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Abstract

A general a posteriori error analysis applies to five lowest-order finite element methods for two
fourth-order semi-linear problems with trilinear non-linearity and a general source. A quasi-optimal
smoother extends the source term to the discrete trial space, and more importantly, modifies the trilinear
term in the stream-function vorticity formulation of the incompressible 2D Navier-Stokes and the von
Kérman equations. This enables the first efficient and reliable a posteriori error estimates for the 2D
Navier-Stokes equations in the stream-function vorticity formulation for Morley, two discontinuous
Galerkin, C? interior penalty, and WOPSIP discretizations with piecewise quadratic polynomials.
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1 Introduction

This paper discusses an abstract a posteriori error analysis for fourth-order semilinear problems and
its applications to the incompressible 2D Navier-Stokes equations and the von Kdrmén equations. The
continuous problem in this paper seeks a regular root « in a Banach space X to N € C'(X;Y*) for

N(x) :=a(x,e) +I'(x,x,e) — F forx € X. (1.1)

The bilinear form a(e, ®) in (I.I]) corresponds to a weak form of the biharmonic operator, the trilinear
form I'(e, e, ®) represents a quadratic nonlinearity, and F is the general source term in Y*; for instance,
for the 2D Navier-Stokes equations in the stream-function vorticity formulation and for the von Karmén
plates. The nonconforming discretization of with a piecewise application of the differential
operators in the weak forms for Morley finite element functions [9] allows for a priori convergence
results. But their a posteriori error analysis so far was not satisfactory for the stream-function vorticity
formulation of the incompressible 2D Navier-Stokes equations [9, 22]]: the efficiency analysis is
excluded in [9] and merely partial in [22, Remark 4.11]. For the (generalised) Morley interpolation
operator Iy, the companion operator J [7, [11} [13]], the smoother J, = JIyy = § = Q, the choice
R € {id, I, J I}, the discrete problem [[12] seeks an approximation uj, to a regular root u to (I.I]) in
a finite-dimensional space X}, as a root of

Nip(up) = ap(up, ®) + Ipw(Rup, Rup, Se) — F,. (1.2)
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The bilinear form ay, (e, ®) discretizes a(e, ®), for instance, with Morley [4] [5 [16], discontinuous
Galerkin (dG) [8l[17, 18], C° interior penalty (IP) [2, 3], and WOPSIP [1]] schemes; the trilinear form
[pw(e, e, @) discretizes I'(e, o, 8) by the piecewise action of the differential operators, F, = F o Q
approximates F, and R, S denote quasi-optimal smoothers in the spirit of [7, [11} 12} 27-29]]. The
innovative point in (I.2)) is the application of smoothers R and S in the nonlinearity I'yy (Rup, Rup, Syp).
The prequel [[12] establishes an a priori analysis of this class of lowest-order finite element methods
and a source term F' € Y* with the first best-approximation result for S = Q = J;,, namely

u—uplls < Coo min ||u —xpl|s. (0]
lu =l < Coo min flu—illg (QO)

Here and throughout this paper, the Banach spaces (Xj, || ® ||x,) and (X, || e ||x) are contained in
a common superspace (X, | o ) with a norm || e || that extends ||  |lx, = (|| ® |I)lx, and
| o llx = (Il ® [[¢)lx. This paper presents the first reliable and efficient a posteriori error analysis for
those schemes and includes the first reliable and efficient a posteriori estimates for the lowest-order
finite element schemes for the 2D Navier-Stokes equation in the stream-function vorticity formulation.

Section [2|introduces an abstract framework of an a posteriori error control in Banach spaces X and Y
as in (T.I)-(T-2) that applies below to five second-order schemes, namely the Morley, two dG, C°IP,
and WOPSIP. The outcome allows for rough source terms F' € Y™ and provides reliable and efficient
error control by the sum of three contributions. Given an approximation v, € Xy, to a local discrete
solution uy, € X, to Ny (uy) = 0 for (I.2) near an exact regular root u € X to (L)), there is an algebraic
error |lup — vpllx, and an inconsistency error |[v, — Jvy||g plus some intermediate residual p(M).
Theoremprovides the equivalence of the error [[u — vyl 5 to

p(M) + (1+M)||vy = Jvpllg + Mllup — villx,

for any parameter M > 0. The underlying assumptions are phrased in a fairly general non-symmetric
setting for rather general trilinear forms I" resp. I'yy, and involve smallness assumptions on ||u—up|| g <
€ and |lup — vp|lx, < o that are guaranteed in the two applications to the stream-function vorticity
formulation of the incompressible 2D Navier-Stokes and the von Karman equations [12]. The provided
a posteriori error analysis is generic and allows generalisations to other semilinear equations in future

work.

Sectionconcerns the particular situation with V=X =Y = HS(Q) and V, = X, =Y, C P,(7) for
some triangulation 7~ and a discrete norm || ® ||, in H>(7"). The arbitrary parameter M in Theorem
becomes an upper bound of an interpolation operator I, : V. — V}, for the equivalence of p(M) to
an explicit residual-based a posteriori error estimator 7(7") + u(7") up to oscillations oscy (F, 7).
The abstract parts of this paper in Section [2] concludes with some remarks on the algebraic error
|, = vi|v, in the context of the Newton-Kantorovich theorem and Sectionillustrates the generality
of the abstract results in Subsection In fact, given any approximation v to the regular root u
of (L.T), that is a piecewise smooth function with respect to a triangulation 7~ with V), c P>(7"),
the general Morley interpolation Iy; and an adoption to V, (in case of C°IP) leads to a postprocessed
v € V, that is close to u. If |lu — vyl is sufficiently small, then with Q = S = Jly provides
a reference scheme such that Theorem and|3.1| provide a reliable and efficient estimate for u — vy,
(cf. Subsection 2.5.2 for details). Thus the a posteriori error analysis in this paper covers many more
examples beyond the mandatory inexact solve in (I.2)) or the computation of the discrete solution by a
related scheme (e.g., without smoother for R = § = Q = id in (I.2))).

The application to the stream-function vorticity formulation of the incompressible 2D Navier-Stokes
in Section ] enables the first explicit reliable and efficient residual-based a posteriori error estimates
in this context and overcomes the gaps in [9, 22]. The application to the von Kdrman equations in
Section [5] also considers single forces in the source terms. Section [6] presents the first numerical
comparisons of the quadratic schemes and confirms the a priori equivalence results in [12]. The
associated adaptive mesh-refining recovers the optimal convergence rates.

Standard notation on Lebesgue and Sobolev spaces, their norms, and L? scalar products applies
throughout this paper; || ® || abbreviates the operator norm of a linear operator. The Hilbert space
V= HS(Q) is endowed with the energy scalar product a(e, ) that induces the H> seminorm || e || :=
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| ® [2(q); the induced dual linear operator norm in H ~2(Q) is denoted by || e ||. in the later sections.
In the sequel, the notation A < B abbreviates A < CB for some positive generic constant C, which
exclusively depends on the shape-regularity of the underlying triangulation 7~ (i.e.,on 0 < wg < 47),
A ~ B abbreviates A < B < A.

2 Abstract a posteriori error analysis

The a posteriori error analysis concerns some approximation v, € Xj, in some discrete nonconforming
space X, ¢ X to a regular root u of the continuous problem (1.I). The known approximation could
result from an inexact solve of the discrete problem with local solution u;, € Xj,; hence uj, and
vy, are different in general and the main interest is on the distance of # and v;. The abstract results of
this section also apply to semilinear second-order problems in future work.

2.1 Discretisation

Let X (resp. Y) be a real Banach space with norm || e || (resp. || @ ||;;) and suppose X and X, (resp.
Y and Y},) are two complete linear subspaces of X (resp. Y) with inherited norms lollx:= (el )?) |x
and || ¢ ||x;, := (Il ¢ lIg)|x, (resp. [ @ lly := (Il o lIp)ly and [ & ||y, == (Il ¢ llg)lx,); X + X € X and
Y +Y, C Y. Let the bounded linear operator A € L(X;Y*) be associated to the bilinear form a and
suppose A is invertible and, in particular, satisfies

O<a:= inf sup a(x,y). (2.1)
xeX cY
Ixllx=1 )y
lylly=1

Let Iy : X x X x Y — R denote a bounded trilinear form that extends I" = Ipwlxxxxy such that

Il = ITpwlig gy == Sup  sup  sup Tp(®ET) <o andset [T = [ITllxocxsr-
XeX &eX @ yeY
IXl2=1) &)l 5=1 I17lIp=1
Define the quadratic function N : X — Y* by (L.I). A vector u € X is called a regular root of (L.,
if u solves N (u) = 0 and the Frechét derivative DN (u) is a bijection and, in particular, fulfils

0<pB:= inf sup (a(x, v)+ T (u,x,y) +T'(x, u,y)). (2.2)
Iix=1 5

Suppose that the bounded bilinear form ay, : X, X Y;, — R suffices the discrete inf-sup condition

O<ap:= inf sup  ap(xn, yn) (2.3)
xpeXy yeY,
[l llx;, =1 19 lly, =1

for some constant @j,. The quasi-optimal smoothers are linear and bounded operators P € L(Xj; X),
Q€ L(Yy;Y), R € L(X;X), S € L(Yy;Y) with respective operator norms || P||, ||Q]], ||R]|, and ||S]]
such that, forall x, € X, x € X, yp, € Yy,andy €Y,

(1 = P)xnllg < Apllx — xnllg (2.4)
(1= Q)ynlly < Aqlly = ynlly (2.5)
(1 = R)xnllg < Arllx - xnllg, (2.6)
(1 =S)yully < Aslly = yallp 2.7)

hold with constants Ap, Ag, Ar, As > 0. Suppose there exists Ac > 0 such that

a(Pxp, Qyn) — an(xn, yn) < Acllxn — Pxpllgllynlly, (2.8)

holds for all (x5, yn) € Xp x Y. While (2.3) is stability, (2.8) is consistency introduced in [11] for
linear problems. Let the quadratic function Ny : X; — Y, be defined by (1.2). The local conditions
on the roots u, uj, and their approximation vj are summarised as follows.
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(L) Let u € X denote a regular root of (I.I)) for a given source term F € Y* and let there exist
g,0>0and 0 < x < 1 such that

(L1) Np(up) = 0 holds for exactly one solution uy, € Xj, with |[u — up||; < &,
(L2) v € X, satisfies ||up — villx, < 0,
(L3) &+ 0 < «B/((1+Ap)|T[]).

