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Abstract
We deal with the problem of determining an inclusion within an elec-

trical conductor from electrical boundary measurements. Under mild a
priori assumptions we establish an optimal stability estimate.

1 Introduction

In this paper we deal with an inverse boundary value problem which is a special
instance of the well-known Calderén’s inverse conductivity problem [C]. Given
a bounded domain 2 in R", n > 2, with reasonably smooth boundary, an open
set D, compactly contained in §2, and a constant k > 0, k # 1, consider, for any
f € H'2(09Q), the weak solution u € H' () to the Dirichlet problem

(1.1) div(1+ (k—1)xp)Vu) = 0 in Q,
(1.2) u = f on 01,

where yp denotes the characteristic function of the set D. We will denote by
Ap : HY2(0Q) — H~'/2(09) the so called Dirichlet-to-Neumann map, that is
the operator which maps the Dirichlet data onto the corresponding Neumann
data %‘ sq- The inverse problem that we examine here is to determine D when
Ap is given.

In ’88 Isakov [[I] proved the uniqueness, the purpose of the present paper
is to prove a result of stability. In fact we prove that, under mild a priori
assumptions on the regularity and on the topology of D, there is a continuous
dependence of D (in the Hausdorff metric) from Ap with a modulus of continuity
of logarithmic type, see Theorem Z2A below. Let us stress that, indeed, this rate
of continuity is the optimal one, as it was shown by examples in the recent paper
[DC-R] by the second author and Luca Rondi.

We wish to mention here a closely related, but different, problem which at-
tracted a lot of attention starting from the papers of Friedman [E] and Friedman
and Gustafsson [F=GJ. That is the one of determining D when, instead of full
knowledge of the Dirichlet-to-Neumann map, only one, or few, pairs of Dirich-
let and Neumann data are available, see [AZ]], [[2] for extended bibliographical
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accounts. Unfortunately, for such a problem, the uniqueness question, not to
mention stability, remains a largely open issue.

Let us illustrate briefly the main steps of our arguments. We must recall
that Isakov’s approach to uniqueness is essentially based on two arguments

a) the Runge approximation theorem,
b) the use of solutions with Green’s function type singularities.

Also here we shall use singular solutions, and indeed we shall need an accurate
study of their asymptotic behavior when the singularity gets close to the set of
discontinuity 9D of the conductivity coefficient 1+ (k—1)xp in [I]), see Propo-
sition B2l On the other hand, it seems that Runge’s theorem, which is typically
based on nonconstructive arguments, (Lax, [[], Kohn and Vogelius [K=V]) is not
suited for stability estimates and therefore we introduced a different approach
based on quantitative estimates of unique continuation, see Proposition

In Section 2 we formulate our main hypotheses and state the stability result,
Theorem In Section 3 we prove Theorem on the basis of some auxiliary
Propositions, whose proof is deferred to the following Section 4.

2 The main result

Let us introduce our regularity and topological assumptions on the conductor
Q and on the unknown inclusion D. To this purpose we shall need the following
definitions. In places, we shall denote a point € R™ by z = (2/,x,) where
2 e R 2, €R.

Definition 2.1. Let Q be a bounded domain in R™. Given a, 0 < a < 1, we
shall say that a portion S of O is of class CY with constants ¥, L > 0 if, for
any P € S, there exists a rigid transformation of coordinates under which we
have P =0 and

QN B-0) ={z € Br : z,, > p(x)},
where o is a CH* function on Bx(0) C R"~! satisfying ©(0) = |[V(0)| = 0 and
lellcre a0y < LT

Definition 2.2. We shall say that a portion S of ON2 is of Lipschitz class with
constants 7, L > 0 if for any P € S, there exists a rigid transformation of
coordinates under which we have P =0 and

QN Br(0) = {x € Br : x, > p(a)},

where ¢ is a Lipschitz continuous function on Br(0) C R"~! satisfying ©(0) = 0
and ||¢|lcox (o)) < LT

Remark 2.1. We have chosen to scale all norms in a such a way that they
are dimensionally equivalent to their argument. For instance, for any ¢ €
C1(Bx(0)) we set

Iellcrasro) = 1¢llLeBr0) +TIVEl L= (B-0)) + T *IVéla,B(0)-

For given numbers 7, M, g, L > 0,0 < a <1, we shall assume



(H1) the domain §) satisfies the following conditions

(2.1) |Q < M7",
where | - | denotes the Lebesgue measure of €,
(2.2) OS) is of class C1 with constants 7, L,

(H2) the inclusion D satisfies the following conditions

(2.3) Q~ D is connected,
(2.4) dist(D, 0) > 0,
(2.5) OD is of class C"* with constants 7, L.

