Copyright

by Siam Publications. Kim, J. U., "On a stochastic hyperbolic system in linear elasticity,"

32(2), 304-322, (2000). DOI: 10.1137/s0036141099350377

Downloaded 05/27/14 to 128.173.125.76. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SIAM J. MATH. ANAL. (© 2000 Society for Industrial and Applied Mathematics
Vol. 32, No. 2, pp. 304-322

ON A STOCHASTIC HYPERBOLIC SYSTEM IN LINEAR
ELASTICITY*
JONG UHN KIMf
Abstract. In this paper we discuss the Cauchy problem for linear elasticity with a space-time
white noise forcing term. We show that the solution can be represented by a formula analogous to the
Riesz formula for solutions of a wave equation. The solution is a generalized stochastic process and

is obtained as the limit of a sequence of ordinary stochastic processes. Our basic tool is the Hilbert
space method combined with geometric properties of solutions inherent with a hyperbolic system.
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0. Introduction. In this paper we present new results on the Cauchy prob-
lem for a hyperbolic system with a white noise forcing term associated with linear
elasticity:

(0.1) uge(t,x) = A(t, x, Dy)u(t, x) + F (¢, z)é(t,2) in (0,00) X R™;
(0.2) u(0,2) =0, ut(0,2) =0, in R",
where z = (21,... ,2,) € R", u= (uy,...,u,) denotes the displacement from equi-

librium. A(t,z, D,) is a second order matrix differential operator, F'(¢,x) is a matrix
function, and £(¢, x) stands for a vector-valued space-time white noise. Here we only
focus on the nonhomogeneous forcing term, and assume the zero initial conditions.
Since the system is linear, nonzero initial conditions can be handled separately. The
motion of a one-dimensional elastic medium driven by a random noise is typically
described by a one-dimensional wave equation with a space-time white noise. This
was discussed by Walsh [15] in the framework of Brownian sheets. A numerical result
is shown on the front cover of the monograph [7]. Other versions were investigated by
Cabaiia [1] and Orsingher [13]. It was also discussed by Da Prato and Zabczyk [3] as an
example of abstract evolution equations. A semilinear hyperbolic equation with one-
dimensional space variable was discussed by Nualart [12] as a two-parameter stochastic
differential equation. Marcus and Mizel [10] studied initial-boundary value problems
for a stochastic hyperbolic system in one space dimension. A two-dimensional semi-
linear wave equation was discussed by Dalang and Frangos [4], and Mueller [11] when
the random noise is a white noise in time with smooth spatial covariance.

The purpose of this work is to establish the existence of a solution of (0.1) and
(0.2) by a representation formula analogous to the Riesz formula for solutions of a
wave equation. The representation formula gives good information on the structure
of the solution which is a generalized stochastic process. This motivates our quest for
the representation formula. Riesz [14] used analytical theory of integrals of fractional
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order to establish the formula

1
0.3 u(t, x) = A(nflw/ T wydyds
( ) ( ) Qnﬂ-(n—l)/Q((n — 1)/2)' =(t,x) ( )

where n > 3 is an odd integer, x € R", t > 0, Z(¢,x) is the backward light cone
defined by (t — 5)> > |z —y|?>, 0 < s <t. Here, u is the solution of

(0.4) Au=f forz € R", t > 0;

(0.5) w(0,2) =0, u(0,2) =0 for x € R",

where A = 0;; — A, and A is the Laplacian.

Gaveau [6] applied this formula to the Cauchy problem for a three-dimensional
wave equation with a space-time white noise. For a one-dimensional wave equation,
the solution can be represented by a stochastic integral because the integral kernel is
locally L?, which is not true in the higher-dimensional case. Gaveau overcame this
difficulty by means of the above Riesz formula, for the above integral in (0.3) can
be well-defined as a stochastic integral when f dyds is replaced by f¢(dyds) where
f is locally bounded and £ is the white noise. Thanks to the explicit structure of
the formula, he could first construct a continuous martingale (according to a partial
ordering defined in terms of the backward light cone) through the Riesz integral,
and then, a solution was obtained by applying the wave operator to this continuous
stochastic process. Hence the resulting solution is a generalized stochastic process.
However, the particular formula used in [6], which easily generates a martingale, is
valid only for odd space dimensions. He also showed that the Cauchy value of this
generalized stochastic process is well-defined by the formula of integration by parts.

This work is an outgrowth of our effort to obtain a similar representation formula
for the system of equations in linear elasticity. We will show that the unique solution
u of the above Cauchy problem (0.1)-(0.2) in any space dimension can be obtained
as a generalized stochastic process in the following form:

(0.6) u(t, z;w) = LV (t, z;w),

where L = 0y I — A(t,z, D,,), I is the n x n identity matrix, d is the smallest integer
larger than (n/2) — 1, and V is a continuous Gaussian process which satisfies the
property of a domain of dependence. In particular, when n > 3 is an odd integer,
d = (n — 1)/2. Since the Riesz formula is not available in our case, we have to
employ an entirely different argument. The core task is to obtain an integral kernel.
For this, we use the Hilbert space method combined with the property of a domain
of dependence. We then approximate the space-time white noise by truncating the
chaos expansion. The corresponding approximate solution is an ordinary stochastic
process, and the true solution is obtained as the limit. OQur results are completely new
and our approach is different from those of all the previous works.