The point is that the recent paper [12]] provides affirmative examples for all those conditions (2.1)-(2.8),
(L1)-(L3), and (QO) with constants that are independent of some discretisation parameter 4, provided
the discretization is sufficiently fine.

2.2 Abstract a posteriori analysis

This section presents an abstract reliability and efficiency result. The abstract a posteriori error control
has three contributions. The first one is an intermediate residual

p(M) := sup )ing (F(y —Oyn) —a(Pvp,y = Oyn) = Ipw(Rvp, Rvp, y — Syh)) (2.9)
b€ hEYR
Iy lv<t Iyl <M

for some parameter M > 0. The role of M will be clarified in Section [3|below. At this point it suffices
to observe that y;, may be some discrete object such that Qyj and Sy, approximate y and we expect
lyrlly, < Mllylly < M is bounded. Notice that p is monotone decreasing and p(0) > p(M). The
second contribution is a consistency term ||v, — Pvy||5 (computable from v, € X, and the quasi-
optimal smoother P) with (2.4)) and throughout serves as an efficient a posteriori term [7]. The third
term |lup — vu|lx, < o is the algebraic error (e.g., from an inexact solve) and is briefly discussed in
Subsection2.5.3]

Theorem 2.1 (abstract reliability and efficiency). (a) Suppose (L1)—(L3), 2.4)-2.6), 2.8), and
M > 0. Then

= vallg < Cea(p(M) + (14 ML= Pyl + Ml = villx, ). 2.10)

The constant Cye exclusively depends on B, (1 — k)™, Ac, Ap, Ar, llan|l, 11l ITpwll, IS1], and [Jul|x.
(b) Suppose (L1)-(L2) and (QO). Then p(M) < p(0) and

pO) + I(L = Pyvpllg +llun = vallx, < Cerllu = vallg- (2.11)

The constant Cegp exclusively depends on 8, (1 — k)™', Ac, Ap, AR, ||lan|l, I, ITowl, 1S], llullx, and
Cyo-

2.3 Proof of Theorem 2.1.a

The proof is split into several subsections below with u, up, vj, as in the statement of Theorem [2.1]

2.3.1 Reduction to ||u — Pv,||x

Consequences of (2.4)), (2.6), and a triangle inequality read, for any x € X and x;, € Xp,, as

Vi = Pvallg < Apllu = vallg, (2.12)
llx = Pxpllx < (1+Ap)llx = xallg, (2.13)
llx = Rxpllg < (1+ Ar)llx = xnllg, (2.14)

(P = R)xpllg < (1+AR)llxn — Pxpll- (2.15)

The efficiency (2.12)) of the a posteriori estimator ||v, — Pvy || and a triangle inequality
lu —villg < llu— Pvpllx + v — Pvirllg (2.16)

motivate the focus on ||u — Pvy||x in the error analysis below.
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2.3.2 Reduction to |[N(Pvy)||y-

The inf-sup condition (2.2)) with 8 > 0 for the regular root u leads, for any 7 > 0, to some y € Y with
lylly <1+ 7and
Bllu = Pvpllx = DN (u; Pvyp — u, y). (2.17)

(For reflexive Banach spaces, T = 0 is possible, but for the time being we require 7 > 0). Since N is
quadratic, the finite Taylor series is exact, namely

1
N(Pvy;y) = N(u;y)+ DN (u; Pvy, —u,y) + EDZN(u; u— Pvyp,u— Pvp,y).

Since N(u) = 0 and D*>N (u;u — Pvy,,u — Pvy,,y) = 2T(u — Pvy, u — Pvy, y), this reads

N(Pvp;y) + DN(u;u — Pvy,y) =T'(u — Pvp,u — Pvy, y). (2.18)
The combination of (2.17)-(2.18)) and the bound ||T|| of the trilinear form result in
Bllu = Pvpllx < (IN(Pvi)lly- + ITIllu = Pypll%) (1 +7) (2.19)

with [|y]ly < 1 + 7 in the last step. Recall that (2.19) holds for any 7 > 0 and so 7 N 0 provides
Bllu = Pyllx < IN(Pvi)lly- + TNl llu = Pyall- (2.20)

Since [[u — Pvpllx < (1+Ap)llu—vnllg by @.13) and [lu = vallg < llu —unlig+llun —vallx, <e+o0
by (L1)-(L2), we infer
Il = Pvallx < [ITII(1+Ap)(e+0) < &B

with (L.3) in the last step. This and (2.20) imply

Bl =)llu = Pvpllx < [IN(Pvp)lly- (2.21)
The combination of (2.16) and (2.21)) reveals
ll = vallg < lvi = Pyallg +B7 (1= )T IN(Pvp)lly- (2.22)

and we are left with the a posteriori analysis of || N(Pvp)]|y-.

2.3.3 Appearance of p(M)

To control ||[N(Pvy)||y+, consider any y € Y with ||y[ly = 1 and any y, € Y, with |ylly, < M.
Elementary algebra with the definition of N(Pvy;y) leads to

N(Pvp;y) = a(Pvp,y — Qyn) + Dpw(Rvi, Rvp, y = Syn) — F(y — Qyn)
+ IﬁpW(F)V/’l’ th’ )’) - rpW(th’ th’ )’)
+a(Pvp, Qyn) = F(Qyn) + Tyw(Rvp, Rvp, Syn) =2 S1+ 82+ S3. (2.23)

The first term S gives rise to the intermediate residual
S1:=a(Pvp,y = Qyn) + Tpw(Rva, Rvp, y = Syp) = F(y = Qyn) < p(M)

provided y;, € Yy is selected to obtain an infimum in (2.9). (The analysis of the remaining terms
S + S5 exclusively utilizes yj, € Yy, and ||yn|ly, < M below.) Thus

N(Pvi;y) < p(M) + S5 + Ss. (2.24)

2.3.4 Difference of the trilinear form S,

Elementary algebra and the boundedness of the piecewise trilinear form result in
Sz :=Tpw(Pvi, Pvip, y) = Tpw(RVA, RV, y)
= pW((P - R)Vl’l’ tha }’) + FpW(RV/’l’ (P - R)Vha )’)
< pwll (L + AR) P+ IRID VAl Ve = Pyallg (2.25)

with (2.15)) and ||y||ly= 1 in the last step.

All the operator norms || P][, ||Q|l, |R]l, ||S|| of the quasi-optimal smoothers are controlled in terms of
Ap, Aq, AR, and As. For instance, (2.6) shows |[Rvy|lg < (1 + Ar)[vallx,-
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2.3.5 Remaining bound $3
The last term S3 on the right-hand side of (2.23)) reads

S3 :=a(Pvp, Qyn) = F(Qyn) + Tpw(RVA, RVA, Syn).
A comparison with Nj, (up; yp) = 0 from (1.2) and elementary algebra result in

83 =a(Pvh, Qyn) = an(vi, yn) + an(Vip — un, yn)
+ rpW(RV]’H tha Syh) - 1—‘pW (RMI’H Ruh7 SYh)~ (226)

The consistency (2.8) controls the first two terms in the right-hand side of (2.26)),
a(Pvp, Qyn) —an(vn, yn) < Acllvi = Pvallgllynlly, - (2.27)

The boundedness of aj, establishes ay, (v, — un, yn) < llanllllvh — unllx, lyrlly, . Elementary algebra
for the last two terms in (2.26)) provides

Tow (Rvp, Rvp, Syn) — Tpw(Rup, Rup, Syn)
= Low(R(vi — up), Rvp, Syn) + Dpw(Rup, R(viy — up), Syn)

< I RIPISI (v, + llalx, Yl = villx, Lyl (2.28)

with boundedness of the piecewise trilinear form in the last step. A combination of the aforementioned
estimates with (2.26) and [[y|ly, < M shows

S5 < MACIv = Pyallg + M (llanll + ITpu HIRIPASI (10 llx, + laenllx, ) len = vall, - 2:29)

2.3.6 Final a posteriori error estimate
Since y € Y with [|y||y = 1 is arbitrary, the combination of and (2.29) in (2.24) leads to
IN(Pvi)lly < p(M) + (M/\c +[[Tpwll (1 + Ag) (IPI + [ RI]) ||Vh||Xh)”Vh = Pvpllg
+ M (lanll + T HIRIPUS (1l + lenlle,) e = vall,— (2:30)
Triangle inequalities and (L.1)-(L3) reveal
Ivallx, < llullx + llu—upllg + llun = vallx, < llullx +e+o < llullx +B/((1+Ap)[|IT])). (2.31)

The same arguments apply to show |uxllx, < llullx + llu — unllg < llullx +8/((1 + Ap)|IT|)). A
substitution of (2.3T)) and the analog estimate for |[u]|x, in (2.30) reveal

IN(Pvi)lly- < p(M) + (MAc + C1)llvh = Pvpllg + CoM|lup, — villx, (2.32)

with universal constants C; := [|Tpwl|l (1+ AR) (|1P]l + IRI)) (llullx + B/((1 + Ap)|IT||)) and C; :=
llanll + 21 TowlIRIZISI (lullx + B/((1 + Ap)||IT|l)). A combination (2:32) with (2:22)) provides

B =) lu=vullg < p(M)+C3(1+ M)||lvy, — Pvpllg + CoM|lup — vilx, (2.33)

with C3 := max {AC, Ci1+B(1- K)}. This concludes the proof of reliability with a reliability constant
Crel := B~ (1 = k) "' max {1, C2M, C3(1 + M) }. o

2.4 Proof of Theorem 2.1Lb

The efficiency of [[v, — Pvyl| follows from (2.12) and hence the focus is on the other two terms
p(M) < p(0) and [[up, — vallx,-
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2.4.1 Linear intermediate problem

The link between p(M) from (2.9) to the known a posteriori results for linear problems reviewed in
[7] is the linear intermediate problem

a(u,y) = F(y) = Tpw(Rvp, Rvy,y) forally € Y. (2.34)

