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DIRECT IMAGING METHODS FOR RECONSTRUCTING A
LOCALLY ROUGH INTERFACE FROM PHASELESS TOTAL-FIELD
DATA OR PHASED FAR-FIELD DATA

LONG LI*, JIANSHENG YANGT, BO ZHANG!, AND HAIWEN ZHANGS

Abstract. This paper is concerned with the problem of inverse scattering of time-harmonic
acoustic plane waves by a two-layered medium with a locally rough interface in 2D. A direct imaging
method is proposed to reconstruct the locally rough interface from the phaseless total-field data
measured on the upper half of the circle with a large radius at a fixed frequency or from the phased
far-field data measured on the upper half of the unit circle at a fixed frequency. The presence of the
locally rough interface poses challenges in the theoretical analysis of the imaging methods. To address
these challenges, a technically involved asymptotic analysis is provided for the relevant oscillatory
integrals involved in the imaging methods, based mainly on the techniques and results in our recent
work [L. Li, J. Yang, B. Zhang and H. Zhang, arXiv:2208.00456] on the uniform far-field asymptotics
of the scattered field for acoustic scattering in a two-layered medium. Finally, extensive numerical
experiments are conducted to demonstrate the feasibility and robustness of our imaging algorithms.

Key words. direct imaging method, locally rough interface, two-layered medium, phaseless
total-field data, phased far-field data.
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1. Introduction. In this paper, we consider the problem of inverse scattering
of time-harmonic acoustic plane waves in a two-layered medium with a locally rough
interface in 2D. The background two-layered medium is composed of two unbounded
media with different physical properties. The interface between the two media is
considered to be a local perturbation with a finite height from a planar surface over a
finite interval. Such problems occur in a broad spectrum of science and engineering,
such as remote sensing, ocean acoustics, geophysical exploration and nondestructive
testing.

Many numerical algorithms have been proposed for recovering impenetrable or
penetrable locally rough surfaces from the scattered-field data or far-field data. In
[5], a continuation approach using a series of wave frequencies was proposed for recon-
structing locally rough surfaces with Dirichlet boundary conditions. Newton iteration
methods with multiple wave frequencies were developed in [36, 46] for recovering
locally rough surfaces with Dirichlet or Neumann boundary conditions. In [22], a
Kirsch-Kress method was developed for reconstructing penetrable locally rough sur-
faces. Further, linear sampling methods for recovering sound-soft or penetrable lo-
cally rough surfaces were proposed in [15, 26, 27]. Recently, a reverse time migration
method was proposed in [24] for reconstructing sound-soft, sound-hard or penetra-
ble locally rough surfaces from incident point sources. This method has also been
extended to simultaneously recover penetrable locally rough surfaces and buried ob-
stacles in [25]. Moreover, there are also some numerical studies concerning inverse
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scattering by an unbounded rough surface (i.e., the case when the surface is a nonlocal
perturbation of an infinite plane); see [2, 3, 8, 12, 30, 37, 38, 39, 45].

In many practical applications, obtaining the phase information of the wave fields
is much harder than acquiring the intensity (or the modulus) information of the
wave fields. Thus it is often desirable to study inverse scattering with phaseless
data. Some work has been made to develop numerical algorithms for recovering
locally rough surfaces or unbounded rough surfaces from phaseless data. In [4], an
efficient continuation method using a series of wave frequencies was developed to
reconstruct the shapes of periodic diffraction profiles from phaseless near-field data.
A recursive Newton iteration algorithm with multiple wave frequencies was proposed
in [6] to recover the shapes of multi-scale rough surfaces from phaseless near-field
data. By using superpositions of two plane waves with different directions as the
incident fields, a recursive Newton iteration algorithm in frequencies was developed
in [43] to determine the shape and location of locally rough surfaces from phaseless far-
field data. Recently, a direct imaging method was proposed in [41] to recover locally
rough surfaces from phaseless total-field data corresponding to incident plane waves
at a fixed frequency. Further, an iterated marching method based on the parabolic
integral equation was developed in [13] to recover unbounded rough surfaces from
phaseless single frequency data at grazing angles. It is worth mentioning that all the
above work only considered the case of impenetrable rough surfaces, and few work
is available for numerically recovering penetrable rough surfaces with phaseless data.
For more works on the mathematical and numerical studies (including uniqueness and
inversion algorithms) of relevant inverse scattering problems with phaseless data, we
refer to [11, 18, 19, 17, 20, 21, 33, 40, 44] and the references therein.

In this paper, we develop two non-iterative numerical methods for our inverse
problem of recovering the locally rough interface from the measurement data corre-
sponding to incident plane waves at a fixed frequency. Precisely, we propose two direct
imaging methods to reconstruct the locally rough interface from phaseless total-field
data measured on the upper half of the circle with a large radius R, based on the
imaging function Ip(z, R) with 2z € R? (see formula (3.2) below), and from phased
far-field data measured on the upper half of the unit circle, based on the imaging
function Ir(z) with z € R? (see formula (3.3) below). The work in this paper is a
non-trivial extension of the work [41] from the case of sound-soft locally rough surfaces
to the case of penetrable locally rough surfaces. In fact, due to the presence of the
two-layered background medium, the reflected wave and the scattered wave for the
scattering problem considered in this paper are much more complicated than those
for the scattering problem considered in [41] (cf. [41, formula (1.4) and Lemma 2.1],
formula (2.2) and Lemma 3.1). This then leads to difficulties in the theoretical analy-
sis of the proposed direct imaging methods. To overcome these difficulties, we provide
a technically involved asymptotic analysis for the relevant oscillatory integrals. It is
worth mentioning that our recent work [29] on the uniform far-field asymptotics of the
scattered wave for the two-layered medium scattering problem provides a theoretical
foundation for the proposed methods. From the theoretical analysis, it is expected
that both Ip(z, R) with sufficiently large R and Ir(z) will take a large value when the
sampling point z is on the locally rough interface and decay as z moves away from the
locally rough interface. Based on these properties, a direct imaging algorithm with
phaseless total-field data and a direct imaging algorithm with phased far-field data
are given to recover the locally rough interface (see Algorithm 3.1 and Algorithm 3.2
below). A main feature of our algorithms is that only inner products are needed to
compute the imaging functions and thus they are very cheap in computation. Finally,
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numerical examples are carried out to show that our imaging methods can provide an
accurate and reliable reconstruction of the locally rough interface even for the case
of multiple-scale profiles and that our imaging methods are very robust to noises.
To the best of our knowledge, the present paper is the first attempt to develop a
non-iterative method with phaseless total-field data and a non-iterative method with
phased far-field data for recovering locally rough interfaces.

The remaining part of the paper is organized as follows. In Section 2, we intro-
duce the forward and inverse scattering problems under consideration. In Section 3,
we propose the direct imaging method with phaseless total-field data and the direct
imaging method with phased far-field data for the considered inverse scattering prob-
lems. The theoretical analysis of these methods is also given in Section 3. Numerical
experiments are conducted in Section 4 to illustrate the performance of our imaging
methods. Finally, some concluding remarks are given in Section 5.

2. The forward and inverse scattering problems. In this section, we pres-
ent the considered forward and inverse scattering problems in a two-layered medium
with a locally rough interface. We restrict our attention to the two-dimensional case
by assuming that the local perturbation is invariant in the x3 direction. First, we in-
troduce some notations which will be used throughout the paper. Let T' := {(x1,z2) :
Ty = hr(z1),z1 € R} represent a locally rough surface, where hr € C?(R) has a
compact support in R. Let 'y := {(x1,22) : 2 = hr(z1),21 € Supp(hr)} denote
the local perturbation of I'. Let Q1 := {(x1,22) : x2 2 hr(z1),z1 € R} denote the
homogenous media above and below T', respectively. Let kr = w/cy > 0 be two
different wave numbers in 24, respectively, with w being the wave frequency and c4
being the wave speeds in the homogenous media Q4 , respectively. Define n := k_ /k..
Let St := {z = (z1,22) € R? : |2| = 1,22 = 0} denote the upper part and lower
part of the unit circle, respectively. Let B := {a: eR?: |z < R} be a disk with
radius R > 0. We will always assume that R > 0 is large enough so that the local
perturbation Iy C Bgr. Define 8B§ == 0BRrNQy. For any z € R?, let x = (21, 72)
and 2’ = (21, —x2). For any x € R? with |z| # 0, let # = z/|z| = (cos0z,sin ;) with
the angle 6; € [0,27). For any positive integer ¢, let Hf (R?) be the space of all
functions ¢ : R?2 — C such that ¢ € H*(B) for all open balls B C R2. For any t € R
and a > 0, let S(t,a) := S1(t — a)Sa2(t + a), where S1(s) and Sa(s) with s € R are

defined by
Isl, 5>0, |, s>0,
81 (S) = 82(8) = .
)

—iv/]s], s<o0, V]sl, s<o.

It can be seen that for any ¢ € R and a > 0,

—iva? —t2 ifa it <1,
S(t,a) =

(2.1)
t2 — a? if a”ft] > 1.

We note that for any fixed a > 0, the function S(-,a) can be continued analytically
to the complex plane slit along two half-lines {z € C : Re(z) = a, Im(z) > 0} and
{z € C: Re(z) = —a, Im (2) < 0} (see [29, Section 2] for more details of the function

Consider the time-harmonic (e~“* time dependence) incident acoustic plane wave
ul(z,d) := e*+¥d propagating in the direction d = (cosf4,sinf;) € S with 64 €
(m,27). Then the total field u'°!(z,d) = u®(z,d) +u®(z, d) is the sum of the reference
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wave u®(z, d) and the scattered field u®(z, d). The reference wave u°(x, d) is generated
by the incident field u?(x,d) and the two-layered medium, and is given by (see, e.g.,
(2.13a) and (2.13b) in [35] or Section 4 in [29])

WOz, d) = ui(x,d) +u"(z,d), zeR3,
u'(z,d), r e RZ,

where R3 := {(z1,22) € R? : 25 > 0} and R? := {(21,22) € R? : 23 < 0} denote
the upper and lower half-spaces, respectively, and the reflected wave u"(x,d) and
transmitted wave u’(x,d) are given by

(2.2) u"(z,d) == R(m + 0g)e™ =4 w(x,d) = T(r + Gd)eik*z'dt.
Here, d" := (cosfy, —sinfy) is the reflection direction in St and d' is given by
d" :=n""'(cos 4, —iS(cosf4,n)).

In particular, we can see from (2.1) that if n=!|cosfy| < 1, then d' = (cos 0%, sin6?)
is the transmission direction in St with 6% € [, 27] satisfying cos6’, = n~! cosf,.
Further, R(m + 64) and T (7 + 64) in (2.2) are called the reflection and transmission
coefficients, respectively, with R and 7T defined by

isinf + S(cosd,n)

(2.3) RO = F5in = S(cosb,m)’

T(6):=R(O)+1 fordecR.