1. Preliminaries and statement of the main result. Throughout this paper,
we make the following assumptions.
The matrix operator A(¢,x, D,) is given by

$ 0
Ayj(t, @, D) chlm kaxl Z:D ) G
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fori,7 =1,... ,n. All coefficients are real valued and
CF(t,z) € C>®(R"*1) and all the derivatives of each C* are bounded on
(I) ¢35 (¢, H
Rn+1
(H) CH (t,x) = Cli(t,x) = CY(t,x) for all (t,2) € R**" and every 4, j, k, and ;
(I11) there is a positive constant ¢y such that

(1.1) Z CH(t, z)enier; > co Zﬁkiﬁkz’
ki

ki,

for all (t,z) € R**! and every symmetric tensor e;;

(Iv) D J( x) € C°(R"1) and all the derivatives of each ij are bounded on
Rn+17

(V) F(t,x) is an n x n matrix function whose components are all measurable and
bounded on each bounded subset of R"+1.

We now list some known facts about the following deterministic Cauchy problem:

(1.2) u(t, ) = A(t, z, Dy)u(t,x) + f(t,2) in (0,00) X R™;

(1.3) u(0,x) = ug(x), ut(0,2) = up(z) in R".

Let a real number s and a positive number 7" be given.

THEOREM 1.1. For given f(t,z) € L*(0,T;(H*(R™))"), uo(x) € (H*T1(R™))",
and ui(x) € (H*(R™)"™, there is a unique solution u(t,x) of (1.2) and (1.3) in
C([0,T); (1 (R™))™) 0 CH([0, T]; (H*(R™)").

Here H*(R™) denotes the usual Sobolev space. For the technical details of the
proof, see [9].

Next we fix any typ > 0 and zg € R™ and define for 0 <t <ty, € >0 and n > 0,

(1.4) Dty (ti€,1) = {& € R™| |2 — 20| < e +nlto — £)}.

T40,20) (t; €,m) is an n-dimensional ball for each 0 < ¢ < to, and Up<¢<to{ (£, T (44,20 (t:€,m)) }

is a truncated cone in "1,

THEOREM 1.2. Let s = m be a nonnegative integer, and T > 0 be given. Choose
any (to,xo0) € [0,T) x R™ Then there is n > 0 depending on the coefficients of
A(t,x, Dy), but independent of u, f, (to, o), and e such that the above solution sat-
isfies

(1.5)
||U’(t0’ ')||%H’”+1(F(tg;e,n)))" + ||’U/t (tO? ) ||%H""(F(to;e,77)))"

to
< M(HUO||%Hm+1(F(0;e,17)))" + HulH(zﬂm(r(o;e,n)))n Jr/O £ (R, ')H(sz(F(h;e,n)))" dh)

where M is a positive constant independent of u, f, (to,xo), and €. Here the subscript
(to,x0) of ' has been suppressed.
This has been established for a general first order hyperbolic system in [2]. The
same argument can be applied to a second order hyperbolic system. See [5] and [9].
COROLLARY 1.3. Suppose that the support of ug and uy is disjoint from

Lt,20)(05€,m), and the support of f is disjoint from Uo<i<io{(t, T (ty.00)(t;€,1))} for

some (to,xo) € [0,00) x R™ in Theorem 1.1. Then the support of u is disjoint from
Uo<t<to{(t, T (to,0) (£ €:1))}-
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If s < 0, this can be proved by approximating the solution by a sequence of
solutions with smooth initial data and f, for which (1.5) can be applied.

Next we set up a base probability space for generalized stochastic processes. Let
S = (S(R™*1))" be the space of R"-valued rapidly decreasing C*° functions on R,
and &’ = (§'(R™*1))™ be its dual equipped with the weak-star topology. B(S’) stands
for the set of all Borel subsets of &’. By the Bochner-Minlos theorem, there is a
probability measure u on B(S’) such that

(1.6) / exp(V—=1(w, ¢)n) dp(w) = exp(=[|0[|{2(gn+1y)n/2)

for all ¢ € S. Here, (-, -),, denotes the duality pairing between S’ and S, i.e.,

n

<w ) ¢>n = Z<Wz’ ) ¢i>a

i=1

for w = (w1,...,wn), ¢ = (¢1,...,0,), where (-, -) denotes the duality pairing
between S&'(R"*1) and S(R™*!). By (1.6), it follows that for each f € (L?(R"*1))",
(w, f)n can be defined to be a random variable on the probability space (S, B(S'), u),
and, for each positive integer k,

2k)!
A1 B ) = [ PP = NP oy

For more details, see [7]. The above white noise £(¢, ) is a vector-valued generalized
stochastic process in the sense that

(1'8) §¢(w) = (<w1a¢1>"" 7<wn7¢n>)

is a vector-valued random variable on (S8, B(S’), ) for each ¢ € (C§°(R™*1))". In
the meantime, F¢ is a vector-valued generalized stochastic process defined by

(1.9) (F&s(w) = | D (wjs Fijn)s- s Y (wis Fgdn) |
j=1 j=1

for each ¢ € (C§°(R™*1))". Next we define for each 4,5 =1,... ,n,

(1.10) Bij(zo, w1, .. wn;w) = (Wi (y), Fij(¥)X(zo,... wn)(¥))-

Here, y € R"*! denotes the variable for the duality action (-, -), and

(—1)F if 0<y; <xzjorax; <y; <0
(1.11) X(zo,... ) Y0y Yn) = for each i =0,1,... ,n,
0 otherwise,

where k is the number of negative z;’s. For each bounded subset K of R**!, it holds
that