Since the associated operator A : X — Y™ is invertible, the problem (2.34) admits a unique solution
u € X. It follows that

p(M) < p(0) = sup a(u—Pvp,y) < lall lu— Pvallx. (2.35)

yeY
[[ylly<1
2.4.2 Efficiency of ||u — i||x

Recall that u is a fixed regular root of N, while u solves (2.34)). The inf-sup condition in (2.1) leads,
for any 7 > 0, to some y € Y with ||y|ly <1+ 7 and

allu —ullx = a(@—u,y) =T(u,u,y) = Tpw(Rva, Rvp, y)

with (LI)) and (2.34)) in the last step. This, the boundedness of the trilinear form, |lu — Rvj|lg <
(1 + Ap)llu — vyl 5 from 2.14), and ||y|ly < 1+ 7 provide

allu—ullx = pr(u - Rvp,u,y) + pr(RVh’ u—Rvp,y)

< ITpwll (T + 1) (1 + AR) llu = vallg(lullx + [|Rvallg)-

The aforementioned estimate holds for any 7 > 0, hence 7 \, 0 and (2.31)) establish
llu—allx < @ ITwll(1 + /\R)(llullx +[IRI(llullx + B/ (1 + AP)||F||)))||M —-vnllg.  (2.36)

2.4.3 Efficiency of p(M)
The intermediate problem (2.34)) leads to (2.35)), namely

p(M) < p(0) < llallllu = Pvallg < llall (lu —ullx + llu = Pvallx) . (2.37)

Recall [lu — Pvyllg < (1 + Ap)|lu — vyl from (2.13) and combine it with (2.36)-(2.37) to deduce
p(0) < llall{1+ Ap+a [Tl (1 +AR)(||M||X +[IRI(llullx +B/((1 +AP)||F||))))||M —villg. O

2.4.4 Efficiency of |luy — vj||x, under (QO)

The quasi-best approximation (QO) implies ||u —up||g < Cgoll — vyl 5. This and a triangle inequality
provide [[up = vallx, < llu—unllg+llu—vallg < (1+ Coo)llu —vallx- m

2.5 Comments
2.5.1 Inexact solve

The ad hoc application of Theorem [2.1]is on (I.2)) with S = Q and a flexible choice of R with (2.6).
The local convergence of the Newton scheme is guaranteed in [[12] and a termination leads to v, € X},
with an algebraic error discussed in Subsection[2.5.3|below. A few iterations more provide the discrete

solution up to machine precision and |luy, — vy||; is negligible and this point of view is adapted in
Section [6l
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2.5.2 Approximation v; from other discretisations

The discrete scheme in (1.2) with smoother S = Q for the definition of Ny, in (1.2) and its root u;, € Xj,
with ||u — upl|g < & from (L1) can serve as a reference scheme. Given an accurate approximation
vp € Xj, from another numerical scheme that is sufficiently good in the sense that

lu = vp|lg < min {8, Q/(1+Cq0)}. (2.38)
Since (QO) provides |[u — up|lg < Cqollu — vl 5, a triangle inequality and (2.38) reveal
llun = vallx, < (1+ Cgo)llu —vallz < o.

Hence Theorem applies to v, € Xj, and the explicit residual-based a posteriori estimators 1 + u
of Subsection [3|lead to reliable and efficient error control of |lu — vj||¢. Although v, may originate
from a very different setting, its a posteriori error control, namely the evaluation of |lu — vj[|g in
Theorem [2.1] concerns the reference scheme Ny, from (1.2) with S = Q.

2.5.3 Control of algebraic errors

The numerical analysis of the discrete problem as a high-dimensional algebraic system of equations
is a routine task, e.g., with the known Newton scheme and the Newton-Kantorovich theorem. For
instance, suppose that DN (uy,) satisfies the discrete inf-sup condition

0<pp:= inf sup (ah(xh,yh) + Dpw (Un, X, y) + Dpw (X, uh,Yh)) (2.39)
Xn€Xn -y, ey
Xk llx, =1 |3, Iy=1

proved in [12] and recall that uj, € X, is a discrete root of (I.2).

Lemma 2.2 (control of [lup — vpllx,). Any vi € Xp and 0 < k < 1 with |lup — vpllx, <
B/ (ITowlHIRIPIISI) satisfy

(L=©)Bullun = villx, < INk(i)lly; < (kBr + IDNp(un)llx; xv; ) llun = viallx, -

The lemma is proved in Supplement A and an associated termination criterion is outlined in Supple-
ment C.

Example 2.1 (Computation of ||Nh(vh)||y;). If dim(Xj,) = dim(Yy,) < oo and [2.3) holds, the linear
operator Ay : X; — Y;l‘ associated with the bilinear form ay : X, XY, — R is invertible with
ARl L) 1A, Ly x,) < llanll/an. Hence one linear solve of an(én,yn) = Nu(vi;yn) for a
unique discrete solution &, € Xy, suffices for apl|énllx, < ||Nh(vh)||y;: < llanlllénllx, and makes
Lemma 2.2] applicable.

3 Explicit residual-based a posteriori estimator

This section discusses computable and explicit bounds for the intermediate residual p(M) (and the
consistency term ||v,—Pvy||x,) in the reliablity control of Theorem[2.in an application to fourth-order
semilinear problems.

3.1 Triangulation, interpolation, and smoother

Throughout this paper, 7 denotes a shape-regular triangulation of a polygonal and bounded (possibly
multiply-connected) Lipschitz domain Q ¢ R? into triangles. The set of all vertices V (resp. edges
&) in the triangulation 7~ decomposes into interior vertices V(L) (resp. interior edges &(L)) and
boundary vertices V() (resp. boundary edges &(9Q)). Let hg = |E| = diam(E) = |A — B|
denote the length of any edge £ = conv(A, B) € & with vertices V(E) = {A, B}. Define the
piecewise constant mesh size hg-(x) = hy = diam(T) forallx € T € T (resp. hg(x) = hg = diam(E)
for all x € £ € &), and set hyax := maxyeq hr. The notation T(§) denotes a family of those
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triangulations 7~ with maximal-mesh size fnax < 6 smaller than or equal to 6 > 0 and interior angles
> wq > 0 for some universal constant w.

The space Pr(T) of polynomials of total degree at most k € Ng on T € 7 defines the space of
piecewise polynomials

P(T) ={peL”(Q): plr € P(T) forall T € T}

and let [T, denote the L2 projection onto P (7); I acts componentwise on vectors or matrices. Here
and throughout this paper, H"(7") = [|7e57H™(T) is the space of piecewise Sobolev functions for
m = 1,2 with the abbreviation H"(K) := H™(int K) for a triangle or edge K € 7 U & with relative
interior int(K). Let H™(Q; X), H™(7T; X), resp. Pi(7; X) denote the space of (piecewise) Sobolev
functions resp. polynomials with values in X = R?, R>*2,'S ¢ R**? (symmetric 2 X 2 matrices).

Let Vpy = Dpy, D%W, and divyy, denote the piecewise gradient, Hessian, and divergence operators
without explicit reference to the underlying triangulation 7°. Notice that (H*(7"), apw + jn) becomes
a Hilbert space [7, Sec. 4] with the scalar product apy + jp : H*(T) x H*(7") — R defined by

Apw (Vpw, Wpw) = (Dngpw, Dgwpr)Lz(g) for any vpw, wpw € H*(T), 3.1)
. [vpwlE(2) [WpwlE(2) Ovpw OWpw
invpwwen) = 3| D = = +f o dsf S| ds| (32)
E€& \zeV(E) E E ELOVE |E ELOVE g

with the jumps [va] g (2) for z € V(E) and E € & defined as follows. The edge-patch w(E) :=
int(7Ty U T_) of an interior edge E = 9T, N dT- € E(Q) is the interior of the union T, U T_ of two
neighboring triangles 7, and 7_. Fix the orientation of the unit normal vg along E and label T.
such that v7,|g = vg = —vr_|g is the outer normal of 7, along E. Let d; denote the tangential
derivative along an edge E. Then the jump resp. average read [vpowle = (Vpwlr, — Vpwl7_) Tesp.
(Vow)E = % (prln + va|T7) onE € &(Q). Foraboundaryedge E C dTNJQ contained in the unique
triangle T € 7, vg = vr|g, set w(E) = int(T) and [VPW]E = VpwlE 1€Sp. (Vpw)E = VpwlE. Let g

denote the unit tangent of fixed orientation along an edge £ € & and abbreviate &g, vg, Tg, resp. [va] 5

E
for any E € &. The piecewise integral mean operator Ilg o reads Ilg o(v)|g = [Igo(v) = fE vds

forany v € L>(E) and E € &.

as functions on the skeleton | J & with hg|g = hg, vslg == VE, Ts|E == TE, Tesp. [VPW]S g = [va]

The remaining parts of this paper apply the abstract results from Section[2]to fourth-order problems with
the Sobolev spacesV = X =Y = Hg(Q) endowed with the energy norm || e[| = ([l |l,w)[v = (llellx)]v
for the seminorm || e [|,w = (apw(e, ¢))!/2in H*(7") and the discrete spaces Vi, = X, = Y;, € Po(T)
equipped with the induced norm || e ||;, of the common superspace V=X=Y:=H 2(7) given as

”pr”%l = |||pr|||gw + J.h(va, pr) for all Vpw € HZ(T) (3.3)
The subsequent analysis also requires the Morley finite element space

M(7) = {vM € Po(7)| [vmlg (z) =0and '/E [ZVTI;/I

ds=0forall E €& andze(V(E)}
E

that lies in the kernel of jj, i.e., jn(vMm, ®) = 0 such that [[vmlln = llvmllpw for all vy € M(7), and
comes with the Morley interpolation operator Iy that generalizes from V to H>(7") by averaging [[11].

