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Abstract. For any N > 2 we prove the existence of quasi-periodic orbits lying on N-dimensional
invariant elliptic tori for the planetary planar (N 4 1)-body problem. For small planetary masses,
such orbits are close to the limiting solutions given by the N planets revolving around the sun on
planar circles. The eigenvalues of the linearized secular dynamics are also computed asymptotically.
The proof is based on an appropriate averaging and KAM theory which overcomes the difficulties
caused by the intrinsic degeneracies of the model. For concreteness, we focus on a caricature of the
outer solar system.

Key words. N-body problem, nearly integrable Hamiltonian systems, lower-dimensional elliptic
tori

AMS subject classifications. 70F10, 34C27, 37J40, 7T0K43

DOI. 10.1137/S0036141004443646

1. Introduction and results.

1.1. Quasi-periodic motions in the many-body problem. The existence of
stable trajectories of the many-body problem viewed as a model for the solar system
has been the subject of researches of many distinguished scientists both in the past
and in recent years; see, for example, the theoretical work of Poincaré [Poi1905],
Arnold [A63], Herman [H95], and the numerical investigations of Laskar [L96]. Only
recently, a complete proof, based on [H95], of the existence of quasi-periodic motions
(corresponding to maximal invariant tori of dimension 3N — 1) for the (N + 1)-
body problem for arbitrary N has been produced in [F04]. We recall that the main
difficulties that one encounters in the application of general tools (such as averaging
and KAM theory) to particular cases of interest in celestial mechanics, are related to
the strong degeneracies of the analytical models.

The scope of this paper is to show the existence of quasi-periodic orbits lying
on N-dimensional invariant elliptic tori for the planar (N + 1)-body problem. The
main difference from [H95] and [F04], besides the dimension of the constructed tori,
relies on the explicit evaluations of the eigenvalues of the linearized secular dynamics
(which allow us to apply more standard KAM methods).

Though the method exposed here is quite general, for concreteness we will focus
our attention on a caricature of the outer solar system. More precisely, our model
will be given by a Sun and N planets with relatively small masses (say, of order
g). All these (N + 1) bodies are considered as point masses in mutual gravitational
interaction. Two planets (such as Jupiter and Saturn in the real world) will be
assumed to have mass considerably bigger than the other planets. The bodies lie in
a given plane and we assume that the initial configuration is far from collisions. We

*Received by the editors April 26, 2004; accepted for publication (in revised form) April 14, 2005;

published electronically January 27, 2006. This work was supported by MIUR Variational Methods
and Nonlinear Differential Equations.
http://www.siam.org/journals/sima/37-5/44364.html
fDipartimento di Matematica, Universitdh “Roma Tre,” Largo S. L. Murialdo 1, 1-00146 Roma,
Ttaly (biasco@mat.uniroma3.it, luigi@mat.uniroma3.it).
IDipartimento di Matematica, Universitd di Roma Tor Vergata, Via della Ricerca Scientifica, 1,
1-00133 Roma, Italy (valdinoci@mat.uniroma2.it).

1560



Downloaded 03/14/17 to 159.149.192.74. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ELLIPTIC TORI FOR THE (N + 1)-BODY PROBLEM 1561

also assume, mimicking the case of the outer solar system, that the two big planets
have an orbit which is internal with respect to the orbits of the small planets. We
will establish, for a large set of semiaxes, the existence of quasi-periodic orbits with
small eccentricities filling up N-dimensional invariant elliptic tori. Such orbits can
be seen as continuations of “limiting” circular trajectories of the system obtained by
neglecting the mutual interactions among the planets. A more precise statement is
given in Theorem 1.1 below.

The above “outer model,” which roughly mimics some traits of physically relevant
cases, has also the nice feature of providing particularly simple expressions in the
related perturbing functions, as we will see in section 3 below. We stress, however,
that many other situations (such as one large planet plus N — 1 small planets; “inner”
or “mixed” models, etc.) may be easily dealt with using the techniques and results
presented in this paper.

The proof of our result is based on techniques developed in [BCV03] and on the
explicit computation of the eigenvalues of the quadratic part of the so-called principal
part of the perturbation for the planar many-body problem.

The first result on quasi-periodic orbits of interest in celestial mechanics goes
back to [A63], where quasi-periodic orbits lying on 4-dimensional tori are shown to
exist for the planar three-body problem (the general case was discussed there, but no
complete proof was given). Related results were given in [JM66], which found linearly
unstable quasi-periodic orbits lying on 2-dimensional tori for the nonplanar three-body
problem. More recently, [LR95] and [R95] and [BCV03] proved the existence of quasi-
periodic orbits for the nonplanar three-body problem, lying on 4-dimensional and
linearly stable 2-dimensional tori, respectively. Two-dimensional invariant tori for the
planar three-body problem have been found in [F02]. Periodic orbits of the nonplanar
three-body problem winding around invariant tori have been constructed in [BBV04].
Finally, the existence of a positive measure set of initial data giving rise to maximal
invariant tori for the planetary (N + 1)-body problem has been established in [F04].

The paper is organized as follows. In section 1.2, we give a more precise statement
of our main result. In section 2 we write down the (N +1)-body problem Hamiltonian
in Delaunay—Poincaré variables. In section 3 (which, in a sense, is the crucial part of
the paper) we discuss degeneracies. In section 4 we give the proof of the main result.
The scheme of proof is similar to the one presented in [BCV03] (see also [BBV04]) in
the three-body case and it is based on a “general” averaging theorem and on KAM
theory for lower-dimensional tori (see [P96], [BCV03], [BBV04]). For completeness,
we include a classical (but not easy to find) description of analytical properties of
the Delaunay—Poincaré variables (see section 2 and Appendix A); in Appendix B we
collect some simple linear algebra lemmata that are used in the arguments given in
section 3.

1.2. Statement of results. We denote the N + 1 massive points (“bodies”)
by Po,..., Py and let mg, ..., my be their masses interacting through gravity (with
constant of gravitation 1). Fix mo > 0 and assume that

(1.1) m; = Ef;, i1=1,...,N, 0<e< .

Here, ¢ is regarded as a small parameter and pu; is of order 1 in e. The point P,
represents the “Sun” and the points P;, i = 1,..., N, the “planets.” We assume
that all the bodies lie on a fixed plane, that will be identified with R?. The phase
space of this dynamical system—the planetary, planar (N + 1)-body system—has
dimension 4N (after reduction by the symmetries of translations).
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We will state the result in terms of orbital elements of the “osculating ellipses” of
the two-body problems associated to (Fy, P;). Let 1(©® and ©¥) denote the coordinates
of Py and P; (at a given time) and let 4(© and 49 denote the corresponding velocities.
By definition, the “osculating ellipse” is the ellipse described by the solution of the
two-body problem (Py, P;) with initial data given by (u(?), u() 40 (). Of course,
such ellipses describe the motions of the full (N+1)-body problem only approximately;
nevertheless, they provide a nice set of coordinates allowing, for example, to describe
the true motions in terms of the eccentricities e; and the major semiaxes a; of the
osculating ellipses. For further details and pictures of the orbital elements, we refer
the reader to [Ch88] and [BCVO03].

In this paper we consider a planetary (planar) model with planets evolving from
phase points corresponding to well-separated nearly circular ellipses (e; < 1); here
“well-separated” means that

(12) 0<ai<9ai+1, 1<i<N-1.

for a suitable constant 0 < 6 < 1. For concreteness, we shall focus on a caricature of
the outer solar system; i.e., we will assume that, for some mg < fi; < 4my,

Wi = [ for = 1,2,
(1.3) i = Of; for i=3,...,N, 0<o<1.

In this setting, P; and P, imitate (in a very rough way, of course) the physical®
features of the giant planets Jupiter and Saturn, while P3 and P, represent Uranus
and Neptune.?

A rough description of our main result is given in the following theorem; a more
precise and quantitative version is given in Theorem 4.2 below.