It is easily seen that for any d € S!, the reference wave u’(z,d) € H} (R?) and
u®(x,d) satisfies the Helmholtz equations by the unperturbed two-layered medium
together with the transmission condition on I'g := {(21,0) : 21 € R}, that is,

(2.4) Au® + k3w’ =0 in RZ,
(2.5) W] =0, [9u’/Ov] =0 on T,

where v denotes the unit normal on I'g pointing into Ri and [-] denotes the jump
across the interface I'g. Moreover, the total field u!°!(z,d) and the scattered field
u®(x, d) satisfy the following scattering problem in the two-layered medium with the
locally rough interface I'

(2.6) Au't 4+ 2yt = 0 in Qi
u =0, u V| = on 9
[ tot] 0 [a tot/a } 0 r
(2.8) | |1irn V|l <% - ikius> =0 uniformly for all & € S4,
x| ——+o00 s

where v denotes the unit normal on I' pointing into 4, [] denotes the jump across the
interface I', (2.6) is the Helmholtz equation and (2.8) is the well-known Sommerfeld
radiation condition. See Figure 1 for the problem geometry.

The following theorem presents the well-posedness of the scattering problem (2.6)—
(2.8), which is a direct consequence of Theorem 2.5 in [1]. Throughout the paper, we
assume that the total field u'**(z,d) and the scattered field u®(z,d) are given in the
sense of Theorem 2.1. See also [42] for the well-posedness of the two-layered medium
scattering problem.
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F1G. 1. Direct and inverse scattering problems in a two-layered medium with the locally rough
interface T'.

THEOREM 2.1 (see Theorem 2.5 in [1]). For any d € SL, there exists a unique
solution u®(z,d) € H (R?) such that u™*(x,d) := u°(z,d)+u*(z,d) € H. (R?), and
the total field ut°*(x,d) and the scattered field u®(x,d) solve the scattering problem
(2.6)-(2.8).

Moreover, we proved in [29] that the scattered wave u®(x,d) has the following
asymptotic behavior: for any d € S,

eik+‘w‘
Vel

with the residual term u%, (z,d) satisfying u%,(z,d) = O(|z| as |z| - +oo
uniformly for all angles 8; € (0,7), where u*(&,d) is called the far-field pattern of
the scattered field u®(z, d) and is given by

(2.10) uw(@,d)_/aB {%us(y,d)—%G”(i,y) ds(y), & €Sk

(2.9) u®(z,d) = U™ (Z,d) + ups (2, d), |z] — 400, x € Oy,

~3/4y

Here, G*°(%,y) is defined as follows: for any & = (cosfz,sinf;) € S, and y =
(yl,yz) S R?i- U R2_,

iz etk dy + R(6 efikm.y’, 4 e Sl Ly € R2 ,
ot 2| @) Lem

/8rky T(@i)e_ik+(y1 cos 9:2+7:y28(COS‘9;277l))7 = S}H y € R2 .

In [7, 35], it was proved that for any d € S, the residual term u%,  (z,d) in (2.9)
satisfies u%, (2, d) = O(|x|_3/2) as x| — +oo for all angles 0; € (0, 7) except possibly
for certain critical angles (we note that there is no critical angle in (0, 7) in the case
ki < k_ and that there are only two critical angles 6. and m — 6. in (0,7) with
0. := arccos(k_/k4) € (0,7/2) in the case k4 > k_). See Remarks 4 and 5 in [29]
for discussions on the critical angles. Further, in [29] we have established the uniform
far-field asymptotics of the scattered field u®(x, d); see also Lemma 3.1 below for some
of our results in [29]. For more discussions on the far-field asymptotic properties of
the scattered field u®(z, d), we refer to [7, 35, 29].

We note that the well-posedness of the direct scattering problem in a two-layered
medium with a general unbounded rough interface (that is, the interface is a nonlocal
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perturbation of an infinite plane) has been studied in [32, 10, 23], where the scattered
field is required to satisfy the upward and downward propagating radiation conditions
instead of the Sommerfeld radiation condition. We mention that the well-posedness of
this kind of scattering problem will be used for the theoretical analysis of our inversion
algorithms in Section 3.

In this paper, we focus on the following two inverse problems (see Figure 1).

Inverse problem with phaseless total-field data (IP1): Given the incident
plane wave u’(z,d) with fixed wave number k., reconstruct the shape and location of
the penetrable locally rough surface I' from the phaseless total-field data |u'“t(z, d)]
for all z € 9B}, and d € SL.

Inverse problem with phased far-field data (IP2): Given the incident plane
wave u'(x,d) with fixed wave number k., reconstruct the shape and location of the
penetrable locally rough surface I' from the phased far-field data u®(Z,d) for all
£ €S, anddeSt.

3. Direct imaging methods for the inverse problems. In this section, we
will develop direct imaging methods for the inverse problems (IP1) and (IP2). For
this aim, we introduce some notations which will be used in the rest of the paper.
For the case k1 > k_, let 6. € (0,7/2) be the angle defined as in Section 2. For any
0 € R, let Ro(0) := R(0 + w) with the function R given in (2.3). It is easily seen that
for both the cases k+ < k— and ky > k_, the function R¢ and its (distributional)
derivative satisfy

(3.1) IRo(letren < Co 1RGO L1 (r2m) < C

with some constant C' > 0. For any d € S, let d = (dy,d2). Throughout the paper,
the constants may be different at different places.

For the inverse problem (IP1), we introduce the following imaging function: for
z € R?,

Ip(z,R) := /
dB}

(3.2) - ei’w(z’*z@'d}ds(d)

/Sl {“uwt(‘r’ d)[* — (1 +[Ro(6a)[? +W62i’“+”d2)}e%+<m>-d

ds(z),

where 2’ and 2’ is given as in Section 2. For the inverse problem (IP2), we introduce
the following imaging function: for z € R?,

IF(Z) =
(3.3)

J

In Sections 3.1 and 3.2, we will study the asymptotic property of Ip(z, R) as R — +00
and the property of Ir(z), respectively, by analyzing the asymptotic properties of
relevant oscillatory integrals. In doing so, an essential role is played by the uniform
far-field asymptotic properties of the scattered field u®(z,d) obtained in our work
[29]. Based on the results in Sections 3.1 and 3.2, we will propose the direct imaging
methods for the inverse problems (IP1) and (IP2) in Section 3.3. It should be remarked
that currently there is no uniqueness result for the inverse problems (IP1) and (IP2).
However, the numerical examples carried out in Section 4 show that our inversion
algorithms can provide a satisfactory reconstruction of the locally rough surface I'.

2

21 ds(%).

1

. 2 . . ~ 7 . N
/ uoo(j,d)efzk+z-dds(d) + ( ) 67“1'/4 (R(92)671k+x~z _efzk+x~z)
st k.

1
+
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3.1. Asymptotic property of the imaging function Ip(z, R). We will study
the asymptotic property of the imaging function Ip(z, R) given in (3.2) when the
radius R is sufficiently large. For z € Q0 and z € R?, define

Ul(sz) = /1 US($,d)€7ik+z'dd8(d),
S

Un(z,2) = | Ro(Ba)e™ =2 ds(d),
Sz

Ug(iE,Z) ::/ _eik+(zl7Zl).ddS(d)7
st

and

Wiz, z) :== /sl us(z, d)e?F+rde=ike=dgg(d),

Wa(z, 2) ::/ us(x, d)Ro(0q)e2F+ordre=ihezdgq( ),
st

Ws(z, z) ::/ u®(z, d)Ro(0q)e?F+r2d2e=F+2d (),
st

Wy(z, z) ::/ [u® (z, d) |2+ @) dds(d).
st

Further, for x € Q4 and z € R?, let U(x, z) and W (z, z) be given by
(3.4) Uz, z) := / [ut(x,d) — u'(z,d)]e”*+*ds(d) + Us(z, 2),
st
W(Ia Z) = Wl('rv Z) + WQ(xv Z) + W3(Ia Z) + W4(Ia Z)
It is clear that
(3.5) Uz, z) = U(z,2) + Us(z,2) + Us(x,2) for z € Q4 NRY and 2 € R*

Thus, using the relations u'°(x,d) = u'(x,d) + u"(x,d) + u*(z,d), |u*(z,d)| = 1 and
[u"(z,d)| = |Ro(04)| for any x € B}, and d € SL, we can rewrite Ip(z, R) as

(3.6) Ip(z,R) = /aB+ U (2, 2) + W (x, z)|* ds(x).

Define the function space
C(E) := {p € C(S}) : ¢ is uniformly continuous on S }

with the norm ”90”0(§) 1= SUP,est |o(z)| and the function space

ct (@) = {p € C'(S}) : ¢ and Grad ¢ are uniformly continuous on S} }

with the norm H<p|\cl(§) 1= SUpcgt |<p(x)|—|—supz€81+ |Grad ¢(x)|, where Grad denotes

the surface gradient on S}‘_. Then we need the following uniform far-field asymptotic
properties of the scattered field u®(z, d) for € Q4 which were obtained in [29].
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LEMMA 3.1 (see Theorems 13 and 14 in [29]). Let z = |z|& = |z|(cosz,sin0;) €
Qy with 0; € (0,m) and |x| > R, where R > 0 is large enough such that I', C Bg.
For d € St, let u®(x,d) be the scattered field of the scattering problem (2.6)—(2.8).
Then the following statements hold true.
(a) For the case ky < k_, the scattered field u®(x,d) has the asymptotic behavior

eikJr‘z‘
Vil

with the far-field patten u>(&,d) of the scattered field given by (2.10), where
u™(&,d) satisfies u™(-,d) € C*(SL) with

w2, d) = S (&, d) + iy (2.d)  for € Q\Br

[ )l pa@ry <C for alld €SL,

and u%, . (z,d) satisfies
[uhes (@, )] < Cla| 72, 2] = +o0,

uniformly for all 0z € (0,7) and d € St.
(b) For the case ky > k_, the scattered field u®(x,d) has the asymptotic behavior

eik+‘w‘
V|

with the far-field pattern u*(Z,d) of the scattered field given by (2.10), where
u™ (&, d) satisfies u™(-,d) € C(S}) and Gradz u™(-,d) € L*(SL) with

(3.7) u®(z,d) = u™ (&, d) + uSs(v,d)  for x € Q1 \Br

(3.8) |[u> (-, d) ||Gradz u (-, d)||L1(Sl+) <C foraldeS',

lo@n
and u, (z,d) satisfies
[uhes (@, d)| < Cla| /4, Jz| = oo,
uniformly for all 0z € (0,7) and d € S,
[Whea (2, d)| < C10c = 03] Hlal 2, [a] = +oc,

uniformly for all 0z € (0,0.) U (0.,7/2) and d € St , and

[hes (2, )| < Clm — 6 = 6:]F|al 2, o] = +oo,
uniformly for all 0z € [7/2, 7 —0,)U (17 — 0., 7) and d € St .

