74) inf{P + R+ A||K|— V|, K € O-(K*)}.
Since | Ky, | — |K*| = | Ky | — | K|+ | K| — |K*| > ctg — e > 0 then by continuity of ¢ — |K}| there exists
t € [0,t0] such that |K;| = |K*| = V§. Hence by minimality and using (72) and (73) we get
P(K") + R(K") < P(K¢) + R(Ky) < P(K) + R(K) + A[|[K| — Vo]
for some A = A(Vy, 9, D, ), which ensures the minimality of K* for (74).
Therefore, if K € KV with K € K* and |K*\ K| < € then the computation leading to (73) with
(K*, K) in place of (K¢, K) gives
P(K") = P(K) < (C+p+A) |K*\ K|
so that K* is a (A’,¢)-q.m.p.c.c where A’ := A + C + p and ¢ only depend on Vp,d, u and D. This
finishes the proof of the first step.
Step 2: selection procedure. Although the selection principle was first introduced in | ],
the way we display the argument in this step is more inspired of | ]. Let 0 < ¢ < ¢*. Recall

the notation J. := P — c¢\1. Let us assume in order to obtain a contradiction that the conclusion of
Theorem 1.2 is false. Then there exists a sequence of convex bodies (Kj);en such that

Vi eN, J.(K;) < J(B),

Thanks to Proposition 5.4, K; — B in the Hausdorff sense, so that there exists D € ICN such that
K; C D for every j. We can assume without loss of generality that B € Int(D). Thanks to Proposition
4.5 the functional A\ is lower-semi-continuous for the volume distance, and we can apply the existence

result | , Theorem 3.4 (i)] to get that for any fixed p > 0 there exists for each j a solution to the
problem
(75) inf {7.(K) + n||[KAB| - |K;AB||, |K|=|B|, K c D, K e KN}.

Assuming that the value of p has been fixed (we choose p later on), we let f(v] be a solution.
Thanks to (i) from Proposition 5.3 there exists a convex body K C D with |K| = |B| such that
(up to subsequence) K; — K in the Hausdorff sense and in measure. We have A;(K;) — A (K) using
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Proposition 4.5, and P(f(vj) — P(K) by | , Proposition 2.4.3 (ii)]. Now, from optimality and
recalling J.(K;) < J.(B) we can write

(76) ToI) + ullKGAB| = [KGAB|| < Je(K;) < Je(B)

so that we get at the limit

(77) J(K) + p|KAB| < J.(B).

Thanks to Proposition 4.5 and using the isoperimetric inequality we get
Te(K) = JuB) = (P(K) = P(B)) + ¢ (M(B) = M(K))
> c(M(B) — M(K))
> —C|KAB|
where the constant C' only depends on ¢, D and N. Injecting this into (77) provides
—C|KAB| + u|KAB| <0
so that we gei[? = B if p1 is chosen bigger than C in (75).

Therefore K; — B in measure and Hausdorff distance. Since we have chosen B € Int(D) we find a

convex body D C D with d(D,9D) > 0 and such that for j sufficiently large
K; c D.
By construction of the I?j, we deduce from Step 1 that each f(v] is a (A, e)-q.m.p.c.c. with parameters
independent of j. We can therefore apply Corollary 4.3 to get the existence of h; € C11(9B) such
that up to subsequence
Kj = (Id + hjl/B)(B) and ||thCl,a(aB) — 0

for v chosen to satisfy Theorem 3.1. We can therefore apply Theorem 3.1 to deduce that for sufficiently
large j,

jc(Kj) > jc(B)
But this enters in contradiction with (76), thus concluding the proof of the Theorem. O

5. APPENDIX
5.1. Quantified Inverse Function Theorem.

Theorem 5.1 (Quantified IFT). Let N € N*. Let V := B.(7g) C RY for some 7o € V and
r > 0. Let f € CYYV,RN) with Df (7o) invertible. Then there exists Vo C V,Wy C RY and
p=p(Ifllcri,|Df(zo)~t],7) only depending on the indicated parameters such that f is a C*' diffeo-
morphism from Vo onto Wy and

By (o) € Vo, By(f(@0)) € W,

1 erswoe) < € (I lens gy, 1D S (20) 7M7)

Proof. Step 1: By following the usual proof of the Inverse function Theorem we first show that f is
a C! diffeomorphism from VJ C V to W{ := Bs(f (%)) with