In the sequel we shall refer to numbers k, n, 7, M, g, L, a as to the a priori
data. We shall denote by Dy and Ds two possible inclusions in §2, both satisfying
the properties mentioned. We shall denote by Ap,, i = 1,2, the Dirichlet-to-
Neumann map Ap when D = D;. We can now state the main theorem.

Theorem 2.2. Let Q C R™, n > 2, satisfy (H1). Let k > 0, k # 1 be given.
Let Dy and Dy be two inclusions in  satisfying (H2). If, given € > 0, we have

(2.6) [AD, = Ap, [l e(ariie,m-12) <&,

then
dq.[(aDl, 6D2) < OJ(E),

where w is an increasing function on [0,400), which satisfies
w(t) < Cllogt|™", forevery 0<t<1
and C, n, C >0, 0<n<1, are constants only depending on the a priori data.

Here dy denotes the Hausdorff distance between bounded closed sets of R™
and || - || (g1/27-1/2) denotes the operator norm on the space of bounded linear

operators between H'/2(9Q) and H~'/2(9Q).

Remark 2.3. It should be emphasized that in this statement the unknown in-
clusion may be disconnected.

Remark 2.4. Several variations of the above results could be devised with minor
adaptations on the arguments. Just to mention one, an analogous result would
be obtained if the Neumann-to-Dirichlet maps Np, are available instead of the
Dirichlet-to-Neumann maps Ap,.



3 Proof of Theorem 2.2

Before proving Theorem B2 we shall state some auxiliary Propositions, whose
proofs are collected in the next Section 4. Here and in the sequel we shall de-
note by G the connected component of Q ~\ (D1 U D3), whose boundary contains
0, Qp = QN G, O = {z € CQ : dist(z,Q) <7} and Sor = {2 € R" : 7 <
dist(z, Q) < 27}.

We introduce a variation of the Hausdorff distance which we call modified dis-
tance.

Definition 3.1. We shall call modified distance between D1 and Do the number

(3.1) du(D1,Ds) = max{ sup  dist(z, Do), sup  dist(x, Dl)}.
x€0D1NONp x€0D2NON D

This notion is an adaptation of the one introduced in [A-B-R-V], which was also
called modified distance. In order to distinguish such two notions, we call d,, the
present one, whereas the one in [A-B-R-V] was denoted by d,,. On the other
hand, we need to stress the common peculiarities: such modified distances do
not satisfy the axioms of a metric and in general do not dominate the Hausdorff
distance (see Section 3 in [A-B-R-V| for related arguments). The following
Proposition provides sufficient conditions under which d,, dominates dy. See
[A-B-R-V]| Proposition 3.6 for a related statement.

Proposition 3.1. Let Q be an open set in R™ satisfying (H1). Let Dy, Do be
two bounded open inclusions of Q0 satisfying (H2). Then

(32) d'H(aDl, 8D2) S Cd#(Dl, DQ),
where ¢ depends only on the a priori assumptions.

With no loss of generality, we can assume that there exists a point O of dD; N
00 p, where the maximum in the definition ([BI) is attained, that is

(3.3) d, = d, (D1, Dy) = dist(O, Dy).

As is well-known, the Dirichlet-to-Neumann map Ap associated to problem

(), (T2 is defined by:

(3.4) < Apu,v >= / (1+ (k—1)xp)Vu- Vo,
Q

for every u € H'(Q) solution to () and for every v € H'(Q). Here < -,- >
denotes the dual pairing between H~1/2(9Q) and H/?(0Q). With a slight abuse
of notation we shall write

<g,f>=/ gf do,
o0

for any f € HY2(0Q) and g € H-/2(0Q). Let T'p(x,y) be the fundamental
solution for the operator div((1 + (k¥ —1)xp)V-), thus

(3.5) div((1 + (k = 1)xp)VID (- y)) = —0(- —y),



where y,w € R™, § denotes the Dirac distribution . We shall denote by I'p,,
I'p, such fundamental solutions when D = D;, Dy respectively. Recalling the
well-known identity

/(1+(k—1)XD1)Vu1-Vu2—/(1+(k—1)XD2)Vu1-Vu2 :/ wr[Ap, —Ap, Jus,
Q Q o0

which holds for every w; € H'(Q2), i = 1,2, solutions to ([Il) when D = D;
respectively (see [[2] formula (5.0.4), Section 5.0), we have

Jo+ (k—=1)xp,)VDp, (-,y) - VI p, (-, w)
(3.6) — Jo(+ (k= 1)xp.)VID, (-,y) - VI, (-, w)
= faQFpl(-,y)[Apl — Ap,](Tp, (-, w))do, Yy, w e CQ.
Let us define, for y,w € GUCQ

(37) Sp, (ya U)) = (k - 1) b VI'p, ('a y) -VI'p, ('a U)),
(38) SDz(yaw) = (k_ 1) b VPDI (7y) 'VFDz('ﬂw)ﬂ
(39) f(ya U)) = Sp, (va) —Sp, (va)

Thus @) can be rewritten as

(310)  flyw) = /mrpl(-,y)[ADl—AD21(FD2<-,w>>da Vy,w e CAL.

