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Abstract

Interest is directed to a moving boundary problem with a gradient flow struc-
ture which generalizes surface-tension driven Hele-Shaw flow to the case of non-
constant surface tension coefficient taken along with the liquid particles at the
boundary. In the case with kinetic undercooling regularization well-posedness of
the resulting evolution problem in Sobolev scales is proved, including cases in
which the surface tension coefficient degenerates. The problem is reformulated
as a vector-valued, degenerate parabolic Cauchy problem. To solve this, we prove
and apply an abstract result on Galerkin approximations with variable bilinear
forms.
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1. Introduction

Various experimental studies investigate the influence of spatial variations of the surface
energy density (corresponding to the surface tension coefficient v) on surface tension
driven Hele-Shaw flows (cf. e.g. [14]). However, a mathematical model for such flows
seems to be lacking. In this paper, a first step is attempted to close this gap. We
derive and investigate a moving boundary problem (MBP) which arises, at least from a
mathematical point of view, as a natural generalization from the case where -y is a positive
constant to the case of variable, nonnegative . Let us give an informal description of
this generalization here; for the details we refer to Section 2.

The Hele-Shaw MBP with constant v is well investigated. In particular, our starting
point is the following observation [1, 7]: On the Fréchet manifold M of the surfaces I'
that bound a domain of fixed given volume, an evolution t — I'; satisfying the MBP can
be interpreted as a gradient flow with respect to the energy functional

& = &) ;= meas(I") (1.1)
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and the Riemannian metric g given by (2.4).
In our generalization to nonconstant v we use the energy functional

& =8&(T,~) ::/F’ydf (1.2)

and keep the demand that the evolution is given by a gradient flow with respect to
the same Riemannian metric. (A parallel procedure applied to viscous free boundary
flows leads to the usual description of the Marangoni effect.) This leads to two related
difficulties: First, the functional & is not longer depending on I' only. This is resolved
in the following way: Instead of the manifold M we consider the vector bundle F' over
M, having as fiber space at I' the (smooth) functions on I'. On this bundle, & is well
defined. Secondly, one also has to prescribe an evolution law for v as a function on the
moving surface t — I';. Again, we make a simple choice: We assume ~ to be transported
along with the velocity field at the boundary, and we allow the tangential transport to
be diminished by a “slip factor” § € [0,1]. The case 6 = 1 describes a fixed coupling
of the values of v to the moving liquid particles. Physically, this would occur e.g. if v
is temperature dependent and heat conduction is negligible. On the other hand, the
case 6 = 0 corresponds to transport in normal direction only. In differential geometric
terms, this transport law is realized by introducing a suitable connection D on F and
demanding parallel transport of v, see (2.7)-(2.10).

Let us remark here that we do not claim that these assumptions are necessarily in
accordance with the physics of an actual Hele-Shaw flow with nonuniform surface energy
density, e.g. induced by the presence of a surfactant. It is well conceivable that the inter-
face dynamics in such a situation might be dominated by more complex phenomena like
the occurrence of boundary layers, thin surfactant films, or other effects. For instance,
if a surfactant is present, one has to solve a transport equation for the surfactant con-
centration and to determine v from this. (See [16] for the case of Stokes flow; such a
modification of our problem would not present new principal difficulties.)

To test our assumptions in a concrete situation, numerical work as well as comparison
with experiments would be necessary. However, even our simple model is of mathematical
interest in its own right and as a typical example for nonlocal, degenerate parabolic
evolutions.

In Section 2 of this paper we derive the moving boundary problem (2.12), (2.13) from
the gradient flow formulation. In the sequel, we prove our main result, namely, a local
existence and uniqueness result for this problem in scales of Sobolev spaces. For the
precise formulation and further results concerning continuous dependence on the initial
data see Theorems 3.1 and 3.2 below. If the surface I'; and the coefficient ; are known
at some time ¢, then the velocity potential ¢; is completely determined by (2.12). If
one parametrizes I'y over a fixed reference surface S, the moving boundary problem
can be interpreted as an evolution equation with nonlinear, nonlocal pseudodifferential
operators. The parametrization can be constructed in at least two different ways: On
one hand, it is possible to parametrize the surfaces using one scalar function, e.g. the
normal distance to the reference surface. Then 7; has to satisfy a transport equation
whose coeflicients depend on the parametrization and on the velocity potential. On the
other hand, the moving boundary can also be represented by mappings u(-,t) : S — R™
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whose time derivatives are given by the velocity vector, i.e.
Ou=F(u):= (VN +6V7):) ou,

where Vy and Vp denote the normal and tangential component of the gradient, respec-
tively.

This formulation, which we will use in the sequel, is R™-valued. Therefore, the cor-
responding Cauchy problem will be necessarily degenerate, even if v is strictly positive
(or even constant). However, this is no crucial disadvantage as our problem couples a
transport equation with a parabolic evolution and we allow « to degenerate as well. Our
approach has two favorable properties: v now appears only as a known, time-independent
function on the reference domain, and the additional freedom in the choice of the dif-
feomorphisms can be used to derive generalized chain rules for our nonlocal operators
which reduce the technical effort in the proofs of the necessary estimates.

As long as v is nonnegative, the normal component of the linearisation .#’(u)v behaves
as a degenerate elliptic second order operator on the normal component of v, so that we
have, e.g., with respect to the L2-inner product

(n-v,n- 3‘"(u)v>L2 < C|v||3e.

An estimate like this does not hold for the complete linearization, including the tangential
components. Due to the special structure of .%, however, it is possible to define inner
products (, ),, which define equivalent norms on L? and satisfy

(v, F'(u)v) < Cv|7s.

Defining higher order inner products (, )4, on the basis of (-, -),, one finally can show
an H®-energy estimate

(Z(w),u),, < Clul

for s sufficiently large, and, on the other hand, the dependence of these inner products on
u can be controlled by a weaker Sobolev norm. In a suitable abstract functional analytic
framework, these estimates can be used to obtain proofs for our main results. Moreover,
these results implies the existence of an unique solution w := (Id—\.%)~! of the equation
w — AF(w) = v provided A > 0 sufficiently small. The solution of the Cauchy problem
for the evolution equation is given by the exponential formula

u(t) = tim (1d - 39) " u(0)
n— 00 n
with convergence in H® provided u(0) € H?, s sufficiently large.

The structure of the paper after Section 2 is as follows: In Section 3, we introduce
the necessary notation and announce our main results together with the abstract exis-
tence theorems which are used. Section 4 is devoted to the behavior of our (nonlocal)
operators in scales of Sobolev spaces, and in Section 5 the u-dependent inner products
are introduced, and the necessary estimates are shown. Finally, the main results (The-
orems 3.1 and 3.2) are proved in Section 6. The proof of a general abstract existence
result (Theorem 3.4), which may be of independent interest, is given in the Appendix.
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2. The equations of motion

Here we characterize the moving boundary problem as abstract gradient flow on the
manifold of the natural configuration space. We start by recalling the following general
properties of incompressible, source free Hele-Shaw flows. One looks for a family of
domains Q(¢) C R™ parametrized by time ¢ > 0 and corresponding velocity fields v(-, )
such that (according to Darcy’s law)

V(- t) = V(1) in Q(t) (2.1)

with a potential field ¢(-,t) proportional to negative pressure. As we also demand that
the boundary T'(¢) of (t) moves along with the velocity field, we find the kinematic
boundary condition

Va(t) = Onp(-,t) on (), (2.2)
where V,,(¢) is the normal velocity of the moving boundary T'(¢) and 9,, = 9/9n is the
derivative in direction of the unit outward normal n(t) of I'(t). As v is divergence-free,

Ap(-,t) =0 in Q(t). (2.3)

Thus, in any Hele-Shaw flow, the complete velocity field is determined by the normal
velocity at the boundary.

If the surface tension coefficient is a positive constant, the corresponding surface energy
is proportional to the surface area and the Hele-Shaw flow driven by surface tension can
be interpreted as abstract gradient flow of this functional with respect to an appropriately
chosen inner product, cf. [1, 7]. As this formulation is a main ingredient in our derivation
of the moving boundary problem below, we define this inner product more precisely.
Consider for the time being a fixed smooth domain 2 with boundary I and define

Vo i={veC®{T)| [pvdl =0}.

The space V1 can be interpreted as space of all possible normal boundary velocities, the
restriction expresses conservation of volume. We fix § > 0 and introduce on Vr the
bilinear form gr given by

gr(vi,ve) == / V1 Ve dx —|—ﬂ/ v1vg dl, (2.4)
Q r
where the ¢;, i = 1,2 are (weak) solutions of the Neumann problems
Ap; =0 in Q, 0Opp; =v; on I.

To give a physical interpretation of the quadratic functional v +— gr(v,v) we remark that
the first term represents energy dissipation by the corresponding Hele-Shaw flow (cf. [7])
while for 3 > 0 the second term is a penalty for large normal boundary velocities. Note
that, by Green’s formula,

gF(Ul, ’Ug) = /F(gol + 68n<p1)vg dr'. (25)

In differential geometric terms, this inner product arises a Riemannian metric on the
Fréchet manifold M of boundaries I' = 0f2 to smooth compact domains Q C R™ with
given fixed volume. By interpreting a tangent vector at I' € M as normal velocity field
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of the boundary, there is a natural way of thinking of vector fields X on M as sections in
the Fréchet vector bundle ¥ = Ure s Vi with base M and fiber Vr, i.e. there is a natural
isomorphismus TrM =~ Vi and we have for any real functional J € C*(M)

(XJ)(F) = 65J(F5)|5:0,
where € — I'. € M is a path of admissibles shapes with normal velocity v for € = 0,
I.:={z. |z e}, ze =z +e(v(z) + O(e))n(z). (2.6)

Thus, identifying a vector Xt € TT M in this sense with its image v € V1 and considering
smooth domain dependence of the solution to a Neumann problem, I' — g defines a
Riemannian metric g on the manifold M. It is remarkable that in the case § = 0 a
geodetic line w.r. to this metric g represents the motion of an incompressible irrotational
perfect fluid with a free boundary; for the corresponding Levi-Civita derivative, Rieman-
nian curvature and an analysis of the Jacobi equation from a differential geometric point
of view we refer to [3].