THEOREM 1.1. Consider a planar, planetary (N + 1)-body system satisfying (if
N > 3) (1.1) and (1.3). Let A C RN be a compact set of semiazes where (1.2)
holds for a suitable 0 < 8 < 1. Then, there exists 6* > 0 and for any 0 < § < 6*
there exists €* > 0 so that the following holds. For any 0 < € < &*, the planetary,
planar (N + 1)-body system possesses a family of N-dimensional elliptic invariant
Diophantine quasi-periodic tori; such family is parametrized by the osculating major
semiazes varying in a subset of A of density® 1 — C1°. These motions correspond
to orbits with osculating eccentricities bounded by Coe®® and the variation in time of
the osculating major semiazes of these orbits is bounded by C3e3.

We have the following few comments.

e The numbers 6* and 6 can be easily computed in the course of the proof and
are not “very small”; in fact 6 is a “universal” constant while 6* depends only
on N and A. On the other hand, £*, which depends on N, A, and ¢, is related
to a KAM smallness condition and rough estimates lead, as is well known,
to ridiculously small quantities (for somewhat more serious KAM estimates,
we refer the reader to [CCO03]). Finally, the positive constants C;’s depend
on N, A, and 8, while the ¢;’s depend only on N (and could also be easily
calculated; see (4.43)).

e The assumptions (1.2) and (1.3) in the theorem are used to check explicitly
suitable “nondegeneracy” conditions. However, giving explicit constants and

LA mathematical motivation for considering two dominant planets is given in Remark 3.2(iii).

2The Jupiter/Saturn mass ratio is approximately 3.34, while the Neptune/Uranus mass ratio is
about 1.18 (to have it all, the Jupiter/Uranus mass ratio is ~ 21.78).

3Here and in what follows, the “density” is intended with respect to Lebesgue measure.
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estimates, one can show that the thesis of the theorem holds, essentially,
with no hypotheses on the semiaxes a; and the rescaled masses p; (provided
a; # a; > 0 and p; > 0); a rigorous argument, based on analytic continuation
of the eigenvalues, could be given along the lines discussed in [F04].

e The invariant tori found in Theorem 1.1 are lower-dimensional elliptic tori
meaning that the dimension of the tori is strictly smaller than (in fact, half
of) the dimension of the Lagrangian (maximal) tori, which have dimension
2N. “Elliptic” means that the tori are linearly stable. It is not difficult to
show that such elliptic tori are surrounded by a set of positive measure of
maximal tori.

e The proof given below is based on a well-known elliptic KAM theorem, which
works under “nondegeneracy” (or Melnikov) conditions. To check these condi-
tions one has to study the eigenvalues of the “secular” (or averaged) quadratic
part of the Newtonian many-body interaction, which will be denoted Hj o;
“quadratic” here refers to the symplectic Cartesian variables measuring the
eccentricity and the orientation of the osculating ellipses. The diagonaliza-
tion of Hj o is trivial (under the only assumption that a; # a;), while condi-
tions (1.2) and (1.3) will be used to check that the associated eigenvalues are
nonzero, simple, and distinct so that Melnikov conditions are satisfied. The
proof is noninductive on N.

2. Poincaré Hamiltonian setting. The results described in this section are
classical (even if not easy to find) and go back to Delaunay and Poincaré; the reader
not familiar with Delaunay and Poincaré variables will find a self-contained exposition
in Appendix A.

Consider N+1 bodies Py, ..., Py, in a fixed (ecliptic) plane, of masses my, ..., my
interacting through gravity (with constant of gravitation 1). We assume that the mass
of Py (the “star”) is much larger than the mass of the other bodies (the “planets”);
i.e., we assume (1.1). In heliocentric planar (suitably rescaled) variables, the dynamics
of the planar (N + 1)-body problem is governed (as explained in Appendix A) by the
Hamiltonian

(2.1) HM (X, z) == H (X, 2) + 1V (X, @),

where X := (XM ..., X)) ¢ R?N and x := (M, ...,2M)) € R?N are conjugated
Cartesian symplectic variables and

N
(N) . 1 x®72 _ m; M,
Mol =D <2mi | @] )’

i=1
M = @) . xG) Ml 1 .
(2.2) HM = 3 <X X y 1Y),
1<i<j<N mg |z — z()|
here we have introduced the dimensionless masses?
i Hi wi 1
23 Mi = 1 , = — = —
(2.3) +€m0 m o e = mo M

The Hamiltonian HéN) is simply the sum of N uncoupled planar Kepler problems
(formed by the star and the ith planet). Being interested in phase region where

4Beware not to confuse the dimensionless masses m; with the real masses m; introduced at the
beginning of section 1.2.
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the uncoupled Kepler problem describes nearly circular orbits, we introduce planar
Poincaré variables, the construction of which is based on the classical 4-dimensional
symplectic map (2.8) below. Let

2.4)  Fi(t) = (1 - i) Fo(t) = % <1 - i) o (|t < i) :

let Go(s,t) =t+st+--- be the function analytic in a neighborhood of (0, 0) implicitly
defined by

(2.5) Go(0,0) =0, Gy = ssin Gy + t cos Go;

define the following four functions of three variables (7, £, A) real-analytic in a neigh-
borhood of the set {(7,£) = (0,0)} x T:

G(n,&,N) = ((ﬁcos)\ — ésin)\) Fi(t), (écos)\ —nsin ) Fl(t)) ,
E(7 éA) :<§cos A+ G) +nsm()\+G)) 1(1),
C(1,&,A) == cos(A+ &) — i) Fi(t) — €& Fi(t) Fa(t),

(26)  S(7,6 ) = sin(A+ &) + & Fy(t) — 1 & Fi(t) Fa(t),

where t is short for t = 7? + €2, @ is short for G(n, é, A), and & is short for (7, é, A).
LEMMA 2.1 (planar Poincaré variables). Fiz e, p,mo > 0 and let

M po 1 _ poo 1
M:=1+¢e¢—, m:=— —, m:=— —=,
mo mo M o vM
w31 A?
(2.7) 0= (mio) M’ a=a(A;p,e) = —k

Then, for any A, > A_ > 0, there exists a ball B around the origin in R? such that
the 4-dimensional map

Up: (MN,E) €D :=(A_,Ay)x T xB— (X,z) € R,

where
(28)  m=zi(A A &pe) i=alAipe) C (77’ f,A) ,
VAT VA
n ¢
= Aa)‘7 5 Sy My = A7 ) 8 T T o
ra = (A A € ne) = aline) S (e S20).
m* Ox m Ox
_X(Aa)‘anvfalu‘vg)' A3 8>\(A >‘77£7IU', ) W aa

is real-analytic in D and symplectic:
AANdAN+dnpNdE =dXq Ndxy + dXo A das.

Furthermore, if Hél) denotes the two-body Hamiltonian

1 mM
|2
|z

HV (X, z) = 51X
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then, on the phase region of negative energies (Hél))fl(fﬁ, —5xz ), one has
- ¥
o
HM oWp = -,
0 % FP T TN

in the planar coordinates x € R? the corresponding motion describes an ellipse of
major semiaxis a = a(A; p, €) and eccentricity

B 772+§2 ,’72_’_52 B 772+£2 772+£2
an oo g (£0€) L fEE ()

The proof of this lemma can be found in Appendix A. Note that

(2.10) C(0,0,X) = cos A, S(0,0,A) =sin A,

so that the (a,\) — z transformation is, for n = £ = 0, just polar coordinates. Let,
now, \II;N) be the 4 N-dimensional map, parametrized by (u1, ..., pn,€), defined by

(2.11)
(\) 2\ N
\IIP :<(A17)\137]17§1)3"'a(ANa)\NaanfN)>6((OaOO)XTXR) H(X,l’)
with
(X7 x) = ((X(l)’ A 7X(N))’ (x(1)7 AR 7x(N))>3
(2.12) (XD 2@y = Up(Ay, \iy i, & i €).-
Then, \I/;N) is symplectic and

31

mo/ M;’

N
W) g _ 1§~ (M
(2.13) HEY 0w = —2 ; 1z = () oy = (7)
In such Poincaré variables the full planar (N + 1)-body Hamiltonian ™) becomes

(2.14)
HA N0, €) = Ho(A) + eHy (A A7, 8),  Hyi=HN o wlV) = pycompl | gyprine,

where the so-called “complementary part” HS°™ and the “principal part” HP™ of
the perturbation are, respectively, the functions
@ . x0) Pl 1
(2.15) > ox0.x and > 2 T 20
1<i<j<N 1<i<j<N

expressed in Poincaré variables:®

X(l) :X(Ai7)‘i7nia§i;u‘i75) and x(l) :'T(Aia)\ivniagi;/’ciae)'

5X = (X1, X2) and x = (21, 22) denote here the functions defined in (2.8).
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Notice that, since X = (m?/A3)d,, 2 the A-average of HS™' vanishes. More-
over, as it is well known, the A-average of H; is an even function of (7, £); see, also,
Appendix A. Hence, we may split the perturbation function as

(2.16) Hi=Hy+H

with

(2.17) Hi(A §)~—/H dX Hid\=0
. 1 IR/ = lon 1 (271')N7 o~ 1 — U.