Here, C > 0 is a constant independent of x and d.

As a consequence of Lemma 3.1, we have the following lemma on the residual
term u$,, (z,d) in (3.7) for the case ky > k_.

LEMMA 3.2. Assume ky > k_. For d € SL, let u, (x,d) be the residual term
given in (3.7). Then we have

/ [tres (@, d)|ds(x) < CRTYA, / [t (2, ) ds(z) < CR™
aB} B+

R R

as R — +oo uniformly for all d € St. Here, C > 0 is a constant independent of R.
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Proof. Let R be large enough. Choose ¢ = R~'/2 and define the set Sh, . =
{(cos@,sinf) : 6 € I.} with I, := {6 € (0,7) : |0 — 0| > &,]0 — (x — 0.)| > €}. Then
it follows from the statement (b) of Lemma 3.1 that

| oo =r{ [ . /

} s (R d)] ()

1
R O¢c,e Oc,e
C 1 1
< CeRY + = / L .+ / i,
2 \Jo,x/2)nL. |0 — 0z|2 [7/2,m)Nl |T — 0. —0z]2
C C
< CeR% + -+ — <CRi
(eR)z 2

and

/ |u§es<x,d>|2ds<x>—R{ [+ }|uSReS<Rf,d>|2ds<f>
oBt SLASh . sl

R Oc,e
Ce C / 1 / 1
< i = .+ b
Rz R? ( /2L [0 — 0z]3 (r/2,m AL T —0c— 033 )
<Ly O L Ccort

R} ' (¢R? ' R? -
The proof is thus complete. a

We also need the following reciprocity relation of the far-field pattern.

LEMMA 3.3. For @ € S} and d € S, let u>(&,d) be the far-field pattern of
the scattering problem (2.6)—(2.8). Then we have the reciprocity relation u™(Z,d) =
u®(—d, =) for all € S, and d € S*.

Proof. For the scattering problem (2.6)—(2.8) in the limiting case ky = k_, it
is well-known that the reciprocity relation of the far-field pattern holds (see, e.g.,
[14, Theorem 3.23]). For the considered scattering problem, it is easily seen that
G>=(&,y) = e™/4(8nky )~ ?ul(y, —2) for & € S} and y € RZ UR2. Therefore, by
using similar arguments as in the proof of [14, Theorem 3.23], we can apply formulas
(2.4), (2.5), (2.6), (2.7), (2.8) and (2.10) to obtain that the assertion of this lemma
holds. ad

Further, we will apply the theory of oscillatory integrals to obtain some inequal-
ities. We need the following result proved in [11].

LEMMA 3.4 (Lemma 3.9 in [11]). For any —oo < a < b < oo let u € C?|a,b)
be real-valued and satisfy that |u'(t)] > 1 for all t € (a,b). Assume that a = zg <
x1 < .- < xy = b is a division of (a,b) such that u' is monotone in each interval
(i—1,x;), « = 1,...,N. Then for any function ¢ defined on (a,b) with integrable
derivative and for any A > 0,

b
/ ei)\u(t)(b(t)dt

b
<(@N+2)27 [Isb(b)l +/ I(b’(t)ldt] :

Remark 3.5. By the theory on function approximation (see, e.g, Section 5.3 and
Appendix C.5 in [16]), it can be seen that Lemma 3.4 still holds under the assumption
that the function ¢ € Cla,b] N Whi(a,b).
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Define C(SY) := {p € C(S1) : ¢ is uniformly continuous on S* } with the norm
||<p||c(§) i= sup,eqt |p(z)| and WHL(St) .= {f € L*(SY) : Grad f € L'(SL)} with
the norm || f[lyw11(st ) := | fll L1ty + |Grad f|| 1 (st ), where Grad denotes the surface
gradient on S! . By using Lemma 3.4 and Remark 3.5, we have the following lemma.

LEMMA 3.6. Let x € R2 and d € SL. For & = xz/|z| € SL, assume that
f(&,),9(&,-) € C(SL)nWL(SL) and define

Fla) = / Rerdp (5 d)ds(d), G(z) = / ¢ik+7"dg (5 d)ds(d).
st st
Then we have

Pl <C (nf(am M)+, |Graddf<5c,d>|ds<d>> o] 12,

G)l < C (Hg(ﬁc, Me@r) + /S 1 |Graddg<:e,d)|ds<d>> o712

as |x| = +oo uniformly for all 6; € (0,7), where C' > 0 is a constant independent of
x.

Proof. With the aid of Lemma 3.4 and Remark 3.5, the statement of this lemma
can be derived similarly as in the proof of Lemma 3.2 in [41] with minor modifications.
See also Lemma 2.4 in [28] for similar derivations. 0

Next, with the aid of the above lemmas, we study the asymptotic properties of
Uj (j =1,2,3) and W; (j = 1,2,3,4), which are presented in Lemmas 3.7, 3.9 and
3.10 below.

LEMMA 3.7. Let x € R% with |z| large enough and z € R?. Then we have

(3.9) Uy (=, 2)| < Cla| 712,

(3.10) Us(,2)] < C(1+|2])]a| /2,
(3.11) \W(z,2)| < Clz| 7Y%, j=1,2,3,
(3.12) Wiz, 2)| < Cla| ™!

as |x| = 400 uniformly for all 0; € (0,7) and z € R?, where C > 0 is a constant
independent of T and z.

Proof. The formulas (3.9), (3.11) and (3.12) can be obtained by using Lemma
3.1 and the formula (3.1). Tt follows from Lemma 3.6 and the formula (3.1) that the
formula (3.10) holds. O

Remark 3.8. Tt was proved in Lemma 3.4 in [41] that Us(x, z) also satisfies the
estimate (3.10) as || — +o0 uniformly for all §; € (0,7) and z € R%.

LEMMA 3.9. Let R > 0 be large enough and z € R%2. Then we have

/ N Uz, 2)Wa(z, z)ds(z)| < C(1 + |z|)R™/2,
0B+

/ Wiz, 2) ds(z) < CR™
OB}



INVERSE SCATTERING BY A LOCALLY ROUGH INTERFACE 11

as R — +oo uniformly for all z € R?, where C > 0 is a constant independent of R
and z.

Proof. This lemma is a direct consequence of Lemma 3.7, Remark 3.8 and the
formula (3.5). O

LEMMA 3.10. Let R > 0 be large enough and z € R%. Then we have

(3.13) / N Uz, 2)Wi(z, z)ds(x)| < C(1 + |z|)2R™/2,

oB7;
(3.14) / W, ) ds(z) < OO+ |#1R

oB7;
and
4

T,z T, 2)as\x T,z \xr, 2)as\x 2271/3

; aB;Wl( ,2)Wj(z, 2)ds(x)| + /BB;U( ,2)Wj(z, z)ds(z)| < C(1+ |2])?R™1/3,
(3.15) j=23,

as R — +o00 uniformly for all z € R%. Here, C > 0 is a constant independent of R
and z.

Proof. Let R be large enough throughout the proof. We distinguish between the
following two cases.

Case 1: ki < k_. Due to statement (a) of Lemma 3.1 and Lemma 3.3, we can
apply similar arguments as in the derivation of (3.18) in [41] to obtain that

Wiz, 2)] < C(1+ [2])]] 7

for all x € R with |z| large enough. Note that the formula (3.5) holds. Thus it
follows from Lemma 3.7 and Remark 3.8 that (3.13) and (3.14) hold. Moreover, using
statement (a) of Lemma 3.1 and Lemma 3.3 again, we can deduce (3.15) in the same
manner as in the proof of Lemma 3.7 in [41].

Case 2: ky > k_. Let © = |z|& = |z|(cosbz,sinb;) with 6; € (0,7) and large
enough |z| and let d = (cos g, sin 64) with 04 € (m, 27).

First, we prove that (3.13) and (3.14) hold. In terms of (3.7), we have

Wi(z, z)

efikJrlm' 2%k . . ) )
_ ikrx-d, oo (4 —ik4z-d 2tkyx-d, s —ik4z-d
= /sl e u®(z,d)e ds(d) + /51 e Uhes(z,d)e ds(d)

(3.16)
=: W171($, Z) + Wl)g(l', Z)

By applying (3.8) and Lemmas 3.3 and 3.6, we have
(3.17) Wiz, 2)| < OO+ |2|) |z~
Then it follows from Lemma 3.7, Remark 3.8 and the formula (3.5) that

(3.18) /aB+ Uz, 2)Wi 1 (x, z)ds(x)| < C(1+ |z])2R™Y/2,

(3.19) /83+ W1 (2, ) ds(z) < C(1 + [2) 2R,
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Moreover, by using Lemmas 3.2 and 3.7, Remark 3.8, (3.5) and (3.17), we arrive at

/ +U(I,Z)W1)2((E,Z)d8($)
0B,

<C+ DR [ [ Jup (o d)lds(e)ds(a)
st JaBf
C1+ |hR-,

Wi 1 (z, 2)Wh 2(x, 2)ds(x)
B,

<C1+|2|)R / / |uhes (2, d)|ds(x)ds(d)
< O(L+|2)) R,
/ Wi a(z, 2)|* ds(z) < 7T/ / [ U (x, d)|*ds(z)ds(d) < CR™".