Now, considering first the surface energy (1.1) with constant v, the normal velocity
V,, € Vr of a surface tension driven Hele-Shaw flow is determined by

gr (Va,v) = =&"(D){v} for all v e Vi,

where &'(I'){v} := (X &)(T") denotes the derivative of the energy in direction of X ~ v.
As a consequence, at each instant of time ¢ the flow reduces the surface energy as rapidly
as possible among all normal velocities with prescribed norm corresponding to the inner
product (2.4), in particular, the flow is volume preserving and surface area decreasing.
By a well-known formula for the first variation of surface area we find

E' (D) {v} = —/m;dl",

T

where k is the mean curvature of I with sign determined by the above variation formula
(negative sign if Q is convex); for notational convenience, throughout the paper the usual
normalization of x has been changed by a cofactor m — 1. To model the influence of a
variable surface tension coefficient which is coupled on a transport mechanism, it arises
now quite natural to consider a surface energy functional of the form (1.2) where v > 0
denotes an surfaces energy density function along I', not necessarily constant. It should be
noted that we don’t assume a priori an one-to-one correspondence between the surface I'
and density -y, as it is the case in simpler situations, e.g. where a known global function
generates the density via restriction or where an anisotropic surface energy density is
considered, i.e.
y=flr or y=fononT

with given f € C°°(R™); the latter energy density is commonly used to model crystal
growth problems. In fact, in our setting the functional & is uniquely defined on the
vector bundle F' := UpepC™(I") with base M only. In such a case, computation of
the derivative of the surface energy in direction of a given vector field requires a law for

the change of v on the moving surface. Using differential geometric terms we make the
following assumption: along a path ¢ in M the energy density is transported by parallel
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displacement with respect to a given connection Dx which acts on sections « in F, i.e.
Dy =0 along c. (2.7)

In further considerations we restrict our attention to the connection D x which is defined
as follows: Let X be any vector field, I' € M and v € Vp with Xp ~ v, then we set for
any section v in F

Dxvr := 0-9¢ |e=0 + 6VryVry, 6 €[0,1], (2.8)
where in terms of the notation (2.6)
Ye(x) == Ar.(zc), (e,2) € (—€0,€0) X I, (2.9)
and 1 is a solution of the Neumann problem
AY=01in Q, 0Jpp=v on I (2.10)

Interpretation of Dy and parallel transport w.r. to Dy is quite obvious in terms of the
underlying Hele-Shaw flow. In contrast to the case of constant -, we also have to consider
the influence of the tangential motion at the boundary which results from a normal
variation of the boundary. As pointed out before, in a Hele-Shaw flow the velocity field
corresponding to a normal boundary velocity v € Vi is Vi where 1 solves (2.10). Hence,
in the case 6 = 1, (2.7), (2.8) express that the surface energy density is transported along
with the liquid particles, i.e. with the velocity field Vi) at the boundary. On the other
hand, in case of § = 0, transport in normal direction without any tangential movement is
expressed. The other cases are intermediate. On Vi we define the linear operator Axp
(“Neumann-to-Dirichlet operator”) by

Anpv :=|r,

where 1 satisfies (2.10) and [ ¢ dl’ = 0. Hence, again in terms of the notation (2.6),
the assumption D,vy|r = 0 implies

0:c7e |e=0 = =0V YV AnpU
and we obtain for

80T v} = 0, T2)

using again the formula for the first variation of area

E' (v, D) {v} = /F((‘?E% |le=0 — k) dl’ = — /F(/wv + 0VryVry) dr.

It easily follows from Green’s formula that Axp is symmetric with respect to the usual
L?-scalar product on I', and thus

E' (v, D) {v} = — /F('ym) — 0Ary Anpv)dl = — /F(’yn — JANpAry)vdl. (2.11)

We have to consider (2.7), (2.11) as a differential rule for the change of surface energy
in dependence on surface and energy density. They allow the computation of the energy
along any path in M starting from a know intial shape I'(0) with know energy density ~o.
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But of course, in general, this computation is path-dependent, i.e. the resulting energy
in the endpoint of the path will depend on the history along the whole path.

Now, as in the case of constant -, we define the normal velocity V,, € V1 as solution
of the variational problem

gr(Vp,v) = =& (7, T){v} for all v e Vr.
Together with (2.2), (2.5), and (2.11), this yields the dynamic boundary condition
¢+ BOnp = vk — JANDADY-

Summarizing and using an auxiliary function ¢ instead of the nonlocal operator Ayxp,
we have obtained the following moving boundary problem: For a given bounded domain
Q(0) C R™ and a given nonnegative function vo defined on 92(0) one looks for a family
of C%-domains Q(t) € R™, ¢ > 0 and functions ¢(-,t),9(-,t) € C*(Q(t )) v € C?(I(t))
such that

Ap(-,t) =0 in Q(t),
A¢( ) =0 in Q(t),
(- 1) = Apyve on I'(¢), (2.12)
o(-,1) +53n<ﬂ('775) = Yeki(t) = 69p( 1) on I'(2),
Va(t) = 671‘:0( t) on I'(?),
where k(t) is the curvature of T'(¢). In the main part of this paper, we restrict our

attention to the case 6 = 1. The generalization to § € [0,1) is sketched at the end
of Section 5. Additionally, we describe the transport of v by (2.7), (2.8) with § = 1.
Introducing Lagrangian coordinates x = z(&,t), £ € T'(0) corresponding to the velocity
field via

0(€,1) = Vep(a(&,1),t) for >0, 2(£,0)=¢, (2.13)
we obtain from (2.2) that = z(-,t) is a diffeomorphism from I'(0) onto I'(¢), and the
transport law for ; takes the form

Yt (x(fvt)) = 70(6)3 5 € F(0)7 t>0. (214)

In (2.12), (-, t) and ¢(-,t) are determined up to a constant only, but this is without
significance for the evolution of both €2(¢) and 7;. Note that in the case § = 0, by setting
& = ¢ + 1, (2.12) simplifies to

AD(,t) =0 in Q(t),
O(-,t) = k() on I'(¢), (2.15)
Vn = 8n‘1>(',t) - AF(t)'Yt on F(t)

In the sequel, however, we will restrict our attention to the case 5 > 0. Without loss of
generality, we can assume § = 1. In the case § > 0, § = 1, we can show well-posedness
of our moving boundary problem even if + is zero on parts of the boundary, provided
its square root is smooth. This seems to be particular to this situation. We intend to
discuss the case § = 0, which leads to a third-order problem, in a forthcoming paper.
For 44 = v = const and 7 > 0, ¢ is constant, and (2.12) is known as the so-called Hele-
Shaw flow problem with kinetic undercooling and surface tension regularization. From a
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modelling point of view, this problem can be seen as the quasistationary version of the
well-known Stefan problem. In this context, the boundary condition incorporates both
the Gibbs-Thomson surface energy and a nonequilibrium effect of temperature decrease
at the advancing phase boundary. A short-time existence proof for this problem and a
proof that its solution is the limit for the solutions of the corresponding Stefan problems
can be found in [19]. For existence results concerning a corresponding two-phase problem
we refer to [5, 20]. Both effects are known to regularize the motion of the interface, and
this is also true for Hele-Shaw flow problems [12, 17, 18]. In the case v = 0, with
internal sources or sinks as driving forces, existence results are given in [10] for the two-
dimensional case and analytic data and in [15] for arbitrary dimensions, in the framework
of Sobolev spaces.

If 7 is a positive constant, the moving boundary has stable, attractive equilibria which
are given by the spheres (see e.g. [4, 6] for the case 8 = 0). In general, however, after
prescribing a nonconstant function 7 on the reference domain and an inital diffeomor-
phism u, it is not a priori clear (even with v near a constant and the moving domain near
a ball) what the long-time evolution and the corresponding equilibrium will be. Instead,
determining the equlibria belonging to a - prescribed on the reference domain leads to
a stationary free boundary problem in 1 whose solvability and stability (for I' near a
sphere and « near a constant) we intend to discuss elsewhere.

3. Notation and main results

We list some notation. C,Cq,... etc. denote generic constants; their dependences on
other quantities is only indicated if not obvious from the context. Let £ C R™, m > 2
be a bounded domain with smooth boundary S := OF and v the outer unit normal on
S. For M = S or M = E, we make constant use of the usual L2-based Sobolev spaces
H#(S), H*(S,R™) of order s with values in R and R™, respectively. If no confusion is
likely, we just write H®. The norms of these spaces will be denoted by || - ||2; for M = S
the upper index M is dropped in most cases. When Fréchet derivatives of operator-
valued mappings are considered, the additional arguments describing the variations are
written in accolades ({ }).

3.1. Well-posedness for the moving boundary problem

Now, as already mentioned in the introduction, we reformulate the moving boundary
problem (2.12) - (2.14) by describing I'(t) as an embedding u(-,t) : S — R™ such that
the curves t — wu(y,t) for fixed y € S are trajectories belonging to the velocity field
and ~; is constant along these curves. This approach enables us to consider v; as a
known function during the evolution at the cost of describing the moving boundary by
m functions. To do so, let

U:={u:85—R"|u=uwlg with w € Diff(E,Q, UT,)}, (3.1)

where
Qy :=w(E) and Ty, :=09Q, =u(9).
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Throughout this paper, we use the abbreviation
Us:=UNH?(S,R™).

Now, (2.12) - (2.14) is reduced to the following Cauchy problem, which will be inves-
tigated in the sequel: For given ug € Ug, s sufficiently large, we look for T" > 0 and a
mapping [0,7] > t — u(t) € Us, such that

u'(t) = F(ut)), telo,T], (3.2)
u(0) = ug
Thereby, for © € U, we have set
F(u):=F(u)(4(u)) with Z(u):=H(u)+ G(u), (3.4)
where, for any given function f on .5,
F(u)f = Ve(u, f) ou, (3.5)
and ¢ = (u, f) denotes the solution of the Robin boundary value problem
Ap=0in Q, Ohp+e=Ffou " on I,. (3.6)
Further, H(u), G(u) are given by
H(u) = ke, ou),  Glu) = —Au) (Au)7). (3.7)

Here v € C*°(S) is a fixed and given nonnegative function, xr, denotes the mean cur-
vature of I',, with sign and scaling conventions as above,

A(u)w := Ar, (wou') ou (3.8)
is the pullback to S of the Laplace-Beltrami operator Ar, on I';, and
A)f = g (u, f) o (3.9)
is the Neumann-Dirichlet operator, i.e. oy = @n(u, f) solves the Neumann problem
Apy =0 in Q,, Ohon=c+ fou ! on Ty, fFu on dz = 0. (3.10)

The constant ¢ = ¢(u, f) € R in (3.10) is determined by the solvability condition
Jr., (fou+c)dl'y = 0; (3.11)

clearly c(u, f) = 0 for f = A(u)y. For fixed smooth v on S, the mappings u — H (u)
and u — A(u)y constitute quasi-linear second order differential operators on S. More-
over, the solutions of the boundary value problems (3.6), (3.10) depend smoothly on
the domain Q,, i.e. on u € H*, s > (m+1)/2 and f — F(u)f, f — A(u)f represent
pseudodifferential operators of order zero and minus one, respectively. In particular, G
is a pseudodifferential operator of lower order than H and may be considered as a cor-
rection term to ensure the gradient flow structure of the evolution problem. For precise
formulations of the mapping properties of F and A and detailed proofs see Section 4. In
the consequence, this leads to

[u— Z(u)] € C®(Us, H2(S,R™)) (3.12)

for s > (m + 3)/2. Now we are in position to formulate our main results.
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Theorem 3.1. (Short-time existence and uniqueness.)
Fiz an integer so > (m+5)/2 and assume v = p? with p € C*°(S). Let s > sq be integer
and ug € Ug. Then there exists T > 0 and an unique solution

ue C([0,T),Us) nC*([0,T], H*"%(S,R™)) (3.13)

of the initial value problem (3.2), (3.3). Additionally, any given @o € Uy, has a suitable
H?0-neighbourhood K, such that for initial values ug varying in K " H?®, there are T > 0
and C independent of ug such that

lu@®)||s < C(1+ |u(0)||s) for all t €]0,T]. (3.14)

Theorem 3.2. (Regularity and continuous dependence on initial values.)
Under the assumptions of Theorem 3.1 let u be any solution to (3.2) in the class (3.13)
with some T > 0. Then there holds:

(i) u(0) € H*TY(S,R™) implies
ue C([0,T),Us1) NnCH([0,T], H*'(S,R™)).
(i) Assume uf — ug in H°(S,R™) for n — oco. Then, for n sufficiently large, there

exist solutions u, of (3.2) in the class (3.13) with initial values u,(0) = uy and
there holds u, — w in C([0,T], H*(S,R™)).