2 . -
(1.12) / N IX(zo,.. o) W) = X(ao,... 3y )| dy < Ck|(wo, ... s x0) — (Zo, ... ;&)
RTL 1
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for all (zo,...,xzy), (Zo,...,Zn) € K, for some positive constant C'. Thus it follows
from (1.7) that for each bounded subset K of R"™! and each positive integer m,

- - 2
(113) E(|Bij(£€0, PPN % W) - Bij(xo, cee 3 Tpg w)| m>
< Coic|(T0, .- 20) — (Fos- .., a0)|"
for all (xo,...,2n), (Zo,...,%n) € K, for some positive constant C,, k. By a parti-
tion of unity and the Kolmogorov continuity theorem, there is a continuous version of
Bij(zo,... ,xn;w). See [8] and [12] for the multiparameter version of Kolmogorov’s

theorem. From now on, we always mean this continuous version.
LEMMA 1.4. For each ¢ = (¢1,... ,¢pn) with ¢; € C(R™Y), i =1,...,n, it
holds that

(1.14) the ith component of (F&)y(w)
8n+1¢.
Z /Rﬂ+1 Oz -0z, ](xo, y T3 w) dg X
for almost all w.

Proof. Since Bjj(xo,... ,Tn;w) is a continuous version of the process defined by
(1.10), B;j(zo,... ,zn;w) is continuous in (zo,... ,xy), for each w, and there is a
subset Q € B(S’) with u(Q) = 1, such that for each w € ,

(1.15) Bij(ro, ... ,rniw) = (Wi (), Fij(¥)X(ro,...,r) (¥))
for all (rg,...,r,) with r; = a rational number, i =0,... ,n

Choose any ¢ € (C5°(R™1))™ and set

8n+1¢

(1.16) ¥ = Oxg .. .0z,

(o, ).

Let II be a cube in R"! with side length ¢ such that supp ¢ C II. For each N, we
divide this cube into N™*! cubes of equal size. For v = 1,... , N*t!  let z¥ denote
an interior point of the vth cube whose coordinates are rational numbers. Then we
have, for every w € ,

(117) / ¢i(£0,... 7xn)Bij(x07--- ,I‘n;W)d(EO"'dJTn
Rn+1

Nt
n+1
= lim o Z (@ily)s Fiyu)vi(=)xzr ).
But it is easy to see that as a function of y = (yo,... ,¥n),
n+1 N

N"""l Z Vi(2")x2 (y)

is bounded and compactly supported uniformly in N, and converges to

)k/ o | (o, ... sz do ... don,
Yo Yn
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as N — oo, for each y, where k is the number of negative y;’s and

/ :/ for y; >0
Yi

/ = / for y; < 0.
; —00

i

and

Hence, as N — oo,

n+1 N7

(L18) oy Z 1 ()i )xer (y) = ()" Fy(y)da(y) in L2(RYHY.

By virtue of (1.7), (1.17), and (1.18), we have (1.14) for almost all w. d

Next we consider a chaos expansion of the white noise. We follow the construction
of an orthonormal basis for L?(R™*!) in [7]. Let &,,(t) be the Hermite function of t € R
form =1,2,.... Let & = (8,6],...,62) be the jth multi-index number in some

fixed ordering of all (n + 1)-dimensional multi-indices § = (g, ... ,6,), each §; = a
positive integer. This ordering satisfies the property

i<j  implies &+ -+ 6, <&+ + 6.
We write

(1.19) (w0, - ) = Eg (x0)€s1 (1) -+ &5 ().

Then {n;}32, forms an orthonormal basis for L*(R™*!). It follows that for each
¢ € (C”(Rn“)) ;

n

(1.20) the ith component of (F§)4(w) = Z (w;(y), Fij(y)o:(y))
= Jim_ ZZ M) Fij ()i () L2 ryry (@iy), me(®))

in L?(8’, du). This will be used to construct a solution in the next section.

We adopt the following definition of a solution to (0.1).

DEFINITION 1.5. A wvector-valued generalized stochastic process u(t,x1, ... ,Tn;w)
is a solution of (0.1) in R} if there is a subset Q € B(S') with p(Y) = 1 such that

gn+1
(1.21) <u, L*'¢>= Z /n+1 ”Ht“i_g;Bij(t,xl,... Sy Tpyw)dt - day,

1,j=1

holds for all ¢ € (C§(RTT))™, for each w € Q.
Here, R™ = {(t,z)|t > 0, z € R"}, < -, - > is the duality pairing of
(D/(R7T)™ and (C§°(RYT))™, and L* is the adjoint of
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LEMMA 1.6. Suppose u(t,x1,...,Ty;w) is a solution of (0.1) in RT‘l according
to the above definition, i.e., there is a subset Q € B(S’) with u(2) =1 such that for
each w € Q, (1.21) holds for all ¢ € (C°(RY™))". Then, for each w € Q, T > 0
and bounded open subset A C R™, we have

(1.23) P(x)u(t,z; w) € (C([0,T]; H™FHR™))",
(1.24) Y(@)ue(t, x; w) € (C([0,T]; H™(R™)))"
for all ¢ € C§°(A), for some positive integer m.