Definition 1 (Morley interpolation [11, Definition 3.5]). Given any vpy € H*(T), define Ivvpw =
vMm € M(T) by its degrees of freedom as follows. For any interior vertex 7 € V(Q) with the set of
attached triangles T () of cardinality |7 (z)| € N and for any interior edge E € E(Q),

Ovpw
@ =T Y oml@ ad f SMac= £ () 0 o
E

KeT(z) Ove Ove

The remaining degrees of freedom at the vertices and edges on the boundary are set zero owing to the
homogeneous boundary conditions.
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Animportant property [1L1, Eqn. (3.5)] of the generalized Morley interpolation is the apy-orthogonality
apw(v2,v —Ivv) =0 forallv € Vandall vy € Po(7). (3.5)

The point is that there exists a right-inverse J : M(7) — V of Iy, that is, IyJvy = vy for all
vm € M(7), asin [10,[16], [11, Lemma 3.7, Theorem 4.5] with ||v;,—JIpmVvi||r < min,ey ||v—vy||, for
all v, € Po(7T) suchthat P=Q =S := JIy : Vj, — V and R € {id, I, JIm} satisfy the assumptions
(2.4)—@2.7) of Section[2] The last ingredient is a bounded transfer operator I;, : M(7") — Vj, that is
either the identity [}, := id for the Morley, dG, and WOPSIP schemes with M(7") c V}, or I, == I for
COIP with V), = S5(7") := P2(7) N Hy(Q) defined, for all vy € M(7"), by

vm(2) forallz € V,

(Icvm)(2) = {(vm)E(z) forz=mid(E), E € E(Q), (3.6)
0 for z = mid(E), E € E(9Q).
The boundedness of I, implies || 15 = sup,,,enm¢oy Hnvmlln/lIvmllpw < oo.

3.2 Explicit residual-based a posteriori estimator
Any general source F € H™2(Q) can be written with L? functions fy € L*(Q), fi € L*(Q;R?), f» €
L*(Q;S) [7, Thm. 7.1] as
F(g) := /(fo ¢+ fi-Vo+ fr: D*p)dx forall ¢ € Hj(Q). (3.7)
Q

This definition extends to arguments @y € H 2(7") by replacing ¢, Vo, D?¢ by their piecewise versions
©pws VpwPpws Dgwgopw. In the applications below, the approximation v;, € V;, C P(7) is fixed and
Tpw(Vh, Vi, @) € H~2(Q) has a structure as in (3.7), namely

Tpw(Vis Vi @) = /(ro ¢+T - Vo+Ty: D) dx forall ¢ € H3 (Q) (3.8)
Q

for piecewise polynomials T'g € P (7)), Iy € Pi(T;R?), I € Pi(T;S) of degree at most k € Nj.
The Lebesgue functions in (3.7) and the polynomial degree k € Ny give rise to oscillations

osc(F, T) = [|h3(fo - e fo)ll 2 + 1h7(fi = T f)ll 22y + 12 = T foll 12 - (3.9)

Example 3.1 (Navier-Stokes). The trilinear form Iy for the Navier-Stokes equations in Section
below is given by (3.8) for k = 1 with I'y = Apy vy, Curlywvy, and 'y = 0, I = 0.

Example 3.2 (von Kdrmdn). For the von Karmdn equiations in Section [5|and vector-valued approxi-
mation vy = (vh’l,vh,z) € Viy X Vy, choose Ty = [vi,1,vn2] resp. To = =1/2[vp.1,vp1] and T') =0,
Iy = 0 with the von Karman bracket | e, o] defined in Subsection|5.1)and k = 0.

Recall 7¢, vg, [®]g, and the piecewise integral mean operator Ilg o from Subsection The error
estimators w1 (7)) + ua(7) + u3(7) =: u(7) and n(7") are defined in terms of

Ao =T fo—To € Pr(T),
Ar =TI fi =Ty € P (T R?), (3.10)
Ay =T fo = Dy v, = T2 € Pi(T3S)

with ¢ = 1 for I, = id resp. ¢ = 0 for I}, = Ic by
1 (T) = ||h5-(Ao = divpw A +diva As)||,2 @)’
a7 1= 22 [ = divn A2 = 800t ] Vel e

p3(T) = [|hgd*(1 = 8 g 0) [Aavele - Vel 2say)
n(7) = lvih = JIhwvilla-

10
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The following theorem controls the intermediate residual p(M) from (2.9) with M = ||I;|| from the
abstract reliability estimate (2.10) by the explicit a posteriori error estimators p(7) and (7). Define

p = sup (F(z) = a(JImvp. 2) — Tpw(Rvi, Rvp, 2)). (3.11)
cmv =ity

Theorem 3.1 (reliability and efficiency up to data oscillations). Under the present notation V = X =
Y = H}(Q), the choices P = Q = S = J1yi, and R = {id, Iy, JIvi}, it holds

(@) p(IITnll) < p S 0(T) + pu(T) +osck(F, T),
(b) n(T) + u(7T) < p(0) +osci (F,T),

() n(T) = |l [D2vi] g el ey + Jnvn vi) 2.

The estimate Theorem [3.1]c is well-known from [7, Theorem 5.6], [16]. The remaining parts of this
section therefore focus on the proofs of Theorem [3.1]a and b.

Remark 3.1 (role of (QO)). The a priori results in [[I12]] establish (QO)) for S = Q = JIy in (I.2) and
this leads to efficiency. Theorem [2.1]is fairly general and the reliability estimate allows for S # Q;
but then (QO) involves an additional additive term I'(Ruy, Rup, (S —Q)yn) = O(h&,,) [U2] Theorem

max
5.1]. This extra term behaves like a given L? function (in terms of piecewise derivatives of Ruy,) times

the mesh-sizes up to some power a > 0. The application to Navier-Stokes leads to a« = 1 and this is
of the correct asymptotic rate (or even better), while the application to von Karman equations even
allows for a = 2 [12)]. However, this extra term is not a residual term (in general) and efficiency is left
open as in [9, 122|]. The new schemes from [I2]] with P = Q =S =Jl in enable an efficient and
reliable a posteriori error control in this paper for general sources.

3.3 Proof of Theorem 3.1.a.

The definition of p(M) for M := ||I;|| in (2.9) implies p(M) < p. Indeed, for any v € V with ||v| = 1
and vy, = IpImv € Vy, it follows that |[vylln < [Tn|[lliImvilpw < M from [[Ivvilpw < vl = 1 and

so v, = Ilyv is admissible (the last inequality is a consequence of the Pythogoras theorem and the
orthogonality (3.5)). The reflexivity of V = Hé (Q) leads to w € V with ||w| = 1 and

p(nll) £ p < F(z) —a(Pvp,z) — Tpw(Rvh, Rvp, 2) (3.12)

for 7 := w — JIyywy,. Recall Ag, Ay, A from (3.10) and define A € H2(Q) by
Ap) = /(AW +A1-Vo+ Ay D*p)dx forall ¢ € H3 (Q). (3.13)
Q

Observe carefully that the definition of F in (3.7) and A in (3.13) lead to

F —a(Pvp, ) —Tpw(Rvy, Rvy,0) = F — Ik F + A+ apy (v, — Pvy, )
+ pr(vh, Vh, .) - FPW(tha th7 .)' (314)

Here and throughout, I F € H>(7")* is defined by
T F (vpw) = / (vpwITic fo + Vpwvpw - T fi + D3 vpw : T fo) dx - for vy € HX(T).  (3.15)
Q

The six terms on the right-hand side in are controlled as follows. Since z = (1 — JImIpIvm)w
vanishes at the vertices for all w € V, the stability result [7, Lemma 5.1]

2
Z \W2=2(1 = Tl I) Wl gm (7)) < Conllwll for all w € Hg(Q) (3.16)

m=0

controls the data oscillation term [7, Lemma 7.2] by

(F-TIxF)(z) = /Q ((fo i fo)z+ (fi = fi) - Vz+ (o =i f2) : DZZ) dx

11
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< Coaposcr (F, T)|lzll- (3.17)

A Cauchy inequality, the boundedness of I'py, v = Pvallpw < llva — Pvplln from (3.3), and the
definition of (7") reveal

apw(vi = Pvp, 2) < v = Pvallpwllzll < n(T) Izl (3.18)
Dow (Vi Vi 2) = Tpw (Rvi, Rvp, 2) < [[Dpw [|(1+ IRIDIVAllz]Ive = Rvallsllzll
< 1wl (L + [IRIDAR (Meell + 8/ (1 + Ap)ITID) (T2l (3.19)

with the arguments from the analysis of S; in Subsection 2.3.46 [[vy, — Rvpllpw < [[vh — Rvp||; from
(33), @-4), 2.6), and (2.3T)) in the last step. It remains to control A, where we employ results from the
linear situation. The appendix of the preliminary work on linear problems [7]] provides the estimate

IA o (1= TiInI)ll- < Cof u(T). (3.20)
Since z = w — J Iyl Iyw acts as a test function in (3.20) and [|w|| = 1, we infer
A@@) < lIA o (1 =TIl ) [l lwll < Cf u(T). (3.21)

Since ||z|| < Cgap from (3.16)), the reliability p(||In]]) < p < n(T) +u(T) +osck (F, T) follows from

(314).GI7)-@19), and 3:21) in (BT2). The above constants Cyap and C' exclusively depend on
the shape regularity of the triangulation 7~ and the polynomial degree k of the Ag, A1, Az in (3.8). O

3.4 Proof of Theorem 3.1lb
The efficiency n(7°) = ||[vi— Pvilln < Apllu—vpl|» follows from (2.4) for P = J Iy as in [7, Thm 5.6].

The efficiency of u(7) < Céi§|||A|||* is established in [7, Theorem A.1] with Céif‘fl that exclusively
depends on the shape-regularity of 7. The definitions of A = IIxF' — a(vy, ®) — Ipw(Vy, vi, @) and
0(0) therefore lead to

w(T) < CRIAN. < ITkF = a(vh, ) = Tpw (Vi va, @) s

< p0) + |1F = Tk Fll + llapw(vh = Py, O)lls + ITpw (Vas Vi, ®) = Tpw (Rvi, Rvp, @)l (3.22)

A Cauchy inequality and the boundedness and I',y, provide, for any z € V, that

apw(vi = Pvp, 2) < v = Pvallpwllzll < Apllu = vallnllzll, (3.23)
Dow (Vi vis 2) =Tpw (Rvi, Rvi, 2) < [[Dpw | (L+IRID VA llR ]IV = Rvallsllz]l
< IGpwll A+ IRIDAR (lull+B/ ((L+Ap)ITID) lu=vrllnllzll (3.24)

with [|v, — th|||pw Vi = Pvilln from (3.3), 2.4) for 3.23) and [lvi = Rvpllpw < v — Rvalln

from B.3), (2.6), and (2.37)) in the last step. The combination of (3.22)—(3.24) and (3.17) lead to
w(T) < p(0) + osck(F T) + ||lu — vi || and conclude the proof.