The proof of both theorems is given in Section 6.

3.2. An existence result for abstract evolution equations

Here we consider (3.2), (3.3) as an abstract nonlinear Cauchy problem for an unknown
function u = u(t) with values in a Banach space and prove existence of a solution if the
nonlinearity .# satisfies a certain condition of semi-boundedness with respect to a family
of bilinear forms. As general framework we adopt the following assumptions.

Let X C Y C Z be real, separable Banach spaces with dense und
continuous embeddings and % C Y open. For every u € % let (-,-), :
X x Z — R be a continuous and nondegenerate bilinear form, such
that with fixed constants C' > 1, M > 0:

(H1) (v, w)y = {(w,v), for all v,w € X; (H)
(H2) CH||F < (v,v)y < C|||3 forallv € X, u € %;

(H3)  (v,0)u < (0,0)0 (14 Mlu—wl|z) forallv e X, u,w € %;
(H4)

H4) weak convergences u,, — uin Y, un,u € %, and w, — w in Z

imply (v, wp )y, — (U, w), for allv e X.
Assuming (H) to hold, by the dense embedding X C Y and

2
[0, wha* < (0,0 (w0, why < C2ol3 ]} for v,we X

there exists to each u € Z a scalar product (-, ), on Y, which is compatible with (-, -),,
i.e. we have holds

(v,w)y = (v, W), for ve X, weY.
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Moreover, for un,,u € %, uy, — u, w, — w in Y implies
(v, wp )y, — (V,w), forall veX.

In further considerations, for the sake of brevity we put

[vllw = (0,0)32, Nl = (u,w)y/?
Assumption (H2) implies that || - ||y and || - ||, are equivalent, hence Y has all topological

properties of a Hilbert space, in particular, Y is reflexive. From u,,u € %, u, — u in
Y it follows

llull < Lm [lun];
n—oo
if [Ju||| = limy,— oo [||un||| one concludes hereby u,, — u in Y.

Theorem 3.3. Let (H) be valid and F : % — Z a weakly sequentially continuous
mapping such that for every ug € % there exists a neighbourhood B(ug) C % of ug in'Y
with

sup{ (u, F (u))u | u € Blug) N X} < +oc. (3.15)

Then for any ug € % , there exist T > 0 and a solution u of (3.2), (3.3) in the class
ue Cy([0,T),%)NCL(0,T), Z). (3.16)
Additionally, this solution satisfies u(t) — ug in'Y for t — +0. Moreover, T > 0 can be

chosen uniformly for initial values taken from a suitable neighbourhood of ug in Y.

In (3.16), we denote by Cy,([0,T],%) the space of functions from [0,7] to % which
are continuous with respect to weak convergence in Y. Similarly, C}, ([0, 7], Z) denotes
the set of weakly differentiable functions from [0, T to Z with derivative in C,, ([0, 77, Z).
It should be noted that in general there is no uniqueness and no continuous dependence
on initial data in any sense in Theorem 3.3. This theorem can be easily derived from a
more elaborate, quantitative formulation given in the next theorem. Remark that, for
the limit case R = +o00 and bilinear forms independent of u, this theorem coincides with
Theorem A in [13], but, as already mentioned in the introduction, our application just
requires the generalization to such variable bilinear forms.

Theorem 3.4. Assume (H) is satisfied with some ball
% =B:={ueY||ully <R}, R>0,
and 9 : B — Z is a weakly sequentially continuous mapping such that
200, 9 (u)) + M |G () | lull < B(Iull?) forall ue XAB  (3.17)
with a C*-function 3: Ry — Ry =[0,00). Let ug € B,
lluolll < r:= R/(20%)'/2,
and T > 0 such that the solution p of the scalar Cauchy problem

do/dt = B(p(t)),  p(0) = [Juol|? (3.18)
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exists on [0,T] and satisfies p(t) < r? there. Then the Cauchy problem
u'(t) = 9 (u(t)), u(0) = uyg, (3.19)
possesses a solution u in the class (3.16) for which additionally
llu(®)I* < p(t) for all t€[0,T],
u(t) = up in Y for t — +0.
The proof of this theorem will be given in the appendix.
Proof of Theorem 3.3. Let uy € % and B(ug) as in Theorem 3.3 be given. We set
G(v) = F(v+w) for ve B:={veY ||v|y <R},
b = G doru Il = (000,
whereby the density of X in Y enables us to choose wg € X and R > 0 such that
[wo — uolly < R/(32C°)2, {wo+v |v e B} C Blu).

Clearly, the bilinear form (-,-), 1, v € B satisfies the assumptions (H) again (with same
constants as (-, ), u € %). Further, by (3.15), there exists L > 0 such that

(v+wo,9(v))y1 <L forall ve BNX
and, by the weak sequential continuity of %, the reflexivity of Y and (H4),
|(wo, 9 (v))u1|, |9(v)]|z < L forall ve B.
Thus
2(0,9(V))p1 + MG ()| z||v]li < K forall ve BNX

with K := L(4+ MCR). Now, for any given w € Y with

lw = wolly < R/(32C°)2,
we apply Theorem 3.4 to solve the initial value problem

dv/dt =% (v), v(0)=w—wo
which corresponds to (3.2) with initial value u(0) = w. As
llw —wollly < C(lw = uolly + lluo —wolly) <r/2, r:=R/(2C*)"?,

Theorem 3.4 ensures the existence of a solution in the class (3.16) with T' = 3r?/(4K)
and v(t) — w — wp in Y for t — 0. O

4. Smooth domain dependence of the nonlocal operators

In this Section we study the domain dependence, i.e. dependence on u € Uy, of the Robin
problem (3.6) by transforming it into a boundary value problem on the fixed reference
domain FE. In particular, we derive multilinear estimates for the Fréchet derivatives w.r.
to u. The crucial tools here will be estimates for (multiple) pointwise products in our
scale of Sobolev spaces and a differentiation rule based on invariance properties of the
nonlocal operators.
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To begin with, we recall some well-known basic properties and estimates concerning
Sobolev spaces. For s > d/2, where M is E or S and d = dim M/2, the spaces H*(M)
turn into Banach algebras and the pointwise product of functions ws, ..., w, € H*(M)
allows the estimate

n
sy w2 < €37 (Jwill TT s 12) (4.1)
i=1 j#i
if s > so > d/2. Moreover, for such values of s the composition of C*°-functions with

H*-functions leads to H*-functions again: e.g. ¥ € C*™(M x R) and w € H*(M) imply
U(-,w(-)) € H*(M) (note the continuity of w by Sobolev’s embedding),

[w— U (-, w(-)] € C®°(H*(M),H*(M)) (4.2)
and there holds
1@, wEO)E < C(1+[lw]|fF) (4.3)

for all w from bounded subsets of H*° (M), where the constant depends, in addition to
s0, s and M, on ¥ and on upper bounds of ||w||s,. In particular,

[1/wlls" < C (e lwll 3wl (4.4)

for all w € H*(M) with w > o > 0 on M. On the other hand, we have the following
counterpart of (4.1) for the product of functions wy € H** (M), ..., w, € H*(M)

Jwiws w2 < e w3 lwal| 2 - [Jwn|| Y (4.5)

if0<s<s1,...,8, <sgwiths;+...+8, >s+(n—1)sg and sg > d/2.
In the following, for functions w defined on S let &w be an extension into E, i.e.
&w|s = w, whereby the trace mapping theorem permits us to choose

& e Z(H(S), H/*(E)) for all s> 0. (4.6)
For R™-valued functions we apply & componentwise.

Lemma 4.1. Let v € U, s > (m + 1)/2. Then there exist a H®-neighbourhood Vs C Uy
of v and a map ug € C*(E,R™) such that for every u € Vy the mapping

Ui=wuo+ &(u—up) (4.7
defines a diffeomorphism of E onto §,.

Proof. By the definition (3.1) of U, every v € U has a an extension v; € Diff(E,Q,)
and there exists a ¢ > 0 such that w € Diff(E,Q,,) for all w € C'(E,R") with
lw—v1||E: <e. Thus it suffices to find ug and Vi with

|lw — vl||gl <e forall u eV, (4.8)
where u is given by (4.7). Let
& € L(CYS,R™),C(E,R™)) (4.9)
be an extension operator which maps C*°(S,R™) into C*°(E,R™). Setting
up = wy + Swe  with w; € C°(E,R™), wy € C*(S,R™)
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to be chosen later, we get by Sobolev embedding H*+/2(E) « C*(E) and (4.6), (4.9)
[@ = v1llgr < Cllu = uollFp + lluo — v1|é
< C (w2l g + llu—=wuol| 7<) + wr = vi]|&n
< C(lwr = villér + llwa +wi = ol e + lJo = wol|Fe + [Ju = v[|F)-

Hence, letting § = ¢/(4C) and choosing firstly wy with ||wq — 111||g1 < § and, afterwards,
wy with ||wz + w1 — v, < & then (4.8) is valid with Vi = {u | [[u —v||%. < é}. O

Fix s > (m+1)/2, v € Us, and V; according to Lemma 4.1. Maintaining notation and
construction of this lemma, let

Esz—y=u() = (t(z),...,um(x)) € Qu, uweV, (4.10)

be the corresponding diffeomorphism (4.7), J = (8;u;) its Jacobian and (g;;) = J'J
the Euclidean metric tensor relative to the above coordinates. Furthermore let (/) be
the inverse of (g;;) and g = det(g;;). Then we have (¢¥) = g=1(Cof J) T (Cof J) where
Cof J = (a;j) and a;; is the algebraic complement of 0;u; in J. Note that, uniformly
in u € V;, the function g is strictly positive in E. Moreover, for the transformation
w = dI',/dS of surface area elements via (4.10) and the outer normals n of €, and v of
S there holds

w=|(Cof J)v|, nowu= (Cof J)v/|(Cof J)v|.

