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PHASE TRANSITION NEAR A LIQUID-GAS COEXISTENCE
EQUILIBRIUM*

XINFU CHENT AND XIAO-PING WANGH

Abstract. Effects of small perturbations from a liquid-gas coexistence equilibrium (the Maxwell
states) is studied for an isothermal (or isentropic) gas-liquid phase transition in a sealed one-
dimensional finite length tube, by using a van per Waals model with a viscous-capillary regular-
ization. A matched asymptotic expansion is used to derive formally a linear system satisfied by
leading order perturbations. The linear system is solved analytically and checked against numerical
simulations. Analyses of the linear system suggest the following: (i) A gas-liquid interface approaches
its final destination (determined by mass conservation) in general in a oscillatory manner with fre-
quency determined in part by the speeds of sound in gas and liquid; (ii) Kinetic energies of small
initial perturbations will in general be dissipated in the phase transition process, and the system
approaches steady states; (iii) In some special cases (for example, the time needed for the sound
wave to travel in liquid from the interface to the tube boundary is a rational multiple of that in gas),
kinetic energies of certain small perturbations will not be dissipated (in the leading order expansion);
in fact, there are infinitely many linearly independent time periodic solutions to the linear system.
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1. Introduction. The van der Waals system

(1.1) {“t —

v = —{p(u) + % Uy — €KV, }a,

with nonmonotone stress relation p and viscous-capillary regularization, has been
studied by many authors as a model for dynamical gas-liquid phase transitions in
compressible fluid undergoing isothermal motion (see, for example, [6, 8, 10, 14]).

In this paper, we consider a gas-liquid phase transition in a sealed one-dimensional
tube of length 2a, i.e., the system (1.1) on a bounded domain (—a, a), with boundary
conditions

(1.2) { Us(—a, t)_: uz(a,t) =0, 4 _

Here v = 0 at © = =+a refers to the zero velocity and u, = 0 at x = +a refers to the
no mass flux boundary condition. We are concerned with initial data which are small
perturbations of a gas-liquid equilibrium.

For a steady state of (1.1), v is a constant and u satisfies, for some constant @,

(13) 52u3cgc —|—p(u) =Q.
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To accommodate the gas-liquid phase transition, we assume that (1.3) has a solution
(in R) connecting a gas phase and a liquid phase. For this purpose, we assume that
the van der Waals function p(-) is a C°°((0, co0)) function satisfying, for some constants
a",u1,a% us, and ot with o™ < u; < a® < us < o,

(1.4)  p'(u) <0 for u € (0,u1)U (ug,00) and p'(u) >0 for u € (ur,us),

at

(15) sl =p@) =p) = Q" [ () - Qdu=0.
The states {u | 0 < u < w1} and {u | v > uz} are called the gas phase and liquid
phase, respectively. The states p = a*, known as the Maxwell states, are the states in
which gas and liquid can stay in equilibrium. We denote ¢* = y/—p/(a), the speed
of sound in a® phase.

Solutions of (1.3) on the bounded domain [—a, a] are critical points of the Cahn—
Hilliard /van der Waals energy

—a

1w = [ (Sl +pe) e P [ e - plsas

under a mass constraint ffa u(x)der = m. In the one-dimensional setting, Carr,
Gurtin, and Slemrod [3] have shown that the minimizer u° is monotonic. It is also
shown in [16, 17] that as e — 0, the solution v (in high space dimension) converges to
a function ug which takes only the values o~ and a™ with interface between ug = o~
and ug = o having minimum area.

Work has been done both numerically and analytically on the structures of the
limit states (as € — 0) in the dynamic setting. Numerical studies for the model in the
Eulerian coordinates with a form of artificial viscosity in [11] have shown that phase
transition takes place when initially the density is in the elliptic (or unstable) region;
ie., u(-,0) € (u1,uz). When uniform initial states are considered, their results further
lead to a separation, for the total mass, of three ranges corresponding to unstable,
metastable, and stable regions. The system also exhibits solutions with multiple thin
layers representing phase transitions, and it exhibits that some such configurations
move with constant velocity. Existence of periodic traveling wave solutions is proved
in a more general setting in [12]. There are also theoretical results on the dynamical
stability of phase transitions lying sufficiently close to the Maxwell states on an un-
bounded domain [9]. The two-dimensional case is studied in [13], where existence of
bubble and droplet solutions is proved and their dynamical stability is investigated

numerically.
In this paper, we are interested in the stability of the stationary phase transition
from a~ and a™, i.e., solutions where u ~ o~ in one region Q_ = {—a < z < s(t)}

and u ~ o in another region Q; = {s(t) < x < a}, whereas z = s(¢) is an interface
to be determined. Physically, it corresponds to the case that to the left of = s(t)
the material is in the gas phase, whereas to its right, it is in the liquid phase. The
interface is located at z = s(t) and is moving (slowly, in the order of £). Using matched
asymptotics, we show that the perturbations in e order propagate in regions Q.
according to wave equations with respective wave speed c¢*. The boundary conditions
for the wave equations at 02+ are determined from the asymptotic matching. Unlike
the infinite domain case where perturbation can escape to spatial infinity in the form
of diffusion waves [5, 15], the waves propagate back and forth in regions Qy, thus
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making the interfacial position oscillate around a central point which moves with
a certain velocity toward its final destination determined by the mass conservation
equation. We shall derive the law of motion for the interface and provide numerical
evidence supporting our analysis.