4 Application to Navier-Stokes equations

4.1 Stream-function vorticity formulation of Navier-Stokes equations
The stream-function vorticity formulation of the incompressible 2D Navier—Stokes problem for a given
load F € H~%(Q) in a polygonal domain Q c R? seeks u € V := HS(Q)(E X =Y) such that
0 ou 0 ou
Nu+ (-8 32) = (a2 = F inQ. 4.1
u+(’)x ( M)(?y oy ( u)(')x) n “.1)

(The bi-Laplacian A? reads A%¢ := ¢yxxx + Gyyyy + 2@xxyy.) The analysis of extreme viscosities lies
beyond the scope of this article, and so the viscosity of the bi-Laplacian in is set one. Recall
the semi-scalar product apy : H*(T) x H*(7) — R and the induced piecewise H2 seminorm || || ,w

12
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that is a norm [10] on V + M(7") ¢ H?(7) from Subsection Define the bounded trilinear form
pr(.a e, e) by

SR _(0Yd¢ Y d¢ -
T (7. 7.0) =y | Af (a_Xa_¢ - —X—¢) dx  forallj,y, ¢ e HX(T).  (4.2)
= Jr yox 0x dy
Given a := apy|vxy and I' := Ty |vxvxy, the weak formulation of (4.1) seeks u € V such that
a(u,w)+T(u,u,w) =F(w) forallweV. 4.3)

Given any F € V* = H2(Q), there exist solutions to (#3), which are possibly singular but carry
elliptic regularity. In the case of small loads (|| F||+||T’|| < 1), the weak solution is unique and a regular
root, cf. [20, Chap. IV.§2-3] and [19} 26] for proofs. The a posteriori error analysis below concerns
some approximation vj € Vj, to a regular root u € V of the continuous problem (4.3).

4.2 Five quadratic discretizations

This subsection presents the Morley, two variants of dG, C OIP, and WOPSIP discretizations for #&3).
The discrete space V;, = X, = Yy, becomes Vj, := M(7") for Morley, Vj, := P»(7) for dG and WOPSIP
schemes, and V}, = S%(‘T) = Py(7T)N Hé () for the C°IP scheme. For all Vows Wpw € H*(7") and
parameters o, 03, op > 0 sufficiently large (but fixed in applications) to guarantee the stability of a;,
below, the method-dependent penalty forms cqg, cp, and cp read

. a1 3 Ovpw OWpw
cdG (Vpws Wpw) .—];S(h%/E[vPW]E[pr]Eds+hE‘/E ave | e Eds), (4.4)
av ow
w> Wpw) = h‘4( w w +/ pw] d /[ pw] d), 4.5
i) Ez:es ) ze;E)([vp li b ]E)(Z) EL9VE | ’ ELOVE |g ) @)

and cpp = cdgl(v +S2(T)) X (V+S2(T)) with op = 0. Define the discrete bilinear forms
ap = apy +bp+cp: (V+Vy) X (V+Vy) - R,

with apy, from #@.2) for the Morley, dG 1, CYTP, and WOPSIP discretizations and apw replaced by
(Apwe, Apwe) 12(g) for the dG I scheme, and b, and ¢, from Tablefor some —1 < 6 < 1. The method-
dependent norms induced by a,y, + cj, for dG 1, WOPSIP, and Cotp (resp. (Apwe, Apwe) 12(Q) +Ch for
dG II as in [25]]) are, except for WOPSIP, equivalent to the universal norm || e ||, from (3.3]). Notice
that || e ||, = || ® [|pw in V + M(7") follows from (3.3)).

Lemma 4.1 (Equivalence of norms [6, Thm. 4.1]). Iz holds || e || ~ || ® [lag = (|| ® |||§W +cqg (e, 0))1/2
1/2

onV+Py(T)and || e ||n ~ |l @[l = (Il ® 5 + crp(e, ®)) Ponv+ S3(T). o

In contrast to this, the WOPSIP norm || ¢ [[p = (]| ® [I3, + cp(e, ®)) '/ involves smaller powers of

the mesh-size and is (strictly) stronger than || e ||, i.e., 7 < hnax implies

jn < hcr  and [l |ly < (1+ k2,02 o |lp. (4.6)

max
The applications in this paper consider the choice P = Q = S = JI that allows the first reliable and
efficient a posteriori error estimate for the stream-function vorticity formulation of the Navier-Stokes
equations. Recall 7g, vg, [®]g, and the piecewise integral mean operator Ilg o from Subsection
and abbreviate Curl := (0/dy; —3/dx). Given ¢ = 1 for I, = id resp. & = 0 for I}, = I¢, the local
error estimatorson7 € 7,
o (T) = TP fo — divpw (T 1) + dngw(kaz)Hiz(T)
+ TP [Tk fy = Avy, Curlvy, = div(ITe f2) = 05 (T fo)7e]
+|T|"2||(1 = 9T1g 0) [ (e fo — D*vi)ve] g - V8||iz(aT\5Q)

TPl ereliaor + . (Mo lBwale 1717 Y |vale F)
Ec&(T) z€V(E)

2
& Vel om0

define the a posteriori error estimator o(7") := /Y r<s02(T) by the £? sum convention.

13
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Scheme | Morley dGI | cotp WOPSIP dG 1
geo | = | Y [@vveee il | - | Y 192 apeds
Ecs’E Ecs’E VE |E
by (e, ) 0 =09 (vo, w2)=T (w2, v7) 0 -0 (va, w2)=J (w2, v2)
Ch(e, @) 0 cdg(e, ®) cip(e, o) cp(e, ) cdg(e,®)
In id id Ic from id id

Table 1: Bilinear forms with 6 € [—1, 1] and operator I}, in Section

Remark 4.1 (Classical case). The a posteriori error analysis in [9, 22|] for the classical situation
R=S=Q=idand F = f € L*(Q) suffers from unclear efficiency.

Theorem 4.2 (A posteriori error control). Given a regular root u € V to @3) with F € H™2(Q) and
k € N, there exist €,6, 0 > 0 such that the following holds for any T € T(6) and P = Q = S = JI.
(@) There exists a unique discrete solution uy, € Vy, to (I.2) for the Morley, dG I & II, and C°IP scheme
in Table[l\with |lu — up||ln < & and any vy, € Vy, with |luy, — villn < o satisfies

[lu —vpllp +o0sck(F,T) =~ o(T) + |lup — vulln + osci (F,T).

(b) For the WOPSIP scheme in Table|[l| there exists a unique discrete solution uy, € Vy, to (1.2)) with
||l — uplln < € and any vy, € Vi, with ||luy, — vl < o satisfies

||u - Vh”h + ||I/£h - Vh”h + OSCk(F, T) X O'(T) + ||uh - Vh”h +OSCk(F, T), (4.7)

e = villp + lun = villn +0sck (F, T) = o(T) + cp(vi, vi) /2 + [lug, = vl + 0sci (F, 7). (4.8)

The Morley, dG I & 11, and C°IP schemes satisfy the discrete consistency (2.8) and quasi-optimality
(QO) so that the proof of Theorem4.2]is already prepared in Theorems[2.1]and[3.1} The proof for the
WOPSIP method (without (2.8) and (QO)) requires modifications in Subsection §.3|below.

Proof of Theoremd.2la. The a priori analysis [12, Thm. 8.1] verifies the quasi-optimality
and provides universal constants g, 69 > 0 that guarantee, for any 7~ € T (dp), the unique ex-
istence of a discrete solution u;, € Vj to with ||u — up|ln < €9. A density argument for
e = min{eg, B/(3(1 + Ap)||T'||)} leads to & < g such that ||u — up||, < € for any 7 € T (§). This
reveals and (L1)-(L3) for 6, &,«x = 2/3, and o := B/(3(1 + Ap)||T’||). The abstract a posteriori
error control from Theorem applies with the abstract a posteriori error control of ||u — vyl in
terms of p(|||]), ||(1 = JIm)valln, and the efficient algebraic error ||uj, — vy ||5. Section[3|applied to
Ipw from @.2) leads to Ag := g fo, A1 =g fi = Apwvi Curlpy vy, Ao =T fo — Dngh in (3.10).
Theorem [3.1]a controls p(||Z|) + [[(1 — JIm)vall» with the a posteriori term u(77) + n(7), that is
efficient by Theorem [3.1]b and Theorem [2.1]b, plus data oscillations osck(F, 7). The equivalence
w(T)+n(T) ~ o(T) follows with hg ~ hy ~ |T|'/? from shape-regularity and Theorem c. This
concludes the proof. m|

4.3 Modifications for WOPSIP

There are two reasons why the weakly over-penalized symmetric interior penalty (WOPSIP) scheme
from [[1]] requires little modifications in the above analysis. The first is the failure of (2.8]) and (somehow
related) the failure of in the stated form. The second is that the natural WOPSIP norm || e ||p
from (4.6) is very strong and states the error estimate in the (partly) weaker norm || e ||5.

The starting point for the analysis in this subsection is a modified version of (2.8)) already applied in
the analysis of linear problems [7, Thm. 6.9] that follows from j, (vpw, wm) = 0 = cp(vpw, wm) for all
(Vpws VM) € H?(7) x M(7"). Recall that ||J|| abbreviates the operator norm of J : M(7") — V when
M(7") and V are endowed with the norm || e [|,w = || ® ||n|v+m(7) and ap, = apw + cp for WOPSIP.