5 =0 (|IDfllcory, IDf(@o) ') -
Since the proof is classical we only emphasize on the details needed to quantify the size of the neigh-

borhood W{.
We will keep the notation V for the set V := B,.(7g). Let for any y € RY the function ¢, : V. — RY
be defined by

Vo €V, ¢y(x) =z — (Df(@0)) " (f(z) = y)-
Then ¢, is CY1, for z € V its differential D¢, (x) = Id — (Df(x5)) ' Df(z) is independent of y, and
we have for x € V,
Dy (x)| < [Df (@) |IDf(x) — Df (o),
<|Df@e) D fllcoagrle — Zol.-
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As a consequence there exists
' =7 (IDf(@) |, |1 Dfllcoavy,r) >0
such that for all z € By (Zg) it holds [D¢y(z)| < 1/2. We thus get that for all y € RN, ¢, is
1/2-Lipschitz over B, (Zg). Now, we have
IDf (@)~ (f (@) — y)| < |Df (@) || f (@) —yl <r'/2
when y € Bs(f(zg)) with § := %/|Df(§6)_1|. Hence,
Vy € Bs(f(@)), Vo € By(@), [6y(x) — To| < |6y(x) — 6y(@)| + |6,(T) — Tol.

< |z —Zol/2+r'/2,

<.
As a consequence, for all y € Bs(f(zp)), ¢y sends B,(Zp) into itself and is 1/2-Lipschitz. Therefore,
for such y the mapping ¢, has a unique fixed point in B,/ (Z¢), meaning that f(z) = y for a unique z €
B,/(zp). This gives the existence of f=1: W/} — V{ with W[, := Bs(f(zg)) and V{ := f L(W{), and one

classically shows that f is C! diffeomorphism from Vj to W}, with furthermore Df~! = (Df(f~1))~L.
Step 2: Using an explicit expansion of the inverse mapping about D f(z() we have that

(78) |Df(x)~!| < 2|Df(x0) |

whenever |Df(x)—Df(7g)| < 1/(2|Df(xo)!|). But this latter condition is fulfilled if x € V, := Bx(Zg)
for some 7 depending on r’, | D f (o) ~!| and || f||c1.1(v) only. Moreover, f is a C! diffeomorphism from

Vo to Wy := f(Vp), and one can find § = g(?, £~ o (wy)) such that Wo D Bx(f(g)). Now, thanks
to (78) and Df =t = (Df(f~1))~! we have

(79) 1~ Lo woy < 7 (1IDF ™ oo (wy < 21D f (T0) 7.
Letting v,y € Wo, since f~1(y), f~1(y') € Vo we can use (78) and (79) to get

1D y) = DF WO < NP | DI Hy) = DY)
<Cly -

for some C' = C (| D f(z0) |, | fllcr1(vy, 7). Combined with (79), and recalling the estimate of 7/ from
Step 1 we thus get

1f  erawg) < C (IDF@E) ' N floraqry.r) -
Setting p := min{d, 7} we have proved the Theorem. O

5.2. Fractional Sobolev spaces. In this paragraph we state some standard facts about Sobolev
spaces on the boundary of a C™! open set  c RY.

Let us first quickly recall the definition of the Sobolev-Slobodeckij spaces W*P(0f2) for s € [—2,2].
For k € {0,1,2} and p € [1,00) the set W*P(9Q) is defined as the usual space of functions with k first
derivatives lying in LP(992). For any s € (0,2) \ {1} and p € [1,00) we let the vector space

[D%a(x) — D%a(y)|
s}

WeP(9Q) := {a e WkP(9Q) : V|a| = [4], € LP(09) x am}

o=yl
with |a] := 32N | a; for a multi-index o = (ay, . .., ay) € NV, and where {s} and [s] stand respectively
for the fractional and integer parts of s. We then define the WP norm accordingly: for a € W*P(9%2),
we set

P

lallwsrony = { 10l mp0m + S D%l mp |

|a|=]s]

with | - |y (390 the WishP(9Q) semi-norm, i.e.