From now on we shall consider the dimension n > 3, since the case n = 2
can be treated similarly through minor adaptations regarding the fundamental
solutions. Up to a transformation of coordinates, we can assume that O, defined
in B3), is the origin of the coordinate system. Let v(O) be the outer unit
normal vector to 9Q2p in the origin O. Such a normal is indeed well-defined
since we are assuming that O realizes the modified distance between D; and
Ds, therefore, in a small neighborhood of O, 9Q)p is made of a part of 0Dy,
which is known to be C*®. We will rotate the coordinate system in such a way
that v(0) = (0,...,0,—1). Taking y = w = hv(0), with h > 0, we want to
evaluate f(y,y) and Sp, (y,y) in term of A, for h small. Then, evaluating Sp, in
term of d,,, we will get the stability estimate for the modified distance and thus,
using Proposition Bl for the Hausdorff distance. An important ingredient for
evaluating f and Sp, is the behavior of the fundamental solution. We state
now a proposition that collects all the results on I'p,, ¢+ = 1,2, that we will
need throughout the paper. For x = (2/,2,), where 2’ € R*"! and z,, € R,
we set % = (2/, —x,). We shall denote with x* the characteristic function of
the half-space {z, > 0} and with 'y the fundamental solution of the operator
div((14(k—1)xT)V-). If T is the standard fundamental solution of the Laplace
operator, we have that (see for instance [A=I-P], Theorem 4)

%F(x,y) + %F(m, y*) for x, >0,y, >0,

(3.11) Ty(z,y) = %Hf(x,y) for znyn <0,
I(z,y) — Z—Hf(x,y*) for x, < 0,y, < 0.

The following Proposition holds.



Proposition 3.2. Let D C R" be an open set whose boundary is of class O,
with constants ¥, L.

(i) There exists a constant ¢c; > 0 depending on k, n, « and L only, such that

(3.12) VoL (z,y)| < ere — gy,
for every x,y € R",

(ii) There exist constants ca, cs > 0 depending on k, n, o and L only, such

that
G —nr+o
(3.13) Po(e,y) = Te(r.y)] < e -y,
C —nta?
(314) ‘VIFD(xvy) - sz+($,y)| < 7(32 |J) - y|1 * ’

for every x € DN B.(0), and for every y = hv(0), with 0 < r < To,
0 < h < To, where 7o = (min {2 (8L)~1/« 11)T.
The next two Propositions give us quantitative estimates on f and Sp, when
we move y towards O, along v(O).

Proposition 3.3. Let Q be an open set in R™ satisfying (H1). Let D1, Dy be
two inclusions in Q verifying (H2) and let y = hv(O), with O defined in [Z3).
If, given € > 0, we have

[AD, — Apy (e -1y <€,
then for every h, 0 < h < €T, where 0 < ¢ < 1, depends on L,
gBhT
(315) Pl <05,
where 0 < A <1 and C, B, F > 0 are constants that depend only on the a priori
data.

Proposition 3.4. Let Q) be an open set in R™ satisfying (H1). Let D1, Do be two
inclusions in Q verifying (H2) and y = hv(O). Then for every h, 0 < h < Ty/2,

(3.16) |Sp, (y,y)] > cth?™™ — czdi_Q" + c3,

where c1,cy and c3 are positive constants only depending on the a priori data.
Here 7o is the number introduced in Proposition [Z2

Now we have all the tools that we need to prove Theorem
Proof of Theorem 24 Let O € 9D, satisfying (B3), that is
d. (D1, Dy) = dist(O, D2) = d,,.
Then, for y = hv(0), with 0 < h < hy, where h; = min {d,,¢7,7/2}, using
BI2), we have
1 1 1

. < = .
17) ISl < e | G e = e s




Using Proposition B33 we have

15D, (4, 9)| = 15D, (4, Y)| < [5D, (y,9) = Sp, (9, )
BhT
hA

On the other hand, by Proposition B4 and BI1)