Lemma 4.3 (modified (2.8)). Any (v2, wm) € P2(7) X M(T) satisfies

a(JImva, Jwm) — an(va, wm) < [V1[IIvz2 = JImvallpw lwmllpw- (4.9)
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Proof. For the WOPSIP scheme, cp(vo, wy) = 0 for (va, v) € P2(7) X M(7") shows

a(JImva, Jwm) — ap(va, wm) = a(JIyva, Jwym) — apw(v2, wm)

= apw (JIvva = v2, Jwm) < [Jlllva = TIvvallpwllwmllpw
with apy (v2, wm — Jwnm) = 0 from (3.5) and the boundedness of apw (e, @) in the last line above. O
A careful revisit of the arguments in Section 2] with (4.9)) instead of (2.8) reveals a modified reliabiltiy
lu = valln < 0+ I(1 = Jh))valln + lun = valln (4.10)
with p from (3:T1) instead of p(M) in Theorem 2.1} Theorem [4.2]can follow with Theorem 3.1

Proof of Theoremd.2lb. The a priori results for WOPSIP [12, Thm. 8.13] reveal the convergence
under uniform mesh refinement in the norm || e ||p and provide universal constants &g, 59 > 0 such
that, for any 7~ € T (6p), a unique discrete solution up, € Vj to (I.2)) exists with |lu — up|lp < &o.
Since || o ||p is stronger than || e ||;, by (4.6), the convergence also follows in the weaker norm
|| @ ||n and hmax < 8o implies the unique existence of a discrete solution u;, € Vj to (I.2) with
|l —up|ln < (1+ 5%)1/26(). A density argument for & := min{(1 + 68)1/250,ﬂ/(3(1 + Ap)||T|)} leads
to & < &g such that ||u — up||p < € for any 7 € T (§). This implies (I.L1)-(L.3) in the weaker norm
|| ®|ln for6,e,k :=2/3,and o = B/(3(1 + Ap)||['||). Hence, the setting of Section [2]applies and the
proofs in Subsection [2.3]follow verbatim for uy,, vj, € Vj,, and u € V until (2:22) that becomes

Nl = villn < lve = Jhavalln + 871 = ) INT Ivva) v (4.11)

in the current setting. The subsequent estimation of || N (JIvvy) ||y~ involves the split N(J vy y) =
Sy + 82+ S3 as in (2.23) for any y € Y = H3(Q) with |ly|| = 1 and the particular choice y;, := Ivy €
M(7) in the definition of S, S3 (instead of any y, € P»(7") in Subsection [2.3.3). The point of this
modification is twofold. First, the supremum over y € Y with w :=y —JIyyy, =y —JIyy € V reveals

S1:=a(JIyvp, w) + Tpw(Rvp, Ry, w) — F(w) < p. 4.12)

Second, Lemma .3 with y;, = Iy € M(7) and || ® [lpw < || ® || from (33) result in (2.27) for
Ac = ||J|| without the need of (2.8)). With this alternate derivation of (2.27), the control of

Sy = Lpw(IImvn, JImvp, ¥) = Dow (v, JImvi, ) S v = JImvalln, (4.13)
S3 = a(JIwvn, JImy) = F(JImy) + Tpw(Rvp, Rvp, JIMY) S v = JInvalln + llun = valln  (4.14)
follows verbatim from Subsection with [[yxlln = Imyllpw < llyll = 1 = M. This and
(4. 11)—@.14) verify the alternate reliability estimate (#.10). Theorem further controls p, ||(1 —

JIv)vi ||k in terms of the explicit a posteriori error terms u(7) + (7)) =~ o (7") plus data oscillations
osci(F, 7). The efficiency of o-(7") with respect to ||u — up||, plus data oscillations follows from

Theorems [3.1]b and [2.1]b. This verifies (@.7). The sum of @&.7) and cp(vy, vi) = cp(u — vip, u — vj)
with || e ||fl +cep=llolP+jn+cpx] e ||123 from (@.6) reveal (4.8)) and conclude the proof. O
5 Application to von Karman equations

The von Karméan equations model a nonlinear plate [[14,|15]] in two coupled PDE and require the product
spaces X =Y =V :=VxVofV = HS(Q) with norm || || defined by ||l := (l¢1lI> + ll2]I?)*/? for

all o = (@1, ¢2) € V.

5.1 Von Kiarman equations

Given any load F € H™?(Q), the von Kdrman equations seek a solution u = (1, ) € V to

1
Aui =[ur,us] +F and A%u, =—§[u1,u1] (5.1
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5 APPLICATION TO VON KARMAN EQUATIONS

in a bounded polygonal Lipschitz domain Q c R?. Here and throughout this section, the (symmetric)
von Karman bracket [e, o] reads [7, x] := = TxxXyyHlyy Xxx—21xyXxy- Recall the bilinear form N dpw and
V=H? (7) from Subsectlonn Let V := V xV and define the trilinear forms Tow.1s Dpw.2 1 VXV XV
and [py : V><V><be

pr,l(é?,é:@: Z/ Aé\ pWZ(é:G@ _22/ Aé\

TeT TeT
pr(f’ 0, a) = pr,l (é:], 02, ‘;51) + pr,Z(é:], 01’ ‘;’52)

forall £,6,5 € V and & = (£1,£),0 = (61,02, = (§1,%2) € V. Given a = apylyxy, I =
Tpw,1lvxvxv, and Iy == Ty 2|y xvxv, the weak formulation of (5.1) seeks u = (u1, uz) € V with

a(ur, @) +'i(ur,uz, @) = F(¢) and a(uz, ) +a(u,u, ) =0 forallg e V. (5.2)

For all 8 = (61, 6,) and ¢ = (@1, ¢2) € V, define
a(0,p) =a(01,¢1) +a(0,¢2), and F(p) = F(p1).
Given I' := I'py|vxvxv, the vectorised formulation of (5.2)) seeks u = (u;, uz) € V such that
N ) =a(u,p)+I'(un,u,p) —F(p) =0 forallp € V. (5.3)

Givenany F € V* = H~2(Q), there exist solutions to (5.2), which are possibly singular but carry elliptic
regularity; the weak solution is unique and a regular root in the case of small loads, cf. [[15, 23] 24] for
proofs. The a posteriori error analysis below concerns some approximation vy, € Vp, == V;, XV, to a
regular root u € V of the continuous problem (5.2).

5.2 A posteriori error control for five quadratic discretizations

This subsection applies the abstract a posteriori error analysis from Section 3H4]to the Morley, dGI&II,
C°IP, and WOPSIP schemes for (5.3). Recall the discrete space V;, from Subsection 4.2] together with
the bilinear forms b, and c;, from Table (1| for the five methods. For any ), = (04.1,0n.2), @), =
(©n,1,¢n2) € Xp =Yy =V, =V XV, the discrete bilinear form ay, : Vj, X V, — R reads
ap(0n, @) = apw(On,1, €n,1) +br(On.1, 0n1) + Ch(On1, n,1) (5.4)
+ apw(On,2, ©n,2) + bn (0,2, on,2) + Cr(On,2, on,2). '

The second dG scheme replaces apy by (Apw®, Apw®)r2(q)- Let R € {id, Iy, JIm} and P = Q =
S = JIy denote the vectorized versions of the respective operators from Subsection [3.1] that apply
componentwise. The discrete scheme for (5.3) seeks a solution u;, € Vj, to

Ny (up; @p) = ap(uy, @) + Lpw(Ruy, Ruy, Sep,) —F(Qp,,) =0 forall ¢, € V. (5.5

Recall 75, vg, [#] g, and the piecewise integral mean operator Ilg o from Subsection Setd =1
for Morley, dG 1& II, WOPSIP, and 4 = 0O for COTP. The a posteriori error estimator o (7) :=

V2 7reqr02(T) for some approximation v, = (vp.1,vi2) € Vj to a regular root u € V of the
continuous problem (5.1)) has on T € 7 the contribution

(1) = (TP (T fo + [0, V2] = divpu (Tl fi) + divy (T o) 12y + 101, v 112 o
+ TP e fi = div(Ti f2) = 0s(Mef)7e] - vel}2 o a0
+ |T|1/2(”[D2Vh,1]878”22(ar) + ”(1 — lg,0) [(kaZ - Dz"h,l)"c‘l]s ) VS“?L%@T\@Q)
+ ”[DZVh,Q]STSHiZ(aT) + ”(1 — 91g,0) [(Dzvh,Z)VS]s ) VS“iZ(aT\aQ))

#3003 (Mol 1Y (vl ,F).

(=1,2 ECE(T) 2eV(E)

Abbreviate cp(vy, Vi) = cp(Vi,1, V1) + cp(Vh 2, Vi,2) With the WOPSIP penalty form cp from (4.5).
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5 APPLICATION TO VON KARMAN EQUATIONS

Theorem 5.1 (a posteriori error control). Given a regular root u € V to (5.3) with F € H™>(Q) and
k € Ny, there exist €,0, 0 > 0 such that @]) has a unique discrete solution u;, € Vy, to @]) with
la —upl|ln < &forany T € T(S) and the following holds for F given as in (3.7). (a) For the Morley,
dG I & II, and C°IP scheme and P = Q = S = JI, any vy, € V), with |[uy, — vi||n < o satisfies

@ = vpllp +0sci(F,T) = o(T)+ ||lup — villp + osci (F,T).
(b) For the WOPSIP scheme and P = Q = S = JI, any v, € Vy, with ||luy, — v || < o satifsies

lw = valln + llup = Valln +0sci (F, T) = o (T) + [[ap = Valln + osci (F, T),

1/2

[la=vg|lp+ |[ap = Vil +osck (F,T) =~ o (T) + cp(Vp, Vi) '~ + |lup, — Vil + 0sc (F,T).