Furthermore, 7; may be written as
(218) ﬂl (Av , 5) = ﬁl,O(A) + ﬂ1,2(A7 7, 6) + ﬁl,* (Av , g)a

where Hi o := H1(A,0,0), Hy o is the (n,€)-quadratic part of H; while Hj . is the
“remainder of order four”:

|ﬁ1,*(A7 , E)‘ S const |(777 E)‘4

3. The averaged quadratic potential ﬂlg. In this section we analyze the
function Hi 2 (i.e., the (n,§)-quadratic part of the A-average of the perturbation)
defined in (2.18), which may be written as

el 3 a2 ()

where Q;; are (2 x 2) matrices defined as

Qi = arzumjﬂlﬂ a%i7gjﬂ1,2
ij = 5= ki __
O, m M1z Of ¢, Ha

(A,0,0)

The aim of this section is to prove that there exists a symplectic linear change of
variables (p,q) — (1, ) putting the quadratic part (3.1) in the normal form

(3.2)

N |

N
> i +4);
=1

see Remark 3.1(i). A crucial fact, in order to apply KAM theory, consists in proving
that such Q;’s are nondegenerate® in the sense that they are nonvanishing and distinct.
Such nondegeneracy is proved in Proposition 3.2 in which we manage to compute
explicitly the asymptotics of the ;’s.

In view of the definition of the Poincaré variables, we look at the rescaled variables
(7, €) rather than (1, £). Therefore, we define

(3.3) fij (A, €) =

1 / dX
CmNJon |26 (Ag, My VAT VRGE iy €) — 2D (Mg, N /Aji, VAGEG 1)

6See the “Melnikov condition” (4.33).
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Thus, letting”

1 /M;M;\ Y
ai = a(As; pi, €), Cij = — (J) :
mo a;a;
2 F 92 F. 2 F. 92 F.
(3.4) Ay = 8?77:77_7' Ji” 8771-5]- Ji” B — amnj Ji” 8773-5]-{”
) E 0% fii 0% fis v 0% fii 072 fis ’
&ing T £:€;7Y H=€=0 &gt §;6;74 H=€=0
we find
Vi cij Aij if i # j,
Qij = .
! Z VIR ey Bry o ifi=j.
Py

It is a remarkable fact that, for the planar planetary (N +1)-body problem the matrices
A;;j and B;j are proportional to the (2x2) identity matriz 1o = ((1) (1)) and have simple
integral representation. In fact, define, for a # b,
J(a,b) = 1 T _17abcost + 8(a® + b?) cos(2t2 + ab cos(3t) it
27 J, (a2 + b2 — 2abcost)5/2
T(a,b) = /2” —Tab + 4(a? + b?) cost — abcos(2t)
27 J, (a2 + b2 — 2abcost)5/2

dt,

and denote, for a; # a;,

a; Q.
(3.5) Qij = 8J T (ai, az), Bij =

Then, the following “algebraic” result holds.

PROPOSITION 3.1. Assume a; # a; for i # j. Then A;j = oyjla and By =
Bijla.

Remark 3.1. (i) An immediate corollary of this result is that, in the collisionless
domain {a; # a;}, Hi,2 has the simple form

a;aj

4

I(Cbi, aj).

(3.6) Hio= 5 (Mn-n+ Me-€),

M being the real, symmetric (N x N) matrix with entries
Vil Cij Qg if i # 7,

(3.7) M;; = Z TG s B if i = j.
k#j

The Hamiltonian (3.6) can be immediately put in symplectic normal form: if U
is the real orthogonal matrix (UT = U~!) which diagonalizes M (UTMU =
diag (Q,...,Qx)), then the map p = UTn, ¢ = UT¢ is symplectic and, in such
variables, the new Hamiltonian takes the form (3.2).

(ii) The functions 7 and Z (which admit simple representations in terms of Gauss
hypergeometric functions) are symmetric (J(a,b) = J(b,a) and Z(a,b) = Z(b,a)) and
satisfy

J(a,b) =b3T(a/b, 1), Z(a,b) = b>Z(a/b, 1), a <b.

"Recall (2.7) and (2.3).
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The functions of one real variable s € (—1,1) — J(s,1) and s € (—1,1) — Z(s, 1) are,
respectively, even and odd in s, and satisfy, for small s, the following asymptotics:

1 1 4
7§552 - %54 + 0(s9), I(s,1)=3s+ §553 + O(s%).

(3.8) J(s,1) =
(iii) Proposition 3.1 is a suitable version of a well-known result which can be found,
e.g., in [Poil905]; see also [LR95].

(iv) The asymptotics of the «;;’s and f;;’s may be also computed in terms of
the Laplace coefficients (see, e.g., [LR95]); for our purposes it is simpler to derive the
needed asymptotics directly from the integral representations given before (3.5).

Proof of Proposition 3.1. The computations we are going to perform are algebraic
in character and it is therefore enough to consider real variables. Fix i # j and define

(3.9)
Rig (A, A7, €) = |20 (A, A, VA, v/ A s €) = 29 (Mg, A/t /A s €)

so that (recall (3.3))

2

1 dX

@m)N Jo~ \/737”

(3.10) iy (A7, ) =

By (2.8) we find
(311) Ri]‘ = CL,?X? + CL?X? — 2(12‘&]‘ (ClC] — SZSJ),
where Ci, Sk, and X, are short for, respectively,

Ck = Clik, €k M)y Sk = Sk, €k M), and  x, = \/Ci + Si-

The proof will consist in computing explicitly A-averages of quantities of the form

(3.12)

1 3(0c,Rij) (9, Riz) — 2Rij (Dec, Rij)
pc,‘,,cj()‘%)‘j) — agigj _ Gi Vi )\VG; IV J\Y¢i¢ J

vV Rijl. £ 473?]/2

=

)

7=£=0

where ( denotes either of the variables 7 or fk. Thus, what we need to do is to
compute suitable orders in the variables (7, ék) of the function R;;. For this purpose
the following lemma will be useful.

LEMMA 3.1. Define the following elementary functions:

Cy(N) :=1+cos?\ = H#S(w
C_(A):=1+sin?\ = 3_#8(%)

So(A) :=cos Asin A = %sin(Q/\),
X(z,y,\) :=1—2ycos A+ 2xsin A,
S(]}, Y, )‘) (=sin A + $C+()‘) + ySO()‘)a
C(z,y,\) :=cos A — yC_(A) — xzSp(N),

b
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and denote by Op(z1,...,2,) a function of the variables (z1,...,z,) (depending pos-
sibly on other variables) analytic in a neighborhood of (0,...,0) and starting with a
homogeneous polynomial of degree p in (z1,...,2,). Then,

X2 = C(ik ks M) + Sy € Mie)* = X (7t ks Are) + O (i, €k,

Cie = Clies iy M) = C (€ i, i) + O2 i, €k,
(3.13) Sk = S0, ks Ak) = S(Eks My k) + O2(7k, e )-
The proof of this lemma follows at once from the explicit expressions for C and
S given in Lemma 2.1 and is left to the reader.
We consider first the matrices A;; (which allow to compute Q;; for i # j) and
then we turn to the matrices B;; (which allow to compute Q;;).

