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Abstract. Geophysical fluids all exhibit a common feature: their aspect ratio (depth to hori-
zontal width) is very small. This leads to an asymptotic model widely used in meteorology, oceanog-
raphy, and limnology, namely the hydrostatic approximation of the time-dependent incompressible
Navier—Stokes equations. It relies on the hypothesis that pressure increases linearly in the vertical
direction. In the following, we prove a convergence and existence theorem for this model by means
of anisotropic estimates and a new time-compactness criterium.
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1. Introduction. Atmospheric flow in meteorology, water flow in oceanography,

and limnology are all described by the Navier—Stokes equations. Due to the fact that
the aspect ratio

characteristic depth

€ =
characteristic width

is very small in most geophysical domains, asymptotic models have been used; see,
e.g., [9, 15, 22]. One such model is the primitive equations model; see, e.g., [11, 12],
wherein the unknown flow variables are velocity, pressure, temperature, and salinity
(in the case of an ocean). Besides, most geophysical fluids are stratified (i.e., density
is a known function of the temperature (and salinity, if any)) and have a free surface.
We shall not investigate these features in this paper, leaving it, rather, for forthcoming
work.

Instead we shall focus on the assumption that the pressure is hydrostatic, i.e.,
increases linearly with respect to the depth, as in the static case. This law agrees
well with experiment (as first observed by Blaise Pascal around 1650; see [14])) and
is frequently taken as a hypothesis in geophysical fluid dynamics. We justify this
assumption by means of asymptotic analysis (taking € as the small parameter). Our
derivation is made possible by the use of anisotropic eddy viscosities, namely v =
(Vz, vy, v2), relying on the fact that the ratio between the horizontal and vertical
scales leads to very different sizes for the horizontal and vertical eddies (see [9, 15]).
Specifically, if we assume that v = (v, vs, €2 v3) with v; = O(1) for i = 1,2,3, then
we will see that weak solutions of the Navier—Stokes equations converge to a weak
solution of a limit problem with hydrostatic pressure.
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The stationary case has already been studied (see [4] for the linear problem and
[5] for the nonlinear one), whereas the linear time-dependent case was solved in [1].
The main task of this paper is then to solve the nonlinear time-dependent case. Our
result was announced in [2], whereas numerical simulations stemming from it were
discussed in [3].

Fluid flow in thin domains (flat, curved, and with various boundary conditions)
has been extensively studied; see [7, 13, 16, 20, 21]. In these works, an isotropic
viscosity is used, and the depth is constant. By averaging along the vertical direction,
two-dimensional (2D) limit models are obtained, together with existence and global
regularity results.

Our approach is different, because we neither eliminate the vertical velocity by
averaging nor assume the depth of the domain to be constant. By making use of differ-
ent horizontal and vertical eddy viscosities, we are able to derive a three-dimensional
(3D) limit nonlinear model. Let us emphasize that the anisotropic viscosity hypoth-
esis is fundamental for the derivation of the primitive equations: in the stationary
case, keeping an isotropic viscosity, the asymptotic model is linear, with vanishing
horizontal diffusion; see [6].

The paper is organized as follows. In section 2, we present the physical model
and the scaling leading to the primitive equations. We state the main theorem in
section 3. The functional setting and weak formulation are described in section 4. In
the next section, we state and prove a time-compactness result, which we shall use in
the proof of the main theorem in section 6. Finally, in section 7, we comment on the
convergence of the pressure and the orders of magnitude of the vertical velocity with
respect to the aspect ratio.

