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Abstract

We analyze a reaction-diffusion system on R”Y which models the dispersal of individuals
between two exchanging environments for its diffusive component and incorporates a
Fujita-type growth for its reactive component. The originality of this model lies in the
coupling of the equations through diffusion, which, to the best of our knowledge, has
not been studied in Fujita-type problems. We first consider the underlying diffusive
problem, demonstrating that the solutions converge exponentially fast towards those of
two uncoupled equations, featuring a dispersive operator that is somehow a combination
of Laplacians. By subsequently adding Fujita-type reaction terms to recover the entire
system, we identify the critical exponent that separates systematic blow-up from possible
global existence.
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Introduction

In this work, we consider the semi-linear Cauchy problem

Opu = cAu — pu +vo + ulte, t>0, zeRVN,
O = dAv + pu — vu + kol HP, t>0, zecRV,
(u, v)|t=0 = (ug,vo), r € RV,

(1.1)


https://www.samueltreton.fr/english/
https://lmrs.univ-rouen.fr/en

in any dimension N > 1. Here the parameters c, d, i, v, a, 3 are positive constants,
k=20 or k=1,

and the data ug and vg are taken non-both-trivial and non-negative in L'(RY) N L>(RM).
This system is motivated by biological issues, particularly the field-road reaction-diffusion
system — see (1.8) — for which no Fujita-type result has been established yet.

It is well-known that (1.1) owns a unique maximal solution

(u,0) € (C1((0,T), L'(RY) N L*(RY)))?,

such that (u,v) converges to (ug,vo) in (L'(RM))? as ¢t — 0. Furthermore, by parabolic
regularity, (u,v) also belongs to (C°°((0,7) x R™))2. Importantly, the cooperative nature
of the system ensures the validity of the comparison principle. These results are classical
and can be found in [29], [15] and [13] for instance. The main objective of this paper is to
determine whether T is finite or not. If 7' = oo we refer to (u,v) as a global solution, while
T < oo enforces

i ()l e vy 00) vy ) = (1.2)
and we say that (u,v) blows-up in finite time.

Back in 1966, Fujita conducted the pioneering work [16] on the initial value problem

1.
u|t:0 = ug, x € RN, ( 3)

{8tU—Au+u1+a, t>0, zeRVN,
He showed that for non-negative and non-trivial datum wug, there is a critical exponent
ap = 2/N (later referred to as the Fujita exponent) that separates systematic blow-up
of the solutions from possible global existence. More precisely, if 0 < a < ap, any solution
to (1.3) blows-up in finite time. Conversely, if & > ap, problem (1.3) admits global solutions
as long as ug is chosen “sufficiently small”. Additionally, the global solutions provided by
this case asymptotically vanish in L>(RY). The critical case o = ar has subsequently been
investigated in various works, including [17], [19], [3], [30], and falls within the systematic
blow-up regime.

The regime transition that occurs at 1/ac = N/2 can intuitively be explained by observing
that the equation in (1.3) is a combination of the growth phenomenon resulting from the
non-linearity and of the dispersive effect arising from the Laplacian. The growth of the
solutions to (1.3) is related to the underlying ODE U’ = U whose solutions have the
form U(t) = C/(T — t)'/* and blow-up with algebraic blow-up rate 1/a. On the other hand,
solutions to the Heat equation d;u = Au vanish for integrable initial datum, and the sharp
uniform control [[u(t)||peo@mny < C/tN/? indicates that this vanishing occurs with algebraic
decay rate N/2. By formally combining the growth and diffusive actions into (1.3), Fujita’s
result states that global solutions can only exist if the diffusion decay rate exceeds the growth
blow-up rate, which is N/2 > 1/a. Otherwise the dispersive effect of the diffusion is never
strong enough to prevent the blowing-up driven by the reaction term.

Since the critical case was classified, many works have shown significant interest in (1.3),
either by deepening the established results, or by exploring variations of the problem or
additional effects. A wide range of references can be found in the survey articles by Levine



[20] and Deng and Levine [9], as well as in the books by Hu [18] and Quittner and Souplet
[24].

The first variation of (1.3) that takes the form of a system appeared in 1991 in the work
of Escobedo and Herrero [11]. In their study, they considered

O = Av + ulth, t>0, zeRV. (1.4)

{Gtu:Au—i—vHo‘, t>0, zeRVN,
Similarly to the Fujita’s problem (1.3), the system (1.4) may be interpreted as the result of
the interplay between a growth phenomenon described by the coupled ODE system

! __ 1+«
{U—V , t>0, (L5)

VI =UM"F, t>0,
and an uncoupled diffusion process governed by

ohu = Au, t>0, zeRVN,
ov =Av, t>0, zeRV.

The results presented in [11] highlight that the transition from systematic blow-up from
possible global existence is once again determined by the balance between the growth blow-
up rate and the diffusion decay rate. Specifically, for non-negative and non-both-trivial initial
values Uy, Vj, both components of the solution (U, V) to (1.5) blows-up in finite time with
the blow-up rates

2+a b 2+

a:=———— for U, and

=P gV
at B+ ap atB+af O

Consequently, for system (1.4) to have global solutions, N/2 must be larger than both a and
b, while systematic blow-up occurs as soon as a or b exceeds N/2.

The work of Escobedo and Herrero have been extended in several ways. First, the in-
troduction of different diffusion coefficients has been investigated in [14] by Fila, Levine and
Uda. Although they reached the same conclusions as in the case of identical diffusions, it
should be noted that considering different diffusion rates significantly increases the complex-
ity of the problem. This draws attention to one of the key challenges involved in working
with system (1.1) which is discussed in more details in Section 2. More recently, in [31],
problem (1.4) has also been studied by taking some compactly supported non-local diffusion
operators instead of the Laplacians. As for the non-linear effects, the case of time-weighted
reactions (f(t)v'T®, g(t)u'*?) was tackled in [28], [5], [6], and that of space-weighted reactions
(|| v, |2|72 u'*P) was discussed in [22]. An expansion of (1.4) with a “chain coupling”
of more than two unknowns was also handled in [25].

Various other types of systems have been developed based on Fujita’s problem (1.3). We
mention for instance systems for which the reaction terms take the form (u®v?, u7v®) studied
in [23], [12], [21], [26], [10] or (u® + v®, uY 4+ v%) considered in [8], [27], [6].