By definition, all of the quantities g, g5, a;; and g% are polynomials in the first derivatives
of & and, in case of g%, additionally in 1/g. Consequently, remembering (4.1)-(4.5) and
the construction (4.7) of ¥ we obtain smooth dependence of these quantities on u. More
precisely, we have

[u—ql € C=(Vo, H*V2(E)),  q=g,9ij,ai; or g” (4.11)
and (4.5) implies an estimate of the k-th Fréchet derivative:
g™ () {ur, .., ur} 11y < Clluallsy -+ lulls, (4.12)

if1/2<t<s1,...,8x <sand s1+...+ 8, >t+ (k—1)s. The constant is independent
of u € Vs and of uy € H?'(S),...,ur € H*(S). Similar arguments leads to

[u pl € C®(V,, H(S)), p=wornou (4.13)

with an estimate of the derivatives corresponding to (4.12).
Now, introducing the transformed velocity potential ¥ = ¥ (u)f = ¢(u, f) o uw and the
transformed Laplace and boundary operator according

L(w) = 0i(Vgg” 00),  Blu) = wip + viv/gg" 00,
the Robin problem (3.6) may be written as
L(u)p =0 in E, B(u)yp =wf on S. (4.14)

Note that the values of 1(u)f in E depend not only on u and f, but also on the diffeo-
morphism 4, i.e. on the chosen V;. On the other hand, ¥ (u)f|s is completely determined
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by u and f. The symmetry of the operator h + (u)h with respect to the LZ-scalar
product on I',, implies

/um/)(u)f ds = / wfh(u)(ww™)dS (4.15)
s s
(recall w = dI',,/dS) and the operator F from (3.5) gets the form

Flu)f = (Fu(u)f,.... Fm()f), Fi(u)f = aij0;9u)f/\/9g- (4.16)

We start the investigation of F' by discussing a generalized version of (4.14). Note that
we have to deal with two technical difficulties here, concerning nonsmooth coefficients and
uniformity of the estimates for “large” subsets of Us. Therefore, we need the following
preparation:

Lemma 4.2. Let Q@ CR™ be a bounded smooth domain, xo € Q x € C§°(R™) and

Xe(2) := x((z — x0)/e), x € R™.

Moreover, let p € H*(Q) with s > m/2 and p(xo) = 0. Then there is an s1 € (m/2,s)
such that

lim [[xeplls, =0-

Proof. Note at first that
Ixe|E" < cem/>>.
This is immediately clear for integer s, the general case follows by interpolation. By
Sobolev’s embedding, we have yu € C%(Q) for some a > 0, and consequently, due to
w(zo) =0,
lu(z)] < Ce®, x € suppx. NN

Thus,
Ixepll$ < Ce®|lxe||$ < Ceatm/?
and
Ixenll? < ClixellNull < cem™/>=.,
The assertion follows now from interpolation. O

Lemma 4.3. Let s > (m+1)/2, so € (m+1)/2,5s) be given.
For any v € Uy there is an H?®°-neighbourhood Vs, such that the BVP

L(w)w = 0;h; in E, B(u)w=we+wv;h; on S
is uniquely solvable for u € Vi, N H*(S,R™), e € H*~1(S), h € H*~Y/2(E,R™). More-

over, we have

lwll? < ORIy + lells,2) (4.17)
fort € [1,s4 1/2] with C independent of h, e, and v € Vs, N H*(S,R™).
Proof. 1. Fix v € Us and choose Vs, according to Lemma 4.1. Fix u € V5, N H*(S,R™).

For t = 1, the assertions easily seen from the variational formulation. For ¢t = s+1/2, the
assertions follow from the H*-regularity theory of elliptic boundary value problems (with
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operators in divergence form). Our coefficients /gg*, however, are only in H*~1/2(E)
which is slightly nonstandard. To prove the necessary regularity result in this case, we
can proceed as in the proof of Theorem A.14 in [11], replacing the Holder norms there
by Sobolev norms. To control the error terms occurring from the freezing of coefficients,
we use the estimate

i 05wl Z- jo < C (a5 Nwl Eirjo + Mg o jollwll £ 41 2)

(and a corresponding one for the boundary term) with s; from Lemma 4.2. Recalling
that p;; has a form to which that lemma applies, (4.17) can be established for t = s+1/2
by a usual perturbation argument, with a constant C' = C(u) . The general case follows
by interpolation.

2. To show uniformity with respect to u € Vs, N H*(S,R™), we proceed in a similar
way: For t = s+1/2, pick ui,us € Vs, NH?(S,R™), denote the corresponding coefficients
by \/ﬁgzj, k = 1,2, and estimate

I(Vo19t = V3295 )05l
< C(”ﬂl - ﬁ2||sEO+1/2||w||sE+1/2 + ||ﬂl - a2||sE+1/2||w||;E()+1/2)
< O(Jlur — uz|5, 1] 7 + [w][F),

where an interpolation inequality has been used. A similar estimate can be given for the
boundary term. After shrinking Vj, if necessary, one can show the uniformity by another
perturbation argument. O

Under the assumptions of Lemma 4.3, as a first trivial consequence we obtain the
estimate

() FIE (@) Iy j2 < Cllflle—sy2 (4.18)

for t € [1,s 4+ 1/2]. Note for later reference that these estimates continue to hold for
t € [0,s+1/2], provided s > max{m +1,5}/2. To see this, it is sufficient to show (4.18)
for t = 0; the general case follows by interpolation again. Fix u, pick ¢ € L?(S) arbitrary
and define w € H3?(E) by

Lww=0in E, B(uw=gonS.
Then, by Green’s formula rewritten in the form
[ @rL)in dz o)) dz = [ (618(w)o2 = 62B(u)on) s
and (4.17) with ¢ = 2,
Jovtsas = [ Bupwsras = [ words

Cllwllsj2llfll-3/2 < Clidllr 2l fll-3/2-

This proves the second estimate in (4.18). Analogously, picking ¢ € L?(E) and defining
v € H?(E) by

IN

Lu)y=¢in B, B(uww=0onSs,
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we get

/ Cb(u)f do = /E L(u)uwp(u) f do = — /S vy dS < ClClloll =32

This proves the first estimate in (4.18).
Furthermore, concerning the smooth dependence of 1(u)f on u, Lemma 4.3 together
with (4.11), (4.13) implies via a perturbation argument

o ()] € O (Vi, Z(H'5/2(5), H!(E))). (419)
Replacing ¢ by ¢t — 3/2 and considering (4.16), this leads to
Corollary 4.4. Let s > (m+1)/2 and —1/2 <t < s —1, then
[u— F(u)] € C* (U, Z(H'(S), H'(S,R™))). O

Lemma 4.5. Let s > (m+1)/2, u € Us and t € [1,s] be given. Then for any choice of
S1y...8kt1 € [t, 8] with s1 4 ...+ Sg+1 >t + ks there exists a constant C > 0 such that
for all f € H7Y(S) and all uy,...,ux € H*(S,R™) there holds

[F® ) {u, - ur} fll,_y < Clluallsy - lukllsy 1 f i -1 (4.20)

The constant may be chosen independently of u as long as u varies in H*-bounded and
closed subsets of Us.

Proof. 1. Fix so € ((m+1)/2,s), v € Us and a neighbourhood V;, according to Lemma
4.3. We show (4.20) with C independent of u € V,; N H*(S,R™). To begin with, recall
the estimate (4.18) in the form

IV (@) FlIE s () fll 2 < Cllf Nl (4.21)

for ¢t € [1, s]; concerning the estimate of Vi along S in the limit case ¢ = 1 note that the
boundary condition allows a representation of Vi as a suitable linear combination of ¥, f
and tangential derivatives of 1. In view of (4.16) this implies the asserted estimate (4.20)
for the simplest case k = 0. To obtain similar estimates for the Fréchet derivatives (¥ =
) (w{u,...,uptf, k =1,2,... we have to examine the corresponding derivatives of
the coefficients in the transformed Laplacian and the boundary terms. For ¢*) we get

Luw)p® = =" LOW){ui,, .. w3 D (W) {ui,, - ui b in B,
Bu)p® = =" BOw){ui,, ..., ui, 3 D )iy, wi L f (4.22)
+w®fuy, . uplf on S,
where
L(l)(u){uil, Co U b = &»((\/gg”)(k){uil, ey U, }@-gp),
BO ) {uiy, .. uis o = vi(y/g97) O {uiy s w3050 + 0O {uiy, i Yo,

and the sums are extended over 1 < [ < k and all decompositions 7; < ... < 4; and
ij41 < ... < iy of the indices 1,2,...,n. In particular, if £ = 1 we obtain for ¢’ =
' (u){u1}f the boundary value problem

L(u)y' = —0;((v99"7) {u1}0;¢) in E,

" (4.23)
B(u)y' = —vi(y/g9"” ) {u1}8;¢ + w'{ur }(f —¢) on S.
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Thus, for any ¢ € [1, s], Lemma 4.3 implies
19" ) {u} flIEr1 2 < CIV997) {ur} Ol 1o + o {un }f = 9)IIE0)-
To estimate the terms on the right-hand side we obtain by (4.5)
1(v/99"7) {us} 059l 1 /2 < Cll(Vg9™) {ur} 5 -1 /21050115, - 1 2
and accordingly
o {ur}(f = )IE1 < Cllw {12 -1 (1 lsa—1 + 10112, -1)
for any choice of s1,s2 € [t,s] with s1 + s2 >t +s. As
1121 10515, -1/ < ClY NG 4172 < C'llFllsa1,
by (4.21), using (4.12), (4.13) we find

H(\/ﬁgij)/{ul}ajw\!f_l/ga w{ur}(f 1/J)||f_1 < CMlualls | fllso—1,

hence

IV (@) {ur} FII7 1, 19" () {ua £l 2 < Clluallsy 1 llsa—1,

where the same remark applies to the estimate of V¢’ along S as to (4.21). Using (4.22),
these estimates are extended inductively to ()

IV SNy 0™ 2 < Clluallsy -+ ksl Fllsega -1, (4.24)

provided si,...,8k4+1 € [t, 8] with s1 + ... 4+ sp11 > t + ks. In view of (4.16), these
estimates together with (4.11) and (4.5) imply the asserted estimate (4.20).