2. Equations governing the flow and scaling. Let us consider an incom-
pressible homogeneous fluid filling a thin domain defined by

Qe = {(z,y,2) € R® (z,y) €w, —eh(z,y) <z <0},

where w is an open bounded Lipschitz domain in R? and h : @ — R is a nonnega-
tive lipschitzian application, which is arbitrary provided that €. is lipschitzian. In
particular, h may vanish, contrary to [12, 9], but in order that the domain 2. has no
cusps, the slope must not vanish on the shores.! We denote by I'y = @ x {0} the fluid
surface and by I'; = 092 \ I's the basin bottom. The fluid flow in Q. is generated
by the wind traction on the surface I'y, influenced by the Coriolis and centrifugal
forces and governed by the Navier—Stokes equations, in which we take different eddy
viscosities according to the direction; see [5, 9, 15]. Finally, we take the density as
identically equal to one. In a geophysical rotating frame (z pointing upwards, x east,
and y north), the initial-boundary value problem reads as follows.
Find v = (v1,v2,v3) (velocity) and g (pressure), such that

(2.1) v+ (v-V)V—A,v+Vg+2wxv=g in x(0,T),
(2.2) divv=0 in Q. x (0,7),
(2.3) v=0 onTl} x(0,7T),
(2.4) v.0,v1 =11, V,0,v3=To, wv3=0 onl,x(0,7T),
(2.5) v(,t=0)=vy in Q..

IThis is a technical hypothesis. One could probably dispense with it due to the specific shape of
the domain.
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In (2.1), V = (0, 0y, 0.) denotes the gradient vector, and A, denotes the aniso-
tropic Laplacian defined by A, = 1,02, +v,0;, + .02, with v = (v, v, v,) the eddy
kinematic viscosity vector. Moreover, w = f(0,cos({(y)),sin(l(y))) represents the
earth rotation angular speed (f the module and I(y) the latitude), 2w X v represents
the Coriolis acceleration (x denotes the cross-product in R?), and g represents the
force due to gravity (which also includes the centrifugal effect). It is well known
(cf. [15, p. 18]) that g is a potential, i.e., g = V. It is customary to incorporate the
gravity potential in the pressure term; thus we set

p=q—.

Equation (2.2) represents the incompressibility condition, and (2.3) represents the
no-slip condition on the bottom.

In (2.4), 7;, i = 1,2, stand for the horizontal tractions exerted by the wind on the
(fixed) surface T's of the fluid, and w = 0 on Iy comes from the rigid lid hypothesis.
In (2.5), vo = (vo1, Vo2, Vo3) designates the initial velocity.

Remark. We have neglected the earth’s curvature, and hence our analysis is valid
only locally, e.g., for lakes; for seas or oceans, spherical coordinates should be used
[12], although this can be somewhat cumbersome.

As usual in asymptotic analysis, we perform a vertical scaling to make the domain
independent of e, that is,

r =2, Yy = o, Z = €Xx3,

so that Q = {(z1,32,23) € R3; (21,32) € w, —h(z1,22) < x3 < 0} is the new fixed
domain.
The corresponding kinematic scaling is

€ € € €
(2.6) vl =uj, Uz =u5, Us=¢€us, p=07n°,

so that u® = (u§,us, u§) is the new unknown velocity and p¢ is the new pressure.

It is necessary to scale the mechanical quantities accordingly. First, it is only
natural to assume vy = ug1, Vo2 = U2, and vp3 = €ugz, where ug; does not depend
one, 1 =1,2,3. Next we assume v, = vy, vy = 15, and v, = €2 - v3, where v, Vs, V3
are constants. As mentioned in the introduction, in oceanography the vertical eddy
viscosity is usually very small compared to the horizontal one. We refer to [5] for
a mathematical discussion of this assumption, and here we content ourselves with
one heuristic comment. Basically, a kinematic viscosity has the dimension L?/T,
where L (resp., T) is a typical length (resp., time) scale so that v, and v, have the
dimension L% /T, whereas v, has the dimension L%, /T, where Ly (resp., Ly ) denotes
a typical horizontal (resp., vertical) length scale. It follows that the ratio v, /v, and
v, /vy = O(e?).2

Now (2.4) becomes

v3Osui =75 /e, i=1,2.

We see that in order to end up with an O(1)-wind force on the rescaled domain, we
have to assume that 77 =€ 0;, i = 1,2, where the 0; are functions independent of e.