We would like to stress that in all the semi-linear systems mentioned above, the interaction
between the unknowns occurs through the non-linear growth terms. However, this is not the



case for problem (1.1) investigated in this paper. Indeed, as for (1.3) and (1.4), we can extract
from (1.1) a “diffusive component”:

o _ N
{ ou = cAu uu +rvv, t>0, zeR", (16)

OV = dAV + pu —vv, t>0, zeRVN,

that we call Heat exchanger and which contains all the coupling parts of (1.1). We interpret
system (1.6) as a population dynamics model for a single species dispersing on two parallel
environments and switching from one to the other. Observe that (1.6) preserves the mass of
its initial datum over time, that is

lu(t) + V(01 @ry = [[U(0) + V(O) |11 gry,  for all £ > 0. (1.7)

A detailed description of solutions to (1.6) is given in Theorem 2.1, Corollary 2.2 and their
surrounding comments. These results are necessary preliminaries to address the systematic
blow-up versus possible global existence for the problem (1.1).

Such a model which exchanges individuals between two domains is not new in the liter-
ature. In particular, the linear Heat exchanger system (1.6) is influenced by the field-road
diffusive model

oV = dAv, t>0, zeRN"1 y>0,
—d0OyV|y—o = pu — vv|y—o, t>0, zeRNL (1.8)
ou = DAU — pu + vV|y—o, t>0, zeRNL

where (v, u) = (v(t,z,y), u(t,x)), introduced in 2013 by Berestycki, Roquejoffre and Rossi in
[4] and whom both fundamental solutions and asymptotic decay rate were recently studied in
[2]. Traditionally, the field-road diffusive model is supplemented with a reaction term f in the
field which is represented by the first line of (1.8). As far as we know, no Fujita-type reaction
f such as f(v) = v'™® has been considered in the literature. In this case (as with system
(1.1)), it is worth noting that the equations are coupled through the diffusion process. In this
paper, we therefore propose to study problem (1.1) as a first step towards investigating these
“coupled by diffusion” Fujita-type systems.

This work is structured as follows. In Section 2, we start with an introduction of the
notations used throughout. Subsequently, we present our results on the diffusive system (1.6)
and the semi-linear problem (1.1) in Subsection 2.1 and Subsection 2.2 respectively. The
remaining sections are devoted to providing the proofs for the statements outlined in Section
2. Specifically, in Section 3 we prove the results related to linear system (1.6). In Section 4 we
address problem (1.1) when global existence is achievable. Lastly, we discuss the systematic
blow-up case in Section 5.

2 Notations and main results

The conventions and notations used in this paper are gathered below.

To avoid confusion, we use bold font (e.g. u, v, ¢, 8) to denote the solutions to diffusive
problems, while we use regular font (e.g. u, v, o, §) for the solutions to non-linear problems.
Additionally, if w = w(t,z), the abbreviation w(t) obviously stands for the function w(t,-).
We also indicate functions that depend solely on time — such as ODE solutions — in capital
letters (e.g. U, V, S, D).



In the whole document the function G = G(t,z) = (47Tt)_N/26_‘“|2/4t denotes the Heat
kernel in RY with unit diffusion rate, and * is the classical convolution product. For any
subset Q C RY, we denote 0 its topological frontier. In addition, we use B(0, R) to denote
the ball {z € RY such that |z| < R}, and 1 g to represent its indicator function.

For any f € L*(R"), the Fourier transform we employ is defined by

FUNQ =1© = [ S =i,

for which holds the inversion formula f = (27)~V.% o .% [f(—)] as soon as 3“\ € LY(RY) and
the Hausdorff-Young inequalities

A A
£ ooy < (2m) N F Il L2 vy, and £l oo @y < 1oy (2.1)

We adopt the notation S (]RN ) to represent the Schwarz space of rapidly decreasing func-
tions that consists of smooth functions ¢ : RV — R that, along with all their derivatives,
exhibit faster decay than any polynomial as |z| — occ.

2.1 The linear problem (1.6)

To start with, let us consider the Heat exchanger system (1.6) in the case where all the
parameters ¢, d, u, v are equal to 1. Then the linear transformation (c,8) := (U + V,u — v)
enables the uncoupling of the unknowns, and thus,

o2t o2
u(t) = TS (G o) + e (G(1) o) »
2.2
— 2 e 2t
v(t) = IT (G(t) * uo) + HT (G(t) * v0) .

From (2.2), observe that (u, v) separates into an evanescent part (U, Ve) which decays expo-
nentially fast, and a persistent part (Uso, Vo), Which is the solution to the uncoupled Heat
equations

OiUloo = AU, t>0, zeRVN,
O Voo = AV, t>0, zeRVN.

both starting from the averaged datum (up+ vp)/2. In particular, it becomes clear that both
u and v converge to zero with algebraic decay rate N/2. Our first primary contribution is to
demonstrate that a similar phenomenon occurs in the general case where ¢, d, i, v may differ.

Theorem 2.1 (Asymptotic behavior of the solutions to the diffusive Heat exchanger) Let
(u, V) be the solution to system (1.6) supplemented with non-negative initial datum (ug,vo),
such that ug, vo, Ug, Vo are all in L*(RY). Define, for ¢ € RN, the radial functions

c—d
2

r(€) = e+ B2 s(€) = v + [r(&)]2, (2.3)

c+d +v
2+M2 )7



and the dispersal operator £ : S(RY) — S(RY) through the relation
FLfl=Lx.Z[f], foralfeSRY). (2.5)

Finally, let (Uso, Vo) be the solution to the uncoupled diffusion equations

Ot = L Uso, t>0, zeRVN,
(2.6)
Voo = L Voo, t>0, zeRVN,
respectively starting from the data uso and v o defined via their Fourier transforms:
{u\oo,O = 1 [(1 — 7"(5) >/u\0 —+ Y 6)\0‘| s
2 s(§) s(§)
(2.7)
A 1 wooA r(&) )/\]
Veo,0 ‘= = ug+ | 1+ Vol -
2| Vs(8) ( s(§)
Then there are two positive constants k and k' which depend on N,c,d, p,v such that
v )?
() = oo (B)l| oy < F (lluollagmy + lvollpiem ) e 2, .
L (EvP)? '
IV(E) — Voo D)y < K ([l gy + ool ) ™2

for allt > 1.