Proof. Let us set, fori =1,... ,n,
(1.25) vi(t, X1, .., Tniw)

n
wi(t, 1, ..., Tpjw Z / Bij(s,x1,...,2n;w)ds.

We fix w e Q, T >0, and A C R". Let n > 0 be the number in Theorem 1.2. We
note that Theorem 1.2 and Corollary 1.3 are also valid with respect to the reversed
time variable. Choose ¢ > 0 such that

(1.26) AcC{zeR"| |z| <q—Tn}
Fix any 0 < e < T/4, and let U(t,z) € CF°(R) such that
(1.27) U(t,x) =1 for e <t <T+e, |2] <2

Since Yov € (D’ (Riﬂ))" has compact support, there is a positive integer v such that

(1.28) Yv e (H (R,

and hence,

(1.29) Yoy e (H Y (0,00; HY(R™))".

In fact, we take v > n to handle B;;(t,z1,... ,2y;w). Next we choose a sequence of

functions v¥; (¢, x) € C’g"(Ri“), t=1,...,v+2, such that ¥ = 1 on the support
of ¥y, 1; = 1 on the support of ¥;41, for ¢ = 1,... ;v + 1, and ¢, o = 1, for
2e <t < T, |x| < gq. It is easy to see that

(1.30) <w1v) — A(t,z, Do) (¢1v)

8t2
t 871
= A Dx — B ) yeor 3 ns
U1 A(t, )/0 9z ... 0z, (s, 1 Tpjw)ds

+ (a linear combination of v and first order derivatives of v

which vanishes outside the support of 1/11),

in the sense of distribution over Ri‘“, where B is R"-valued, and its ith component
is X201 Bij(t, 1, ., 2n;w).
Since Yv = 1 Pv € (H7(0,00; H Y(R™)))™, it follows from (1.30)

(1.31) Yo € (H"TH0,00; H™V72(R™)))".
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By repetition of this procedure, we arrive at

(1.32) Yyi2v € (H?(0,005 HT7HR™)",

and hence,

(1.33)  tusov € (C((0,00); HT¥72(R™)))" N (CH((0,00) 5 H*7HR™)))".

By taking ¢t = T'/2 as the initial time, we consider the forward and backward Cauchy
problem

t an
(1.34) Lo = o(x) A(t,x, D) /o WB(S, X1y.e. ,Tp;w)ds,

(1.35) 0(T/2,2) = (Pu420)(T/2,2),  0(T/2,2) = (Pu120)e(T/2, ),

where ®(x) € C§°(R™) with ®(x) =1, for |z| < gq.
By Theorem 1.1, there is a unique solution

(1.36) 0 € (C([0,T]; H>"3(R™))" N (CH([0,T); H*~H(R™)™.

But, by Corollary 1.3, (1.26), (1.30), (1.34), and (1.35), it holds that

(1.37) (@)t z) = ¥(x)0(t, ) in [2¢,T] x A

for every ¢(x) € C§°(A). Now suppose we started out with a smaller number € < e.
Let 7 and 6 correspond to € in (1.28) through (1.37). Since 8(T/2,x) = 0(T/2,x) and

0,(T/2,2) = 6,(T/2,z) in the open ball |z| < ¢, it again follows from Corollary 1.3
and (1.26) that

(1.38) Y(2)0(t, ) = p(x)0(t, z) in [0,7] x A
for all ¢ € C§°(A). Meanwhile, we have
(1.39) Y(x)v(t,z) = P(x)0(t, z) in [26,T] x A

for all ¢p € C§°(A). By virtue of (1.37), (1.38), and (1.39), we can maintain the same
v for any smaller ¢ and conclude

(1.40) Y(x)v(t,x) = P(x)0(t, ) in (0,7] x A

for every ¢ € C§°(A). Consequently, (1.23) and (1.24) follow with m = 3v+4. ad
LEMMA 1.7. In the same setting as above, there is some Q) € B(S") with u(Q) =1
such that for each w € Q, B;j(0,z;w) =0 for all x € R™ and

(1.41) — (ut(0, z;w), #(0,2))4 + (uw(0,z;w), ¢:(0,x))y

+/OO( (t,z;w), L*¢(t,x))s dt

+
Z / "Hwa(t@l,... y Tpsw)dtday - - dxy,
Ry

Pyt t.axn
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for every (t,x) € (Cg°(R™1))™, where (-, -}y is the duality pairing between (D' (R™))"
and (C§°(R™))™.

Proof. By the same argument as in the first paragraph of the proof of Lemma 1.4,
there is some Q € B(S’) with p(2) =1 such that for each w € Q, B;;(0,z;w) = 0, for
all z € R™. By modifying Q, if necessary, we may assume that for each w € Q, (1.21)
holds for all ¢ € (C§e(R™!))". Now let us fix w € Q. Since the tensor product
C8°(R) ® C§°(R™) is sequentially dense in C§°(R™"!), it is enough to consider ¢ in
the form of a(¢)B(x). Choose any «a(t) € C§°(R) and f(z) € (C§°(R™))™, and choose
T > 0 such that a(t) =0 for t > T. We may take A and ¢ in (1.26) such that the
support of 3 C A. Since B;;(t,z;w) is continuous in (¢,z) € R"™!, we can extend
the solution of (1.34) and (1.35) to a larger time interval so that

(1.42) (u(t, z;w), Blx))y € C’l([—e, T +¢€),
(1.43) (u(t,z;w), A*(t,z,D;)B(x))y € C’l([fe, T +€])
for some positive constant ¢, and

d2
(1.44) s pny Bs(t) — ((u, A™B)y* pn) (1)

— Z”Z_:I <Bij * Phs (—1)naxlai.5;xn>ﬁ(t)

for each t € (—€¢/2, T +¢€/2), 0 < h < €/2, where A*(t,x,D,) is the adjoint of
A(t,z,Dy), pn(t) = p(t/h)/h, with p(t) € C§°(R) satisfying

o0

(1.45) p(t) = p(—t) > 0; p(t) =0 for [t| > 1; / p(t)dt = 1.
— 0o

The convolution is taken with respect to the time variable.