2We do not delude ourselves with this sketchy argument. As far as we know, up to now there
has been no rigorous derivation of any eddy viscosity model.
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Remark. This last assumption can also be motivated by dimensional analysis, as
follows. From 7; = v,0,v;, one derives that 7; has the dimension of

2 1 Lyp L%
Vo, - ZH L TH ().
T Ly T 712 (€)

With the above considerations, problem (2.1)—(2.5) transforms into the following
anisotropic Navier—Stokes equations:

7)) Owi+ut-Vu] —Ayu] —aus+efus+0p°=0 inQx(

.8) Opus +u - Vus — Ajus +auj+ 0p° =0 inQ x (

9) e {0 4+ u - Vug — Ayus} —eful +d3p =0 in Q x (

1 diva* =0 inQx(
u“ =0 onl} x

v30sui =01, wv30sus5 =0, u§5=0 onlyx
u‘(,t=0)=uy inQ.

Now V = (0y1,02,03), A, = 110% + 1203 + 13033, T, = 0Q\ T, a = 2f sin(l(z2)),
and 8 = 2f cos(l(x2)).

If we assume that u¢ = O(1), then neglecting the €2 and € terms in the first and
third momentum equation, (2.7) and (2.9), we formally get the hydrostatic Navier—
Stokes equations, also called the primitive equations:

(2.14) Our +u-Vuy —Ajpug —aug+01p=0 inQ x (0,T),
(2.15) Opug +u-Vus — Apus + au; +9ep=0 inQ x (0,T),
(2.16) Bsp=0 inQx (0,7T),
(2.17) divu=0 inQx(0,7),
(2.18) up = ug =ugnz3 =0 onTy x (0,7),
(2.19) v3Ouy =61, v30sus =63, wuz3=0 onTly x(0,7),
(2.20) wi(t=0)=ug in®Q,i=1,2

Remark. The boundary condition (2.18) differs from its counterpart (2.11) be-
cause ug is less regular than ui,us as we shall see below. Also, the initial condition
(2.20) does not involve ug, the time derivative of which is missing in the hydrostatic
model. The problem is not in the Cauchy-Kowalevska form.3

Remark. If us were to be computed directly from (2.17), which is a first order
equation, it is not obvious at all that it would fulfill the two boundary conditions on
the bottom (2.18) and the surface (2.19).

3. Main theorem. Let T be a fixed positive duration. We make the natural
assumption of a wind of finite energy: 6y, 62 € L*(0,T; H=/?(T,)). Our main result
is the following theorem.

THEOREM 3.1. Let ug € L*(Q)3, with divug =0, ug-n =0 on 99, and 01,05 €
L?(0,T; H-Y2(T,)); there exists a weak solution u of the hydrostatic Navier-Stokes
equations (2.14)—(2.20), obtained as a limit of weak solutions u¢ of the anisotropic
Navier—Stokes equations (2.7)—(2.13), as the aspect ratio € tends to zero.

3Meteorologists say that ug is no longer a prognostic variable (see [11, 12]).
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The proof relies on a priori estimates in anisotropic spaces (Propositions 6.1 and
6.2), which are sufficient to take the limit in the linear terms (see [1]), whereas for the
nonlinear terms, we establish a new time-compactness criterium (Theorem 5.1), which
enables us to get strong convergence of the horizontal velocities; see Lemma 6.3. This
theorem states essentially that a small perturbation of an LP-equicontinuous family
still possesses a strong convergent subsequence. Let us emphasize that this seemingly
technical refinement is by no means superfluous. Indeed, the usual compactness esti-
mate fails: as (uf,u$, €2u§) is not divergence free, even if it is easy from (2.7)—(2.9)
to control 9;(u$, us, €2us) in some dual space of divergence free velocities, it is not
possible to apply the Aubin—Lions lemma to get compactness.

Another major difficulty of the proof is the lack of regularity of the vertical ve-
locity, which is determined only by the incompressibility equation (2.10).