Remarks on Theorem 2.1.

o The operator £ — (2.4)-(2.5). By observing the behavior of L at high and low frequencies,
we can discern similarities between .2 and the Laplacian. Specifically, recalling the identity

F [eAf] = —c|e] x Z[f], for all f € S(RY),

an analysis of L near the null frequency and as |£| approaches infinity reveals that .Z behaves
like (cv + dp)(p + v) LA at low frequencies and min(c,d)A at high frequencies. Note also
that L becomes independent on the exchange parameters p and v when the diffusion rates ¢
and d are equal. In this case, .Z = cA = dA.

Figure I below presents radial profiles of L for various combinations of the parameters
¢,d, i, v. The first line is the simple case ¢ = d = u = v = 1, for which L(¢) = — [¢|*>. Upon
examining the different profiles of L in Figure I, we observe two distinct types of shapes that
depend on how L changes its behavior from zero to infinity. More precisely, we see “soft
transitions” in the first and second lines of the table, and “sharp transitions” in the third
and last lines. These differences in the shapes of the decay may indicate varying degrees
of homogeneity/heterogeneity in how u and v interact with individuals in their respective
environments. Indeed, recalling that p (resp. v) represents the outgoing exchange rate of u
(resp. V), we can observe that in the sharp transitions cases only, one of the two unknowns
has both a large diffusion rate and an outgoing exchange rate less than or equal to the ingoing
one. In this way, the strongest diffuser that primarily conserves its individuals mostly affects
the low frequencies of L, its contribution quickly vanishing at high frequencies.
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Figure I — Representation of L(§) for different combinations of ¢,d, p,v. The curves
are shown at different scales for readability reasons. The “soft transition cases” (resp.
“sharp transition cases”) — see the remarks on £ above — are displayed in the first and
second (resp. third and fourth) lines. The final column provides a visual representation
of how u and v exchange and spread the individuals.

o The persistent data ueeo and veop — (2.7). By analyzing (2.3), observe that |r//s| and
1/4/s stay bounded between 0 and 1, ensuring the integrability of U o and Ve 9. Therefore,
Uso,0 and Voo o can be defined correctly by (2.7) and written using the inversion formula given
at the beginning of Section 2.

When the diffusion rates ¢ and d are equal, expressions of us 0 and v o become straight-
forward linear combinations of ug and vy, and the Fourier transform is no longer required to
explain them. When the diffusion rates are different — let us say ¢ < d for simplicity — the
positive functions (1 4 7/1/s)/2, pu/2v/s and v/2y/s collapse algebraically fast in the high
frequencies, acting as low-pass filters. Similarly, the positive function (1 —r/y/s)/2 acts as a
high-pass filter by remaining below the value 1 towards which it converges as || goes to infin-
ity. Therefore, we can understand the persistent data w0 and v 0 as linear combinations
of ug and vy that have been altered by high- and low-pass frequency filters.

We now examine the decay rate of (u, v) which is expected to be algebraic. To reach this, it
suffices to know how Us () and Vi (t) decay in L>°(RY), given the exponential convergence
towards the persistent part (Uso, Vo) ensured by Theorem 2.1. The corollary that follows
reveals that this decaying occurs with magnitude N/2, which is tightly related to how the
operator .Z affects the low frequencies of its argument.

Corollary 2.2 (Decay rate of the solutions to the diffusive Heat exchanger) Under the hy-
pothesis of Theorem 2.1, there are two positive constants £ and ¢ depending on N, c,d, i, v,
such that

74 A\
()l o vy < £ (ol gy + lvoll ey + 1200l ey + 120l ey ) / (1 + OV, 29

A\ A\
IV ooy < € (ol ey + ool ey + ol ay + [Voll ey ) /(14 N,

for allt > 0.



2.2 The semi-linear problem (1.1)

Having examined the behavior of the pure diffusive Heat exchanger (1.6) in the previous
subsection, we are now prepared to address the question of global existence versus blow-up
for our main problem (1.1). Before proceeding with the analysis, it is worth recalling that
the comparison principle ensures that, given the same initial datum (ug,vg), the solution to
(1.1)|x=0 always remains lower than the solution to (1.1)|,=1. Consequently, to demonstrate
blow-up, it is sufficient to consider (1.1)|.,—o, while to establish global existence, we only need
to examine (1.1)|,=1.

Corollary 2.2 states that the solutions to (1.6) decay uniformly to zero at the algebraic
rate N/2. With regard to the uncoupled reaction component of (1.1), namely,

U= Ute, t>0,

2.10
VI =gV, t>0, (2.10)

it is apparent that, given any positive initial data Uy, Vj,
o U blows-up at the rate 1/« for k € {0,1}, and
o V blows-up at the rate 1/5 only when x = 1.

As observed in introduction, we anticipate distinguishing between systematic blow-up and
possible global existence by comparing the decay rate of (1.6) with the blow-up rates of
(2.10). To be more specific, the regime transition is expected at N/2 =1/« when x = 0 and
N/2 = max(1/a,1/8) when k = 1.

These critical exponents can simply be confirmed when the rates c,d, u, v are identical.
To see this, let us assume ¢ = d = p = v = 1, and define (0,9) := (u+v,u—wv). Observe that
the blowing-up of o is equivalent to that of (u,v). We first examine the solutions to (1.1)|,,=;
to explore the possible global existence. In an attempt to show that ¢ may not blow-up, we
have

oo = Ao+uT+0P < Aottt = Lo

Thus o serves as a sub-solution to 9, = £. Under the assumption min(«, 5) > 2/N, we can
find small enough positive values 7 and R to allow the solution o to the Cauchy problem

0,0 = AT + 27 L+min(a,f) t>0, zcRV,
7 |t=0 = nlp(0,r) r € RV,

to be global and such that o (f) < 1 for any ¢ > 0. This can be seen from the classical
construction of global super-solutions as the product of a time-dependent function with the
solution to the Heat equation — see [24 page 130] for instance. Using this estimation on @,

we write
oo > AT+ El+min(a,ﬂ) 4 El-i—max(a,/j) _ EE,

which indicates that @ is a global super-solution to 9; = L. Now, 0 < 7 as long as ug and vy
are chosen small enough to satisfy ug +vo < nlp(o r), and with that condition met, this case
is resolved.
For the systematic blow-up (still with ¢ = d = y = v = 1) we examine (1.1)|.,—9, and
observe that
(S = AS—20+u't* > A§-—26,



which implies that § remains greater than the sub-solution e 2!(G(t) * (ug — vp)), that is
positive as long as ug > vg. It is important to note that the assumption ug > vy is not a
strict requirement for proving systematic blow-up. Indeed, we may suppose ug > 0 (even if
we need to shift the time for this to hold) and then work with the solution arising from the
initial datum (up,0). With the established order relation u > v which holds for all times, we
can determine now that o systematically blows-up when o < 2/N since

1+«
o = Ac+ul™ > Aot (w/24+0/2)F = Ao+ Il

21+a :

In those cases of identical rates, the key argument that enables progress concisely stands

in
cAutdAv = cAlutv) = dA(utwo).