The paper is organized as follows. In section 2, we perform a matched asymptotic
expansion which deduces the wave equations as well as the boundary conditions for the
first order perturbations in the outer regions. The solution to the first order equations
is studied in section 3. We show the existence and uniqueness of the solution as well
as the long-time behavior of the solutions. Results from the numerical simulations
are presented in section 4.

2. Matched asymptotic expansion. In this section, we shall use the matched
asymptotic expansion to find approximate solutions to (1.1) and (1.2) with certain
layered initial conditions, for sufficiently small positive ¢.

2.1. Outline. For the reader’s convenience, we first outline our formal matched
asymptotic expansion. Details will be given in subsequent subsections.

We divide the interval [—a,a] into three regions: an interfacial region, [s(t) —
2e#, s(t) 4+ 2¢#]; two boundary layer regions, [—a, —a + 2¢*] and [a — 2¢#, a]; and two
phase regions, [—a+¢e, s(t) —e#] and [s(t) +¢&*,a—e"]. Here e, u € (0, 1), is a rough
estimate of the thickness of the interfacial and boundary layer regions; it of course
can be something smaller, say, e In®e.

In the phase regions, we expand the solution in an € power series,

{ uwuo +€u1 +&%u i—i— S

(2.1)
UNUO +€v1 + e i+ )

where the signs + and — designate to the phase regions Qf = (s(t),a) and Q; =
(—a,s(t)). We call (2.1) the outer expansion. To reflect that we are dealing with
small perturbations from the Maxwell equilibrium states, we fix uéﬁ = ot and voi =0.
Substituting the outer expansion into (1.1) and equating the coefficients of € powers,
we obtain, for each j, a system of two differential equations for (uyi,vji) These
equations are solvable subject to appropriate initial and boundary conditions. For
each phase region, there are two boundaries, one at = s(t) and the other at z = q,
for the + phase, and one at x = —a for the — phase. Boundary conditions are obtained
via boundary layer (at © = +a) and inner (at = s(t)) expansions.

At the fixed boundary, say, at © = —a, we use the stretched variable z = (z+a)/e
and expand the solution in € power series

{u~u8+£u’{+52ub+--~,

(2.2)
v~vd et + 208+

where u?, v} are functions of (z, ) Using -2 B = é% we derive from (1.1) systems of

dlfferentlal equations for each (u® u3, ]) The domain for the equations is {(z,%) | z €
(0,00),t € (0,00)}. Boundary conditions at z = 0 are supplied by substituting (2.2)
into (1.2), whereas boundary conditions at z = oo are obtained by matching the
boundary layer and outer expansions. By matching, we mean, after a substitution of
x by —a + €z, that the outer expansion produces exactly the same £ power series as
that of the boundary layer expansion. More precisely, since

k .
w(@, t)|pm—ates ~ Z@J <Ze u; (—a,t) ) Zs Z@iu;_j(fa,t)j,—j ;
i=0 '

k=0
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it is required, as z — oo, that
ug(z,t) - Ua(*aat) - Oa

ub(z,t) — [u] (—a,t) + Opugy (—a,t)z] — 0,

Similar matching is also required for v and for the + phase.
The boundary layer expansion provides constraints, or boundary conditions, at
x = +a for the outer expansions; the number of these conditions is down from four
as in (1.2) to two, since the remaining two are taken care of by the boundary layers.
In the interfacial region, we use the stretched variable z = (z — s(t))/e and the
expansion

u:u6+5u{+52u§+«-~,
(2.4) v=uvf +ev] +e%l+ -,
s(t) =so+es1+e%s9+ -,

where uj and v]I- are functions of (z,t) and s; is a function of ¢, all of them being

independent of e. As before, we can derive from (1.1) systems of equations for each
(uf,v]). For each order j > 1, the system is linear and solvable only if $; satisfies a
solvability condition. Also, when solvable, the solution is unique up to an additive of
a multiple of a special function being the kernel of a linear operator independent of
j. If we define the interface z = s(t) as the a® level set of the function u, the exact
amplitude of the additive function can be uniquely determined.

As before, the outer and inner expansions are matched by requiring, as z — oo,

(2.5)

Similar matching is also needed as z — —oo and for v. The match provides relations
between values of outer expansions from each side of the interface, which can be con-
sidered as boundary conditions for the outer expansions at & = s¢(t), just completing
the systems for each order of outer expansions.

In what follows, we carry out in detail the expansions outlined here.

2.2. Outer expansion. Counsider the outer expansion given in (2.1). We are
interested in the perturbations around the stationary phase jump between the Maxwell
states, so we fix

(2.6) ui(z,t) = o, v (z,t) = 0 Vr € R, t>0.