Remark. Tt is possible to handle a general force (fi, f2, f3) in problem (2.14)—
(2.20), by simply adding f = (f1, f, %) to (2.1), in order to end up with (f1, f2, f3)
in (2.7)-(2.9).

4. Weak formulation and anisotropic spaces. We need the following Hilbert
spaces:

mQ) =@ Y = {ve HYQ); v=0onT,)

(where Cp°(Q) = {¢ € C*°(2); ¢ = 0 in some neighborhood of I'; }),

V ={v e H Q) x Hy(Q) x H)(Q); divv =0in Q},

H(95,9) = {v e L*Q); d3v € L*(Q)}
(endowed with the norm Hv||§{(83’9) = ||v||2L2(Q) + ||83UH2L2(Q) ),

Hy(05,9Q) = Cg"(Q)H(as’Q) ={v e H(05,0); vnz = 0 on N}

(ng is the third component of the normal exterior vector on 952, and v ng is understood
in the H~1/2(0Q) sense (see [19] for these spaces)),

W = {u € H}(Q) x Hy () x Hy(05,Q); divu=0in Q}.

Let us denote that ug = (u1,u2), g = (61,62), b(ug) = a(—uz,u1), and V,, =
(uf/zal, u21/282, u§/283). The scalar product in L2(Q)4, or the duality L?(Q), L? (2),
is denoted by (-, -), and the duality H~'/2(T'y)H'/?(T,), is denoted by (-, -)r..

The weak form of the hydrostatic Navier—Stokes equations (2.14)—(2.20) is then
as follows.

Find u = (uy,us) € L*(0,T; W), with uy € L>(0,T; L?(2)?), such that

T
(41) /0 —(um, Own) — (up, (u-V)vg) + (b(un),ve) + (Voug, Vovg)

T
= —(uoy, vy (0)) +/0 (Om,vu)r,

for allv = (vy,v3) € HY(0,T; W), with vy (T) = 0 and d3vy € L>(0,T; L3(2)?).
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Remark. Notice that a weak solution of the Navier—Stokes equations verifies the
following regularity:

uc L?(0,T; V)N L>=(0,T; L*(Q)%)

(cf. [8, 10, 18]). Now the lack of regularity of uz makes it necessary to change V to
W. Moreover, in general, uz ¢ L°°(0,T; L?(2)).

Remark. The regularity L>(0,T; L3(9)?) is required for dsvy to give a mean-
ing to fOT (ugr, uz03vgr) dt. The regularity L2(0,T; L°°(2)2) or any interpolated one
L?/(0,T; L3> (1=)(Q)?) with 0 < a < 1 can also be considered.

5. Compactness by perturbation. We give a compactness criterium, new
to our knowledge, which generalizes the well-known translation criterium of Riesz—
Fréchet—Kolmogorov, extended to the vectorial case by Simon [17]. In the following,
Tnf(t) denotes f(t + h).

compact

THEOREM 5.1. Let T > 0, and let the Banach spaces X — B — Y. Let
(fo)eso be a family of functions of LP(0,T;X), 1 < p < oo, with the extra condition
(f)eso CC(0,T;Y) if p= 00, such that

(H1) (fe)eso is bounded in LP(0,T;X),
(H2) [[nfe — fellro,r—ny) < @(h) +¢¥(€) with

lim, .0 p(h) =0,
hmei,o ’(/J(G) =0.

Then the family (fe)eso possesses a cluster point in LP(0,T;B) and also in C(0,T;B)
if p=o00, as € — 0.

Proof. It is enough to prove that, for every sequence (€,), such as €, > 0 and
€n — 0, the family (f., ), is relatively compact in LP(0,7;B). We apply Theorem
5 of Simon [17, p. 84] to the sequence (f, )n, while observing that hypothesis (H2)
implies that

| 7hfe, = feullLro,r—nsyy =0 ash —0
uniformly with respect to n. Indeed, (H2) implies that
v, |Thfe, = feullorom—nyy < @(h) + ¥ (en).