‘Da — D% ( )’ N-1 N-1
o
|D a|W{S}P8§z //mxan iz —y |N sy Ha dH,
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where H¥~! denotes the (N — 1)-dimensional Hausdorff measure. If p’ denotes the conjugate Hélder
exponent to p (i.e. I% + % = 1), the space W57 (9Q) is defined as the dual space of W5?(9€):

WP (992) := WSP(0Q).
We can now state some facts about the spaces W*P(9Q).
Proposition 5.2. 2Let N > 2 and Q@ C RN be a C11 bounded open set.
(i) Let s € (0,1). Then for all « € (s,1) and p € [1,00) it holds
CO(0) Cc WHP(0Q), CH*(0) C WITsP(90Q),

with continuous injections.
(ii) Let s € (0,1) and p € (1,00). Then there exists C > 0 such that for any a € W1=5P(9Q) it
holds

[Vrallw—sp@0) < Cllallwi-sr@0)-
(iii) For each a € (%,1) the product law C%*(9Q) - HY/2(9Q) C HY?(9Q) holds, meaning that for
each o € (1,1) and any (a,b) € C**(09) x HY/2(9Q) it holds
[abll g1r2(00) < Cllallco.e@a)llbll g1/2 00,
for some constant C > 0 independent of a and b.
(iv) There exists p € (1,2) such that the pmduct law HY2(0Q) - HY2(0Q) € W*P(dR) holds for
any s € (0, %), meaning that for each s € (0, 3) and any (a,b) € HY/?(9Q) x HY2(9Q) it holds
labllwsr@a0) < Cllall gza) 10/l 12 @0
for some constant C > 0 independent of a and b.
Proof. (i) If a € C%*(9Q),
la(z) —a(y)]” _

Vw,y S 89 Hw <~ ’a‘ Oa(aﬂ)’x _ y‘—(N—l—p(oc—s))

where |+ |co.a(g0) is the C%* semi-norm on 9. The integrability of
(z,y) € N x 00 s |z — y|~V—1-pla=s)

thus ensures the continuous injection C*%(9§2) C W*P(d). The injection C*(9Q) C
WitsP(99) then follows from applying this to Va for some a € C1¥(9).
(i) This claim is deduced from the same statement over W*?(R¥~1) spaces by working in local

charts (for the RN~ case see for instance | , Remark 8.10.14]).
(iii) Let a € C*%*(9Q) and b € H'/? (39) Then the following chain of inequalities holds:
1
—aWbWP N1, n-1) 2
|ab| g1/2 < / / dM,; dH
o) O0x0Q \90 —ylv ’ Y

<//89xag y|(N)|2‘b(9C)\2d7-LivldHéV1>;

<// (y)\2| (y)|2dHN—1dHN—1> ?
ANx N y|N ’ Y

dH,) ! _
< lalco.a(an) (/m (/m W) |b()|*dH Y 1)

+ llall Lo @0 (bl g2 a6 -
Now as a € (3,1), N — 2a < N — 1 so that

dm) !
sup/ —Y e <00
vcdq Joq v —y|N 2« ’

2The author is very grateful to the anonymous referee for pointing out the facts (iii) and (iv) and for providing short
proofs, thus enabling to improve the results from Section 3.

N
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thus yielding

|abl /290y < Clalco.aon) 1bllz2@a) + llallze @a)lbl 172 90)
for some constant C' = C(NN, 92, ), which finishes the proof.
(iv) Let s € (0,1), a,b € HY2(09) and put

_{g% %G( ,2), for N > 3,

any exponent lying in (1,2) if N = 2.
Then we claim that ab € stp(aQ). In fact, one has

1

(2) = a@bWP vty v1\”

’ab!wsp o9) <//aQXaQ \x_y‘N_Hsp dH;, d?—ly
a(y)l? N

<//8§2><BQ ‘.%'—y‘N 1+sp|b(x)|pd7‘[x d’]—[y

1
P N

<//89><ag |$—y|N 1+3p| (y)| d/Hm d/Hy
2-p

)‘2 & N—1 34, N—1 K
< ’a‘Hl/z(aQ <//8S2><BQ ]m N+2 - dH, dHy

2—p

>|fp v
—-p

+ bl // dny tan) !

| |H1 2(09Q) < 0% 59 ‘x (sp 1) Y

where we used Holder inequality with exponents 5 and 2%}) in the last line. Now thanks to the
choice of p it holds