Substituting (2.1) into (1.1) and collecting powers of e, we obtain, from the coefficients

of every power of &, outer expansion equations for (uF,v) for every i > 0.

i Vi
The zeroth order equations are automatically satisfied since uf and vF are con-
stants. The first order expansion equations are

uk, = v
(2.7) {it S Yeep), t>0,
vy, = () g,
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where ¢t = \/—p/(aF), Qf (t) = (s0(t),a), QU (t) = (—a,s0(t)), and so(t) is the
leading order interface position, to be determined by the inner expansion. Higher

order outer expansion equations, for (u;t, vf), take the form

u:t —_ :t = ...
(2.8) { it g, VoeQi(), t>0, j>1,
- 2yt =

where - - - represents a function depending only on expansions of order < j — 1.

The outer expansion equations (2.7) and (2.8) are wave equations with wave speed
¢ in the corresponding phase region Qg (t). They need supplementary conditions
such as initial and boundary conditions. The initial conditions are our choice and
are known. The boundary conditions, at dQZ (t) = {=a, so(t)}, will be obtained, via
matching, from the boundary layer expansions at * = +a and the inner expansion at
x = 5o(t).

2.3. Boundary layer expansions. Due to symmetry, we present in detail only
the expansion near £ = —a. We use the stretched variable z = X2 and assume that
(u,v) possesses the boundary layer expansion (2.2). Substituting (2.2) into (1.1) and
collecting powers of € gives boundary layer expansion equations for each order of the

expansion (u},v}), j =0,1,....
The leading order expansion equations read

b

vg, =0

2.9) {(p<u8>+uszz—mgz) _o V#€(00) t>0.
4

An expansion of the boundary condition u,(—a,t) = v(—a,t) = 0 gives

(2.10) ud (0,t) =v5(0,8) =0 V¥t > 0.

The matching condition (2.3) gives, for every ¢t > 0,

(2.11) vy(z,t) =0, ub(z,t) = a” as z — 00.

Altogether, (2.9)—(2.11) give a unique zeroth order boundary layer expansion
v(2,t) =0, ud(z,t) = a” Vz € [0,00), ¢t > 0.

(ub,v8) is trivially determined since the zeroth order outer expansion has been fixed.
At the next order, the boundary layer expansion equations read

b
vy, =0
(212) { (ngz _ C%’U}{ - K'/Ull)z)z 0 Vz € (O, OO)7 t > 0.

Expansion of the boundary condition (1.2) and the matching with outer expansion
give

b : b —
v3(0,t) =0, lim, o v9(2) = v] (—a,t)
(2.13) { u’{Z(O,t) =0, lim, o u8(2,t) = uy (—a,t) vit>0.

Clearly, in order to obtain a solution v}, it is necessary and sufficiently to have

vy (—a,t) =0 Vit >0.
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With this condition, the unique solution of the first order boundary layer expansion is
(2, ) =0, ul(z,t) =uy (—a,t) Vz>0,t>0.

We remark that the boundary condition v(—a,t) = 0 gives a restriction v; (—a, 0)
= 0 to the outer expansion, in contrast to u,(—a,t) = 0, which gives no restriction to
the outer expansion. This is due to the viscous regularization term (2w, ), in (1.1).

For each j > 2, the jth order boundary layer expansion equations read

((W0)ss — ()2l —mod ), = -

(00), =
{ 7 V z € (0,00), t > 0.
The boundary and matching conditions are
0 li z—00 b ,t—"' = ‘__at
{00 =0 () =) =0y (-at)
(uj)=(0,t) = 0, )— ) (—a,t)

Here - - - are polynomials of order no larger than j — 1 and depend only on expansions
of order < j—1. Integrating equation for v , one sees that for the jth order expansion
to have a solution, the outer expansion v, must satisfy vy (—a,t) = , where “ ..”
is a quantity that can be calculated from the lower order expansion. In addition,
with this constraint on v; (—a,?), there is a unique solution (vé?, ug’-) for each value of
u; (—a,t).

Similarly, one can perform the boundary layer expansion at the right boundary
T = a.

We summarize the boundary layer expansion as follows:

(1) There is a unique zeroth order expansion that matches the zeroth order outer
expansion (2.6).

(2) For each j > 1, there are functions g; () and gj(t), which are uniquely
determined by expansions of order < j — 1, such that the jth order boundary layer
expansion equations have a solution if and only if the outer jth order expansion
(v]i, jE) satisfies the boundary condition

(2.14) v; (—a,t) = g (1), v} (a,t) = g (t) vt>0.

When j = 1, calculation shows that g; (t) = g~ (t)1 = 0.

(3) If the solvability condition (2.14) is satisﬁed then for any given boundary
value u; (ia t), there is a unique solution (u? to the jth order boundary layer
expanblon

In short, the boundary layer expansion provides the boundary conditions for the
outer expansion equations (2.7) and (2.8).

J’ ])

2.4. Inner layer expansion. Near the interface x = s(t), we use the stretched
variable z = m and assume that the solution (u, v) has the inner expansion of the

form (2.4). Substltutlng (2.4) into (1.1), we need to have

Zj EJU]It — *(Ej Ej.éj) (ZJ €JU§Z) ~ Ej {:fj’Ul
e

27

1
13
) 1 . . 1 i
£y vl = (55 8 (S5 Yol ~ = & {p(S5 7ud) + (55 &9l — w590 ).
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Expanding and collecting powers of ¢ we then obtain inner expansion equations for
each order 7 =0,1,....
The leading order inner expansion equations are

. I

—S0up, = Vg,

(2.15) { S . VzeR t>0.
780’00‘2 = {p(UO) + U‘Ozz - K:IUOz}Z

To match the outer expansion, we need, for each ¢ > 0,

vl (z,t) — 0, ub(z,t) — aF as z — too.