Proof. The proof employs the a priori analysis in [12, Sec. 9] for the existence of a local unique
discrete solution and follows the lines of that of Theorem for all the components behind the
vector notation of this section. Indeed, Theorem [2.1]a and Theorem [3.1}a provide |ju — v,|; <
0 + ||V = JImVil|n + |lun — Vi, where p = p1 + p2 from (B.T1) splits into the components

p1 = sup (F(z) —a(JImvh,1,z) = Tpw,1 (Rvi,1, Rvi 2, 2)), (5.6)
3R
p2 = sup (—a(JImvi2,2) = Tpw2(Rvn,1, Rvi1, 2)). (5.7
yey,lylly=!1

zi=y—JIylpImy

The control of p, pp as in Theorem amounts in a large number of terms gathered together in the
estimator o-(7"). As there is no additional mathematical difficulty, the further details are omitted. O

5.3 Single force

Practical plate problems also concern line loads and single forces as discussed in [[7] for the linear
biharmonic plate. There are two amazing observations regarding a single force 1,6, with strength
A¢ € Rand the Dirac delta distribution 6, € H~2(Q) at a finite set A ¢ Q of points £ € A. First, single
loads 1,6, decouple in the a posteriori error analysis from a general source F € H ~2(Q) given by

F(p) = /Q(fo o+ fi-Vo+ fr: D2p)dx+ > As6,(¢) forall g € H(Q). (5.8)
JeA

in terms of Lebesgue functions fy € L*(Q), fi € L*(Q;R?), f» € L*(;S) as in (3.7). Second, a
point load at an interior vertex { € V() leads to a load in the discrete problem (I.2)) but has no
contribution to the a posteriori error estimate because the test functions for F in p; from (5.6) vanish
at all vertices V. This has already been observed in [[7, [10] for linear problems. Hence we consider
a finite family (1,6, : { € A) of single forces at A C Q, |A| < oo and distinguish A NV with no
contributions u(¢) = 0 and A \ V with a contribution u(¢) to the a posteriori error control as follows.

Consider a single force 4,6, at a generic position { € Q \ V that is different from a vertex of the
triangulation so that at most two triangles 7 € 7 () := {K € 7 : { € K} contain € T. Let
hy = min {(T|"? : T € T()}, w(¢) = int(UT (¢)) and suppose the separation assumption

dist({,V) 2 hy and [ANw({)|=1 forallf € A\ V. (5.9

The following result extends Theorem[5.1]to right-hand sides with single forces at A. Define the novel
estimator u({) = [1z|hy for a single load at { € A and set u(M) = 3, pq u({) forall M C A.

Theorem 5.2 (single forces). Under the assumptions of Theorem a for F € H2(Q) given in (5.8)
for single forces at a finite set A C Q with (5.9), the Morley, dG I & II, and COIP scheme satisfy

lla = vipllp +0sck (F,7) =~ o(T) + u(A\ V) + ||uy, — vp|ln + osce (F,T).

An analog to Theorem[5.11b holds for the WOPSIP scheme where u(A \ V) is added on the respective
right-hand sides.
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5 APPLICATION TO VON KARMAN EQUATIONS

Example 5.1. This separation condition (5.9) is met in the numerical benchmark in Subsection[6.3|for
the centroid { = (—=1/6;—1/6) of the L-shaped domain Q that lies on an edge E = conv{A,B} € &
parallel to the main diagonal for all triangulations (occuring from newest-vertex bisections) with
(=1/3A+2/3Band dist({,V) = hg/3 > \/§h§/3f0r the right-isosceles triangles in Subsection

Proof of Theorem[5.2] The modifications to the source F only enter the estimation of the term p; from
in Theorem The reliability follows from Section [3| plus the analysis, for £ € A, of the extra
terms

¢ | Couhglzl gy if € ANV,

[2¢62(2)] = 12z2()] < {0 if eANY

for any z := w—J Iy I Iyyw with w € V. Indeed, z vanishes at ¥V and a Bramble-Hilbert lemma scales
the Sobolev embedding HZ(Tref) > C(Tier) from a reference triangle Tier to T with a constant Cgy
that exclusively depends on the shape-regularity of 7. Recall for ||z]| £ Csapllw|l and [|w| =1
to deduce 1,6, (z) < CeuCstab #({} \ V) and involve this estimate in Subsection This outlines
the proof of p1 < (7)) + u(A \ V) + osck(F,7); the remaining details are straightforward from
Theorem [5.1]and hence omitted. The efficiency of the additional a posteriori error terms () for any
€ A\ V requires the design of a test function ¢ € V with a list of properties:

() =1, ¢ =0atV, suppy C w({), |y L Pi(T) in L*(T) for any triangle T € 7,

(5.10)
Y|g L Pr(E) in L*(E), and Vi|g L (Px(E))? in L?(E)? along any edge E € & .

This function can always be constructed and Supplement B provides an elementary design of ¢ in
terms of Jacobi polynomials if € E € &. An important detail is the scaling ||y || = hétl that requires
the separation condition dist({, V) 2 h., while the universal case with { € Q arbitrary involves
a more refined analysis with a weight that is left for future research. Recall IIx F' from (3.15) and
consider A := IIxF — dpw (Vi,1,®) = Tpw,1 (Vi 1, Vi 2, @) as in (3-13) with

Ao =Tl fo+ [vi1,vio) € Pi(T), Ay =TIk fi € Pe(T5R?), Ay =T fo = Dy vi € Pe(T:S)

The many orthogonalities (5.10) of  enter the final stage in two piecewise integration by parts for

A(y) = /Q (Ao + A1-Vi + Ay : D*y) dx = Z /E (¥ [A1 = divpwAz] o vE + VY- [A2] g vE)ds

Ee&

> / (Ao — divpy Ay +diva, Ar)ydx =0.  (5.11)
TeTvT

In fact, |7 L Ag—divpyA1+diva, Az € Pi(T)in LX(T) forT € T, ¢|g L [A1 - divpwAsz| , € Pr(E)

in L>(E) as well as (V¥)|g L [A2]gve € Pr(E)? in L?>(E)? for all E € & make each of the

integrals vanish individually. Since ¢ is the only element of A N w(¢) by (5.9), the properties of ¢

imply 4 da6a(¥) = 7. This, the algebraic identity (5.11)), and the first component a(u1,¥) +

1 (uy,uz, ) = F() of the problem (and (5.3)) with exact solution u = (u;,u3) € V lead to

Ag = apw(ur =vip,1,¥) +Dpw,1 (w1 = v 1, w2, @) +Dpw 1 (Vi 1, ua = vi 2, ) + (HkF+ Z Aaba —F)(lﬁ)-
acA

A Cauchy inequality for apy, the boundedness of I,y 1, and a routine estimation of the last term

as in (3.17) with the scaling ||y|gs (1) < hZT_SCBHHt,//lle(T) fors =0,1,2and T € 7 () from a

Bramble-Hilbert lemma provide

h'w(Q) = 12| < |||¢|||((1 + 1 Tpw, 1 1Nz ll + va,1llm)) lha = valln + Croscx (F, ‘T))-

The scaling ||y || = hzl and the boundedness of [luz]| + [[viilln < llall + [|valln by @2.31) imply
u(&) s |la—=vpllp +osck(F, 7). Since the set |[A \ V| < 1 is finite, the sum over all € A\ V
concludes the efficiency of p(A \ V) < |lu — vulln + oscx(F, 7). Theorem [3.1lc and the quasi-
optimality of the smoother P = JIy; provide the efficiency of ||[D?v;,]s7s 28y +in (Vi vi) 17?2
forvy, = vp,1,vh2. The efficiency of the other terms in 0-(7") does not follow verbatim, but a correction
of standard (cubic volume and quadratic edge) bubble functions by a multiple of ¢ so that the resulting
sum vanishes at A decouples the contributions and leads to local efficiency as in [7, Sec. 7.4]. |
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Figure 1: Initial (left) and adaptive triangulations with |77| = 1083 (middle) and |7| = 2044 (right)
triangles for the Morley FEM in Subsection

6 Numerical experiments

This section compares the uniform and adaptive Morley, C°IP, and dG FEM for the Navier-Stokes and
von Kdrmén equations in 2D on triangulations of the L-shaped domain of Figure[I|and[3]into triangles.

6.1 Numerical realization

The Newton scheme allows the approximation v, up to machine precision of aroot v, = u, to (1.2) and
so we disregard the algebraic error ||uj, — v ||n = 0. Supplement C provides algorithmic details on the
implementation of the nested iterations and the termination criterion. This section presents numerical
evidence on the theoretical results for the a posteriori error estimators o (7") from Sections and
the related standard Dorfler marking adaptive algorithm with newest-vertex bisection.

6.2 Navier-Stokes equations on L-shaped domain
The singular solution from Grisvard [21]] for the L-shaped domain Q = (-1, 1)%\ [0, 1)? reads

u(r, ) = (r2 sin(¢)? — 1)2(r2 cos(¢)? - 1)2;’”"#2 £()

in polar coordinates with interior angle w = 37/2 at the origin, u = 0.54448, and a smooth function
& given [21, Eqn. 3.2.9] (therein denoted as &(¢) = u(u, ¢ — n/2)). This function u € HS(Q) N
H?**7(Q) for o < u serves as an exact solution to (1)) with computed source term F = f € L*(Q).
Figure [2| displays the expected suboptimal experimental convergence rate ¢ /2 on uniformly refined
triangulations. The a posteriori error analysis in Section (4 motivates the standard adaptive algorithm
driven by the refinement indicators o*(T') for a triangle T € 7~ equal to

TP 12 ) + TP AunCurliug]e - Vel g oay + AT P Bvvienl 122 0

T2 pte ooy + Y (Mo [0l f+ 17170 Y [lnle @F) 6D
Ec&(T) zeV(E)

with ¢ = 1 for C°IP and ¥ = 0 otherwise. For all choices of the operators R, S € {id, Iv;, JI\m}
shown for Morley on the left in Figure [2} the adaptive algorithm recovers optimal convergence rates
of the error e;, = u — uy in the norm || e ||;, and, as implied by Theorem the error estimator
o (T) = \Xreqr02(T). The first competition of the lowest-order Morley, dGI, and C°IP scheme
with parameters opp = 0 = 0 = 20 in (4.4) and 6 = 1 in Table [[] reveals an overall comparable
performance with the smallest error for given number of dofs from the C°IP scheme shown in Figure
The undisplayed efficiency indices EF = o (7)/||en||n range between 1.5 and 4 on meshes with at
least 1000 dof. Figure|[I|displays the initial triangulation and a typical output of the adaptive algorithm
with the expected local refinement towards the singularity at the origin. The additional mild refinement
near the sides opposite to the origin appears for all schemes with different intensity and is interpreted
as a boundary layer already observed for the linear biharmonic problem, e.g., in [5].
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Figure 2: Convergence history plot of the error ||ej||, and the estimator o-(7") for Morley FEM with
different choices of R, S € {id, JI\i} (left) and Morley, COIP, dG I FEM (right) for the singular solution u
in Subsection @