However, these equalities break down when the diffusion rates differ, making ¢ # d one of
the main challenges of the problem. In the general case where c¢,d, u,v are arbitrary, we
cannot rely on our knowledge about Fujita’s original problem (1.3) to draw conclusions on
the lifetime of solutions to (1.1). Theorem 2.3 and Theorem 2.4 fill this gap and are the main
contribution of the present paper.

Theorem 2.3 (Possible global existence) Let
N {; if k=0,

5 > 11) (2.11)

max (E?ﬂ ifk=1.

Then there is mg > 0 that depends on N,c,d,pu,v, o, B,k such that the solution (u,v) to
problem (1.1) with non-negative (ug,vo) exists for all times as soon as

N\ N\
m = [luo|[ 1wy + [vollpr ey + [[woll L@y + [[voll 1@y < mo. (2.12)
Furthermore, under hypothesis (2.12),

M M
[w(®)]] Lo (mvy < EDLE and  [Jv(t)|| peomny < EDLE (2.13)

for allt > 0 and some positive constants M and M' depending on N,c,d, u,v, o, 3, k, and m.

Theorem 2.4 (Systematic blow-up) Let

N a Tr=0 (2.14)
max (i,%) if k=1. ‘

2

Then any solution (u,v) to problem (1.1) with non-both-trivial and non-negative initial datum
(ug,v0) € (LY (RN) N L>®(RN))2 blows-up in finite time.

Remark on Theorem 2.4.

o Simultaneous versus non-simultaneous blow-up. Based on (1.2), it is clear that at least one
of the two components of (u,v) becomes unbounded at the blowing time. Nevertheless, it
remains uncertain whether only one component or both components tend to infinity as the
blowing-up occurs. The first scenario is called non-simultaneous blow-up, whereas the second



is referred to as simultaneous blow-up. Souplet and Tayachi have explored similar issues in
[27] for a Fujita-type system with reactions taking the form of (u® + v% 1Y + v%). In their
study, they succeeded to separate systematic simultaneous from possible non-simultaneous
blow-up with conditions between « and 7 and between 8 and ¢. As for problem (1.1), we
leave this issue as an open question, but we nevertheless emphasize that the integrability in
time of the L>°(R™)-norm of the component that goes to infinity could be a decisive factor in
determining the behavior of the other component. To illustrate this idea, let us consider the
simple case (1.1)|,=0 with ¢ = d = p = v = 1 supplemented with non-negative and identically
constant datum (Up, Vp). In this case the solution (U, V') does not depend on space and thus
solves the ODE system

U=-U+V4+UHte, t>0,
Vi= U-YV, t> 0.

Observe that if we suppose Uy > Vp, then (by subtracting the unknowns) U > V| so that

1

U+Vvy = Ut = U2+ 5TTa

(U + V)l—&-a’

and U 4 V blows-up at some finite time 7" with at least U becoming unbounded at this time.
Now assume the blow-up rate of U to be of magnitude a > 0, namely,

c/r—n < Uw < T/T-0"

for any t € (0,7T) and some positive constants C < . Turning to V, we have

. t o—(t—s) . _ ot g—(t=9)
67V+0/7d8 < Vi) < e "Vo+ /7ds.
0+ ) Tt = VO = 0HC) T
Thus, the boundedness of V' at the blowing time is equivalent to the convergence of the
integral fOT(T — 5)~*ds, which occurs as soon as a < 1. This conditions express that U must
diverge slowly in some sense if we want V' to be able to explode with it. Obviously, this is a
formal argument and a rigorous proof would require a more detailed analysis of the system.
Nevertheless, this example illustrates the importance of the blow-up rate in determining the
behavior of solutions near the blowing-up.

3 Asymptotic behavior of the Heat exchanger system

This section focuses on the large time behavior of the solution (u, V) to the Cauchy problem
associated with the linear system (1.6).

We begin by providing the proof of Theorem 2.1, which relies on Fourier analysis of the
solution. By doing so, we are able to separate (u, V) into two parts, (Uso, Voo) and (Ue, Ve),
where an L2 (RY)/ L%(RN )-analysis shows that the second part decays exponentially fast.

Finally we evaluate the time derivatives of aoo and VOO which brings us to the formulation
of problem (2.6)-(2.7).

Proof of Theorem 2.1. Applying the Fourier transform to the equations in (1.6), namely

U = cAu — pu + vv and OV =dAV 4+ uu —vv,

10



we are led to the ODE system

u —cl¢f® — p v u
B e )E)

=:A(¢)

It may be checked that the two eigenpairs, (A1 (), e4+(§)) and (A_(&),e—(§)), of A are given
by

B c+d, .o pt+v B v
Ay =— ( 5 €17 + 2) ++vs and et = <r n \/§> : (3.2)
where 7 and s are defined in (2.3). As a result, we obtain the following expressions for u and

~

Vv

Ut €) 1 (1= 2=) e 4 (14 22) e 2 (e - ) e
Vo) e (e =) (1 gm) e+ (1= ) e\ Bt

We split U and V into

Uoo(tag) _ et)‘+ (1 - % ﬁ ) {U\O(g) (3 3)
o)) 2\ 1HE G
and “
MM)_&AC+k x%>@m> 5
Velt©) A
so that
AA A A A A

U=Ux + U and V =V + Ve,

and the boundedness of the matrices in (3.3) and (3.4) provides the necessary integrability to
go back into the spatial domain. As a result, we can write

U= U + Ue and V=V, + V..