With such a requirement, the only solution to the first equation in (2.15) is
(2.16) 50)=0, vl(z,t)=0 VzeR,t>0.

We remark that $g = 0 is expected since our perturbation from the Maxwell equilib-
rium states is of € order.

With (2.16), the second equation in (2.15) and its associated boundary condition
give

(2.17)

u[ + U,I — *
{ Ozz p( O) Q VZGRl, t>0,

ud(£o0,t) = ot

where QQ* is an integration constant. Clearly, to ensure the existence of a solution,
a™ and @~ must be the Maxwell states; namely, (1.5) must hold. It is easy to see
that with (1.4) and (1.5), (2.17) has a solution, unique up to a translation in z. To
modulo the translation invariance, we assume that the interface z = s(t) is indeed
defined as the o level set of u, i.e., at z = 0, u = a®. This gives the extra constraint
ud (0,t) = Y, and therefore it determines a unique u}.

In summary, there is a unique leading order inner expansion given by
(2.18)  so(t) = 50(0), vi(z,t)=0, wl(zt)=U(z) VzeR' t>0,
where U is the unique solution to
(2.19) {U”(Z) +p(U(2)) = Q" (= p(a™) = p(a?)),

U(+o0) = a®, U(0) = .

Observe that (u := U(z/e),v := 0) is the steady state of (1.1) in R. From (2.18),
one sees that in leading order, the transition profile from v ~ o~ phase to u ~ o™
phase is independent of time and is given by the Maxwell connection profile U with
an ¢ scaling,.

With the substitution of the leading order inner expansion, the next order (first
order) inner expansion equations are

—51U(2), = of
(2.20) { ! ( )1 S Vze R, t>0.
{p (U)’LL1+U1ZZ7I€'U1Z}Z :O

The matching of inner and outer expansion reads

(2.21) ul(z,t) — uf(so,t), vi(z,t) — vE(so,t) as z — £oo.
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To ensure the existence of (uf,v!) with the required behavior at z = 400, we need a
few solvability conditions.

A pair of solvability conditions are obtained immediately by integrating the two
equations in (2.20) over R:

(2.22) —$1(at —a”) = v (s0,t) — v] (s0,1),
(2.23) p(@®)uf (s0,t) = p'(a” )uy (s0,1).

To find the remaining solvability condition(s), we begin to solve (2.20), (2.21).
There is a unique solution for v{ given by

vl (2,t) = v (s0,1) — 51 (t)(U(2) — ™) VzeRL t>0.

Substituting it into the second equation in (2.20) and integrating the resulting equa-
tion from —oo to z, we obtain

(2.24) Lu]) == p'(U)u] +ul, = p'(a Yuy (s0,) + 1xT..

Since £ has a zero eigenvalue with kernel U, (as L£(U,) = 0), the above equation
has a solution if and only if the right-hand side is orthogonal to U, in L?(R). (This
condition can be seen more directly by multiplying both side of the equation by U,
and integrating the resulting equation over R.) That U, L p'(a™)uj (so,t) + k$1U,
is equivalent to

—(c7)?uy (s0,t) (@™ —a7)

(2.25) § = S S{UAET

One can eliminate §; from (2.22) to obtain self-contained boundary conditions for the
outer expansion (uli7 vli) at x = sq:

(2.26) v (s0,t) — v~ (80,t) = & (cT)?ut(s0,t) = o (c7)*u"(s0,1) Vi >0,

where
_(af—a7)?  (af—a7) _ [ a”) —p(s)] ds
G2 = TG T e _/(r[p @)= plld

Now (2.26), together with vf(:l:a, t) = 0 obtained from the boundary layer expan-
sion, provides the exact number of boundary conditions needed by the outer expansion
equations (2.7). With given initial values of our choice, we can uniquely solve the first
order outer expansion (ui,vi). (See the next section for more details. )

Once we have (ui,vT), we can use (2.25) to determine s; and use (2.24) to find u?.
There are infinitely many solutions of u{, all being a special solution plus a multiple
of Uy, since L(U,) = 0; nevertheless, a unique multiple can be found by the constraint
ul (50,0) = 0, since we define x = s(t) as the a® level set of u. This determined a
unique uf. Knowing u*(+a,t), the first order boundary layer expansion can also be
determined. Therefore, we obtain completely all the first order expansion functions
uli,sl,u{,ull’.

The general jth (j > 2) order inner expansion equations read

{(éju§—v§)zz-~-

(L) = wvl). = -+

Vze R, t>0.
J
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The interface and matching conditions are

I _ : I .+ : I T
u;(0,t) =0, Zgrinoo(uj(z,t) =) = uj(s0,1), zgrinoc(vj(z,t) — ) =v; (80,1).
Here - - - are functions depending only on expansions of order < j — 1.