1Sp, (, 9)| = 1Sy (y, )| > c1h*™" — ca(dy, — h)* 72",

= |fy,y)l<ec

Thus we have

6BhF
csh®™™ — ey(d,, — h)?72" < T
That is
6BhF R
ca(dy, —R)?72" > cgh? " — i = h2 " (cg — B Ay
(3.18) > csh> (1 — B pA),

where A=n—2— A, A > 0. Let h = h(e) where h(e) = min{|Ine| "2, d,},
for 0 < & < ey, with £, such that exp(—B|Ing,|'/2) = 1/2. If d, < |Ine|"2F
the theorem follows using Proposition Bl In the other case we have

EBh(E)Fh(s)‘Z < EB|1ns|*1/2 < exp ( _ B 1n6|1/2).
Then, for any ¢, 0 < € < €1,
(d — h(€))*7*" > cgh(e)*™,
that is
(3.19) d, < cql 1n6|75%

where § = 1/(2F). When € > €1, then

In el -2
d, < diam Q < diam €2 [Ine] 2?
ne; |7 2F

Finally, using Proposition Bl the theorem follows. O

4 Proofs of the auxiliary Propositions

We premise the proof of Proposition Bl with one lemma.

Lemma 4.1. Let Q be an open set in R™ satisfying (H1). Let D be a bounded
open inclusion of Q satisfying (H2). Then for every P € 0D, there exists a
continuous path v in Q~ D with one end-point in P and the other on 0, such
that for every z €

(4.1) |z — P| < cdist(z, D),

where ¢ is a positive constant depending on the a priori data only.



Proof. Using Lemma 5.2 of [A=B-R-V], (which adapted arguments due to Lieber-
man [L]), we approximate dist(-,0D) with a regularized distance d such that
de C*(Q~ D)uCH(Q~ D) and the following facts hold

dist(z, 0D)
Y < ——=——<5<
d(x)
IVd(y)| > 1 for every y € Q s.t. dist(y,dD) > bF,
1,0 < coT,

Y1,

where g, v1, b, ¢1 and ¢ are positive constants only depending on L and «a.
We define for 0 < h < a7, with a depending on L and « only,

Ey,={zeQ~D:dz)>h}.

Arguing as in Lemma 5.3 of [A-B-R-V], E}, is connected with boundary of class
C! and

(4.2) ¢1h < dist(z,0D) < &h, Ve e dE,NQ,

where ¢1, ¢o are positive constants depending on L and « only. Let us fix
P € 0D. Let v(P) be the outer unit normal to dD in P (we recall that 0D is
CY®). Since (D), there exists a point P’ € Ej, such that P’ = hy(P), where
h is a positive constant ¢1h < h < éah. We denote by PP’ the segment whose
end-points are P and P’. Since E}, is connected, there exists a continuous path
~' C Ej with one end-point P’ and the other on 9f2. Since v/ C Ej we have
that for every x € 4/, dist(x, D) > ch, where ¢ is a positive constant. We then
define v = 7/ U PP’ and the lemma follows. O

Proof of Proposition [l Let us fix P € 9D;. We distinguish the two following
cases.

i) P € 0D1NOG,
ii) P e 9D\ 0G.
If case i) occurs then,
dist(P, dDy) = dist(P, D2) < d,,.

Let us consider case ii). Let v be the continuous path constructed in Lemma
ET from P to 99. Since P ¢ 0G, there exists 2 € yNIDy N INp.

dist(z, D) < sup  {dist(z,D1)} < d,(D1, D2).
x€dD2NONp

Thus
|z — P| < cdy (D, D2),

where ¢ > 0 is the constant appearing in @Il On the other hand
dist(P,0D3) < |z — P|.
So we obtain that, for every P € 0D,

diSt(P, 8D2) S Cdu(Dl, Dg)



Similarly one can show that for every @ € 9D2
diSt(Q, 8D1) S Cd#(Dl, DQ)

Then we conclude
d’;.[(aDl, 8D2) S Cd#(Dl, DQ).

O

Proof of Proposition[Z2 Let us prove (i).

Let us consider the case x € D and y € dD. The cases in which x,y € D or
z,y € CD are trivial. Let h = |z — y|. Let ¢ be a positive number less than
ﬁﬁ' We distinguish the following two cases:

a) dist(z,0D) < ch,
b) dist(z,0D) > ch.