The remainder of the proof consists in demonstrating that the evanescent parts ue(t) and
V.(t) decay exponentially fast in L>°(R"). Following this, we establish that (Uso, Viso) indeed
serves as the solution to the Cauchy problem (2.6)-(2.7).

o Vanishing of (Ue(t), Ve(t)). Thanks to the Hausdorff-Young inequalities (2.1), controlling
U (t) and Ve(t) in L'(RY) enables us to obtain estimates on u.(t) and v.(t) in L=(RYN).
To accomplish this, we first analyze the components of (3.4) which result in the following
estimates for all £ € RYV:

2
A_s—(ﬁfmﬁ+“mf;5)>, (35)
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T v [ n v
— < — <. /= L < /E )
‘1i\/§_2, \/g_,/ﬂ, \/S»_\/W (3.6)
and using (2.1),
A A\
0(€)] < lluollpiewy  and V()] < flvoll sy (37)

Then, by considering the expression for U, (t) in (3.4), the estimation of its L'-norm gives,

fort > 1,
1
4Ol =5 [, |(1+ =) f0(© - 2=

1 v —tM _tﬂ£2
< 5 (2Mollmm + /2 ol ) 525 [t el ag

% o \ N2 L (Evr)?
< max (L m > <C+ d) (HUOHLl(RN) + ”U0||L1(RN)> e, (39)

where (3.5), (3.6) and (3.7) have been used to go from the first to the second line. Performing

e d¢

a similar calculation for V,(t) leads to

A m o \N/? (Va2
[Vt < max (12 ) () (s + luolleny) 5, (39)

so that, using again (2.1), we can retrieve (2.8) from (3.8) and (3.9) with

B max (1,\/%) 1 k/ B max (L\/%)

(27 (c + d))N? C@r(e+d)N?

o Problem satisfied by (Uso, Vo). Taking first ¢ = 0 in (3.3) straightly recovers the initial
datum (U0, Vso,0) in (2.7). Then, notice that A4 defined in (3.2) and L defined in (2.4) are
actually the same functions. Hence, by working on 0;U from the frequency domain, we have

F [0Uos] = Oihoe = A X Uoo = L x U = F [Loe],

where the last equality precisely comes from the definition of the operator .Z in (2.5). The
same calculation for 0;V., gives

F [O1Veo| = F [L Vo] ,

and thus, (Uee, Vo) solves (2.6). O

We now proceed with the proof of Corollary 2.2 regarding the decay rate. We start by
obtaining uniform controls on u(t) and v(t) for ¢ > 1, specifically,

~ AN A\
lu()ll ooy < € (lluolla@ny + llvoll ey + 4ol @y + ol iy ) /4472, 510)

~ N\ N\
IV oo vy < 2 (Iluoll iy + lvoll ey + 4ol ey + [0l ey ) /Y72

12



The approach used to derive (3.10) involves splitting high versus low frequencies of the solution
and recognizing that only the low frequencies contribute algebraically at large times — refer
to [7] and [1] for related phenomena. Given this observation, it is sufficient to note that u(t)
and v(t) are bounded for ¢ <1 to establish (2.9) for all times.

Proof of Corollary 2.2. Recall that U = U — U and V. = V — V. Referring to (2.8) we
can write the following for ¢ > 1:

e ()| e vy < e (lluoll oy + w0l ey ) / £872,

N (3.11)
IVe(®)ll oy < & (lluollrgny + voll ey ) /972,

where Ze and Z’e are positive constants depending on pu, v and respectively k and &/ — hence
N,c,d, u,v

We then shift to the consistent part of this proof that concerns the estimations of Uy, and
Vso. Based on the Taylor expansion of L near the origin, specifically,

cu—i—du

L(§) = - P +o(le?),  as gl =0,

we can chose a small enough positive constant a (depending on L, hence ¢, d, i, ) so that

cv +du

M= 505

€2, as soon as |¢] < a. (3.12)

Basic calculus may be employed to show that L is radially decreasing. This enables to find a
positive constant 1 (depending on L and a, and consequently on ¢, d, u, v) that guarantees

L&) < —n, as soon as |£| > a. (3.13)

In the same manner as we demonstrated the vanishing of (Ue, Ve), we use the Hausdorff-
Young inequalities (2.1) to control ||Uoo(?)|| oo @y and ||[Voo(t)|| oo mny through estimates on

| Uoo(t) ]| 1wy and || Vio (£)]| 11 (revy. Starting with s, we have

ot g)‘dg 4 /

/\
[ Uoo ()| 1@y < /mga Uool(t 5)‘ d¢ (3.14)

N Nhigh
= Ju"Ollmeyy + w0 @).

For the high frequencies, we express Uso from (3.3) with Ay = L. This yields

hzgh o 1
U™ (t )HLl(RN) =2 Jiesa

(1- \}“g)@o@) 2| e

Next, using controls on L (3.13) and on 1 —r/y/s and v//s (3.6), we eventually get

Nhigh
NRHR 1) 1 gy < e "(uuonLl(RN yea ||voHL1RN>) (3.15)

which collapses exponentially fast. For the low frequencies, we similarly have

/\low 1 _ "\ A
1A Wl =5 [ |(1- J5) W@ + =50

13
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Using controls on L (3.12), on 1 —r/y/s and v/\/s (3.6), and on ug and vy (3.7), we find:

/\l v _tCV+dM 2
1R (1) sy < (\|u0HL1(RN)+,/HUOHU(RN))/ (I 4
4p l€|<a

2m(p+v)\ M v N/2
= (cy—f—dp,) (HUOHU(R’V) + \/;HUOHLl(RN))/t 2, (3.16)

Finally, we combine (3.15) and (3.16) and use Hausdorff-Young inequalities (2.1) to control
Uso(t) in L®°(RYN). By returning to (3.14), we can follow the same approach to estimate Vi (t)
as well. As a consequence, we can identify two positive constants (s and Z’OO, which depend
on N,c,d, u, v, and satisfy the following inequalities for ¢ > 1:

= N A
oo (8) | ey < oo (ol ey + lvoll s vy + ol rey + 10l vy ) /Y72, o
_ N R .
Voo (8) | e vy < P (uoll ey + w0l vy + ol o vy + 120 1y ) / #372.