To ensure the existence of a unique solution (uJI , UJI- ), the boundary value (uji (s0,1),

’Uji<507 t)) of the jth order outer expansion at x = sg needs to satisfy the solvability

conditions (for inner expansion)

(2.28)

(C+)2uj'(so,t) — (cf)Quj_ (so,t) ="+, 55 [aJr —a |+ [vj'(sovt) — v (s0,0)] =+,

and the jth order interface position expansion s; needs to satisfy

p'(a”)u; (so, 1) (" —a”)
nf;o(Uz)de

Here again, - - - represents known functions if lower order expansions are found.

One can eliminate §; from (2.28) and (2.29) to obtain self-contained boundary
conditions for (uji, v]i) at © = sp:

(2.29) $; =

vj(s(ht) —vj (s0,t) =0 (c+)2uj(so,t) +-=0 (c+)2v;(so,t) +oe Vit > 0.

With these two conditions and the boundary conditions (2.14), we can solve uniquely

the jth order outer expansion (u]i, vji) from (2.8) after we provide initial conditions
for them. Once we find the outer expansion of jth order, we can determined uniquely

all the other jth order expansions and, if necessary, go on to the next order expansion.

2.5. The approximate solution. Let £ > 1 be an integer representing the
order of approximation we need. For j from 0 to k, we use the matched asymptotic
expansion aforementioned to find successively the outer, interface position, inner, and
boundary layer expansions. We take the finite sums

ub(z,t) = Z?ZO sjug’- ’
+

uf (z,t) = Xk_, ey,

ul(z,t) = BF_, eluf,
S(t) = E;?:l els;
and similar sums for v.
Since u®,uS., and u! match in their overlap regions, we can glue them to obtain
a kth order approximation solution. For example, we can glue u$ and ul via
C(&C—S(t)) ’U/i(.'lf,t) + [1 _ C(Qﬁ—ei(t) )] U/I(Z,t)‘z:(mfs(t))/67 et g €T — S(t) S QEH,

er

where ((s) is a cutoff function satisfying
C(s)=1if s>2 and ((s)=0 if s<1.

We believe that the approximate solution so constructed approximates the true
solution. We expect that rigorous verification can be made by employing the method
used for the verification of matched asymptotic expansions in any space dimensions
by Alikakos, Bates, and Chen [1] for the Cahn—Hilliard equation, by Caginalp and
Chen [2] for the phase field equations, and by de Mottoni and Schatzman [7] for the
Allen—Cahn equation. The method was recently summarized by Chen in [4].
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3. Solutions to the first order expansion. Since we are interested in the
effect of small initial perturbation of (1.1) from its steady state and also the bound-
ary effect, in this section we study in detail the solutions to our first order formal
expansion.

We collect the equations for (ui,vy):

uﬁ:vi, xeﬂg,t>0,

v = (¢F)2ui, reQF t>0,
(P1) vy (s0,t) — vy (50, 1) = ( )% (s0,t),

v (a,t) = vy (—a,t) =

uy(x,0) = uo(), f( 0) v (@), e,
where Qf = (so,a), Q5 = (—a, s0), S0 € (—a,a) is a fixed constant, and o is as in
(2.27).

Once we find (ui,vT), the first order perturbation of interface position function
s1(t) can be obtained by integrating the ODE

él(t):o*(c‘FuI(sO,t) (: o (ct)? u1(307t)>.

a- —at a- —at

(3.1)

Although (P1) is a linear problem, we find that the problem is nonstandard, and
the phenomenon that the solution provides is quite rich. Hence, we shall use three
different but quite elementary methods to study problem (P1):

(i) an energy method to give uniqueness and asymptotic behavior of solutions;

(ii) a constructive method to provide the existence of solutions;

(iii) a separation of variables method to supplement more detailed behavior of the

solution.

For convenience, we define functions

¢tz € (s0,4] (uf,vf) 2 € (s0,a], t>0
3.2 = L — 11 0, U], = U,
(32)  el=) {c_ x € [—a, so), (w1, v1) (u=,v7) x€[—a,so), t>0.
As (ci)zuli is continuous across z = sg, we denote the common value at * = sy by
2
c Uujy.

3.1. Energy estimates. Denote Q = (—a, s9) U (so,a). For solutions of (P1),
we can calculate

d a
— (u? +vi)de = 2/ (Cururs +vivyg) = 2/(02u1v1$ + vur,)
dt J_, Q Q
= [C2ulvl]zgz = —20’(02U1(80,t))2,
d
7 / (c4ui£ +c vlm)d:r = 2/ (c UipUitg + C levlmt) 2/(0 V1gUite + C uuvut)
Q Q
= cQult[vu]ng = —(u1t(s0,1))?,
d
— | wpdx = / Vip dx = [111]5 = (Oé+ —a”)é1(t).
dt Jo Q %o

Integration over ¢ then gives, for every t > 0,
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(3.3)

a

a t
/ (u? 4 v (z, t)dx + 2/ (P (s9,7))%dr = / (u? 4+ v3)(x,0)dx,
0

—a —a

(3.4)

t
/ (ru?, + 2ol (x, t)dr + 2/ (Put(s0,7))%dr = / (Pui, +v7,),
Q 0 Q

a a

up(z,t)dt = (o™ — a7 )s1(0) +/ uy(z,0)dz.