Let € > 0 and then 3 N, such that for alln > N, ¢¥(e,) < €¢/2. On the other hand,
36 > 0, such that for allh : 0 < h < 6, p(h) < €/2. Therefore, we get the estimate

Vn>NandVh:0< h<é, |mnfe, — fe,

Lr(0,T—h;Y) < €

In addition, for each k < N, 36 > 0, such that for allh : 0 < h < 6

IThfew = feullLro,r—niyy < €.

This follows from the LP-continuity by translation of an LP function for p < oo and
for p = oo; this is precisely a hypothesis.
Defining n = min{é, 1, ...,8xn}, we obtain the desired uniform estimate

Vh:0§h<777 HThfen _fe"

Lr(0,T—hY) S € Vn.

The family (f, ), fulfills the hypotheses of Simon’s theorem. 0
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6. Proof of the main theorem. For simplicity in the notation, from now on,
unless we specify otherwise, we will denote u = u€ as a weak solution of the anisotropic
Navier-Stokes equations (2.7)—(2.13).

6.1. Energy estimates. The usual energy inequality (cf. [10]) for the Navier—
Stokes equations gives, for a.e. t € [0, T,

t
Jum (D172 + € lus ()| 2 +/ {IVour (T)72 + € [[Vyus(r)]72} dr
0 t
< womlliz + Elluoslli + | (Om,um)r,.
0

Hence we obtain as in the isotropic Navier—Stokes system (cf. [1]) the following propo-
sition.

PROPOSITION 6.1. The sequences uy,us,eus are bounded in L°°(0,T; L2(2)) N
L2(0,T; HY(Q)).

For the vertical velocities, we prove the following.

PROPOSITION 6.2. The sequences us and Ozug are bounded in L*(0,T; L*(2));
i.e., ug is bounded in L?(0,T; Ho(ds,1)).

Proof. As divu = 0, 3uz = —O1u; — daug is bounded in L?(0,T; L?(Q2)). More-
over, the Poincaré inequality in the vertical direction, owing to ug = 0 on I'y, yields

lusllzz < Amax ||O3us]|r2, where hpax = maxh.
w

Therefore, we have proved the proposition. 0

6.2. Fractional time derivatives in horizontal spaces. First, we define the
auxiliary Hilbert spaces

122 2 22
By = Patd™ ", wy =Pyt and vy = Pgu™),

where
U= {peCr()?*xCQ); dive =0}
and Py is the projection
Py : (z1,22,73) € R® — (21, 25) € R,
Then, from the Sobolev-Rellich embeddings, one deduces easily that
(6.1) Yir — Wy — By = By — Wy — Yy,

where all are dense and compact embeddings. Here and henceforth, X’ denotes the
dual space of X.
Now, we have the following lemma.
LEMMA 6.3. The estimate ||[Thum — up || Lo 0,r—nvy) < C(hY* + €) holds.
Proof. The spatial weak form of the Navier—Stokes equation (2.7)—(2.13) is

%(UH»UH) — (um, (0-Vvg) + (0(un),ve) + (Vyun, Vyow)

d
(6.2) +eé {dt(u&vs) + (u- Vug, vs) + (quS;qu3)}

+e{(Buz, v1) — (Bur,v3)} = (Om,ver)r, nD'(0,T)
Vv = (vg,v3) € V.
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Letting vy € Yy, there is a null divergence lifting v = (vy,v3) € HZ(Q)? x H}(5,9)
such that

(6.3) [vallzrr + 103 v3|l g1 < Cllva|lvy-

Here, the spaces HZ(Q) and H{ (95, (2) are the natural extensions of the spaces H} ()
and H0(83, Q)

HE(Q) = C;;O(Q)H @ _ {v € H*(Q); v= g—” =0 oan} ,
n

HY(95,Q) = {ve H(Q); 0sv € H'Q)},
HY(95,9) = O @) ™ = fv e HY(95,9); v =050 = 0 ond0}.