To complete the control of (u, v) for ¢ > 1, we combine the estimations on (U, V) (3.11) and
(Uso, Vo) (3.17) to obtain (3.10) with

Z::Ze+z700 and Z’:zi’e—{—g’oo.

Now, for ¢ < 1, the comparison principle ensures that (u,V) stays below the solution
(®,7) to (1.6) with initial condition (To, To) = (Juoll = (z), 00| (av)) Notably, (&, V)
actually does not depend on the space variable and therefore solves the ODE system

HUu =—pu+rvv, t>0,
HvV = pu-—vv, t> 0.

Letting 6 := U + V, we clearly have 9;6 = 0, so that,
max(u, V) < max(u, V) <6 = [Juol| poo my + [|voll oo mv)
I NAVAN A\
< (2m) ™ (4ol @y + 120 1 ey )

where we used the Hausdorff-Young inequalities (2.1) to obtain the last line. As a consequence,
we have,

A A
Ju@)] oo mrvy < (27)7N(HUOHL1(RN) + llvollr @y + [[woll 1@y + ”UOHLl(RN))a (3.18)

A A\
IV ey < @m) = (Ilollpr ey + loollpr vy + 4ol ey + 0]l ey )

forall t < 1.
To complete the proof, we need to find suitable values for ¢ and ¢’ such that (2.9) satisfies
both estimates (3.18) (for ¢ < 1) and (3.10) (for ¢t > 1). It can be shown that choosing

= 2N/? max ((27r)_N, Z) and ¢ = 2N/? max ((27T)_N, EN’)

is the optimal solution, so that these values inherit the parameters dependency specified in
Corollary 2.2. O
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4 Possible global existence

In this section we show the possible existence of global solutions for problem (1.1) when N/2
is larger than both 1/« and /3, as stated in Theorem 2.3.

The proof involves constructing a global super-solution (u, v) for problem (1.1) that drives
u and v to 0. More precisely, we try

u(t,z) == F(t) x u(t,z) and v(t,x) = F(t) x v(t,x), (4.1)

where (u, V) is the solution to the pure diffusive Heat exchanger (1.6) with initial condi-
tion (ug,vp), and F' is a positive, bounded and continuously differentiable function to be
determined. We then search for sufficient conditions on F' that guarantee (u,v) is a global
super-solution. This leads to (2.12) which requires the datum (ug,vo) to be small in some
sense. Finally, the upper control (u,v) < sup(F') x (u, V) retrieves (2.13).

Observe that our primary focus is on problem (1.1)|,=1 to prove Theorem 2.3. However,
we also investigate the simpler case (1.1)|,=o to obtain more accurate values for the constants
mo, M and M’ when k = 0.

Proof of Theorem 2.3. Consider (u, v) as defined in (4.1). First, we set F'(0) = 1 ensuring
that (w,v) and (u,v) have the same initial data. Next, we require the following expressions
to be positive for all ¢ > 0 and z € RV:

1+ 1+

U — cAU 4+ pu —vv — U and 0V —dAV — pu +vv — kv P,

This leads to
F'>FYxu®  and  F'>rx FI*Px b, (4.2)

Note that u and v can be replaced in (4.2) by their L>°(R")-norms and any control from
above of them. Therefore, with Corollary 2.2 providing uniform controls on u and v, we can
say that satisfying the following inequalities is sufficient to recover (4.2):

im @ 145 'm B
(1—|—t)]V/2> and F, > K X F X ((]_4—‘[;)]\[/2> . (43)

Moving forward, we split the discussion into two parts based on whether  is 0 or 1.

F/2F1+Oé X (

e The case k = 0. This case is the simplest of the two since it is sufficient to ask

Im)“
Ja S G 4.4
L (1.9
if we require (4.3). By solving the ODE (4.4) with F'(0) = 1, we obtain
20(fm)® 1 e
a(lm
Fi)y=|1- "2 (o~ 4,
(t) [ Na —2 ( (1+t)(N04/2)1>] (4.5)
=:G0(t).

It remains to ensure that F' exists for all times which is permitted if and only if Gy does
not collide 0. To achieve this, we first need to assume that we are in the regime (2.11) to
guarantee the vanishing of 1/(1 4 t)(N®/2)=1 in (4.5). Then, because

inf [Go(t)] = 1 — 22tm)?

4.
>0 Na-2" (4.6)
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it suffices to chose

Na — 2\ Ve
m < mg = 2ol

to make G positive and so (u, v) global.
To eventually retrieve the controls in (2.13), we combine (4.5)-(4.6) and (2.9) in Corollary
2.2, which lead us to set

o () e ()

completing the proof in this case.

o The case k = 1. Similar to the previous case, we aim to set an ODE on F, like (4.4), that
would satisfy both ODIs in (4.3). With the loose assumption m < 1, it is clear that

(mnw)a’ <(1+T;L)N/2>B] - <(1_i_T;L)N/2)mm(aﬁ).

Moreover, (4.2) requires F’ to be non-negative, so F(t) > F(0) = 1 implies

max

max (F1+a7F1+,B> < F1+max(a,ﬁ)‘

As a result, it is sufficient to ask

(4.7)

min(a,3)
= F1+max(a,,6) > maX(€a7€/ﬁ> % ( m )

(14 t)N/2

for F to satisfy (4.3). The remainder of the proof is nearly identical to the case k = 0. Solving
(4.7) yields

F(t)=|1-

o B min(a,8)
2max(a, B) max (£, P )m ( _ 1 ) (4.8)

—1/ max(e,3)
N min(a, 5) — 2 (1 + t)(Nmin(a,8)/2)-1 ]

=:G1(t).