B} st JoB}

These, together with (3.16), (3.18) and (3.19), imply that (3.13) and (3.14) hold.
Secondly, we prove that (3.15) holds. For 6; € (0,7) and 04 € (w, 27), define

f2(02,0q) == u>(Z,d)Ro(0q)e” %+, g.(0z,0q) == u(z,d)Ro(0q)e” *+*4,

Then in view of (3.7), we have

e_ik+‘m‘
Wa(x, 2) =———=—w. 2(|z[, 0z) + W2 ges(, 2),
Viel 7 ’
Wa, ) = (o], 02) + Wo a2
3T, 2) =—F—=—w;3(|T + W3, Res (T, 2),
Vil ’
where
2m
w0 |:E| 9 :/ 2zk+\z | cos 0z cosedf (Gm,ed)dt?d,
27
w3 |£L'| 9 / 21k+\w |sin @3 sin 04 (9i79d)d9d,
and

WQ,R&S(I;Z) = /1 2zk+z1d1 (I d>RO(9d) 1k+z-dds(d)7
St

W3 Res(, 2) ::/ ewﬂmdzu%es(x,d)’RO(Gd)efik*Z'dds(d).
st

These, together with (3.1), (3.5), Remark 3.8 and Lemmas 3.2 and 3.7, imply that

4
; aB;m(x’Z)Wj(x’z)dS(x) + /BB; Uz, 2)W,(x, 2)ds(x)

z sz' R N —1/2 oo, 2)| ds(x
<C(+| I)</O lw, (R, 0:)|d0z + R /aB;W*R ( )|d()>

(3.20) <C(1+ |z|)/ lw. j(R,0:)|d0s + C(1 4 |z|)R™3/4,  j=2,3.
0
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Moreover, by using the formula (3.1) and Lemmas 3.1 and 3.3, we have that for any
0z € (0,7), f.(0z,-) and g,(0z,-) can be continuously extended from (7, 27) to [, 27]
with

(3'21) ||f2(9:ﬁ7 )HC [m,27]s ||QZ( R ')”C[ﬂ' 27) < CH“ ( 7')”0(@) <,
and df,(0z,-)/d0q,dg.(0z,-)/d04 € L' (m,27) with
d d
_fz(eiu ) 3 H_gz(eia )
Hdod L (m,2m) dbq LY(7,2m)

(3:22) < OO +le]) (Ju @, Ml or + 1Gradau (@, ) e ) < O+ e)),

where the constants are independent of 6; and z.
Choose ¢ = R~'/3 and define

I.q:=[n/2—¢e,7/2+¢], Ic o := (0,m)\L 1,
= (m,m+e|lU[2r —¢,2m), (7, 2m)\ e 3,
( ] [7T -5, 7T) ) ]18,6 = (07 7T)\]I575,
= [37/2 —¢,37/2 + €], L. s := (m, 2m)\L 7.
Then arguing similarly as in the derivations of the estimates (3.31) and (3.34) in [41],

we can apply Lemma 3.4, Remark 3.5 and the formulas (3.21) and (3.22) to deduce
that

/ |w2(R,0z)|d0z
0

S/ |wz12(R,95¢)|d9@+/
Te 1 Ie 2

dos

/ 62ik+RCOS 0z cosbq fz (9@, od)dod

H5,3

+/ / eQikJFRcos@jcosGdfz(ei,ed)dod d@j
Le2 [VIe,a
C d C(1+ |z|)
. < — - — P < A= 7Y
(3:23) &+Re%i@u@wmﬂwﬂ%ﬁ@nL%m)_ .

and

/ |wz73(R,9j)|d9j
0

< / w2 (R, 02)[d0; + /
Hgys HE,S
+f
I

£,6
(3.24)

dos

/ 2ik+ Rsin 05 sin 9dgz (0z,04)d04

H5,7

dos

/ eQik+RSin 0 sin edgz (92, ed)dod

HE,S

_Cl+ D)
Re2 - R1/3 ’
L (m,2m)

Combining the formulas (3.20), (3.23) and (3.24), we obtain that (3.15) holds. The
proof is thus completed. a

c d
<&+——m10munmﬂwww%@»
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Finally, as a direct consequence of Lemmas 3.9 and 3.10, we can apply the formula
(3.6) to obtain the following theorem on the imaging function Ip(z, R).

THEOREM 3.11. Let R > 0 be large enough and z € R?. Define the function
(3.25) Is(z R) = / Uz, 2)|2ds(x).
B}

Then the imaging function Ip(z, R) can be written as
Ip(z,R) = Is(z,R) + Ip Res(z, R)
with Ip res(z, R) satisfying the estimate
P pes (2, B)| < C(1+ |2)*R™Y°
as R — 400 uniformly for all z € R%. Here, C > 0 is a constant independent of R

and z.

3.2. Property of the imaging function Ir(z). In this subsection, we study
the asymptotic property between the imaging function Ir(z) given in (3.3) and the
function Ig(z, R) given in (3.25) when the radius R is large enough. To achieve this,
we will derive the uniform far-field expansions of U;(z, z) (i = 1,2, 3) in what follows.

First, we have the following uniform far-field expansion of Uy (z, 2).

LEMMA 3.12. Let x € R3 with sufficiently large |z| and z € R%. Then Uy(z, z)
has the asymptotic behavior

eik+‘w‘
Vel Jse

with the residual term Uy ges(x,2) satisfying

(3.26) Ui(z, 2) u™® (&, d)e” "+ Uds(d) + Uy Res(x, 2)

Clz|=3/2  in the case ky < k_,
Clz|=3/* in the case ky > k_,

|U1,Res($u Z)| S {

as |z| — +oo uniformly for all 0; € (0,7) and z € R%. Here, C > 0 is a constant
independent of x and z.

Proof. This lemma is a direct consequence of Lemma 3.1. d

Secondly, we analyze the uniform far-field expansions of Us(z, z) and Us(z, z). To
do this, we need the following two lemmas, which will be proved in Appendix A.

LEMMA 3.13. Let a,b,A € R with a < 0 < b and A > 0. Then the integral
I(\) = f: e 24y satisfies

I = e/ AN2m A7 Y2 4 Tpes (V)

with |Tres(V)| < 20" (la]~! + 57).

LEMMA 3.14. Assume a,b,t,\ € R with a < 0 < b and t,\ > 0. Define the
integral

b
IM%:/e”M”Wﬂm—wa@
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with f(n) = q(n)e™™™, where p(n) € C3[a,b] is a real-valued function and q(n) €
C3[a,b] is a complez-valued function. Then we have

V)] < CA+b—a)d+ |Ipllespn)’llallczay (1 + )22

where C' > 0 is a constant independent of a,b,t, \ and the functions p,q.

With the aid of Lemmas 3.13 and 3.14, we have the following properties for some
relevant integrals.

LEMMA 3.15. Let © = |z|& = |z[(cosfz,sinb;) € RE with 0; € (0,7) and z =
|z|(cos 0z,sin 0;) € R? with 0z € [0,27). Define

2m
V(IE, Z) — / eik+|m|cos(9d+9®)67ik+\z\ cos(Gdfeg)f(ed)ded

with f € C[m,2x]. Then the following statements hold true.
(a) If f € C3[m,2x], then V (z,2) has the form

2_7r
ki

etk+lzl
(3.27) V(z,2z) = e” T (

]2

1/2 o
) f@2r — 955)6_“““” + Vges(z, 2)

with the residual term Vyes(x, z) satisfying

Vies (2, 2)] < C|lf | csr 2m B (02, 2) ||~
for all x € R% and z € R%. Here, E(0;,z) is given by

E(Qi, Z)
(3.28)

1 1 " 1 +(
ﬂ'aef’ | |Sin 955|

T—0z
|
[
0. sin“ ¢t

&

= (14 2)* + 1+ |2])

+
|sin%’i| | sin

and C > 0 is a constant independent of x, z and f.
(b) Let a,b € R such that m < a < b < 2w and let Oy € (a,b). If f has the form

f(6) =S;(cosf —cosby)g(8), 6 € [m 2m],

with j € {1,2}, g € C3[m,2n] and Supp(g) C (a,b), then V(z,2) has the form
(3.27) with the residual term Viges(x, 2) satisfying

(3.29) |Vires (z,2)] < C(L+ |2])?[lgllosaplal ™/ as |z] = +o0

uniformly for all 0z € (0,7) and z € R2. Here, C > 0 is a constant independent

of z, z, 8y and g but dependent of a and b.

Proof. Let 0z := 7 — 0z and P(t) := ky cos(t + 03 — 0:). A straightforward
calculation gives that

T—03 _ ) )
(330) Vi, 2) = /~ flt+m+ 6‘@)61k+‘z‘COStel‘Z‘P(t)dt.
0

First, we prove the statement (a). To do this, we consider the following Parts 1.1
and 1.2.
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Part 1.1: Estimate of V(x, z) with 0; € [7/2,7). We rewrite V as follows:

5@- 71'75@ ~ . .
V(z,2) = {/~ —|—/~ }f(t + 7+ Oz )etkrlzleostillPO g —. v (2, 2) 4 Va(z, 2).
—0s 0z
For the function Vi, the change of variable n = 2sin(¢/2) gives that

a2 Q2
Vi(z,z) = / e~k lal 22D B0, 2)dn + / e~k el /221 (P (3, 2) — F(0,2)) dn
[e%) [e5)
= ‘/l,l(xu Z) + Vl,?(xa 2)7
where
(3.31)  ay = —2sin(63/2), ay:=2sin(6;/2),
(3.32)  F(n,z) = f(w(n) + 7+ 05)e*P@w/ () with w(n) := 2 aresin(y/2).

Note that ||w||c4ja,,a,) < C due to 0z € [7/2, 7). Thus it follows from Lemmas 3.13
and 3.14 that Vi 1(x, z) has the form

eik+\x\ (27
VLl((E,Z) = W@ 4 (E

1/2 o
) f@r— 9@)67”“““ + Vi1,Res(, 2)

with the residual term Vi 1 ges(z, 2) satisfying

Vi1,res (2, 2)| < Clsin(@z/2)] " | " |f opr,2n
and that Vj o(x, 2) satisfies the estimate
Via(@,2)] < C(L+ [2))?|| fllospm,2m |21

Moreover, for the function V5, we can apply an integration by parts to obtain that

Va(z, 2)| =

. 77—5& 71'75@
4 [fl(t)eik+|m|cost _ /~ f{(t)eik+|m|costdt‘|
6

k+|f13| t:gi &

~ 77—5&
<C <| sinfz| 7t + (1 + |2|) ‘/y (sint)~2dt
0z

) I fllerpm,2m |27

where fi(t) := f(t + 05 + m)etl*P®) (sin )=, Hence, the above arguments imply that
V(z, z) has the form (3.27) with Vgs(z, z) satisfying
) ]~
for all z € R? with 6; € [7/2,7) and all z € R2.
Part 1.2: Estimate of V(z,z) with 8; € (0,7/2). It is clear that (3.30) can be
rewritten as

|VRes (7, 2)]

1 1 =0 q
< Clfllosram | (L4 1alP + —— + et (W al)| [ e
|sin | [sinfs| g, sin“t

T—0z _ . ,
V(.’L‘, 2) = / f(—t + 7+ 9@)€Zk+‘w‘COStGZ‘Z‘P(_t)dt,
_05:
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Then, by using similar arguments as in Part 1.1, we can deduce that V(z, z) has the
form (3.27) with Vges(x, 2) satisfying
|VRes (2, 2)|
S N e A I
3w, 27 s .
- OPlr-2] |sin%’i| | sin 63| 0, sin®t
for all z € RZ with 0; € (0,7/2) and all z € R%,

Therefore, it follows from the discussions in the above two parts that the statement
(a) holds.

Secondly, we prove the statement (b). We only consider the case j = 1 since the
proof for the case j = 2 can be obtained in the same manner. In the rest of the proof,
we assume that |x| is sufficiently large. Let §, := a — 7 and & := 27w — b. Our proof
consists of the following Parts 2.1 and 2.2.