Let us consider the case a). Let P € 9D be such that |P — z| = dist(z, dD).
For every r > 0, let Q,.(P) be the cube centered at P, with sides of length 2r
and parallel to the coordinates axes. We have that the ball B,.(P) is inscribed
into @, (P). In particular € Q.,(P). On the other hand

[P =yl >y —a| = |P—z[>h(l-c)
Then, due to our choice of ¢, |[P —y| > (2ch)/n, that is y ¢ Qacn(P). Thus
div.((1+ (k= 1)xp)V:I'n(2,9) =0 in Qs (P)

and for the piecewise C'1'® regularity of I'p, proved in [DB-F-F)], see also [L-V],
we have

C1
(4.3) INTo ()l @eny < 7 ITDC WLy, ()

where ¢; depends on L, k, n and « only. Using the pointwise bound of I'p with
T (see [L-S-W]), we have

2—n
_ [ch
(1.4) Do Dllieiay., e < 72 (7) ,

where ¢, depends on n and k only. Hence, by [3]) and {3), we get

(4.5) Vol (2, 9)| < IVEn ()L (@unpy < Csh' ™" =Cslz —y|' ",

where ¢35 depends on L, k, n and « only.
If case b) occurs, then Q%(x) C D. Hence

[
Vol (2, )| < [IVED ()o@ oy (@) < E”FD(HZ/)”L‘”(QL(P))
2vn Vn

< (M1 =) =Th! T =T lr -y,

=] &



where ¢4, ¢, depend on L, k, n and « only.

Let us prove (ii). -

Let us fix 7y = min {$(8L)~'/*F, 2 }. Recalling Definition EZI] we have that
dD N Bx(0) = {z € Bx(0) : =, = p(2)},

where ¢ € C1*(R" 1) satisfying ¢(0) = |[Vp(0)| = 0. Let # € C>(R) be such

that 0 < 0 < 1, 6(t) = 1, for [¢t| < 1, §(t) = 0, for [t| > 2 and |%| < 2. We
consider the following change of variables £ = ®(x) defined by

é‘/ — x/
€ = a0 — p(a)0( )0 (22).

It can be verified that, with the given choice of r, the following properties of
® hold

(46) (I’(QZM (0)) = Q2T1 (0)7
(4.7) (Q, (0)N D) =@y (0),
(4.8) cHay — xo| < |®(21) — B(22)] < |z — 22, V1,19 € R,

(49)  |®(x)— 2| < —|2['t*,  VzeR",
T
(4.10)  |D®(@)—I| < —|2*, VazeR"
T

where Q. (0) = {z € @, (0) : x,, > 0} and ¢ > 1 depends on L and « only. ®
is a C1« diffeomorphism from R" into itself. Let us define the cylinder C,, as

Cr, ={x eR" : |2/| <ry,|an] <71}

For z,y € Cy,, we have that I'p(&,1) = I'p(x,y), where £ = ®(x), n = ®(y), is
solution of

(4.11) dive((1+ (k — D)x ) BE) Vel p(€,m) = —6(€ —n),

where B = %, with J = %(@‘1(5)). We observe that B is of class C* and

B(0) = I. Let us consider

E(xvy) = fD(xﬂ y) - FJr(xvy)a

where we keep the notation z, y to indicate &, n. By the properties of I';. and
by I, R satisfies

lem((l + (k - 1)X+)V$E(x7y)) = lem((l + (k - 1)X+)(I - B)vwa(xvy))

Let L > 0, depending on the a priori data only, be such that Q C B;(0). Thus

10



using the fundamental solution I'} we obtain

—R(z,y) = / (1+ (k= 1x)(B=I)V.T4(2,y) - VoI p(z x)dz
B (0)

~ . or i . ~ . »
~/BBI:(O)(1 (k 1)X )|:‘R( ) ) ay ( 7y) I+( 7y) 81/( 9 ) d ( )
/B (14 (k= Dx)(B - DV.T'1(z,y) - szD(z,x)dz
(0)NCry

+f (14 (k= DxH)(B = VLT (2,3) - VaTp(z,2)dz
Bi(O)\CTl

R ory OR
+/BBE(O) [R(a:, z)w(z,y) - F+(z,y)a(x,z)} do(2).