Computation of the matrices A;;. First, observe that the two derivatives involved
in the definition of A;; are always mixed in the variables with indexes ¢ and j. Thus,

we can neglect the terms of third order in (7;, éi, s éj) and the terms of second order

of the type Oa(#;,&;) and Og(ﬁj,éj).
By Lemma 3.1, the function R;; in (3.11) has the form

Rij = a}(1 — 2i; cos \; + 2&;sin \;) + a2 (1 — 21 cos \; + 2€; sin \)
—2a,a; [(COS Ai — &S0(Ai) — 7:C— (Ag))(cos Aj — &So(A;) — 7;C—(N)))
+ (sin Ay + &C4 (N) + 1o (\a)) (sin A; + §C4 (N)) + ﬁjSO(/\j))}
(314) 02, &) + O2(iy, &) + Oa (i, &y, &5).

Therefore, letting (+)|o be short for (-] one finds

fi=€i=i;=€;=0’
Rij|, = @i + a7 — 2a;a; cos(X; — X;),

61%731‘.7‘}0 = —2a? cos \; — 2a;a;[—C_(\;) cos \j + Sp(A;) sin A,
95, Rij|, = —2a3 cos \j — 2a;a,;[—C_(X;) cos A; + So(X;) sin Ay,
9¢ Rij|, = 2a7 sin A\; — 2a;a5[C (Ny) sin Aj — Sp(X;) cos Ay,

9z Rij|, = 2a7sin \j — 2a;a;[C (Aj) sin A — So(A;) cos Ay,
92,5, Rijl, = —2a:ia;[C—(\)C— (X)) + So(Xi)So(A;)];

0F ¢ Rijly = —2aia5[C (M) C1 (A7) + So(Ai)So(A;)],

02 ¢ Rijly = —2aia;[C_(X)So(A;) + So(A)C (M),

(3.15) agmjnij}o = —2a;a;[So(\i)C—(N\;) + Ot (X)) So(\))].

In particular, R;; and 05, Ri; are even in (X, ;) € T2, while 8éj Ri; and 825‘731-]- are

odd. Thus, recalling the definition of g (A, Aj) in (3.12), we find that P, o (AisAj)

is odd in (A\;,A;) and it has therefore zero average. For the same reasons, also
Pe o (Xi, Aj) has zero average. Hence, the off-diagonal terms of A;; are zero. We
i
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now compute the diagonal terms of A;;. We begin with Pay 1, (AisAj). By (3.12) and
the list in (3.15), we find

1 p1(>\i7)\‘)
3.16 o (Niy\) =02 . = J
(3.16) ooy Kio A3) 3= O Vil r2(Ai X))

with
(3.17)
p1(Ni, Aj) = a;a; - [_24%2 cos(2);) — 24a? cos(2);) + 8(a? + a?) cos(2(Xi — Aj))

—3a;a; cos(A; — 3\;) — 17a;a; cos(A; — Aj)
+aia; cos(3(N; — Aj)) — 3azaj cos(3A; — ;)

+ 54a;a; cos(A; + )\j)] ,
5/2
p2(Xis Aj) == 8((112 + a? — 2a;a; cos(\; — )\j)) .
Thus, changing the variable of integration, one finds

1

o2
(2m)2 Jopo %

A d);
0

1
A/ R'LJ
1 —17a;a; cost 4 8(ai 4 a3) cos(2t) + aza; cos(3t) it

s - _
o 8(a7 + a3 — 2a;a; cost)5/?

= ngj j(ai, a]‘) = Qjj.

The case p, . (Ai;A;) is very similar (and will yield the same result). In place of
E

(3.16) one finds

(3.18) P (i) = o2 1 _ p3(Ai, Aj)

i€ 51'53\/7?]' o p2(Xis Aj)

with
p3(Ni, Aj) i= a;a; - |24a? cos(2)\;) + 24(132» cos(2);) + 8(a? + a?) cos(2(Ni — Aj))
+3a;a; cos(A; — 3X;) — 17a;a; cos(A; — Aj)
+a;a; cos(3(A; — X)) + 3a;a;j cos(3A; — Aj)
(3.19) — bda;a,; cos(N; + )\j)_ .

Integrating, one finds again

1 1
— 5% . d\; d\; = ;.
(271-)2 /1‘2 &i&j /Rij . J J

This proves Proposition 3.1 in the case of Q;;, with ¢ # j.
Computation of the matrices B;;. Observe that the derivatives involved in the
definition of B;; are two derivatives with the same index j. We can, therefore, neglect

the third order terms and set 7; = fi =0.
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Recalling (2.10) we see that x;| =1 and

71 =€;=0

(3.20) Rijl|

C; . S;
o= a? + a?x?- — 2a;a5X; <(cos Ai) —L — (sin \;) j) .
Ni=8i=

X Xi
Defining ¢; = ¢;(Aj, Aj, 75, éj) through the relations®

C; S;
(3.21) cosp; = —L, sing; = =L,
17, 17N
we find
(3.22) Rij b0 a? + a?x? — 2a;a;5x; cos(@; — Ai).

Denote by ( f),, the average of a function f over the angles # and 7. Integrating
first with respect to A; and changing variable of integration (t = A; — ¢;), one gets

fi=€=01 ) A Rij i

iy .
[

1
(3.23) —
with
(3.24) Rij = al + a?x? — 2a;ax; cost.

At this point, the argument is completely analogous to that used above. First, we
1

observe that
(3.25) A — ;
Chik m VN

where ¢, denotes here any of the variables 7;, é ;. From Lemma 3.1 it follows that 7~2ij
can be written as

> B < 3(0, Rij)(0¢, Rij) — 2R (92, ., Rij)
- 55/2
0/ XA 4Rij

J

Rij = f(8) + g(t)(hy — ha) + a3h3 + Os(iy, &)

with
ft) :=ai + a? — 2a;a; cost, g(t) == —Qa? + 2a;a; cost,
hi:=1jcos\j — éj sin \j, ho = fJZ cos? A+ 77]2 sin? Aj+ ﬁjéj sin(2A;).

Thus, since h; is of order one in (7;, éj) and hy is of order two in (7, éj)7

Rail, = 1)
00, Ros| = 9lt) cos .
Béjﬁ’,ij 0= —g(t) sin A;,
agjﬁjfzij . —2¢(t) sin® \; + Za? cos® \;,
éjéj Rij .= —(g(t) + a;)? sin(2);),
8;5]_7?@ 0 —2g(t) cos® \; + Qa? sin® \;.

8Physically, @; coincides with v; + g; where v; and g; are, respectively, the true anomaly and
the argument of the perihelion of the osculating ellipse associated to the star and the jth planet;
compare to Appendix A.
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> :0
07 ¢\

L)

Therefore, using (3.25), one finds

<82 1 > B < — (39° +2(a} — g)f) sin(2);)
M€ [ B 4f5/2

s NG

(since the integrand is odd in A;), showing that also B;; is a diagonal matrix. To
compute the diagonal elements we calculate

1 01( A 1 03 (A
(3.26) 0 o ——| = ?18{’2 and  0F ; = 638-7"2
/Rij . P2(Ajs /Rij . P2(Ajs
with
7
1 =—Td?a (9a2a»—|—8aj4) cos(2 ;) + iafa? cos(2)\j—2t)
—(2a;* a; +10a; a;%) cos(2\; — t) + 4(a;” a; + a; a;*) cos(t
—a? a2 cos(2t) — (2a;* aj +10a; a;®) cos(2\; + 1) + g cos(2 Aj+2t);
po = 4(a? + a- — 2a;a; cost)®?;
7
3=—Taja (9a2a»+8aj4) cos(2/\j)—§afa? cos(2\; — 2¢)

+(2a;aj +10a; a;®) cos(2); — t) + 4(a;® aj + a; a;°) cos( )
7
—a;a? cos(2t) + (2a;° a; +10a; a;%) cos(2\; + 1) — 5 a? cos(2A; + 2t);

taking the Aj-average, one finds immediately

1 1 a;a;
< a%mj [~ > - <8§j§j = > = 4JI(ai,aj) =: Bij. O
Rij Rij
0 0 X\

)\i,>\j

The next result shows that, for 6 and e small, generically the eigenvalues of M in
(3.6)—(3.7) are nonvanishing, simple, and distinct. We formulate the result regarding
the semiaxis a; as independent variables. Recall the definitions of o;; and f;; in (3.5)
and let (if N > 3)

(3.27) = SV L s

PROPOSITION 3.2. Assume that a; and fi; verify®

(328) 19 7é 0 and ﬁ12 75 :|:Oé12, ﬂl 75 0 and ﬂl 75 Bj for 1 75 j

Then, there exist 0 < 6* < 1 and 0 < g9 < 1 such that for all 0 < 6 < 6* and
0 < e < g the eigenvalues {Q1,...,Qn} of the matriz M are nonvanishing, simple,

9Clearly, if N = 2, the statements regarding the B; and the eigenvalues Q]- for j > 3 have to be

omitted.
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and distinct. Furthermore the following asymptotics hold:*°

Vi Bi2 + o2 n O(\/g,s),
mo Yaias

Q, = Ve Bz — o2 I O(\/g,s),
mo Yaias

(3.29) Q; =Vop; + Vo O(Wée), 3<j<N.