Part 2.1: Estimate of V(z,z) with 6; € [0p/2,m — 0,/2]. By the change of
variable n = 2sin(¢/2), (3.30) can be rewritten as

a3 .
(3.33) V(:C,z):/ e_Zk+II|("2/2_1)F(n,z)dn,

a1
where a; and F(n,z) are given as in (3.31) and (3.32), respectively, and as :=
2sin ((m — 03)/2). For this part, due to 8; € [0p/2, 7 — 0,/2], it is clear that

(3.34)
—2cos(0p/4) < a1 < —25in(d,/4), 2sin(dp/4) < ag < 2cos(0,/4), ||w||c4[a17a3] <C,

where w(+) is defined as in (3.32). Let ¥g := 2w — 6. It is easy to see that
(3.35) sin ((t + 27 — Yo — 02)/2) > min[sin(d,/2), sin(dp/2)],
(3.36) cos ((t £ (6 — 90))/4) > min[sin(d,/4), sin(d, /4)]

for t € [=0z,m — 0;]. Thus it follows that for ¢t € [0z, 7 — 03],

sin (%) cos (%) [4sin (thfe@) oS (t+917190)}
t+05;—190)
T

cos(t — 0z) — costlg = (
cos

. t+2m—190—0; t+90—0s R
_ sin (B cos (PR [251]{1(%)—28111(012190)}7

Ccos (7”9“;’[190 )

which yields S; (cos(t — 0z) — costg) = S1(2sin(t/2) — B)h(t) with 3 := 2sin((0; —
%0)/2) and h(t) given by

h(t) :==

i () ) o (2 o o (2578

Hence, we have

(3.37) F(n,2z) = Fi(n,2)S1(n — B) for n € a1, as],

where Fi(n, z) is given by

(3.38) Fy(n, 2) == €7 () g (w(n) + 0z + m)h(w(n)).
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It is clear from (3.35) and (3.36) that

(3'39) ||h||c3[_§i)7r_§i] <C.

This, together with (3.34), implies that

(340) |‘F1('7Z)|‘Cj[a17a3] < C(1+|Z|)j”g|‘cj[a,b]u j = 172
The rest proof of this part is divided into three cases.

Case 1: 0; € [0p/2,m — 8,/2] with |sin((0z — 90)/2)] < (24/k4|z])~! (that is,
VEy|z]|B] < 1). Let A := ky |z| and o := v/AB. Then in terms of (3.33) and (3.37),
we can introduce the change of variable n = y/ VA + B to obtain that

VXaz—o 22y
(3.41) V(z,2z) = / e T A \ T8 4 g (y)Fy (y—’——a,z) dy.
Viai—o VA

In this case, we claim that
(3.42) V(z,2)| < C(1+ [2)?(lgllc2palel ™" as || = +o0

uniformly for all 0; € [§,/2, 7 — 6,/2] with |sin((0z — 90)/2)| < (24/k4|z])~! and all
z € R2. To prove this, we set vy := max(2sin~'(d,/4),2sin"*(8,/4), 1) and choose |z|
to be large enough such that v/A > 7¢. Noting that v Aa; —o < —3 and vV az—o > 3
due to (3.34), we can rewrite (3.41) as

Vxaz=0) ,—i(% -\ 2,
gy +2ye y+0
V(x’z):{/m . / / } oA e Sl(y)Fl( \/X’Z)dy

(3.43) =:Vi(z,2) + Va(x,2) + V3(x, 2).

Clearly, [Va(z, 2)| < C||Fi(-, 2)||cfay,a5)A~*/*. Moreover, an integration by parts gives
that

o2 :
T \EY, (x,2) =

;Y o i u2 g 2 a
e~ i S1(y) Fy (HT;’Z) -2 iR ddy( ‘z:_(g)F (%,z)) -2
_Z(y + U) y=vAai—oc _Z(y + U) y=vAai—oc

-2 v242y0 d i d (iS1(y) y+o
+/ elT_( —< F < ,Z>>)dy—1D + D2+ Ds.
Viai—o dy \y+ody \y+o '\ VX T

Since vVAa; — o < —3 and |o] < 1, it can be seen that |Si(y)/(y + o) < 1/(\/]y| —

V2/2) < V2, [1/(y+0)| <1and |1/S:(y)| < 1/v2 for y € [V Aay — o, —2]. From this
together with A > 1 and the fact that

(3.44) dSi(s)/ds = (Si(s))"'/2 for s € R\{0},

we can use direct but patient calculations to obtain that |Di| < C|[F1(:, 2)|clar,as)
|Da| < C[|F1(, 2)[lc1(ay,05) and

|D3| SC”Fl(aZ ySOHFl('vz)||C2[a1,a3]'

2
)|‘C2a1,a3/
(ol |y+1|\/|_y V2/2)
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Thus, it follows that [Vi(z, 2)| < C||[Fi(+, 2)||c2[ay,a5)A"%/%. Similarly to the analysis
of V1, we also have |Vs(z, z)| < C||Fi(, z)||c2[a1)a3]/\_3/4. Combining the above esti-
mates of Vi, Vo and V3 and the formulas (3.40) and (3.43) gives that V(x, z) satisfies
(3.42) uniformly for all 0z € [0/2, 7 — 6,/2] with |sin((0z — Y0)/2)| < (24/k+|z])~?
and all z € R2.

Note that |cosfz — costg| = |2sin (9o + 05)/2)sin (9o — 03)/2)] < Cla|
under the assumption |sin((fz —99)/2)| < (24/k+|z|)~t. Thus we have that |f(2m —
03)| < Clz|=*/*||g||c{a,)- This, together with (3.42), implies that V (z, z) has the form
(3.27) with Vges(x, 2) satisfying (3.29) uniformly for all 8; € [0p/2,m — d4/2] with
|sin((0z — 90)/2)| < (24/k+|z|)~" and all 2z € R?.

Case 2: 0; € [6/2,7 — 8,/2] with sin((0z — ¥0)/2) > (2y/k+|z])~! (that is,
Vk+|x|8 > 1). Note that oy < 0 < az. Then by using (3.37), we divide V in (3.33)
into three parts:

Vi, 2) :/ " ikl /220 p(0, )y
+/ e kTP R0 By (1) 2) (S1(n — B) — S1(=B)) dny

* / el 1208 (8 (Fy (1, 2) — Fy (0, 2))dny

=TJ1(z,2) + Fa(x, 2) + Ts3(, 2).
For Ji(x, z), it easily follows from (3.34) and Lemma 3.13 that

ik |z It 1/2 o,
jl(x,z): |$|% ¢ <k+) f(27r_9f)eﬂk+m.z +~71,R65(5572)

with the residual term Ji ges(z, 2) satisfying
|71, Res (2, 2)] < ClzlHgllcpan)-

Next, we estimate Ja(z, z). Note that a1 < 8 < ag. Then with the aid of (3.44) and
the facts that [Si(n — 8) + S1(=8)] > /B > 0 for n € R and f;f‘ IS (n — B)|dn is
bounded, we can apply an integration by parts to obtain that

—ikyal I B P S L U1 B
‘ (@ 2) /a ‘ S0 -8 +8(=5)"
i e 2R (g 2) | 050 [ e~ keIl /2Fy (n, 2)
T ke Sl = B) 4 81 (B |y, Frlel S (81— B) + S1(=B))%S1(n - B)
a3 71k+\z\n /2F1(77 Z) (1) (2) (3)
dn =: z,z) + Ty (2, 2) + Ty (, 2).
k+|x|/ Si(n—B) +:(-B) " 2 A R )

It follows from (3.34) that

dn

(1) (3) ¢
3.45 Ty Nz, 2)|+ | T (x, 2)] < Fi(-, 2)|ctiar,0s]-
Since

Vﬁ_n—i_\/ﬁu ne(al7ﬁ)7

|S1(n—B)+S1(=P)| = {\/ﬁ, n € (B,as),
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we have

|77 (@, 2)

HFl('72)||C[a1,a3] 8 1 o3 1
< d —d
= 2k || [/m (,/ﬁ—n+\/3)2,/5_77 n+/g w8
_ HFl(WZ)HC[aLO%] 1 ‘B +
ky |zl VB—=n++Bli=ar  Jy t2+ B
I+ 7/2)|F1(-, 2) [ clar,as]
- kilz|V/B

This, together with (3.40), (3.45) and the assumption /k4|z|8 > 1, yields that

dt

/\/0635 1

oz, 2)| < C(1+ 2|9l oralz] =2

Further, for J3(x, z), it follows from the formulas (3.34), (3.38) and (3.39) and Lemma
3.14 that

| T3 (2, 2)] < C(1+ [2])?llgllespa,nl=] "

Based on the above discussions, we now obtain that V' (z, z) has the form (3.27) with
the residual term Vges(x, z) satisfying (3.29) uniformly for all 0; € [05/2, 7 — 04/2]
with sin((0z — 90)/2) > (24/k4|z])~! and all z € R%

Case 3: 0; € [6/2, 7 — 64/2] with sin((0z — Y90)/2) < —(2y/k|z])~! (that is,
Vk+|z|8 < —1). Using similar arguments as in Case 2, we can obtain that V(z, z)
has the form (3.27) with the residual term Vgs(z, z) satisfying (3.29) uniformly for
all 0; € [6p/2, T — 6,/2] with sin((0z — U0)/2) < —(2\/k4|z])~! and all z € R%

Part 2.2: Estimate of V(z, z) with 8; € (0,0,/2) U (7 — §,/2, 7). In this part, it
is easy to see that for 04 € [a, b],

|sin(6z + 64)| > min[sin(d,/2), sin(dp/2)],
| cos 84 — cosBg| > (2/m) min(sin d,, sin 8 ) |04 — Oo|.

Thus by the fact that Supp(g) C (a,b) and an integration by parts, we arrive at
f2r —6z)=0and

. b —ik4|z| cos(0q—03)
7 d ; . ) e f(ed)
% _ ik |z|cos(6a+0z) do
Vi)l =\ /a db4 (e ) sin(0q + 0z) ’
c o b ’
< 7”g||§|1[ A+ |Z|)/ |S1(cos g — cos Bp)|dg + / |S1(cos g — cos 90)|_1d9d]

<O 2Dl lglleray-

These imply that V(z,z) has the form (3.27) with Vges(z, z) satisfying (3.29) uni-
formly for all 6; € (0,6,/2) U (7 — 64/2,7) and all z € R%.