2. Let K C U; be closed and bounded in H*(S,R™). As shown in 1., K can be covered
by H®-open sets Vy, », v € K, such that (4.20) holds uniformly for u € Vy, , N K. Now
the assertion follows from the compactness of K in H*(S,R™). O

Now we use invariance properties with respect to diffeomorphisms (cf. e.g. [9]). Let
7 € Diff (S). Then by definition

ou, f)=e@uor, for) in Q. (4.25)
Recalling the definition of F', we have
(F(u)f) ot = (Ve(u, f)) o (uoT),
FluoT)(for)= (Ve(uor, for))o(uoT),
consequently (4.25) implies
(F(u)f)or=F(uoT)(for) on S. (4.26)

Any smooth vector field D on S, identified with a first order differential operator, gen-
erates a one-parameter group of smooth diffeomorphisms ¢ — 7 with 7, = id for ¢ = 0.
Setting 7 = 7 in (4.26) and differentiating with respect to ¢t at ¢ = 0 gives

DF(u)f = F'(u){Du}f + F(u)Df (4.27)

foru € Us and f € H*"1(S), s > (m+1)/2. Furthermore, by differentiation with respect
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to u,
DF® (w){.. }f = F** YD) {Du,.. }f+ F®(u){.. }Df
k
(4.28)
=+ ZF(k)(u){ul, ceey Uj_l, DUj,Uj+1, ceey uk}f,
j=1
where the dots indicate the arguments ui,...,u;r € H*(S,R™). We choose m smooth
vector fields D1,...,D,, on S such that
span{D1,...,Dp,} =T, forall z € S
and use the multi-index notation D* = D' ... D% o = (a1, ..., Q) for higher order

derivatives. Note that, for s > 0 integer, we can use

(U,U)S = Z (Dau,DaU)L2(S)

lou<s

as scalar product generating the norm in H*(S). As a consequence of (4.27), (4.28) by
induction we obtain a differentiation rule which resembles Leibniz’ rule at an abstract
level: For any multi-index  and u € Uy, f € H*7(S), s > |a| + (m + 1)/2 there holds

DF(u)f =Y cp,..pps FP () {D, ..., DPu} Dt f, (4.29)

where the sum has to be extended over all integers k£ and systems of nonnegative multi-
indices (i, ..., Brk+1 with

0<k<l|al, 1<|Bil,- s [Bkls Bit+..o4 Brpr =a. (4.30)

The coeflicients are nonnegative integers, in particular, ¢, = co,0 = 1. Combining the
differentiation rule with the estimate of the derivatives in lower norms we obtain

Proposition 4.6. (i) Let s > so > (m + 1)/2 integer, u € Usy1. Then
IE@)flls < Cllulls+allfllso + 1£1]s)-

(ii) Assume additionally s > so + 1 and let « be any multi-index with |a| = s. Then we
have

DF(u)f = F(u)D*f + F'(u){D"u}f, + Ra(u) f

where the remainder term allows the estimate

[Ra(u)fllo < C(llullsllfllso + 1 Flls=1)-

The constants in both estimates can be chosen uniformly as w varies in H*®°- closed,
H* 1 bounded subsets of Us, 1.

Proof. We consider the more complicated situation (ii) only. According to (4.29), the
remainder term has a representation as a sum of terms

Iy = F®O (u){Du, ..., Dy} DPr+1 f,

where the multi-indices satisfy (4.30) and additionally |8;| < s = |a|. Thus k > 1
and |3;| > 1 for at least two indices, say i = i1,i2. We estimate Ig using (4.20) with
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S; = 1+ (1 — 01)(50 — 1) and
0;= (18l —1)/(s =2), i=ririz,  0;=|Bl/(s—2), i¢{ir iz}

Then s; € [1,s0] and s1+. ..+ Sk4+1 = 1+ kso, hence applying (4.20) (with ¢t =1, s = s0)
yields

”I»EHO < O||u|||51\+s1 s ||u|||51|+8k ||f||‘ﬁk+1|+8k+1*l'
Note that 1 + ...+ 0rr1 =1 and set A := 01 + ...+ 0. From
1Bil +si < (1 =0;)(s0+ 1)+ 0:i(s — 1)

we get by norm convexity and Youngs inequality

_ 1-A A
1Zsllo < Cllullty (Nl soa I ls=1) ™" (hulls £ 1156 )
k—
< Ollullsehy (ullsor I lls=1 + ullsl1 F1lso)-
This proves the assertion. O

We conclude this section with remarks concerning the Neumann-Dirichlet operator A
defined by (3.9), (3.10). It is obvious that the regularity properties of u — A(u) are the
same as for u — 1 (u)|g, hence (4.19) reappears as

[u— A(u)] € C=(U,,.Z(H'(S), H™(9))) (4.31)
for s > (m+1)/2 and —1/2 <t < s — 1. Moreover, the differentiation rule (4.28) also
holds for A and ¥ (u)f := pn(u)f ou satisfies estimates parallel to (4.24), hence we get

||A(k) (u){u17 s 7uk}f||t < C”ulHSl T ||uk7||5k ||f||8k+1*17 (432)

provided $1,...,Sky1 € [t, 8] with s; 4+ ...+ Sky1 > t + ks. Thus we have the following
analogon of Proposition 4.6:

Proposition 4.7. (i) Let s > sg > (m +1)/2 integer, u € Us and f € H*~Y(S). Then
[A) flls < C(llullsllFllso—1 + 1flls=1)-

with a uniform constant as long as u varies in H®°-closed, H*°-bounded subsets of Us.
(i) Assume additionally s > so+ 1 and let « be any multi-index with || = s — 1. Then
we have

ID*A(u) f = A(w) D fllv < C(llullsl| Fllso—1 + [1fls—2)-
where now the constant can be chosen uniformly as u varies in H° -closed, H*°T'-bounded
subsets of Usq.

Finally, for later reference we point out the simple commutator estimate
[A(whf —hA(u) flly < ClAls]f]-1 (4.33)

for u € Us, f,h € H*(S), s > (m + 1)/2. Fixing any neighbourhood V; according to
Lemma 4.1, u € V; with corresponding diffeomorphism (4.10) and considering

Au) f =) (f —wA(u)f)ls,
(4.33) is reduced to
[hp(u) f = () (RH)]IT < ClRIS) FIl-1- (4.34)
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Let h be the extension of h into E determined by solving the Dirichlet problem

L(u)h=0in B, h=h on S.
Clearly [|h]|%,, 5 < C|lh||s and ¢ := hep(u) f — ¢ (u)(hf) solves the BVP

L(w)y = 20;(v/gg" 0:ihp(u) f) in E,
B(u)) = —wr;g¥ d;hp(u)f on S.
Hence by Lemma 4.3

1911572 < CllVag? dihlls—1 2l (@) flIT)2 < CllAlsllv(w) f1I .
Together with (4.18) this implies (4.34).

5. The main estimate

In this section we prove H®- a priori estimates for the nonlinear operator .# w.r. to
variable bilinear forms which we define in the sequel. As already mentioned in the
introduction, these estimates are the main ingredient in the existence proof.

To begin with, for u € Uy, s > (m + 1)/2 we define

P(u)v:=v- (n(u)ou), N(uw:=w (n(u)ou), (5.1)
A(u)w := Vr, (wou ) ou (5.2)
as the euclidean scalar product and multiplication with outer normal n(u) of T',, and
pullback of tangential gradient V., along Iy, respectively. If P(u), N(u), and A(u) are
considered as operators in v and w, their coefficients are smooth functions of v and its
first derivatives. Thus, using (4.1) — (4.5),
P(u) € Z(H'(S,R™),H'(S)), N(u) e Z(H'(S),H(S,R™)), (5.3)
A(u) € L(H'(S),H"'(S,R™)) (5.4)
depend smoothly on u € U for 0 < t < s and 1 < ¢t < s respectively. Clearly, the
operators P, N, A satisfy invariance properties as stated for F' in (4.26). As a consequence,
the differentiation rule (4.27) and its corollary (4.28) are also true for P, N, A; we make use
of that without explicit mention. Further, recall that the pullback A(u)w of the Laplace
Beltrami operator Ar, on I', according to (3.8) and the operator H(u) according to
(3.7) may be expressed as
A(uw)w = A;(w) (Ai(w)w),  H(u) = —yA;(u)(ni(u) o u),
respectively (see e.g. [8], Sect. 15.1). Thus, recalling (4.31), the operator ¢ defined by
(3.4), (3.7) satisfies
[u— @ (u)] € C®(Us, H2(S9))
provided s > (m + 3)/2. Together with Corollary 4.4 this implies the smoothness of #
as stated in (3.12).
In further considerations of this section we fix the integer so := [(m +5)/2] 4+ 1 and set

[75 =U;,NK forall s> s
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with an H*°- bounded and L2-closed subset K C Us,. Note that
1< Cllulls, < C'lulls,  Nullessy < €

for all u € 175, s > sg. By transforming the well-know integration by parts formula for
the differential operator Vr, onto S, it gets the form

/S i) dS = = [ wlwr, ou)ni(w) o) ds.

S

Consequently, for u € U,, s > so and any f € C1(S) we have

/Ai(u)fds‘ gc/ 1] dS. (5.5)
s s
Furthermore, note the estimates

19 (uw)||s=2, |F (u)]|s—2 < C|lu||s for all ue 175, 5> s0.

Now we can formulate

Lemma 5.1. Let s > sq. Then for u € Uy, v € H5(S,R™) and f € H*~*(S) there holds
F'(u){v}f = F(u)(Auw) (P(u)v) - F(u)f) + R(u){v} f,
where R allows the estimate
[R(u){v}fllo < Cllflls=1llv]lo-
The constant is independent of u as long as u varies in U,.
Proof. As in the proof of Lemma 4.5 we can assume u € V;. We have
Fl(w){v}f = 0;¢ ou+v;0;0; 0 u,

where ¢’ = ¢'(u, f){v} denotes the derivative with respect to u of the velocity potential
o =p(u, f)in Q. As

le(u, Nllcz@,) < Culld(u)fllezz) < Calld(w) fllmatirzm) < Csllflls
by Sobolev’s embedding and (4.21), we obtain
lv;0:05¢ 0 ull§ < Cllflls=1llvllo.
Furthermore, ¢ satisfies Ap’ =0 in 2, and the boundary condition
@ +n-Vo' +n' - Vo+ (0ip+n;j0;0jp)viout =0 on T,
where we have used the abbreviation
n' = 0:(n(u+ev)o (id+evou"))|.—o

for the variation of the outer normal on I',,. A simple calculation, cf. Lemma 1.1 in [3],
shows

n' = -Vr, (n-voufl) +v;0u 'V, n;. (5.6)
By retransformation onto the reference domain E, this implies for 15’ = ¢’ ou to satisfy
the BVP

Lwy' =0 in B, B(u)y = Au)(P(u)v) - F(u)f + Ri(u){v}f on S.
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The operator R; acts by pointwise multiplications with respect to the components of v,
hence by the same reasoning as above we get the estimate

IR (w){v}FII5 < Cllflls—llvllo-
Thus the result follows. O

For u € U, let M(u) € Z(L*(S,R™)) be the operator defined by
M (u)v :=v — A(u) (Y (u) P(u)v). (5.7)
By (4.19) and (5.4),
M(u) € Z(H*(S,R™),H'(S,R™)), 0<t<s—1,
depends smoothly on u € Uy, s > (m + 1)/2; for later reference we state explicitly
1M (u){ur, - usolle < Cllualls - [lugl[s]|v]le- (5.8)

Because of P(u)A(u) = 0 the operator M (u) constitutes an isomorphism in L?(S,R™)
with inverse

M(u) " v =v+ Au) (¢(u)P(u)v) (5.9)
and we have
CHvllo < M (uw)v]lo < Cllvllo (5.10)
for all v € L2(S,R™) with a positive constant C' independent of u € U,.