Now we obtain (1.41) by going through the standard procedure: (i) multiply
(1.44) by a(t) for —e/2 <t < T +¢/2; (ii) integrate over [0,T]; (iii) pass h — 0
with the help of (1.42), (1.43), and the fact B;;(0,z;w) =0 for all x € R™. O

Next we show that the traces of v and u; with respect to the time variable can
be defined as generalized stochastic processes.

LEMMA 1.8. Letu(t,z1,...,zn;w) be a solution of (0.1) in Riﬂ. Then, for each
fized to > 0, u(to,z1,...,Tn;w) and ui(to,z1,... ,Tn;w) are generalized stochastic
processes with respect to F(S') which is the completion of B(S').

Proof. Choose any ((z1,...,2Tn) € (C§°(R™))™. We have to show that

<U(t0,l’1,... ,:cn;w), ﬁ(xla"' 7xn)>ﬁ
and
<U(t0,(1}1,... ,J}n;(U)7 /6(1‘17... 7xn)>ﬁ

are measurable with respect to F(S’). Here (-, -)4 is the duality pairing between
(D'(R™))™ and (C§°(R™))™. Choose a positive number T" and an open bounded subset
A C R™ so that tyg < T and the support of 3 C A. Then, by Lemma 1.6, for each
fixed w € Q, where Q € B(S") with u(Q2) =1,

(u(t, 1, ..., Tpsw), B(x1,...,Tn))4
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is continuous in ¢t € [0,T]. Consequently,

(1.46) (u(to,z1,... ,xn;w), B(T1,...,2n))
= }ILIH%] < u(t7xla v ,iCn;CU), Ph(t - tO)ﬂ(xl, s ;xn) >,
where < -, - > is the duality pairing between (D'(R}™'))" and (C§e(R}™))™,

pr(t) = p(t/h)/h and p(t) is the same as in (1.45). But, for each sufficiently small h,
< u(t7l'1, s 7$n;w)7 ph(t - tO)/B(xlv cee 71’.?1) >

is measurable with respect to B(S’), because u is a generalized stochastic process
with respect to B(S’). Since (1.46) holds for each w € €,

<U(t0,.f1,'1,... ,xn;w)7 ﬁ(mh"' 7x’n>>ﬁ
is measurable with respect to F(S’). By the same argument,
<ut(t07xl7"' ,a:n;w), B(xlw" 7xn)>ﬁ

is also measurable with respect to F(S'). O

By virtue of Theorem 1.1, Corollary 1.3, and Lemma 1.6, we have the uniqueness
of the solution to (0.1) and (0.2) in the following form.

LEMMA 1.9. If uy and ug are solutions of (0.1) and (0.2), then

(1.47) U] = Ug mn RT‘l

for almost all w.
Let us write with the same n as in Theorem 1.2,

(1.48) Z(to,zo;n) = {(t,z) € R™™ |0 <t <ty, |z — 20| <lto — 1)},
and let d be the smallest integer larger than (n/2)—1. Our main result is the following.
THEOREM 1.10. There is a continuous Gaussian process V(t,x1, ... ,xy;w) with
parameter (t,x1,... ,x,) € [0,00) X R™ such that
(i) LYV is a unique solution of (0.1) and (0.2);
(i) V(t,21,... ,2p;w) and V(L,Z1,... ,Fp;w) are independent random variables
if Z(t,x1,...,00;1m) and E(t,31,... ,Tn;n) are disjoint.

The operator L was defined by (1.22).

2. Proof of the main result. The proof of Theorem 1.10 consists of two ba-
sic steps. First, we construct an integral kernel which represents a solution of the
deterministic equation:

(2.1) Lv=f inR},

with zero initial conditions and f € L? ([0, 00); (L%(R™))"). For this, we use Theo-
rems 1.1, 1.2, and Corollary 1.3. We then obtain approximate solutions by truncating
the chaos expansion of the space-time white noise, and prove the convergence to the
true solution. Approximation of the white noise is necessary to establish rigorously

the existence of a solution according to Definition 1.5.
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2.1. Construction of an integral kernel. Consider the initial value problem

(2.2) {LU(U =f RV

uM(0,z) =0, ugl)(O,x) =0 for x € R",

where f € L7 ([0,00); (L*(R™))™). Then there is a unique solution

loc
u® € C([0,00); (H(R™)™) N C ([0, 00); (L2(R™))"™),
which satisfies
(2.3) D (& W ey + 108 ey < CollFllzo.rswe @y

for all 0 <t <7T. Here and below, Cr stands for generic positive constants depending
only on 7' > 0. Next we consider

Lu® =M in R,

(2.4) ) @
u®(0,2) =0, u;’(0,2) =0 for x € R".