Therefore, we obtain that the statement (b) holds and the proof of this lemma is
complete. a

Based on Lemma 3.15, we have the following uniform far-field expansions of Us
and Ug.
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LEMMA 3.16. Let z = |z|& = |z|(cos 0;3,sin6;) € RE with 0; € (0,7) and z € R?,
Then the following statements hold true.
(a) Us(x, z) has the asymptotic behavior

etkrlzl rop\1/? Cikia
(346) UQ(ZZ?,Z) = |x|—1/26 4 <H) R(oj)e ez +U27385(x,z)

with the residual term Us, ges(x,2) satisfying

CE(0;, )
(3.47) % in the case ki < k_,
Uz, Res (z,2)| <
’ E(0; 1 2
(3.48) C [ (|x|,z) ( |;|JZ|> } in the case ki > k_,

as |z| = +oo uniformly for all 0; € (0,7) and z € R2.
(b) Us(z,z) has the asymptotic behavior

eik+‘w‘ _im 27T 1/2 s 5
(3.49) U3($72)=—W6 B (H) e " 4 Us pes(x, 2)

with the residual term Us ges(x,2) satisfying
Us, res (2, 2)] < CE(6,2)]a| ™!

as |x| — +oo uniformly for all 0; € (0,7) and z € R2.
Here, E(0;, z) is given by (3.28) and C > 0 is a constant independent of x, z.

Proof. We only prove the statement (a). The proof of the statement (b) is similar
and easier, and thus we omit it.
Let 05 be given as in Lemma 3.15. Then it easily follows that

2
(350) Us ($7 Z) _ / eik+\z\ cos(9d+0§;)67ik+\z\ cos(Gdﬂ%)RO (ed)dod

We note that
(3.51) Ro(2m —0) = R(A) for 6 € (0, ).

We distinguish between the two cases ky < k_ and k4 > k_ to estimate Us.

Case 1: k; < k_. Since n > 1, it easily follows that ||Ro|csr,2- < C. This,
together with (3.51) and the statement (a) of Lemma 3.15, implies that Us(z, z)
has the asymptotic behavior (3.46) with Us gres(z, z) satisfying (3.47) as || — 400
uniformly for all §; € (0,7) and z € R2.

Case 2: ky > k_. It is easy to see that for 6 € [, 27],

2isin0S(cosf,n) n?—1+ 2sin’6
Ro(o) = 1—”2 + 1 _n2 :SR1(9)+R2(9).

Due to k4 > k_, we notice that

S(cos@,n) = Si(cos @ — cosB.)Sa(cos b + cosb.)
(3.52) = S (cosf — cos 0)Sy(cos f — cos V)



22 L. LI, J. YANG, B. ZHANG, AND H. ZHANG

with 6 = 7+ 0. € (m,37/2) and 0 =21 — 0, € (37/2,2m), which implies that
S(cos 6, n) is infinitely differentiable for all § € [, 27| except for the points 6" and
6.

Let € > 0 be a fixed number such that [921) — 2,08 + 2¢] C (m+6./2,37/2) and
[99) — 26,0 4+ 2¢] C (37/2,2m — 6./2). Choose the cutoff functions x1, x2 € C§°(R)
such that

0<x;<1inR, y;=1in [0 —£,00 +¢], Supp(x;) C [0 — 2¢,00) 4 2¢]
for I =1,2. Then Ro(f) can be rewritten as
Ro(0) = x1(0)R1(0) + x2()R1(0) + [(1 — x1(6) — x2(0))R1(0) + R2(0)]
t R1(0) + Ra(0) + Rs(0), 0 € [r, 2],
and thus we have from (3.50) that Us(z, z) = Uz 1(x, 2) + Uz 2(x, 2) + Ua 3(z, z) with

2
UQ,m(fE, Z) — / eik+|ac| cos(0d+9,i)efik+|z| cos(edfei)Rm (Gd)dt?d, m = 1, 27 3.

It follows from (3.52) that Ry (#) = S(cosf — cos 921))g1 (6) and Ry (0) = Sy (cos b —
oS 952))92 (9) with

2 sin 6S; (cos 6 — cos 9,(32))X1(9) 2 8in 0S2(cos O — cos 91(31)))(2 (9)
B 1—n?2 ’ N 1—n?2 '
Clearly, we have that Supp(Gm) C (7 +0./2,27—0./2) and |G|l c3(r+6. /2,20—0./2) <
C (m = 1,2) and that ||7Aé3HC3[7r,27r] < C. Hence, by using (3.51), applying the
statement (b) of Lemma 3.15 to Us ., (m = 1,2) and applying the statement (a) of
Lemma 3.15 to Uz 3, we have that Us(z, z) has the asymptotic behavior (3.46) with
Us, ges(, 2) satisfying (3.48) as |z| — +oo uniformly for all 6; € (0,7) and 2 € R%.
Therefore, the proof is complete. 0
Remark 3.17. It was proved in [41, Lemma A.3] that Us(z, z) has the asymptotic
behavior (3.49) with the residual term Us ges(z, z) satisfying

1 1 1

gl (9) . g2 (9) .

|U3,Res($u Z)| SC(|Z| +

| sin %m| | sin ”;9f | sin 03]

|
02 3,2 T—03 342
(1 t (1 t 1
e Ly dt)_
0 sin“t 0 sin“t ||

as |x| — +oo uniformly for all 6; € (0,7) and z € R%. We note that the statement
(b) of Lemma 3.16 improves the above result due to the fact that for any 0; € (0,7),

T—04
¢ 1
[
04 sin®t

/2 t2 max(0z,m—03) t2
< C(L+2))? / ,2dt+/ L
0 sin“t /2 sin“t

0z (1 4 |Z|)2t2 T—0z (1 4 |z|)2t2
0 sin“t 0 sin“t

where C' > 0 is a constant independent of 8; and z.

(L+1]2)* + (1 +]2])
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Based on the above lemmas, we now have the following theorem on the relation
between Ir(z) given in (3.3) and Ig(z, R) given in (3.25).

THEOREM 3.18. Let z € R? and R > 0 be large enough, then we have Is(z, R) =
Ir(2) 4 Is ges(z, R) with the residual term Is pes(z, R) satisfying
[Is.res(z, R)| < C(1 + [2])°R™Y*  as R — 400

uniformly for all z € R%. Here, C > 0 is a constant independent of R and z.

Proof. We only consider the case ky > k_ since the proof for the case ky < k_
is similar. Let R be large enough throughout the proof. It follows from (3.5), (3.26),
(3.46) and (3.49) that for x € OB}, and z € R?, we can write U(z,z) = Up(x,2) +
Uges(z, z) with Up(z, z) and Uges(x, 2) given by

Uo(z, 2) :=

ik || _ or\? o, o
€ | | [/ um(f,d)€71k+z.dd5(d) + <k_7T> eI /4 (R(ei)efdwz-z _ ezk+z-z)] ,
\ |T st +

URes(xa Z) = Ul,Res(xu Z) + U2,Res (‘Tu Z) + US,Res(xa Z)

Then it is clear that

(3.53)  Is(z R) = Ip(2) +/

+
0B},

{Uo(x, 2)URes(,2) + U(x, 2)Uges (z, z)] ds(z).

By using the fact that |R||cpo,x < C, the formula (3.5), Lemma 3.7 and Remark 3.8,
we obtain that for x € BBE and z € R?,

(3.54) |Uo(z,2)] < CR™Y? and |U(x,2)|, |Uges(zx,2)] < C(1+ |z|)R™V2.

Let 6 := R~'/* to be small enough and define BBE(; := {2 = R(cosfz,sinf;) € R?:
0z € (0,0) U (m — 6,7)}. Tt is easy to see that for 0; € [6,7 — §] and z € R?,

1

T—30
|E(0s,2)] < (1+[2)* +C6~1 + (1 + |z|>/ gpdt < C(L+ )%,
§

where E(0;, z) is given as in (3.28). Thus we have from Lemmas 3.12 and 3.16 that
for z € 9B \OBY; ; and z € R?,

1 (42 | A+ ]2])?
BATT R T R

|Uges(, 2)| < C [ } < C(1+ |2|)2R™3/4,

This, together with (3.53) and (3.54), implies that
[Is (2, R) = Ir(2)]

{/%g\aB;,S +/{93;,6} {UO(«f,Z)URes(I,Z) + U(.I,Z)URBS(Qj,Z)} ds(x)

T (1+2))? 14 |2] (1 + |2])? 1 141z  14]z|1+ 2]
R1/2  R3/4 + R1/2 R3/4 R1/2 R1/2 R1/2  R1/2
< C(1+|z)°R7Y4,

SCR[ ]+0R5[

Therefore, the proof is complete. a
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3.3. Direct imaging methods. With the analysis in Sections 3.1 and 3.2, now
we are ready to study the direct imaging methods for the inverse problems (IP1)
and (IP2). In the rest of the paper, let K be a bounded domain containing the
local perturbation I', of the locally rough surface I'. Note that the imaging function
Ir(z) is independent of the radius R. Thus it can be seen from Theorems 3.11 and
3.18 that when R is sufficiently large, the imaging functions Ip(z, R) and Ip(z) are
approximately equal to the function Is(z, R) for any z € K. This means that when R
is sufficiently large, Ip(z, R) and Ir(z) have similar properties as Is(z, R) for z € K.

Next, we study the properties of Is(z, R) by employing the theory of scattering
by a penetrable unbounded rough surface. To this end, we introduce some notations.
For b € R, let Ubi = {(#1,22) € R? : 25 2 b} and [y := {(w1,22) € R? : x5 = b}. For
V C R™ (n = 1,2), denote by BC(V) the set of bounded and continuous functions
in V, a Banach space under the norm ||¢[|oo,v := sup,ey |¢(z)|. For 0 < @ < 1 and
V C R" (n =1,2), denote by BC%“(V) the Banach space of functions ¢ € BC(V),
which are uniformly Holder continuous with exponent «, with the norm || - |/o,a,v
defined by [dllo.av = [9llocy + D, ey, [9(z) — 6(y)|/Io — y|*. Further, for
V C R?, define BCY(V) := {¢ € BC(V) : ;¢ € BC(V), j = 1,2} with the norm
lolliv == ||¢llco,v + 2321 |00/l 00,1, Where 0;¢ denotes the derivative d¢/0x; for
j = 1,2. Moreover, for 0 < a < 1 and the surface T, let BCY*(T") := {¢ € BC(T) :
Grad ¢ € BC%*(T)} under the norm ||¢|1 a.r := ||¢]|co.r + [|Grad ¢[|o,o,r Where Grad
denotes the surface gradient. Then the scattering problem by a penetrable unbounded
rough surface can be formulated as follows.

Transmission scattering problem (TSP). Let a € (0,1), hy > sup,, g hr(z1)
and hg < inf,, cg hr(z1). Given g1 € BCH%(T') and g2 € BC%*(T), determine a pair
of solutions (v1,v2) with v; € C?(Q)NBCH Q4 \ U, ) and vy € C?(Q_)NBCH (01 \
Uy,,) such that the following hold:

(i) v1 is a solution of the Helmholtz equation Avy + kivl =01in Q4 and vy is a
solution of the Helmholtz equation Avy 4+ kZvs =0 in Q_.