2

1=

As mentioned above (see Remark 3.1(iv)) the asymptotic of the «;;’s and 3;;’s may
be evaluated in terms of the Laplace coefficients (see, e.g., [L91]). For completeness
we give a detailed proof.

Proof. First of all, from the definition of ¢;; (see (3.4) and (2.3)) it follows that

1 1
mo Ya;a;

Thus, by definition of M, by definition of 8; and a;;, and by the hypothesis on the
masses p; (see (1.3)) we find the following asymptotics:

(M“ M12> =M*+ O(\/g,a), where M* = Y72 fipia (512 a12> ,

(330) Cij = + O(E)

Moy Mas moyaias 12 512
M;; = Vép3; + O(6,¢) for j > 3,
M;; = O(V9) fori=1,2and j >3,orj=1,2andi> 3,
M;; = O(8) for i,7 > 3 with i # j.
Therefore!

M* +O0(Vé,¢) O(V%)
M - )
O(V9) VM, + O(6,¢)

where
M, := diag (Bs,...,0n) € Mat((N —2) x (N — 2)).
The eigenvalues of M* are
Vi fiz (Bis +01p)  and [i1fl2
mg&aias mo~/a1a2

which, by the first two requirements in (3.28), are nonzero, simple, and distinct. The
matrix M, is diagonal and its eigenvalues 3; are also nonzero, simple, and distinct by
(3.28). The claim now follows by elementary linear algebra (compare, e.g., Lemma B.2
in Appendix B). |

(Br2 — a12),

10We use the standard notation a = O(¢) <= 3 a constant ¢ > 0 (independent of ¢) and

0<eo <1s.t. |a| < clef for all |e| < eg; O(0,e) = O(o) + O(e).
11The O(v/6) in the upper right part of M is a (2 x (N — 2)) matrix while the O(v/8) in the lower
left part of M is an ((IN — 2) x 2) matrix.
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Remark 3.2. (i) The hypotheses (3.28) of Proposition 3.2 are easily checked, for

example, if a; verifies (1.2) for a suitable § > 0. In fact the asymptotics for J(s,1)
and Z(s, 1) (see (3.8)) yield immediately

w =i () [ro((2)))
2 2
“fas ) beelG)]
e g (7 () el oz

a;

31 2 ) 2
poson=3 4 (2] B e o((2))]

4 a9 a9 16 a9 as
fipz 1 (@)7/4

aj

< +0((ZZ;)”4) ro((2))+o((2) )] sz

Thus, if 0 is small enough and if (1.2) holds, one sees that

a1z <0,

Bi2 £ a2 >0,

;>0 Vj>3,

Bi—pBi >0 Vi>j>3,

and the hypotheses (3.28) are verified as claimed.

(ii) The O(-)’s appearing in (3.29) (and in the proof of Proposition 3.2) depend
on the a;’s (and on'? mg). Thus, the order in fixing the various parameters is im-
portant. One way of proceeding is as follows. First determine 6 as explained in the
previous point (i). Then, let a;, 1 < ¢ < N, be positive numbers such that (1.2) holds,
ie., @;/a;41 < 6 for any 1 < i < N — 1; (the @; may be physically interpreted as
observed mean major semiaxis). Now, consider a compact order-one neighborhood
AcCc{0<a; <---<an} of (@,...,an) for which (1.2) continues to be valid (such
neighborhood exists simply by continuity). Finally, fix §* and €¢ so that Proposi-
tion 3.2 holds: such numbers will depend only on @;’s and the (order-one) size of the
chosen neighborhood A.

(iii) In the case of only one dominant planet (i.e., uy = i1 = O(1), p; = O() for
i > 2), the first two asymptotics in (3.29) do not give any information: in particular
we cannot assure that 1 and Qs are different from zero. On the other hand, one could
also consider the case of three or more dominant planets and the choice of focusing
on two dominant planets has been made for simplicity.

4. Existence of IN-dimensional elliptic invariant tori. In this section we
prove the existence of N-dimensional elliptic invariant tori for the (N 4 1)-body prob-
lem Hamiltonian H in (2.14) for any N > 2.

Let mo < fi; < 4mg, let 6, A, 6*, and 9 be as in Remark 3.2(ii), and fix
0 < 6 < 6*, which henceforth will be kept fixed. In the rest of the paper only ¢ is

12Recall that mo < fi; < 4mg; compare with the line before (1.3).
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regarded as a free parameter: at the moment, ¢ is assumed not to exceed g¢ but later
will be required to satisfy stronger smallness conditions. The semimajor axis map

(4.1) a:A=(Ay,....An) — (a(Ar;p1,8),. . a(AN; pw,€))
is a real-analytic diffeomorphism and we define
3=a'(A),

then the Hamiltonian H is real-analytic (and bounded) on the domain J x TV x BZV
for a suitable R > 0 (here B} denotes the n-ball of radius r and center 0 € R™).

By Proposition 3.1, the quadratic part H; o of the averaged Newtonian interaction
H; has the simple form (3.6), M being the symmetric matrix defined in (3.7). As
already pointed out in Remark 3.1, the matrix M can be diagonalized with eigenvalues,
which, thanks to our assumptions and to Proposition 3.2, have the form in (3.29) and,
therefore, satisfy

(4.2) inf 0] > ¢, inf ‘Q - Qj‘ >¢

for any i # j = 1,..., N and for a suitable positive constant ¢ independent of ¢. If
U := U(A) is the symmetric matrix which diagonalizes M, UT MU = diag (Q4,...,Qy),
then the map

p=UTn,  ¢=U"¢,

= I'=A,
“3) &: (Lopg = (B And),  wher =X+ > (OaUr)Une i &,
Bk,
is symplectic (and real-analytic) and
v S A 2., 2
(4.4) H1,205:§ZQi(I)(pi +4;).

Thus, the (N + 1)-body problem Hamiltonian H in (2.14), in the case we are consid-
ering, can be written as

(4.5) Ho=(1,¢,p,q;¢) = h(I) + f(I,0,p,q€)
with
h::HOv f::5f1(—rap»(1§5)+5f2(1790ap»(I§5)7
1L .
fri=froD+ 5> N} + ) + Hilp.g:e),
=1

f1.0:=Hio, fi=THi.0Z, fa=Hi0E.
Here h is uniformly strictly concave,
|fil < const|(p,q)|*,  and fadp = 0.
TN

The construction of elliptic invariant tori for the Hamiltonian (4.5) is based on four
steps, which we proceed to describe.
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4.1. Averaging. Fix 7 > N — 1 > 1 and pick two numbers by, bs such that

1
T+1

1 1
(4.6) O<bl<§, O<b2<<§—b1)

Since the integrable Hamitlonian h depends only on the action I, the conjugated
variable ¢ is a “fast” angle and, in “first approximation,” the (h + f)-motions are
governed by the averaged Hamiltonian h+ ¢ f1, which possesses an elliptic equilibrium
at p = ¢ = 0. As we, now, proceed to describe, one may remove the p-dependence
of the perturbation function f up to high order in € by using averaging theory; for
detailed information on averaging theory in similar situations, see Proposition A.1 of
[BCVO03] or Proposition 7.1 of [BBV04].