We have

u® € C([0,00); (H*(R™))™) N C*([0,00); (H' (R™))"),
which satisfies

2
25) @ ey + @l ey < Ol Fll2o,mywe (e
forall 0 <t <T.
Inductively, we have for i = 1,... ,d,

{Lu(”l) = in RT‘l,

2.6 , ;
(2.6) w1 (0,2) = 0, ufﬂ)(o,x) =0 for x € R

It follows that

(2.7) La+1,d+1) — f in RiJrl
and
(2.8) ul™ € C([0,00); (H™(R™))") N C' ([0, 00); (HY(R™)");

d+1
(2.9) WD ) | grass oy + (10 M sracrmyye < Crllfllz20.weme

for all 0 < ¢t < T. Recall that d is the smallest integer larger than (n/2) — 1. Let
Cp(R"™) be the space of all uniformly bounded continuous functions on R™. Since
HY(R™) € Cp(R™), we find that for each fixed 0 < ¢ty < T, o € R", the mapping

(2.10) f = ul (1, x0)
is a bounded linear mapping from (L?(0,T; L?(R™)))™ to R". Thus there is a matrix
function G = [Gy;(t, x;to, xo)] with each G;; € L*(0,T; L?(R™)) so that

T n
(2.11) w4, 20) :/ / D" Gij(t, mito, x) f(t, ) da dt.
0 S
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By Corollary 1.3, we find that modification of f outside of Up<t<so{(t, T'(1y,20)(t; €,7)) }
does not change the values of u®), k=1,... ,d+ 1, in Up<s<s, {(t, Lto,00)(t5€,m)) )
Consequently, it holds that

to n
(2.12) u$ (10, 20) / / > Gij(t,wsto,mo) f(t, ) d dt
O e e

for every € > 0. By passing € — 0, we arrive at

n

(2.13) u$ (19, o) = / Z i (t, @5 to, x0) f(t, ) da dt
E(to,xosm) 7 =t

which, together with (2.11), implies

(2.14) the support of G;;(t, x;to, x0) C E(to, zo;n).

LEMMA 2.1. For each T > 0, the mapping (to,xo) — Gij(- ;to, o) is Holder
continuous from [0,T] x R™ to L?>([0,T] x R"), i,7=1,...,n

Proof. Let us write d+1 = (n/2) + €, where e =1/2 if n is odd, and e = 1 if n is
even. It follows from (2.8) and (2.9)

(2.15)

[ul D (10, 20) — uldHD (fy, z0)|

< OHu(d+1)(t0’ ) - u(d+1)( I (H(n/2+(e/2) (RnY)

1—(e/2 d+1
< Ol (tg, -) — ul T (Fo, )| H§n§z>)+e<m o / ) dtllfy; (H(/2+e=1(Rn))n
< Crlto — fo\e/z ||fHL2(O,T;(L2(R"))")

for all g,y € [0,7] and all 75 € R™. In the meantime, by (2.9) and the Sobolev
imbedding theorem,

(2.16) [l (g, m0) — ! (to, &o)| < Crlwo — ol | fll L2072 (R )

for all tg € [0,7T) and all zg, Zg € R".
This, together with (2.11) and (2.15), yields

(217) (Gl] (t, €y to, SC()) - Gij (t, €, Eo, i‘o))f] (t, 17) dx dt
n ‘7:1
< Or(|to — to|“* + |0 — Zo|) [ 1l (L2 (fo.11x Bny)m»
and thus, for each i,j =1,... ,n,

(2.18)  [|Gy5(- sto,0) — Gij (- 30, 0| 20,11 x rm) < Cr([to — tol/2 + |zo — Zol)

for all (¢, z0), (fo,70) € [0,7]x R™. This proves the Hélder continuity of Gj;. O
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2.2. Approximation and convergence. We approximate F(¢,z) in (0.1) by

F(t for |t <N
(2.19) FN( )= F6o) - for ftl+fa] < N,
0 otherwise.

Recalling (1.20), we define

N n
(2.20) QN(t,x;w) = Z Z Fz (t, @) (t, ) {(ws, M)

k=1 j=1
Then, for each w,
(2.21) QN (t,z;w) € LA(RYM), i=1,...,n.

Next we define

n

e2)  Whme) = [ [ Y Gulsta)Qf () dyds

j=1

Let WY = (W{N,...,W}N), and QN = (QF,... ,QY). Then it holds that for each
W,

(2.23) LAWY = QN (t,z;0)  in R,

and, for j =0,1,... ,d,

(2.24) LIW™N € C([0,00); (H* 7 (R™)™) N C* ([0, 00); (H* I (R™))"),

(2.25) (LAWNY (0, z;w) =0, (LPWN)(0,2;0) =0 in R™.