(ii) v1 and vy satisfy the transmission boundary condition

v] —v2 =g1, Ov1/Ov—0vy/Ov =gy onT.
(iil) v1 and ve satisfy the growth conditions in the x5 direction: for some f € R,

(3.55) sup |z2|?|v1 ()] < 400,  sup |z2|?|va(z)] < o0
zeQy zeQ_

(iv) vy satisfies the upward propagating radiation condition (UPRC): for some
(bl € L= (Fhl)v

0Py, (x,
(3.56) vi () = 2/F %%(wds(y), z e Uy .

vy satisfies the downward propagating radiation condition (DPRC): for some ¢o €
L (th)v

(3.57) vo(z) = —2/F ‘9‘1”“87;:’”@@)(15@), x €Uy,

Here, ®i(z,y) with & > 0 is the fundamental solution of the Helmholtz equation
Au + k?u = 0 in two dimensions, that is, ®x(z,y) = (i/4)Ha(k|lz — y|), =,y € R,
x # y, where H} denotes the Hankel function of the first kind of order zero.
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The well-posedness of the problem (TSP) has been established in [10, 32, 23] by
using the integral equation method.
To proceed further, we need the following property of the total-field u!*!(x, d).

LEMMA 3.19. For any d € St , we have u'(-,d)|o, € C*(Q+) and u®'(-,d) €
BC*(R?).

Proof. Let d € St. It easily follows from Theorem 2.1 and elliptic regularity
estimates (see, e.g., [16, Section 6.3]) that u'**(-,d) € H},.(R?) and that u'*'(-,d)|y, €
H*(Vp) for any positive integer £ and any bounded open set V; satisfying Vo € Q,UQ_,
which implies that u!°!(-,d) € C(R?) and u!!(-,d)|q. € C?(+). Moreover, it can
be seen from [29, Theorems 13 and 14] that for both the case ky < k_ and the case
ki > k_, the scattered field u®(z, d) has the asymptotic behavior

eik,|;ﬂ|

Vel

where the far-field patten u*(#,d) of the scattered field u®(z,d) satisfies u>(-,d) €
C(SL) and u$,,4(z,d) satisfies

u®(x,d) = u™ (%, d) + uShs(v,d) for x € Q_\Bp,

[uhes (@, d)] < Cla| 7%, |z] = oo,

uniformly for all §; € (m,2m) and d € St (the expression of u®(#,d) with #,d € St
can be seen in [29, formula (110)], which is similar to (2.10)). Note further that
u®(-,d) € BC(R?). Thus, it follows from the above discussions and Lemma 3.1 that
u'®t(-,d) € BC(R?). This, together with the local regularity estimate in [9, Theorem
2.7], implies that u'*(-,d) € BC'(R?). 0

For z € Q4 and 2z € R?, let U(z,2) be given as in (3.4), which is involved in
Is(z,R). For z € Q_ and z € R?, define V/(z,2) := [5 u'(z,d)e”"*+*?ds(d). Then
with the aid of Lemma 3.19, we show in the following theorem that for any fixed

z € R?, the pair of functions (U(x, z),V(z, 2)) is the unique solution to the problem
(TSP) with the boundary data related to the Bessel function of order 0.

THEOREM 3.20. For any fired = € R?, the pair of functions (U(z,2),V(z,z2))
solves the problem (TSP) with the boundary data

g1(z) = =2ndo(ks|z — 2|), go(z) = —270Jo(k4|x — z|)/Ov(x), =z €T,

where Jy is the Bessel function of order 0.

Proof. Let d € SL, hy > sup,, cg hr(z1) and hy < infg cr hpr(z1). Define
0 (x,d) = ut(z,d) — ui(z,d) for x € Qy and Va(x,d) = u'(x,d) for x € Q_. Tt
follows from Lemma 3.19 that 0 (-, d) € C?(Q4)NBC' (4 \ U, ), 02(-,d) € C*(Q-)N
BCY(Q_\ U,), and v1(+,d) and vz(-, d) satisfy (3.55) with 8 = 0. Furthermore, we
note that vy (z,d) = u®(z,d) + u"(z,d) for x € U;" and 0y(x,d) = v*(z,d) + u'(z, d)
for z € U,,. Thus, applying (2.2) and (2.8) and using [9, Theorem 2.9 and Re-
mark 2.14] give that v1(-,d) and vs(-,d) fulfill (3. 56) and (3.57), respectively. More-
over, we can obtain from (2.6) and (2. 7) that A, (:v d) + k3vi(z,d) = 0 in Qy,
Ayvo(z,d) + k20 (x,d) = 0in Q_, and ¥y (z,d) and U2 (z,d) satisfy the transmission
boundary condition

0v1(z,d)  Ova(z,d) Detk+a-d

51 z, _ 52 z, — _eik+m~d, _ = — onl.
(z,d) (z,d) ov(x) ov(x) ov(z) r
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Based on the above discussions, we obtain that the pair of functions (71 (z, d), v2(x, d))
is the solution of the problem (TSP) with the boundary data gi(x) = —e®*+%4 and
ga(x) = —0e™™+*1/9u(x) on T', whence the statement follows with the aid of [45,
Theorem 3.2]. 0

Remark 3.21. In [30, Section 3.1], the properties of the solution to the problem
(TSP) with the boundary data gi(x) = aJo(k4|z — z|) and g2(z) = adJo(ky|z —
z|)/Ov(z), x € T, for some constant a € C have been studied in the case when T' is
a globally rough surface. With the help of the discussions in [30, Section 3.1] and
Theorem 3.20, it is expected that for any x in the bounded subset of Q, U(x, z) will
take a large value when z € I" and decay as z moves away from I'. Consequently, it is
expected that for any fixed R > 0 such that I',, C Bg, Is(z, R) will take a large value
when z € I" and decay as z moves away from I

With these preparations, we then turn to the direct imaging method for the
inverse problem (IP1). Based on the discussions at the beginning of this subsection
and Remark 3.21, it is expected that if R is sufficiently large, then for z € K the
imaging function Ip(z, R) will take a large value when z € T' N K and decay as z
moves away from I'N K. This property is indeed confirmed in the numerical examples
carried out later. In the numerical experiments, we measure the phaseless total-field
data |utt(z®,d@)| with p = 1,2,...,Mp and ¢ = 1,2,...,Np, where z(®) and
d@ are uniformly distributed points on 83;5[ and S!, respectively. Accordingly, the
imaging function Ip(z, R) can be approximated as

Mp | Np

Rr? tot (. (0) g@\|° _ 4D (0) @] pib (@P)—2)-d@
Ip(z,R)zWZ Z }u (P, d\ V)| — AR’ (), d V)| e
P Pp:l q=1
2
(3.58) — AR () g@) z)}

where Ag)(x,d) =1+ |Ro(a)|? + Ro(0a)e?*+2292 for z € OB}, and d € SL, and
Ag) (z,d,2) = exp(iky(z' — 2') - d) for x € OB}, d € St and z € R?. Then for the
inverse problem (IP1), we expect that the locally rough surface I" can be reconstructed

by using the formula (3.58). Now the direct imaging method for the inverse problem
(IP1) is described in Algorithm 3.1.

Algorithm 3.1 Direct imaging method for the inverse problem (IP1)

Let K be the sampling region which contains the local perturbation I',, of the pene-
trable locally rough surface I'.

1: Choose 7, to be a mesh of K and let R be sufficiently large.

2: Collect the phaseless total-field data |u®*(z®),dD)|, p = 1,2,...,Mp, q =
1,2,...,Np, with z® ¢ BB;,S and d@ e S!, generated by the incident plane
waves u'(z,d?) = eik+’”'d(q), g=1,2,...,Np.

3: For each sampling point z € 7T,,, approximately compute the imaging function
Ip(z, R) by using (3.58).

4: Locate all those sampling points z € 7y, such that Ip(z, R) takes a large value,
which represent the part of the locally rough surface I' in the sampling region K.

Next, we consider the direct imaging method for the inverse problem (IP2). By
using the discussions at the beginning of this subsection and Remark 3.21 again, it
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is expected that for z € K, the imaging function Ir(z) will take a large value when
z € 'N K and decay as z moves away from I' N K. This property is also confirmed in
the numerical examples carried out later. In numerical experiments, we measure the
phased far-field data u"o(:%(p), d(‘J)) withp=1,2,...,Mpand ¢ =1,2,..., Np, where
2 and d@ are uniformly distributed points on S}F and S! , respectively. Accordingly,
Ir(z) can be approximated as

Nr

q=1

Mp 2

(3.59)  Ip(z)~ MFZ

3

where Ap(%,2) = (27r//€+)1/2 —im/A R (0 )~ e — ek d 2] for e S% and z € R?.
Then similarly to Algorithm 3.1, we describe the direct imaging method for the inverse
problem (IP2) in Algorithm 3.2.

Algorithm 3.2 Direct imaging method for the inverse problem (IP2)

Let K be the sampling region which contains the local perturbation I',, of the pene-
trable locally rough surface I

1: Choose 7,, to be a mesh of K.

2: Collect the phased far- ﬁeld data u>(2%),d@), p=1,2,...,Mp,q=1,2,..., Np,
with ) € S} and d@ € S!, generated by the incident plane waves u'(z,d?) =
ethrad® o 19 . Np.

3: For each sampling point z € 7T,,, approximately compute the imaging function
Ir(2) by using (3.59).

4: Locate all those sampling points z € Ty, such that Ir(z) takes a large value, which
represent the part of the locally rough surface I' in the sampling region K.

4. Numerical experiments. In this section, we will present several numer-
ical examples to illustrate the applicability of our direct imaging methods for the
inverse problems (IP1) and (IP2). To generate the synthetic data, the direct scat-
tering problem (2.6)—(2.8) is solved by the perfectly matched layer-based boundary
integral equation method proposed in [31]. In all the examples, we will present the
imaging results of Ip(z, R) with phaseless total-field data (i.e. the results of Al-
gorithm 3.1) and the imaging results of Ir(z) with phased far-field data (i.e. the
results of Algorithm 3.2). Further, the noisy phaseless total-field data |[uf!(2(P1), d)|
with (P1) € 9B},d € St (p1 = 1,2,...,Mp) and the noisy phased far-field data
ugo(fc(m), d) with £(P2) ¢ S}H deS! (pp=1,2,...,Mp) are given by

Mp

5(:01)
S e Nt
C(:Dz) + in(m)
M I + 02 S

|u§ot(x(1’1)7d)| _ |ut0t(x(P1),d)| 46 |utot(x(l),d)|27

Mg
lu (1), d)[?,

uP (272, d) = u®(2®2), d) + &

where ¢ is the noise ratio and where £PV) (p; = 1,2,..., Mp) and ¢(P2), n(P2) (p, =
1,2,...,Mp) are the standard normal distributions.