1] ‘ o) RN 1] |
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Figure 3: Initial mesh for the von Karman problem with the centroid * (left) and adaptive triangulations
with |77| = 416 (middle) and |77| = 1678 (right) triangles from the Morley FEM for R = § = id

6.3 Von Karman problem with a point load

The second benchmark considers a point force F = 6, € V* located at the centroid { = (-1/6,-1/6)
of the L-shaped domain. Example [5.1] shows that the separation condition (5.9) holds for all newest-
vertex refinements of the initial triangulation displayed in Figure 3] Given the localized estimator
w(Z,T) = |T|"?if T € T(¢) and u(¢,T) := 0 otherwise for the single load at £, the discussion on
single forces in Subsection|S.3|motivates the refinement indicator o->(T) for a triangle T € 7 equal to

e [ R | | P ) R R [T A (0
=1,2

o 3 (IO el sr, + Y (Mealoai 1 F 41 S (1] )

=12 Ec&(T) zeV(E)

with ¥ = 1 for C°IP and ¢ = 0 else. Figure 4| displays optimal convergence rates of the adaptive
algorithm driven by the refinement indicators that improve on the observed suboptimal rate
1/3 on uniformly refined meshes. Theorem [5.2| guarantees the observed equivalence of the unknown
(undisplayed) error |ley ||, := |[u—uy||, and the error estimator o (7)) = /Y75 0°2(T) up to vanishing
oscillations. The convergence history plots for the different choices R, S € {id, Im, JIm} overlap and
are indistinguishable as highlighted for the Morley FEM on the left. Figure [3] displays the adaptive
refinement towards the atom of the point force  and an even stronger local refinement towards the
reentrant corner.
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Figure 4: Convergence history plot of the estimator o (7") for Morley FEM with different choices of
R, S € {id, J,} (left) and Morley, COIP, dG I FEM (right) with unknown solution u in Subsection

6.4 Conclusive remarks

The nested iteration of Newton’s scheme for solving the nonlinear discrete problem is highly effective
and reaches machine precision with 3 to 6 iterations in average. All variants with R, S € {id, In;, JIm }
lead to very similar accuracies. This is the first empirical confirmation of the overall equivalence of
[12) Thm. 8.3 and Thm. 9.1]. While the theory requires a particular choice S = J 1y for the efficiency
estimate in Theorem|3.1} undisplayed computer experiments provide strong empirical evidence for effi-
ciency of the presented a posteriori error estimator for any choice of the operators R, S € {id, Int, JIm}.
The classical schemes with R = § = id are the easiest to implement and their a posteriori analysis may
be combined with the reference scheme as suggested in Subsection [2.5.2] as a recommended overall
strategy. The mandatory adaptive algorithm recovers optimal convergence rates in all examples and
motivates future research on optimal convergence rates.
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Supplement materials to the paper A posteriori error
control for fourth-order semilinear problems with
quadratic nonlinearity’

Carsten Carstensen and Benedikt Grale and Neela Nataraj

This supplement contains three parts that provide further details on the practical application of the
abstract results from Section [2]in Supplement A, an explicit construction of the test function ¥ used
in the proof Theorem [5.2]for single forces in Supplement B, and a stopping criterion for solutions up
to machine precision with Newton’s method in Supplement C.

A Proof of Lemma 2.2

The (finite) Taylor series expansion of Ny, at the root uy to Np(up) = 0 for the approximation of
Np(vp) provides

DNy (upsup —vip) = Ipw(R(up = vi), R(up = vi), S @) — Nip(vy) €Y. (A.1)
By definition of the inf-sup constant (2.39), there exists wy, € Yy, with ||[wp||y, < 1 and
Bullun = villx, = DNp(up;un = v, wp)

=Tpw(R(up = vi), R(up = vi), Swp) = Np(vi; wp)

2 2
< ITIHIRIZISHun = vallx, + INe(vi)lly; < kBrllun = vallx, + INa(va)lly;

with ||FpW||||R||2||S||||uh — villx, < «Bp in the last step. This is the first assertion (1 — )8y ||lup —
villx, < [INn(vp) ”YZ' The second follows from the boundedness of DNy, (uy,) and (A.T); in fact
INk(vi)lly; = ITpw(R(up = vi), R(un = vp), S ®) = DNp(upsup = vi)lly;

< (ITUNRIPSHllan = vall, + 1DNa () er; ) e = vallx,

< (K/J’h + ||DNh(Mh)||X;><1/,j) lun = vallx, - O

B Design of the test function

Given a point { € int(E) on the interior of an edge E of the triangulation 7, the construction a test
function ¢ with ¢/ ({) = 1 and a list of orthogonalities (5.10) used in the proof of Theorem [5.2] based
on one-dimensional Jacobi polynomials follows in three steps.

Step 1 discusses the orthogonal Jacobi polynomials P,(,4’4) € P,[-1,1] of degree n € Ny that reflect
the weight p(x) := (1 — x?)* for =1 < x < 1. The well-known three-term recurrence relation reveals

2n+4

cu'= PO = oy

) for n € Ny

24
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and guarantees P,,(0) # 0. Given k € Ny, select n € N with 2n > k and rescale to define
v = PSY /e, € Pau[-1,1] with ¢(0) = 1 and py L Pi[-1,1] in L>(~1,1). Observe that
w(x,y) = (1 —x?)2(1 = y*)? implies w(x, x) = p(x). The polynomial f € Pg,»,(Q) defined by

Fy) =wle, )y ((x+y)/2)  forx,ye[-1,1]
on the cube Q = [~1, 1]? satisfies along the diagonal D := {(x,x) : =1 < x < 1} that
£(0,0) = 1and fq L P,(D) in L*(D)? for all g; € Px(D)>.

By symmetry of w along D, Vw|p L vp = (1;-1)/V2 pointwise along D. Since the gradient
U ((x+y)/2)(1/2;1/2) of (x,y) — ¥((x+y)/2) is also perpendicular to vp along D, we infer
vp - Vf|p = 0. The scaling by 4 > 0 leads to g(x, y) = f(x/h, y/h) with

g € Ps.2a(Q) NHG(Q), supp g € Q. g L Pr(hD) in L*(hD),
Vg-vp =0onhD, and |g|gsno) = B | flas @) for s =0,1,2.

Those properties are inherited by transformations in another Cartesian coordinate system (by translation
and rotation).

Step 2 constructs an edge bubble-function over the edge-patch. Given an interior edge E = 97, N 9T-
shared by the triangles 7. € 7 and patch w(E) and { € E with dist({,v) =~ hg = hr, = hr_ (from
shape-regularity of 77), let Q be the maximal square with edge-size 4 > 0 and midpoint { that belongs
to 7. U T_ D Q such that one diagonal conv{A, C} C E lies on the edge E as displayed in Figure
A translation by ¢ and a rotation to fit {, A, C € E leads to a function g € HS(Q) N Pgo, as designed

Figure 5: Triangles T, T—, w(E), and square Q C T, U T_

in Step 1 with scaling |g|gs(0) = h'=s for s = 0, 1,2 and with g(¢) = 1 and various orthogonalities.

Step 3 is the final design of ¢ L P (7). This is more standard than the previous design steps with
a cubic bubble-function b7, and b7 and polynomials g, € Py (7T.) such that g — b%qi L Pi(Ty)
in L2(T,). This leads to the function ¢ = g — b%+q+ - b%q_ € HS(Q) C V with all the desired

orthogonality conditions, supp ¢ c T, UT_, and ¢ (Z) = 1. The scaling [|¢|| < h~! = hgl follows
from that of g and the following routine estimate for g... Inverse estimates show

1gel172 7, = 107421724, =/T gq dx < llgll 2 ry g2l iz ez

This, two Friedrichs’s inequalities, and an inverse inequality conclude the proof with

Ibr.qllizcry) = lgllzry) < N8<lliacr,) < 77 %hrllgll. O

C Accurate solution to semilinear problems

This supplement provides algorithmic details on the adaptive computations in Section[6|with particular
focus on the implementation of Newton’s method for the solution of the discrete equation (1.2)) up to
machine precision controlled by the termination criterion of Lemma[2.2]
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Accurate approximations with Newton’s method

Starting from the initial guess ug = I JIyvug—q for nested iteration with initialisation ug := 0 on the
coarsest mesh, our implementation computes the Newton iterates u’g“ = u’g - DNh(u’g)‘lNh(u’g)
with the LU decomposition in Julia for an exact Newton update. In the present situation of Section
@ ap is a scalar product associated to the linear operator A, € L(Vy;Vy) and induces the method-
dependent norm || ® ||, := aj (e, )!/? in V},. Let u, denote the exact discrete solution and recall the

equivalence of the algebraic error to the residual from Lemma[2.2] This and the Riesz isomorphism

N3 (1) vl

AR N ™)l = [IV8 ™)l = = [l =g

VRLEV) ||Vh||a

motivates a stopping criterion on the computable quantity ||A ]Nh( k”)Ha in two stages. The first
step iterates until

Az N (), < ot ([l + ) (C.1)

holds with 7ol := 10™* in the benchmarks of Section [l Once this coarse condition is satisfied the
algebraic error is considered sufficiently small such that quadratic convergence can be expected through
the Newton-Kantorovich theorem. The second stage computes further iterates until

A5 Na (), < N4 N (™)

a

(C.2)

This suggests the approximate solution u, = u’g is accurate up to machine precision. In average, the

benchmarks in Section [6] (with nested iteration) perform 1 to 2 iterations until (C.I]) and another O to
5 iterations until (C.2)) holds.

Remark C.1 (General bilinear forms ay). If aj, does not define a scalar product in Vy, Example
and Lemma 2.2 provide an alternative approach for the computation of the algebraic residual

A5 N (™)l = (1N ™)L ~ ¢l

in the norm || e ||, from (3.3).
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