Denote by D% the complex n-ball of center zero and radius R > 0 and, for any
V c RY, denote by Vg the complex neighborhood of radius R > 0 of the set V given
by Vg := Uzev Dgr(z). Next, define the set J as the following “Diophantine subset”
of J:

(47 7= {I €J:|0th(I) k| > # Vk e ZV\ {O}} with 4 := const £”*.
Notice that (as it is standard to prove)

(4.8) meas (3 \ j) < const§ = const %1,

The Hamiltonian h + f in (4.5) is real-analytic on the complex domain

(4.9) Drsp =Jr x TV x D2V c ¥V,
with
(4.10) r := const /e, s := const, p := const 2.

The definition of J is motivated by the necessity to have an estimate on small divisors.
In fact, let I € 3, (and £ small enough) and let I € J be a point at distance less than
r from I. Then, for any k € Z™V\{0} such that |k| < K := conste~"2, by the second
relation in (4.6), by (4.7), and by Cauchy estimates, one finds

Orh(1) - k] = |01h(To) - k| — 9rh(To) — Orh(D)] Ik

> % — max [0?h| r K
(4.11) > Q;T =:a = conste? b2, (0 < |k| < K := const E_b2>.

In order to apply averaging theory (see, e.g., [N77]) so as to remove the e-dependence
up to order exp(— const K), one has to verify the following “smallness condition”
(compare condition (A.2), p. 110 in [BCV03])

amin{rs, p?}

Hf”lf,s,p < const I ,

where the norm || - ||y s, is defined as the standard “sup-Fourier norm”

rep = Y ( sup Ifk(I,p,Q)I)e‘k's,

kezN (I,p.q)€T, xD2N

(4.12) If




Downloaded 03/14/17 to 159.149.192.74. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

ELLIPTIC TORI FOR THE (N + 1)-BODY PROBLEM 1577

(fr(I,p,q) denoting Fourier coefficients of the multiperiodic, real-analytic function
o f(I,p,p,q)). Such condition, in view of (4.6), can be achieved by taking e small
enough since, by (4.11) and (4.10), one has

d 2
Q. Imingrs, r
7y =0()  and IS pnsimn

Hence, there exists a close-to-identity (real-analytic) symplectic change of variables
(I',¢',p',q) — (I,p,p,q) verifying (compare formulae (2.16) and (A.7) of [BCV03])

(4.13) II' = I| < constez ™ and Ip" = pl,|¢" — q| < const /e,
and such that the Hamiltonian expressed in the new symplectic variables becomes
(414)  hI)+4(I'p, )+ FI, ¢ .d),  g=eh(I'.P.d)+eh(T',p,q)

with fl and f real-analytic on the complex domain D, /5 /6 ,/2 and satisfying

IN

1
£ const e”? T with by := 3 by — (7+1)ba > 0,

4.15 f
( ) ||f1||r/2,5/6,p/2 ar

Hf||r/2,s/6,p/2 < conste” “" K« conste®.

4.2. New elliptic equilibrium. Due to the (small) term f; in (4.14), zero is
no longer an elliptic equilibrium for the “averaged” (i.e., ¢-independent) Hamiltonian
h + g. Using the implicit function theorem, we can find a new elliptic equilibrium for
h + g, which is €21 close to zero. Hence we construct a real-analytic symplectic
transformation

(4.16)
(J' ) = (¢, p',q)) with I'=J" and et _close-to-the-identity,

such that in the new symplectic variables (J',4’,v',u') the Hamiltonian takes the
form

W(J') + (') + F(I o )

with g having v = 4/ = 0 as elliptic equilibrium; the functions § and f are real-
analytic on a slightly smaller complex domain, say ®, /7 s/7,,/7, Where they satisfy
bounds similar to those in (4.15). Furthermore, for j = 1,..., N, the eigenvalues
Qj({' ) of the symplectic quadratic part of § are purely imaginary and ' T?2+%s_close
to eQ;(J).

4.3. Symplectic diagonalization of the quadratic term. Using a well-
known result on the symplectic diagonalization of quadratic Hamiltonians, we can
find a real-analytic, symplectic transformation

(4.17)
(J,1p, 0,@) — (J', ¢ 0" 0y with J' =J and e®1Ps_close-to-the-identity,

such that the quadratic part of § becomes, simply, Ef\il Qi (J) (12? + 17]2) Whence,
the new Hamiltonian becomes (compare formula (2.22) of [BCV03])

N
(4.18) Hi=ho(J)+ > () (@ +87) + Go(J, 0, @) + fo(J,, 0, ),
i=1
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where
(4.19) ho(J) := h(J) 4+ £g(J,0,0),

o, fo, Qj are real-analytic, and

(4.20)

|§0(j,’[~],ﬂ)| < const € |(67ﬂ)|37 |Q| < conste, ||f~||r/8,s/8,p/8 < const 53‘
Finally, because of (4.2),
(4.21) inf |Q;] > const & > 0, inf |Qy — Q4| > const e > 0.

4.4. Applying KAM theory. We rewrite now the Hamiltonian H in (4.18) in
a form suitable for applying (elliptic) KAM theory. Introducing translated variables
y = J — p and complex variables z, Z, we define

z+1zZ z— 2)

V2 T iV2
here p is regarded as a parameter and the symplectic form is Zjvzl dy; N dip; +
izj\’:l dz; N\ dz; with i := +/—1. The Hamiltonian H is then seen to have the form

(4.22) Hzﬁ@+m%

H=N+P

with
N ~
(4.23) N=ec+w- y+ ZQijZj, e = ho(p), w = 8J~h0(p), Q.= Q(p),

=1

and P a perturbation, which can naturally be split into four terms:

P:E:&

et
with

Pi = ho(p +y) — ho(p) — 05ho(p) - y ~ 3%,

P, :z”:l@ (b+9) = %)) 2% ~ ylzllzl,

P3—go(p+y, ) A TR by (420))
@20 Pi=fo(prun 05 ) =06,

The parameter p runs over the Diophantine set J defined in (4.7). Notice that the
integrable Hamiltonian N affords, for any given value of the parameter p, the N-
dimensional elliptic torus

(4.25) {y=0} x TN x {z =2 =0},
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which is invariant for the Hamiltonian flow generated by N, the flow being, simply,
the Diophantine translation « — z + wt, with w as in (4.23).

Since det 8§h0 # 0, we can use the frequencies w as parameters rather than the
actions p. We, therefore, set

(4.26) O = 9;h(3) = {w —05ho(p) : pED } .
Notice that, by (4.7), we have
(4.27) meas (ajho(fj) \ (9) < const .

Now, if we put p = p(w) := (05ho) ! (w) in (4.22), we can rewrite the (N + 1)-body
Hamiltonian in the form

(4.28) H(y, ¥, 2,7;w) = N(y, 2z, z;w) + Py, ¥, z, Z;w),
where
(4.29)
N ~
Ny, z,z;w) =e(w)+w-y+ ZQj(w)szj, e(w) = ho(p(w)), Qw) = Qp(w)),

and the perturbation P(y,1,z,Z;w) is obtained by replacing p with p(w) in (4.24).
Recalling (4.10), the Hamiltonian H in (4.28) is real-analytic in

(4.30) (Y, 0,2, Z;w) € D2 400 := DY x TV x D2V x O
with
(4.31) ¢ := const , /4, s := const, 0 := const V/e.