For |z|, |y| < 7r1/2, the last two integrals are bounded. Using (BI2) we obtain

A

[Bay)l < c(1+ / |Z|a|$—z|1_"|y—z|1_"dz)
C

T1

= C(1+I1+I2)7

where ¢ depends on L, o, k and n and

. / 2%z — 2"y — 2"z,
{lz|<4h}NC:y

I :/ |2|%2z — 2|* "y — 2|t "d.
{lz|>4h}nC,,

Now

I

IN

a apl-n|?¥ 1-n, 10 Y 1-n,p
/w<4h |w|“h \E—wi h |E—w| h"dw

a+2—n a E - 1—-n g o 1—-n
h /w<4|w| |h w| |h w| dw

IN

where h = |z — y| and

F(g,n) = 4° / € — w""n — w'"dw

|lw|<4

and £ = z/h and n = y/h. From standard bounds (see, for instance, [M]
Chapter 2, Section 11), it is not difficult to see that

F(&,7n) < const. < 00,

11



for all £,n € R", |¢ —n| = 1. Thus
I <clz —y|*t2 ™,

Let us consider now Ip. Since |y| = —y, < |z —y| = h, we can deduce |z| <
2|y — z| and |z| < 2|z — 2| and thus obtain that

12 S C/ |Z|a+lfn+1fndz S Cha+2fn.
|z|>4h

Then we conclude

(4.12) |R(z,y)| < cle —y|*T?"

)

for every |z|,|y| < r1/2, where ¢ depends on L, a, k and n only. Let us go
back to the original coordinates system. We observe that if x € &~ (B;r /2(0))
and y = enyy, with y,, € (—r1/2,0) then |®(x) — z| is bounded by c|z — y|**+.
Namely, since ®(z) -y <0 and ®(y) = y, by EJ) we have
(4.13) o < |@(2)] < |@(x) —yl| < clz —yl.

On the other hand, by @3) and EET3)

/
(4.14) [®() —a] < = et < S pp

< y| e

We have

R(z,y) =I'p(z,y) — T (z,9)
= ILD(m,y) Ly (z,y) + T (2(2), 2(y) — T (2(2), 2(y))
= R(®(z),2(y)) + I'+(®(2),y) — T4 (2,9).

Using (X)), (ET), ETA) and EETIA) we obtain

Tp(z,y) — Ty (z,y)]
c atIen c
< le—yl 2 + 2 IVEL ()l @ l2 = 2(2)]

c 2 4 1 1
S Sle—yltTT A Sl —yTORT

C//

to—
< lr -yl

3

where ¢’ depends on k, n, o and L only. We estimate now the first derivative
of R. To estimate the first derivative of R let us consider a cube @ C Br / 4(x)

of side c¢rq/4, with 0 < ¢ < 1, such that x € Q. The following interpolation
inequality holds:

IVRC)lli=(q) < ARC IS o) VRC, )% o

where § = ¢ depends on L only and

1
1+a”

~ VR — VR(«/
|VR|Q’Q — Sup | (m)y) /a(m )y)|'
z,x' €Q xF#x! |ZIJ — T |

12



Since, from the piecewise Holder continuity of VI'p see [3), and also of VI',,
see [BII), we have that

IVR(, 9o < VD 9)lag + VT4 (5 y)lag < ch ™,
where ¢ depends on L only, thus we conclude

) € (a+2-n)(1=8) p(—at+1-n)s _ € 11-—n+
VR )] < S h - Ly,

2

where n = 5—. Thus

14+«
~ c
(4.15) Ve R(z,y)| < —le—y[" 7,
T
where n = ﬂ—za and ¢ depends on L only. Concerning 'y we have

|vwr+(q)(x)a y) - VwFJr(xv y)|
= [D®(2)" VT4 (-, 9)jo() — Val+(2,9)|

< (D (2)" = DV (5 Y) ()]

+|VF+(7 y)|<I>(z) - vaJr(xa y)'

¢ «
< IV Ylle@eple = @) + VI (- y)lagl8(2) — 2]

< C_/hl—i-ozhl—n + ih—a+1—nh(l+a)o¢
= Fa o2
&

—2
,',.a

2
S hlfnJra ’

where ¢ depends on k, n, « and L only. O

Proof of Proposition [ZZ. Let us fix § € Sor and let us consider f(7,-). We have
that

(4.16) Ay f(T,w) =0 in CQp.
For w € Syr, by ([Z8), (B10) and ([BT) we have
(4.17) |f (@, w)| < C(F, L, M)|[Ap, — Ap,| =&

Let us now estimate f(7,w) when w € G. We define G" = {z € G : dist(x, Qp) >
h}. For every w € G", we have that

So @0l < k=11 [ V.T0, @09)| VLo, (o, w)lds
Dy

(4.18)

IN

c/ |z —w|'""dx < ch'T™.
D,

Similarly |Sp, (7, w)| < ch!=". Then we conclude that

[f@w)|<ch'™™  ing"

13



At this stage we shall make use of the three spheres inequality for supremum
norms of harmonic functions v, see for instance [K=M], [K]. For every l1, s,
1 <1y <ly and for every z € GUSq UQ7 there exists 7 € (0, 1], depending only
on Iy, I3 and n such that