Indeed, as vy € Yu, there exists a sequence (¢, ¢%) € U such that ¢} — vy in
H?(Q)%. Then d3¢% = —01p} — 024 is a Cauchy sequence in H!(£2), and by vertical
Poincaré inequality, ¢4 is also a Cauchy sequence in H'(Q2). Therefore, ©¥, being a
Cauchy sequence in H'(d3,Q), converges to a function vz, which provides the desired
lifting function. The continuous dependence (6.3) results from the above construction.

Now we take this v = (vg,v3) as a test function in (6.2) and integrate over
(t,t+ h); ie.,

t+h
(6.4) (Thup (t) — up (t),vp) + € (Thus(t) — us(t),vs) = /t 9€(s)ds,

where
g(s) = (ug,(u-Vvg)—e(u-Vuz,vz) — (b(ug),vg) — (Vouw, V,ug)
—€(Vu(eus), Vyvz) — e {(Bus, v1) — (Bu1,v3)} + (Om, va)r, .

Now we prove that
(6.5) 9N Lars 0,y < Cllvallys -
To this end, we estimate every piece of ¢g¢. For the nonlinear terms, we have

(urr, (w- V)vg) < luglzslall2[Vorlle < Cllunllpsllallcz(lv(lvy
and

€ (u- Vug, vs) < ||eul|1s[|V (eus) || 2 [|vs]| e < C leul|ps]leus]| lvs vy

By interpolation between L>°(0,T’; L?) and L?(0, T’; L®), uy is bounded in L*(0,T; L3);
ie., ||ug|lzs is bounded in L*(0,7). As |juf 2 is bounded in L2(0,T), we have
(ugr, (u- V)vg) bounded in L*3(0,T). Similarly, as ||eu||s is bounded in L*(0,T)
and |leus||g is bounded in L2(0,T), we have €2 (u - Vug,v3) bounded in L*/3(0,T).
The linear terms of g¢ are handled easily by the Cauchy—Schwarz inequality:

(b(um),vg) < |umlp2llvelze bounded in L>°(0,T),
(Voug,Voyvg) < ugllg|vell g bounded in L%(0,T),
€(Vy(eus),Vyvs) < elleus||gr||vsl me bounded in L%(0,T),
ef{(us,v1) — (u1,v3)} < 2f|eulp2||v] L2 bounded in L>(0,7),
Om,vi)r, < ClOullg-1/20yllvmllar bounded in L2(0,T).
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Therefore, taking into account (6.3), according to all previous bounds, (6.5) holds.
Next, applying the Holder inequality to (6.5), we see that

t+h
[ g lds < cn ol
t
On the other hand,

| (thus(t) — us(t), vs)| < e {llmn(eus)(t)llz2 + leus(®) |2} llvslze < eC llvallva

by virtue of Proposition 6.1.
These last two estimates together with (6.4) yield the required result. O

6.3. Convergence. Here we come back to the notation u®. The space-time
weak form of the anisotropic Navier—Stokes equations (2.7)—(2.13) is as follows.
Find u® = (u$,u§) € L*(0,T; V) N L>(0,T; L*(9)?) such that

T
/0 —(ufr; Orom) = (ufy, (0 - V)og) + (0(ufy), ver) + (Vouly, Vove)

T
(6.6) € | (05 0100) + (u° Vs va) + (9,05, ,00)
0 T -
+€ﬁ/ (Ugavl)_(uiav?)):_(UOHa'UH(O))—62(’1,[,03,113(0))—'—/ <9H7UH>FS
0

0
Vv = (vy,vs) € HY(0,T; V), with v(T) = 0.

The purpose of the following is to take the limit as ¢ — 0 in (6.6) to come to (4.1).
By Propositions 6.1 and 6.2, it follows that u® is bounded in L?(0,7; W) and u$; is
bounded in L*(0,T; By), allowing us to extract a subsequence, still denoted by u¢,
such that

u = (ufy,ul) — u = (ug,u3) inL?*(0,T; W) weak,

us; = ug inL(0,T; By) weak — .