—a

(3.5) (@t —a7)s(t) + /

—a

With these energy identities, we can now prove the following.
THEOREM 3.1. Assume that ug,vo € H*(Q). Then (P1) has at most one solution.
In addition, if there is a solution, the solution satisfies

(3.6) tlim c*uy (so,t) = 0,
(3.7) lim s1(t) = 51(0) + = / o) da.
t—oo —a

Existence of a solution will be given in the next subsection.

Proof. The uniqueness follows from the linearity of problem (P1) and the first
energy identity (3.3). (With an appropriate definition of weak solutions, one can
actually show that weak solutions are unique if initial data is only in L2.)

Next we prove (3.6). From (3.3) and (3.4),

‘/()m[(cQul(so,t))2 + (Puyi(so, t))?]dt < oo.

It then follows that for any to > t; > 0,

2
|02u1| |02u1t|(807 T)dr

(oo ta))? = (Purlso )2 <2 [

ty

= /too{(czul)Q + (Pure)®)(s0,7)} dr.

This implies that limg_ c?uy(so, ) exists. As [ (c?uy(so,t))? dt is finite, this limit
must be zero. This proves (3.6).

Next we prove (3.7). From the mass conservation (3.5), we need only to show
that

a
(3.8) lim up(-,t) = 0.
t—o0 —a
To this end, we need a few steps.

Since sup; g [|u1(-,t), v1(-, )| g1() is bounded, the w-limit set of {(u(:,t),v(-,t))}+>0
is nonempty. Let (ug,?p) be any point in the w-limit set; namely, there exists a se-
quence {t;}52; such that as j — oo, t; — oo and (ui(-,t;),v1(-,¢;)) — (uo,%0)
strongly in L?((—a,a)) and weakly in H*().

Consider the initial value problem (P1) with initial value (ug, 99). Denote the solu-
tion by (u, 0) (existence to be shown in the next subsection). Then as (uq (-, t;), v1(-,t;))
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— (u(-,0),u(-,0)), applying (3.3) to the difference between (uq(-,t; + ), v1(-,¢; + -))
and (u,?), we obtain

(3.9)

lim {sup/ (1) — w1 +t))]2+/ [ ((s0,8) — w1 (50,15 + 1)) dt} 0.
J—70 (t>0 J—q 0

It then follows from (3.6) that
u(S(]—,t) = u(S(]+,t) =0 Vit > 0.

With this boundary condition, we then can completely solve for (u,?) from the wave
equations in (—a, sg) x (0,00) and (sg,a) x (0,00) separately. The resulting solution
must be continuous across ¥ = sg since u(so+, t) = 0 and [0(so, )]0+ = c*u(sg, t) = 0.
Consequently, (u,?) solves the wave equations on (—a,a) x (0, 00).

In terms of Fourier’s expansion, (u,?) can be written as a superposition of waves
of the form (e Ma(x, ), erp(x, \)), where (¢,), \) solves the eigenvalue problem

Y =Xp, ¢ =2\, x€(—a,a)

with boundary conditions ¥(—a) = ¥(a) = 0. Observe that every eigenfunction
of nonzero eigenvalue satisfies ffﬂ ¢dxr = % ffa ' = 0. Also, when A\ = 0, the
only solution is ¢ = 0 and ¢ = constant. As u(sg,t) = 0, in the superposition
of u, the special eigenfunction (¢ = const,y = 0, A\ = 0) is not contained. Hence
[ u(@,t) de =0V ¢>0. In view of (3.9), we obtain (3.8), which in turn, by (3.5),
implies (3.7). This completes the proof. d

3.2. Construction of the solution. The general solution to the PDEs in (P1)
is given by

relf t>0.

ui(z,t) = F(£ct +x — s0) + G(kcFt £a — z),
vE(2,t) = £cF[F (£t + 2 — s50) — G(£cFt + a — 2)],

Note that to find (uj,v;"), we need only find (F(£),G(¢€)) ¥V € > 0, and to find
(uy,v1 ), we need only find (F(£),G(§)) V & < 0. Altogether, we need only find

(F(§),G(E) V€ R.

The initial condition gives the definition of F, G for £ € (—a — sp,a — $p):

F() = %[Uo(SO +&) 4+ vo(so + f)/CiL
o + O,CL So)-
( ) {G(f) = %[UJO(:I:G, — &) +vo(da — f)/ci]’ ce( ¥ s0)

The boundary condition v (£a,t) = 0 gives the relation
(3.11) F(+£&+a—sp) = G(£E) VE> 0.

This relation allows us to define F'in (—l; — (a+s0), —(a+ s0)) U (a — so,l2 +a — so),
as long as we know the value of G in interval (—ly,l5), where I; and Iy can be any
positive constants.