We recall, now, a well-known KAM result concerning the persistence of lower-
dimensional elliptic tori for nearly integrable Hamiltonian systems (see [M65], [E88],
[K88]). The version we present here is, essentially, a reformulation of Péschel’s theo-
rem in [P89] (compare, also, with Theorem 5.1 of [BBV04]).
THEOREM 4.1. Let H have the form in (4.28), (4.29) and let it be real-analytic
on a domain D2 o of the form (4.30) for some t, s, and 0 positive. Assume that
1

(4.32) sup |0,Q(w)| < =
weO, 4

and that the nonresonance (or Melnikov) condition
(4.33) QW) k| >~ V1<I|k|l<2 keZV YweO,
is satisfied for some vg > 0. Then, if 0 > v and P is sufficiently small, i.e.,

(4.34) (e

t,5,0 - Sup ”P( '5w)||t2,5,t < const g t27
' w€eO,

then there exist a normal form N, = e (w) + w - Y« + Qu(w)2.24, a Cantor set

O(’}/o) C O with
(4.35) meas (O \ O(79)) < const o,
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and a transformation

F: DY)y x TN,y x DI x O(y0) — DE x TY x DI x O,
(y*,¢*,2*75*;w) — (?Jﬂﬂaz’?;w)

real-analytic and symplectic for each w and Whitney smooth in w, such that
(436) HoF=MN.+R., with 8005 R, =0 if 2[j|+][h+k <2

In particular, for each w € O(vyy), the torus {y. = 0} x TN x {z, = z, = 0} is
an N-dimensional, linearly elliptic, invariant torus run by the flow ¢, — ¥, + wt.
Finally

(4.37) lye —yl, tlze — 2|, t|Zx — 2| < const W
Yo
In this section we have shown that the many-body Hamiltonian (2.14) (under the
hypotheses spelled out at the beginning of the section) has indeed the form assumed
in the KAM theorem (Theorem 4.1). Furthermore, by (4.21), the elliptic frequencies
Q; verify the Melnikov conditions (4.33) with

(4.38) o = const ¢,

and, by (4.24) and (4.31), the perturbation P verifies, for small €, the KAM condition
(4.34), since

(4.39) P =O(t* + er® 4+ ¢%) = 0(e®) < constyp 2 = O(e°/?).

t,5,0
Thus, the existence of the desired quasi-periodic orbits follows at once from Theo-
rem 4.1. We may summarize the final result as follows.

THEOREM 4.2. Let N > 2 and let H be the (N + 1)-body problem Hamiltonian
in Poincaré variables defined in (2.14). Let mg < fi; < 4myg, let 0, A, 6*, and ey be
as in Remark 3.2(ii). Fiz 0 < § < & and let 3 = @~ *(A) where @ is the semimajor
azis map defined in (4.1). Let 7 > N — 1 and pick by, be as in (4.6). Finally, let
0 < &* < gg be such that (4.39) holds for any e < &* and such that all conditions on
required for constructing the symplectic transformations introduced in sections 4.1-4.3
are satisfied for € < e*. Then, for any € < €*, there exist a Cantor set I, C J, with

(4.40) meas (J \ J,) < const e,

and a Lipschitz continuous family of tori embedding
6 ¢ (0.9) € T x 3. — (AW@:p), AW;p), n(05p), £(0;p) ) €T x TN x B2

with ps := conste® such that, for any p € J., ¢(TV;p) is a real-analytic elliptic
H-invariant torus, on which the H-flow is analytically conjugated to the linear flow
Y — 9+ wit, w, being (v, T)-diophantine with v = O(e). Furthermore, the following
bounds hold uniformly on TN x J,:

(4.41) [A(%p) —p| < conste2 b2
(1.42) In(: )| + 1€(9: )| < conste®.
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Theorem 1.1 follows, now, by taking (recall the definitions of by in (4.6))

1
(443) C1 = bl, Cy = bQ, C3 = b2 + 5
In particular the statements on the density of the set of the osculating major semiaxes,
on the bound on the osculating eccentricities and on the variation of the osculating
major semiaxes, follows from (4.40), (2.9), (4.42), (2.7), and (4.41).

Appendix A. Poincaré variables for the planar (N 4+ 1)-body problem.
We briefly recall in this appendix the classical derivation of the Poincaré variables
for the planar N-body problem,'3 showing, in particular, the validity of Lemma 2.1,
which is proven in subsections A.1 and A.2; subsections A.3 and A.4 are included for
completeness.

A.1. Canonical variables for the two-body problem. Consider two bodies
Py, P; of masses mg, m; and position u(?), u() € R? (with respect to an inertial
frame). We assume that Py and P; interact through gravity, with gravitational con-
stant 1. By Newton’s laws, the equations of motion for such two-body problem are

(1) _ (0
i = m, (u ut™) ’
[ — 43

(W — )

(1) — S A
O CIER

Let

(A1) M:=mo+my, m:= %, zi=u® —u® X :=mi.

Then, the above equations of motion become

Mz

T=—=,
|z
and the motion of the two bodies is governed by the Hamiltonian

1 m<MN
A2 X, z)= —|X|? -
(A2) K(X,2) = 5| X]|

=] ’
with (X, x) € R? xR? conjugate variables; i.e., the equations of motion are i = dx K,
X =-0.K.

As well known, such system is integrable and for K < 0 the orbits are ellipses.

More precisely, one has the following proposition.
1

PROPOSITION A.1. Fiz A_ > 0 > Ky and let Ay = (‘“39”2)5 > A_. Then,

—QK:()
there exist p > 0 and a real-analytic symplectic transformation

~2

o : (), (0,6) € (8- 8] x [-5.7) x (T x [-4.7]) = (X.2) € {Ja] > G

casting (A.2) into the integrable Hamiltonian (—m39M2)/(2A%).

3For a review of the Poincaré variables in the nonplanar case, see, for instance, [Ch88] and

[BCV03].
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This classical proposition is a planar version of the classical one, due to Poincaré
(see [Poil905, Chapter III]) and the variables (A,n, A, £) are, usually, called (planar)
Poincaré variables. The proof of Proposition A.1 is particularly interesting from the
physical point of view and rests upon the introduction of three different (famous)
changes of variables, which we, now, proceed to describe briefly.

Let ¢ and g denote, respectively, the mean anomaly and the argument of the
perihelion.

Step 1. The system is set in “symplectic” polar variables; namely, we consider
the symplectic map Uy : (R, @), (r,¢)) — (X, z) (where r > 0 and ¢ € T) given by

sin ¢

T1 =T COS, cose  — r R
(A.3) Tspe : { oy — 1 sin x=| cosp | (@
’ smy ——
r

and consider the new Hamiltonian Kgpe 1= K 0 Wgpe.
Step 2. There is a symplectic map Up : ((L,G), (¢, 9)) — ((R,®),(r,¢)) that
integrates the system: Up is obtained via the generating function

49)’{2 2 29)’{ G2
(A.4) 5(L,G,r,¢):/\/—“‘L2+m— dr + Go.

r 72

The variables ((L,G), (¢, g)) are known as (planar) Delaunay variables. In such vari-
ables, the new Hamiltonian becomes

m32

202
Also, if C' is the angular momentum of the planet and a is the major semiaxis, by
construction, one has that

G =|C] and L =mvMa.

ICD = K:spcolI/D - —

Step 3. We need now to remove singularities, which appear for small eccentricity.
To this aim, we first introduce (planar) Poincaré action-angle variables by means of
the linear symplectic transformation

. (A H). (W) = ((L,6). (4.9))
given by

(A.5) Up {A:L, H=L-G,

A=L+g, h=—g.

Then, we let Up : ((A,n), (N, €)) — ((A, H), (A, h)) be the symplectic map defined by
(A.6) V2H cosh =, V2H sinh = €.

As Poincaré showed (see [Poil905], [Ch88], [BCV03]), the symplectic map

op : (A0, (1,9) = (X,2)

(A7> Upp = \Ijspc o¥po \IIPM oWp
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is real-analytic in a (complex) neighborhood of

Ae[A Ay, Inl ¢l <consty/A_,  AeT.
Also, the two-body Hamiltonian, in Poincaré variables, is K o ¥ = —m;;'gz.
Remark A.1. (i) If we denote (X, z) = ®pp((A,n,p), (A&, q)), then
m*o? oz
A. X=———.
(A.8) A3 O\

Indeed, from the Hamilton equations one sees that: A= GA(—%) %, and

A=¢&=19=p=q=0. Thus, by the chain rule, X = mi = m(dxz) A= mj\?z %,
proving (A.8).

(ii) We collect some useful relations among the above-introduced quantities. Let,
as usual, e denote the eccentricity of the Keplerian ellipse and let a denote the major
semiaxis. Then, by construction, one sees that

(A.9) A = mvVMa, Ve +n2=vVAe(1+0(e?)).
Also, if C' is the angular momentum of the system, one infers that
(A.10) |C| = A1 —e2=A(1+0(e?)).

(iii) A proof of the analyticity of Poincaré variables will also follow by directly
inspecting the formulae given in Lemma 2.1, which is proved in the coming section.