Lemma 5.2. Let s > (m 4+ 3)/2. There exists a positive constant C such that for all
u € Us and f € L*(S), w € L*>(S,R™)

| (M (u)F(u) f, M (w)w), = (f, P(w)w),| < Ol fll-1llwllo- (5.11)
Proof. Reformulating the boundary condition satisfied by 1 (u) f, we have

Pu)(Fu)f) =f—¢@)f, Fu)f—Aw)(@(u)f)=Nu)(f—d@)f),

and consequently

Further, recalling P(u)A(u) =0,
(N()f, M(uw), = (f, P(u)M(u)w), = (f, P(u)w),,
and we obtain
(M) F(u)f, M(u)w), = (f = () f, Pww), + (Au)p(u)*f, M (u)w),.
Together with

A (@) F 15, (@) flI§ < ClLfll-1
from (4.18), this immediately implies (5.11). O
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In view of (5.10), for every fixed u € Uy, s > s,
(v, W) 5,0 = (M (u)v, M(v)w), + Z (M (u) D%, M (u) D*w),, (5.12)
lal=s
defines a scalar product on H*(S,R™) which is equivalent to the usual one.
Lemma 5.3. Let s > sy and u € (78.
(i) There exists a C > 0 independent of u such that for all v € H**2(S,R™) and

w € H*(S,R™)
(v, w)su < Clloflstzllw]s—2- (5.13)
(ii) There exist \g,co > 0 independent of u such that for all v € H*T*(S,R™) and
A> Ao

(U, (A2 + /\)v)s)u > co||v||§+2. (5.14)
with the elliptic operator Ay := D;D; on S.

Proof. (i) We consider a typical term of (5.12) and show
In(v,w) := (M(u)Dav,M(u)Daw)o < Ol st2l|w|ls—2 (5.15)
for smooth v, w and multi-indices o with |a| = s. Recalling (5.8), we have

IM® @D, ..., D*ubulle < Cluwl

if |o1], ..., |ax| < 2. Thus, writing Dw = D? D°w with |3| = 2 and |§| = s — 2, multiple
application of the differentiation rule gives a representation
M(u)Dw = (=1)l*! D M (u){D*u,. .., D**u} D°w, (5.16)

where |o;| <2 (in fact ag + ... + ax = (), hence
[ M®) (u){D u,..., D*u}D’wlo < Cllwl[s—2.
Furthermore, using the differentiation rule again, we have
[M (u) D[z < Cllv]]s2,
and consequently
(M (u)D*v, D* M® (u){ D", ..., D**u} D), < Cl[v[|ss2]lw]s—2-

This implies (5.15).
(ii) Using the same type of arguments as in the proof of part (i) we obtain
(v.830),., = (DiDyo, DiDy), , — Cllollsa o]l s

S,u

and consequently

(0, (AF +2)v), , = co(llvlZ 2 + Aloll2) = CllvllZi

s, u —
with a positive constant co. Hence applying
[ol241 < allvllZs + Clo)ol?

with o = ¢¢/2 and choosing X sufficiently large we get the claim. [l
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An immediate consequence of Lemma 5.3, (i) is the existence of a continuous bilinear
form (-, )5, on H*T2(S,R™) x H*72(S,R™) compatible with (-, "), i.e. there holds
(v, W54 = (v,W)s, for all v,w € H*T2(S,R™). Further, we put for ¢ € (0, 1]

(v, W)5 4 = (V, W)spu + e2(v, W)s- (5.17)

Lemma 5.4. We assume as above s > sg, € € (0,1].

(i) For fized u € Us, the mapping (-,-)S, : H*T?(S,R™) x H*"?(5,R™) — R con-
stitutes a continuous, nondegenerate bilinear form, symmetric on H*T2(S,R™) x

HsT2(S,R™).
(i) With constants C > 0 independent of €,u,v,w, one has for u,w € Us and v €

HT2(S,R™):
C(Ivllz, +€%lvll2) < (v, 0)5 < CTH([I0lI3, +2llvll3) (5.18)

(0,0)5 0 < (0,054 (1+ Cllu—w]ls—2). (5.19)
n - S} n - B
(ii) The weak convergences u ue H® w w € H%2 imply for each v € H5?
<Ua wﬂ>§,un - <Ua w>§,u

Proof. (i) It remains to show nondegeneracy only. First note that Lemma 5.3, (ii)
implies for every v € H5t2 and A > Ao

<v, A%v + )\v>z7u > co||v||(2J.

Let &,u, w be fixed such that (v,w)$,, = 0 for every v € H**2. Let A be sufficiently large
and v € H"? the unique solution of the fourth-order elliptic equation

Adv+ Xl =w on S.

Thus we have
€ €
0= <v,w>s,u = (v, Afv + )\’U>s)u > collvl|2
for our special v, consequently it follows that v = 0 and then w = 0.

(ii) The estimates (5.18) are immediate consequences of (5.10). Concerning (5.19) we
only note that by (5.8)

1M (u)f = M(w)fllo < Cllu—wlls,—2[l fllo

from which the assertion can easily be derived.
(iii) Fix v € H*™2 u € U, and for the time being w € H®. Using the representation
(5.14), we get for |a| = s

(M (u) D, M(u)D*w), =

> (=1l (M (u) D, D M® (u){ D u,. .., D**u} Dw)

with |a;| < 2, |6] = s — 2. Now assume u,, — u in Uy, thus u,, — u in H* with s € [0, s),
and w, — w in H*72. According to the above remark, <U,wn> can essentially be
represented as a sum of terms

> (=1)l*ol (M (un) D, D* M (uy ) {D* t, ..., D*u } Dy, )

S,Un

H2xH—2
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with «, a;, and § as above, where (-, -) 2 « -2 denotes the L?-duality map on H?(S, R™)x
H=2(S,R™). From the smoothness properties of M we conclude

M (u,) D% — M(u)D* in H?*(S,R™). (5.20)

Similarly, uniform boundedness of ||wy||s—2 and convergence u,, — u in H*°~2 imply via
(5.8)

M(k)(un){Do‘lun, ce, Do"“un}D‘swn - M(k)(u){Do‘lu, e Do‘ku}D‘swn — 0
in L?. As strong continuity of linear operators implies weak continuity, we have
M®) (u){D%w,. .., D¥*u}Dow, = M® (u){D%u,..., Du}Dw
weakly in L2, and consequently
D M® (4, ) { D uy, ..., D*uy } Dow, — D*M®) (u){ D u,..., D**u}D’w
weakly in H 2. Together with (5.20), this completes the proof. O
Lemma 5.5. Let s > 5o be an integer, u € U, and assume v = p? with p € C*=(S).
(i) There ezists positive constants ¢, C, independent of u, such that
1" (w)vllo < C(llpP(w)vll2 + [lv]]1), (5.21)
(DP(u)v, DY'(u)v), < —c|pP(u)Dol[] + C|lv|? (5.22)
for all v € H*(S,R™) and any derivative D = D*, |a| < 1.
(i) Moreover, for |a| = s we have
1D°% ()1 < C(llpP(w)Dulls + ], (5.23)
(P(u) D%, DY (u)), < —c|pP(u)Dl[} + C|lull2. (5.24)

Proof. (i) To show (5.21), (5.22) it suffices to construct a representation of the form
4 (u)v = yA(u)(P(u)v) + pR1(u)v + Ra(u)v (5.25)
with operators Rj(u), Ra(u) such that
[1B1(w)ollo, [[Rz(w)v]r < Cllvf]s. (5.26)

For the part H'(u)v of 4’'(u)v, which is a second order differential operator in v, this is
quite clear using the well-known fact that the linearization of the mean curvature has
A(u)(P(u)v) as main part. Concerning G'(u)v we note

—G'(u)v = A(u)A (u){v}y + A'(W){v}A(u)y,
A (u){o}y = 208 (w){v}p + AN () {hpAs(u)p,
hence we have the representation —G’(u)v = pRy(u) + Ra(u) with
Ra(u) i= 2A(u)A (u){v}p,

Ro(u) = 2(A(u) (2" (u) {v}p) — pA(w)A (w){v} )
+ 4AM) AL (w){o}pA (w)p + A'(u) (v} A(uw)r.
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Due to
[A)pllsg—2 < C, A" (w){v}pll -1, [[Aj(w){v}pllo < Cllv]l1,

the estimate (5.26) for Ry is now a consequence of

[Au)fllo < Cllfl-1, A (W) {v}pll-1 < Cllolls,
whereas the estimate for Ry follows from the commutator estimate (4.33) together with

[A@) £l < Clifllo, 1A (){v}fll < Cllvllallfllso—2-

(i) Similar to part (i), it suffices to show the existence of a decomposition

DG (u) = vA(u)(P(u) D) + pRy(u) + Ra(u)
with operators R, Ry allowing the estimates

IR ()]l -1, [[R2(u)]lo < Cllulls.

Again, for the part D*H of D*¥ this is quite clear, where R, Ro are now local differential
operators with respect to u of order s + 1 and s, respectively. Concerning D*G(u) we
write « = G+ § with |3| = 1, |6| = s — 1 and calculate

—D*G(u) = 2pDP A(u) A (u){D’ulp+ Q1 + ... + Qs
with
Q1 := D?(D° A(u)A(u)y — A(u)D°Au)y),
Q2 := D A(u)(D°A(u)y — A'(w){D’u}y),
Qs := 4D A(u) ) (u){ DPu} ph(w)p,
Q1 = 2D (A(u)(pA' (u){D’u}p) — pA(u)A' (u){D’u}p),
Qs := 2(D°p) A(w) A (w){ DPulp.

Now we set Ry := 2DPA(u)A’(u){D’u}p and Ry := Qi + ... + Q5. The necessary
estimates follow from the properties of A, in particular, Proposition 4.7 (ii) and (4.33),
and from the additional commutator estimate

ID°A(u)y — A (u{D’u}rllo < Clluls.
O

Now we are prepared to formulate and prove the following a-priori estimates for %
w.r. to the bilinear forms (-, ) .