To ensure the global existence of F', we first need to be in the regime (2.11) to guarantee the
vanishing of 1/(1 4 t)(N min(®8)/2)=1 iy (4.8). Then, because

a pIBY,,, min(a,3)
inf [Ga ()] = 1 — 2max(a, f) max(E%, £F)m

t>0 Nmin(a, B) _9 ) (49)

it suffices to chose

: B 1/ min(e,3)
m < mg := min [1, ( N min(a, §) — 2 )) ]

2 max(q, ) max (¢, ¢'8

to make (G positive and thus (u, v) global.
It eventually remains to recover the controls in (2.13). To do this, we combine (4.8)-(4.9)
and (2.9) in Corollary 2.2 which leads us to take

(N min(a, 8) — 2)(0m)max(e5) 1/ max(a,3)
M = .
N min(a, 8) — 2 — 2max(a, 3) max (£, £'8)mmin(e.f)
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and

. max(c 1/ max(a,8
o (N min(a, §) — 2)(¢'m)m=x(H) fmaxed)
"\ Nmin(a, 8) — 2 — 2max(a, 3) max(£e, ¢'8)mmin(af)
which concludes the proof of this second case. ]

5 Systematic blow-up

In this section, we tackle the proof of Theorem 2.4 which states the blowing-up of the non-
negative solutions to (1.1) when at least one of the two 1/a and /3 is greater than N/2.

We cover both cases of Kk = 0 and x = 1 even though the first one would suffice. To do this
we need the slight hypothesis o < 2/N which is transparent for the theorem assumptions, up
to put # before u'*t® rather than v'*# whenever 8 < 2/N < a. Notice that u and v exchange
their roles in this case.

Our method involves passing the solution (u,v) through a Gaussian blur whose intensity
is adjusted via a positive parameter €. As e decreases, the blur increases. We denote the
resulting blurred solution observed at point z = 0 as (U,V). We first observe that the
blowing-up of (U,V) implies that of (u,v). Then, we show that (U,V) satisfies an ODI
system which ensures its blowing-up if ¢ is chosen sufficiently small.

Proof of Theorem 2.4. For technical reasons we start by adjusting the datum (ug,vg) to
give it a specific shape. This step is non-limiting, thanks to the comparison principle. First,
note that (by shifting time if necessary) we can assume that up and vy are positive. As a
consequence, there exists small enough 7, R > 0 such that

nlgo,r) < uo and % X nlgo,r) < vo

almost everywhere in R"V. Therefore, we can assume without loss of generality that the datum
(up,vp) takes the form

(uo,v0) = (77116(0,3)7 % X 77113(0,3)> : (5.1)
For € > 0, we define the family of Gaussian kernels (®.).~o for all z € RV as
O.(z) == O(e) x e~ (5.2)
where C(¢) := (¢/m)N/? ensures that [®cl[1(myvy =1 for any € > 0. By computing for A > 0,
(A4 NP, = (4% |2|* — 26N + \)®.
> (—2eN + M),

it becomes evident that
Ad, > —)\D, (5.3)

if we choose A = 2Ne¢, an equality that is maintained throughout the proof. Now we use &,
to blur the solution (u,v) by convolution, and we denote the result evaluated at time ¢ and
point = 0 as (U, V). More precisely,

U=U(t):= [P xu(t)] (0)
V=V(t) = [2c xv(t)] (0)

Jrn Pe(2)u(t, 2)dz,

Jon @e(2)v(t, 2)dz. (5-4)
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Since ®. is chosen with unit mass, we have, while (u,v) exists in (L (R¥))2,
U) + V() < [[ul)] o @y + [[0E) ]| oo @) (5.5)

As a consequence of this inequality, the blowing-up of (U, V) yields that of (u,v) — possibly
at an earlier time.

The objective is now to make (U,)) blow-up. Differentiating U with respect to time
yields (the parameters dependency is locally dropped for better visibility)

U = o, (cAu — pu 4+ vv —|—u1+°‘)
= c[AD, xu] — pu [P, xu] + v [®e x v] + [P+ ul T
> —eX [B s u) — [P x u] + v [D, % 0] + [@g + u) T
= —(u+cNU+ vV +UT,

where we use an integration by part to go from the first to the second line and (5.3) along
Jensen inequality to go from the second to the third line. Applying the same approach to V
leads us the following ODI system

/ _ 14+ao
{u > —(u+ AU+ vV + U, t>0, (5:6)

V> uld — (v +d\)V + kWP, t>0.

Due to its cooperative structure, the system (5.6) enjoys the comparison principle. As a
result, U and V are respectively above U and V' which solve the associated ODE system

I 14+a
{U— (1 + AU + vV + U, t>0, (5.7)

V' =pU = (v +d\)V, t>0,

as long as (U, V) and (U, V) start from the same initial datum, that is

©OL.VO) = ([ o-@uds [ @) = Uate.  (53)

From this point, the rest of the demonstration consists in showing that (U, V') blows-up
if the blur parameter ¢ (= A\/2N) is chosen sufficiently small. In Figure II below, we present
the phase plane associated with ODE system (5.7), and we take this opportunity to introduce
some notations that can be understood by looking at Figure II. We begin by finding the
isocline curves for system (5.7) that are

=Y+ er—U},

:ﬁU}.

(5.9)

These curves intersect each other at the equilibria O := (0,0) and E1 := (x, ;Zgxx), where

v >1/a

5.10
v+ dA ( )

X = <AL+C)\—

Next, we define Eg := (1/%,0), and for any 6 € [0, 1],

—> /J“
Ep:=FEy+0FEyE, = (/%1 —-0)+06 9).
0 0+ of1 (M ( )+X7V+d)\X
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We consider then the open set € which is the region above {V = 0}, below {V’ = 0}, and on
the right-hand side of the line (EyE;). More precisely,

_ [ X _ 1/a
Q:= {V>0}m{V< V+d)\U}ﬁ{V> (V—i—d)\)(x—,ul/a)(U ! )}. (5.11)

Finally, we name P and Q the two components of vector field associated with ODE system
(5.7), namely,

PU,V) = —(u+cNU +vV + Uy

QU V) :=pU — (v +d\)V,

and we denote 7 the evaluation of the field (P, Q) at point Ej.

v Convergence zonel | Blow-up zone | Isocline U’ =0

Isocline V! =0

Ey

o
1
1/+d>\x XEQ .
0

~~
I

0 X ,ul/."‘ (/L.—i—c)\)l/‘“ U

Figure II — Phase plane associated with ODE system (5.7). The equilibria are located
at O = (0,0) = © and E; = (x, yﬁﬁX) = Q. The plane splits into two zones depending
on whether the trajectories converge to O or blow-up in finite time. As A\ approaches
zero, the equilibrium E1 moves towards O until they merge at the limit, and the blow-
up zone “fills” the area below the isocline {V' = 0}, which is defined by {V' > 0}. To
characterize the blow-up zone, we define Ey = (,ul/ @, 0) = @, and we show that all the
points in the region €, defined as the intersection of the right-hand side of (EgE7), the
upper side of {V = 0} and the lower side of {V' = 0} are indeed in the blow-up zone
provided that A has been sufficiently reduced.