[vllLo (B, 2)) < 107 (B, z))”vHLOO Biy(2))"

We apply it for v(-) = f(7,-) in the ball Bx(T), where T € Sor be such that
dist(z,T") = 7/2, where I' = {z € R" : dist(z, Q) = 7} C 0Sa7, I1 = 3r = 37/2
and [y = 4r = 27, then we obtain

(419) 1@ = myae) < 1T M o) 1 T

For every W € G", we denote with v a simple arc in G U O U Sor joining T
to w. Let us define {a;}, i = 1,...,s as follows &1 = T, 2,11 = y(¢;), where
t; = max{t : |y(t) — x;| = 7} if |z; — W] > T, otherwise let i = s and stop the
process. By construction, the balls By s(x;) are pairwise disjoint, ;11 —z;| =7
fori =1,...,s — 1, |zs —w| < 7. For ), there exists 8 such that s < §.
An iterated application of the three spheres inequality [EI9) for f(7,-) (see for
instance [A-B-R-V] pg.780, [A-DB|] Appendix E) gives that for any r, 0 <r <T

(4.20) 1f @, (B, 2@) < 1f @ Lo s, @)1 @ Mg

We can now estimate the right hand side of [@20) by EID) and EIF) and
obtain, for any r, 0 <r < T

(4.21) £ @ M Lo (B, oy < (B 7)™ < e(ht )P,
where E: ™and A=1-— E Let O € D4, as defined in (B3), that is
d(0, Dy) = d, (D1, D2).

There exists a C1® neighborhood U of O in 8Qp with constants 7 and L. Thus
there exists a non-tangential vector field v, defined on U such that the truncated
cone

(4.22)  C(0,5(0),8,F) = {x cgn. (2=0)-7(0)

oo > cosb, |z — O] <T}

satisfies
C(0,5(0),0,7) C G,
where 6 = arctan(1/L). Let us define

= i T T
LM T S 3sing [

o — . (sin@
1 = arcsm 4 y

wy = 0 + A\v,

pP1 = )\1 sin 6‘1.
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We have that B, (w1) C C(O,7(0),61,7), Bap, (w1) C C(O,v(0),0,7). Let
W = wi, since p; < T/2, we can use [Z) in the ball B, (w) and we can
approach O € 0D; by constructing a sequence of balls contained in the cone
C(0,v(0),60,,T). We define, for k > 2

. 1—sinf
wr = O + MgV, Ak = XAk—1, Pk = XPk—1, with x = 71
1+ sin 6,
Hence pr, = x*1p1, A = x*'A\; and
BPk+1 (wk-i-l) - BPSk (wk) - BP4k (’LUk) C C(Oa V,G,F).
Denoting d(k) = |wr, — O| — px = A\ — pi, we have d(k) = x*~1d(1), with

d(1) = A\ (1 —sind). For any r, 0 < r < d(1), let k(r) be the smallest integer
such that d(k) <r, that is

Nogats| oy < Iogaml
|logx| ~ = |logx|

By an iterated application of the three spheres inequality over the chain of balls
By, (w1), ..., By, (Wk(r)), we have

c(hlfn)A(lfrk(T)_l)g,BTk(T)_l

IN

1 (@ Lo (B, (i)
(423) < c(hlfn)Ag,BTk(T)—17

for 0 < r < ¢, where 0 < ¢ < 1 depends on L only.

Let us consider now f(y,w) as a function of y. First observe that
Ayf(y,w) =0 in CQp, for all w € CQp.

For y,w € G", y # w, using (EIZ), we have

1S, (g w)]| < ¢ / & — 4" — w| e < k2

Dy

Similarly for Sp,. Therefore
|f(y,w)| < ch*" with v, w € G".
Finally, for y € Sor and w € G", using [{EZJ), we have
[F(y,w)] < (=) AP
Proceeding as before, let us fix w € G such that dist(w,9Qp) = h and § € Sor

such that dist(y, ') = 7/2. Taking r =7/2, 1l = 3r, la = 4r, y1 = O + \v and
using iteratively the three spheres inequality, we have

1 (s )l By awn)) < IS @) 7w (3, 1 (05 0 11 g
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where 7 and s are the same number established previously. Therefore

T3 —2n\1—7° —n\AT? R =17
1F @ T (e oy S c(BP2)T (AT (€ )
< C(h2—2n)1—'y(h1—n)A7-s(667-’“@)’1)7