The interface condition o(ct)?uf (so,t) = o(c™)?ul (so,t) = v (s0,t) — v7 (s0,1)
gives

o(cH?[F(ctt) + G(cTt +a—s0)] = o(c7)*[F(—ct) + G(—c t — a — s0)]
=[cTF(ctt) +c F(—ct)] = [c"G(cTt+a—s9) + ¢ G(—ct —a— s9)] = Q(t).
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Solving this system gives
2[ctF(cte/c) + e F(—c €/c)]
(cE)2(o+1/ct +1/c)

_ Qt 20 [ctF(ctt)+c F(—ct
(3.13) s1(t) = at sz— - (a—[— oﬁE)(U)-i- 1/ct :— 1/02])

(3.12) G(&+a—s) =

—F(£)  ¥¢>0,

Vit >0.

One can use an induction argument to show that (3.10), (3.11), and (3.12)
uniquely define (F(£),G(€)) V € € RY, thereby proving the following existence theo-
rem.

THEOREM 3.2. For every (ug,vo) € H'(Q), problem (P1) admits a unique solu-
tion.

Though we have an explicit solution, it is hard to see its asymptotic behavior, as
t — 00, such as those provided in Theorem 3.1. Nevertheless, in some special cases,
it can be quite useful. Consider, for example, the special case when

(3.14) (a—sg)/ct = (a+s0)/c” =:T.

Namely, the sound waves in the o™ phase and o~ phase take the same amount of
time T to travel from the interface (z = sg) to the container’s boundary (z = =+a).
Under assumption (3.14), we can directly verify, for every ¢ > 0,

ct+c¢ —octe
T) = = —1,1).
Q(t+ ) 9Q(t), 9 C++67+UC+07 E( 9 )

It then follows that for each integer n,

Qt +nT) = 0™ Q(¢).

Consequently, Q(t) exponentially approaches zero as t — co. From this, we conclude
from $1(t) = ——1—Q(¢) that s,(t) approaches a limit exponentially fast.
A further special noteworthy case is

(3.15) octc  =ct+c = o=1/ct +1/c” = 0=0.

In this case, @ = 0V t > T’; namely, the interface reaches its final destination at time
T and does not move thereafter. (This does not mean that the system enters a steady
state at time T since (uf,vT) may not be zero.)

Also, one sees that when § < 0, i.e., 0 > 1/cT +1/c™, Q(t), and also $1, changes
sign infinitely many times; that is to say, the interface oscillatorily reaches its final
destination.

On the other hand, if ¢ < 1/c~ +1/c*, then 6 > 0, and for initial data satisfying
Q(t) > 0 in (0,T) (which is equivalent to [ug(sg + c¢*t) + ug(so + ¢ t) + vo(so +
ctt)/ct +wvo(so —ct)/c] >0Vt e0,T]), Q) >0and 31 <0V ¢ > 0; namely,
the interface approaches its final destination monotonically.

We remark that condition (3.15) depends only on the state function p = p(u).

3.3. A separation of variable approach. In order to find more detailed be-
havior of solutions of (P1), we decompose solutions into their Fourier modes. Hence,
ignoring initial conditions, we seek special solutions of the form

up = eMo(x, ), v =eMip(x,N), $1y = ()2 p(s0+, N)eM.

g
a-—at
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Substituting this form into the system, we see that it is a special solution if and only
if (¢, 4, \) solves the eigenvalue problem

w?’ = Ao, x € Q:=(—a,a)\ {so},
9 = N\, x € £,
(EVP) ¥(=a) = ¥(a) = 0,

Y(s0+) — P(s0—) = o(ct)?d(s0+) = o(c™)?P(s0—).

THEOREM 3.3. Let T+ = (a F s9)/ct be the time needed for the sound wave to
travel from the interface x = sq to the boundary x = +a in the o phase. Consider
the eigenvalue problem (EVP) for (A, ¢,v). The following holds:

(1) All eigenvalues have nonpositive real part;

(2) There is a real eigenvalue if and only if

o<1l/ct+1/c.

If the above holds, then there is only one real eigenvalue, and it is strictly
negative.

(3) Assume that TT /T~ = p/q is a rational number with indivisible odd inte-
gers p and q. Then there are infinitely many pure imaginary eigenvalues,
and the corresponding eigenfunctions (¢,v) satisfy >¢,¢ € C1([—a,a]), and
¢(sot+) = ¢(s0—) = 0.

(4) Assume either that Ty /T~ is an irrational number or TV /T~ = p/q with
indivisible integers p and q, one of them being even. Then all eigenvalues
have negative real part, and every eigenfunction (¢,) has the property that
d(sot) # 0.

We remark that for any real eigenvalue, the corresponding $; does not change

sign, so as t — 00, s1(t) tends to its limit monotonically.

Proof. One notices that A = 0 is not an eigenvalue.

The general solutions to the ODEs in (EVP) with the boundary conditions ¢(+a)

=0 are

z) = ¢F AT sinh[A(z Fa)/cF],
{1/)() Mz xa)/e7] + (z —s0) € (0,a F s0),

#(r) = AT cosh[\(z F a)/cT],
where A% are arbitrary constants. For (¢,%,\) to be a nontrivial solution to (EVP),
we need only |[AT| 4+ |A~| > 0 and
o AT(cT)? cosh[ATT] = 0 A~ (¢T)? cosh[ANT 7]
(3.16) = —ct AT sinh[A\T] — ¢~ A” sinh[\T~].
We consider two cases: (i) cosh[AT "] cosh[AT~] = 0, (ii) cosh[AT~]cosh[A\T]
# 0.
First we consider case (i). Then either cosh[]A\T+] = 0 or cosh[\T'~] = 0. Suppose
cosh[ATT] = 0. Then we cannot have A~ = 0 since it would imply from (3.16)

that At = 0. Hence, cosh[]AT~] = 0. Similarly, if cosh]AT~] = 0, we can derive
cosh[AT*] = 0. Thus,

(3.17) cosh[AT*] = cosh[A\T~] = 0.