These weak convergences are enough to take the limit in the linear terms of (6.6)
(cf. [1]). In particular, the terms of O(e) associated with the Coriolis acceleration
vanish as € tends to zero. Indeed,

T T
s / (. 01) — (5, 03) < €2f / a2Vl 2
0 0

< e2flullrzo,ri2) IVIzz07:22) < €ClVL201.02) < Ce

On the other hand, combining (6.1), Proposition 6.1, and Lemma 6.3, we can apply

+
Theorem 5.1 for p = 0o and the spaces By B Wy, — Y{,. Therefore, there exists

a subsequence u$; — ug in C(0,T; Wy,;) strong. Thus we get the weak time-continuity
ug € C(0,T;W};), so that the initial condition (2.20) makes sense for the horizontal
velocities. On the other hand, the term of 0(¢?) related to the initial condition for
the vertical velocity vanishes as € tends to zero. Indeed,

(6.7)  —€*(uo3,v3(0)) < [luoa|lL2[|vs(0)]| 2 < €[luollz2[[vsllcoriL2y < C €.
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Now the nonlinear terms fall into four types:
T
q9) 62/ (usdius,v3)dt, 1<4i<2,
0
T
(II) 62/ (u503us, vs) dt,
0
T
111 usus, Qv ) dt, 1<, j<2,
1y
0

T
(IV) / (ueus, dvi)dt, 1<i<2.
0

Type (I) term:

T T
62/ (ugOiug,v3)dt < 6/ s || o1 (eus) || 2 [lvsl s
0 0

< Cellugl 20,1105 (€us) || L2 0,7:02) [[vslleo, a1y < Ce

Type (IT) term:

T T
e [ (usonus,on)dv < e [ fleus ol 0vus ool
0 0

< Celleug||z20,r;m) 103us] L2 (0,722 [[vslle(o,rsmry < Ce

Consequently, the type (I) and (II) terms are O(e) and vanish as € tends to zero.

To handle the type (III) and (IV) terms, we need some strong convergences. From

. compact
compactness by perturbation (Theorem 5.1 for p = 2 and the spaces Wy

By — Y};), there exists a subsequence, still denoted by u$;, such that
uSy — uy  in L2(0,T; L2 (Q)%) = L*((0,T) x Q)% strong.

By Proposition 6.1, we have u$; bounded in L>°(0,T; L?(2)?)NL2(0,T; L%(2)?), which
by interpolation ensures that

u$; is bounded in L'%/3(0, T; L'/3(Q)?) = L°/3((0,T) x Q)2.

By the interpolation inequality again, for all ¢ : 2 < ¢ < 10/3 there exists & : 0 < o <
1 such that

lufy —wrllLo < llufy — wnllFelugy — un ;5.
Thus
(6.8) uyy —ug inLY(0,T) x Q)strong Vq:2<q<10/3.
Type (III) term: By the Holder inequality and (6.8), we have

usu§ — uiuy  in L7((0,T) x Q) strong  Vr:1<r<5/3
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and for all 7,7 = 1,2. On the other hand, by interpolation between L°°(0,T; L?) and
L2(0,T; L°), u¢ (and u$) is bounded in L8/3(0,T; L*), and hence ugu§ is bounded in

3

L*/3(0,T; L?), and finally,

uju; — uwiu;  in L4/3(O,T; L*) weak, 1<i, j<2.

In particular, we get

T T
/0 (U§U§,5jvi)—>/o (ujuj, Ojvi), 1<4, j<2

Indeed, v; € C(0,T; H') so that
djv; € L>(0,T, L) C L*(0,T, L?) = (L*?3(0,T, L?))'.
Type (IV) term: We have
u§ — uz  in L*(0,T; L?) weak.
So by the Holder inequality and (6.8),

usug — w;uz  inL°(0,T; L°)weak Vs:1<s<5/4

7

and for all ¢ = 1,2. On the other hand, it is easy to see that ufu§ is bounded in
L8/7(0,T; L*/3), and hence
uSu§ — usus  in LY7(0, T; L*3) weak, 1<i<2.