Proposition 5.6. Let s > sy be integer. Then
(v, 3‘\’(u)v>1)u < C|vl|3, (5.27)
(u, f(u)>su < Clull? (5.28)
for all u € U, and v € H?(S,R™) with constants independent of u and v.
Proof. We start with the proof of (5.27). Due to (5.21), for any derivative D
|DF" (w0 — F'(w){Do}¥ (w) — F(u) (DF' () |, < C(llolls + P (w)o]l2)
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and consequently by Lemma 5.1
DF'(u)v = F(u)(Z (u) - A(u)(P(u)Dv) + DG’ (u)v) + R(u)v,

where the remainder term satisfies

[R(u)vllo < C(l[vll + loP(w)vll2).
Further, by (5.21) we have

IDZ" (wyv]| -1 < C(llvlly + llpP(u)vll2),

and moreover

1 (w) - A(u)(P(w) Do) -1 < Clfo]]1.
Hence by Lemma 5.2 it follows that

(Dw, Dﬂ"(u)@o,u < (P(u)Dv, Z (u) - A(w)(P(u)Dv) + DY’ (u)v) ) + I (u)v”

where now

I(u)v? < C(|[v]l1 + [lpP(w)v]l2) ]2
Writing

(P(u)Dv, Z (u) - A(u)(P(u)Dv))O

1

= 5 [ (M@ (@ PEDYR) = (P DA Fi(w) ds.

an integration by parts on S using (5.5) yields
|(P(u)Dv, Z (u) - A(u)(P(u) Dv)), | < Cllvlf3,

hence together with Lemma 5.5, (5.22) we obtain the estimate (5.27).
Further, to prove (5.28) we use the abbreviation

el i= (lulls + 37 IlpP@) D).
lo=s
Using Proposition 4.6, (ii) we write
D% (u) = F(u)D*Y (u) + F'(u){D*u}¥4(u) + Ry (u),
where R; allows the estimate
IRy (w)llo < C(llullsl|F (w)llso—2 + 1€(w)|s-1) < Cllullisa
because of

19 (w)lls-1 < C (Z 1D ()| 1 + IIg(U)Ilo)

lee|=s

and (5.23). Further, using Lemma 5.1 we have
D*Z (u) = F(u)(DY(u) + Z (u) - A(u)(P(u)D*u)) + Ry (u) + Ra(u),

where again
[B2(u)llo < CID%ullo < Cllulls,
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and consequently

(Ri(u) + Ra(u), D*u)y < Cllullyq [lulls.
By Lemma 5.2, (5.11) we obtain

(D%u, Daﬁ(u»o)u = (P(u)D"u, F (u) - A(u)(P(u)D"u) + Do‘g(u))o + I(u),
where I(u) allows the estimate
I(u) < ClID%ullo (1D (w)[| -1 + |7 (u) - A(u)(P(u) Du)|-1)
< O+ [lullog) lulls-

Finally, by an integration by parts as above we get

(Do‘u, F(u) -A(u)(P(u)Dau)O < C|lul?.
Together with (5.24), this completes the proof. O

The structure of F'(u) as stated in Lemma 5.1 and the integration by parts argument

used in the above proof are necessary to cover the case of a v which can degenerate. If

~ is strictly positive the argumentation can be simplified by using Lemma 5.1 to obtain
the estimate

IE” (w){v} fllo < C(IP@)vlly + [ollo) [ f]lso-1- (5.29)
To conclude this section we add some remarks about the case of a slip factor ¢ (introduced
n (2.8)) different from one. The nonlinear operator of the evolution equation is now

ﬁl(u) = Fl(u) (541(11))
with
Fi(u)f = (6id + (1 = 0)N(uw)P(u))F(u)f, % (u)=H(u)+ 6G(u).

Clearly, Lemma 4.5 and Proposition 4.6 continue to hold also for Fy. To see that Fj(u)
satisfies an estimate parallel to (5.29) as well, note that due to (5.6) we have

1P (W) {whwllo < C(IP@ll + ollo) ]l o2
[N (w){v}zllo < C(IIP(w)vll1 + [lvllo) 2 so—2-
This implies such an estimate for F;. Hence, by changing the definition (5.7) of M into
M (u)v := v — 6A(u) (v (u) P(u)v)

and (-, )5, accordingly, we obtain the crucial estimates (5.27), (5.28) of Proposition 5.6
also for %1, at least in the case of strictly positive 4. Note that for § = 0 the bilinear
forms (-, ), are in fact independent of w.

6. Proof of Theorems 3.1 and 3.2

Lemma 6.1. Fiz U,y C U,,. Let u,v € Cw ([0,T], H*0) N CL([0,T], H**~2) be two
solutions of (3.2) with

u(t),v(t) € Uy, for te[0,T).



30 M. GUNTHER AND G. PROKERT

There exists a real number C depending only on T and 1750 such that
Ju(t) = v(®)ll1 < Cllu(0) = v(O)]l1 for all ¢ € 0,7 (6.1)
Proof. We put w(t) := v(t) — u(t) and remark
u,v € C([0,T],H*) nC*([0,T], H*"?) for 2 < s < s;

in particular, the mapping [0,7] > t — <w(t),w(t)>0u(t) is differentiable and we will

show
G (W), w(t), ) < C(wt), w(t)), ) (6.2)

which implies (6.1) via Gronwall’s lemma. Recalling that H is a quasilinear second order
differential operator, we have

IH' (z)w|ly < Cllwlls, [[H"(2){w, w}|1 < Cllwlls]wlls,—2
and accordingly by (4.32)
IG'(2)wll < Cllvlls, IG"(2){w, w1 < Cllwlls]lwlls,—2-
Consequently, together with Lemma 4.5, (4.20) we obtain
7" (2){w, wHly < Cllwlsllwllsy—2- (6.3)
Using Taylor’s theorem we have
w'(t) == Lwt) = F(v(t) — F(ut) = F (u(t))wt) + R(u(t),v(t));

the remainder term therein can be estimated by (6.3) and norm convexity
[R(u(t), v(®))]]; < Cullw®)s—2llw®)]ls < Callw(t)l]sollw (@)l < Csllw(®)]lr.

Thus, together with (5.27), we obtain

<w(t)7w/(t)>1,u(t) = (w(t), F' (u(t))w(t) + R(u(t),v(t))>17u(t) < Cllw(t)]3. (6.4)
Furthermore, recalling (5.8), we have

[[M (u(t)){u/ ()} w(B)]], < Collw’ (t)l|so—2llw(®)]]1,
hence
[/ )l so—2 = 7 (w(t))[lsp—2 < C
gives
[ M (u(t)){u' (&)} w (B[], < Cllw(®)]]z- (6.5)
Consequently, considering
(Wt w®),
= <w(t)7w’(t)>17u(t) + (M (u(t))w(t), M (u(t)){u'(t)}w(t)),,

we obtain the desired estimate (6.1) from (6.4), (6.5). O

We note a result on nonlinear interpolation, whose proof can be found in [2], Propos-
tion A.1 and Remark A.2.
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Lemma 6.2. Let % C H*(S,R™), s > 1 be an open set. Let T : % — H*(S,R™) be
mappings with To(% N H*TY) C H**L; a runs through a certain index set I. Further,
assume Lipschitz continuity of T,, in H' and boundedness of T, in H*!:

IT0(u) — To(v)||1 < Cllu—wvljy for all u,v e %,
| Ta(w)]ls41 < C(1+ ||ul|s+1) for all we % NH!

with a constant C independent of uw,v and o € I. Then To(% N H®) C H® and the
mappings Ty, : %4 C H® — H® are continuous, uniformly with respect to o € I.

Now we are prepared for the proof of our theorems. In many respects, it is parallel to
the proof of the main results in [9].

Proof of Theorem 3.1. Step 1. We show that for any given 4o € U, and any integer
s > sg there exist T = T (g, s) > 0 and § = §(og, s) > 0 such that the Cauchy problem
(3.2) has a unique solution in the class

u € Cy([0,T],U,) N CL([0,T), H*2)

for all initial values ug € H® with |lug —tolls, < d. The uniqueness of the solution follows
immediately from Lemma 6.1. In order to prove the existence we use Theorem 3.4. With
a fixed s > s and an ¢ € (0, 1] which will be fixed below, we put

X=H"(S,R™), |-lx=1"llsos2+elllss2;
Y =H(SR™), |-lly =1"lls+ell-lls
Z=H"SR"), |-llz=1"llso-2+el" ls-2.

Further, let U, be as in Section 5 and assume that the given g is an interior point. Then,
according to the results of Section 5, for u € U, the bilinear forms (v, w)s, X xZ—R
satisfy the requirements (H) of Section 3; note that the constants C, M in (H) can be
chosen independently of £. As in the proof of Theorem 3.3 we choose wy € C*°(S,R™)
and R > 0 (both independent of €) such that

lwo — uollse < R/(32C%)'/2, {wo+v|ve B} CU,,
with the ball B:= {v €Y | [jv|ly < R}. We set

<an>u = <U7w>§,w0+u7 |||U||| = <’U,U>w0+v

and define amap 5 : BCY — Z by
H(v) :=F(v+w), u€E B.
Further, the mapping ¢ : B CY — Z is weakly sequentially continuous and
(wo + v, 7(v)) < Cilwo + [y < Oy
by Proposition 5.6. Moreover we have
1 (v)l|lz < Csllv +wolly < Ca

and
[(wo, 7 (v))w| < Csllwol| x| (v)]| z < Ce.
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These estimates hold for all v € B with constants C, ... which may depend on C, M, R, s
and 4o, wg, but not on v. Gathering them, we obtain the inequality
2(v, H(0))y + M| (W)| z||v]| < C7 forall ve BNX.
Now, let up € H*(S,R™) be given such that
luo — o5, < R/(32C°)"/? (6.6)
Hence, with r := R/(2C%)'/? we find
llluo — wolll < C([luo — olls, + a0 — wollsy + e([uolls + [Jwolls)) <

if £ is chosen according to

e :==min{1,r/4C(||uo||s + |lwolls)} (6.7)

By Theorem 3.4, applied to 52, there exists T' > 0, independent of ug with (6.6), and a
solution

v € Cy([0,T],BNH*) N C,([0,T], H*?)
of
dv(t)/dt =94 (v(t)) for t €[0,T], v(0)=ug— wo.
Then u := v + wp is a solution of (3.2) with initial value «(0) = u¢ and we have
lu@®)lls < llwolls + lv(®)lls < lwolls + ™ @)y,
which in view of (6.7) implies
[u(®)lls < A+ [[u(0)]]s)- (6.8)
Step 2. Let u, @ be two solutions of (3.2) in [0, 7] according to Step 1 with initial values
u(0),a(0) € %, % :={veH*||v—iols <6},
0 > 0 sufficiently small. Lemma 6.1 gives
Ju(t) —a(®)[1 < Cllu(0) — @(0)]1. (6.9)
For fixed t € [0,7] we consider the evolution operator
U > ug — Ty(ug) :==u(t) € H®

assigning to any initial value ug the value of the corresponding solution of (3.2) at time
t. By Step 1 with s replaced by s+ 1 we obtain T;(% N H**1) C H**! and the estimate

I T (uo)lls+1 < C(1+ Jluolls41)- (6.10)
(6.9), (6.10) and together with the interpolation result from Lemma 6.2 shows the con-
tinuity of the mapping
U NH?>wug— u(t) e H® for s> sg,
uniformly with respect to ¢t € [0,T].

Step 3. To complete the proof of Theorem 3.1 it remains to show that the solutions
according to Step 1 actually belong to

ue C([0,T),H*)nC*([0,T], H*?). (6.11)
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To do this, we approximate the initial value ug = u(0) by a sequence u? € H**! such
that ufj — uo in H®. Then by Step 1, for n sufficiently large, there exist solutions w,, of
(3.2) with u,(0) = uf in the class

un € Cy ([0, T], H*) n C ([0, T], H*1),
which in particular implies
u, € C([0,T],H*) nC*([0,T], H*?).