Choose any M € B(S'). By virtue of the special structure of W} defined by (2.20)
and (2.22), it is apparent that

(2.26) /// W (L)) dpdz dt = // W (L)) dw dt dp

for all ¢ € (C§°(R™1))™. At the same time, we use (2.21), (2.23), (2.24), (2.25), and
the same argument as in the proof of Lemma 1.7 to find that

(2.27) // W (L)) da dt dp = // QN - ¢dxdtdu

for all ¢ € (CS°(R™1))".
Recalling (1.20), (2.20), and (2.22), we define, for i =1,... ,n,

n

(228) Wi(tax;w) = Z <wj(s’y)7 Giu(svy;tal')Fuj(say»v

v,j=1
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and write W = (W1,... ,W,). We can use (1.7) in the same way as for (1.20) to find
that for each g € (L?(R"*1))",

N n n
e2) X @@ mE) [ nenEd -3 @

in L?(S8’,du). The assumption (V), (2.14), (2.18), and (2.29) imply that as N — oo
(2.30) WHN(t,2;w) — Wit z;w) in L*(S',du),

uniformly in (¢,z) of each bounded subset of [0,00) x R™. Hence, we find that for
every ¢ € (CG°(R™1))",

(2.31) /// W . (L") e d,udmdt—>/// L) ¢) dyp du dt,

as N — oo.
Meanwhile, for every ¢ € (C§°(R"1))", as N — oo,

(2.32) // QN . ¢dmdtdu—>/ ijtx Fiy(t, 2)éi (b, ) (8)) ds,

Rn+1 4,j=1
where
1 for t>0
2.33 o (t) = =7
( ) +() {0 otherwise.

Thus, for every ¢ € (C5°(R" 1)),

(2.34) /// L)) dpda dt = / Z (wj, Fijpimy)dp

Rn+l 2,j=1
Next we will obtain a continuous version of W. Let K be a bounded subset of [0, 00) x
R™. Tt follows from (1.7) and (2.18) that for each positive integer m,

(2.35) E(|Wilt, z;0) = WilF, 7w)|*™) < Conx|(t,7) — (,8)|"

for all (t,z), (£,7) € K, for some positive constant C,, x. By a partition of unity
and Kolmogorov’s theorem, there is a continuous version V;(t,x;w) of Wi(t, z;w).
We write V = (V1,...,V,,). It is evident that V is a continuous Gaussian process
with parameter (¢,z) € [0,00) X R™.

LEMMA 2.2. For every ¢ € (C°(R™™1))", and every M € B(S'), it holds that

(2.36) /M // V- ((L*)*¢) dedtdu

Rn+1

/ Z // 1)t 0" ————B;(t,r;w)dedtdu
otdxy -0z, 77 '

1,j= 1Rn+1
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Proof. Since E(|W;(t,z; -)|?) is bounded uniformly in (¢,z) of each bounded
subset of [0,00) x R™, it is apparent that

(2.37) ///M (W - ((L*)"'¢) | duda dt < oo

n+1
R+

for each ¢ € (C§°(R™1))™. In the meantime, V;(t,z;w) = W;(t,x;w) for almost all
w, for each fixed (¢,x) so that

(2.38) /// L*)¢) dpda dt = /// L*)"1 ) dpda dt

and also,

(2.39) /// (L)1) | dpda dt = /// L) )| dp da dt

for every ¢ € (C°(R™1))". Furthermore, V;(t, z;w) is continuous in (¢,2) for each
w, and measurable with respect to B(S’) for each (t,z). Hence, V; is measurable with
respect to the product o-algebra. By Fubini’s theorem, we have

(2.40) /// (L") ¢) dpdz dt = ///v (L") ¢) dz dt dp.

Rn+1 Rn+1

Meanwhile, it follows from Lemma 1.4 that for every ¢ € (C§°(R™1))",

(2.41) / > <wj, Fyi > dp
M

ij=1
otle;
/ Z // n+18tax1 ¢0 Bi;(t,z1,... ,xn;w)dedtdp.
1,j= 1

Let us choose 7(t) € C*°(R) with 7(¢) =1 for ¢t >0, and n(t) =0 for ¢t < —1, and
write

(2.42) 7(t) = n(t/h)  for h > 0.

Then (2.41) is valid with ¢; replaced by ¢;7", and it is easy to see that as h — 0,

n n

(2.43) D (wp, Fysim") = 3wy, Fydimy)  in L3S, dp).

i,j=1 i,5=1

Since B;;(t, x;w) is continuous in (¢, x) for each w, it follows from (1.15) and Fatou’s
lemma that for each bounded subset K C [0,00) x R",

(2.44) E(|By(t,x; -)[*) < Ok
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for all (t,z) € K, for some positive constant Cx. We use this for the following
procedure:

(2.45) 1im/ // a‘?:f’tx —7'(t/h) Bij(t, x5 w) da dt dps

h—0
Rn+1

. and)l !/
=1 (h Bi;(hs,z;w)dpdzd
err%)/ /|$I<q/ pr (hs,z) 7' (s) B;j(hs, z;w) dpdx ds
/ / %(hs x) 7' (s) Bij(hs,r;w) du | dx ds
|z|<q h—»O M 8:61 81’77, ’ * B

Here the second equality is justified by the fact that

/M %(hs’x) 7'(s) Bij(hs, z;w) dp

is bounded uniformly in 0 < h <1, —1 <s <0, and |z| < g, where ¢ is a positive
number such that ¢;(t,x2) = 0 for || > ¢. For the last equality, we argue as follows.
First, for each fixed s and =, as h — 0,

(2.46) <wi(y), Fij(¥)X(hs,or,... wn)(y) >— 0 in L3S, dy).