3

Now we shall have to slightly increase the regularity of the test functions of (4.1) to
finish the limit process in the Type (IV) terms. For instance, assuming the additional
regularity for the test functions dsv; € L8(0,T; L*), we get

T T
/ (uf-ug,@gvi) — / (uiu;;, 331)1'), ]. S ’L S 2
0 0

In conclusion, the limit function u is a solution of the variational formulation (4.1)
for all v = (vg,v3) € HY(0,T, V) with vy (T) = 0 and d3vg € L8(0,T; L*). Finally,
we can argue by density, taking advantage of the regularity of each term of (4.1),
and obtain that (4.1) holds for all v = (vy,v3) € HY(0,T, W) with vy (T) = 0 and
dzvg € L>(0,T; L?); hence the proof of Theorem 3.1 is finished.

7. Concluding remarks.

7.1. Convergence of the pressure. By using the De Rham lemma [18] in
the formulation (6.6) (resp., (4.1)), we can recover the potentials p¢ (resp., p) as
distributions

—0wu] —uc - Vui + Apuf + au§ — efus
(7.1) Vpt = —0wu§ —u- Vus + Ayus — auf ,
—e2 {Ou§ +uc - Vu§ — A u§} + eBus

respectively,

—Ou; —u - Vug + A ug + aus
(7.2) Vp = —0Oiug —u - Vug + Ay us — g
0
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Moreover, (7.1) is also verified in H~(0,T; H=1(2)3) (i.e., in the dual space of
HY(0,T; H} (Q)3)), whereas (7.2) holds in H=1(0,T; W~1%/2(Q)3) (i.e., in the dual
space of HY(0,T; Wy(€)?)). Proceeding as in subsection 6.3, we may derive that

oip¢ = dp i H 0, T;W13/2(Q)), i=1,2,
and

103D || -1 (0,711 (02)) < Ce.

In particular, we have the strong convergence of d3p to dsp.

Remark. The strong convergence of 03p° takes place in a better space than the
weak convergence of 9;p°, i = 1,2. In some sense, this means that the validity of
the hydrostatic approximation is less demanding than the validity of the horizontal
momentum equations.

Remark. The above convergences can be slightly improved with respect to time.
They remain true, replacing the space H~1(0, T; W~3/2(Q)) (vesp., H~ (0, T; H~(Q)))
with the space W~5°°(0, T; W~13/2(Q)) (resp., W—1°°(0,T; H~*(Q))).

7.2. Orders of magnitude of the vertical velocity in the original domain.
The purpose of this last subsection is to interpret the previous results in the original
domain Q.. Consequently, we are going to consider v = (v1, va, v3), the weak solution
in Q. of problem (2.1)—(2.5), related to u® = (u§, u$, u§), a weak solution of problem
(2.7)-(2.13) in Q; see (2.6). First, it is important to notice that the true vertical
velocity vs = eu§ is small with respect to the horizontal velocities v;, ¢ = 1,2. Indeed,
taking into account the estimates in Proposition 6.1 for u{, ¢ = 1,2, and Proposition
6.2 for ug, scaling off Q to ., we obtain

vl 22 0,7:L2 (2.))

=0(e), i=1,2.
lvill 20,1522 (2.))
By the same argument, we obtain
0,v .
10:v3llL2(0,7:22(02.)) —0(0), i=1.2

102vill 2 0,7:22(20))

This phenomenon is actually observed in most geophysical flows, which, therefore,
are quasi-horizontal. It is striking that the vertical velocity goes to zero even if the
initial vertical velocity is not assumed to be small. Looking at (6.7) in the proof of
convergence, we need only that €*[|uos||r2(q) — 0, that is, [|vos||20.)/I[voillL20.) =
O(e®), a< 1.

Whereas, for the horizontal gradient, we cannot avail ourselves of Proposition 6.2,
and we obtain only

z,y U3 L2(0,T;L2(2))
[V )

0(1), i=1,2.
[Vay villL20,7522(00)) 0
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