On the other hand, by Step 2, we have u,(t) — w(t) in H*® uniformly with respect to
t € [0,7]. As the uniform limit of continuous functions is continuous again, this implies
(6.11). O

Proof of Theorem 3.2. Let a solution u € C([0,7],Us) N C1([0,T], H*~2) be given.
The set {u(t)|t € [0,T]} is compact in H® and can be covered by the open sets {v €
He | lv—u(®)|s < 0(u(t),s + 1)}, t € [0,T], where 6(u(t), s + 1) are the same as in the
proof of Theorem 3.1. Choosing a finite subcover, we find from this theorem and the
autonomous character of (3.2) that there is a Ty > 0 such that for any ¢t € [0,T] with
u(t) € H**, we have

ulg,ry € C([t, Th), Usir) NCH([t, Ta], H*Y), Ty == min{t + T, T}.

Proceeding stepwise, we obtain (i).

A similar compactness argument together with Theorem 3.1 and its proof ensures the
existence of Ty > 0 such that the following is true for all ¢ € [0, T]: Problem (3.2) is solv-
able on the time interval [0, T%] (in the class (3.13)) for all initial values z sufficiently near
u(t), and the mapping which assigns to z its corresponding solution V (-, z) is continuous
with values in C([0, T3], H*). We choose t; € [0,T] such that 0 =to < ... < t, =T,
t; — ti—1 < T, and open H*-neighbourhoods K; of u(t;) small enough to ensure that V'
is defined on K; and V(t; —t;—1, K;—1) C K;, i=n—1,...,1. Now (ii) follows from the
continuity of the composition of continuous maps. O

A. Proof of Theorem 3.4

We will construct a solution of (3.19) by implicit time discretization, solving the nonlinear
problems in each timestep by Galerkin approximations. For this purpose, we need the
following lemma:

Lemma A.l. For any K € (0,72) there is an g9 > 0 such that for any e € (0,&0] and
any v €'Y satisfying |||v]||* < K there is a u* € B satisfying

ut =v+e¥(u”) (A1)

and the estimate

e lI* < llolll* + eB(lIlull*) < 2K. (A2)
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Proof: For arbitrary v € Y, u € X N B we have
(st — 9 () — ) = [l — 2, S (W) — (u, )

€ eM
> [flulll* - 5/3(IIIUIIIQ) + TII%(u)IleMIIQ — [[lulll[v]l«

\%

v

1
5 (Il = eB(Iull?) = 0] + Mg @I zlull?).  (A3)
Choose gg > 0 such that for all € € (0,£0] and for all s € [0,2C*K]

K —£f(s) > 0, (A4)
1—¢f'(s) > 0. (A.5)

Assume now v € B, [||v|?> < K. Let
B ={ucY||ul}y <2KC?}
and note that 2 is a closed convex subset of B. Assume ||ul|?- = 2KC3. Then

202K = C7Hully < [llull? < Cllully = 2C*K,
[l < Cllvll§ < C?vll* < C2K.

Therefore, for e € (0, o],

1
(usu—e(u) = v)u 2 5(C*°K —eB(|[ull*)) = 0. (A.6)
Let {M,} be an increasing sequence of finite-dimensional subspaces of X whose union is
dense in X. We fix n, choose a basis {ey,...,e,} of M, and show that the variational
equality
(w, up, — €4 (up) — v)y =0 for all we M, (A7)

has a solution u, € M, N %A. Note that (A.7) is equivalent to g(u,) = 0 where ¢ :
M, N % — M, is defined by

n

g(u) == P,(u—e¥(u) —v) with P,(z):= Z(ei, 2)u€i-
i=1

Due to (H4), g is continuous. Assume now g(u) # 0 for all u € M, N Z. Then we define
the continuous operator f : M, N % — M, by

fu) = —V2KC3g(u) /l|lg(u)lly-

As ||f(u)||3 = 2KC3, f maps the closed convex set M,, N % into itself. Therefore, by
Brouwer’s fixed point theorem, there is an w € M,,N% such that © = f(u). Consequently,
|a||? = 2K C3, and from (A.6) we obtain the contradictory inequality

al|? = (@, f(u :—72KC3E T
0 < [l —<  f( )>g ||g(u)||y< ,9( )>U
KC3

Therefore, (A.7) is solvable for every n, and as {u,} is bounded in Y, we can assume
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without loss of generality that u,, — u* in Y for some u* € ZA. Passage to the limit in
(A.7) yields by (H4)

(w,u* — e (u*) —v)yx =0 forall we M,,n=1,2,...
and consequently by the density assumption
(w,u* — e (u*) —v)y» =0 for all we X.
The nondegeneracy of (-, -),+ yields (A.1). To show the estimate (A.2), note at first that

llu*[I* < lim [fun||* < 2C*K.

n—oo

Thus, the second inequality in (A.2) follows from (A.4). To show the first inequality we
assume without loss of generality |||v||| < [||u*]]| and use (A.5), (A.3), and (H4) to obtain

llw*(I* = eB(llu*(|*) < nliﬂ_rrgo(lllunlll2 —eB(lllunll?))

< lim (||l — Mel|9 (un)l| zllluall?) < o]

n—oo

o — Mell (W) 2|l

< [loll* + Mllw* = vllzll[vlI* — Mell (u*)l|z [l I
= lloll* + Me[|Z ()l zllWllI* — MeZ (W)l 2l ll* < [lolf*. O

As a further preparation for the proof of Theorem 3.4 we need the following simple result
on approximate solutions of the ordinary differential equation (3.18).

Lemma A.2. Assume ug € B and let p € C*[0,T] be the solution of (3.18). There is
an ng € N such that forn > ng and k =1,...,n there are p¥,r, € R such that

po = lluoll®s o5y +0aB(o*") < o™ < p((k+1)8n) + 10, 10— 0
where 6, :=T/n.

Proof. If ng is sufficiently large, n > ng, there exist solutions p,, € C1[0,T] to the initial
value problems

Pr(t) = B(pn(t)) +1/Vn,  pa(0) = [luol|*.
We set
oF = pn(kéy), kE=0,...,n.
Then
PszJrl - Pﬁ = 00 (€) = 0nB(pn(E)) + Sun /2
for some & € (kd,, (k + 1)d,). Moreover,

18(pn(€)) = B(e5"")
with constants S, S’ independent of n. Thus

P — ok > 5, 8(pF ) 4+ 6,072 — 87 6,m T > 6, 8(pF )

< Slpu(&) —pitt| < 507!

for n > ng, ng sufficiently large. Moreover, well-known results on the dependence of the
solution of ODE’s on their right hand side ensure

n ‘= n(t) — p(t 07 )
r t§3§]lp() p(t)] — n — 00
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hence

pult) < p(t) 470, (0T,
This proves the lemma. [l
Proof of Theorem 3.4. In a first step, we construct approximations u* for the solu-
tion at time kT/n. Choose K € (maxicjo,7) p(t),r?) and choose g9 > 0 such that the

assertions of Lemma A.1 and (A.5) hold. Let ng € N be at least as large as in Lemma A.2
and assume additionally ng > T'/eg and

p(t)+r, <K forn>ngandte]l0,T].

Now we fix n > ng and show the existence of u¥ € B, k =0,...,n such that
uﬁ“ = ufl —l—&ﬁﬁ(uﬁ“), k=0,...,n—1,
u% = U,
k k
lunll® < o3,

where the pf are given by Lemma A.2. For k = 0, existence and the estimate are clear.
Assume now u%, o ,ufl are constructed according to these conditions for 0 < k <n —1.
Our assumptions imply 6, < g¢ and [[uf]||? < K, hence the existence of uf*!

from Lemma A.1. Moreover, by (A.2), [|uf*![|? < 2K and
Ml 1P < Ml + 008 (llur %) < o + 8uB(lluHI1%),

follows

hence

g P17 = 0B (lun ™ 11%) < ot = 0uB(pn™).
Note that (A.5) implies that the mapping s — s — §,3(s) is monotone increasing on
0, 2K], hence [Jul 1|2 < pl+.
In a second step, we approximate u on [0,7] by piecewise linear functions u, and
piecewise constant functions u,, n > ng, given by

Un (t) i= u + 61t — k) (ub T —uk) for ko, <t < (k+1)d,,
k=0,....,n—1,
T (t) == uF* for k6, <t < (k+1)0n, k=0,...,n—1, T, (0) = 0.

Then
() = o + /tg(an(r)) dr, te[0,T],
and with a suitable constant S indepeondent of t € 0,T] and n > ng:
l[un @)y @ @)y < 5.
Consequently, || (un(t))| 2z is bounded independently of n and thus
[un(t) = un ()2 < LIt — /|

with L independent of n. Hence, the sequence {u,} is bounded and equicontinuous with
values in Z, hence by Ascoli’s theorem, we can assume without loss of generality

u, —u in C([0,T],Z).



ON A HELE-SHAW TYPE EVOLUTION 37

Moreover,

un(t) = u(t) in Y, tel0,T]. (A.8)
To show this, fix ¢ € [0,7] and choose an arbitrary subsequence {u,/(t)}. As it is
bounded in Y, it has a weakly convergent subsequence {u,(t)} for which w,(t) — u*

in Y, hence also in Z, and thus u* = u(t). Now (A.8) follows from a standard argument.
An analogous argument shows

u e Cy([0,T],Y).
Furthermore, for ¢t € (ké,, (k + 1)d,] we have
[tn () — un(t)l| z = [lun (k + 1)0n) = un(®) 5 < L,
hence also
Uy — u in C([O,T],Z),
and, by the same arguments as for u,, above,
Up(t) = u(t) in Y, te][0,T].
As ¢ is weakly sequentially continuous,
G (un(t)) =4 (u(t)) in Z, te[0,T],
and 4 ou € C,,([0,T],Z). If f is any bounded linear functional on Z, it follows that

r([omimar) = [ @@ i [ i@uo)a oo

and hence

Consequently,
u(t+h) —u(t

f (%) — fE@ W), h—0o,

ie.
u(t+h) —u(t)
h

Therefore v € C}([0,T],Z) and u satisfies (3.19). Finally, for ¢t € (kdy, (k + 1)d,] we
have

—~4(u(t)) in Z, h—0.

iz @12 = Nl 1P < p((k + 1)80) + 7,
hence
[[@n(t)[[|? < p(t+6n) + 10 for 0 <t <T —3,.
Thus
llu@®II* < lim [z, @)* < p(t), ¢ € [0,T].
For ¢ — 0 this implies, in particular,

Tim|[[u()[[|* < Tim p(t) = [[u(O)|* < Lim|[[lu(®)]}*,

hence |||u(t)]]] — |||«(0)]|| and consequently w(t) — w(0) in Y as ¢t — 0. O
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