Now suppose there is a A satisfying the above condition. Then | sinh[ATT]| = | sinh[AT ]
=1 and we can simply take A~ =1 and AT = —¢~ sinh[AT~]/(c¢™ sinh[AT*]) to ob-
tain a solution to (EVP); in other words, (3.17) is a sufficient condition for A to be
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an eigenvalue. As we shall see later, case (ii) will not produce any pure imaginary
eigenvalues, and we conclude that A is a pure imaginary eigenvalue if and only if (3.17)
holds. If (3.17) holds, then the corresponding eigenfunction (¢, ¢) has the property
that ¢(so£) = 0 and both ¢2¢ and + are in C*([—a, a]).

Now we solve (3.17). Since the only solution to cosh[z] = 0 is z = i[r/2 + kn] for
all integers k, we must have, for some integers k and I, ATV = i(7/2 + kn)/T~ and
AT~ =i(n/2+Im). This implies that T /T~ = (1+2k)/(1+2l) = p/q, where p and
q are odd integers indivisible to each other.

Now assume that 77 /T~ = p/q is a rational number where p and ¢ are odd
integers not divisible to each other. Then it is easy to check that all solutions of
(3.17) are given by

npw. mnqgmw

AN=dn= g = g n=HLA3 S

This proves assertion (3).

Next we consider case (ii): cosh[ATt] cosh[AT'~] # 0. Then we must have AT # 0.
Hence, we can without loss of generality take A* = (¢¥)~2 cosh[\T*] and conclude
that A is an eigenvalue if and only if

(3.18) 0 + 7 tanh[ATF] + &= tanh[AT ] = 0.

From this equation, we immediately obtain the second assertion (2) of the theorem.
Write A = p+1 w where p and w are real. Then (3.18) is equivalent to find (i, w)
such that

sin(2wT ™) + sin(2wT™T) —0
¢~ [cos2(wT~)+sinh?(uT )] cT[cosZ(wT+)+sinh?(uT+)] — 7

(319) sinh(2uT™1) sinh(2uT ™)
o+ 2cT[cos2(wTT)+sinh? (uT+)] + 2¢~ [cos2 (wT—)+sinh? (uT )] =0.

From this, the remaining assertions of the theorem follow. This completes the proof
of the theorem. O

Once the eigenvalue problem is solved, the solution to (P1) can be written as a
Fourier series. We omit the details.

We remark that when T7 /T~ is irrational, there is no negative upper bound
for the real part of all eigenvalues; namely, the dissipation is there, but it can be
arbitrarily small. Nonetheless, we can still conclude that the functions (u, ) in the
proof of Theorem 3.1 are actually identically zero, i.e., u = © = 0, so that all solutions
approach a trivial limit as ¢t — oco. Therefore, we have the following result.

THEOREM 3.4. (1) Assume that either T /T~ is irrational or T /T~ = p/q with
indivisible integers p and q, one of them being even. Then all solutions to problem

(P1) satisfy

1 a
. + 4. + . . )
A e =l e =0, i s1(8) = 0+ at —a~ /—a u(,0)

(2) Assume that TT /T~ = p/q for some indivisible odd integers p and q. Then
the boundary value problem wave equations in (P1) admit infinitely many linearly in-
dependent time periodic solutions (uy,v1) satisfying c*(-)uyi(-,t),v1(+,t) € C([~a,a))
and uy(so£,t) =0V t € R.
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4. Numerical results. We solve (1.1) with a second order finite difference
method. p(u) is chosen to be the van der Waals equation of state

(W)= — o~ o
P = "025 @@

The Maxwell states are o™ = 1.405065 and o~ = 0.494273. The corresponding wave
speeds are ¢t = 0.317204, ¢~ = 1.36113. We start with initial condition

e4z+€—4z

U(:L', O) = a+e4z+a’e74z )
v(x,0) = 0.0le4",

where u(z,0) is a small perturbation around a phase jump connecting a™ and a™.
When z is positive and large, u(z,0) is close to at. When z is negative and large,
u(zx,0) is close to a~. Figures 1 and 2 show that the perturbation in the region
is traveling with wave speed ¢t and the perturbation in the region Q_ is traveling
with wave speed ¢~ (which is much faster than ¢*). When a perturbation reaches the
boundary, it is reflected back and travels in the opposite direction. The interface also
moves back and forth slightly and eventually approaches a steady state.

T=0 T=1-6

15

=

0.5

F1G. 1. Evolution of u(x,t). Circles represent values a and b.
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15 15
1 1
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-4 -2 0 2 4 -4 -2 0 2 4
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Fic. 2. Continuation of Figure 1.
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