[un

2N X
= (N 2)_21/2forN23,

{2p [2,00) if N =2,

where 2] /2 is the critical (N — 1-dimensional) Sobolev exponent related to % and 2, so that the
continuous embedding

‘ Gl‘
m

HY2(Q) © L*27 (99)
holds. On the other hand, as
2
2—p

(sp—1) < —1

since s € (0, 1), we deduce

/ dH) 1
sup 5 < oo
2092 Jo9 |z — y\NJfﬂ(Sp*l)

These yield the conclusion

labllwsr@oq) < Cllallgz@a)llbll g2 @)

for some constant C' = C(N, 01, s, p).
]

5.3. Compactness in classes of convex sets. In this paragraph we gather some classical facts about
Hausdorff distance and compactness in some classes of convex bodies.

If C} and Cy are non-empty compact subsets of R, the Hausdorff distance dg(Cy,Co) between Oy
and Cjy is defined as the quantity

di(C1,Co) == max{ sup d(z,Cy), sup d(z, Cl)}
zeC zeCy
where d(-,-) denotes the euclidean distance. The Hausdorff distance dpy is a distance over the class of
non-empty compact sets of RY. We say that a sequence Aj C RV of non-empty compact sets converges
in the Hausdorff sense when it converges for dg.
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Proposition 5.3. Let D € KN and 0 < Vo < |D| and set
C = {K compact conver of RN, K C D}

Cy:={KeKk", |K|=Vy, KC D}
(i) The classes C1 and Cy are compact for the Hausdorff distance.
(ii) There exists ¢ = (Vy, D) > 0 such that for each K € Cy the inradius i of K satisfies rg > €.

Proof. (i) The Blaschke selection Theorem states that the class C; is compact for the Hausdorff
distance (see for instance | , Theorem 1.8.7]). Compactness of Cy then follows from the
fact that Cs is a closed subset of Cy, thanks to the continuity of the volume for dy.

(ii) Let us show that the inradius mapping K € KV + rg is Ls.c. for dy. Let K € KV and
K; € KN with K; — K in Haudorff distance, and let » > 0 and z € RY be such that
B,(z) € Int(K). Thanks to | , Proposition 2.8, 2.|, we have that K; O B,(x) for large
enough j, so that liminfrg; > r. This is valid for any r < rg, so that liminfrg; > rg, thus
showing that K € KV — rg is l.s.c. Since furthermore Cs is compact for dg, we deduce that

K € C — rg has a minimum ¢ > 0, thus finishing the proof.
d

Proposition 5.4. Let B C RY be the centered unit ball. Let K; e KN be a sequence of convex bodies
such that |K;AB| — 0. Then K; — B in the Hausdorff sense.

Proof. It suffices to show that there exists a bounded set D C RY such that K; C D for each j,
since the Blaschke selection Theorem then applies to provide compactness of the sequence K for dp
and therefore the convergence of the whole sequence K to B. Fix j € N; since |K;AB| — 0 we can
suppose j large enough so that K; N B # (.

Suppose now that K; ¢ B2(0). Since K; N B # (), by convexity of K; we can find 2/ € K; with
|#7| = 2, which we will suppose (up to changing coordinates) to be written 27 := x = (0,...,0,2).
Let zp := (—1,0...,0) and set x; := (1,0...,0), zo = (0,1,0...,0) until xy_1 := (0,...,0,1,0). Let
finally C' := conv{z,zg,z1...,2n_1} and some ball B’ € Int(C'\ B).

Let f:RN*1 — KN be defined by

N+1 N1
f@b~wmwﬂ=“mﬂmw~ﬁmﬂ}={E:M%,E:MZﬂ,MZU}

i=1 i=1
Then f is continuous for the Hausdorff distance, so that there exists € > 0 such that if for all 0 <4 <
N—1, |zi—x;| < e then conv{z, z1,...,2xy} D B’ (see for instance | , Proposition 2.8, 2.]). Now, let
d := min;{|BNB.(x;)|} > 0. Taking j sufficiently large so that |K;AB| < §, this implies that for such j
there exists for each s =0,..., N —1 some yf € K;NB.(z;). By convexity, K; O conv{z, yg . ,ygv_l},
which itself contains B’, thus giving |K; \ B| > |B’|. This does not happen for sufficiently large j, and
as a consequence there exists jo > 0 such that K; C B(0) for j > jo. This proves the claim. d
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