The continuation of our discussion is divided into three steps:

(1) We show that by choosing A\ (= 2N¢) smaller, the region ) remains stable under ODE
system (5.7).

(79) We deduce that any solution to (5.7) starting at initial time in Q blows-up in finite
time.

(7i7) Finally, we find an £ > 0 that places (Up, V) in 2, leading to the blowing-up of (U, V).
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o Step (i). To demonstrate that 2 is stable under the ODE system (5.7), we must establish
that the vector field (P, Q)|spq points inwards 2. We decompose 952 into 'y UT UT'3, as
illustrated in Figure II:

00 ={U > p* vV =0} u{U > x,V' =0} U[EoE] .
~——

1N I s

We observe that (P, Q)|r, as well as (P, Q)|r, both point in the correct direction since
e Q>0 along I'y, and
e Q=0<P along I's.

To address the last portion of 99, which is I's = [EpE1], we define the matrices

My = (75 Eo—Ei)

and our goal is to prove det(My) > 0 for all # € [0,1], indicating that 74 points towards the
right-hand side of FyFE;. Without going into the details of algebraic computations, we find

det(My) = {— (4 ex) (21— 0) + 0x) + o 4 (w1 —0)+ ex)Ha

v+ d)\
- (ul/‘”‘ — x)ul“/“ (1 —~ 9),

where we can verify that det(M;) = 0, what is consistent with 77 = (0, 0) at the equilibrium
E;. Now, differentiating det(My) with respect to 6 yields

a X
v+d\

Oy det(Mg) = —"——x [(u+c/\)(ul/a—x)+

Y X— (1+a)(u1+a—x)(u1+a—0(u1+°‘—x))a]

— e (e~ ),

and by considering that y, defined in (5.10), vanishes as A approaches 0, we have

1%
v+ dA

lim | sup ‘89 det(Map) +,u1+2/°“ =0.
A=0 \ pe[0,1]

From this we deduce that there exists a positive Ag such that dy det(My) < 0 for all A € (0, \g)
and all 6 € [0,1]. This implies

det(Mpg) > det(M;) =0,
which concludes the step.

o Step (#i). Suppose we have (Up,Vp) € Q. Then, thanks to step (i), we know that (U, V)
remains in € as long as it exists. Observe that @ > 0 in £ which causes V' to increases. Since
the set Q N {U’ < 0} does not contain any asymptotically stable trajectories, there exists a
time to > 0 for which (U, V') crosses the curve {U’ = 0}. After this point,

(U, V) e Qn{U’ > 0}, for all ¢t € (to,T),
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where T denotes the lifetime of (U, V). From the moment to, U is therefore increasing. If U
were bounded, it would converge, so would V in view of the phase plane, which is impossible.
Consequently, U is unbounded and we can find a time t; > tg that is large enough to perform

—(p+eNU + UM > éUH_O‘, for all t € (t1,7).
Finally, by plugging the latter inequality in first line of (5.7), we find

U > %UHO‘ + vV > %U”a, for all t € (t1,7),
from which the blowing-up of U is evident.

o Step (iit). The aim of this step is to show that (Up, Vo) is in Q if we reduce € (= A\/2N).
To achieve this, we must show that (Up, Vj) belongs to each set constituting the intersection
Qin (5.11).

At the beginning of the proof, we assume that the datum (ug,vy) takes the form given
in (5.1), where we have vy = 4-ug. Observing the definition of (Up, Vp) in (5.8) reveals that
Vo = 45Up as well. Therefore, on the phase plane of Figure II, the datum (Up, Vo) is located
on the line {V = 42U} which lies below the isocline {V’ = 0} if A is chosen sufficiently small
— check (5.9) for confirmation. As a result, there exists Ay > 0 such that

1
(Uo,‘/o) S {V< U+ d\ }, for all A < Aq. (5.12)

Next, to place (Up, Vp) on the right-hand side of (EpE7), we must ensure that

HX

o+ an(x — i) 0 K1) (5:13)

Vo >

Since x vanishes as A approaches to 0, we may check that the quantity W is
negative if A is sufficiently small. Therefore, (5.13) is satisfied if

HH_l/aX

(v + dA) (!> = x)

Vo >

We can also remove d\ and simply require

141/«
v(pl/* = X)
_H
=X+ o(x)-

By further reducing A (and consequently ), it is thus sufficient to have

2
Vb>7ux
_ 2 __w T/a
v [M+C)\ v+ dA\
2 1/a
:”[(c+d">)\+o(>\)}
14 1%
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which we can simplified in

v

9l+1/a d 1/a
Vo > K (c+-17> Ale (5.14)

=:h

Returning to the definition of V{ in (5.8) with vg in (5.1) and @, in (5.2), the latter inequality
(5.14) can be expressed as

N/2
<€> n—'u/ e dz > n (2Ne)V/*
2v JB(0,R)

™

or with an adequate constant I that depends on N, c,d, u,v, o, n,
/ ez > T x U/e)=(N/2), (5.15)
B(0,R)

Now as e approaches 0, the left-hand side of (5.15) converges towards the Lebesgue measure
of the ball B(0, R) that is positive. Meanwhile, on the right-hand side, e1/@)=(N/2) collapses
since o has been chosen smaller than 2/N. As a result, by taking ¢ (= A/2N) sufficiently
small, we can achieve (5.15) and thus (5.13), meaning there exists A2 > 0 such that

X 1/a
Up, Vt E{V> U - }, for all A € (0, \2). 5.16
(Uo, Vo) (V‘i'd)\)(x_ﬂl/a)( ') (0, A2) (5.16)

Lastly, noting the positivity of Vj and considering (5.11), (5.12) and (5.16), we can con-
clude that there exists a positive A (= 2Ne) for which (Uy, Vp) € Q.

Gathering the elements of the proof from steps (i), (ii) and (iii), we demonstrated that
we can find a positive ¢ for which (U, V') blows-up in finite time, consequently inducing the
blowing-up of (U, V) and (u,v). This concludes the proof. O
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