Next, since B;;(t, z;w) is a continuous version of the process defined by (1.10), we
have for each fixed s and =,

(247) lim Blj (hS &€y w) d,LL = lim ™ < wj(y)a Fij(y)X(hs,wl,...,wn)(y) > du

h—0 M h—0
=0.
Hence, the last equality follows.
Similarly, we also have
n+1 t
(2.48) }llir%/ // 9 d)za 2) 7 (t, ) By (t, z;w) da dt dp
— Ln
O™t
/ // ¢ 8xw B;j(t,z;w) dz dt dp.

Rn+1

Combining (2.43), (2.45), and (2.48), we finally arrive at

(249) / Z Wis zg¢z7r+>

i,j=1
ol
1t —— " Bu(t,zw)drdtd
/ ;1/+/ oz, oz, Db mw) dvdtdp
9=1

for all ¢ € (C§°(R™1))™. By means of (2.34), (2.38), (2.40), and (2.49), we derive
(2.36) and conclude the proof of Lemma 2.2. 0
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We now show that L?V (¢, z;w) is a solution of (0.1) according to Definition 1.5.
(2.36) implies that for each ¢ € (C§°(RTT))",

n +1
*\d+1 _ _1\n+1 ¢7/
(2.50) <V, (L) ¢p>= E (-1) 8t~--8 ———B;(t,x;w)dzdt

i, j:lRi 4

holds for almost all w. Let K be a compact subset of B!, Then C§°(K) is a separa-
ble Fréchet space. Hence, there is a countable dense subset {¢(*)}2, C (Cg° (K))n.
For each ¢(*), there is Q, € B(S’) such that x(Q,) = 1, and, for all w € Q,,,

n an+1¢(_’/)
w\d+1 4 (v) _ _q\ynt1 2 e
(2.51) <V, (L") >= 3" //( 1) ot--- oz,

4,5=1

B;;(t, z;w) de dt
Ry
holds. Let Qx = NS, Q,. Then, u(2x) = 1, and for all w € Qg, (2.51) holds
for every ¢ € (C§°(K ))n Since R’ is a countable union of compact subsets,
there is Q € B(S’) such that p(2) = 1, and for every w € Q, (2.50) holds for all
¢ € (Ce(RYT))™. Hence, L%V is a solution of (0.1) in R

Next we will show that LYV satisfies the initial conditions (0.2). Choose any
m(z), y2(x) € (C§°(R™))™, and consider the Cauchy problem:

(2.52) Ly =0 in (—oo0,00) x R",

(2.53) P(0,2) =mn(z),  ¢u(0,2) =72(x) in R"

Choose a function ((t) € C§°(R) such that () =1 for |t| <1, and {(t) =0 for [¢t| >
2. Let usset o(t,x) = ()1 (t, z). The solution of the above Cauchy problem satisfies
the property of a domain of dependence, and consequently, o(t,z) € (C§°(R"1))".
Furthermore, it is easy to see

(2.54) L*o =21y + Cup € (C2(R™)™,

where the right-hand side vanishes for |t| < 1. In the meantime, by the same argument
as above, we can infer from (2.36) that there is some Q € B(S’) with p(©) =1 such
that for each w € Q,

(2.55) //V L)) dadt = Z // "+1 8 ;ZTLBU(t,x;w)dxdt
Rn+1 1,j= 1Rn+1

holds for all ¢ € (C§°(R™1))". With ¢ = o, the left-hand side can be written as

(2.56) / / VL) dr dt = / (LYV, L*o)ydt,
0
R"+1

because L*o € (CSO(RIH))H for t > 0. Thus (2.55) yields
oo

(2.57) / (LYV (t,2;0), L*o(t,z))ydt
0

n an-‘rla_‘(t .’L‘)
= —1 n+19 0L X)) .
2 =) 9t oz, Dv (t, 7;w) dx dt

4,7=1 "%
R’y
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for all w € . On the other hand, Lemma 1.7 implies that
(2.58) — {(LIV)u(0,z3w), m(@)); + (LIV(0,230), 72(2))

+/ (LYV (t,z;w), L*o(t,z))y dt
0

n

: : — an 1’(!73/')

" B t .
t,j=1 //( ) 78:1:” ZJ( x?“) d./L' d1
2 R™ 1 6t' . ?

for all w € €, after modification of  if necessary. But we note that this Q is
independent of v; and ~2. By comparing (2.57) and (2.58), we conclude that

LV (0,z;w) = 0, (LYV)(0,2;0) =0 in R™

for each w € €2, because y; and y5 were chosen arbitrarily. The uniqueness is given
by Lemma 1.9

Now the statement (i) of Theorem 1.10 has been established. The statement (ii)
follows easily from (1.6), (2.14), and (2.28).

Final remark. Our goal is to obtain a solution in the form (0.6). If one is interested
only in the existence of weak solutions for almost all w, there is a somewhat direct ap-
proach. It follows from Lemma 1.4 that F¢ € (H;, (R; H;,"(R™)))™ for almost all w.

loc
Since Theorem 1.1 cannot be applied directly for this function class, it requires some

work to obtain a weak solution. This involves localization in the space variables and
handling low regularity in the time variable as in the proof of Lemma 1.6. It also needs
some extra work to show that the resulting weak solution is a generalized stochastic
process. Meanwhile, the structure of such a solution is intractable. The reward for
our special procedure for the existence of solution is twofold. First, the representation
formula shows globally uniform structure of the solution as a generalized stochastic
process. Second, our procedure shows that the solution can be approximated by a
sequence of ordinary stochastic processes.
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