A.2. Orbital elements. We now sketch a way to explicitly represent some
quantities in terms of Poincaré variables. This will also lead to the proof of Lemma 2.1.
Let u and v denote the eccentric anomaly and the true anomaly, respectively. By
geometric considerations,

(A.11) u=~F{+esinu
and'?

cosu — e
A12 = —
( ) BT s
where
(A.13) L=X+h.
Also, by (A.6),

2 ¢2
(A.14) =" ;g

An explicit expression taking into account H, the eccentricity, and the major semiaxis
is given by

(A.15) A V1i—e?)=A ?(1+O(62)),

H=AQ1-
(A.16) e(H,A) = ,/% (2 - Ij)

14Such relations are classical and we refer the reader to [Ch88] and [BCVO03] for a geometric

interpretation of these anomalies.
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In light of (A.12),

V1 —e?si
(A.17) siny = Y- ¢ S0y
1 —ecosu

By means of (A.11), we have

u—L=esin(u—Lf+{) =ecoslsin(u—¥)+ e sinf cos(u — £).
Thus, in the notation of Lemma 2.1, if Gq is implicitly defined by

Go(z,y) = zsin Go(z,y) + ycos Go(z, y),

with Gp(0,0) = 0, we have that G is real-analytic, Go(z,y) = y + xy + Oz(z,y) and
(A.18) u—f = Gp(ecost,esinf).
Therefore, we deduce from (A.18) and (A.13) that
(A.19) u=MA+h+ Go(ecoshcos\ — esinhsin A, esin hcos A + ecos hsin \).
Moreover, denoting
(A.20) a=n/Vh  E=¢/VA,

we deduce from (A.6) and (A.16) that

(A.21) es1nhf\/2H \/78111}1 €F177 +§2)

where Fy(t) = /1 — (t/4) is real-analytic for |t| < 4 (and agrees with the one intro-
duced in Lemma 2.1). Analogously,

(A.22) ecosh =7 Fy (7% + £2).

Therefore, substituting (A.21) and (A.22) in (A.19), we can write Gy as an analytic
expression of (7, £, \): more formally, there exists a real-analytic (7,&, A) — G(7,&, \)
(which agrees with the one introduced in (2.6) by (A.21) and (A.22)), so that

Go(ecoshcos A —esinhsin A, esinhcos A — ecos hsin \) = G(7), £, A).
Hence, from (A.19),

ecosu = ecos hcos(A + G) — esin hsin(A + G),
(A.23) esinu = esin hcos(A + G) + ecos hsin(A + G)

with G = G(7,&, A). Notice also that, from the formulae in (A.16) and (A.14),

1—+v1—e2

o2 = Fy(7* + &%)

for a suitable real-analytic function F, (actually, F»(t) = 3(1 — £)~!, which agrees

with the notation in Lemma 2.1). Thus, if we set ¢ = A+v —{ = v — h, recalling also
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(A.12) and (A.17), we have

sin ¢ = sinwvcosh — cosvsinh

1
=—————[V1—e2sinucosh — cosusin h + esin h]

1—ecosu

1
= m[sin(u —h)+esinh — Fy - (esinu) - (ecosh)]

(A.24) [sin(A + esinu) + esinh — Fy - (esinu) - (ecos h)]

1—ecosu

for Fy = F5(72 + €2) and analogously

(A.25) cosp = [cos(A + esinu) —ecosh — Fy - (esinu) - (esinh)].

1—ecosu

Hence, from (A.21), (A.22), (A.23), (A.24), and (A.25), it follows that sin ¢ and cos ¢
are real-analytic functions in A, 7, £, for A € T and small &, 7. In particular, if C, S,
and & are as defined in Lemma 2.1, we deduce from (A.23), (A.21), and (A.22) that

(A.26) esinu = &,

and then from (A.25) and (A.24) that

(A.27) (1 —ecosu)cosp =C and (1 —ecosu)sing =S.
Finally, by geometric considerations, we have

(A.28) r=a(l —ecosu),

where r is the distance between the planet and the sun. Thus, the formulae in
Lemma 2.1 follow at once by (A.26), (A.27), (A.3), and (A.8).

A.3. Hamiltonian setting for the planar many-body problem. Consider
(N + 1) bodies Py, ..., Py of masses my, ..., my, all lying in the same plane, inter-
acting through gravity (with constant of gravitation 1). Denote by u(*) the position
of P; in a given inertial frame of R?, with origin in the center of mass of the system.
By Newton’s laws, we have that

(@) — (D

) m;(u ul™)

(A.29) '\ = E w0 — @
0<j#i<N

Thus, if U® = m;4® denotes the momentum of P;, we see that the equations of
motion (A.29) come from the Hamiltonian

N 1 m;m

§ = @2 § Ty
c— 2m; i £ |u(i) — u(j)|’
i=0 0<i<j<N

where U = (U®,...,UM) ¢ R*2V*D and u = (u@,...,u™N)) € RZV+D are
conjugate symplectic variables.
We now consider P, as the “sun” and introduce canonical heliocentric variables
via the linear symplectic transformation
uw©® = O ) = p(0) 4 ()

(A30) U =RO M _..._ Ryl = pO for i=1,...,N.
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Notice that, by our choice of coordinates, R(® = 0. Thus, the planar many-body
problem is governed by the (2NNV)-degree-of-freedom Hamiltonian

N N . ‘
Z M|R(i)|2 _ momi n Z R® . RU) _ mzm] | .
2mom; |r ()] mo [r(®) — ()]

1<i<j<N

If my = ep; for i = 1,...,N, ie., if the “planets” are very much smaller than the
“sun,” the momenta R are of order e. Therefore, it is convenient to introduce the
following rescaled symplectic variables:

R o

5/3° = s
emy mg

(A.31) X® = i=1,...,N.

yoeeey

7/3

In such variables, after a time scale of factor emy’” we obtain the Hamiltonian in

(2.1). Notice that, in that setting, the Hamiltonian H(()N) corresponds to the sum of
N integrable Hamiltonians of the form (A.2), with m and 99t replaced by m; and M;,
respectively.

A.4. A parity property. We recall here the well-known fact that the A\-average
of H; (as in (2.14)) is even in (n,£). The proof of this will be accomplished by a 180-
degree rotation of the perihelia.

PROPOSITION A.2. Let

filhm&) =1 /T (A0, €) A

Then7 fl (A7 -, _5) = fl (A’ n, g) :

The rescaling by 1 is made so that f; is a (real-analytic) uniformly bounded (by
an order-one constant) function.

Proof. The eccentricity e;, the semiaxis a;, and the mean anomaly ¢; of the oscu-
lating ellipse of P; are invariant under the map (A;, \;, H;, hy) — (Ag, A\j—7, Hy, hy+7),
while the argument of the perihelion g; changes of 7. Let us denote 7 := (7,...,7) €
RY. In light of the consideration above we have that the map

(A.32) (A, M H B) — (AMN—7, H h+7)
leaves |r(Y) — )| invariant, for any i,j = 1,..., N. The map in (A.32) corresponds
to

(Aa Avfa 77) = (Aa A— T, _57 _77)7
usually referred to as “space inversion.” 0

Appendix B. Simple eigenvalue perturbations.
LEMMA B.1. Let M* € Mat(m x m), M, € Mat(k x k), and M* € Mat(m x k).
Then,

M* Mt N
det <0k'><m M*> = det(M™) det(M,).

Proof. The proof is obvious. 0
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LEMMA B.2. Let M* € Mat(m x m), M, € Mat(k x k), M* € Mat(m x k), and
My € Mat(k x m). Let

M*+0(e)  eM* + O(e?)
M, =
eMy 4+ O(e?) €M, + O(€?)

Then
o if \ #0 is a simple eigenvalue of M*, then there exists A\ = A + O(€) which
is an eigenvalue of M, provided |e| is suitably small;
o if X is a simple eigenvalue of M, and det(M*) # 0, then there exists A =
A+ O(e) so that e\ is an eigenvalue of M., provided |e| is suitably small.
Proof. For the first claim, apply the implicit function theorem to

fl(t,e) = det(ME — tl(m+k)),

noticing that 7 (t,0) = (—1)*t* det(M* — t1,,). For the second claim, apply the
implicit function theorem to
M* —etl,, M
Fo(t,e) := det ( M, M, — tlk) ,

noticing that e*F5(t,e) = det(M, — €t1(4y)) and that, by Lemma B.1, F5(t,0) =
det(M™*) det( M, — t1y). |
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