In each figure presented below, we use a solid line to represent the actual locally
rough surface against the reconstructed locally rough surface.
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Example 1. We consider the case when the locally rough surface is given by

he(an) = 0.4sin [(23 — 16/25)%] sin® (27z1/3), |21] < 4/5,
AR ) |z1] > 4/5.

We choose the wave numbers k; = 40 and k_ = 80 and set the noise ratio § =
10%. First, we consider the inverse problem (IP1) and investigate the effect of the
radius R of the measurement circle OB?_-E on the imaging results. The numbers of the
measurement points and the incident directions are chosen to be Mp = Np = 300.
Figures 2(a), 2(b) and 2(c) present the imaging results of Ip(z, R) with the measured
phaseless total-field data with the radius of the measurement circle GBE tobe R = 1.5,
2, 3, respectively. It is shown in Figures 2(a)-2(c) that the reconstruction result is
getting better if the radius of the measurement circle is getting larger. Secondly,
we consider the inverse problem (IP2). The numbers of the measured observation
directions and the incident directions are chosen to be Mr = Nrp = 100. Figure
2(d) presents the imaging result of Ir(z) with the measured phased far-field data.
As shown in Figure 2, the reconstruction result of Ir(z) with the measured phased
far-field data is better than those of Ip(z, R) with the measured phaseless total-field
data.

(b) 10% noise, k4 = 40, k— =
80, R=1.5 80, R=2

4 08 06 04 02 0 02 04 06 08 1

(¢) 10% noise, k4 = 40, k_ (d) 10% noise, k4 = 40, k_
80, R=3 80

Fic. 2. (a), (b) and (c) show the imaging results of Ip(z, R) with the measured phaseless
total-field data for different values of the radius R. (d) shows the imaging result of Ip(z) with the
measured phased far-field data. The solid line represents the actual curve.

Example 2. We now investigate the effect of the noise ratio § on the imaging
results. The locally rough surface considered is given by
he(er) 0.2sin [(2? — 16/25)%] sin(3mx1)e 1, |a1| < 4/5,
€T =
e 0, 21| > 4/5.

We choose the wave numbers ky = 40 and k_ = 80. First, we consider the inverse
problem (IP1). The radius of the measurement circle 9B, is set to be R = 3.
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The numbers of the measurement points and the incident directions are chosen to
be Mp = Np = 300. Figure 3 presents the imaging results of Ip(z, R) from the
measured phaseless total-field data without noise, with 20% noise and with 40% noise,
respectively. Next, we consider the inverse problem (IP2). We choose the numbers of
the measured observation directions and the incident directions to be Mp = Np =
100. Figure 4 presents the imaging results of Ir(z) from the measured phased far-field
data without noise, with 20% noise and with 40% noise, respectively.

18

08

_
1 08 06 04 02 0 02 04 06 08 1 4 08 06 04 02 0 02 04 06 08 1 4 08 06 04 02 0 02 04 06 08 1

(a) No noise, k4 = 40, k— = (b) 20% noise, k4 = 40, k_ = (c¢) 40% noise, ky = 40, k— =
80, R =3 80, R=3 80, R=3

Fic. 3. Imaging results of Ip(z, R) with the measured phaseless total-field data for different
noise ratios. The solid line represents the actual curve.
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(a) No noise, k4 = 40, k_ (b) 20% noise, k4 = 40, k_ (¢) 40% noise, ky = 40, k— =
80 80 80

Fic. 4. Imaging results of Ip(z) with the measured phased far-field data for different noise
ratios. The solid line represents the actual curve.

Example 3. In this example, we compare the imaging results in the case ky > k_
with those in the case k4 < k_. The locally rough surface is given by

he() = 0.2exp [16/(252% — 16)][0.5 + 0.1sin(167z1)], |z1] < 4/5,
T o, |z1] > 4/5.

Here, hr(x1) consists of a macroscale represented by 0.1exp [16/(252% — 16)] and a
microscale represented by 0.02exp [16/(2527 — 16)] sin(167z1). We choose the noise
ratio to be § = 10%. First, we consider the inverse problem (IP1). The radius of the
measurement circle 0B}, is chosen to be R = 3. The numbers of the measurement
points and the incident directions are set to be Mp = Np = 400. Figures 5(a) and
5(b) present the imaging results of Ip(z, R) with the measured phaseless total-field
data with the pair of wave numbers (k4,k_) = (90, 180), (90, 45), respectively. Next,
we consider the inverse problem (IP2). We choose the numbers of the measured
observation directions and the incident directions to be Mp = Np = 100. Figures
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5(c) and 5(d) present the imaging results of I (z) with the measured phased far-field
data with the pair of wave numbers (ky,k_) = (90, 180), (90,45), respectively.

2 8 8

WMm

¢ umu. “ V‘w /v "lom» M
. wlmm H A .
- m Wy §§ “

4 08 06 04 02 0 02 04 08 08 1 i o8 06 04 02 o 02 04 06 o8 1

(a) 10% noise, k4 = 90, k_ = (b) 10% noise, k4 = 90, k— =
180, R=3 45, R=3

(¢) 10% noise, ky = 90, k— = (d) 10% noise, k4 = 90, k— =
180 45

Fi1c. 5. (a) and (b) show the imaging results of Ip(z, R) with the measured phaseless total-field
data. (c¢) and (d) show the imaging results of Ir(z) with the measured phased far-field data. The
solid line represents the actual curve.

Example 4. In this example, we set the ratio k_ /ky to be a fixed number and
investigate the effect of the wave numbers k4, k_ on the imaging results. The locally
rough surface is chosen to be a multiscale curve given by

hr(xl) =
0.2exp [16/(2527 — 16)] [0.5 + 0.1sin(107z1) + 0.1 cos(87xy )] sin(may), |z1| <

0, |!E1| >

Here, the function hr(z1) has two scales: the macro scale is represented by the func-
tion 0.1 exp [16/ (2527 — 16)] sin(mz1), and the micro scale is represented by the func-
tion 0.2 exp [16/(25x1 — 16)] [0.1sin(107z1) 4 0.1 cos(87a1)] sin(ra1). The noise ratio
is set to be § = 10%. First, we consider the inverse problem (IP1). The radius of the
measurement circle 837%' is set to be R = 3. The numbers of the measurement points
and the incident directions are chosen to be Mp = Np = 400. Figure 6 presents the
imaging results of Ip(z, R) with the measured phaseless total-field data with the pair
of wave numbers (ki,k_) = (60, 30), (90,45), (120,60), respectively. Second, we con-
sider the inverse problem (IP2). We choose the numbers of the measured observation
directions and the incident directions to be Mr = N = 100. Figure 7 presents the
imaging results of Ir(z) with the measured phased far-field data with the pair of wave
numbers (k4,k_) = (60,30), (90,45), (120, 60), respectively. From Figures 6 and 7,
it can be seen that the reconstruction result is getting better with the wave numbers
ky and k_ getting larger.
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"4 o8 06 04 02 0 02 04 08 08 1

(a) 10% noise, k4 = 60, k_ (b) 10% noise, k4 =90, k_ = (¢) 10% noise, k4 = 120, k_
30, R=3 45, R =3 60, R = 3

Fic. 6. Imaging results of Ip(z, R) with the measured phaseless total-field data for different
values of the wave numbers k4 and k—. The solid line represents the actual curve.
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(a) 10% noise, k4 = 60, k— =  (b) 10% noise, k4 = 90, k_ = (c) 10% noise, ky = 120, k— =
30 45 60

Fic. 7. Imaging results of Ir(z) with the measured phased far-field data for different values of
the wave numbers ki and k_—. The solid line represents the actual curve.

5. Conclusion. In this paper, we considered the problem of inverse scattering
of time-harmonic acoustic plane waves by a locally rough interface in a two-layered
medium in 2D. We have developed the direct imaging method with phaseless total-
field data and the direct imaging method with phased far-field data for reconstructing
the penetrable locally rough interface. We have also given the theoretical analysis of
the proposed methods by studying the asymptotic properties of relevant oscillatory
integrals. In doing so, an important role is played by the uniform far-field asymptotic
properties of the scattered wave for the acoustic scattering problem in the two-layered
medium obtained in our recent work [29]. Through various numerical experiments, it
has been shown that our methods are effective for both cases ky > k_ and ky < k_.
Moreover, for the considered scattering model, it is interesting to study uniqueness of
the inverse scattering problem in a two-layered medium with a locally rough interface
in 2D associated with phaseless total-field data and with phased far-field data, which
is still open and challenging.
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Appendix A. Proofs of Lemmas 3.13 and 3.14.
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Proof of Lemma 3.13. By a straightforward calculation, we have

+oo 2 “+o0 2 a 2
I()\)z/ eﬂ)‘Tdn—/ eiMTdn—/ e~ AT dp
b

— 00

It follows from [34, the last formula on page 98] that

+o0 At Y T
0 V2t NS

Further, by the change of variable n = /2t and an integration by parts, we have
ie

“+oo ) 1 +oo + ) 1
/ e*Mt—dt — + _/ 671)\15
52 V2t D SVOT P B 21/2t3/2

Similarly as the estimate of I5(A), it can be deduced that |I5(A)| < 2/(A|a]). Thus
the statement of this lemma is obtained by the above discussions. a

Proof of Lemma 3.14. Let i € [a,b] and define g(n) := f'(n)n — (f(n) — f(0)).
Now we claim that

L\ =2

L —iAt

2

< .
b

[I(N)| =

(A1) g < CA+ [Ipllesiae)’llallesian (L + 0, n € [a,b].

In fact, it is clear that ¢g(0) = ¢’(0) = 0. Thus for any n € [a, b], there exists 11 = 6n
with some 6 € (0, 1) such that

L (n)6n + £ (m)] >

N | =

1
(A.2) 9(n) = 59" (m)n* =
Hence, if |n| < (1+1)~, we have

(A.3) lg(m)| < C(L+[Ipllcziap)’ lallcapan (1 + t)*n°.

On the other hand, if |n| > (1 +¢)~!, we have

V$)=]fmm‘“ﬁm‘f@” <IN+ + 1) - FO)I1+ 1)
(A.4) < CA+|plern)lallcry (L +t)2.

Therefore, it follows from (A.3) and (A.4) that (A.1) holds.

Define the function h(n) := [f(n)— f(0)]/n for n € [a,b]\{0}. Since g(n) = h'(n)n?
for n € [a,b]\{0}, it easily follows from (A.1) and (A.2) that h and its derivative can

be continuously extended from [a, b]\{0} to [a,b], and h has the estimate

(A5) 1Bllca) < C(L+lIpllosian)? lallcspae (1 +1)%.
On the other hand, an integration by parts gives that
b

b
—/ e TR (n)dn | .
n=a Ja

H»—leﬂémm

This, together with (A.5), implies that the statement of this lemma holds. d
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