< C(h2—2n)A’ (EBTk(")’l)'y

)

where v = 77, with 8 as before, so 0 < v < 1, and A’ = Ar* +1 — ~. Once
more, let us apply iteratively the three spheres inequality over a chain of balls
contained in a cone with vertex in O and we obtain

'y‘l’k(h)71

Coam A (1R (=1 SR(h)—1
(424)  [If W w) (B, (g < c(R*2MH UCH )

Now, from [Z4), choosing y = w = hr(0O), where v(O) is the exterior unit
normal to 9Qp in O, we obtain

” SRR =1 k(h)—1
(4.25) s ) < ch® (77T
where A” = —(2 — 2n)BA" > 0. We observe that, for 0 < h < ¢F, where
0 < c¢ < 1depends on L, k(h) < ¢|logh| = —clogh, so we can write

Tk(h) — e—cloghlog(T) — h—ClOgT _ hC“OgT\ _ hF,
with F' = ¢|log 7|. Therefore
lfly, )| < p—A" BTE
oA log h BrE™M log e
efA” log h+B’h" loge.

Then in ([@2H) we obtain that

BT
fly,y)| < e AloshtBh s _ E

— hA/ :

O

Proof of Proposition [54} Let us consider y = hv(O), where v(O) is the exterior
outer normal to 9Qp in O with O defined as in [B3), 0 < h < 7o, where Ty is
the number introduced in Proposition and x € Dj such that | — y| < r,
with 0 < r < 7p. Let us first observe that since O € dD; and = € D, for I'p,
we have the asymptotic formula (BI4), which says that

V.Ip, (z,y) — Vol y(z,y)| < c1|z —y|tF.

Furthermore, since we are in the situation in which x € D; and y ¢ D, for
BI), T'y(z,y) = 2/(k+ 1)T'(x,y), where T'(x,y) denotes the standard funda-
mental solution of the Laplace operator. Let us consider now I'p, (z,y). With
our choice of O, x and y, we know that y ¢ D5 but we do not have any infor-
mation on x, that is we do not know in which side of the interface 9D it is.
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Thus we have to distinguish different situations.
If © € B,(0O) N D1 N Dy, then we have the asymptotic formula @IT) for I'p,
and from Lemma 3.1 of [A] the following formula holds

(426) VJCFD1 (x,y) : VJCFDQ (x,y) > c|x - y|272n.

Consider now the case x € (D1 \ D3) N B,(0). In this region let us consider
a smaller ball B,(O) centered in O with radius p where 0 < p < d,,. Since the
definition of d,, we have B, N Dy = (. If  and y are in B,(0), we have

627) { Ay (Tp,(z,y) —T(z,y)) =0 in B,(0),
[T, (@ y) = T(@9)] 55, 0) < P*"

Thus by the maximum principle

(4.28) ITp, (z,y) = T(z,y)| < cip?™m Vz,y € B,(0),

and by interior gradient bound

(4.29) ‘wapz(x,y) - V$F(x,y)| <eppt" Vo € B,»(0),Vy € B,(0).

Thus, using Lemma 3.1 of [A], in B,/5(O) we obtain the formula

(4.30) Val'p, (@,y) - Vol'p, (2,) > cslw —y[P 7" — cap®™>".

Let us consider h <7y/2 and B,(0) = {x € R" : |z — O] < r}, with 0 < r < Ty.
Then we have

|SD1 (ya y)'

= |k—1|‘ / VIp, - VIp,dx + / VIp, - VIp,d
D1NB,(0) D1~B,(0)

> |k—1|‘ / erl-erzdx—|k—1|‘ / VIp, - VIp,dx

D1NB,(0) D1~B,.(0)

The first term can be estimated as follows

/ VFD1 : VFD2 dx
D+ ﬂBT(O)

erl VI‘Dzdx+/ erl -VI‘Dzdx
(D1\D2)QBT(O)

/(DlﬂDg)mBr(O)

v

VIp, 'VFDQdJZ—F/ VI'p, - VI'p,dx
(Dl\Dz)ﬁBp(O)

»/(DlﬂDz)ﬂBr(O)

VI'p, - VI p,dx

‘ /[(Dl\D2)ﬂBr(O)]\Bp(O)
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In conclusion, choosing p = d,,/2 and using @28) and EIZ) we obtain

ISp(y,y)] = «a / iz — y[2~2"da

[(D1ND2)NB(0)|U[(D1~D2)NBg, /2(0)]

—C2 | —y|' "o — y['"da

[(D1~D2)NBr(0)|\By,,/2(0)

ey / & — gt — y| e

D1\BT(O)
> cyh?Tm - C5di_2" — c7.
([l
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